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A chemomechanical coupling model for oxidation and
stress evolution in ZrB,-SiC
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A chemomechanical coupling model is presented in the temperature range of 1200-1800 °C
based on the microstructure during oxidation of ZrB,—SiC. The model includes the interaction of
the oxidation rate and the mechanical stress. The stress is generated due to the constraint from the
substrate to the lateral growth. The generated stress results in the shrink of the pores in the oxide.
At the outer glassy layer surface, the boundary layer evaporation is adopted to describe the
evaporation rate. Using the coupling model, the evolutions of the oxide layer thickness, weight
gain, pore radius, and stress in both the oxide and substrate are provided, and the theoretical
calculated results agree well with the reported experimental results. The results reveal large stress
in the oxide layer during the oxidation process. By comparing the results of ZrB, with different
volume fractions of SiC, it is found that ZrB, with higher volume fraction of SiC has more
excellent oxidation resistance and smaller stress.
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. INTRODUCTION

Transition metal diborides, especially ZrB, and HfB,,
have high melting temperature, high thermal conductivity
and excellent oxidation resistance, which makes ultrahigh
temperature ceramics (UHTCs) be the most promising
candidates used in the re-entry and hypersonic vehicles
as leading edge components.'”” Moreover, within the
family of UHTCs, ZrB, has the lowest theoretical
density (6.09 g/cm®), which is a desired property in
aerospace field.®° However, when the temperature is
higher than 1200 °C, the oxidation resistance of ZrB, is
poor, for the products of B,O3 volatilize fast, leaving
the porous and nonprotective ZrO, layer.'*™" Great efforts
have been made to improve the oxidation resistance of
ZrB, at over 1200 °C.>'#"!7 The addition of SiC can
significantly improve the oxidation resistance at ele-
vated temperature.'>'®?' The formed glassy borosili-
cate is more viscous and has lower evaporation pressure.
Besides, it is a better barrier to oxygen diffusion than
boria.**** So the glassy borosilicate can provide more
efficient protection than boria.

The oxidation mechanism of UHTCs is very compli-
cated. Numerous investigators have performed a lot of
experiments to observe and analyze the microstructure
evolution and the oxidation products during oxidation of
UHTCs and have a certain understanding on the oxida-
tion mechanism.**> Wang et al.>® synthesized ZrC—-SiC
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powders and investigated the oxidation behavior.
At low temperature, ZrC quickly oxidizes to form a
nonprotective ZrO, layer, while protective SiO, forms
to improve the oxidation resistance at ~1000 °C.
Zhao et al.** analyzed the microstructure and phase
composition for ZrC-30 vol% SiC oxidation from
low temperature to ultrahigh temperature. Li et al.*?
fabricated three-dimensional needled C;/ZrC-SiC and
studied the mechanical properties, microstructure and
high-temperature properties. They concluded that the
excellent high-temperature properties are due to the
formation of ZrSiO, on the surface. Zhang et al.*!
investigated the structure evolution and oxidation
behavior of ZrB,—SiC in a wide temperature range.
The SiC content significantly affects the structure evo-
lution over 1800 °C while it has no apparent influence
below 1600 °C. Brent Bargeron et al.*? studied the
oxidation behavior of hafnium carbide in the temperature
range 1400-2060 °C. Three distinct layers are found
in the cross section, and the interlayer oxide is the best
barrier for oxygen diffusion in the three layers. Lately,
theoretical progress of UHTCs oxidation has been
achieved. Parthasarathy et al.>®3” proposed several
models to describe the oxidation progress. The model can
calculate the weight gain and oxidation kinetics and the
results are in reasonable agreement with the experimental
data. However, the growth strain in the oxidation process
is not considered. The growth strain accompanying the
metal oxidation process has been known for a long
time.”®*! Several theories have been proposed to explain
the mechanism of the origin of the growth strain.***
The Clarke’s model is the most adopted. A lot of researches
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are based on the Clarke’s model.**>! Moreover, the
stress induced by the oxidation process in return can
affect the oxidation kinetics.”*>” Recently, based on the
Parthasarathy et al.’s model,>® Zhou et al.>® proposed
a thermo-chemo-mechanical model for the oxidation of
ZrB,. Panicaud et al.>° reported the stress evolution in the
case of oxidation of Zr alloy. The oxidation product of
ZrB,-SiC is ZrO,, which is the same as that of Zr alloy.
So there exists stress in the oxidation of ZrB,-SiC, too.
The stress analysis in the oxidation process is very
essential to predict the cracking and spalling of the oxide.
However, there are few investigations focused on the
chemomechanical coupling issue in the oxidation process
of ZrB,-SiC.

In this work, a chemomechanical model for the
oxidation and stress evolution in ZrB,—SiC is proposed.
The oxidation process can induce the stress and in return
the stress can affect the molecular oxygen diffusion
and oxidation reaction rate. The model can describe the
evolutions of the stress in the oxide layer and the
unoxidized substrate, oxide layer thickness, weight gain,
pore radius, and pore volume fraction. The calculated
results are consistent with the experimental observations.

II. Chemomechanical model
A. Model framework

The morphology of the oxide scale, the oxidation
products and phase present are derived from the litera-
ture studies.”'>?+?%31%0 The oxidation schematic is
shown in Fig. 1. Since the oxidation behavior of
ZrB,-SiC is different in different temperature ranges,
the oxidation temperature in the model is limited to
1200-1800 °C, which is the range of engineering interest.
The substrate is ZrB, containing dispersive SiC particles.
The oxidation products are disconnected ZrO, grains

(in cross section) with a continuous porous region which is
filled with glassy borosilicate. In the limited range of
temperature in the work, the permeability of molecular
oxygen through the ZrO, grains is very small compared
with that through the porous channels filled with glassy
borosilicate, so the molecular oxygen permeating through
the ZrO, grains is neglected, as presented in Parthasarathy
et al’s work.®® The oxygen in the environment first
dissolves in the glassy borosilicate then permeates through
the outer glassy layer and the porous channels to react
with the ZrB, at the interface 2 (see Fig. 1). A portion of
oxygen diffuses through the SiC-depleted region to react
with SiC at the interface 1 (see Fig. 1). The amount of
oxygen is assumed to be proportional to the volume
fraction of SiC. The volume fraction of SiC in the substrate
is f;. The porosity within ZrO, region is f,. The glassy
borosilicate volume fraction f, and the ZrO, volume
fraction f7,0, in the region (2-3) of Fig. 1 are expressed as

fe=Ff+h(1=F) (1)
erOZ = (1 _fp)(l _fS) =1 _fg . (2)

B. One-dimensional model
At the temperature range of 1200-1800 °C, the

chemical reaction can be schematically expressed as

5
71B, + 502 =710, + B,03 |, (3)

3
SIiC +30, =$8i0, +CO . (4)

The thickness evolutions of the oxide and outer glassy
layer are expressed as (details refer to Appendix)

2 \5/2
Si0,(g) _ dhox _ Vzro, k) exp T 7O ( g) / ;o (9)
SiO(g) Cole) dt fzo, RT ?
B,Os(g
SiO,(1) 2Si0,(g)
e =T | Si0(1) =8i0(g) dh Ny, Vin Ok N5/2
h J | ZE | L %: S ko0 anmckk 2 \*/?
. e e <, Rzm_. Rg;c + §1 — £ kl exp (T) (COZ)
HENEN- S
H 2 - — - | B
2 dhox
B ' — |7si0s—vap| — [Jsio—vap| | Vsio, — d—;fg . (6)
|
"R | | SiC-FEOE = Si0, 4 CO Equations (5) and (6) are Egs. (A24) and (A25) in the
¢ & Appendix. The variables in Egs. (5) and (6) are defined in
Xy .
' . A Appendix.
s The recession rate of ZrB, and SiC is related to the change
FIG. 1. Oxidation schematic of ZrB,-SiC. rate of /, through molar volume and volume fraction.
1268 J. Mater. Res., Vol. 32, No. 7, Apr 14, 2017


https://doi.org/10.1557/jmr.2016.489

https://doi.org/10.1557/jmr.2016.489 Published online by Cambridge University Press

H. Wang et al.: A chemomechanical coupling model for oxidation and stress evolution in ZrB,—SiC

dRZr82 _ VZrBz erOz dhox

dr a Vzro2 (1 —fs) dr ’ (7)

dRsic _ 3 Vsicfzo, dhox
dr 3 VZrOZ(l _fs) dr ’

(8)

where Vzp, and Vgic are the molar volume of ZrB,
and SiC, respectively. Rzp, and Rs;c are the recession
thickness of ZrB, and SiC, respectively.

Then the SiC-depleted layer thickness hg;c is easily
expressed as

hsic = Rsic — Rz, - 9)
The weight gain due to the oxidation is expressed as

Wy = hox (fz:0,Pz:0, + fePg) + hePy — RsicfiPsic
= Rzn, (1 = fs)PzeB, (10)

where pz,, Psics Pzs,> and p, are the density of ZrO,,
SiC, ZrB,, and borosilicate, respectively.
Accompanying the oxide layer growth, the stress is
generated. The average stress in the oxide and substrate is
expressed as follows (details refers to Appendix):
Equations (11) and (12) are Egs. (A48) and (A49) in

Gox = {BOX exp <— RT

0, n 0
oxX (_Gox) ox +Bsubexp _ Rs;b

where EY is the Yong’s modulus of oxide when there is
no pore.

The variation of pore radius r and borosilicate volume
fraction f, is

r=r"(1+gpore) (14)

fg :fgo(l + 8pore)2 s (15)

where ° and fg0 are the pore radius and glassy borosilicate
volume fraction when there is no stress.

lll. RESULTS AND DISCUSSIONS

The temperature is 1600 °C and the material properties
used in the calculation are listed in Table I. Figure 2
shows the thickness calculated by the model and the
experimental data. The total thickness (oxide + glass),
the oxide thickness and the SiC-depleted region thickness
are all plotted. The calculated total thickness and the
oxide thickness are both in good agreement with the
experimental data, which validates the proposed model.
Since the SiC-depleted region is indistinct in experiment
observation, the experimental data of SiC-depleted region

) (_ Goxhox /hsub)nSUb

I —vox 1 — veu hoxhsub - hoxhsub ; I—vox 1 — v
+ Eox — Oox — Doxh + h h 11
< E(Z,x 0X Esub hgub ox ox/tox on Esub 0X sub ) ( )
. Qox) n qub n 1- Vox hsubhox - hsubhox 1- Vox ;
Sab = | B, exp(—— (Osubhtsub/ox)™™ + Bsub €Xp | — (osup)™™ + — Eoxhsub / Hox | Osub
sul |: ox RT sul sul 0X sul RT sul EOX hgx ng ox/fsul 0X sul

. 1 — vox 1 — vy
_Doxhox:| / <_ Yo hsub/hox - s b)
on Esub

the Appendix. The definition of variables in Egs. (11) and
(12) refers to Appendix.

For the porous oxide layer, the relationship between
Yong’s modulus and porosity is®!

0
EOX

2
1 + 4fg(ln vox)

Eox = ) (13)

(12)

thickness is not available. So the calculated SiC-depleted
region thickness is not compared with the experimental
data. The solid line represents the total thickness of
the oxide and glassy layer. The dotted line represents
the thickness of the oxide. It can be easily seen from
Fig. 2 that the outer glassy layer is almost the same
thickness as the oxide thickness. The outer glassy layer
is a barrier for oxygen diffusion which can provide
excellent protection. So the good oxidation resistance of
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TABLE 1. Material properties used in the calculation.

ZrB,-SiC
710, 15% SiC 20% SiC
Young’s 115 (Ref. 62) 278 (Ref. 63) 283 (Ref. 63)
modulus
(E/GPa)
Poisson’s 0.33 (Ref. 64) 0.16 (Ref. 65)  0.16 (Ref. 65)
ratio (V)

Norton stress ~1.3 (Ref. 66) ~1 (Ref. 67) ~1 (Ref. 67)
exponent (1)

Material creep
coefficient
[B/(MPa"/s)]

Activation energy

[Q/(k]/mol)]

1 x 10° (Ref. 66) 0.0455 (Ref. 67) 0.2537 (Ref. 67)

517 (Ref. 66) 240 (Ref. 67) 258 (Ref. 67)

<o+ 1873K-depletion-model
124 - - - 1873K-oxide-model
—— 1873K-oxide+glass-model
+ [873K-oxidetglass-Carney et al.-SPS
1900K-oxide-Levine et al.

-
(=]
1

A 1900K-oxide+glass-Levine et al.
1873K-oxide-Carney ef al.-HP
m  |873K-oxidet+glass-Carney ef al.-HP

Thickness (x IU'sm)

; : ) z
0 50 100 150 200 250 300
Time (min)

FIG. 2. Calculated oxide layer thickness compared with experimental
data®®° for ZrB,—20 vol% SiC oxidized at 1873 K [from Egs. (5), (6),
and (9)].
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FIG. 3. Calculated weight gain compared with experimental data®®

for ZrB,—20 vol% SiC oxidized at 1873 K [from Eq. (10)].

SiC-containing ZrB, is due to the formation of the
relatively thick outer glassy layer.

The weight gain calculated by the proposed model
is compared with the experimental data in Fig. 3.
The weight gain is controlled not only by the formation
of oxidation products but also by the evaporation of the
liquid products. The calculated weight gain is almost
parabolic and in reasonable agreement with the exper-
imental data.

The stress evolution in the oxide layer is shown in
Fig. 4. First, the compressive stress in the oxide layer
increases with time, for the dominant factor is the growth
strain. When the stress reaches the peak value, the stress
begins to decrease with time, which is because the creep
strain is dominant now. For different growth coefficient
Dy, the trend of stress in the oxide layer is the same but
the value of the stress increases with increasing the
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FIG. 4. Stress evolution in the oxide layer for ZrB,—20 vol% SiC
oxidized at 1873 K [from Eq. (11)].
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FIG. 5. Stress evolution in the substrate for ZrB,—20 vol% SiC
oxidized at 1873 K [from Eq. (12)].
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growth coefficient. Figure 5 shows the stress evolution in
the substrate. The stress in the substrate is tensile.
The stress increases first, then the stress almost remains
the same. This is because the stress is dominated by the
growth strain in the oxide layer in short oxidation time.
As the oxidation time is prolonged, the creep strain
becomes remarkable. The stress release rate is almost
equal to the stress increasing rate. The stress almost
remains unchanged. For different growth coefficient, the
stress variation has the similar trend but increases with
increasing the growth coefficient.

Since the stress in the oxide layer can affect the pore
radius and the borosilicate volume fraction, the pore
radius and the borosilicate volume fraction varies with
time too. Figures 6 and 7 show the pore radius evolution
with time and the borosilicate volume fraction evolution
with time, respectively. It can be seen that the pore radius

0.50 =
\'.'?-“-_“-——55_
g 5‘____"‘-—-—___________
Y i --
048+ - s
N, S
. TR N
S 046+ T CERSSSS
= ——D =100m’
= 1,
E 0.44 s DM—BOO m -..._\_
-
S £ D =500 m g
A \ e
0424 ———= D =1000 m’ S e
-l EnL
1 -+ D, =2000 m .
0.40 T T T T T T T T T T T
0 50 100 150 200 250 300

Time (min)

FIG. 6. Pore radius evolution for ZrB,—20 vol% SiC oxidized at 1873
K [from Eq. (14)].
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FIG. 7. fg evolution for ZrB,—20 vol% SiC oxidized at 1873 K [from
Eq. (15)].

shrinks with time. The larger the growth coefficient is, the
more the pore radius shrinks. The reason is that the
compressive stress increases with the growth coefficient
and the larger the compressive stress is, the more the pore
radius shrinks. The borosilicate volume fraction has the
same trend as the pore radius, for both of them are the
characterizations of the effect of stress on the pore.
Figures 8 and 9 show the effect of different volume
fraction additions of SiC on the ZrB,-SiC oxidation
behavior. It is obvious that the ZrB, with 20% volume
fraction addition of SiC has thinner oxide layer thickness
and smaller weight gain than that with 15% volume
fraction addition of SiC. The addition of SiC particles can
significantly reinforce the oxidation resistance of ZrB,
at elevated temperature. This is because the products
of glassy SiO, have very small evaporation pressure.
Besides, the diffusivity of oxygen in glassy SiO, is

1 ——f=0.15-oxide+glass
12 —e—f=0.20-oxide+glass
_- ----f=0.15-oxide

10
T | - e f=0.20-oxide
S B reeny f=0.15-depletion
‘i’ 1 --®- f=0.20-depletion
=2
R
o=
=

TR T BN 256 BIT Bk S DR SRR SN ERL ThE IR Ak
T ¥ T T T v T -
50 100 150 200 250 300

Time (min)

FIG. 8. Oxide layer thickness for ZrB, with different SiC content
oxidized at 1873 K [from Egs. (5), (6) and (9)].
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FIG. 9. Weight gain for ZrB, with different SiC contents oxidized at
1873 K [from Eq. (10)].
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FIG. 10. Stress evolution in the oxide layer for ZrB, with different
SiC content oxidized at 1873 K [from Eq. (11)].
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FIG. 11. Stress evolution in the substrate for ZrB, with different SiC
content oxidized at 1873 K [from Eq. (12)].

much smaller than that in glassy B,0O;. The formed
outer glassy borosilicate of ZrB, with higher volume
fraction addition of SiC contains more SiO, than that
with lower volume fraction addition of SiC. So the ZrB,
with higher volume fraction addition of SiC has more
excellent oxidation resistance. The oxidation rate is
slower, which results in thinner oxide layer thickness
and smaller weight gain.

Since the ZrB, with 20% volume fraction addition of
SiC has thinner oxide layer, it is obvious that the stress
should also be smaller. It can be seen from Figs. 10 and 11
that both the stresses in the oxide layer and the substrate
are smaller for 20% volume fraction addition of SiC.

IV. CONCLUSIONS

A chemomechanical model is proposed for the oxi-
dation and stress evolution in ZrB,—SiC. The model

focuses on the coupling effects of chemical reaction and
mechanics. The stress state in the oxidation process is
very essential to predict the cracking and spalling of the
oxide. Accompanying the oxidation process, the stress
generates. The stress induced by the oxidation can affect
the oxidation reaction rate and the oxygen diffusion.
The volume fraction of SiC has great influence on the
oxidation process. Due to that SiO, has excellent barrier
for oxygen diffusion and low evaporation pressure, the
ZrB, with higher volume fraction addition of SiC has
thinner oxide layer thickness, lower weight gain and
smaller stress. The calculated results are consistent with
experimental data.
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APPENDIX: FORMULATION OF THE CHEMOMECHANICAL MODEL

1. Chemical Gibbs function variation

For the fully coupled chemomechanical process, the
following chemical Gibbs function variation is obtained:®®

Mgf:/k&dv+6Dg—6Q*—5W*:o . (Al
\%4

where g is the chemical Gibbs function, and D, is the
complement dissipative energy. Q* and W* are the com-
plement heart absorbed from the external heart source and
work of the external mechanical force. In the case of ZrB,—
SiC oxidation at high temperature, the oxidation reaction
occurs at the interface between the oxide and substrate. By
the same derivational process in Ref. 68, one gets

Oy =0 = / (oym; — T;")du; da
_/ (03, +f; — piti) Su; AV — / ||oim;||du; dT
v r
t
- / / (en + enviex + i) Sy dV dt
o Jv

t
+/ /(J,-Nn,-—JN*)Sdeadr
0 Ja
t
= [ [ At = vl + 4 i
0 JI
—vN Wy POy dldt (A2)

where o, Ti", u;, f;, and p are the stress, surface
traction, displacement, body force, and density,

respectively. v is the particle velocity. cy, J;, and
Ly are the molar fraction, diffusion flux, and chemical
potential of species N, respectively. vy, and w, are the
stoichiometric coefficient and reaction rate of the rth
reaction, respectively. Jy* is the diffusion flux of
species N on the boundary. V; is the velocity of the
moving interface I'. n; is the component of the normal
vector of the boundary and interface. ||-|| denotes the
jump.

Due to the arbitrariness of du; and Sy, one can get
from Eq. (A2) the governing equations

Gjjj +fi = pii (A3)
A N
v = —cnVkk — Jij (A4)
and the boundary conditions

il
G,’jﬂj = T,

IV =T%

on dg

on ag, - (A5)
On the moving interface, one can get the jump conditions
logml| =0,

llen(vie — Vi) |lme + HJ,N n,-H — vy, =0 . (A6)

2. One-dimensional model

At the temperature range of 1200-1800 °C, the
chemical reaction can be schematically expressed as
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5
ZrB, + 502 = 710, + B,O3; (A7)

3
SiC 50, =8i0, + CO . (A8)

According to the law of mass action, the chemical
reaction rate of Eq. (A7) is”*>*

_ N\5/2
wlzkl(ng) : (A9)

where k; i1s the chemical reaction rate constant
of Eq. (A7). ng is the molar concentration of oxygen
at the interface 2 in Fig. 1. The molar fraction and
molar concentration are related by co, = VinCo,,
where V,, is the average molar volume of the oxide
per atom.

Based on the assumption that the amount of
oxygen consumed by the SiC is proportional to the
volume fraction of SiC, the following expression is
obtained.

5 f N5
wzzgl_fskl(COz) , (A10)

where w; is the chemical reaction rate of Eq. (AS).

The generated ZrO, causes the growth of the oxide
layer. According to the conservation of zirconium atom,
one can get

dhox _ VZr02
dt fZl’Oz

Wi (Al1)

where hox and V7o, are the thickness of the oxide layer
and molar volume of the ZrO,, respectively.

The net increase of liquid products (SiO, and B,03)
first fills up the pore in the oxide layer, then forms the
outer glassy layer. The outer glassy layer thickness A, is
expressed as

dhg _

W = (Wl - |‘13203*Val3|)VB203

+ (W2 = |[Jsiop—vap| — [Isio—vap|) Vsio, — —

(A12)

where Jp,0,—vap, J5i0,—vap, and Jsjo_vap are the evaporation

dRZrBz _ vZrBz erOz dhox

dr - VZrOZ (1 —fs) dr ’ (A13)

dRsic _ 3 Vsicfzo, dhox
dr 3 VZr02(1 _fs) dr ’

(A14)

where Vz, and Vsic are the molar volume of ZrB, and
SiC, respectively. Rzp, and Rgic are the recession
thickness of ZrB, and SiC, respectively.

Then the SiC-depleted layer thickness hg;c is easily
expressed as

hsic = Rsic — Rz, - (A15)
The weight gain due to the oxidation is expressed as

Wg = hox (fZl’Oz Pz:0, +fgpg) + hepy — RsicfsPsic
- RZI’BZ (1 _fS)erBz )
(A16)

where pz,, Psics Pzs,> and p, are the density of ZrO,,
SiC, ZrB,, and borosilicate, respectively.
Ignoring the convection item, Eq. (A4) is written as

0Co, 0I5

ot B 0x3

(A17)

where J3OZ is the flux of oxygen in x5 direction.
The stress-dependent chemical potential of oxygen is®”

Ho, = ng + RT ln(VmC02> — Mo, VinOwre 5 (A18>

where R and T are the gas constant and absolute temper-

ature, respectively. mng, and oy are the coefficient of

compositional expansion and hydrostatic stress in the oxide

layer. “(())2 is the chemical potential at the reference state.
The oxygen flux is expressed as

o DOz —-g COz aHOQ

I =
3 RT  Ox3
0Co, Mo,Vm ., Oou
= —Do,_ 2 C Al9
0:7¢ < 6)63 RT 0. 8)63 ’ ( )

where Do, is the diffusivity of oxygen in the glassy
borosilicate.
Then, Eq. (A17) can be rewritten as

flux of B,0s, SiO,, and SiO at the surface, respectively. dCo 9J°> 32Co No, Vi 0Co, Ok
VB,0, and Vsio, are the molar volume of B,O3 and SiO,, By 2 =— 8; = 02g< Px 2 — RZT Ix : Ix
respectively. 3 3 3 3
The recession rate of ZrB, and SiC is related to the No, VinCo, 320kk
—— (A20)
change rate of h,, through molar volume and volume RT 0%x3
fraction.
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Since the chemical potential is stress-dependent, the
chemical reaction is stress-dependent too. The stress-

dependent chemical reaction rate constant is expressed as>*"”
Np Vin Ok
ky = kY exp <%) , (A21)

where p represents the oxide. k¥ is the chemical reaction
rate constant when there is no stress.
Stress-dependent chemical reaction rate is

Vo N\5/2
oS 0)”

5 6 0 MNp Vim Okk 5\ 5/2
S (M) )
31—, ‘eXp< RT 0,

Substituting Egs. (A22) and (A23) into Eqgs. (A11) and
(A12), they are rewritten as

dhox  Vzi0, 10 T]p Vin Ok 0 \3/2
= 40 0 oxp (22K (Cl ) (A2
dr f ZrO, RT 02 ( )

(A22)

W) (A23)

dh,
dt

MNp Vin Ok 0 \3/2
kO < pRT > (C(i) — |JBzo3vap’:| VB0,
5 f‘s 0 anmGkk i2 5/2
3T—ph exP( RT (COZ)

dhox
o e

+

_|JSi02—vap’ - |-]Si0—vap|:| VSiOz - (AZS)

The evaporation flux at the surface is express as follows

|J ) | o Dspecws 05 Pspecies—vap
species—vap | —
RT Obdry

)

3 ls ecimen ui 1/e 3
6bdry - 5 e <m> (Dspecies) Y ) (A26>

Vluid  \ Pfluid

where Dgyecies is the diffusivity in mixed gas. pspecies—vap 1
the evaporation pressure. Species refers to SiO,, B,O3, and
SiO. Opary is the boundary layer thickness. lgpecimen 1S the
length of the specimen. vayid, Ngyig> and Pgyg are the velocity,
viscosity, and density of the ambient fluid, respectively.

According to Eq. (A6), the moving boundary condition
of the interface 2 is

where JOZ"2 is the oxygen flux at the interface 2. V is the

Veloc1ty of the interface 2 and is expressed as

dhox

V:
dr

(A28)

At the interface 3, the flux of the oxygen is equal.

02,3+ __ 70,,3—
JRBT = S

(A29)

Since the quasi-steady state is assumed, the oxygen
flux can be expressed as

) ce — Ci3
IR =Dy % (A30)
hg
. Cz3 Cz2
IR = Dy % (A31)
i hox

where D,3 and Ds, are the oxygen diffusivity in the
region (2-3) and region (3—a), respectively. Since B,O;
evaporates much faster than SiO, at the surface, the
glassy layer contains more SiO, than borosilicate filled in
the porous channels. As a result, the diffusivity for
oxygen in region (2-3) is different from that in region
(3-a). ng and Cg, are the oxygen concentration at the
interface 3 and a, respectively. C is expressed as
Co, =p5,S (A32)

where pg, and S are the oxygen partial pressure at the air
interface and solubility of oxygen in the glassy
borosilicate.

Substituting Eqs. (A30) and (A31) into Eq. (A29), we
obtain

D3ahoxC§, + Daafyhy C3,

Ci3 _
02 D23fghg + DSahox ’

(A33)

and then we get the oxygen flux at the moving boundary

cs, —C5,

J:?Z’lz - D23~fg h
0x

(A34)

Solving Egs. (A27), (A33), and (A34) simultaneously,
we obtain the oxygen concentration at the interface 2,

022 _ ¢ i 5. 3. ng'
ST =1 OZVJFEWI +§W2 Accompanying the oxide layer growth, the stress is
Vo N, Vin Ok \5/2 produced. Based on Clarke’s assumption,**’" the lateral
= fgng o e kO exp (pT> (C&) growth strain is proportional to the oxide layer thickness.
ZrO,
1 §k0 exp Np Vm Okk (Cg )5/2 (A27) € = Doxhox (A35)
1 —f2 RT 2
where Doy is the lateral growth coefficient.
The elastic strain is
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1—v;
— ‘o, A36
§=—p o (A36)

where i can be replaced by ox for oxide and sub for
substrate. v;, E;, and o; are the Poisson ratio, Young’s
modulus and plane stress, respectively.

For the porous oxide layer, the relationship between
Yong’s modulus and porosity is®’

EO

1_’_4fg(1 2,)

Eox = , (A37)

where E?, is the Yong’s modulus of oxide when there is
no pore.

For the high-temperature oxidation, the creep effect
should be taken into account. Here, Norton’s creep power
law’? is adopted in the work.

& = sign(o;)B; exp <— %) o™, (A38)

where B, Q, and n are the material constant, activation
energy for creep process and the stress exponent, respec-
tively. Since the stress is compressive in the oxide layer and
tensile in the substrate, sign(cox) = —1 and sign(cgy) = 1.

The total strain in the oxide and substrate is expressed,
respectively, as

gox = €5 + &5, +eo, (A39)
Esub = 86s:ub + 8gub : (A4O)

For the cracking, bulking and spalling are not taken
into account in the work, the strain in the oxide and
substrate should be compatible.

ng + gzx + sf)x = 8Z:ub + Sgub (A41)
The rate of Eq. (A41) is
égx + égx + égx = E.:Zub + égub ' (A42)

Substituting Egs. (A35), (A36) and (A38) into
Eq. (A42), we obtain

. 1 —vex . 1 — vy
Doxhox + ono Oox — 2 ° EoxCox

()¢

Q n, 1-v b .
_Box exp <_ > (_Gox> ” = = Gsub

RT Equp

+Bgup €Xp (— %;b> (Csup)™ . (A43)

The force equilibrium equation is

/ Cox dh—l—/ Osup dh = 0, i.e., Ooxhiog

hox hsub

+ Oguphsy =0, (A44)

where hg,, is the thickness of substrate. In the work, we
deal with the average stress in the oxide and substrate.
From Eq. (A44), osyp can be expressed as

Osub = _Goxhox/hsub . (A45)
The rate of Eq. (A45) is

hoxhsub - hox]:lsub
h2

sub

C.Ysub = _Goxhox/hsub — Oox (A46)

Substituting Eqs. (A45) and (A46) into Eq. (A43), we
obtain

. 1 —vex . 1 — vy
Doxhox + = Oox — 2 = oncox - Box eXp (_ Qox)

Eox E3, RT
( —GOox )nox
1 — veup hox hswo — hox]:lsub
= — xTox h ul -5
Esub O, o / sub + o hfub
qub Asub
+Bswpexp| — RT (—Ooxhox/hsub) . (A47)

Rearranging Eq. (A47), we get

Qox qub

C.TOX = {Box exp <* RT) (*Gox) + Bsub eXP( ) (7Goxhox/hsub)”sub

+ 1 _2V0x ng _ 1 — veuw hoxhsub . hoxhsub Gox — Dux]:l“x
EZ, Eqg h

sub

I —vox 1 —vew
(g ) - =

In the same way, we get
. _ Q sub Tsub
Osub = Box exXp RT (Gsubhsub/hox "+ Bsub exXp Gsub

+ 11— Vox hsubhox — hsubhox _ 11— Vox p
on hgx ox sul ox sub

. 1- Vox 1- Vsul
*anhox:|/(7 E hsub/hox - Eibb> . (A49)
0X sul

The equations can be calculated by the evolutionary
algorithm by assuming an initial thickness of /. and h,.

The variation of pore radius r and borosilicate volume
fraction f, is

= (1 + spore) , (A50)

fe=L2(1+gpore)” (A51)

where 70 and fé’ are the pore radius and glassy borosil-
icate volume fraction when there is no stress.
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The relationship between the macroscopic strain and
the microscopic strain in the pore is expressed as’>

gpoe = (1—8)"":E | (A52)

where I is the forth-order identity tensor. S is the Eshelby
tensor. E is the macroscopic strain. If the effect of lateral
growth strain on the pore strain is neglected, the pore
strain is

€pore = (I - S)71 . (SZX + Sﬁx) . (A53)

To implement the model, the equations can be re-
written in incremental forms with respect to incremental
time, At. Egs. (A24) and (A25) are rewritten as

~ Vz0, 10 Np Vi Okk 5/2
Ahyy = 2 kje —_ At A54
" fro, ( RT ( ) » (AS4)

Np Vim Ok 0 \5/2
K exp <&> (C&) - |JBzo”ap}} Vi,0,At
S f 0 NpVm Ok ( iz )/
SONELI (C’ )
31—f P\ RT 0

—|Jsio,—vap| — !JSiOvap‘:| Vsio, At — Ahoxfy . (AS5)

The thickness at 1**1) can be easily obtained as

AGOX = |:Box eXP( Qf;j) <7G(()])(())HOXAI + Bsub eXp <7 %;b)

W& = 0 + Ahg (AS7)

In the same way, Eqgs. (A48) and (A49) are rewritten as

Nyl 1 —
(—cé@hf@ / hg’;{,) "At+ ( 5 AL,
0ox

1 — vy Aoy h™ — b Ang,

oo ClonTup — B0x TR ) 51— Dy A
Esub (h(k))
sub

=y 1
< v hg;)/ hg‘;i’) ’ (439)
X U

Acgp = {an exp< QOx)( o sub /hox> = ot
ol )

1 — vox Ahsubhg;) - iubAhOx 1 — vox (k)
+ - AE, Xh % | ol
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The stress at 1**1) can be easily obtained as

okt = W 1 Ay, (A60)
R = h® 4 Ahg, (A56)
ok = 6 4 Acas (A61)
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