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ABSTRACT

The present paper is focused on the delamination fracture in a multilayered two-dimensional function-
ally graded beam configuration which exhibits non-linear behavior of the material. The beam is loaded
by two longitudinal forces applied at the beam free ends. The beam contains a delamination crack
which is located symmetrically with respect to the beam mid-span. The delamination is studied analyti-
cally in terms of the strain energy release rate. The J-integral approach is applied for verification of the
analysis of the strain energy release rate. The solution derived is valid for a beam made of an arbitrary
number of layers. It is assumed that each layer has individual thickness and material properties. Also,
the material is two-dimensional functionally graded in the cross-section of each layer. The solution ob-
tained can be applied for a delamination crack located arbitrary along the height of the beam cross-section.
It is shown that the solution is very convenient for investigating the influences of material gradients and
crack location on the delamination fracture behavior. The results obtained can be used for optimization
of multilayered two-dimensional functionally graded structural members and components with respect to

their delamination fracture performance.
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1. INTRODUCTION

The functionally graded materials have found various
applications in many engineering areas (aeronautics,
electronics, optics, defense industries, car manufacture
and biomedical sectors) in recent years [1-11]. This is
own mainly to their superior mechanical and thermal
properties in comparison with the traditional structural
materials. The functionally graded materials are new
inhomogeneous materials made by mixing of two mate-
rial constituents. One of the characteristic properties of
the functionally graded materials is the fact that the
volume fractions of material constituents vary continu-
ously in one or more spatial coordinates. In this way,
one can modify the composition of the functionally
graded material during manufacturing, so as to satisfy
requirements for different material properties in different
parts of a member.

The evaluation of the reliability and integrity of func-
tionally graded structural members requires profound
knowledge of their fracture behavior since cracks reduce
considerably the strength and stiffness and can lead to
failure of the whole structure. Therefore, great efforts
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have been devoted to study the fracture in functionally
graded materials [12-20].

Studies of fracture behavior of functionally graded
materials subjected to static or fatigue crack loading
conditions have been reviewed in [13]. The effects of
mechanical properties on the fracture have been dis-
cussed. Publications dealing with cracks parallel and
perpendicular to the material gradient direction have
been presented. Various analyses of fracture by applying
methods of linear-elastic fracture mechanics have been
considered. Investigations of circular arc cracks and
slightly curved cracks have also been reviewed. Studies
of the fatigue fracture behavior under cyclic loading have
been summarized. The influence of thermal loading on
the fracture in functionally graded materials has been
discussed.

Theoretical fracture analyses of functionally graded
materials have been carried-out in [14]. Linear-elastic
behavior of the material has been assumed. An engi-
neering method for predicting the strength of structural
members composed by functionally graded materials
incorporating re-entrant corners has been developed. It
has been assumed that the strength corresponds to the
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Fig. 1

unstable brittle crack propagation. The validity of the
method has been proved by analyzing functionally grad-
ed members (plates loaded in tension and beams under
three-point bending) containing re-entrant corners. The
effects of corner-angle and depth have been discussed.

Cracked functionally graded beams under three-point
bending have been analyzed by applying the compliance
approach [15]. Equivalent homogeneous beams of
variable height for the cracked functionally graded
beams have been suggested. Beams containing cracks
of different lengths have been investigated assuming
linear-elastic behaviour of the material. The compli-
ance characteristics have been obtained by applying
different laws for height variation of the equivalent
beams. It has been found that besides for three-point
bending beams, the equivalent compliance concept is
suitable also for analyzing fracture behaviour of func-
tionally graded structural members and components
loaded by concentrated loads.

Dynamic analyses of cracked functionally graded
beams have been performed in [16]. Clamped-clamped
and clamped-free beam configurations have been con-
sidered. Vibration behaviour has been investigated for
different crack locations and crack depths. Cracked
beams have been modelled as two sub-beams connected
by a mass-less rotational spring. Continuity of the
longitudinal and transverse displacements in the
cracked section is assumed. However, discontinuity in
the rotational displacement has been taken into account
in the modelling. It has been assumed that the material
is functionally graded in the thickness direction. Fre-
quencies and mode shapes which correspond to the first
three modes of free vibration of the cracked beams have
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I

Geometry and loading of a multilayered two-dimensional functionally graded beam.

been determined.

Multilayered materials represent an important class of
inhomogeneous materials [21-26]. Due to their high
strength-to-weight and stiffness-to-weight ratios, multi-
layered materials have been widely used in various
structural components.  Delamination cracking, i.e.
separation of layers, is one of the most dangerous failure
modes in multilayered structural members [27-31].

The main purpose of the present paper is to analyze
the delamination fracture in multilayered two-
dimensional functionally graded beams which exhibit
non-linear mechanical behavior of the material. The
fracture is studied analytically in terms of the strain
energy release rate. The J-integral approach is applied
in order to verify the solution for the strain energy
release rate derived in the present paper. The influ-
ence of crack location along the height of the beam
cross-section and material gradients on the delamina-
tion fracture behavior is investigated. The results
obtained can be applied to optimize the multilayered
two-dimensional functionally graded beam structures
with respect to delamination fracture performance in
their design stage.

2. FRACTURE ANALYSIS

The present paper deals with delamination fracture
analyses of the multilayered two-dimensional function-
ally graded beam configuration shown schematically in
Fig. 1. The beam is made of an arbitrary number of
layers. Each layer has individual thickness and material
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properties. Perfect adhesion is assumed between layers.
The beam has a rectangular cross-section of width, b, and
height, 2. The external loading consists of two longi-
tudinal forces, F, applied at the free ends of the beam as
shown in Fig. 1. A vertical notch of depth, #,, is intro-
duced in the beam mid-span in order to generate condi-
tions for delamination fracture. A delamination crack
of length, 2a, is located symmetrically with respect to the
beam mid-span. The thicknesses of the lower and up-
per crack arms are marked by /; and A, respectively. It
is obvious that the upper crack arm is free of stresses
(Fig. 1). The material is two-dimensional functionally
graded in the cross-section of each layer. Besides, the
material exhibits non-linear mechanical behavior.

Due to the symmetry, only half of the beam, / < x; <21,
is considered in the analysis (Fig. 1).

The delamination fracture is studied in terms of the
strain energy release rate, G, which is defined as

_aw,,-dUu

€

dA

G , (1

where the increase of the crack area, dA, is written as
dA = bda. (2)

In formula (1), dW,,, and dU are the changes of the
external work and the strain energy, respectively. In (2),
da is an elementary increase of the crack length.

Since the change of the external work can be ex-
pressed as

dw,

ext

=dU+dU’, 3)

formula (1) takes the form

s

dUu
G= , 4
bda @

where dU" is the change of the complementary strain
energy of the beam.

It should be noted that the present analysis holds for
non-linear elastic behavior of the material. The analysis
is applicable also for elastic-plastic behavior of the mate-
rial if the beam undergoes active deformation, i.e. if the
external loading increases only [32, 33]. Besides, the
present analysis is based on the small strains assumption.

The complementary strain energy cumulated in half of
the beam is obtained as

U =U, +U,, (5)

where U, and U, are, respectively, the complemen-

tary strain energies in the lower crack arm, / <x3 </ + a,
and the un-cracked beam portion, / + a < x3 <21

The complementary strain energy in the lower crack
arm is written as

i=np

Up=ay, [[us,dd, (©)
i=1 4
where n; is the number of layers in the lower crack arm

(Fig. 2), u, ;. 1s the complementary strain energy densi-
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Fig.2 Schematic representation of the cross-section of
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Fig. 3 Non-linear stress-strain curve (the strain energy
and the complementary strain energy densities

are marked by u, and Uy, respectively).

ty distribution in the cross-section of the i-th layer, 4; is
the area of cross-section of this layer.

In principle, the complementary strain energy density
is equal to the area OQR that supplements the area OPQ,
enclosed by the stress-strain curve, to a rectangle (Fig. 3).
Thus, the complementary strain energy density in the i-th
layer of the lower crack is written as

.
Uy, = 0;& —Uyy, - (7

In (7), o; is the distribution of the longitudinal normal
stresses in the cross-section of the i-th layer, ¢ is the dis-
tribution of longitudinal strains, u,, is the distribution of
strain energy density in the cross-section of this layer.

The strain energy density is equal to the area OPQ,
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enclosed by the stress-strain curve (Fig. 3). Hence, ug,;

is obtained as
oy, = [o,(e)de ®)
0

The mechanical behavior of the material in the i-th
layer is described by the following non-linear stress-strain
relation [34]:

o = ©)

£ 2
1+ (j
t
where E; and ¢ are material properties (usually, ¢ is equal

to unit [34]).
By combining of (8) and (9), one arrives at

2
uy, = Ef* 1+(§] -1/, (10)
By substituting of (9) and (10) in (7), one derives

ug,=Eft’ I S (11)

s 2
1+(j
t -
The material property, E;, varies continuously in the

cross-section the i-th layer according to the following
cubic law:

E, -E * E, -E
Ei :E'B1 +%(g+_yl) +Hi—B'3(Zl _Zli)3a
(ZIHI_ZU)
(12)
where
b b
—Eﬁyl SE’ z; £z 2, i=1,2,..,n,. (13)

In (12), E3,, Ep, and Epy, are material properties of the
two-dimensional functionally graded material (£p, and
Ey, govern material gradients along the width and thick-
ness of the i-th layer, respectively), z;; and z;;4 are, re-
spectively, the coordinates of the upper and lower sur-
faces of the i-th layer (Fig. 2), y; and z, are the centroidal
axes of the cross-section of the lower crack arm (Fig. 2).

The distribution of the longitudinal strains is analyzed
by applying the Bernoulli’s hypothesis for plane sections
since the span to height ratio of the beam under consid-
eration is large. Concerning the distribution of the lon-
gitudinal strains, it should also be mentioned that since
the lower crack arm is loaded in eccentric tension, the
only non-zero strain is ¢. Therefore, according to the
small strains compatibility equations, ¢ is distributed
linearly in the cross-section of the lower crack arm.
Thus, ¢ in the lower crack arm is written as
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E=¢&c +K, 0 +K, 2, (14)

where ¢¢, is the strain in the centre of the lower crack
arm cross-section, x,, and x;, are the curvatures of lower
crack arm in the x;y; and x;z; planes, respectively.

The following equations for equilibrium of the lower
crack arm cross-section are applied in order to determine
ecy, K, and

N, = j c.dA., (15)
i=l 4

M, = j o.z,d4;, (16)
i=1 4

M, =Y [[owda, (17)

where N, M, and M., are the axial force and bending

moments about y; and z; axes, respectively. It can be
observed in Fig. 1 and Fig. 2 that
h
N=F, M,=F h—E, M, =0. (18)

By substituting of (9), (12) and (14) in (15), (16) and
(17), one obtains

1 b
N,=Ab| e, +—i, nb* + 6. 0 —
1 i [ Cl(pt 12 y|771 G 112,}

+ 2 K, @ +¢& +ZK' a)+£1(

ﬂiz 2P T €, P 12 2%, n/i
b b

th3(kptead)rdius (19)

M, = 2 & +£K +££ o,
N /uzz C|(pt 12 y|771 12 %

+¢é K, @+ & +£K a)+£1c
13 zlwt Clpl 12 -] 12 yl}/l

+§Ui(’(zlpi +8C1§i)+§Kz|§i‘9i’ (20)

b (1 1 b’
M. = —| -k, 0, +=&c1, +—K, &,
2 4(3 }qu 3 Cl77 20 Y1 ]

3

+—ﬂi(Kzl77i TK P +8617i)

24
b3
+_¢i(Kzl}/i+Ky1§i)a (21)
36
where
&
v=|1+ 7 (22)
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p=or (23)
E, -F
&=t (24)
3
(Zu+1 _Zli)
b3
0, = Ej, +?ﬂi ~ 8215 (25)
36b_ 06K,
; :W_#’ (26)
351221 91'5 IKZI
i :71_ t2;3 E] (27)

@ :3ﬂzb _ 3ﬂib28cl Ky,

' 2y 82y’
K.Vl 3 2 1 3 3 1
_ e Kzﬂib &q tEpi, +g,8,-b K, —0;Z1iK,, )F
S K,
—3(EB,‘9C1 <1 Bbe, —@zﬁigqj n } (28)
8 t'y
B 3ﬁ[b2£q/czl
i 4tzl//3

Ky, 2 | 3 1
_t_;K?:é}zligq +E K, +§,B,.b K, —0.zK,, ?

&K

1 :
_3(EBISC‘ +§,B,.b3gcI _@zfigclj o }, (29)

2
36z 36:z1,6¢ K, _

y 20%y°

g =

K., 1 1
212 |:(3é‘izlzigcl +EBLK21 +§ﬂib3Kzl _51'2131'1(21 j?

—3(1:“& é +% Bbee —zec j ‘jjy’j 2 } (30)
o= G1)

A =2 — 2, (32)

H = 212i+1 _lei’ (33)

& = Zin —Zir» (34)

v =2, -2 (35)

8 =z — 2 (36)

Equations (19), (20) and (21) should be solved with
respect to e¢,, k,, and ., by using the MatLab computer

program.
By substituting of (11), (12) and (14) in (6), one de-
rives

Journal of Mechanics, Vol. 34, No. 4, August 2018

https://doi.org/10.1017/jmech.2017.104 Published online by Cambridge University Press

i=np

b’ b
U= Za{r% [E +/3,7—co,-—w,§]

i=1

+r2b%z;‘ —zzb%% —tzb%@}. (37)

Formula (37) can be applied also to determine the
complementary strain energy, U; , in the un-cracked
beam portion. For this purpose, n;, a, 4;, ¢, 0;, pi, O, Wi,
¢ and ¢; have to be replaced, respectively, with n, I-a, 1y,
®up» Oup PUp Dup Hup du; and (y;,, where n is the number
of layers in the un-cracked beam portion. Besides, in-
stead by a, the term in square brackets in (37) has to be
multiplied by /—=a. The quantities, Ay;, @u;, Sui, Pus Ous
Uu;» Pu; and (y; can be determined by formulae (32), (31),
(24), (27), (28), (33), (34) and (30), respectively. For
this purpose, zi;, z1;+1, &¢,» &, and «;, have to be replaced,
respectively, with zo;, 2511, &c,, K, and «.,, where z,; and
zy;+1 are the coordinates of the upper and lower surfaces
of the i-th layer in the un-cracked beam portion, ¢, is the
strain in the centre of the beam cross-section, x,, and x.,
are the beam curvatures in the x,y, and x,z, planes.
Analogous replacements have to be done in the equilib-
rium equations (19), (20) and (21) in order to use these
equations to determine &c,, k,, and x,. Besides, M,, =0
has to be substituted in equation (20).

Finally, by substituting of U,, U, and (5) in (4)

and doubling the expression obtained because of the
symmetry (Fig. 1), one derives

i=np

b b’
GZZtZZ ﬁ“i(EB, +ﬁi?_¢i_a)iEJ

i=1

it By Lt B PR 1 00/}
G 3¢,

5 i=n b3 b2
22 | 4 By —ay —
z |: U; ( B; ﬂl 4 ¢U,- a)U, 12)

i=1

Oy, 4 Py, ¢, }
L~y — 2, | (38)
g VT T

Formula (38) expresses the strain energy released rate
in the multilayered two-dimensional functionally graded
beam configuration shown in Fig. 1 when the mechanical
behavior and the distribution of material property are
described by formulae (9) and (12), respectively.

The strain energy release rate (38) is compared with
the J-integral [35] for verification. The J-integral is
solved by using integration contour, I, which coincides
with the contour of the right-hand half of the beam in
view of the symmetry (Fig. 1). Apparently, the
J-integral has non-zero values in only in segments, I’
and I, of the integration contour (I'; and I', coincide
with the cross-section of the lower crack arm in the beam
mid-span and the right-hand free end of the beam, re-
spectively). Hence, the J-integral solution is found by
summation of Jr, and Jr,
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J=2(Jr, +Jr,), (39)

where Jr, and Jr, are the J-integral values in segments I';
and I'p, respectively. The term in brackets in (39) is
doubled because of the symmetry (Fig. 1).

First, the integration is performed in segment, I';, of
the integration contour. The J-integral in segment, '},
is written as

ny Zli+l au av
Jr =), j [u% cosa—(px,- o TP aﬂds, (40)

=l g,

where a is the angle between the outwards normal vector
to the contour of integration and the crack direction, p,;
and p,; are the components of stress vector in the i-th
layer of the lower crack arm, u and v are the components
of displacement vector with respect to the crack tip coor-
dinate system xy (x is directed along the crack), ds is a
differential element along the contour.

The components of the J-integral in segment, '}, are
written as

Py =0y, (41)
P, =0, (42)
ds =dz,, (43)

cosa =—1, (44)

where coordinate, z;, varies in the interval [—A/2, hi/2].
The partial derivative, Ou/Ox, in (40) is obtained as

—=&=¢&; +K, Y tK. Z, 45
o G WM 121 (45)

where ec,, k,, and «., are determined from the equilibrium
equations (19), (20) and (21).

By substituting of (9), (10), (41)-(44) and (45) in (40),
one derives

i=ngp b 3
Jr, =122{/1,~|:EB,. + 5 (54‘)’1) —Q; =1 _a)iy12:|
-1

O; 4 M I
+2 -y ) -2 b, 46
4 i Z(pl }/lyl) 3¢1} ( )

where the coordinate, y;, varies in the interval [—b/2,
b/2].

Formula (46) can also be used to obtain the J-integral
solution in segment, I',, of the integration contour (Fig. 1).
For this purpose, n;, 4;, @i, ni, @i, 6i, Wi Pis Vi ¢ and @
have to be replaced with n, Ay, @u;, Hu ©ui Oup Ko Pus
i, Cu; and @y, respectively. Besides, the sign of (46)
must be set to “minus” because the integration contour is
directed upwards in segment, I';.

By substituting of Jr, and Jr, in (39), one arrives at
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i=np b 3
Jl"l =22‘22{ﬂ~i |:EB[ +ﬂi(5+J’1) — @ =i _a)iylz:l

i=1

O 4 M S }
LA =" p. . -0
+4 i 2(p1+7zy1) 3¢z

i=n

b 3
—21‘22{%[ |:EB,» +ﬂi(5+yl) ~Pu, ~ My, N _a)U"ylz:l

i=1

Sy 7 f
oy By ) -S| @)

Formula (47) expresses the distribution of the
J-integral value along the delamination crack front.
The average value of the J-integral along the delamina-
tion crack front is written as

J =

av

Jdy, (48)

S| -
— o

SRR

It should be mentioned that the J-integral solution de-
rived by substituting of (47) in (48) is exact match of the
expression for the strain energy release rate (38). This
fact is a verification of the delamination fracture analysis
developed in the present paper.

3. NUMERICAL RESULTS

The effects of material gradients and crack location
along the height of the cross-section of the beam on the
delamination fracture behavior of the multilayered two
dimensional functionally graded beam configuration are
evaluated.

For this purpose, calculations of the strain energy re-
lease rate are carried-out by using formula (38). In or-
der to analyze the influence of the delamination crack
location along the height of the beam cross-section on
the strain energy release rate, two three-layered beam
configurations are considered (Fig. 4). A delamination
crack is located between layers 2 and 3 in the beam con-
figuration shown in Fig. 4(a). Fracture behavior of a
three-layered beam with a delamination crack between
layers 1 and 2 is also investigated (Fig. 4(b)). The
thickness of each layer in the two beam configurations is
t; (Fig. 4). In the calculations, it is assumed that b =
0.025 m, ,=0.002 m, # = 0.003 m, =50 N and ¢ = 1.
The material gradient along the width of layer 3 is char-
acterized by Ep,/Ep, ratio. It should be mentioned that
Ep, 1s kept constant in the calculations. Thus, Ep, is
varied in order to generate various Ep,/Eg, ratios. It is
assumed that Eg /Ep, = 1.3, Ep /Eg, = 0.8, Ey/Ep, = 1.4,
Ep/Ep, = 0.5, Ep/Es, = 1.5, Ey/Ep, = 1.6 and E/Ep, =
1.2. The strain energy release rate is presented in
non-dimensional form by using the formula Gy =
G/(Egb). Calculations are performed for both beam
configurations shown in Fig. 4. The strain energy re-
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Fig.4 Schematic representation of two three-layered functionally graded beam configurations.
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Fig.5 Figure caption here. Variation of the strain en-
ergy release rate in non-dimensional form with
respect to Ep/Ep, ratio (curve 1 — for the
three-layered beam configuration shown in Fig.
4(a), curve 2 — for the three-layered beam con-

figuration shown in Fig. 4(b)).

lease rate in non-dimensional form is plotted against
Ep/Eg, ratio in Fig. 5. The curves in Fig. 5 indicate that
the strain energy release rate decreases with increasing of
Ep/Eg, ratio. This finding is attributed to the increase
of the beam stiffness. One can also observe in Fig. 5
that the strain energy release rate decreases when the
delamination crack location is changed from this in
Fig. 4(a) to that in Fig. 4(b) (this is due to the increase of
the lower crack arm thickness).

The influence of the material gradient along the
thickness of layer 3 on the strain energy release rate is

Journal of Mechanics, Vol. 34, No. 4, August 2018

https://doi.org/10.1017/jmech.2017.104 Published online by Cambridge University Press

20

1.6 1
E 3
X 12f
w)

ol %
08

0.4

1 | | | |
0.0 0.5 1.0 1.5 2.0 2.5

Ey,
Ep,

Fig. 6 Variation of the strain energy release rate in
non-dimensional form with respect to Ey/Ep,
ratio (curve 1 - at Ep/Ep, = 0.5, curve 2 - at

Ep/Ep, =1 and curve 3 - at Ep,/Ep, = 2).

also investigated. @~ The material gradient along the
thickness of layer 3 is characterized by E,/Ep, ratio. In
the calculations, Ep, is kept constant. Therefore, various
En/Eg, ratios are achieved by varying Ey,,.

The beam configuration shown in Fig. 4(a) is analyzed.
The strain energy release rate in non-dimensional form is
presented as a function of Ej/Ep, ratio in Fig. 6 at
Ep/Eg, = 0.6. It can be observed in Fig. 6 that the in-
crease of Ey/Eg, ratio leads to decrease of the strain en-
ergy release rate. Besides at Ep/Ep, = 0.5, the strain
energy release rate is analyzed also at Ep/Ep, = 1 and
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Eg/Ep, = 2 in order to evaluate the effect of material
property, Eg,, on the delamination fracture behaviour of
the beam configuration shown in Fig. 4(a). The strain
energy release rate obtained at Ep,/Ep, = 1 and Ep,/Ep, =
2 is plotted against Ej;,/Ep, ratio in Fig. 6.  One can ob-
serve in Fig. 6 that the strain energy release rate decreas-
es with increasing of Ep,/Ej, ratio.

4. CONCLUSIONS

An analytical study of delamination fracture in multi-
layered two-dimensional functionally graded beam con-
figurations exhibiting non-linear mechanical behavior of
the material is carried-out. The loading consists of two
longitudinal forces applied at the free ends of the beam.
A delamination crack is located symmetrically with
respect to the beam mid-span. The fracture behavior is
studied in terms of the strain energy release rate. The
solution derived is verified by the J-integral approach.
The solution can be applied to calculate the strain energy
release rate in beams made of an arbitrary number of
layers. Besides, the delamination crack is located arbi-
trary along the height of the beam cross-section. The
layers have different thicknesses and material properties.
Also, the material is two-dimensional functionally grad-
ed in the cross-section of each layer. The solution
derived is applied to evaluate the effects of material
gradients and crack location along the height of the beam
cross-section on the delamination fracture behavior.
The analysis reveals that the strain energy release rate
decreases with increasing of Ep,/Ep, and Ep,/Ep, ratios.
It is found also that the increase of the lower crack arm
thickness leads to decrease of the strain energy release
rate. The analysis developed in the present paper can
be applied to optimize the multilayered two-dimensional
functionally graded beam structures with respect to their
delamination fracture performance. For instance, the
results obtained indicate that the strain energy release
rate can be efficiently regulated by employing appropri-
ate material gradients in the design stage of beam struc-
tures.

NOMENCLATURE

Crack area, m’;

Crack length, m;

Beam width, m;

Material property, Pa;

External force, N;

Stain energy release rate, J/m’;

Beam height, m;

J-integral, J/m?;

Beam length, m;

Bending moment about y; centroidal axis, Nm;

T ENST QTSR oA
N e

Bending moment about z; centroidal axis, Nm;
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Ny

Dx;
Py;
ds

Axial force, N;

Number of layers;

Component of the stress vector, Pa;

Component of the stress vector, Pa;

Differential element along the contour of integra-
tion, m;

Material property;

Thickness of a layer, m;

Complementary strain energy, J;

Component of the displacement vector, m;
Strain energy density, J/m;

Complementary strain energy density, J/m’;
Component of the displacement vector, m;
Work of external forces, J;

Centroidal axis, m;

Centroidal axis, m;

Centroidal axis, m;

Angle between the outwards normal vector to the
contour of integration and the crack direction;
Longitudinal strain;

Contour of integration, m;

Curvature of lower crack arm in x,y; plane, 1/m;
Curvature of lower crack arm in x,z; plane, 1/m;
Longitudinal normal stress, Pa.
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