Euro. Jnl of Applied Mathematics (2009), vol. 20, pp. 531-556. (© Cambridge University Press 2009 531
doi:10.1017/S0956792509990106

On a phase field problem driven by interface area
and interface curvature

XIAOFENG REN!Y and JUNCHENG WEI*}

'Department of Mathematics and Statistics, The George Washington University, Washington, DC 20052, USA
email : ren@gwu. edu
2Department of Mathematics, Chinese University of Hong Kong, Hong Kong, P.R. China

(Received 31 May 2008; revised 15 June 2009)

A two component system driven by both interface area and interface curvature is studied
with a new phase field model. We show that if the curvature impact in the system is strong
enough, there exist bubble profiles. A bubble profile describes a pattern of an inner core
of one component surround by an outer membrane of the other component. It is a radial
solution to a fourth-order nonlinear partial differential equation. We show the existence of
such profiles in all dimensions, although the profile is unstable if the dimension is greater
than 2.

1 Introduction

The bending energy plays a central role in the study of vesicle membranes formed by
certain amphiphilic molecules [4, 5]. In the isotropic case it may be expressed as a surface
integral [13, 22]:

E, = /r{al + ax(x — Co)2 + a3G} ds. (1.1)

Here I' is a closed surface in R? representing a vesicle membrane, x is the mean curvature
of the surface, and G is the Gauss curvature of the surface. The constant a; represents
the surface tension caused by the interaction effects between the vesicle material and the
ambient fluid; a, is the bending rigidity and a3 is the stretching rigidity, both of which are
determined by the interaction properties of the amphiphilic molecules. The last constant
¢o 1s the spontaneous curvature describing an asymmetric effect.

In (1.1) the integral of the first term a; leads to the area of the surface I'. The integral
of the third term a3G gives a topological invariant due to the Gauss—Bonnet Theorem. We
may therefore ignore the third quantity. The most interesting part in (1.1) is the second
term. In the case ¢y =0, it is equation to a, times:

/ K2 ds. (1.2)
I

The integral (1.2) is known as the Willmore functional [25].
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The functional (1.1) may be studied by a diffusive interface method [9, 10]. To explain
this approach, let us first recall the Allen—Cahn equation [1] that is often used to study the
phase separation phenomenon in condensed matter physics. It is a second-order nonlinear
parabolic equation,

u(x, 1) = € Au(x,t) — f(u(x,t)), x€D < R", t >0, (1.3)

with the Neumann boundary condition on 0D. The parameter e is positive and small. The
nonlinear function f is a balanced cubic function, such as f(u)=u(u — 1/2)(u — 1). It can
be viewed as the negative gradient flow, in L? space, of the free energy functional

62
Loo(t) = /D [2Vu|2+F<u)} dx, (14)

where F(u)= fouf(u) du is the anti-derivative of f. If f(u)=u(u — 1/2)(u — 1), then
F(u)=1u*(1 —u)®. A steady state u=u(x) of (1.3), ie. a critical point of (1.4), is a
solution of

Ou(x)

—e?Au(x) + f(u(x)) =0, if x € D; .

=0, if x € oD, (1.5)

where v is the outward normal vector to 0D.

The free energy (1.4) models a two component system whose conformation solely
depends on the area of the interfaces separating the two components. If u(x) is close to
0, the first component occupies x; if u(x) is close to 1, the second component occupies
x. The interfaces separating the two components are the regions where u(x) is somewhat
greater than O and less than 1. Given a configuration u(x) with x in an interface region,
we may roughly interpret —e’Au + f(u) as the mean curvature of the interface at x. The
equation (1.5) then states that at an equilibrium state, the mean curvature of the interface
must be everywhere equal to 0.

In such an interface area driven system, it is difficult for the two components to
coexist. Casten and Holland [3] (and Matano [15] independently) showed that when D is
bounded and convex, any non-constant solution of (1.5) must be unstable. More recently,
in the study of polymer blends (see Tang and Freed [24]), an additional molecular weight
dependent curvature term is found to contribute to the free energy. In this case one
observes two immiscible homopolymers, one forming an outer membrane and the other
constituting an inner core.

This morphology pattern may be explained phenomenologically through a very simple
model motivated by (1.1). Let us consider the situation in two dimensions. Suppose that
the two components are separated by a closed curve I' in R, We propose that the free
energy I. of the system is given by

IC(F)z/r;czds—i-y/rds, (1.6)

where s is the length element, x is the curvature and y > 0 is a parameter. If
we assume that I' is a circle of radius p, the curvature is everywhere % and (1.6)
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becomes
21

A stable configuration is obtained by minimising (1.7) with respect to p. One finds that
p=—. (1.8)

In this paper, we study a more sophisticated phase field version of (1.6). As in the
Allen—Cahn approach we let u be the phase field variable of a two component system.
Again u(x) ~ 0 means that x is taken by one component; u(x) ~ 1 means that x is taken
by the other component. The free energy of the system is now

I(u) = %/D |Au — f(u))* dx +V/D BVul2 + F(u)} dx. (1.9)

Here Au — f(u) plays the role of curvature and 1|Vul?> 4+ F(u) plays the role of length
element. The constant 1/2 in front of the first integral is put there merely for simplicity.

We will study (1.9) in the general case of n dimensions, ie. D < R" with n being a
positive integer. Although in (1.6) we have assumed that y is positive, here we allow y to
be negative if n > 3. In this paper we are only interested in the situation where (1.9) is
sufficiently different from (1.4), so we assume that |y| is small.

The functional (1.9) is a phase field version of (1.6) in n dimensions. As (1.6) is
generalised to a problem in R", I' becomes an n — 1 dimensional hyper-surface, x the
mean curvature of the surface and ds the surface element. In the n=2 and n > 4 cases we
are guided by the simple problem (1.6). However, when n=1 or n=3, (1.6) does not yield
much useful information. We must rely on (1.9) only and carry out some careful analysis.

The Euler-Lagrange equation of (1.9) is a fourth-order partial differential equation:

A(Au — f(u) — f'(w)(Au — f(u)) — 7(Au — f(u)) = 0. (1.10)
If D has a boundary, we have the Neumann boundary conditions

ou _ O(Au—f(u) _
a_T—O on 0D. (1.11)

If we introduce a new variable v = Au — f(u), (1.10) may be written as a system:

Au—f(uy—v=0, Av—f'(up—yv =0 in D. (1.12)

If D has a boundary, u and v both should satisfy the Neumann boundary condition there.

In this paper, we study the outer membrane/inner core pattern mentioned earlier using

(1.9). More specifically, we seek radially symmetric solutions of (1.10). The domain D is
the entire space R". We require that the solutions u=u(|x|) = u(r) satisfy the conditions

u(0) >0, lim u(r) = 0. (1.13)

We often call such a solution a bubble profile. Recall that y is either positive or negative,

but |y| is sufficiently small. This means that the curvature term in the free energy (1.9)
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is significant and the problem is very different from the Allen—Cahn problem (1.4). Note
that the Allen—Cahn problem does not have a bubble profile solution.

Our main results are the existence of bubble profiles in one-dimension and two-
dimensions if y is positive and sufficiently small, and the existence of bubble profiles in
n=3 and n > 4 dimensions if y is negative and sufficiently close to 0.

These results are proved by the so-called localised energy method which is a combination
of the Liapunov—Schmidt reduction argument and variational techniques. Let p be the
location of the interface of bubble profile u in the sense that u(p)=1/2. Near p, u has
a rather particular shape. This shape is mostly described by a function H given in (2.1).
When r is much less than p, u(r) is close to 1; when r is much larger than p, u(r) is close
to 0. Much of our paper is devoted to locating p. We will see that as y — 0, p — oo.
The construction is divided into two steps: in the first step, we fix p large and solve a
nonlinear problem with an orthogonal condition. In the next step, we locate p by finding
a critical point for a reduced energy function involving p only. For the localised energy
method used in other problems, see [2, 6, 7, 11, 12, 21, 20].

There is a well-known relationship between I,. and f r ds, ie. I. without the curvature
part: [  ds is the Gamma-limit of I, to as e — 0. See De Giorgi [8], Modica and Mortola
[17], Modica [16], Kohn and Sternberg [14], etc. for this theory. We do not know if a
Gamma-convergence type theory between I and I, is available. The curvature part of I,
ie. fr x> ds, the Willmore functional [25] (also see Simon [23]). There are some partial
results regarding the convergence of

/ [—e*Au + f(u)]? dx (1.14)
D

to the Willmore functional (see Moser [18]).

Our paper is organised as follows. In Sections 2 and 3 we show the existence of the
two-dimensional bubble profile when y is positive and small. In section 4 we show the
existence of the bubble profile in the n > 4 case; the n=1 case is studied in Section 5
and the n=3 case in Section 5. Certain steps in these proofs are similar so we omit some
details in the latter cases. We include a section to discuss the stability of the solutions. A
technical estimate is proved in the Appendix.

The function F in (1.9) is assumed to be smooth. F(0)=F(1)=0and F(u) >0ifu=+0
and u # 1. We also assume that F”(0)=F"(1). As |u| — oo, F(u) — oo.

We often encounter quantities that depend on p, the radius of a bubble. For instance,
we have a family of approximate solutions w that depend on both r, the radial coordinate,
and p. We often write w(r;p) to emphasise w’s dependence on r and p. However when
the dependence on p is less important in a piece of argument, we will write w(r) instead.

We use L2(R") and H}(R") to denote the sub-spaces of radial functions in L?(R") and
H*(R"), respectively. The inner product in L?>(R") is denoted by (,). We write ¢ L v if
(¢,1p)=0. We use || - ||, to denote the L™-norm and | - ||, the L?>-norm of a function.

2 Bubble in n =2

In two dimensions, the phase field problem (1.9) is consistent with the simple model (1.6).
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Theorem 2.1 When vy is positive and sufficiently small, there exists a bubble profile. The

radius of the bubble is \/%7 +o(y~1/?).

We let H=H(y) be the solution of the following ODE on (—oo, c0).

H' —f(H)=0, y€ (—n0,00), lLim H(y)=1, lim H(y)=0, H(0)=1/2.
y——0 y—00

We define a positive constant 7 by
o= [ wray

Because H has a first integral %(H/)2 — F(H)=0 by (2.1), we also have

1
T :/ \/2F(s) ds.
0

(2.1)

(2.2)

(2.3)

The derivative of H, H'(y), decays to 0 exponentially fast as |y| — oo. More precisely, we

have a > 0 and k < 0 such that
H'(y) = ke™ ™ 4+ 0(e72V1).

Necessarily,
a* = f(0) = f'(1).
In the special case f(H)=H(H —1/2)(H —1) :

H(y)=;{tanh<—2fﬁ> +1] andaz\lﬁ, k=—ﬁ.

For each

< (s 3)

we construct an approximate solution w to (1.10) of the form

w(r;p)=H(r —p)+ B(r; p),

where
B(r;p) =cipe” ™ +cypre™.

The constants ¢, and ¢, are so chosen that w'(0) =w"'(0) =0. More explicitly,

H/ _ ) 1 H/// _ )
Cl,p:(alo_"za(H,(_p)_ ‘52:0 >,
1 H"(—
Cp = B (H/(_P) - 652 p))
Note that
H'(—
Clp = 7; P) +0(e), ¢, = 0(e ™).
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In this paper, a weighted L*-norm is of particular importance. Define

IC]+ = sup [L(r)]e"", (2.13)

r=0

where p is a small positive number. This u is independent of y and p. How small u should
be will become clear later.
We denote the left side of (1.10) by S(u), i.e.

S(u) = (A — f'(u) = p)[Au — f(u)], (2.14)
where A — f'(u) — vy is viewed as an operator. The equation (1.10) becomes S(u) =0.

Lemma 2.2 |S(w)[.=0(y).

Proof. We start with an estimate of Aw — f(w). Calculations show that

H7+ﬁ/
r

Aw —f(w) = p"+ — f(w) + f(H).
We consider two cases of r: r € (0,0p) and r € (0p,o0) where 0 € (0, 1). In the first case,

B" —f(w)+ f(H) = 0(e™)

and

H 4+ _Hr—p)—H(=p) F)—F0O
r r r

— O(e_(l_())“”) +0(e )

by the mean value theorem, the decay rates of H”(y) on y € (—o0, —(1 — 0)p) and the fact
that |||, = O(e~*). Hence,

Aw — f(w) = O(e~ 1700, (2.15)

Consequently,
(Aw(r) = f(w(r))e!" = = O(e!~1=Natir), (2.16)

In the second case,

(B" — f(w)+ f(H))e" ' = 0(e % (r + 1)e~“"e""7))
= 0(e “(r + 1)e ")) = O(e™\*710)

and

H/(l’ B p) +ﬂ,(r)ey|r—p\ — 0(1>

Therefore, we deduce that

1Aw — f(w)]l« = O <) =0(™). (2.17)
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If we write S(w) as Az — f'(w)z — yz with z = Aw — f(w), (2.17) implies that

Ipzll. = 0(™).

The term Az is further broken into z” and ZT for which

== (o0 — ey + ()

and

r r

2 I(H’—i—ﬁ’

r

) g = )

We again consider two cases of r. If r € (0,0p), then

/ AN
(1)t (H +5 ) irrl 4 O(e~aH),
r

Since B — (f(H 4+ B) — f(H)) is 0 at r =0, according to the mean value theorem,

LB U+ )= FUH)Y) = 0.

Therefore we have, on (0, 0p),

{Az — <M>H — 1<H/+B/)I] =Pl = Q(e~la=1p),

r r r

Note that

(H/+ﬂ/>//+1<H/+ﬂ/>/: H/N+ﬁ/” +H/+ﬁ/_rH//_rﬁ//

r r ¥ r 3

Together with (2.16) we find

H" " H’ " _vH" —rB"
[Az—f’(w)z— :rﬁ _Hxp ri b

Since H” + " is 0 at r =0, the mean value theorem implies

nr n
H" + etlr—rl —
P

O(e(*(I*G)a-HJ)IJ)_

By using Taylor expansions, it shows that

H’—l—ﬂ’—rH” _rﬁ//
73

<C SuPre(o,op)(|H(4)(V —p)l + 18D 1)),

which implies
H + ﬁ/ —rH' — Vﬁ”
3

etr—rl — O(e(f(I*G)aﬂt)p).
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Therefore, for r € (0,0p),
(Az — f (w)z)er 7! = O(e-1-0esr)
When r > 6p, similar argument shows that

H" + ﬁ/// B H +ﬁ/ —rH' — Vﬁ”
3

[Az —f(w)z — — f’(w)L / :r b } eIl = Q(e~tamHP),

r r

In this case,

H/—f—ﬂ/—VHN _rﬁ//eu\rfpl _ 0<1)

3 e
and
H" + ﬁ/// H + ﬁ dr—pl
{ e —fw) }
_ H) = f[W)H + " = f' W v _ e"lap
r p ’
Therefore, for r > Op,
. 1
(Az — f'(w)z)e!r =+l = 0 (2)
p
Combining the two cases of r we find
, 1
|Az = f'(w)zl. =0 — | = O(y),
p
which implies, by (2.18), that |[S(w)|. = O(y). 0

1
Lemma 2.3 I(w) = 2m($ +9p) + O(y) where T is given in (2.2).

Proof. It is easy to see that

1 / /
/ (Aw — f(w) dx = zn/ [ﬁ”+H+ﬂ—f( )+f(H)]
R? 0

" 1 1
=2 Z(H'(v))? —
n/_p SH) dy+0(p3>

@4_0( 13y,
P

1 1
/R 2 LWWP + F(w)] ax=2x [ [Z(H%y))2 + F(y)] rdr + 0(e7")

—0o0

= 2ntp + O(e™2).

The lemma follows. O
In the next section, we will show that there is a particular p, called p,, and a small
function ¢(-; p,) such that S(w(-; p,) + ¢(-; p,)) =0.
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3 Reduction to one dimension

Around w the linearised operator of S is L, given by

Lyp = (A—f'W)d—(Aw — fW)f"(w)d — (A — f'(w))b. (3.1)

Here (A — f'(w))> and A — f'(w) are linear operators.
We define an approximate kernel

h(r;p) = H'(r — p) + by e + by ,re ", (3.2)

where by, =0(e ) and by, = O(e ") are constants so chosen that #'(0)=h"(0)=0
Let m, be the projection operator to the sub-space perpendicular to h:

<gh>
Ih[13

Tpg =8 — (33)

We view

M = {W(';p) \IF 22y} (3-4)

as a one-dimensional sub-manifold in H*(R?). At each w(-;p) we define an approximate
normal sub-space

Fy=1{$p € H(R®) : ¢ L h(-:p)}. (3.3)
In each F, we look for a ¢(-;p) so that
T, S(w(;p) + ¢(;p)) = 0. (3.6)
We write the last equation as
n,(S(w) + L, + N,¢p) =0,
where the higher order, nonlinear operator N, is given by
Nyp = —(A—f'(w)=y)(f(w+¢)— f(w) — f'(w)$)

—(f'w+ @) = f' (WA — (f(w + ¢) — f(w)))
—(Aw — fW)(f' (W + &) — f'(w) = [ (w)). (3.7)

We would like to turn the last equation to the following fixed point form
¢ = —(n,L,) ' (m,S(W) + 1, N,(¢)). (3.8)

To this end we need to specify the function space in which the fixed point argument is
made and also establish the fact that m,L, is invertible.
First, we note that L, can be defined as an operator from H}(R?) to L(R?).

Lemma 3.1 The operator ©,L, from {¢ € HYR?) : ¢ L h(-;p)} to {n € LZ(R?) :n L

h(-;p)} satisfies the Fredholm Alternative. In particular the operator is onto if it is one-to-
one.
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Proof. Let ¢ = f'(0) — f'(w) and z =Aw — f(w), we note that
Ly¢p = (A= f'w)’d—zf"(w)p —p(A—f' (W)

= (A—=1"(0)*¢ — (A —f'(0)¢
+(A=f(0)q¢ + (A —f'(w)d —rqd — zf" (W)

= Q¢+ P,o
and
mg¢=Q¢+a@—&7ﬁ£M (3.9)
with
06 = (A—f"(0))’d —y(A—f'(0)¢ (3.10)
Pyp = (A—f'(0)qd +q(A—f'(W)p —yq¢ — zf"(W)¢. (3.11)

Note that Q is a well-behaved operator, an isometry indeed, from H*(R?) to L2(R?). Let
us denote {¢ € L2(R?) : ¢ L h} by {h}*. If we are given an equation m,L,¢=n with
n € L2(R*) N {h}* and with ¢ expected in H}(R?) N {h}*+, we apply the operator 7,0~ to
both sides to find
<LP d)s h>
I3
However, we must show that the operator ©,Q! used to make this transformation is
one-to-one and onto from L2(R?) N {h}* to H*(R?) N {h}*. To show that the operator is
one-to-one, we let 1,0 'g =0 for some g € L2(R*) N {h}*. There exists ¢ € R such that
Qg =ch, i.e. cQh=g. Multiply by h and integrate to find

0~ 'h| =m,07 . (3.12)

¢ +7tp [Q_le(f) -

0=c [ hoh=c [ 1A= FONE + 709 + £ O,

Hence ¢=0, and consequently g=0. To show that ©,Q0~! is onto, we must be able to
solve m,Q~'g =¢ for any ¢ € H}(R?) N {h}*, i.e. we look for ¢ € R and g € LA(R*) N {h}*
such that

O lg+ch=¢, ie g+ cQh= Q¢
Multiply the last equation by h and integrate to find

hQE dx

R2

/thhdx
R2

We then find g by setting g =Q¢& — cQh. This g is necessarily perpendicular to h.
For the Fredholm alternative to hold in (3.12), the operator from H#(R?) to itself on the
left-hand side of (3.12) should be of the form Identity + Compact. To see the compactness

we note that both g and z in P, decay to 0 at co. Hence by the Sobolev imbedding theory
(Lpoh)

[

CcC =

Q~'P, is a compact operator. Also, a rank one operator like ¢ — h is compact.
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More importantly, we prove the following estimate for n,L, under the weighted L*-
norm.

Lemma 3.2 There exists C > 0 independent of y and p such that if n,L,¢p=g, ¢ L h and
g € C(R), then

I¢lls + 1A < Clgl-

Before we prove this lemma, we need a technical estimate. This estimate was used by Ni
and Wei [19]. They stated a version on a bounded ball. We include a proof for our entire
space situation in the Appendix.

Lemma 3.3 Let ¢ € C?[0,0) satisfy ¢'(0)=0, lim,_,.. ¢(r) =0, and

R f’(0)¢’ < coe .

Then
2ecy

[P < e[l(ﬁ(p)l + f/(())} e,

Proof of Lemma 3.2. Let n,L,¢ =g with ¢ L h. Then there exists d;, € R such that

L,p=g+d,h

If the lemma does not hold, we may assume that |g||. = o(1) and ||+ + |A¢|+ = 1. Let
p=A¢p — f'(w)o. Clearly, ||| =0(1) and y satisfies

Ay —f'(wyp —zf"(w)p —yp = di,h + g,

where z =Aw — f(w).
If we multiply the last equation by h and integrate over R, then integration by parts

shows that
o(p) = di, <p/ W dr + 0(1)).
R

This implies that d; , = o(1). It follows that

1Ay — f'wyplle < 2" W)lcli@ll +7llwls +diplhls + gl = o(1).

Now we prove that |y~ =o(1). Assume that this is not true. Then we consider { = M‘*—H,
which satisfies ||{p|l« =1 and

IAD — f'(W)P . = o(1) (3.13)
following the last estimate. Simple elliptic regularity argument shows that ¢(- — p)
converges in C? (R) to a function ¥ as y — 0. It follows that |[¥[. < 1 and ¥
satisfies ¥ — f'(H)¥ =0. Therefore ¥ =d,H’ for some d, € R. This implies that

(®,h) = dx(2mpt) + 0(p). (3.14)
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On the other hand, we multiply

1

(Ap—f'(w)p) =P
-«

by h and integrate over R? to find that

Combined with (3.14) we deduce that d, =0 and (- — p) —» 0 in CIZO(.(R). We now return
to (3.13) and find

1AD — f Ol < AP — f'(wW)Plle + 1(f'(w) = F(O)Ple = o(1). (3.15)

Since P(p) =o0(1), Lemma 3.3 implies that |{|. =o(1). A contradiction to |{].=1.
Finally, we consider ¢ in the equation

Ap—f'(w)p =1

with ||y |« =o(1). Again elliptic regularity argument shows that ¢(- —p) — d3;H' in C,ZOC(R)
for some d; € R. Our assumption ¢ L h implies that d3 =0. Hence ¢(-—p) — 0 in Cfoc(R).
As before,

1A¢ — (O] < lwll + I(f'(w) = f'(O)ll. = o(1).

Lemma 3.3 again implies that ||¢|+ = o0(1). Moreover,

1AG] < |AG — (W)l + [ f W)l < [wlle + [1f' Wllclldlle = o(1).

We have now reached a contradiction to |[¢|« + [|A¢|-=1. 0
A consequence of Lemma 3.2 is the following.

Lemma 34 n,L,: H}(R*)N{h}* — L2(R*)N{h}* is a one-to-one and onto map. Moreover,
(n,L,)"" is also an operator from {g € C[0,0) : ||g|. < oo, g L h} to {¢p € C*[0,00) :
¢'(0)=0, [|p]l« + |Ad|« < 0, ¢ L h}, whose norm is bounded by a constant independent
of y and p.

Proof. Lemma 3.2 shows that n,L, is one-to-one. Hence it is onto by the Fredholm
alternative, Lemma 3.1. Since every continuous function with finite || - | .-norm is in L(R?),
one can apply (1rpr)_1 to such a function. Lemma 3.2 yields a bound of (1tpr)_1 in this
setting. 0

Now we define the proper space on which the fixed point argument is done. Let

Z,={¢p € C’[0,00) : $'(0)=0, ¢]. <co, [Ad. <0, ¢ Lh(3p)}. (3.16)

In Z, we define a norm

¢z =19l + [Ad].. (3.17)
We write the right side of (3.8) as T,¢. Based on Lemmas 3.2 and 3.4 we know that T,
is well-defined on Z,. We show that T, is a contraction map with a fixed point.
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Lemma 3.5 There exists ¢(-;p) so that |¢(-;p)llz =0(y) and n,S(w + ¢)=0.
Proof. Define a closed ball B, in Z,:
B,={¢p€Z,:|dlz <dy} (3.18)

Here d; is a positive constant independent of y and p to be fixed soon. For each ¢ € B,
we have, by Lemmas 2.2 and 3.2,

I Tyllz < CUSW« + IN,$lls) < Cly + Cillpl7) < C(y + Cidiy?).

The last quantity is less than dy when y is small, if we choose d; to be sufficiently large.
This shows that T, maps B, into itself. Next, we take ¢; and ¢, from B, and consider

ITydp1—Tpd2llz < ClINyp1 —Nyall« < Cldp1—alz([ 1]z + d2llz) < Cdiylpr—allz.

Hence, T, is a contraction map when y is small. This yields a unique solution ¢ of
n,S(w+ ¢)=01in B,. 0

To find a particular p = p, so that S(w(-; p,) + ¢(-; p,)) =0, we consider the free energy
of w(;p) + ¢(5p): I(w(-;p) + ¢(;p)).

Lemma 3.6

1
(1) I(w(-;p) + ¢(-; p)) =2mz (2p + vp) +0(u").

(2) There exists p, = \/127 + o(y™?) such that S(w(-; p,) + ¢(-; p,))=0.

Proof. Expanding I shows that

_ 1 3 3
I(w+¢) = I(w)~|—/RzS(w)¢dx+ 3 /Rz ¢Lp¢dx+0(/Rz[|¢ + |A¢] ]dx)
= I(w)+/ S(w)¢dx+%/ ¢Lp¢dx+0(¢|§/ e—3ﬂ"—ﬂrdr)
R? R? 0
100+ [ Sddx+s [ oLygdx+0(Iolp)
=I(w) +/ S(w)e dx + % / L, dx + O(y™>) (3.19)
RZ RZ
by Lemma 3.5. From the equation m,S(w + ¢) = 0 we find, since ¢ L h,
0= /RZS(W—i—qS)d)dx = /RZS(W)(;de—i—/R2 (;SLp(bdx—l—/R2 ON, ¢ dx
— / S(w)¢h dox +/ OL, dx + 0(|¢|*|N,,¢|* / Ve”""‘”rdr)
R2 R2 0

:/ S(w)¢dx+/ L, dx + O(y™>).
RZ R2
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We can rewrite (3.19) as

I(w+¢) =I(w)+ % /Rz S(w)p dx + 0(y>). (3.20)

Using Lemmas 2.2 and 3.5, we deduce

/ S(w)gp dx = O(|[S(w)]« H¢H*/ el rdr) = O(ISW)|+ [ $1p) = O(").
R? R2
We have now turned (3.20) to
I(w+ ¢) =I(w)+0@3"). (3.21)

The first part of the lemma then follows from Lemma 2.3.
If we minimise I(w(-;p) + ¢(-; p)) with respect to p, then based on the first part of this
lemma we know that I(w(-; p) + ¢(-; p)) is minimised at some p, and

+ o(y_l/z).

1
p”y‘ - \/E
We now show that if p=p,, S(w(; p;) + ¢(-;p)) =0. Since ©,S(w + ¢) =0, there exists
¢, such that S(w + ¢) =c,h. We differentiate I(w + ¢) with respect to p to find

HOCD I _ [ (24 2 axm | [ 0@ acr [ 2]

dp op op op
Here
/h—d - / ha(H +ﬁ)rdr:2n(rp+0(p));

¢ L h implies that

0 oh
h dx=— | —¢dx.
op R @p¢
Then
) “ | 0h
/ ha—(b dx‘ < H¢H*2n/ ‘6 e M lrdr = | ¢].0(p) = o(p).
Rz Op 0 p
Therefore
dl
w = ¢,(2n1p + 0(p)).

If p is equal to p,, then
0= Cp7,(21tfp.,, + 0(pv))»

ie. ¢, =0 and S(w(;p,) + &(;p,))=0. 0
The last lemma completes the proof of Theorem 2.1.

4 Bubble in n > 4

If we consider (1.6) for n > 4, then with I' being a n — 1 dimensional sphere

I(T') = con,lpnf3 + wn,lypnfl, 4.1)
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where w,_ is the area of n — 1 dimensional unit sphere. It is clear that if y > 0, the right
side is increasing in p. Only if y < 0, there exists a critical point, but this critical point is
a maximum. In the phase field model, we have the similar phenomenon.

Theorem 4.1 When vy is negative and sufficiently close to 0, there exists a bubble profile.
The radius of the bubble is ,/% +o(y~1/?).

Proof. The proof of this theorem is almost identical to the proof of Theorem 2.1. The
main difference occurs in the last step:

_1)\2 ,n—3
1w ) = opere (P ) o), 42)

where w,_; is the area of the n — 1 dimensional unit sphere. If y < 0, the above quantity
has a maximum at

g JEEIED oy

The detail of the proof is left to the reader. O

5 Bubble in n=1

When n=1, the phase field problem is far more complex than (1.6). A zero-dimensional
sphere is just the union of two points in R, and p is half the distance between the two
points. This sphere has no curvature. Hence,

I.(I') =2y, (5.1)

a constant independent of p. No conclusion can be drawn (5.1). But for the phase field
problem, we have the following result.

Theorem 5.1 When y is positive and sufficiently small, there exists a bubble profile. The
radius of the bubble is % log% + o(log %)

Let
1 11 1
pE ( log —, — log ) (5.2)
4a Y a Yy
For each p satisfying (5.2) we define an approximate solution w. Compared to the n=2
and n > 4 cases, the construction of w is more complex. We let

H'(—p)

a(x;p) = cope ™, where ¢p, = , so that H'(—p) + «'(0) = 0. (5.3)

Now we define a function g(y;p) on (—oo, 00) which is the solution of

g" = f(H)g +aly + p)(f'(0) — f'(H)) = d,H', g(0) = —x(p). (5.4)
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In (5.4) the constant d, is chosen so that

d, / (H'Ydy = / oy + p)(f'(0) — £/ (H))H' () dy. (5.5)
R R

This ensures that (5.4) is solvable. The condition g(0) = —a(p) gives a unique solution.
We calculate the right side of (5.5):

[ o+ 00O = FHEH Wy = atp) [ G OH —H)dy
= ap)l—e " H'(y) —ae”H'(NIH=", = olp) lim [e™H(y) +ae” H'(y)]

= 2aka(p) = 2k*e2% + o(e™2%).

Therefore
2k2e—2ap

d, = + o(e™2). (5.6)

We include g in the construction of w. One last term is  which is given as

2
f”(o)(’O»P e—Zax.

a2 (5.7

B(x;p) = crpe”™ 4+ copxe”™™ +

It is a solution of

(D> — £ = (0> — f0p 0~ (O) (58)

The constants ¢, and ¢, are chosen so that
B'(©0) = —H'(=p) = (0)—g'(=p) = —g'(=p), B"(0) = —H"(=p)—a"(0)—¢" (—p). (59)

Here
1y =0(e %), ¢, =0(e ). (5.10)
Now we set
w(x;p) = H(x —p) + alx; p) + g(x — p; p) + B(x; p). (5.11)
Our choice of f# ensures that w'(0) = w”(0) = 0. Note that this f is different from the one

(2.9) used in the n = 2 case.
We again need the weighted L* norm:

Il = Sulglé(X)Ie”"‘_”‘- (5.12)

Lemma 5.2 There exists & > 0 independent of y and p such that |S(w)||. = O(y' ™).

Proof. We start with w” — f(w). Note that

w' —fw)y=H"+o"+¢g"+p"—f(H+o+g+p)
=o' +g" +B +f(H)—f(H+oa+g+p)
=o' +¢" + 5" —f(H) o+ g+ p)
—(f(H+a+g+p)—f(H)—f'(H)(x+g+p))
=d,H' +p" = f'(H)f — (f(H +o+g+B)— f(H) — f(H)(x+ g + B)).
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At this point we consider two cases of x: x € (0,0p) and x € (0p,0) where 0 € (0, 1).
In the first case, we write

w" —f(w)=d,H + B" — f'(0) — ! //2(0)08 + Ni(x:p) (5.13)
with
Wi ) = (7 O~ BV (F(H-+ b))~ (D)= 502 ). (519
Note that
sup{IN1(x; p)| + IN1(x. p)| + IN{(x, p)| = x € (0,0p)} = O(e™"),
Hence

sup{(IN1(x; p)| + IN{(x, )| + INT(x, )"+ x € (0,0p)} = O(e™"7). (5.15)

From the equation that f§ satisfies we see that " — f'(0)f — @az =3¢ . Hence, (5.13)
becomes

w' — f(w) =d,H + c3,e7 + Ni(r; p).
To estimate the size of ¢3, note that the derivative of w” — f(w) at x=0 is 0, by our
construction of w. Therefore

0=d,H"(—p) — acs, + 0(e"").

This shows, with (5.6), that c3, = 0(e~%) and

ﬁ// o f/(O)ﬁ _ f//z(o) O(2 — O(e—SOap).
Now we can write (5.13) as
w’ — f(w)=d,H" + M(x;p) (5.16)

with M satisfying
sup{(|M(x; p)| + [M'(x, p)| + [M"(x, p))e! 1 = x € (0,0p)} = O(e”P04). (5.17)
For the second case, x > 0p, since a(x)=0(e % )e™* and B(x)= 0(e2%)xe ",

w'—fw)=d,H +p" = f'(H)B — (f(H + o+ g+ ) — f(H) = f'(H)(+g + f))
=d,H + M(r;p)

with
sup{(IM(x;p)| + IM'(x, p)| + [M"(x, p)|)e"*#! : x € (0p,00)} = O(e”2T20P)  (5.18)

for some 0; > 0.
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Combining (5.17) and (5.18), we have
w'—fw)y=d,H + M

with
IM[l. + [ M"]|. = O(e”2*H000) (5.19)

by choosing 6 to be sufficiently close to 1 and u sufficiently small.
Now we estimate S(w) by (5.19). In

S(w) = (D* — f'(w) = )(d,H" + M) = dy(f'(H) — f'(W))H' —yd,H' + (D> — f'(w) — )M,

clearly [lyd,H'|.=0(;*) and [(D?> — f'(w) — 7)M|l. =0(y'™°) for some & > 0. As for
d,(f'(H) — f'(w))H', note that

ld,(f'(H) — f' (W) H' ||« < d, | f'(H) = f'W) o | H ||« = d,0(e”*) = O(e ).
Hence ||S(w)]. = O(y'*?). 0

4€—4ap k2€—2ap

Lemma 5.3 I(w)= +7y <2‘E — ) + o(y?).

Proof. Using (5.18) and (5.6) we find

1

o R R

Akte4ar

=d / (H'(x—p)) dx + o(e ™) = dit+o(e™*¥) = +0(7%);
0

/R [;|w’|2 + F(w)] dx

o0
0

- / [lw'[* + 2F(w)] dx = /m[lH’(x —p) + & (X)]* + 2F(H + 0)] dx + o(e>*)
0
=2t—2 / B H'(y)*dy + / OO[ZH’oz’ + 2f(H)o + () + f'(H)o*] dx + o(e2%)
—0 0
=271—2 /_ : H'(y)*dy + 2H'(x — p)a(x) = + /0 m(a’)z dx + /0 : f'(H)o? dx 4 o(e™2%)

—p 0
=2t — 2/ k?e*V dy — 2H'(—p)a(0) + 24° / o? dx + o(e™>)
—» 0
k2€—2up 2k2€—2up k28_2ap 2k2e—2ap
— + —

+o(e72) = 21 + o(y).

=21 —

a a

This proves the lemma. O
The rest of the proof is analogous to that of Theorem 2.1. Define h as in (3.2). For each

p we find ¢(-;p) L h(-;p) so that n,S(w 4 ¢)=0. The Contraction Mapping Principle
used in the argument also shows, with the help of Lemma 5.2, that

IpCsp)ll = 0G) 19"C5p)]ls = 0 ). (5.20)
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We then expand I(w + ¢) as follows:

I(w—|—¢):I(w)+/S(w)¢dx—|—%/¢Lﬂ¢dx+0(y3+35)
R R
— 10+ 5 [ St dx+0G5)
R

= 1)+ 01 141) [~ e 067H)

= I(w) + 0(y**).

Finally, we minimise I(w(-; p) + ¢(-; p)) with respect to p. Lemma 5.3 shows that I(w + ¢)

IS mlnlmlsed at some
1
( log y). (521)

T
2a 7 4ak?
This completes the proof of Theorem 5.1.

1 b
py =—5-log !

6 Bubble in n =3
When n = 3, for a sphere x =% and [, i*ds= pi4rcp2 =4m. Hence

I(I') = 4 + 4myp?, (6.1)

which has no critical point for positive p. The phase field problem is again very different.
Let I(s) be the inverse function of

2k2e=200
T

(6.2)

p——=

Here [ : (—0,0) — (0,00). As s tends to 0, I(s) grows to oo, but more slowly than
—i log(—s) does.

Theorem 6.1 When vy is negative and sufficiently close to 0, there exists a bubble profile.
The radius of the bubble is I(y) + o(I(y)).

We let
[
pe <(2”,zl(y>>. (6.3)

We define a family of approximate solutions

w(r) =H(r—p)+ p(r;p) (6.4)

where f§ is the same as the one (2.9) used in the n = 2 case.

Lemma 6.2 There exists 6 > 0 independent of y and p so that |S(w)]. = O(y1+9/2),
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Proof. We start with

aw—fow) = '+ Iy 4 g
As in (2.17),
1AW — f(w)]. = 0(1> — 0<{>. (6.5)
0) =\

Let z = Aw — f(w). In S(w) = (A — f'(w))z — yz we first note from the above estimate

that
Y
vzl|l« =0 — ).
72l (l(v)>

It suffices to estimate Az — f'(w)z. In the n = 3 case, A = %Dzr for radial functions. Hence,
we deduce that

1

Az —fi(w)z = ;(Dz — f'(w))(rz)
= %(DZ — W)Y — r(f(w) — f(H)) + 2H]
1

= —{(D? = F W)LY = r(f(w) = fHN] = 2(F'(w) = f'(H)H'}.
When r € (6p,0) where 6 € (0,1) is independent of p and 7, we find
Az — f'(w)z| < %[e“’”re_“" +e e e,
hence for small g
Az — f'(w)2)|e"" ™ = O(e™*F), € (0. p). (6.6)

for some d; > 0 where 0, is independent of p and y.
When r € (0,0p) we write

Az — f'(w)z
= %{(DZ — f'WDIEB)" = /OB + f'O)rf —r(f(w) — f(H)] — 2(f(w) — f'(H)H'}

= %{(D2 — F10)’(rB) + (£'(0) — f'(w)(D* = f'(0))(rp)
+HD? = f'W)(f' OB —r(f(w) — f(H)) = 2((w) — f'(H))H'}.

The largest term appears to be (D> — 1'(0))?(rf). However,
(D* = £(0))*(rB) = r(D* = f(0))’B +4(D* — f'(0)B' = 4(D* — a*)B’ = 8a’cy e,
which is small. By choosing 0 close to 1 and p small we find §; > 0 such that

|Az — f(w)z|e!!" ! = 0(e=“+9P) 1 € (0, 0p). (6.7)
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From (6.6) and (6.7) we deduce that
1Az = f'(w)z]. = O(e~@+7) = 0(;1+0)2)

for some 6 > O independent of p and 7y, and consequently by (6.5) [S(w)|. =
0(7(1+5)/2)- 0

2422

Lemma 6.3 [(w)=4n[27t —
and 7.

+91p%] + 0(y'*?) for some & > 0 independent of p

Proof. 1t is easy to see that

1 “T1
/ [2|VWZ+F(W)] b= 4’“/ {2(H (r—p)+B)? +F(H+P)| r’dr = dntp’ +0(pe™™).
R3 0
(6.8)
The estimate of the first part of I(w) is a bit more involved. Note that

- /R 8w = fw)P dx

2(H + )

~n / H' 4+ B+ —f(H + B Pdr
0

=2n / PB4+ 2+ 2H' —rf'(H)B|> dr + O(e~2ato0r)
0

°e)
=2n / 2H' —2acy e + rey e (f/(0) — f/(H)) dr 4 O(e™24007)
0

for some 6; > 0, where ¢, is independent of p and y. Here ¢;, comes from the definition
(2.9) of f. We now write the last quantity as 2n(Ty + T> + T35 + T4 + Ts + Tg) where

2U2e~200

a

o0 o0 —p
T, = / 4H') dr = / 4H')dy = 41— / 4H'Ydy = 41 — + 0(e™3%)
0 —p —0

AH (=p)) _ e
a o a

o0
T, = / 4azciﬂe*2“r dr = 20%",(1 = + 0(e73%)
0

T3

o0
| e 0 - g )P dr = oG ety
OOC o0
Ty =/ —8aH'cy e~ dr = —8aclwpe*“p/ H'(y)e™® dy
0 _
o0 ! o0
Ts = / e, H're™ (f'(0) — f'(H))dr = 4Cl,p€7“p/ (v +p)H'e(f'(0) — f'(H))dy
0 —p
o0
To = —4act, [ ¢ rO) = f(H)) dr = O(e 2010 )
0
We focus on Ts5. Note that

Ts = 401,;,6_“”[/‘ H'(y)y(f'(0) — f'(H))e™ dy +/ H'(y)p(f'(0) — f'(H))e™™ dyl,
—p —p
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where
/ H()y(f'(0) — f/(H))e™ dy
—-p
— / (H/f/(o) _ H///)yefay dy
—p

- / [H'f'(0)ye™ — H'(ye™)"]dy — H"(y)ye™|%, + H'(y)(ye~™)'|%,
—p
=2a / H'(y)e ™ dy — H"(—p)pe” — H'(—p)e™” — aH'(—p)pe*’;
-p

| HO©) - r e a
—pP

o [ rO—H"e " dy

—P

= p[—H"(y)e|Z, —aH'(y)e™¥|%,]

= p[H"(—p)e” + aH'(—p)e™].
Hence

Ts = 4ci e [2a/ V H'(y)e™® dy — H'(—p)e® |,
—p

and consequently

5 42 e2ap
T+ 4+ Ts =41t — 461,,,H/(—p) +0 (e*(2a+(>1)p) =47 — - +0 (ef(Za-&-cS])p) ]
Therefore
2 ,—2ap R

: / [Aw — f(w)>dx = 4n (2’ - > 0 (7). (69)
R3

The lemma now follows from (6.8) and (6.9). 0
Note that in I(w),

2 ,—2ap
e 2k-e +y1p?

is maximised at p = I(y). For each p satisfying (6.3) we find ¢ L h so that n,S(w + ¢)=0.
Here h is again given by (3.2). As we use the fixed point argument, Lemma 6.2 implies
that ¢ . = O(y1+9/2). Then we find

Hwt9) = 1)+ 5 [ St +06')

=I(W)+0(\|S(w)\|*|\¢\|*)/0‘ 2=l 2,

=1(w)+ O(|SW)|+[|$]l«p?)
=I(w) + 0" I(y)).

Finally we maximise I(w + ¢) with respect to p. Theorem 6.1 follows from Lemma 6.3.
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7 Discussion

The stability of the bubble profiles constructed in this paper should depend on the
dimension of the space. But first it is obvious that by differentiating the equation of
a bubble solution u = u(xi,xs,...,x,) with respect to x;, j=1,2,...,n, one obtains an
eigenfunction with eigenvalue 0. This 0 eigenvalue is a consequence of the translation
invariance of our problem. We can only discuss stability modulo translation.

In the cases n=3 and n > 4, we have obtained the solutions by maximising I(w + ¢)
with respect to p. This means that a solution is a maximum of I when restricted in the
sub-manifold {w(-; p) + &(-; p)}. Hence the solution must be unstable; actually it must be
a saddle point.

In the cases n=1 and n=2, our conjecture is that the solutions are stable modulo
translation. We will present a complete spectral analysis of all the bubble solutions
elsewhere.

Appendix Proof of Lemma 3.3

The proof mainly consists of comparison argument. We separate the two cases r € (p,o0)
and r € (0, p).
In the case r € (p,0), we consider an auxiliary function

Aly)=e ™, y=r—p e (0,00). (A1)

In this appendix, we work with the y-coordinate instead of the r-coordinate. Then,

!/

! " — Uy :uei‘uy ! —
AA — (O)A=A+ —f(0)A = e —— — f(0)e ™
f f o f

provided that p is sufficiently small. Now we have ¢, as a function of y as well, such that

d)/

P+ —— o —f (0)<f>‘ coe™”,  lim $(y) =0.

Let

_ ZC()
R(y) = {|¢(0> + 50

]A(y) —o(y),

and we have

(0= 600+ F] = 0) > 0. lim R(y) =0
and
Rt = fOR <=0+ S TP raem <o @

We claim R(y) = 0 on (0,00). Otherwise there exists y. € (0,00) such that R(y) = R(y«)
for all y € (0,00) and R(y«) < 0. But at this minimum point .,

R’(y.) =0, R'(y.) =0, —f'(0)R(y-) > 0.
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Therefore

R/ *
R+ ) ) ORG) >

a contradiction to (A 2). Hence R(y) > 0, i.e.

2o | _
60) < 1900+ 2| e

One can carry out a similar argument with

2(2()

R(y) = [|¢(0> 70

] )+ o)

to conclude that

2¢o | _
~00) < 1600+ 2oL

Hence, we obtain

2C() _
6001 < (10000 + e (A3)

In the case r € (0, p), we construct A(y), with y=r — p € (—p,0) exactly as in [19]. Let
% be a smooth cut-off function such that

yt)y=1for |t| <1, y(t)=0for t| =2, 0< y < 1. (A4)
Define the following auxiliary function
A(y) = € 4 (€™ — ) x(uly + p)), (A35)
where
Yo=—p + i (A6)

If y € (—p, o), then A(y)=e"" and

!

At yATp — 1004 = — J(0)e" < —'(0)e".

If y € (yo,yo + ;). then

e L e < eel, A(y) = el ad < 1 <
2 "y+p
hence
" A / 2\ 1y / KYo 2\ 1y —1 ¢ uy 1'0) ny
A"+ —(0)4A < O(r)e — f'(0)e < O(p)et” — e ' f/(0)et < ———e,
y+p 2e
since u is sufficiently small. If y € (yo + i,O), A(y)=¢e" and +p < 5 hence
A w2 70y ,,
A"+ - ’0A<[2+ o]ﬂy ——e",
e AUZA TG U 5
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provided p is small. Therefore, for all y € (—p,0),
A "0) ,,
A+ 2 poa< L0, wi—p =0 (A7)
y+p 2e

If we have ¢, as a function of y, such that

6"+~ 0091 < e on (-p,0), §—p) =0
then let
o 26’60 .
R(y) = [|¢(0) f(O)] (y) — &)
Calculations show that
,, KR / 2ecy | f'(0) :
R+ fOR < [wn f(JZeW+%w<Q (A3)

and
R(0)> 0, R(—p) =0,

We then claim that R(y) = 0 for all y € (—p,0). Otherwise, there exists y. € [—p,0) such
that R(y.) < 0 and R(y) = R(y.) for all y € (—p,0). However at this y., R"(y:) = 0,
R'(y.) =0, and —f'(0)R(y-) > 0. A contradiction to (A 8). Therefore R(y) = 0, i.e.

2ecy

f(0)

In the last inequality we have used the fact that

}A( \e[|q§(0)| n 2“0} o

601 < 19001 + .

A(y) < ee! for all y € (—p,0).

To see this note that A(y) = e if y > yg + i If y € (yo, 0 + i), A(y) = e + (eM —
e)(u(y+p)) < e since yo < y and e —ei < 0 there. If y € (—p,yo), yo— 1 = —p < ),

e yo<y+ i, and A(y) =" < ) = gehy Similarly, if we consider
- 2ecy
R(y) = {|¢(0) 7 (0)] )+ o),

we find that

2ecy
~0l0) < ¢ 40} + Tk e

In summary we have, on (—p,0),

2ecy uy
B0 < e 10000 + Sk .

The lemma is proved.
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