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Quantifying the contribution of vortex structures to wall forces is essential for identifying
the primary sources of forces. The traditional force-element method focuses on the
contribution of flow structures to the resultant force. However, the contribution of
flow structures to the distributed force cannot be identified. This work proposes a
distributed force element method to address this issue. Inspired by the framework of
matched asymptotic expansions, the method resolves the surface pressure by matching
the fundamental solutions of the outer wave and inner flow regions. The pressure is
thus decomposed into contributions from a convective acceleration term, a boundary
acceleration term and a boundary vorticity term. The method is implemented by solving
the resulting linear system with singular value decomposition. The volume source is
further decomposed into direct radiation and boundary scattering components. It is found
that compared with the direct radiation component, the boundary scatter component
decays fast in the wake. Consequently, the direct radiation component is dominant in the
far wake. A finite-domain pressure correction is proposed based on the direct radiation
component. The distributed force element method is validated using several benchmark
cases: two-dimensional configurations including laminar flow around stationary and
oscillating circular cylinders; three-dimensional cases comprising laminar flow past a
sphere, subcritical flow past a sphere and laminar flow over an inclined spheroid. The
results suggest that the proposed distributed force element method enables the precise
quantification of how flow structures in the wake and around the bluff bodies contribute to
the surface pressure.
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1. Introduction

Understanding the physical origin of the hydrodynamic forces is one of the fundamental
questions in fluid dynamics (Anderson 2011). It is directly relevant to diverse applications
such as drag reduction (Russo et al. 2021), sound source identification (Ji e al. 2024) and
the design of flow control strategies (Lu & Chang 2025). Progress in these areas benefits
from the ability to extract quantitative relationships between coherent flow structures and
the resulting hydrodynamic forces from experimental or simulation data (Chang, Yang &
Chu 2008; Menon & Mittal 2021b; Prakhar, Seo & Mittal 2025). This work proposes a new
diagnostic method to spatially resolve how such flow structures contribute to the surface
load distribution on the solid body.

Different methods have been developed to quantify the relationship between vortex
structures and resultant forces. One approach uses impulse theory to link bulk flow features
to resultant force, which is called the vorticity-moment method (Wu, Liu & Liu 2018).
The vorticity-moment method traces its origins to foundational work in the early 20th
century. Burgers (1921) pioneered the concept by linking aerodynamic forces to the time
rate of change of fluid impulse, proposing that vorticity generation and diffusion at the
body surface govern resistance. This idea remained dormant until Wu (1981) and Lighthill
(1986) revitalized and systematized the theory, establishing its modern framework for
incompressible flows. They demonstrated that the resultant force on a body in unbounded
flow could be expressed through a global integral of vorticity moments, bypassing direct
pressure calculations. By using derivative-moment transformations, Wu, Pan & Lu (2005)
proposed a formula for calculating the resultant force that relies solely on the boundary
integrals over a control surface enclosing the solid body. The theory gained traction in
biological propulsion studies, where discrete vortex structures dominate unsteady flows.
Li & Lu (2012) proposed a finite-domain impulse formulation and found that the resultant
force on a flapping plate is determined solely by the two wake vortices that remain
connected to the body. Kang er al. (2018) later improved the theory by developing a
minimum-domain approach, showing that forces could be determined using only the
vorticity attached to or near the body, dramatically simplifying applications to complex
wake interactions. The Galilean-invariance of different methods is discussed by Gao & Wu
(2019). Recent applications by Liu, Zhu & Wu (2015) bridged classical linear models with
viscous flows, revealing how finite Reynolds number effects alter vortex shedding patterns.

Another approach relies on projecting the Navier—Stokes (NS) equations to an
irrotational space to decompose the flow fields into different components, known as the
force-element theory. The force-element theory decouples pressure from vortex structures
(Quartapelle & Napolitano 1983), enabling direct calculation of a resultant force via
vorticity (Chang 1992; Chang et al. 2008). The force-element theory originated in
the early 1980s from the work of Quartapelle & Napolitano (1983), who introduced
auxiliary divergence-free vector fields to reformulate the pressure integral into volume
integrals of acceleration and vorticity terms. Chang (1992) further refined the theory by
introducing potential flow solutions around solid boundaries to account for their geometric
role. Consequently, the forces acting on a bluff body can be decomposed into inertial
(added-mass), vortical (Lamb vector) and viscous components, which enables a clear
physical interpretation. Howe (1995) connected the theory to vortex—sound interactions
by employing potential functions that are tied to body geometry, thereby unifying the
mechanisms of force and sound generation. Hsieh et al. (2009) extended the application of
this theory to biological locomotion, showcasing its ability to analyse unsteady flows by
identifying the dominant force contributors. Recently, Gao, Xie & Lu (2025) proposed the
weighted integral method. By introducing a weight function in the form of a second-order
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tensor, the weighted integral method provides a unified framework that enhances both the
flexibility and accuracy of force and moment estimations.

Traditional potential-based methods, which rely on Gauss’s theorem, primarily resolve
the resultant force rather than surface pressure, inherently limiting their ability to connect
flow structures to distributed surface forces. Although the work of Gao et al. (2025),
through a clever selection of weight function, offers an approach to analyse the source
of surface pressure distribution on a two-dimensional (2-D) cylinder, a general method
for identifying the origin of surface force distribution on arbitrary geometries is still
lacking. This work proposes a distributed force element method that enables the spatial
decomposition of surface pressure into physically interpretable source components for
flows over general body shapes. A finite-domain correction is proposed to significantly
reduce computational and storage demands. In implementation, inspired by the framework
of matched asymptotic expansions (Kambe 1986; Kambe, Minota & Takaoka 1993), the
distributed force element method employs superposition of fundamental solutions — a
technique widely used in aeroacoustics (Lee et al. 2010, 2011; Lee 2017) — to quantify
contributions from flow structures at different locations. A robust singular value decom-
position (SVD) algorithm is integrated to enhance numerical efficiency and stability.

The proposed distributed force element method functions as a postprocessing tool,
starting from a complete NS solution that provides the baseline flow fields. For each point
in the flow domain, the method computes the contribution of its corresponding source to
the surface pressure by matching the inner flow field with a superposition of fundamental
solutions (free-space Green’s functions) corresponding to virtual source points inside the
solid body. The unknown strengths of these virtual sources are obtained by solving a
linear system derived from the Neumann boundary condition. A key numerical advantage
arises because, for flow around a stationary body, the coefficient matrices of these linear
systems are independent of both the source locations and time. Consequently, their SVD
needs to be computed only once, transforming subsequent solutions into efficient vector
multiplications and additions, which significantly reduces the computational cost during
repeated evaluations. However, for bodies in motion or with deforming boundaries, the
coefficient matrices become time-dependent. In such cases, the matrix system must be
recomputed at each time step, introducing additional computational overhead.

The remainder of this paper is organized as follows. Section 2 details the distributed
force element method. Section 3 provides validations of the proposed method using both
2-D and three-dimensional (3-D) flows over solid bodies. Finally, the key findings and
conclusions are summarized in § 4.

2. Pressure decomposition with fundamental solution
2.1. Partitioning of pressure fields

According to the NS equations for compressible flows, the governing equation of pressure
p can be written as

L& p_vyv.T .1
2 a1’ p=vy-t '

where
T = puu +[(p — po) — (o — p) ]I — 7, 2.2)

under the homentropic assumption (Lighthill 1952; Glegg & Devenport 2017). Here, p
denotes density; cg, po and pg are the speed of sound, pressure and density in the ambient
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Figure 1. Schematics of the spatial partitioning based on the dominant mechanism of pressure.

flow; u represents fluid velocity; I is the unit tensor; T represents the viscous stress tensor.
The Neumann condition at the solid boundary is required to specify the pressure uniquely.
By projecting the NS equations to the norm n of the solid boundary, the Neumann
condition can be obtained as

ap Du

£ =(=uVv “n— py— - n, 2.3
an(uxw)npthn (2.3)

where the first term on the right-hand side — 'V x @ denotes the effects of vorticity @ and
the second term —pg(Du /Dt) - n denotes the effects of acceleration of the solid boundary.

Kambe et al. (1993) divided the pressure into inner flow region and outer wave region in
low Mach number and relatively high Reynolds number flows for predicting far-field sound
in free space. The Mach number is defined as M and the Reynolds number Re hereinafter.
As is shown the figure 1, the vorticity in the inner flow region is characterized by the space
and velocity scales /,, and u,. The corresponding time scale can be defined as 7, =1, /u,.
The pressure perturbation in the far field is characterized by the wavelength scale 1 =1,/ y,
which is much larger than /, at low Mach numbers. In the outer wave region away from
the source, the adiabatic relation is approximately satisfied and the viscosity effect can be
neglected according to the estimation of Kambe et al. (1993),

V. A2

Vel o (HA ) o(re ' 2). 24)
du poty !

0~ v
dt

Therefore, the source on the right-hand side of (2.1) is negligible and the pressure
perturbation in the outer wave region is governed by the acoustic wave propagation as
follows:

18°%p
2792
cy 0t
In the inner flow region near the source, the pressure is governed by vortex dynamics.
According to the work of Kambe ef al. (1993), we have
3%p
c20t?
Therefore, (1 /c(z)) (8% p/dt?) can be neglected on the left-hand side of (2.1) in low Mach
number flows. Meanwhile, the right-hand side of (2.1) can be reduced to pgV - (u - Vu)

with the adiabatic relation and the assumption of a relatively high Reynolds number.
Therefore, (2.1) can be reduced to

Ap=—poV - (u-Vu), 2.7)

—Ap=0. 2.5)

/Ap=0(M?). (2.6)
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in the inner flow region. In incompressible flows, the right-hand side of (2.7) can
alternatively be expressed in terms of the Q-invariant as 209 Q (Gao et al. 2019).

2.2. Pressure decomposition in the inner flow region

According to the governing equation for pressure in the inner flow region, we decompose
the pressure as follows:

pP=Dpf+ Ds, (2.8)
where p is the pressure from volume sources and satisfies
Apr=—poV - (u-Vu), (2.9)
in the fluid and
Bap% =0, (2.10)
on the solid boundary, while p; is the pressure from boundary sources and satisfies
Aps =0, (2.11)
in the fluid and
a;: =(—uV xXw)n— pg% -n, (2.12)

on the solid boundary. Inspired by the work of Curle (1955), Chang (1992) and Chang
et al. (2008), we define Green’s functions G r and G as follows:

AGy=8(x—y), 3G;/dn=0,
AGy; =0, 3G,/dn=238(xs — y,).

An equation to obtain p s can be formulated by multiplying (2.9) with the corresponding
Green’s function G ¢ and subtracting it from the p s times the G s Laplacian:

PrAGr—GrApr=ppsx—y) —Gr(—(pV-@-Vu)).  (214)
Integrating (2.14) of both sides over space yields

/V (V-(GV(pp) =V - (prV(Gp)) dV =

(2.13)

(2.15)
/V Gr(—=(poV - (u-Vu)))dv —/ pé(x —y)dVv.

VR
Transforming the volume integral in the (2.15) into a boundary integral leads to

/S(pf(VGf)-n—Gf(fo)-n) dS=/V Gr(—(poV + (u-Vu)))dV — ps. (2.16)
R

Substitute the boundary conditions of ps and Gy into the (2.16) and utilize the sifting
property of the § function, we obtain

Py =/V —(poV - (u-Vu))GpdV . (2.17)

convective acceleration

Similarly, we can follow the steps from (2.14) to (2.16) to obtain the formula for p;:
/(pS(VGf)-n—Gf(Vps)-n) ds =0. (2.18)
s
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Substituting the boundary conditions of p; and G, into the above equation and utilizing
the sifting property of the é function, we obtain

D
pS:—fM(wa)-nGs dS—/ (po—u-n)Gst (2.19)
S S D¢

boundary voticity boundary acceleration

on the solid boundary. The pressure on the solid boundary can thus be obtained by
summing (2.17) and (2.19) as

Du
p:/ —(,ooV-(u-Vu))Gde—/M(V xw)-nGst—/ (po—-n)Gst.
Vi s s\ Dt
convective acceleration boundary voticity boundary acceleration

(2.20)

Notably in (2.20), the pressure on the solid boundary originates from convective
acceleration of fluid elements, boundary vorticity and acceleration of the solid boundary.
For convenience of expression, we refer to the source term of py in the flow field as the
convective volume source and the source term of pg on the solid boundary as the vorticity—
acceleration boundary source. Here, the vorticity—acceleration boundary source can be
further divided into the vorticity boundary source and the acceleration boundary source,
representing the sources of boundary vorticity and boundary acceleration, respectively.

2.3. Reconstruction of Green’s function

The pressure decomposition in (2.20) requires Green’s functions G and G, which
depend on the geometry of the solid boundary. For complex geometries, obtaining
these functions analytically is intractable. Instead of seeking analytical expressions, we
introduce a numerical method to reconstruct Green’s function. The basic idea is to
approximate the pressure field by superimposing fundamental solutions (i.e. free-space
Green’s functions) originating from a set of virtual source points y; placed inside
the solid body. The strengths of these sources, S(y;), are determined by enforcing
the prescribed Neumann boundary conditions ((2.10) and (2.12)) at a finite number of
collocation points on the actual solid boundary. This process can effectively construct a
solution that satisfies the boundary conditions approximately. Similar methodology has
been successfully applied to the problem of acoustic field reconstruction (Lee, Brentner
& Morris 2010; Lee 2017; Wang et al. 2020). It should be noted that the fundamental
solution employed in this work is of the simplest monopole type, which has been widely
adopted in acoustic scattering problems (Lee 2017). The application of the monopole-type
fundamental solutions is subject to certain limitations, particularly in the presence of thin
inclusions such as cracks or domains with twisting boundaries (Alves & Leitao 2006).
Various approaches, focusing for instance on the selection of alternative fundamental
solutions (Hou, Zhang & Angland 2014) or the regularization of the resulting coefficient
matrix (Xu, Mao & Hu 2019), have been proposed to address these issues. A detailed
discussion of such improvements, however, lies outside the scope of the present work.

Based on the fundamental solutions, the outer field pressure can be expressed as
follows:

o0
pan=>) :/ Sy}, 1)Gou(x, yj: 1, 1)dn, (2.21)
. —00
J

1032 A56-6


https://doi.org/10.1017/jfm.2026.11373

https://doi.org/10.1017/jfm.2026.11373 Published online by Cambridge University Press

Journal of Fluid Mechanics

where Go(x, y st t1) is the fundamental solution for the wave equation in outer wave
region. The fundamental solution is given by

5(t—t —1x — yjl/co)

, (2.22)
drlx — )|

G()ut,3D(x» Y t, )=

and
H (=1 —1x = y;l/c0)
21\ J(t =102 — % — 3,2/}

for 3-D and 2-D problems, respectively. Here §(-) denotes the Dirac delta function and
H () the Heaviside step function. Here, x and ¢ are the position and time at which the
pressure is evaluated (the observer), whereas y and #; designate the position and time of
the virtual source. Here S(y ;, 1) is the strength of the jth virtual source. When the virtual
sources are close to the observers, the fundamental solutions can be reduced to

(2.23)

Gout,ZD(xa Yis 1, 1) =

pr.0=) Sy, 07
J

e —y;|’
In(x =y,
p. =3 S 1) (_n|x2—ﬂy]|>
J

for 3-D and 2-D problems. For the sake of brevity in notation, we denote the reduced
fundamental solution as G and omit the explicit time variable. Consequently, (2.24) can
be rewritten as

(2.24)

p@)=>_S(y)Gx. y). (2.25)
J

For a volume source §(y ;s — yg) in the fluid, the intensities of the virtual sources
can be determined as follows by matching the norm pressure gradient on the solid
boundary (2.10):

G (x, y;) G (x, yo)
E Sy, yo) o Ly =— o L (2.26)
J

Then, the Green’s function G y can be obtained as

Gr(x,y9)=Gx. y9)+ Y_S(y,;.y0)G(x, y)). (2.27)
J

The first term on the right-hand side represents the Green’s function in free space,
which is independent of the geometry of the wall and is related only to the positions
of the measurement point and the source. The second term on the right-hand side, in
contrast, accounts for the influence of the solid boundary on the pressure propagation. For
the convenience of expression, the second term ) i S(yj, »)G(x, y;) is defined as G;.
Green’s function G 7 is thus Gy =G + Gj. Following the work for diffraction problem
in low-Mach-number compressible flows (Gloerfelt et al. 2005), G can be regarded as
Green’s function for direct radiation from a volume source and G as Green’s function for
effects of boundary scattering to pressure propagation. Accordingly, the pressure can be
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further decomposed as follows:

p:/ —(poV-(u-Vu))GdV+/ — (poV - (u - V)G, dV
Vr Vr

direct radiation boundary scattering

D
—/M(wa)-nGst—/ (,oo—u-n)GSdS.
S S Dt

boundary voticity boundary acceleration

(2.28)

The first and second terms in the first line on the right-hand side of (2.28) are denoted
as psg and py; hereinafter. For a boundary source 6(yg — y¢) on the solid boundary, the
intensities of the virtual sources can be determined as follows by using (2.12):

IG(x,y;)
> S(y;, yo)Tyfn,- =58y, — Yo)- (2.29)
j l

Then, the Green’s function G can be obtained as

Go(x. y9)=Y_S(3;. ¥9)G(x, y)). (2.30)
J

Equations (2.26) and (2.29) can be written in the matrix form as follows:
b=Agq, (2.31)

where the matrix A has elements A, = 0G(x,, y,,)/0x; at the mth row and nth column.
Here ¢ is a column vector, representing the unknown strengths for the virtual sources. The
nth element in b is — (3G (x,, yg)/0x;)n; for the volume source and §(y, — y,) for the
boundary source. The matrix A might be a rectangular matrix since fewer virtual sources
may be used than the collocation points. Therefore, the SVD can be employed to obtain the
least-squares solution of the (2.31). By using the SVD, the solution of (2.31) is transformed
into vector multiplication and addition as follows:

n
1
q~y S_iviu,'Tb, (2.32)

i=1

where n. is the number of selected modes, taken as the number of virtual sources in this
work. Here s; denotes the ith singular value of matrix A, while v; and u; represent the ith
right and left singular vectors, respectively.

3. Results and discussion

This section validates the pressure reconstructed by the proposed distributed force element
method against results obtained by solving the NS equations. The study begins with a 2-D
flow over a circular cylinder to examine the method’s sensitivity to its parameters and to
simplify the contribution of far-field volume sources. It then proceeds to 3-D flow cases to
diagnose the underlying physical mechanisms governing the surface pressure distribution
and pressure drag.
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Figure 2. Schematics of (a) computational grid and (b) domain employed in the simulation of laminar flow
over a circular cylinder.

3.1. Two-dimensional flows over a circular cylinder

3.1.1. Numerical methods and set-ups

The distributed force element method is first validated using a 2-D flow over a circular
cylinder fixed in a uniform free stream flow. The flows over a rigid circular cylinder of
diameter D is immersed in a uniform free stream with speed U, as depicted in figure 2.
The origin of the coordinate system is located at the centre of the cylinder’s surface. The
y1 axis is aligned with the uniform free stream flow and the y» axis is perpendicular to the
y1 axis, defining the vertical direction. The flows around the circular cylinder are obtained
by numerically solving using the NS equations,

ap

54‘8_(,0 u;) =0,

d(pu d(pu;u B T

(pui) | d(pui 1)+_P:J, (3.1)
ot dy; dyi  dyj

d(per) , dpuier)  pui) _ d(uitij) _ 3(gi)

at dyi dyi i dyi

where u; represents the component of the velocity field. Here p, p, T, e; are the density,
pressure, temperature and total energy, respectively. The viscous stress 7;; and component
of the heat flux vector g; are computed as

) duj 20 aT
Tij =l ( al +ﬁ——ﬂ6ij)» gi=—A7—. (3.2)
dyj  dyi 309y dyi

The subscripts in the above equation denote the components of each quantity, where
Einstein’s index notation will be used. The molecular viscosity p and thermal conductivity
coefficient A are computed according to Sutherland’s law.

The numerical simulation of flow around a circular cylinder is conducted by using an
in-house solver for NS equations. This solver employs a second-order Roe scheme for
discretizing convective fluxes and a reconstructed central scheme for computing viscous
fluxes. An implicit dual-time stepping method of second-order accuracy is utilized for
time integration. Additionally, adaptive techniques such as local time-step adjustments and
flux blending are incorporated to enhance the stability and convergence of the solution.
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Figure 3. Schematics of the laminar flows over a circular cylinder and set-up of the distributed force element
method.

Comprehensive details regarding the implementation and verification of this numerical
approach have been previously documented in our studies (Liu et al. 2021, 2023).

The computational domain is defined as a circle with a radius 1342D, as shown in
figure 2. A non-reflecting characteristic far-field boundary condition is applied at the outer
boundary and the surfaces of the cylinder are modelled as no-slip, adiabatic walls. The
computational grid is structured. The minimum grid spacing is approximately 5 x 1073 D
resulting in a total number of approximately 264 471 cells. An implicit time-advancement
scheme is used with a time step of 6 x 103D/ U. The free stream flows are set to a
Mach number of M =0.03 and a Reynolds number based on the cylinder diameter of
Re =UD/v =150, where v is the kinematic viscosity.

To decompose the surface pressure, we set 200 collocation points uniformly distributed
on the solid boundary. As shown in figure 3, the integration domain of the volume source
is defined as a rectangular region enclosing the cylinder, expressed in coordinates as
[yleft» yright] X [Vbottom YZop]- In this case, Yieft> Ybottom and Yiop are specified as —2D,
—5D and 5D, respectively. The selection of the right-hand boundary’s position and the
integration domain’s shape are discussed in Appendices A and B, respectively.

3.1.2. Effects of numerical set-up on the 2-D distributed force element method
In implementation, the proposed distributed force element method requires setting
parameters such as the position and number of virtual sources. In this section, the flow over
acircular cylinder is used as a benchmark to test the proposed distributed force element im-
plementation, focusing on the position and number of virtual sources, as well as the mesh
size for volume source integration. In the postprocessing step, the volume source data are
first interpolated from the non-uniform CFD mesh onto a uniform grid before integration
is performed. The mesh size here refers to the edge length of the uniform grid cells.
Figure 4 presents the computed instantaneous surface pressure distributions on the
cylinder for different numbers and positions of virtual sources, as well as for varying mesh
sizes used in the volume-source integration. Figure 4(a—c) compare the surface pressure
reconstructed by the proposed distributed force element method with the CFD results,
while figures 4(d) to 4(f) show the corresponding absolute errors. Here yyigns s set to
30D. The number of virtual sources is set to approximately N./6, N./5, N./4, N./3 and
N¢/2, where N, is the number of collocation points on the cylinder surface. The virtual
sources are positioned along a circle at distances ranging from 0.05D to 0.4D from the
cylinder centre. The mesh size for integration ranges from 0.05D to 0.01D. The detailed
set-up of the cases is summarized in table 1. As observed in the figures, the results obtained
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Figure 4. Comparison of the results from CFD and the proposed distributed force element varying with (a) the
number of virtual sources,(b) the position of virtual sources and (c) mesh size for integration of the convective
acceleration term, panels (d)—(f) are the absolute errors corresponding to (a)—(c).

from the distributed force element method remain consistent across different numbers of
virtual sources and agree well with the reference CFD data. From figure 4(d), the overall
trend and magnitude of the absolute error show little sensitivity to the number of virtual
sources; however, increasing their count introduces oscillatory behaviour in the error.
Regarding the placement of equivalent sources, figure 4(e) indicates that when the sources
are positioned very close to the cylinder centre (within 0.1 D), the absolute error becomes
larger and exhibits oscillations. Moving the sources farther from the centre stabilizes the
error, suggesting that a highly clustered arrangement may lead to numerical instability in
solving the system of equations for this case. With respect to the mesh size — where square
cells are used for volume-source integration — the distribution of absolute error along the
wall appears sensitive to this parameter.

To quantify the accuracy of the distributed force element methods, the relative error ¢ is
defined as follows:

o | pafe — DPefal

3.3)
| pesall

where pgf. = py + ps denotes the outcome from the distributed force element method,
and p.y represents the accurate result extracted from the computations. Table 1 reveals
that the relative errors are all below 2 % for different number of equivalent sources. For
the positions of virtual sources, the results deviate significantly from the direct numerical
simulation (DNS) results only at Ry = 0.1D, while for other positions, the relative errors
remain below 2 %. As for the integration mesh size, the maximum error is 2.9 % for
the coarsest mesh of 0.05D, while errors for all other mesh sizes are below 2 %. These
results demonstrate the reliability of the proposed distributed force element method in the
current case. To balance computational cost and accuracy, the number of virtual sources
used in the 2-D flow over a stationary circular cylinder is set to N./3, consistent with the
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Ny Ry dx Relative error (%)
34 0.3D 0.02D 1.25
41 0.3D 0.02D 1.29
51 0.3D 0.02D 1.34
67 0.3D 0.02D 1.25
101 0.3D 0.02D 1.33
67 0.05D 0.02D 1.39
67 0.1D 0.02D 7.27
67 0.2D 0.02D 1.25
67 0.4D 0.02D 1.25
67 0.3D 0.01D 1.28
67 0.3D 0.03D 1.74
67 0.3D 0.04D 1.77
67 0.3D 0.05D 2.90

Table 1. Comparison of relative error for pressure computed by using the distributed force element method
with different virtual sources’ numbers, positions and mesh size for integration.

recommendation by Dunn & Tinetti (2004), the position of the virtual sources is set to
0.3D, and the mesh size for integration is set to 0.02D.

Figure 5 shows the decomposition of pressure at different locations on the surface of
the circular cylinder. The solid dots denote directly sampled values from the simulated
flow field, referred to as standard results hereinafter. The solid lines represent the results
obtained using the proposed distributed force element method, (2.20), the dotted lines rep-
resent the contributions from the convective volume sources and the dashed lines represent
the contributions from the vorticity—acceleration boundary sources. Here, 6 = 0 indicates
the rear stagnation point of the cylinder, and # = & indicates the front stagnation point of
the cylinder. It can be observed that the surface pressure on the circular cylinder predicted
by the distributed force element method aligns closely with results directly extracted from
the computation. As indicated in table 2, the relative errors at all measurement points on
the wall remain below 5 %. Notably, the pressure at & = 0.757 is the closest to zero among
these points and, as expected, exhibits the largest relative error of 3.51 %. From the 8 =0 to
0 = mr, the pressure fluctuation increases first and then decreases from the rear stagnation
point to the front stagnation point. This observation suggests that the pressure fluctuation
along the streamwise direction is weaker than that along the vertical direction. Thus,
the fluctuation of pressure drag is much smaller than that of pressure lift. The pressure
fluctuation at different measurement points mainly comes from the convective volume
source. For instance, for the point at 8 = 0.5z, the amplitude of the pressure fluctuation
contributed by the boundary source is approximately 1/8 of that contributed by the volume
source. Furthermore, the direct radiation part of the convective volume source is closest to
the pressure at each measurement point, except for the point at & = 7. At the measurement
point where 6 = 7, the contribution of the direct radiation part of the volume source term
is close to zero, which suggests that the direct radiation parts of the positive and negative
volume sources cancel each other out near the stagnation point.

3.1.3. Finite-domain pressure correction

As outlined in the literature (Gao et al. 2025; Xie et al. 2026) and Appendix A, an accurate
decomposition of distributed force requires integration of the volume source term Q over
a sufficiently large domain. This leads to significant computational and storage demands,
especially for 3-D problems. Therefore, we seek a method capable of providing a correct

1032 A56-12


https://doi.org/10.1017/jfm.2026.11373

https://doi.org/10.1017/jfm.2026.11373 Published online by Cambridge University Press

Journal of Fluid Mechanics

Point’s position Relative error € (%)
=0 1.28
0 =0.257 1.17
9 =0.507 0.97
6 =0.757 3.51
O=m 2.50

Table 2. Comparison of relative error for pressure computed by using the distributed force element method on
the circular cylinder’s surface.
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Figure 5. Comparison of the pressure computed by summing the contribution from convective volume source
and vorticity—acceleration boundary sources and standard results at (a) 8 =0, (b) 6 =0.257, (¢) 6 =0.57, (d)
0 =0.75m, (e) 6 = 7 on the solid boundary.

decomposition of the distributed force using only flow field information within a limited
region. To this end, we analysed the contribution of the volume sources in the wake to the
distributed force.

Figure 6 illustrates the comparison between the contributions of the volume sources’
direct radiation and the boundary scattering components to the surface pressure of the
circular cylinder. The distribution of these two components is markedly different. The
boundary scattering component is primarily concentrated near the cylinder and decays
rapidly in the wake. In contrast, the direct radiation component is more uniformly
distributed and extends further into the wake. Additionally, in regions of the wake that are
far from the solid boundary, the distribution of direct radiation remains nearly constant
regardless of the wall measurement point’s location and is significantly greater than
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Figure 6. Comparison of the contribution from the direct radiation and boundary scattering component.

the contribution from the boundary scattering component. This finding indicates that
the differences in surface pressure measurements are primarily due to the flow near the
cylinder surface. Since the resultant pressure force on the cylinder arises from the pressure
difference across the cylinder surface, this finding also indicates that the lift and drag
forces on the cylinder have a weak dependence on the far wake. Therefore, we propose to
use pressure measurements at a single point on the wall as a reference. A finite-domain
surface pressure correction can be given as follows:

D
p:/ — (poV - (u-Vu))Gde—/M(V xw)-nGst—/ (,oo—u -n)Gst
VR N S Dt
+ Pcorrect-
3.4
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(a) (b)

Uniform free stream
—_—

Figure 7. Schematics of (@) computational domain and () grid employed in the simulation of flow over a
sphere.

Here, pcorrect(t) denotes the pressure correction term derived from measurements at a
single point on the cylinder surface. This correction term p st (t) €volves over time yet
remains invariant with respect to the specific location of the measurement points on the
cylinder surface. A detailed discussion of (3.4) is provided in Appendix B. The application
of this correction in a 2-D case (flow around an oscillating cylinder) is demonstrated in
Appendix C. In the subsequent 3-D study of flow past a sphere, the same correction (3.4) is
employed throughout. This correction is attributed primarily to the direct radiation compo-
nent of the volume source and is, therefore, incorporated into the total contribution from
the convective volume source in the subsequent analysis. Furthermore, Appendix D has
been added to examine the applicability of the proposed distributed element method with
pressure correction to other geometries, specifically the flow around an inclined spheroid.

3.2. Flows over a sphere

3.2.1. Numerical methods and set-ups
The simulations for the flow past a sphere employ the same governing equations, numerical
methods and in-house solver as described for the 2-D stationary circular cylinder case. The
computational domain is 3-D, encompassing a rigid sphere of diameter D immersed in a
uniform free stream with velocity U, as shown in figure 7. The origin of the coordinate
system is placed at the sphere’s centre.

A structured grid is employed to discretize the computational domain, which is
defined as a rectangular region. The minimum grid spacing normal to the wall is
approximately 6 x 107*D, yielding a total of approximately 27 x 10° cells. A non-
reflecting characteristic far-field condition is applied at the domain boundaries. The sphere
surface is modelled as a no-slip, adiabatic wall. The free stream conditions are set to
a Mach number of M =0.1 and Reynolds numbers based on the sphere diameter of
Re =U D /v =400 (laminar flow) (Feng & Michaelides 2001) and 3700 (subcritical flow)
(Rodriguez et al. 2011). The laminar flow is simulated by directly solving the governing
equations, while the subcritical flow is solved by using the large-eddy simulation (LES).
The eddy viscosity model proposed by Vreman (2004) is used. The time steps for the
implicit time-advancement scheme are both set to 1 x 1072D/ U for the two simulations.

3.2.2. Effects of numerical set-up on the 3-D distributed force element method
To validate the proposed distributed force element method in 3-D conditions, we simulate
a laminar flow over a sphere fixed in a uniform free stream.
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Figure 8. Comparison of the results from computational fluid dynamics (CFD) and the proposed distributed
force element method varying with (@) the number of virtual sources and (b) the position of virtual sources;
panels (c) and (d) are the absolute errors corresponding to (a) and (b).

The virtual sources are positioned at 0.3D from the sphere centre. The integration
domain of the volume source is defined as a rectangular region enclosing the sphere. In this
case, the integration region of volume source along the y, and y3 direction is specified as
—D to D. The pressure correction of (3.4) is used as the volume source region is truncated
at Yright = 2D.

Figures 8(a) and 8(b) display the computed instantaneous surface pressure distributions
on the sphere at y3 =0.0D for different numbers and positions of virtual sources. The
corresponding absolute error are shown in figures 8(c) and 8(d). The number of virtual
sources is set to approximately N./6, N./5, N./4, N./3 and N./2, where N, is the
number of collocation points on the sphere. The virtual sources are positioned on a sphere
at distances ranging from 0.05D to 0.4D from the sphere centre. The detailed set-up of the
cases is summarized in table 3. As shown in the figures, the distributed force element
results are consistent across different numbers of virtual sources and align well with
the accurate results. Table 3 indicates that the relative errors remain below 3 % across
most tested numbers of virtual sources, except for the case with Ny = 320. Regarding the
position of virtual sources, the relative errors are also below 3 %, with the maximum
value observed being 2.92 %. For the absolute error, as illustrated in figures 8(c) and 8(d),
the overall distribution shows lower values near the rear stagnation point (around 6 = 0)
and higher values near the front stagnation point (6 = ). This pattern arises because the
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Ny Ry Relative error & (%)
267 0.3D 2.67
320 0.3D 7.89
400 0.3D 3.73
534 0.3D 2.83
800 0.3D 2.76
534 0.05D 2.92
534 0.1D 2.74
534 0.2D 2.81
534 0.4D 2.81

Table 3. Comparison of relative error for pressure computed by using the distributed force element method
with different virtual sources’ numbers and positions.

current finite-domain correction is designed to match the pressure at the rear stagnation
point; consequently, the error tends to increase with distance from this reference location.
These observations demonstrate the reliability of the proposed distributed force element
method in the current case. To balance computational cost and accuracy, the number of
virtual sources used in the 3-D case in this work is set to N./3 and the position of the
virtual sources is set to 0.3D.

3.2.3. Instantaneous distributed force decomposition for laminar flow over a sphere
Figure 9 shows the instantaneous flow field around a sphere. The vortex tubes are
depicted by the isosurface of Q D?/U? = 0.001, with the background coloured according
to the non-dimensional convective volume source (V - (u - Vu))D?/U?. Additionally,
the distributions of (V - (u-Vu))D?/U? on four cross-sections perpendicular to the
streamwise direction (i.e. the y» — y3 planes) are presented. These cross-sections, labelled
A, B, C and D, correspond to streamwise positions y;/D=—0.5, 0, 1.0 and 2.0,
respectively. As shown in the figure, the volume source is primarily concentrated near
the sphere and around the vortex tubes in the wake. Positive volume sources appear near
the stagnation point, while the shear layer is dominated by negative sources. In the near
wake, low-intensity sources exist at the centre due to the velocity deficit. Inside the vortex
tubes, the sources are predominantly negative, surrounded by a region of positive sources.

The convective volume source is decomposed into two parts as (V- (u-Vu))=
IE|? - |82]> (Wu, Ma & Zhou 2007) in figure 10. Here || E||? and ||£2||* are the squared
Frobenius norm of the deformation and rotation rate tensor of fluid elements, respectively.
As shown in figure 10, there is a strong positive volume source near the stagnation point
of the sphere, and strong negative volume sources on both sides of the sphere, which
lead to the high-pressure region upstream the sphere and the low-pressure regions on the
sides. However, the negative volume sources on both sides of the sphere decay rapidly
after separation. As shown in figures 10(c) and 10(d), the rotation and deformation in the
shear layer of the sphere are relatively strong, but their intensity and coverage area are
similar after the shear layer separation, which leads to the cancellation of the shear and
deformation effects within the separated shear layer and the rapid decay of the volume
source in the shear layer. Downstream of the sphere, the volume source is weaker, with
negative volume sources dominating inside the vortex tubes and positive volume sources
dominating on the sides of the vortex tubes.

Figure 11 shows the instantaneous pressure distribution at y3 = 0.0D and y3 = —0.34D
on the sphere surface. As shown in the figure, the distributed force element method
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Figure 9. Schematics of the laminar flow over a sphere and instantaneous volume source distribution.
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Figure 10. Comparison of instantaneous distribution of (a) volume source, (b) pressure, (¢) rotation part of
volume source and (d) deformation part of volume source.

proposed in this work accurately estimates the pressure from convective volume sources
and vorticity—acceleration boundary pressure sources, demonstrating the ability of our
method to handle 3-D flows. The volume source is the main contributor at y3 =0.0D
and y3 = —0.34D. Compared with y3 = 0.0D, the pressure at the front stagnation point is
significantly reduced at y3 = —0.34D. This reduction is primarily due to the decreased
contribution from the convective volume source. This observation suggests that as y3
changes from 0.0D to —0.34 D, the relative contribution of the negative volume source
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Figure 11. Comparison between the contribution from different sources to instantaneous pressure on the
sphere at (a) y3 =0.0D and (b) y3 = —0.34D.

(a) Near-body ‘Wake (b)
1.0 1.2 —~ )
Negative source b * DPefa === Dy — = Pfneg
" 08F — PstPr e Pf,pos === Pfuwake
0.5F — I
Q =)
~ 0k <
< N
= ~
QU
—05E
_1.0 Positive soyrce ; :
-1 0 1 2
n/D

Figure 12. (a) Schematic of the volume source partitioning and (b) contributions from different regions to the
surface pressure distribution. The volume source is divided into the wake region and the near-body flow region
at the streamwise position y; = 0.5D. Within the near-body flow region, the source is further classified based
on its sign (positive or negative).

within the boundary layer gradually increases, while the relative contribution of the
positive volume source close to the stagnation point gradually decreases.

Inspired by the work of Menon & Mittal (2021a), we decompose the volume source
(the dominant contributor) into wake and near-body flow regions to analyse sources of
pressure on the sphere surface. Within the near-body flow region, the proposed distributed
element method can distinguish between the positive volume source dominated by fluid
deformation near the front stagnation point and the negative volume source governed
by rotation rate tensor. The decomposition is illustrated in figure 12. Here, p.s; denotes
the pressure obtained from the CFD simulation, ps and p; represent the contributions
from the volume and boundary sources, respectively. Here pf pos, Pfneg and p fwake
denote the contributions from the positive near-body volume source, the negative near-
body volume source and the volume source in the wake, respectively. As shown in the
figure, in the vicinity of the leeward side 6 =0, the contributions from the positive and
negative near-body volume sources cancel each other, so the pressure in this region is
dominated by the volume source in the wake. As 6 increases, the influence of the wake
decays rapidly to zero, and the negative pressure on the leeward side becomes increasingly
governed by the negative near-body volume source. On the windward side, as 6 increases,
the positive volume source near the leading edge gradually becomes dominant, and the
surface pressure transitions from negative to positive. This suggests that the volume
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Figure 13. Comparison of the pressure computed by summing the contribution from convective volume source
and vorticity—acceleration boundary sources and standard results at (a) 8 =0, (b) 6 =0.257, (¢) 6 =0.57, (d)
6 =0.757, (e) & = 7 on the solid boundary. The regions delineated by red dashed lines are shown as enlarged
insets.

source in the wake has a minor effect on the distributed pressure over the windward
side but can significantly affect the distributed pressure on the leeward side. Based on
these results, we can inform that the control of the surface pressure should address the
wake contribution while leveraging the inherent cancellation within the near-body region.
The analysis above shows that the proposed distributed force element method can provide
insights for controlling the distributed pressure, just as the previous force element method
and vorticity moment method provide insight for controlling the resultant forces (Yang
et al. 2008; Chang et al. 2008; Lu & Chang 2025).

3.2.4. Time-varying pressure at different locations on the sphere surface

Figure 13 shows the decomposition of pressure at different locations on the surface of
the sphere. The solid dots denote values sampled directly from the simulated flow field
(hereinafter referred to as the standard results). The solid lines represent the results
obtained using the proposed decomposition method (3.4), the dotted lines indicate
contributions from convective volume sources and the dashed lines show contributions
from vorticity—acceleration boundary sources. Here, 6 =0 corresponds to the rear
stagnation point of the sphere, and 6 = 7 corresponds to the front stagnation point. As
illustrated, the surface pressure on the sphere predicted by the distributed force element
method aligns closely with the results extracted directly from the CFD simulation. The
pressure at these five points on the sphere surface is predominantly governed by the
volume source term, except at the location 6 =0.75w. At this point, as is shown in
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Figure 14. Decomposition of (a) the time-averaged pressure and () the r.m.s. of pressure fluctuations at
y3 = 0 for laminar flow over a sphere.

figure 12, the positive pressure induced by fluid deformation on the windward side and
the negative pressure dominated by shear flow cancel each other out, resulting in a near-
zero net contribution from the volume sources. Consequently, the pressure at this location
is primarily governed by the boundary source term.

Figure 14 compares the time-averaged pressure and the root-mean-square (r.m.s.) of
pressure fluctuations on the y3 =0 plane, as obtained from CFD and the proposed
distributed force element. The results indicate that the proposed distributed force element
method captures the variation of the time-averaged pressure with 6 with reasonable
accuracy. The fluctuating pressure is more than an order of magnitude smaller than
the mean pressure. The proposed distributed force element method accurately captures
pressure fluctuations on the leeward side, where the wake has a stronger influence, but
shows limited accuracy on the windward side. This is likely due to approximations
inherent in the current framework, including the treatment of the integration domain, the
discretization for integration, and the configuration of equivalent sources. Nevertheless, at
the front stagnation point, the relative error in the pressure time series remains below 5 %.

3.2.5. Dominant source of drag in laminar flow over a sphere

In this section, we show that the proposed distributed force element method enables the
separate resolution of how different sources contribute to the pressure resultant forces
on the windward and leeward sides. Figure 15 illustrates the drag decomposition for
flow over a sphere at Reynolds number 400. In figure 15(a), it can be observed that
pressure drag dominates the total drag. Figure 15(b) provides a detailed decomposition
of the pressure drag. Here F.;; denotes the pressure drag extracted directly from CFD
results; Fy and Fy represent the contributions from the boundary source and volume
source, respectively. Here Fy ., and Fy ,, represent the contributions from the boundary
and volume sources to the windward-side pressure drag; Fy; and Fy; represent the
contributions from the boundary and volume sources to the leeward-side pressure drag.
As demonstrated in figure 15, the proposed distributed force element method accurately
captures the temporal variation of the pressure drag. Notably, although the volume source
is concentrated primarily on the windward side (as seen in figure 12), the leeward-side
volume source emerges as the dominant contributor to the total pressure drag.

To explain the dominance of the leeward-side contribution to the total pressure drag
in figure 15, the spatial distribution of the instantaneous volume source contribution,
defined as (fS —(poV « (u-Vu))(G s + Gs)ny dS), to the windward- and leeward-side
pressure drag is plotted in figure 16. As shown in figure 16(a), the pressure drag on the
windward side originates mainly from the near-body flow region, where fluid deformation
produces positive drag and fluid rotation yields negative drag. In contrast, the leeward
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Figure 16. Spatial distribution of the instantaneous volume source contribution ( f s —(poV « (u-Vu))
(Gf + Gy)ny dS) to (a) the windward-side and (b) leeward-side pressure drag. The integration surface S is
taken over the windward and leeward sides for (a) and (b), respectively.
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Figure 17. Contributions from the positive source and negative source within the near-body flow region and
sources in the wake to (a) the windward-side and (b) leeward-side pressure drag.

side (figure 16b) is influenced more significantly by the wake. A further decomposition
is provided in figure 17, showing the contributions of the volume source from different
regions to the windward- and leeward-side pressure drag. Here, Fy pos, Fy neg denote
the contributions to windward-side pressure drag from the positive source and negative
source within the near-body flow region and Fy, 4k denotes the contribution from wake.
Correspondingly, Fj pos, Fi neg denote the contributions to leeward-side pressure drag from
the positive source and negative source within the near-body flow region and Fj ke
denotes the contribution from wake. It can be observed that on the windward side, the
positive and negative sources within the near-body flow region are both substantial but
opposite in sign, resulting in near cancellation. The contribution from sources in the wake
to windward-side drag is negligible. On the leeward side, the positive and negative near-
body volume sources also largely cancel and the contribution from sources in the wake
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Figure 18. Schematics of the turbulent flow over a sphere and instantaneous volume source distribution.

becomes significant, leading to a markedly higher net pressure drag on the leeward side
compared with the windward side. The above analysis reveals that the net drag primarily
arises from an imbalance between the cancelling near-body sources and the significant,
unconcealed contribution of the wake, providing a source-resolved physical explanation
for established importance of the wake (Bearman 1997).

3.2.6. Effects of Reynolds number

We simulate a 3-D subcritical flow over a sphere fixed in a uniform free stream to validate
the proposed distributed force element method for turbulent flows and investigate the
effects of Reynolds number. The Reynolds number based on the free stream speed and
the diameter of the sphere is Re = UD/v = 3700. The virtual sources are positioned at
0.3D from the sphere centre. The integration domain of the volume source is defined as
a rectangular region enclosing the sphere. In this case, the integration region of volume
source along the y, and y3 direction is specified as —D to D.

Figure 18 shows the instantaneous turbulent flow around the sphere. The vortex tubes
are depicted by the isosurface of Q =1, with the background coloured according to the
volume source (V - (u - Vu)). Similar to the flow at Re =400, the volume source is
primarily concentrated near the sphere and around the vortex tubes in the wake. The mean
pressure coefficient and skin friction at the cross-section y3 = 0 match well with different
numerical and experimental results (Kim & Durbin 1988; Seidl, Muzaferija & Peri¢ 1997,
Rodriguez et al. 2011; Xu et al. 2018), as shown in figure 19.

Figure 20 presents the decomposition of pressure on the sphere surface in the y3 =0
plane. The standard results (solid dots) are compared with the proposed method (solid
lines, (3.4)), where dotted and dashed lines denote contributions from convective volume
sources and vorticity—acceleration boundary sources, respectively. As illustrated, the
surface pressure computed by the distributed force element method aligns closely with
the CFD results on the leeward side (e.g. 6 =0 and 6 =0.257). As 6 increases, the
error gradually becomes more pronounced, a trend consistent with observations in both
stationary circular cylinder and the low-Reynolds-number (Re = 400) sphere cases. The
pressure at the five measured points is predominantly governed by the volume source
term, except at € =0.757. At this location, the contribution from the volume source is
nearly zero, while that from the boundary source closely matches the pressure obtained
from the CFD. The observed behaviour is analogous to the Re =400 case. Thus,
the underlying physical mechanism persists under high-Re conditions: the cancellation
between contributions from deformation and shear flow ultimately leads to dominance of
boundary sources at § = 0.757.
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Figure 19. Mean profiles around the sphere surface: (a) pressure coefficient and (b) skin friction.
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Figure 20. Comparison of the pressure computed by summing the contribution from convective volume source
and vorticity—acceleration boundary sources and standard results at (a) 8 =0, (b) 6 =0.257, (¢) 6 =0.57, (d)
6 =0.75m, (e) & = on the solid boundary for flow over a sphere at Reynolds number 3700. The regions
delineated by red dashed lines are shown as enlarged insets.

To investigate the effects of Reynolds number on surface pressure components, figure 21
compares the instantaneous pressure distributions under different Reynolds numbers.
The comparison shows that as the Reynolds number increases, the contribution of the
boundary vorticity source to the pressure distribution diminishes to nearly zero, while the
contribution of the convective volume source remains largely insensitive to the Reynolds
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Figure 21. Contribution from (a) the boundary source and (b) the volume source to pressure at y3 = 0 for
laminar flow and subcritical flows over a sphere.
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Figure 22. (a) The time-averaged pressure and () the r.m.s. of pressure fluctuations at y3 = 0 for laminar
flow and subcritical flows over a sphere.

number. This implies that, in the current case, the increase in Reynolds number leads to a
negligible normal pressure gradient, and the surface pressure is predominantly controlled
by the volume source term.

Figure 22 compares the time-averaged pressure and the r.m.s. of pressure fluctuations
on the y3 =0 plane at different Reynolds numbers. The curves are labelled as follows:
pcra denotes CFD results; pg represents boundary source contributions; p, indicates
volume source contributions, with subscripts specifying the Reynolds number (e.g. ps.400
for Re = 400). The results demonstrate that the proposed distributed force element method
captures the variation of the time-averaged pressure with 6 with reasonable accuracy
across different Reynolds numbers. The method resolves pressure fluctuations on the
leeward side with reasonable accuracy, where the wake exerts a stronger influence, but its
accuracy on the windward side is more limited. This discrepancy may stem from several
factors in the current implementation, such as the truncation of the integration domain, the
choice of mesh size for the source integration and the arrangement of equivalent sources.

4. Conclusion

We have proposed a distributed force element method, based on the fundamental solutions
approach, to decompose the forces on a body moving within an incompressible fluid. This
method conceptualizes the force distribution at any point on the wall as a superposition
of contributions from volume and boundary sources. Volume sources account for the
convection of fluid elements, while boundary sources represent the acceleration of solid
boundaries and the influence of boundary vorticity. Leveraging the concept of matched
asymptotic expansions, we employ the fundamental solutions in the outer wave region to
match the pressure in the inner flow region. The resulting linear equations are solved via
SVD. Furthermore, the volume source term is decomposed analogously to the pressure
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wave in the outer region, distinguishing between a direct radiation component and a
boundary scattering component.

The applicability of this method was first validated in the 2-D flow over a circular
cylinder at a Reynolds number of 150. For this low-Reynolds-number case, pressure
fluctuations were found to originate primarily from convective volume sources. Analysis
shows that the contribution of the far wake stems mainly from the direct radiation
component. Notably, as a volume source moves away from the wall, its contribution to
various measurement points on the wall becomes less sensitive to the specific location
of those points. Consequently, the integrated pressure contributions from the far wake
cancel out across the wall surface, implying that the far wake has a negligible effect on
the overall pressure lift and drag. Building on this insight, we propose a finite-domain
pressure correction formulation that enables accurate pressure decomposition using only
flow information from a finite domain and data from a single wall measurement point.

The finite-domain formulation was subsequently applied to flows around an oscillating
cylinder and 3-D bluff bodies. The surface pressures predicted by our method show good
agreement with reference data sampled from CFD simulations. In the oscillating cylinder
case, it is found that destructive and constructive interference between contributions
from acceleration boundary sources and other sources causes the amplitude of pressure
fluctuations to deviate from the stationary cylinder case.

In the 3-D flow over a sphere, volume sources were identified to concentrate primarily
near the stagnation point, in the shear layer, within the wake vortex and along its sides.
Notably, only the attached segments of the shear layers exhibit significant negative
volume sources, which induce local low-pressure regions. Although the detached shear
layers experience strong fluid rotation and deformation, these two effects nearly cancel
each other, resulting in unexpectedly weak volume sources within these regions. Further
analysis reveals that the windward side pressure is dictated by near-body sources, whereas
on the leeward side, the opposing contributions of positive and negative near-body sources
largely cancel. Consequently, the wake sources become dominant, leading to a markedly
higher net pressure drag on the leeward side. Moreover, as the Reynolds number increases,
the contribution from boundary vorticity sources diminishes.

For ease of reading, the typical computational settings used by the proposed distributed
force element method and their comparative results with CFD are summarized in
Appendix E.
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Appendix A. Validation for the laminar flow over a circular cylinder

This appendix uses flow over a 2-D circular cylinder to validate the proposed distributed
force element method. The resultant force computed from the distributed force element
is compared with standard results. The convergence for the size of the convective volume
source’s integration region is examined.
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Figure 23. Comparison of (a) drag and (b) lift computed by using the distributed force element method and
directly solving NS equations.

The resultant force vector F is defined as the sum of pressure difference and friction

contributions,
F;, = (/ Dshi dS-{-f Pfhi dV) +/ tn; dS, (AD)
S \% S

where 7 denotes the wall shear stress. Here F; represents the resultant force along the y;
direction. Substituting into (2.20) and expressing wall shear stress in terms of boundary
vorticity, the resultant force expands to

F,-=/ (/ —(poV - (- Vu))G dV)n,' ds
S 1%
—|—f<—f,u(V><w)-nGs dS)n,- ds
S S (A2)

+/ / Du 2\ 6, as)n; ds
¢ § IOODt n s n;
—i—/,u(nxw),- ds.

S

We define volume integral and boundary integral terms as Fy, = || v prni dV and Fy; =
[ psni dS+ [ Tn; dS, respectively.

Figure 23 shows the total drag and lift calculated using the distributed force element
method. As shown in the figure, the total drag and lift calculated by (A2) are in good
agreement with standard results. The lift fluctuation is much larger than that of the drag,
and mainly comes from the volume source.

Figure 24 compares the effects of different truncation positions y,;e; of the integration
domain on the computed pressure on the solid boundary. As the truncation position moves
gradually downstream, the pressure distribution obtained by (2.20) gradually approaches
the standard results.

To demonstrate the insensitivity of the present method to the geometry of the integration
domain, results obtained with a circular domain are provided. The centre of the integration
domain is set to be the centre of solid boundary. Figure 25 compares the computed surface
pressure for circular integration domains of different radii. The pressure distribution
obtained from (2.20) converges towards the standard solution as the domain radius
increases. Notably, the result progressively resembles that shown in figure 24 for larger
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Figure 24. Comparison of instantaneous pressure distributions computed with different streamwise
truncation positions for a rectangular integration region.
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Figure 25. Comparison of instantaneous pressure distributions computed with different radii for a circular
integral region.

radii. This agreement occurs because, when the radius of the circular domain equals the
half-length y,;e;, of the rectangular domain and is sufficiently large, the two domains
enclose essentially the same source region.

Appendix B. Pressure correction for the finite integration region

This appendix proposes a distributed force correction based on single-point pressure
measurements to further reduce the computational cost of the distributed force element
method. The cases employed in this appendix are identical to that utilized in § 3.1.
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Figure 26. Contribution from direct radiation and boundary scattering from the volume source to the
instantaneous pressure distribution and related absolute error: (a) contribution from direct radiation; (b)
contribution from boundary scattering; (c) absolute error of the direct radiation; (d) absolute error of the
boundary scattering.

The source of the truncation error is identified by separating the direct radiation part and
the boundary scattering component of the volume source term, as shown in figure 26. The
direct radiation part has obvious errors when the integration domain is not large enough
compared with the boundary scattering component. As can be seen in figure 26(c), the
errors of direct radiation part do not vary significantly with the angle when the volume
sources are far away from the solid boundary. The contribution of the direct radiation part
to the pressure at any point on the wall can be written as

pfzfv —(poV « (u-Vu))Gdv. (BI)
R

In 2-D cases, Green’s function for the Poisson equation is G = (1/2x) In(r), where r
denotes the distance from the volume source to the wall. When the volume source is
sufficiently far away from the wall, i.e. r > D, the distance from the volume source to
any point on the wall is approximately equal to the distance to the centre of the cylinder.
Therefore, the direct radiation part of the pressure contribution from volume sources far
from the wall to any point on the wall is nearly the same. As a result, the error caused by
the truncation of the volume source does not vary significantly with the angular region.
Based on this, we can make a correction for the pressure at a point on the wall when the
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Figure 27. Corrected pressure distribution by using (B2) with different streamwise truncation position: (a)
Yright = 2D and (b) Yright = 5D.

integration domain is finite, that is

p:/ _(pov.(u.Vu))Gde—//L(Vxw)-nGS ds
Vg S

/ Du
s £0 Dr

where pcorrect 18 Obtained by matching the pressure at a point on the wall. Although (B2) is
derived for 2-D problems, we can analogously obtain the form of the pressure correction
in 3-D cases.

Figure 27 shows the results of the instantaneous pressure distribution calculated using
the correction formula (B2), where pcorrec: is calculated by matching the pressure at the
forward stagnation point of the circular cylinder. As shown in the figure, the corrected
instantaneous pressure distribution using (B2) agrees well with the results obtained when
the integration domain is sufficiently large. This indicates that the contribution of the
volume sources outside the truncated integration domain can be corrected by matching
the pressure on the solid boundary.

(B2)

. n) G dS + peorrects

Appendix C. Two-dimensional flows over an oscillating circular cylinder

To validate the proposed distributed force element method on moving boundaries, a
2-D flow over an oscillating circular cylinder is simulated, as shown in figure 28. The
circular cylinder is initialized at the origin and moves in the y, axis direction according to
vy =0.2sin(0.98¢), where y, is the time-varied location of the circular cylinder’s centre.
The Reynolds number, based on the free stream velocity and cylinder diameter, is set to
Rep = U D /v = 185 following the work of Wang et al. (2025). The flow is simulated with
OpenFOAM by directly solving the incompressible NS equations. A body-fitted mesh with
wall refinement is used, with a minimum grid spacing of 3 x 1073 D, resulting in a total
of 326 252 elements. A time step of 2.5 x 103D/ U is adopted for temporal resolution.
More details about the set-up can be found in our previous work (Wang et al. 2025). The
virtual sources are positioned at 0.35D from the circular cylinder centre. The integration
domain of the volume source is defined as a rectangular region enclosing the cylinder. In
this case, yief, Yborom and yop are specified as —2D, —4D and 4D.

Figure 29 compares the effects of different truncation positions of the integration
domain on the pressure on the solid boundary computed by using the finite-domain form
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Figure 28. Schematics of (a) the flows over an oscillating circular cylinder and the employed
(b) computational grid and (¢) domain.

of distributed force element method (B2). The solid dots represent the results calculated
by CFD, the solid lines represent the results calculated by (2.20). It is shown that as the
truncation position moves gradually downstream, the pressure distribution approaches the
standard results at y,;on, = 2D. The results demonstrate the effectiveness of finite-domain
formulation of the proposed distributed force element method for the flow over a moving
body.

Figure 30 illustrates the time history of the pressure-induced drag and lift contributions
from various source regions. The integration domain is truncated at ygp = 10D,
a position set adequately far from the body to ensure convergence of the pressure
distribution. The finite-domain correction is employed in the computation. A reference
pressure measurement is obtained from the rear point of the cylinder. At each time step,
a pressure correction term is applied to the combined contributions of the volume and
boundary sources at all wall points. This ensures that the computed pressure at the rear
location matches the experimentally measured value. As shown in figures 30(a) and
30(b), the results calculated by the distributed force element method align well with
standard results. The pressure drag is dominated by the volume source. For the pressure
lift, the volume and boundary sources partially cancel each other, resulting in a net lift
smaller than either individual contribution. Figure 30(c) compares the contributions of
acceleration (ps,) and vorticity (py,) boundary sources to pressure drag. The acceleration
sources contribute significantly less than the vorticity sources. Figure 30(d) compares the
contributions of acceleration and vorticity boundary sources to pressure lift. The pressure
lift from boundary sources is dominated by the acceleration boundary sources, suggesting
that prescribing wall motion can modulate the amplitude of lift fluctuations.
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Figure 29. Comparison of instantaneous pressure distributions computed with different streamwise
truncation positions for the flow over an oscillating circular cylinder.
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Figure 30. Comparison between the contribution from different sources to pressure drag and pressure by using
the distributed force element method and directly solving NS equations: (a) contribution of different sources
to pressure drag; (b) contribution of different sources to pressure lift; (¢) contribution of different boundary
sources to pressure drag; (d) contribution of different boundary sources to pressure lift.
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Figure 31. Comparison of the pressure computed by summing the contribution from convective volume source
and vorticity—acceleration boundary sources and standard results at (a) 8 =0, (b) 6 =0.257, (¢) 6 =0.57, (d)
0 =0.75m, (e) 6 = & on the solid boundary.

Figure 31 shows the composition of pressure at different locations on the surface of the
oscillating circular cylinder. The solid dots represent the results calculated by CFD, the
solid lines represent the results calculated by (2.20), the dotted lines represent the contribu-
tions from the convective volume sources and the dashed lines represent the contributions
from the vorticity—acceleration boundary sources. The agreement between the surface
pressure reconstructed by the distributed force element method and the benchmark CFD
data validates the accuracy of the proposed approach. As shown in table 4, the relative
errors remain below 2 % across different measurement points on the wall, where the
maximum is 1.59 % at 6 = 0.75w. Compared with the case without the pressure correction
presented in table 2, these results demonstrate a clear reduction in error. It is obvious
that due to the oscillation of the solid boundary, the vorticity—acceleration sources exhibit
more intense fluctuations compared with the flow over a stationary circular cylinder. The
pressure fluctuation is small at the rear and front stagnation points on the solid boundary,
similar to the flow over a stationary circular cylinder. However, the pressure fluctuation at
the point of & = 0.5 is no longer the strongest among the five points due to destructive
cancellation between the pressure from boundary and volume sources. In contrast, a
constructive interference at & = 0.757 between the boundary and volume sources can be
observed, resulting in an enhancement of the pressure fluctuation at 6 =0.757.

To provide a more detailed analysis of the different pressure contributions, figure 32
presents a further decomposition of the cylinder surface pressure based on figure 31
at various locations. It dissects the individual contributions from the volume and
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Point’s position Relative error € (%)
=0 0.00
0 =0.257 0.24
0 =0.507 0.65
0 =0.757 1.59
O=m 0.78

Table 4. Comparison of relative error for pressure computed by using the distributed force element method on
the oscillating circular cylinder’s surface.
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Figure 32. Comparison of the different components of pressure at (a) 0 =0, (b) 6 =0.257, (c) 6 =0.57, (d)
0 =0.75m, (e) 0 = 7 on the solid boundary.

boundary source terms. The solid dots represent the standard results, the solid line
represents the contribution from acceleration boundary sources, the dashed lines represent
the contributions from the vorticity boundary sources, the dotted lines represent the
contributions from the scattering component of convection sources and the dash—dot
line represents the contributions from the direct radiation part of convection sources. At
the point 6 =0, the pressure is dominated by the direct part of the convective volume
sources. For the points at & = 0.257 and 6 = 0.5, the pressure fluctuation is significantly
affected by the contribution from acceleration boundary sources, as well as by both the
direct radiation and boundary scattering components of the convective volume sources.
Apparent destructive cancellation can be observed between the acceleration boundary
sources and direct radiation and boundary scattering component of the convection
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Figure 33. Schematics of (a) the flow over a spheroid at 45° angle of attack and the employed
(b) computational domain and (c) grid.

sources. For the point at 8 = (0.75m, destructive cancellation also happens between the
contribution from acceleration and vorticity boundary sources. These results suggest
that the circular cylinder’s motion effectively suppresses the pressure fluctuation along
the vertical direction through the destructive cancellation between the contribution from
acceleration boundary sources with other sources. As a result, the pressure lift in this case
is significantly lower than that in the flow over a stationary circular cylinder.

Appendix D. Three-dimensional flows over a spheroid at 45° angle of attack

To further demonstrate the applicability of the proposed distributed force element method
to different 3-D geometries, this appendix examines the flow around a spheroid at a 45°
angle of attack. As illustrated in figure 33, a spheroid with semimajor axis a and semiminor
axis b, having an aspect ratio of a : b =2.5: 1, is immersed in a uniform incoming flow of
velocity U. The major axis is inclined at 45° to the free stream direction. An equivalent-
volume spherical diameter is defined as D, =2(ab*)!/3. The Reynolds number based
on the equivalent-volume spherical diameter is Re = U D, /v = 500. The computational
domain is set as a rectangular region. The inlet and side boundaries are positioned 10D,
from the coordinate origin, while the outlet is located 20D, downstream. The flow is
simulated with OpenFOAM by directly solving the incompressible NS equations. The
computational grid is refined near the spheroid surface and in the wake region, with
a minimum grid spacing of 0.01D, and a total of 14 x 10° elements. A time step of
3.1 x 1073D,/U is adopted for temporal resolution. The integration domain for the
volume source is defined as a rectangular box enclosing the spheroid, as shown in
figure 33, with its left, right, top, bottom, front and rear boundaries specified as y; =
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Cq C
Wang et al. (2021) 0.628 —0.325
Sanjeevi et al. (2018) 0.619 —0.314
Present 0.620 —0.327

Table 5. Comparison of the mean drag and lift coefficients C4 and C;.

(a) Volume pressure source (b) Pressure distribution

4 5
y1/D »/D

Figure 34. Comparison of instantaneous distribution of (a) volume source, (b) pressure, (c) rotation part of
volume source and (d) deformation part of volume source.

—2D,, y1 =5D;, y2=—2D,, y2=2D,, y3 =—2D, and y3 =2D,, respectively. A total
of 452 virtual sources are located within the inclined spheroid on a spheroidal surface that
is geometrically similar to the inclined spheroid but reduced by a linear scale factor of 0.7.

Table 5 presents a comparison between the current results and previous work (Sanjeevi,
Kuipers & Padding 2018; Wang er al. 2021). Both the time-averaged drag and lift
coefficients obtained from our simulation closely match the reference data. Figure 34
presents the instantaneous flow field, visualized by an isosurface of the Q-criterion,
coloured by the convective volume source term V « (u - Vu). The volume sources are
predominantly concentrated in the regions of high deformation and shear around the
spheroid and within the complex, asymmetric wake structure, highlighting the primary
generators of the surface pressure.

The capability of the proposed distributed force element method to accurately
reconstruct the surface pressure is demonstrated in figure 35. The figure shows the
instantaneous pressure distribution along a key meridian on the spheroid surface. The
results computed by summing the contributions from the convective volume source (p f)
and the vorticity—acceleration boundary source (p,) match well with the reference data
obtained from DNS. Figure 36 further examines the temporal evolution of pressure at two
distinct points on the surface. The proposed distributed force element method successfully
captures the phase and amplitude of the pressure fluctuations. Similar to the flow over a
sphere, the pressure fluctuation is dominated by the convective volume source.
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Geometry Condition Method Point Relative error & (%)
2-D circular cylinder ~ Re = 150, stationary DFE 0 =0.57 0.97
2-Dcircular cylinder ~ Re = 185, oscillating  Finite-domain DFE 6 =0.57 0.65
Sphere Re =400, stationary ~ Finite-domain DFE 6 =0.57 2.85
Sphere Re =3700, stationary  Finite-domain DFE 6 =0.57 3.99
Inclined spheriod Re =500, stationary ~ Finite-domain DFE 6 =0.257 4.48
Inclined spheriod Re =500, stationary  Finite-domain DFE 0 =1.257 2.58

Table 6. Comparison of relative error for time-varied surface pressure at specific points by using the distributed
force element method. Here DFE represents the distributed force element method without finite-domain
correction.

~
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~
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Figure 35. Comparison between the contribution from different sources to instantaneous pressure on the
sphere at (a) y3 =0.0D, and (b) y3 =0.368D,.
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Figure 36. Time history of the pressure at (0.65D,,0.65D,,0) and (b) (—0.65D,,—0.65D,,0) on the spheroid
surface.

Appendix E. Summary for the test cases

This study evaluates the proposed distributed force element method across five flow
configurations: 2-D flow past a stationary circular cylinder; 2-D flow past an oscillating
circular cylinder; 3-D laminar flow past a sphere; 3-D flow past a sphere with a turbulent
wake; 3-D laminar flow around an inclined spheroid. For both the cylinder and sphere
cases, the wall point at & =0.57 is selected as the specific measurement location. For
the inclined spheroid case, the wall points are selected at 8 =0.257 and 6 =1.257,
where 6 is defined as the angle between the position vector of the wall point and the free
stream direction. As summarized in table 6, the proposed distributed force element method
effectively reconstructs the time-varying surface pressure at & = 0.5 across different
geometries and Reynolds numbers. The application of the finite-domain correction further
reduces the reconstruction error. It is observed that the error generally increases with
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Reynolds number, which is likely attributable to the enhanced flow unsteadiness and
more complex vortex interactions that present a greater challenge for the current source
modelling and discretization framework.
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