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Single-server queues in which the server takes vacations arise naturally as models
for a wide range of computer, communication, and production systems. In almost all
studies on vacation models, the vacation lengths are assumed to be independent of the
arrival, service, workload, and queue length processes. In the present study, we allow
the length of a vacation to depend on the length of the previous active period (viz.
the period since the previous vacation). Under rather general assumptions regarding
the offered work during active periods and vacations, we determine the steady-state
workload distribution, both for single and multiple vacations. We conclude by dis-
cussing several special cases, including polling models, and relate our findings to
results obtained earlier.
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1. INTRODUCTION

In traditional queuing models a stream of customers arrives at a service station accord-
ing to some stochastic process. These customers enter a waiting line when they find
the server busy, where they wait until they can be processed. Although it is commonly
assumed that the server is always available, an interesting alternative model is a system
in which the server takes vacations, that is, it alternates between active and inactive
modes. During the active times, it is working at full speed, whereas it is not processing
any work during the vacations.

Systems with server vacations arise naturally as models for an important class of
computer, communication, and production systems. The vacations might for example,
represent server breakdowns or periods in which the server processes work generated
by another class of customers. Static priority queues and polling models constitute
important classes of models for the latter situation. Performance measures like queue
lengths, waiting times, and workloads have been intensively studied for many types
of vacation models. For extensive surveys on vacation queues, we refer to [5], its
update [7], the article [21] that focuses on control aspects, and the book [18]. See
also [19,20] for surveys on polling models.

In almost all studies on vacation and polling models, the vacation lengths
(or switchover times) are assumed to be independent of other vacations (switchover
times) and of the arrival, service, workload, and queue length processes. A notable
exception is the work of Harris and Marchal [12], in which the probability of the
server taking a vacation after a service completion and the length of the vacation
depend on the number of customers present when a service ends. In polling, Alt-
man [1], Groenevelt and Altman [11], and Eliazar [9] studied models in which there
is interdependence between switchover times. The latter work also considers a gen-
eralization from the common compound Poisson input processes to input according
to general Lévy subordinator processes.

1.1. Contribution and Methodology

The main goal of the present article is to extend earlier vacation results to the situation
that allows the length of a vacation to depend on the length of the previous active period
(viz. the period since the previous vacation). It is noted that, in many applications,
such a dependence is very natural. For example, in polling models, a relatively long
visit of the server to a tagged queue probably leads to a substantial accumulation of
work in subsequent queues and hence to a relatively long intervisit time of the tagged
queue. Indeed, we will see that particular model choices give rise to polling systems.
We remark that our findings might be viewed as queuing-theoretic results. We have
chosen, however, to put them into the more general framework of Lévy processes, and
they can be interpreted as results on storage processes (cf. Prabhu [14]). Let us now
give a brief model description.

e During active periods, work is generated according to a Lévy process X, (-)
with negative drift, until the workload reaches zero (i.e., the storage reservoir
is empty).
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e From then on, the storage level behaves according to a second Lévy process
X, (-), which we assume to be nondecreasing. As during this period work
accumulates in the queue, we may interpret the period as a vacation; it lasts
I + V, where I is the amount of work generated by some other Lévy process
X. (+) during the length of the preceding active period and V is an independent
vacation time.

The case in which the workload is still zero after / + V has to be treated
separately. This case can only occur when X, (-) is a compound Poisson
process. Then there are two possibilities. The first is that the vacation period
is extended until work is generated by X, () (the single vacation case). The
second is when the vacation period is extended by an independent sequence
of random variables distributed like V until a positive content level is found
at the end of a vacation (the multiple vacation case).

e Subsequently, a new active period starts. etc. Note that the multiple-vacation
case is equivalent to a model in which the assumption is that a new active
period starts immediately after each vacation, because when the content level
is zero, the length of the active period is zero.

In this way the stochastic storage process alternatingly experiences active and
passive (vacation) periods. Observe that the classical M /G/1 queue with single and
multiple vacations is a special case of our model; itis obtained by taking X, = 0, X, (),
a compound Poisson process, and X, (-), the same compound Poisson process minus
a linear slope with rate one. By taking X, (#) = at, (i.e., the Lévy process is a linear
drift process), we could make the length of the interruption period depend linearly
on the length of the preceding active period. By taking X, (-), a compound Poisson
process, we could let the interruption periods represent periods in which some other
M /G/1-type queue is being served (see Section 5).

‘We concentrate on the derivation of the steady-state workload distribution for the
above-described model. We do so by first considering the distribution at the embedded
epochs in which the server switches between a vacation and an active period. We
express the state of the system at such an embedded epoch in terms of the system
at the previous embedded epoch and then find the Laplace-Stieltjes transform of the
workload by iteration.

Then we use the result for the embedded epochs to characterize the distribution of
the workload at arbitrary epochs, relying on martingale techniques and Palm-theoretic
arguments. For the classical M /G/1 queue with server vacations, Doshi [6] presented
arelated analysis, specializing to the distributions during active periods and vacations.

1.2. Organization

The article is organized as follows. Section 2 contains a detailed model description and
some preliminary results. In Section 3 we determine the distribution of the workload at
epochs in which the process switches from passive to active. In Section 4 this result is
exploited to obtain the steady-state workload distribution during active periods, during
passive periods, and overall. Section 5 considers special cases and ramifications.
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2. MODEL DESCRIPTION AND SOME PRELIMINARIES

In this section we formally introduce the model of our storage system, which can
alternatively be interpreted as a queue with service interruptions. We also present
some preliminaries that we frequently use in our analysis.

The dynamic behavior of the storage system consists (alternatingly) of ser-
vice periods (or active periods) and interruptions (or passive periods, vacations),
as follows:

e Suppose there is z > 0 present in the storage system at the beginning of a
service period. The storage level evolves according to a Lévy process X, (-)
until the storage level reaches 0. Let o, := —IE[X, (1)] be positive and finite.
Throughout, it is assumed that X (-) has no negative jumps; as an immediate
consequence, level 0 is actually attained, say at time 7(z):

t(z) :=inf {r > 0:z4 X, (1) =0}. 1)

We define the Laplace exponent of X (-) by ¢, (o) := log E[exp(—aX, (1))]
and hence E[exp(—aX, (1))] = ¢*0@" and g, = ¢/ (0). Also, ¥, (-) denotes
the inverse of ¢, (-). It is well known that for any Lévy process that has no
negative jumps, 7(-) is a Lévy process itself, with Laplace exponent —y, («);
that is,

E[e—af(z)] = ¥ (Ot)z; )

see, for instance, Theorem 46.3 in [15]. Note that, for « > 0, ¥ (@) is
uniquely defined as the inverse of ¢, (-), as ¢, (-) increases on [0, 00).

e At the moment that the storage system hits zero, a service interruption starts.
From then on, the storage level evolves according to a second Lévy process
X, (+), which is assumed to be nondecreasing; in other words: X, (-) is a sub-
ordinator. This service interruption lasts for a time o (z) that equals I 4+ V,
where I denotes the amount of work generated by an external Lévy process
(also a subordinator) X, (-) during 7(z) and V an independent vacation time
(the vacations constitute a sequence of independent and identically distributed
(i.i.d.) nonnegative random variables). Let —n, (-) be the Laplace exponent
of X,(-) and let —n,(-) the one of X, (-). Finally, we let g, := 77[J 0) =
E[X,(1)] < oo and o, := 7 (0) = E[X,(1)] < 0o be the corresponding
(positive) drifts.

Equation (2) immediately yields the transform of the duration of the
service interruption, if the preceding service period started off at storage
level z:

E[e—fw(z)] — ]E[e—nE(a)f(Z)]E[e—aV] — e—‘/fD(nE(Ot))zE[e—aV]‘ 3)
The case that the queue is still empty after / 4+ V (i.e., at time 7(z) + 0 (z))

should be handled separately. This case can only occur when X (-) is a
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compound Poisson process with arrival rate A, and jumps distributed like
some random variable B; that is, when 7, (@) = A, (1 — E[e~%B]), so that
Ay = 1, (00) and

_ (@)
-

u

Ele 2] =1 4)

We note that if X (-) is not compound Poisson, then n,(«) — oo as o — 00,
and for each ¢t > 0,

P[X,(f) = 0] = lim E[e @] = lim e W@ =0, 5)
o—> 00

o—>00

In the situation of an empty queue after I 4+ V, we either extend the vacation
period until work is generated by X, (-) or immediately take a sequence of
independent vacations distributed like V until the first time a positive content
level is found at the end of a vacation. For the first case, we denote this
additional period by a random variable L, which is exponentially distributed
with rate A,, whereas the storage level as soon as it becomes positive is
distributed like B.

e Then a new service period starts again (i.e., the Lévy process X, (-) becomes
active again).

3. EQUILIBRIUM DISTRIBUTION OF THE EMBEDDED PROCESS

In this section we concentrate on the distribution of the storage level at embedded
epochs (viz. the epochs right before an active period starts) it is clear that these
storage levels constitute a discrete-time Markov process on [0, 00). We also note
that because a Lévy process is continuous in probability, considering the process
right before or right after makes a difference only for the single-vacation case when
X, () is compound Poisson and only at epochs when there is an arrival to an empty
system.

Let Z, denote the storage level right before the nth active/passive cycle. For
the multiple-vacation case, it is convenient to assume that there is such a cycle
after every vacation even when the content level is zero, since then the length of
the active period is zero anyway. We recall that there is a difference between the
single- and multiple-vacation cases only when X, (-) is compound Poisson. We also
recall that, for the latter, the arrival rate is A, = n,(00) and the jump size distri-
bution has the Laplace-Stieltjes transform (LST) B(x) := E[e 8] =1 — n, (@) /A,
(see (4)). Applying standard Markov process terminology, we denote by E, and P,
the expected value and probability when this embedded chain is initiated at some
level z > 0.
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Starting from an initial position z > 0, Z; = X, (X, (7 (z)) + V), so that

E. [e*azl 1= E[E*NXU Xg (f(Z))+V)]

=E[e ™ (w)(XE(r(z)HV)]

=E[e ™ (w)V]]E[ean(nU (a))r(z)]

= [E[e v (a)v]eﬂ/’l) (ng (ny (@)))z

— g(a)e—h(a)z, (6)

where g(a) := E[e™ @V ] and k() := v, (17, (1, (@))). When X, (-) is not compound
Poisson, then we only need to consider z > 0, as at the end of a vacation there is
never an empty system. In this case, there is no distinction between the single- and
multiple-vacation cases.

When X () is compound Poisson, for the multiple-vacation case it is clear that (6)
is valid also for z = O (i.e., Eg[e"**'] = g()). For the single-vacation case, starting
from zero just before time 0 is the same as starting from a level distributed like B right
after time 0. Thus,

Eole ] = Ep[e ']

= g(@E[e™" "] (7)
= g(a)B(h(e))
h(a
e <1 _ m(x( )))_ ®
Denoting
— A _ / / / _ QU QE
y =h(0) = v, (0)n, O0)n, 0) = ——, )
it follows either by differentiation or directly that for z > 0,
E.[Zi] = yz+o,E[V] 10)

so that it is reasonable to guess that the stability condition is y < 1 or equivalently
0,0: < 0,-Since hisacomposition of increasing concave functions, itis also increas-
ing and concave with A(0) = 0. Thus, h(a)/a is decreasing so that in particular,
h(a) < ya. Thus, if we let hQ(a) = & and 2™ («) = h(h"~D(@)), then it is clear
that h” («) < ", and when y < 1, foreach @ > 0, h™ (a) — 0 geometrically fast
as n — oo. From here on, we indeed assume that y < 1 and we will see that this is
indeed the stability condition.

Note that, being an LST, g is log-convex and decreasing, so that f(«) =
—log(g(w)) is increasing and concave. Thus, f (&) < f’(0)c, where f'(0) = —g'(0) =
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o,E[V], as g(0) = 1. This also implies that f(2(@)) < f'(0)h? (@) < f'(0)y'a,
so that

> (@) < SO, an
i=0 I=-y

For the noncompound Poisson case with z > 0 and for the compound Poisson
multiple-vacation case with z > 0, we saw that

E.[e 4] = glar)e " (12)
and, hence, by induction
n—1
Efe#] =" [Te" @)). (13)
i=0

Since ™ () < y"a — 0, it follows that for every z > 0,

lim E[e*] = [ [eh® (@), (14)

n— 00 .
i=0

where the right-hand side is independent of z. It is easy to check that if we replace z
by any positive (finite) random variable, the result remains valid.

To show that the right-hand side is indeed an LST, it suffices to show that as
a | 0, it converges to 1 (no mass escapes to infinity). Using (11), this is obvious from

[[2" (@) =exp (—Zf(h“) (a))) > ¢ O/l as)

i=0 i=0
Clearly ¢ () := [[r2 g(h"” (a)) is the transform of a stationary distribution 7, as
Er[e™*"] = g(a)E,[e %] = g(a)¢ (h(@)) = (). (16)

The fact that there is a unique stationary distribution follows from the fact that the
(unique) limit is independent of initial conditions.

Now that we have analyzed the noncompound Poisson case and the compound
Poisson multiple-vacation case, we turn to the compound Poisson single-vacation
case. This case turns out to be considerably harder, because of the possibility of the
queue still being empty after I 4+ V. We first focus on the question of the existence of
a unique stationary distribution of the process Z,, which we establish in Theorem 1.
To this end, we prove two useful lemmas.
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Define N := inf{n € N| Z, = 0}. From
PN > n] = E.[1iz-0Pz [N > n — 1]] a7
and

Ez[l{Z]>O}eiaZI] = Ez[eiaZI] - ]P)z[Zl = O]

= gla)e "7 — g(o0)e (18)
for z > 0, the following may be shown by induction.
LEMMA 1: For every z > 0 and everyn > 2,
PN >n]l=1- Za:’e_hm(oo)z, 19)

i=1

where a} = g(00),

n—1
al = g(oo)(l — Za;’_]>, (20)
i=1
and a := a'~! (WD (c0)) fori =2,...,n.

Letting z | 0, (19) implies that
n
Poi[N >nl=1-) df, (21
i=1

so that from (20) we have that a] = Py, [N > n — 1]g(c0) and, consequently, that

al =da T g(h(oo)) - - - - g(h=D(c0))
=Py, [N > n — ilg(00)g(h(c0)) - - - - - (K" (c0)) (22)

forall 1 <i <n.Hence,a] >0foralll <i <nand Z?:l al < 1. We summarize
with the following.
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LEMMA 2: Let

1, i=0
G; = { g(c0), i=1 (23)
g(00)g(h(c0)) - -+ - - ghi='(00)), i=2;
then
PN > nl =1 =) PoN > n—ilGe ™" 24)
i=1
and for z | 0,
ZIE”(H[N >n—ilG;=1. (25)

i=0

We recall from (15) that []>,g(h”(e)) > 0 for all « > 0, and, in particular,
when inserting o = h(00), it implies that G; > Go := g(00) [[72; g(h”(c0)) > 0.
Therefore, (25) is bounded below by G, Z?:o Py [N > i] so that

Eo4[N1 =) PoiIN > n] < G < oo. (26)
n=0

We are now ready to show the following.

THEOREM 1: Consider the single-vacation model. When X, (-) is compound Poisson,
for every initial distribution of Zy having a finite mean, the expected value of N is
finite. Hence, there is a unique stationary distribution (being equal to the limiting
distribution) for the process (Z,)en, Which is independent of initial conditions.

PrOOF: Due to (24) and (25), we have that forn > 1,

P.IN > n] = Pos[N > n]+ »_Pos[N > n—iGi(1 — e ")
i=1

< Poi[N > n]+ ) Por[N > n—ily''h(co), @7
i=1

where the second inequality follows from 1 — e h ) < h9(00)z < y~1h(c0)z
as well as G; < 1. Noting that P,[N > 0] = Po[N > 0] =1, we have, upon
summation, that

h(oco
E.[N] < IE0+[N]<1 + 1(_ ;z> (28)
In particular, if we replace z by any arbitrary random variable having a finite mean,
the expected value remains finite. As zero is an accessible state for (Z,),cn, the proof
is complete. [ ]
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We remark that Py [N > n] and Eq [N] are not zero, as for any z > 0, the length
of the interruption period is at least V. Also, we note that what we have shown until
now is that regardless of whether X, () is compound Poisson, and when it is regardless
of whether we are dealing with the single- or multiple-vacation case, the embed-
ded Markov process (Z,),cn has a unique stationary distribution (being equal to the
limiting distribution). For the cases where X (-) is not compound Poisson or the
multiple-vacation case, we already observed that the LST of this distribution is given
by the right-hand side of (14).

For the single-vacation case where X, () is compound Poisson, we recall that for

z>0,
E-[e"4] = g(a)e™ %, (29)
and forz =0,
h
Eole "] = g(a)B(h(a)) = g(a)(l - M) (30)
Therefore, for z > 0,
P.[Z = 0] = lim E.[e %] = g(oo)e 3, (31)
where g(00) = E[e~*v"] and h(c0) = v, (1, (A,)). Similarly,
h
Polzi = 0] = g(oo)(l - M) (32)

Therefore, if we let Z, have the desired stationary distribution  (-) with p = 7 ({0})
and LST ¢ (-), then we must have

¢(@) = Eq[e 4]

— 4@ Btz 214 p(1 - 22 (33)

= g(@[Z(h(@)) — pi; "0, (h(@))],

which implies that
t(h (@) = g(h® @)[¢ (W (@) — pr] ', (WD (@))] (34)

and, thus, fori > 0,

pr TP @) | n, (B @)
Jj=0

i—1

= [ [Ts"@) | ¢tV @) — [ [TstP @) | @), 35)

=0 j=0
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where an empty product is 1. Since 2™ (o) — 0 and thus ¢ (A" (@)) — 1 asn — oo,
this implies, upon summation, that

P, S T @) |, V@) = [] s @) — c@).  (36)
i=0 \j=0 j=0

In particular, noting that ¢ (c0) = p, we can let « — oo and evaluate p. Therefore, we
finally have the following result.

THEOREM 2: When y = 0,0./0, < 1, the LST of the stationary distribution of the
embedded chain is given by

t@) =] [et?@) = > [ [Tet? @) |n, (@), 37)
j=0 i=0 \ j=0

where ¢ = 0 except for the single-vacation case with X (-) compound Poisson, in
which case ¢ := p)»;l, where

b [120 87 (00))
L2555 (T 80i0(00) ), (6 (00))

(38)

Remark 1: Just as we can define Z as the stationary version of the Z,, we can also
define Z, as the stationary version of the Z, ,, where Z, ;. denotes the buffer level
right after the start of the nth active/passive cycle. Recalling that ¢ (a) = E[e~%/], it
is readily verified that

Ele™**] = £ (@) — (1 — B(@))£ (00). (39)

The rest of this section is devoted to computations regarding the mean workload
and correlation structure. From (15), it follows that

= 1o
0<1-]J]eth(@) <1 —e VO <2 —g (40)
i=0 I=y

Moreover, from the concavity of n,(-), it follows that n, (h”(«)) < y’o,« and, thus,

0 < Y [Te? @) |, (V@) < %a @n
i=0 \ j=0

sothat (1 — ¢(«))/« is bounded and thus E, [Z] is finite. To compute it, we note from
(10) for the single-vacation case when X, (-) is compound Poisson, via conditioning
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on Zg, that

E[Zo] = E[Z1]
=E,ly (Zoliz-0 + Bliz—0;) + o, E[V]]
= yEx[Zo] + ypE[B] + ¢, E[V]
= yE:[Zo] + 0,(yc + E[V]) (42)

recalling that ¢ = p)»;l and o, = A,E[B]. Therefore,

o, (yc +E[V])

Eelzo] = S

43)
For all other cases, the same holds only with ¢ = 0. Using similar ideas, it is not hard
to show that if E[V?], (TD2 == ¢”(0) = Var(X, (1)), GEZ = —n”(0) = Var(X.(1)), and
0U2 = —ng(O) = Var(X, (1)), are all finite, then E, [Zg] is finite as well and can be
computed from (37) via differentiation or by conditioning from

Vary (Zy) = Vary (Z;) = Vary (X, (X, (t(Z0)) + Lizg=0) X (t(B)) + V). (44)

As the formulas are somewhat cumbersome and will not be needed in the sequel, we
omit the details. For all cases except the single-vacation case with X, (-) compound
Poisson, the result is

2 2 2 2

E[V] | o o o

varg (Zo) = =2 (S 2oy (2 B v ). @s)
l—y>\l=v|o o 0]

Finally, we note that
Ex[Z0Z1] = Ex[Zo(yZo + 0, (cy + E[V])]
= yEA[Z3]1+ 0, (cy + EIVDEx[Z]
= YE-[Z] + (1 — ¥)(Ex[Z0])? (46)
and thus
Cov,(Zy, Z)) = y Varg (Z). @7)

Interestingly, the load y is apparently equal to the correlation coefficient between two
subsequent values of the embedded process, say Z, and Z,,, given that Z, has the
equilibrium distribution.

4. EQUILIBRIUM DISTRIBUTION OF THE WORKLOAD

In the previous section we have analyzed the transform of the equilibrium distribution
of the storage level right before the start of the active period. The present section
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translates this into the transform of the equilibrium distribution at an arbitrary instant
in time using standard point process methodology. In particular, initiating the process
with the stationary distribution of the embedded process, one then obtains a stationary
marked point process where the points are the epochs at the beginning of the active
cycles and the marks are the evolution of the process between these epochs, noting
that the stationary independent increments property of all the building blocks involved
ensures that the structure fits the stationary marked point process framework. Thus, in
order to show that the continuous-time process {Z(s)| s > 0} has a stationary version,
it suffices to show that the times between consecutive points have a finite expected
value and then the computation of the one-dimensional stationary distribution is done
in the same way as for regenerative processes; that is, one integrates a function of the
process (in this case, the function u(z) = e~%%) over the interval until the first point,
takes the expected value and then divides by the expected value of the time until the
first point. Starting from the stationary distribution of the embedded chain, we note
that the time until the first point is given by

T(Zo) + X, (t1(Z0) + V + ix, x, c@n+v)=0i L (48)

where L is exponential with rate A, for the single-vacation case when X, (-) is com-
pound Poisson and zero otherwise. Thus, the expected value under the stationary
distribution r is

l1+o

E;[Zo] +E[V]+c¢ < o0 49)

D

(as E;[Zy] was shown to be finite in Section 3), where we recall that c = P,[Z; =

O0]E[L] = p)»;l for the single-vacation compound Poisson case and zero otherwise.
In our case, the procedure followed uses decoupling of the active periods and the

interruptions; the desired transform follows by weighing these in an appropriate way.

4.1. Active Periods

First concentrate on the active periods. Consider the martingale
t
e—O(XD(l) _ e—otXD(O) -9, (a)/ e—otXD(X) dS, (50)
0

with stopping time 7(z). Using the fact that X (-) has no negative jumps, we derive
the identity, by applying “optional stopping,”

(2) % — 1
E [ f e % ® dsi| = ) (51)
0 (pD ((X)
Recalling that, on [0, T(z)], it holds that z + X (s) = Z(s), this immediately yields
T(Z) 1—FE —aZy
L(a):=E [ f e W ds] = #, (52)
0 (2N (Ot)
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where, as earlier, the random variable Z, denotes the storage level at (i.e., right after)
the beginning of an active period (such that E[e~%%+] can be computed as in section 3;
see Remark 1). This expression can be interpreted by using the integrated tail ZI** of
Z, characterized by the transform

E[e %] =
aE[Z, ]

Now, L(a) can be expressed in terms of the distribution of ZI**:

(1 = E[e%+)). (53)

E —aZl®
aEle ] B
¥y ()

Division by E[t(Z)] = E[Z,]/0, yields an expression for the steady-state workload
during active periods:

L(x) = [Z,]. (54)

SB[
@ #

notice the similarity of transform (55) with the celebrated Pollaczek—Khinchine for-
mula <pr’) (0)ar /@, () [2, Cor. IX.3.4] describing the steady state of a Lévy process
(with negative drift) reflected at zero. Formula (55) is a decomposition that is related
to formula (5.6) of [6].

4.2. Interruptions

Now, concentrate on the service interruptions. The time-average distribution during
these intervals is characterized by the ratio of

o(Zy)
E [ / e M ds 1{X, (0 (Zy)) > 0}}
0

o(Zy)+L
+ ]E[/ e X ds 1{X, (0 (Z4)) = 0}] (56)
0

and
E[o(Zy) 1{X,(0(Z1)) > O} + E[(0(Z1) + L) 1{X, (0 (Z3)) = 0}]. (57)

Let us start by considering the numerator (56), which can be rewritten as
o(Zy)
N():=E [ / e *Xu ds} + P(X, (0 (Z})) = O)E[L]; (58)
0
use the fact that X, (s) = O until the end of the period L. One readily verifies that

o(z) o0 X
B [/ e ds} B / / e ds dP(0 (2) < x)
0 o Jo

E [efnu(a)a(z)] -1
= ; (59)
-1, (@)
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recall that both numerator and denominator of the last expression are negative
(for positive o). We conclude that (56) reduces to

—h(a)Z, —
Ny e gt — 1
_nu (Ol)

+ E[e "% 1g(c0)E[L]. (60)

Likewise, the denominator (57) equals
D :=Elo(Zp)]+ E[L 1{X, (0 (Z})) = 0}]

= IE[Z+]Z—E +E[V] + E[e"®9%g(c0)E[L]. (61)

D

Denoting by W the steady-state storage level at an arbitrary instant in time, we obtain
the following result.

THEOREM 3: The LST of the steady-state storage level W is given by

L(a) + N (@)

E —aW —
e C+D

, (62)

where C :=E[t(Z,)] = E[Z,]/0, and where L(a), N (a), and D are given by
(54), (60), and (61), respectively.

Remark 2: Notice that, except for the single-vacation compound Poisson case, one
can simplify (60) to V() = [1 — E[e~*%+]]/n,, (o) and thus (62) to

B 1— E[e*‘lzﬁ-] ( o o 1 1
E aW — + )/(— + —) 63
le I aEZ, n, () ¥y () Qy o e

1+ (¢, (@) /n, (@) g, (0)
14+0,/0, @, (@)

= E[e %]

(64)

This result can be further interpreted with Remark 4.4 of Kella [13].

5. SPECIAL CASES AND RAMIFICATIONS

In this section we consider three special cases of the general model considered so far.
Subsequently we discuss two model variants that can also be analyzed in detail.

Example 1: The main feature of the general model under consideration is the depen-
dence between the length of a passive period and the length of the preceding active
period. This dependence is eliminated by taking X, = 0, yielding h(x) = 0. Con-
sider the classical M /G/1 vacation queue “with single vacations”, an M /G/1 queue
in which the server goes on vacation when the system has become idle, and when
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finding the system empty upon returning, the server waits until the arrival of the first
customer.

The following notation is used. The customers arrive according to a Poisson
process with rate A. The amounts of work brought along by the customers are an
i.i.d. sequence of random variables (where the size of such a job has transform 8(-)).
It is assumed that ¢ := —A8'(0) < 1.

It is easily seen that this model is a special case of our model; take

X, =0, ny(@) = Al = B@),  ¢(@=—-A1-p@)+a. (65

Notice that we could have taken other functions than 8(«), thus allowing for different
service time distributions of customers who arrive during an active period, a passive
period and at the end of L. Also, by taking A* rather than A in the definition of
—1n,(-), we could have allowed for a different arrival rate during passive periods.
Shanthikumar [16] and Doshi [8] study vacation models in which the arrival rate
changes per period (active/vacation).

We now specify the LST of Z,, from Remark 1:

E[e %% ] = E[e *'P@V] _ (1 — B(a)E[eV]; (66)

notice that in the first product in the right-hand side of (37) only the (j = 0) factor
is not equal to 1 and that in the sum, only the (i = 0) term is not equal to 0. The
four elements of the expression for the LST of the storage level W in Theorem 3 are
(observe that o, = 1 — AE[B] =1 — o)

C=E[t(Z)] = ]?[?Q], D =E[V]+ E[e‘w]%, (67)
(-0 oz
L(a) = o - B@) ﬁ(a))E [e*“ | E[T(Z)], (68)
_ 1 — E[efk(lfﬁ(a))v] v 1
N(a) = =B @) + Ele ]X' (69)

We refer to Takagi [19] for an extensive discussion of the M /G/1 queue with single
vacations. The above expression for £(«) can be found in Eq. (2.28a) of [19] (Takagi
presents the waiting time transform of a customer who arrives during an active period;
PASTA implies that this is also the conditional workload transform).

Remark 3: It should be observed that in this model, Z can be thought of as the
workload that has accumulated during the passive period. The structure of £(«) reveals
a decomposition of the workload during active periods into an M /G/1 workload and
an independent additional term. Such decomposition results play a central role in the
literature on vacation models. Indeed, Fuhrmann and Cooper [10] prove that, for alarge
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class of M /G/1-type vacation queues, a decomposition of the following type holds:
The steady-state queue length in the vacation model equals, in distribution, the sum of
two independent quantities (viz. the queue length in the corresponding model without
vacations and a term representing the effect of the vacations). Similar decompositions
have been obtained for waiting times and workloads. See [3,4] for such a workload
decomposition in single-server queues with multiple customer classes, like polling
models.

Example 2: Let us consider a two-queue polling model, with exhaustive service at
both queues Q; and Q, and with independent Poisson arrival processes with rates X
and A, and service time LSTs §; () and B, («) (with means p and p,, respectively).
Compared to the classical two-queue polling model, cf. [17], we introduce one slight
adaptation: When the server leaves a queue and both queues are empty, the server
waits for the first arrival at Q (instead of waiting for the first arrival at any of the
queues). One can adapt the definition of the period L from Section 2 to retrieve the
classical polling model.

Using the results of the previous two sections, the workload distribution in Q; is
obtained by making the following choices:

V=0, op(@) = =21 (1 = B1(@) +a,
Ny () = A (1 — Bi(a)), ng () = A2 (1 — pa(@)).

Here, p;(«) is the transform of the busy period distribution in an M /G/1 queue with
arrival rate A, and service time transform S;(«). This choice of 1, (-) accomplishes
the following: During an active period of Q;, customers arrive at Q, according to
a Poisson process with rate A,. During the subsequent passive period of Q, each of
those, say, N, customers at (), is served, along with all those arriving in Q5 during their
service time and so on. This amounts to N, busy periods at Q,, reflecting exhaustive
service at Q.

It is readily checked that the stability constraint 0,0, < o, of this model
translates to

A
A (2—M2> <1—=2Au. (70)
I —2Aoun

Defining o; := A;u;, this reduces to the familiar o1 + 0> < 1.

A crucial feature of the analysis of the previous sections was that E[¢™**@] =
e~/ @7 for some function f(-). This is an important property of Lévy processes but
can also be enforced by appropriate different choices of 7(z). We consider two such
choices.

Ramification 1: Assume that an active period lasts until the workload has been reduced
to a fraction F of its value at the beginning of the active period (the situation described
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in the previous sections corresponds to F = 0). So,
T(z) ;== inf{r > 0: z + X, (¢) = Fz}, 0<F<l, (71)
which is in distribution equal to inf{r > 0 : (1 — F)z 4+ X (#) = 0}. Hence,
E[e—af(Z)] = ¢ Vp@U-F)z (72)

The case in which F' € (0, 1) is relatively easy, since the system never empties. Then
(33) is modified into the following form:

¢(a) = S (k(e))g(@), (73)

with k(o) := ¥, (n,(n, (@)))(1 — F) = (1 — F)h(«) and, as before, g(a) =E[e™ v @V,
The stability condition is easily seen to be 0,0, (1 — F) < o, (1 — F), which reduces
10 0y0; < Op-

Itis not surprising that this criterion is independent of F'. During the active periods,
the storage level decreases by an amount z(1 — F), if the initial storage level is z.
During the vacations, the storage level increases on average by z(1 — F)o.0,/0,- To
ensure stability we should have that the average increase is smaller than the decrease
z(1 — F). We see that the factor 1 — F' cancels.

If the stability condition (which is equivalent with k’(0) < 1) holds, then (73)
yields the following expression for the steady-state workload Z at the embedded
points of beginnings of activity periods:

Ele ] = [ | gk (o). (74)

m=0

Ramification 2: Let us consider a two-queue polling model with gated service at
queue Q; and exhaustive service at queue O, and with independent Poisson arrival
processes with rates A and A, and service time transform g; () and B, (). The gated
service policy amounts to the following: When the server visits a queue, it serves
exactly all of the work (customers) present upon arrival and then moves on to the
next queue. As in Example 2, we introduce one slight adaptation to the classical two-
queue gated/exhaustive polling model: When the server leaves O, and Q) is empty, the
server waits for the first arrival at Q. If we replace the definition of t(z) in Section 2
by 7(z) := z and we choose ¢, () := —A;(1 — Bi(«)) + «, then an activity period
can be viewed as the visit period of an M /G/1 queue Q; with arrival rate A, and
service time LST B;(«), operating under the gated service policy. Using the results
of the previous two sections, the workload distribution in Q) is obtained by making
the following choices:

V=0 g¢0)=—-10=p(@)+a,
(@) =21 (1 = Bi(@)), (@) = A2 (1 = pa(@)).

Here, p(«) is defined as in Example 2.
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Remark 4: 1t should now also be clear how to model polling models with exhaustive
service at one queue and gated at another. Furthermore, choosing V > 0 allows for
switch-over times between queues.
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