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Abstract

The study of high-dimensional distributions is of interest in probability theory, statistics,
and asymptotic convex geometry, where the object of interest is the uniform distribution
on a convex set in high dimensions. The £7”-spaces and norms are of particular interest
in this setting. In this paper we establish a limit theorem for distributions on £7-spheres,
conditioned on a rare event, in a high-dimensional geometric setting. As part of our proof,
we establish a certain large deviation principle that is also relevant to the study of the tail
behavior of random projections of £”-balls in a high-dimensional Euclidean space.
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1. Introduction

The classical Poincaré—-Maxwell-Borel lemma (see, e.g. [15, Section 6.1] or [33]) states
that for any fixed number of coordinates of a random vector drawn uniformly from a high-
dimensional Euclidean sphere, the joint distribution of the coordinates is approximately standard
Gaussian. An analogous description (recalled precisely in Proposition 1) holds in the setting of
£P-spheres for general p € [1, oo], which yields an asymptotic probabilistic characterization
of the geometry of an £7”-sphere.

In this paper we establish a conditional analog of the aforementioned unconditional result.
Roughly stated, we prove the following asymptotic probabilistic description of the geometry of
an £?-sphere under an £9-norm constraint. For 1 < g < p < oo, in high dimensions, a random
point on the £7-sphere of R” conditioned on having a sufficiently small £9-norm is close (in the
sense of distribution) to a random point drawn from an appropriately scaled £9-sphere of R”".
That is, conditioning on a small £9-norm induces a probabilistic change that admits a geometric
interpretation.

As part of our proof, we establish a large deviation principle (LDP) for the empirical measure
of the coordinates of a random vector distributed according to the uniform (cone or surface)
measure on a suitably scaled £7-sphere in R”, for p € [1, co], with respect to the g-Wasserstein
topology for every g < p. This LDP is also of relevance to the study of the tail behavior of
random projections of £7-balls.

The remainder of the paper is organized as follows. In Section 2 we precisely state our main
result (Theorem 1), a conditional limit theorem for £”-spheres. In Section 3 we establish an
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LDP for the sequence of empirical measures of the coordinates of the random vector n'/? X *-P)
distributed uniformly on the sphere n!/? S’;,_l. We emphasize that the aforementioned LDP
holds in the g-Wasserstein topology for every ¢ < p (which is stronger than the usual
weak topology), and as summarized in Remark 1, we crucially utilize this fact in order to
prove Proposition 5, as well as to establish a variational formula in a related paper; see [19,
Theorem 2.7]. In Section 4 we apply the LDPs of Section 3 and recall the ‘Gibbs conditioning
principle’ in order to establish the proof of Theorem 1.

2. Statement of main result

To precisely state the unconditional limit theorem for £”-spheres, forn € N, let ||- ||, , denote
the ¢”-norm on R”, and write S’;_l :={a e R": |lall,,, = 1} for the unit £”-sphere in R".
There are two natural notions of ‘uniform’ measure on the sphere S;’,_l: the cone measure yy ),
and the surface measure o, ,, defined in Definitions 5 and 6, respectively. Assume that all
random variables we define are supported on a common probability space (2, ¥, P).

Definition 1. Forn € N, p € [1, o], we write X"P) = (Xgn’p), R X,(,"‘p)) for an n-dimen-
sional random vector in S;’,_l, distributed according to either the surface measure o, , or the
cone measure ¥y, , (that is, all of our results hold under either distribution for X (.P) unless
explicitly specified otherwise).

Let 11, denote the generalized Gaussian distribution with location 0, shape p, and scale p p,
That is, for p € [1, 00),
1

—I¥"/p g R. 1
BT+ p. e @

up(dy) =

For p = o0, define

foo(dy) = 111 1(») dy, yEeR.
The aforementioned ‘¢” version’ of the Poincaré—-Maxwell-Borel lemma is stated as follows.
Let ‘> denote weak convergence of grobability measures, that is, given probability measures
W, thn, 1 € N, on R, the notation u, —  implies that [ f du, — [ f du for every bounded
continuous function on R.

Proposition 1. Fix p € [1,00] andk € N. Asn — oo,
law[n'/P (X7, XY S w8,

This result is due to [30, Theorems 4.1 and 4.4] in the case of the cone measure, and [27] in
the case of the surface measure. In addition, Naor and Romik [29, Theorems 3 and 4] offer a
simplification of the proof for both the cone and surface measures.

Note that the scaling n!/? is natural from a geometric perspective due to the following
reasoning: the typical coordinate of the random vector X?) (uniformly distributed on the
unit £7-sphere of dimension n) has length n~!/? (since the n-fold sum of pth powers of the
coordinates is constrained to sum to 1). Therefore, in order for the joint law of the coordinates
of XP) to be nontrivial, one must scale the random vector X ™7) appropriately; that is, by a
factor of n!/?.

Our main result (Theorem 1) yields a conditional analog of Proposition 1. To state this
precisely, we first set some notation. For 8 > 0 and g € [1, oo], let

WP = aw[pVan e (x| X 2)
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In addition, let ’):;/3 pkl()1 denote the conditional law, that is,

ik , 7 1
xffplzl = P<n1//’(x§” Pox e ’ ;Hnl/[’X("’mHZ,q < ﬁ). 3)

For1 < g < p < 00, define

1! M)W 4
o= g(rGivm) @

Finally, let p be a metric that metrizes the topology of weak convergence of probability measures
(e.g. Lévy—Prohorov, bounded Lipschitz); see [7, Appendix III].

Theorem 1. (Conditional limit theorem.) Assume that1 < q < p < ocoand f < B, 4. Then,
for fixed k € N,
lim lim POty WD) = 0.

We defer the proof of Theorem 1 to Section 4. It is worth emphasizing that a suitable choice
of the conditioning event, as in (3), is required to obtain a meaningful conditional limit theorem
that has a geometric interpretation. As discussed above, the typical coordinate of the random
vector X P has length n~!/7 and so (1/n)|n'/? X ®-P) lI4 4 is typically an order 1 quantity.
Thus, for all sufficiently small 8, the event (1/n)|n'/? X ®-P) ||Z,q < B would be expected to
be a rare event, in that its probability decays to 0. In Theorem 1 we show that for the subset
of B that lies in the interval (0, 8, 4], the conditioning event

1
App = {a eR": ;Ilallz,q =< ﬂ} ®)

provides a geometric example of a rare event in high dimensions for which a geometric
conditional limit theorem can be established. A basic intuition from the theory of large
deviations suggests that for large n, given a rare event such as A, g1, the conditional law
will be close to a ‘tilted’ measure under which the event A, g, is, in fact, typical. The goal
of finding a measure under which the event A, g4 is typical motivates the scaling B4 and
the random variable X %) in (2). That is, it follows from the definition of 0, ; and yy 4 that
foralln € Nand ¢ > 0, P(BY/4n!/9X"® € A, gy.) = 1. Although the probability of
the conditioned event P(n!/?X"P) ¢ A, p+¢) can decay exponentially to O even for some
B > Bp.q- as explained in Remarks 68, the restriction 8 < B, 4 allows for the conditioned
event to admit the geometric interpretation, of converging to the cone (or surface) measure on
a scaled £,-sphere in R”.

These general ideas of conditioning and tilting have been realized to great effect in statistical
mechanics, where large deviations theory can describe the most probable state of a system of
particles under an energy constraint; see, e.g. the surveys [6] and [17]. Of particular utility is the
so-called Gibbs conditioning principle, which transforms an LDP for empirical measures into
a statement about the most probable behavior of the underlying sequence of random variables,
conditional on a rare event. A central motivation of this work is to employ such a conditional
probabilistic perspective in a high-dimensional geometric setting by investigating how LDPs
can inform the analysis of ‘geometric’ rare events in high dimensions, such as A, g of (5).

More generally, we continue a body of research that lies at the intersection of large deviations
theory and high-dimensional geometry. Properties of finite-dimensional £”-spaces have been
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well studied for many decades since they play an important role in the geometry of Banach
spaces. Recent years have seen a renewed interest in their study in high dimensions, which
falls under the rubric of asymptotic geometric analysis, and is often facilitated by a probabilistic
perspective; see, e.g. [3] and [32]. While central limit theorems for projections of £7-balls (and
more general convex sets) were established in several previous works (see, e.g. [23]), a new
large deviations perspective was adopted in [18] and [19]. Specifically, Gantert et al. [18]
and[19] showed that the sequence of one-dimensional scalar projections of a random vector
drawn uniformly from an ¢”-ball in R” satisfies (both quenched and annealed) LDPs when
p € [1,00]. Subsequently, an LDP for the norms of k,-dimensional projections of these
random vectors, when k, grows with n, was established in [1], and an LDP for the empirical
measure of the coordinates of such k, -dimensional projections was established in [21] and [22].
The latter result holds, in fact, for a more general class of random vectors, which includes vectors
uniformly distributed in a large class of sequences of Orlicz balls and certain Gibbs distributions.
Subsequent to the present work, a multivariate central limit theorem for £-norms of random
vectors from £ ,-balls, and some related large deviation results were also established in [20].

3. Large deviations results

In this section we state and prove an LDP for the following empirical measure: forn € N,
p € [1, o], define

n

<>Cn,p = % anl/pxlfn.p)- (6)

i=1

In Section 3.1 we review some basic elements of large deviation theory. In Section 3.2
(respectively, Section 3.3) we prove the LDP for (£, p)sen in the Wasserstein topology,
assuming X "P) is distributed according to the cone measure (respectively, the surface measure).
This Sanov-type LDP complements the existing Glivenko—Cantelli-type law of large numbers
and Donsker-type central limit theorem for (£, ) en under the cone measure [32, Theorem 1].

3.1. Background on large deviations

For a broad review of large deviations, we refer the reader to [14]. In particular, we recall
the following definition.

Definition 2. Let X be a topological space equipped with its Borel o -algebra and let & (X)
denote the space of probability measures on X.. A sequence of probability measures ((,)nen C
P (X) is said to satisfy an LDP with a rate function I : X, — [0, oo] if I(-) is lower semicon-
tinuous, and for all Borel-measurable sets I' C X,

1 1 -
— inf I(x) < liminf — log 1, (I"°) < limsup — log u,(I') < — inf I (x),
xere n—o0o n [

n—oo N xel

where I'° and T denote the interior and closure of T, respectively. Furthermore, [ is said to
be a good rate function if it has compact level sets. Similarly, we say that the sequence of
X-valued random variables (&,),cN satisfies an LDP if the sequence of laws (P o &, D pen
satisfies an LDP.

In the remaining sections, we will also make occasional reference to the following related
notion.
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Definition 3. A sequence of probability measures (i1,),eny C P (X) is said to be exponentially
tight if, for every o < oo, there exists a compact set K, C X such that

hmsup log un(K5) < —a.

n—oo

There are two particularly well-known examples of LDPs. First, Cramér’s theorem (see,
e.g. [14, Section 2.2.2]) establishes an LDP for the sum of independent and identically dist-
ributed (i.i.d.) random variables, with the rate function shown to be the so-called Legendre
transform of the log moment-generating function of the underlying distribution. Second,
Sanov’s theorem (see, e.g. [14, Section 6.2]) establishes an LDP for the empirical measure
of i.i.d. random variables, with the rate function shown to be the so-called relative entropy.

For v, u € £ (X), recall that the relative entropy of v with respect to w is defined as

dv
1 d .f b
Hll ) = /R (du) voven )

+00 otherwise,

where v < u denotes that v is absolutely continuous with respect to u. For g € [1, 00), define
the gth absolute moment map as

g (v) ::/ [x|9v(dx), v e P(R). (8)
R
For g = o0, let
Meo(V) = inf{a > 0: v([—a, a]®) = 0}, v e PR).

For p € [1, o0], define H), : P (R) — [0, 0o] to be a modification of the relative entropy with
respect to i p, perturbed by some pth moment penalty,

1
H [l mp) + ;(1 —mp(v)) ifmp() <1,

Hy(v) = ©)

+o00o otherwise,

where we take the convention 1/00 = 0. We will show in Propositions 2 and 4 that (£, p)nen
satisfies an LDP with rate function H),.

Our LDP holds with respect to the so-called g-Wasserstein topologies on &, (RR), intro-
duced below.

Definition 4. Let g € [1, oo] and
PyR) = {u e PR): my(n) < oo}

We equip this space with the g-Wasserstein topology: a sequence (ty)nen C &Py (R) is said to
converge to i € q(R) (with respect to the g-Wasserstein topology) if i, converges weakly
to u (denoted by u, X w) and my(uy) — my(u) as n — oo.

Remark 1. For an extensive review of the Wasserstein topology and, in particular, to see that
the definition given above is equivalent to alternative definitions of the g-Wasserstein topology,
see [37, Section 6]. We consider the g-Wasserstein topology on probability measures (instead
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of, e.g. the weak topology or the T-topology) because we must consider a topology that is weak
enough to allow an LDP to hold, but at the same time strong enough to allow certain moments
to be continuous functionals of measures. In particular, we require a topology strong enough
such that the moment map m, is continuous for ¢ < p, which we use in the proofs of both
the Gibbs conditioning result of Proposition 5 and the variational formula of [19] that relates
‘quenched’ and ‘annealed’ LDP rate functions for random projections of £7-balls.

3.2. LDP under the cone measure
In this section we establish an LDP for (£, »)nen assuming X (.p) 5 distributed according
to the cone measure on S’Z)_l defined below.

Definition 5. Let vol, () denote the Lebesgue measure on R”, and let y, , denote the cone
measure on S;‘,_l, that is,

vol,({cx: x € §, c € [0, 1]})
vol, (B, )

Y, p(S) = for S a Borel-measurable subset of S;*].

Proposition 2. (LDP under the cone measure.) Let p € [1, oo] and assume that X P ~ y, .
For g < p, the sequence of empirical measures (L, p)nen of (6) satisfies an LDP in £y (R)
with the strictly convex good rate function H), of (9).

The proof of Proposition 2 is given at the end of this subsection.

Remark 2. The primary obstacle in the proof of Proposition 2 (which differentiates it from
the classical i.i.d. setting of Sanov’s theorem) is that the coordinates X fn’p ), i=1,...,n,are
dependent by virtue of the fact that the vector X "7’ is constrained to lie in the sphere S’Z,_l.
Although LDPs for empirical measures of random vectors with other dependency structures have
been established (such as in [14, Section 6.3-6.6] for Markov chains or stationary sequences
satisfying certain mixing conditions, or [5] for empirical spectral measures of random matrices),
none of these apply in our setting.

Remark 3. It is natural to try to establish an LDP for (£, ,),en by exploiting the fact that
the sequence (X (L.p) X @P) . )canbe viewed as an infinite triangular array, where each row
X®P) forn €N, is an exchangeable vector. However, such an attempt fails. Indeed, in [36,
p- 653], which contains general large deviations results for the empirical measure of a row-wise
exchangeable triangular array, it was stated that: ‘Even in the simple case of binary valued finite
exchangeable random variables there is no general result for the LD behavior of [the row-wise
empirical measure].” The aforementioned quote is in reference to the result [36, Theorem 2].
That is, an exchangeable structure on its own is not sufficient for a general LDP result (and, in
particular, not sufficient for an LDP for (£, »)nen). Instead, we take a different route, which
relies on the following preliminary results.

The analysis of the LDP for (£, p)neN is facilitated by the following probabilistic represen-
tation for cone measures.

Lemma 1. ([30, Section 3] and [31, Lemma 1].) Fixn € Nand p € [1, oco]. Suppose that
X0p) ~ Yn,p, and let yp ~ u%’". Then

PR S

Y@,
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Some extensions of Lemma 1 can also be found in [3]. The preceding representation is
used in the proof of the following result, which generalizes a result from [4, Theorem 6.6]
beyond the special case where p = 2 (for which the cone and surface measures coincide, and
the surface measure can be expressed in terms of i.i.d. Gaussians). Specifically, the preceding
representation of the cone measure in terms of product measures allows us to use the approach
of [4, Theorem 6.6]; namely, we establish an LDP for sums of i.i.d. random variables in the
space P (R) x R;. We then derive a more interpretable representation of the rate function via
the Donsker—Varadhan formula for relative entropy (see Lemma 2).

Proposition 3. Ler p € [1, oo] and assume that X0p) ~ Yn,p- The sequence (L pnen of
(6) satisfies an LDP in P (R) equipped with the weak topology, with the good rate function H,
of (9).

To prove Proposition 3, we appeal to the following representation of relative entropy; recall
the definition of relative entropy given in (7).

Lemma 2. (Donsker—Varadhan; see, e.g. [16, Lemma 1.4.3(a)].) Let Cp (X)) denote the space
of bounded continuous functions from X into R. Then, for all v, u € P (X), we have

H|wn) = sup {/ fdv—log/ efdu}.
feCo® /% x

Proof of Proposition 3. Let Y P ~ u%” be as in Lemma 1, and let L}; , denote the

empirical measure of Y®.P) that is

1
y L
L, = E 5y[(n,p).
i=1

Since (L,{,p),,eN satisfies an LDP in & (R) by Sanov’s theorem (see, e.g. [14, Section 6.2]),
(L}; p)neN is also exponentially tight (recall Definition 3, and see, e.g. [26, Lemma 2.6]).
Furthermore, due to the finite exponential moment E[exp(t[|Y ™7 ||} ,)] < oo for |1] < 1/p,
for m, as in (8), the sequence (m p(L ))neN satisfies an LDP in R by Cramér’s theorem
(see, e.g. [14, Section 2.2.2]), and, hence (mp(Ln p))neN is also exponentially tight. As a
consequence, the joint sequence (Ln p p(Ln »))neN is also exponentially tight with respect
to the product topology on £ (R) x R.
We claim (and prove below) that the joint sequence (Ln P’ mp(L,’;p))nEN satisfies an LDP
P (R) x Ry with the convex good rate function J defined as follows: for A € P (R) and
ce R+, let

J(Ouc):=  sup { /R FOIAY) + tc — log /R ef@)“””up(dy)}, (10)

feCy(R), teR

where C,(R) denotes the space of all bounded continuous functions from R to R. Due to
Cramér’s theorem for general Polish spaces (see, e.g. [14, Theorem 6.1.3]), the sequence
(Ln p mp(L,{’p))neN satisfies a weak LDP in the space & (R) x R, with rate function J
of (10); that is, the LDP upper bound in Definition 2 holds only for compact sets (see [14, p. 7]
for a precise definition of a weak LDP). The full LDP with good rate function J then follows as a
consequence of the weak LDP combined with the previously established exponential tightness
(see, e.g. [14, Lemma 1.2.18]).
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We now derive an alternative form of the rate function J defined in (10). Note that for
t > 1/p, we have log [ e/ O+D1" 1y (dy) = +00. Define Z,,; == [ e*”11,(dy) and note
thatfort < 1/p, Z; is finite due to the definition of 1, from (1), and serves as a normalizing
constant that makes the measure

) 1
fpa(dy) = — e 1, (dy)

p.t

a probability measure. Using the fact that Z, ; is infinite for # > 1/p and the definition of
relative entropy in (7), we can then rewrite the functional J (A, c¢) defined in (10) as follows:
for (A,c) € P(R) x R4,

J(x, ) sup { / FOIMAy) +tc —log Z,,; — log / eAf(”ﬁp,,(dy)}
R R

t<1/p, feCp(R)

= sup {tc—logZp,er sup {/Rf(y))\(dy)—log/Re‘f(”ﬂp,z(dy)}}-

t<1/p feCp(R)

Next, applying the Donsker—Varadhan variational formula for relative entropy (as stated in
Lemma 2) to the space X = R, the bounded continuous function f and the probability measure
fip,r, we find that, for (A, c) € P(R) x Ry,

J(h,¢) = sup {tc+ H(A |l fip,) —log Zp 1}

t<1/p
dup

=HM\| up) + sup ytc+ | log——A(dy) —logZ,,
t<1/p R dﬂp,t

=H(M\| up) + sup {tc—/;|y|PA(dy)+logZp,, —logZp,,}
t<1/p R

— HO | ) + sup {tc — tmp(0),
t<1/p

where we used the definition (7) of relative entropy, and the decomposition dA/du,, =
(dr/dp)(dp/dup ;) in the second equality above. Thus, we have

1
HQ |l p) + ;(C —mp(2)) ifmp(2) <c,

J(h, ) = (11)

+00 otherwise.

Next, for (A, ¢) € P(R) x Ry, define G (A, ¢) = A(- X c!/P). An elementary consequence
of Slutsky’s theorem is that the map G, : £ (R) x Ry — £ (R) is continuous (with respect to
the weak topology on & (R) and the induced product topology on  (R) x R ). Using (6) and
Lemma 1, £, , is equal in distribution to G p(L,’; P p(L,’; p)), so the contraction principle
(see, e.g. [14, Theorem 4.2.1]) and the expression for J in (11) yield an LDP for (£, p)nen
with the good rate function

Jp) =inf{J (A, 0): A € PR),c e Ry, Gp(A, c) =)

i,ng{H(v(. < Py p) + %(c - cmp(v»} if mp(v) <1,

+00 otherwise.
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If mp(v) < 1 then using the definition of 1, in (1) to calculate dup /dpp (- X ¢!/P), and the
definition of relative entropy in (7), we have

Jp(v) = gg{H(v g x !/ + 2 (1 mp(v»}

—H inf L1 -c “a
=H(Q| Mp)"‘igo{_; OgC_Tmp(V)+;( _mp(‘)))}
=H,(v). O

Remark 4. Note that the above proof of Proposition 3 relies on an LDP for the joint sequence
(L}; p p(L,{ ,,))neN~ An alternative approach to the one presented would be to appeal to
results on the ‘partial LDP’ established for self-normalized processes; see [12, Theorem 1.1].
Remark 5. Note that Proposition 3 cannot be obtained via a direct application of the contraction
principle to themap v = G, (v, m(v)). Indeed, there does not appear to be a standard topology
on £ (R) such that both the sequence (L,{’ p) neN satisfies an LDP with good rate function and
the map m (-) is continuous with respect to that topology. In particular, m ,(-) is continuous
with respect to the r-Wasserstein topology if and only if » > p; on the other hand, the authors
of [25] and [38] showed that the sequence (L,); p)neN satisfies an LDP with good rate function
with respect to the Wasserstein-r-topology if and only if r < p.

Lemma 3. For p € [1,00], let K, '={v € P(R): m,(v) < 1}. Then, for all g < p, the set
K, C #4(R) is compact in P4 (R). In addition, K is convex and nonempty.

Proof. The convexity and nonemptiness of K, are elementary. As for compactness, we first
prove that K, is weakly compact in #(R). For v € K, and for all M > 0, Chebyshev’s
inequality yields v([-M, M]°) < m,(v)/M? < 1/MP?, so K, is tight, and by Prokhorov’s
theorem, precompact. Note that K, is weakly closed in & (R) since it is a level set of the lower
semicontinuous map m . Therefore, K, is weakly compact.

To verify Wasserstein compactness, it suffices to show that the set of probability measures
in K, have uniformly integrable gth moments; see [2, Proposition 7.1.5]. This latter condition
follows from the de la Vallée-Poussin criterion (see, e.g. [11, Theorem I1.22]) since, for g(x) :=
|x|”/ 9 (which satisfies the superlinear growth condition lim ;| g(¢)/t = 00), we have

sup / g(x|9)v(dx) = sup m,(v) <1 < oo. O
R

vek, vek,

Proof of Proposition 2. Fix p € [1,00] and ¢ < p. In view of the fact that (£, p)nen
satisfies an LDP in & (R) with respect to the weak topology due to Proposition 3, in order
to establish the LDP for (£, p)nen in £y (R) with respect to the g-Wasserstein topology,
it suffices to show exponential tightness of (£, p)nen in Py (R) (see [14, Corollary 4.2.6]).
Let K, be the compact set defined in Lemma 3. Note that m (L, ,) = 1 almost surely, so
P(Ly,p € K;) = O and, hence, logP(L,,, € K;) = —oo for all n € N, implying exponential
tightness of (£, p)neN.

The strict convexity of H), follows from the strict convexity of the relative entropy H (- || 1)
and the linearity of the pth moment m . (]

3.3. LDP under the surface measure

In this section we establish an LDP for (£, p)nen assuming X (n.P) 5 distributed according
to the surface measure on S;’l, which is defined below.
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Definition 6. Let area, ,(-) denote the (unnormalized) surface area measure on S’;,_l, and let
on,p denote the (normalized) surface measure on SZ_I,

for S a Borel-measurable subset of S;ffl .

Proposition 4. (LDP under the surface measure.) Let p € [1, oo] and assume that X™P) ~
On,p. For q < p, the sequence of empirical measures (L, p)nen of (6) satisfies an LDP in
Py (R) with the strictly convex good rate function Hy of (9).

The proof of Proposition 4 is deferred to the end of this subsection, after we first establish
some preliminary lemmas.

Note that the cone measure coincides with the surface measure on S'I’,_1 if and only if
p = 1,2, 00. See [28, Section 3] and [30, Section 3] for more extensive discussions. More
generally, we have the following relationship between the cone and surface measures.

Lemma 4. ([29, Lemma 2].) Let p € [1, 00). Then

do, n 1/2
) =Cuyp (Z |xi|2”_2> . oxesh
i=1

Va,p

where C,, p is a normalizing constant.

Next, we state a general result about LDPs for two sequences of measures that satisfy a
particular absolute continuity relation.

Lemma 5. Let X be a Polish space, and forn € N, let v, : XX — R. Suppose that there exists
a sequence of finite constants (Mp)pen satisfying lim,_, oo M, /n = 0 such that

[Vn ) =My, pp-a.e. € X foralln €N, (12)

where we abbreviate almost every to a.e. Let (liy)nen C P (X) be a sequence of probability
measures that satisfies an LDP with a good rate function I (-). Define
1

— Yn(A)
P = Ty @Y (13

Then (v,)nen satisfies an LDP with the same good rate function I (-).

Proof. For ¢: X — R continuous and bounded, define

1
Ay = lim —log/ "M 1, (dh),
X

n—oo n

where the limit exists due to the LDP for (u,),en and Varadhan’s Lemma (see, e.g. [14,
Theorem 4.3.1]). The definition of v, in (13), the common bound on , for all n € N given
in (12), and the assumption that M, /n — 0 imply that

1 1 M,
lim inf — log / "My, (dA) > liminf — log / " P =Muy (dh) = Ap — lim — = Ay,
x n—-oo n x n—o00

n—-oo n n

1 1 M
lim sup — log/x "My, (dr) < lim sup — log/xeme’M”un (dr) = A¢+nli>n;o _ Ag.

n—oo N n—oo N n
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Thus, we have shown that
X 1 np (1)
Ap=Ayp = 1lim —log | e v, (dA).
%

Note that (t,,),eN is exponentially tight since it satisfies an LDP with good rate function
and X is Polish; see [26, Lemma 2.6]. We claim that (v,),cN is also exponentially tight. Let
L < 00, and let K; C X be a compact set such that

hmsup—logun(KL) < —L. (14)
n—oo

Then, given L < oo, note that

tog v (K§) = log [ e (@) ~log [ (@)
KS x
< M, +1log i, (Ky) + M, —log 11, (X).

Taking the limit supremum as n — oo, using (14), and applying the fact that M,,/n — 0, we
find that

hmsup—log v (Ky) < hmsup—logun(KL) < —L.

n—00 n—00

Since Ay = 1~\¢, and both sequences (u,),eN and (v,),eN are exponentially tight, Bryc’s
inverse lemma (see, e.g. [14, Theorem 4.4.2]) implies that the two sequences satisfy the same
LDP with the good rate function 1 (X) = supgec, (x){@ (A) — Ag}l. (|

We apply the preceding lemma to the absolute continuity relation of Lemma 4 to prove the
LDP under the surface measure.

Proof of Proposition 4. For p = 1,2, 0o, we have 6, , = ¥u,p, and so the result trivially
follows from Proposition 2. Therefore, we restrict to p € (1,2) or p € (2, 00). For fixed p in
this range and ¢ < p, define the map £,: S}~ L Pq(R) that takes a vector a € S~ !'to the
measure (1/n) Zl 1 81 Ipa; € Py (R), and note that «£,, maps S” ! onto the set

n
Ay = {% Z}:snl/pm ‘ae S’;,—l} C 2,(R).
i=
We then apply Lemma 5 to the following setting:
o X =%,(R);
o iy =ynpoLy andv, =0y, 0L, on Ay, and p,(AS) = v, (AS) = 0;
o Y =V = Jlogmy,
o M, =3 —(1/p)llogn;

and note that clearly M, /n — 0. It remains to show that our setup satisfies the remaining
hypotheses of Lemma 5. We know from Proposition 2 that (u,,),en satisfies an LDP in &, (R)
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(for g < p), with good rate function H,. Further, using Lemma 4, we can write the Radon—
Nikodym derivative of v, with respect to i, for . € A, (which is a set of full u, measure since
mn(Ay) = 1) as

0,

dy, d _
L) = 2 (L2 = Cop (1 Pmap 2 ()2 = 0P C, e,
dun d)’n,p

from which (13) is verified.

To verify the remaining boundedness property of ¥, = ¢ = %log map—2, as stipulated
in (12) of Lemma 5, first consider the 1 < p < 2 case. To develop an upper bound for
Y(A) = map_2(A), note that due to Holder’s inequality, for any 0 < r < s < oo and
X € P(R), we have m, (L) < [ms(M)]/*. Then0 < 2p —2 < p, and so applying the preceding
inequality withr =2p — 2 and s = p, we see that for A € A,

tn(map—a(h) > 1) < wu(m,(W)*~ /P > 1)

1 2-(2/p)
=IF’<(— Z[nl/PX(”’p)]p> > 1)
n
i=1

= PUX P[5 > 1)

=0,
where the final equality follows since X 7)€ S’;,_l, so || X P ||ﬁ;,(2/ P — 1, P-a.s. (P-almost
surely). On the other hand, to obtain a lower bound for ¥/ (A) = m2,_2(2), recall that for
0<r <s <ooanda € R", we have |lall,s < |lallnr- Applying this inequality with
r =2p—2ands = p, and recalling the definition of the empirical measure £, , from (6), we
have P-a.s.,

1
—2(L = - E 1/p x (n.p)|12p=2
map 2( n.p) n i_l[|n (1

_ 1= )22
— pl=C /P)”X(" 17)””’2[)_2

> nlf(Z/P)||X(nyP)”ﬁ’I’p_2

— '),

where the last equality once again uses the fact that P-a.s. (under the cone measure), and X -7)
lies on the unit £”-sphere SZ_I.

In a similar fashion, for the 2 < p < oo case, we can show that w,(mz,—2(A) < 1) = 0 for
A€ An,and map_o(Ly, p) < n'=C/P Poas.

Since ©,(A;) = 1, we have shown that, for u,-a.e. A € P (R),

1
V(M| = ‘EIOgmzp—z(k) < |5 — —|logn =M,,

which concludes the verification of all the hypotheses of Lemma 5. Thus, it follows from that
lemma that the sequence of empirical measures (£, p)nen under the surface measure o, ,
satisfies an LDP with the same good rate function as under the cone measure y;, . ]

https://doi.org/10.1017/jpr.2018.71 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2018.71

1072 S. S. KIM AND K. RAMANAN

4. Gibbs conditioning

In this section we use the LDPs of Propositions 2 and 4 to prove our main result Proposition 5,
in which we state a conditional limit law; that is, the asymptotically most likely distribution
of a sequence of random variables, conditional on a large deviation. In the novel setting of
£P-spheres, we are able to lend a geometric meaning to this conditional limit law.

To state our result, we first introduce some additional notation. Let /(-) denote the differential
entropy of a probability measure v € P (R),

dv dv .

— [ —log| — ) dx if v <« Lebesgue measure on R,
R dx dx

—00 otherwise.

h(v) =

Differential entropy arises naturally in the analysis of the rate function H, since for measures v €
& (R) that are absolutely continuous with respect to Lebesgue measure and satisfy m, (v) < 1,
we can use the definition of u, in (1) to rewrite the function H,, defined in (9) as

H,(v) = —h(v) +10g<2p1/p1"<1 + l)) + l. (15)
p p

We obtain the following result as a consequence of the LDP of Theorem 2, which involves a
constrained maximum entropy problem. In particular, we crucially use the fact that the LDP
for (£, p)nen holds with respect to the Wasserstein topology, which is stronger than the usual
weak topology.

Proposition 5. Fix p € [1, o] and suppose that either X "P) ~ Op,p OF X0P) ~ Ya.p- Fixa
closed interval C = [a, B] C R, and for ¢ > 0, let C; = [ — ¢, B + €]. Then, for q < p, the
optimizing measure

vy = argmax{h(v): m,(v) <1, my(v) € C} (16)
is well defined (that is, exists and is unique), and

lim 1im P(Lyp € - | my(Ln.p) € Ce) =8, (17)

e—>0n—00

Moreover, for k € N,
1
P(nl/l’(xg"*f’), Xy e | St PP e c8> 08 asn > o0 (18)
n

followed by ¢ — 0.

The proof of Proposition 5 relies crucially on the so-called Gibbs conditioning principle
(see, e.g. [10], [13], and [34]), stated precisely below.

Proposition 6. (Gibbs conditioning principle, [24, Theorem 7.1].) Let X be a topological
space, and let (§;)neN be a sequence of X-valued random variables that satisfies an LDP with
good rate function 1. In addition, let F C X be a subset such that

(1) I(F) =infycr I(x) < 00;
(i) F is closed;
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(i) F = ﬂ8>0 F. for a family of sets (F¢)e=o such that F; C X for all ¢ > 0 and
P, € F) >0foralle > 0andn € N;

(iv) F C (Fy)° forall e > 0.

Let MF be the set of x € F which minimizes 1. That is,
Mp={x e F:1(x)=1(F)}.

Then, for all open G C X such that Mg C G, we have

1
lim sup lim sup — logP(§, € G | §, € F;) < 0.

e—>0 n—oo N

As a consequence, if M = {X} is a singleton then

lim lim P, € - | & € Fe) = 8z. (19)
e—>0n—00

Proof of Proposition 5. Fix p € [1,00] and ¢ < p, and recall that due to Propositions 2
and 4, the sequence (£, p)nen satisfies an LDP in £, (R) (equipped with the g-Wasserstein
topology) with strictly convex good rate function H.

We first show that Proposition 6 applies in the setting of Proposition 5. Fix C = [¢, 8] C R
and for e > 0,let C; = [ — ¢, B + ¢]. The set F; = {v € £ (R): my(v) € C.} is closed
due to the continuity of m, of (8) with respect to the g-Wasserstein topology and, hence, as an
intersection of closed sets, the set F := (),_( Fz = {v € P(R): my(v) € C} is also closed.
Moreover, for € > 0, we also have

F=mg'(C) Cmg(C)) Clmy ' (Co)l* = (Fe)°,

where the second inclusion again uses the continuity of m,. Next, we show that Mp is a
singleton (that is, v, of (16) is well defined). Recall that

My = {v € F: Hy(v) = min H,,(v)].

Note that F is closed and convex since it is the pre-image of a closed, convex set C under a
continuous linear map m,. Because H), is lower semicontinuous and has compact level sets,
it attains its minimum within F. That the minimum is attained at a unique v, € F follows
from the strict convexity of H,. The ‘maximum entropy’ representation for v, given in (16)
follows from the expression for H, given in (15). Thus, the limit (17) follows from the limit
(19) of Proposition 6 applied in the following setting: the probability measure &, = £, p; the
rate function minimizing set M r consists of the singleton {v.}; and the conditioning event is
Fe={ve®PyR): my(v) € Cg}, as defined above.

As for the second result (18), this follows from an elementary ‘propagation of chaos’ result
(see [35, Proposition 2.2]) that, under the assumption of exchangeability, allows us to establish
the equivalence of statements such as (17) (regarding convergence in probability of the empirical
measure to a deterministic measure) and statements such as (18) (regarding joint convergence
in distribution of any fixed & of the underlying random variables). |

As a prerequisite for the proof of Theorem 1, recall the following basic information-theor-
etic fact.
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Lemmaé6. Fixri: R — R, o e Rfori =1,...,m,ands;: R - R, B; € R for j =
1, ..., n. Consider the following maximization problem:

max h(v
veP (R) )

subject to / rixyvdx) =a; fori=1,...,m, (20)
R
/ six)vdx) <B; forj=1,...,n.
R

Then a probability measure v, € P (R) attains the maximum in (20) if and only if it is of
the form

m n
Ve(dx) = exp(—l — Ky — Zkfri (x) — Z,u;‘-sj (x)) dx
iz =1

with nonnegative constants kj, (A\)){L,, and (“j)?=1 chosen such that v, lies in P (R) and
satisfies the constraints in (20). Moreover, if v, attains the maximum in (20) then

(/ sj(x)v*(dx)—ﬂj>~ujf=0 forallj=1,...,n. 2n
R

The preceding lemma is standard. See [9, Section 12.1] for a slight simplification of (20)
with only equality constraints, or [8, Exercise 5.3] for a version of (20) with discrete entropy and
both equality and inequality constraints. Claim (21) is the so-called ‘complementary slackness’
condition (see, e.g. [8, Section 5.5.2]).

As a final preliminary, define the following family of probability measures for g € [1, 00),
B > 0:

1
28T (1 +1/q)

Note that 11 1 corresponds to w, of (1).

e /B gy x eR. (22)

Mg, p(dx) =

Proof of Theorem 1. For a random variable X ~ 4, note that glax ~ Mq,p- Due
to the unconditional limit theorem (Proposition 1), under either the surface measure or the
cone measure, we have Af,ﬂ ;]k) x M?f,{s’ where 8 < B, 4 from (4), and g g is as in (22).
Therefore, it suffices to /§how that under either the surface measure or the cone measure, the
conditional distribution )L’(f} e also converges weakly to the same limit M?% In view of (18)
of Proposition 5, it suffices to show that when C = [0, 8], the unique maximizer v, of (16)
satisfies vy = 114, 5. Note that due to the maximum entropy calculations of Lemma 6, we have

for 8 > 0,
tg,p = argmax{h(v): my(v) < B}. (23)

To show that py g = vy, it suffices to show that m, (g ) < 1. After some elementary
calculations, we find that since 8 < 8, 4, and using the expression for 8, 4 in (4),

mp(,uq,ﬂ)

)

:ﬂp/qqp/qr((l’+1)/q)< 1 ( I'(1/q) )p/ql“((p+l)/q):
C{(p+1/g) r'{1/q)

T(l/q) ~ qr/d
completing the proof. ]
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Remark 6. (‘Small’ B.) The constant 8, ; is chosen such that for 8 < 8, , and the interval
C = [0, B], the variational problem of (16) has an explicit solution with a natural geometric
interpretation. Note that the explicit solution to the simpler variational problem (23) holds for
all B > 0. However, the original variational problem of (16) involves not only the gth moment
constraint m4(v) € C, but also an additional constraint on the pth moment, m,(v) < 1.
To simplify variational problem (16), it suffices to consider values of 8 small enough such that
mp(g,p) < 1, so that the maximizer of (23) is also the maximizer of (16) when C = [0, B].
It is easy to see that

T'((p + 1)/q)
mp(iq.pyq) = 1177’/(;161;7/!1% -

That is, B, 4 is the threshold value such that for 8 < B, ,, we have m,(1q4,6) < 1. Note,
however, that this discussion of 8, , (and, thus, Theorem 1) is valid only for p € [1, 00) since
for p = oo, we have mqo (g, p) = oo forall g < oo and B > 0. That is, for g < oo, there is
no value of Boo 4 > 0 such that an analog of (24) can hold for p = oco.

(24)

Remark 7. (‘Large’ B.) Now suppose that 8 > Ep’q = mgy(p). An easy consequence of
Lemma 6 is

wp = argmax{h(v): m,(v) < 1}. (25)

For g > Ep, ¢ and C = [0, B], the gth moment constraint of (16) is automatically satisfied by
V = U p, so the maximizer of (25) is also the maximizer of (16). In this case, the ‘conditional’
limit of Proposition 5 is equivalent to the ‘unconditional’ limit of Proposition 1. In other words,
for sufficiently large 8, the £7-norm conditioning event of (3) is extraneous.

Remark 8. (‘Intermediate’ .) As for C = [0, 8] and B, 4 < B < E{Lq’ this regime is less
amenable to an immediate geometric interpretation. Whereas the small 8 regime of Theorem 1
and Remark 6 allows an £9-sphere interpretation via the measure (4, g, and the large 8 regime of
Remark 7 allows an £7-sphere interpretation via the measure (. ,, we have a different behavior
in the intermediate B regime. Recall that the maximum entropy considerations of Lemma 6
imply that the unique maximizer of Proposition 5 is of the form

v, (dx) = exp(—1 — ko — &px]” — kg |x]7) (26)

with constants ko, «p, k4 such that v, is a probability measure that satisfies m ,(v,) < 1 and
mg(v) < B. To gain insight on these constants, consider the following cases.

e If k, = 0 and «;, > O then the complementary slackness condition of (21) implies
mgy(v4) = B, so the form (26) implies v, = gy, . But this is not a feasible solution since
mp(pg,p) > 1for B > By 4.

o Similarly, if «, >_O and k, = 0 then we have v, = i p, but this is not a feasible solution
since mg(up) = B, 4 > B-

e Finally, if x, = 0 and x; = 0 then v is not a probability measure for any choice of k.

Therefore, it must be the case that k, > 0 and «; > 0, which implies that v, of (26) is not
of the form wu,p for any r € [1,00), b > 0. Instead, v, is of an exponential family that is
genuinely different from the generalized normal distributions.
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In this paper we have discussed applications of Proposition 5 only to intervals C of the
form C = [0, B], and primarily for small B, with some discussion of larger 8 in Remark 7
and Remark 8. We leave for future work the question of finding other examples of intervals
C C R which lead to an explicit and meaningful maximizing measure v, and other geometric
conditional laws.
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