Canad. Math. Bull. Vol. 69 (2), 2026, pp. 587-602
http://dx.doi.org/10.4153/50008439525101306

© The Author(s), 2025. Published by Cambridge University Press on behalf of
Canadian Mathematical Society

Integral gradient estimates on
a closed surface

Yuxiang Li and Rongze Sun

Abstract. Let (£, g) be a closed Riemann surface, and let u be a weak solution to the equation
—Agu =,

where y is a signed Radon measure. We aim to establish L? estimates for the gradient of u that are
independent of the choice of the metric g. This is particularly relevant when the complex structure
approaches the boundary of the moduli space. To this end, we consider the metric g’ = e*“g as a metric
of bounded integral curvature. This metric satisfies a so-called quadratic area bound condition, which
allows us to derive gradient estimates for g’ in local conformal coordinates. From these estimates, we
obtain the desired estimates for the gradient of u.

1 Introduction

Let fy be a sequence of conformal immersions from the two-dimensional disk D into

R" satisfying [, |Ax|* < 47 — 7 for some 7 > 0, where A denotes the second funda-

mental form. Define the induced metric by gk = ;' (gr) = €*** geuc. The celebrated

Hélein convergence theorem asserts that if the areas of f;(D) are bounded, then

|| = (p, ) remains bounded and fj converges to a W*?2-conformal immersion, or
2

uy - —oo and fj collapses to a single point. Hélein’s theorem plays a crucial role in
variational problems involving the Willmore functional. However, we cannot directly
get a meaningful limit in the collapsing case. When collapse occurs, one typically finds
suitable translations yj and scalings Ay and studies the convergence of A« (fx — yx)-
However, the areas potentially tend to infinity, so we need a gradient estimate to
ensure that the areas remain locally bounded.

In [7], the authors employed the gradient estimate |V, G(x, y)| < d(%’y) to derive
gradient bounds for solutions to equations of the form —~A,u = f on closed surfaces.
However, the constant C depends on the metric g, rendering this approach unsuitable
for sequences whose induced conformal classes diverge in moduli space.

In [9], the first author utilized the conformal invariance of the Willmore energy
to establish gradient estimates under the assumption that f (D) extends to a closed
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588 Y. Liand R. Sun

immersed surface satisfying | A ;2 < C. Several years later, in [11], the authors showed
that such gradient estimates also hold under the density condition

Area(fi(D) 0 BL(Y)) _ .
nr?

for sufficiently small r and all y € fi (D). By Simon’s monotonicity inequality [16], the
extension assumption implies this density condition.

In [10], the authors proved an intrinsic version of these estimates. In this article,
we apply the method in [10] to provide gradient estimates for solutions to equation

(L1) -Agu =y,

where p is a signed Radon measure.
Here, we say that u is a solution to (1.1) if u € L'(Z, g) and

12 - Adv:fd
12) Jf udegav= [ gdu

holds for any ¢ € D(X), where D(X) denotes the set of compactly supported smooth
functions on X. It follows easily from Brezis—Merle’s result (see Theorem 2.1 in
Section 2) and Weyl’s lemma (cf. [12, Theorem 2.3.1]) that u € Wllc;f forany p € [1,2).
Since [; uAy¢dVy is independent of ¢ when the conformal class is fixed, actually the
definition of equation (1.1) depends only on the conformal class of g.

Equations of this type arise naturally and frequently. For instance, if f € L'(Z, g),
then f V, can be regarded as a signed Radon measure. More importantly, the Green’s
function may be viewed as a solution to such an equation.

In fact, (1.2) is equivalent to

—2\/—_1fuaé(p:fgody,
2z z

ie., the current —21/~100u is represented by the Radon measure y. From this
perspective, it is natural to expect an estimate of u that is independent of g.

To state our estimates, we introduce the following notation. We set € to be the set
of conformal embeddings from D into X and define

Ep(u) =sup{|Vuo SDHLP(D%) tp ey,

where V denotes the standard gradient operator in the Euclidean space.
When the complex structure approaches the boundary of the moduli space, it
becomes necessary to consider estimates on collars. For 0 < a < X log2, we let €, be

the set of conformal embeddings from D\D, into ¥ and define
Eap(u) = sup{[Veeo 9li(p \my 0 € Tl

By convention, we set Dy = {0} and define E, ,(#) = 0 when €, = &.
Our main result is the following.
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Theorem 1.1  Let X be a closed Riemann surface of genus g and u be a solution to (1.1).
Then for any p € [1,2) and 0 < a < +log2,

Ep(u) < C(p,9)|ul(Z), Eap<Cla,p,g)lul(Z).

Remark 1.2 Such a result does not hold locally. For example, on a disk, for the
harmonic functions uy = kx', we have |Vuy| — +oo uniformly.

Remark1.3  Applying the Collar Theorem, from Theorem 1.1, we obtain a new proof
of Theorem 0.1 in [8].

The proof of Theorem 1.1 is geometric in nature. Choose a smooth metric g with
J5|KgldV,y < C and set g’ = e*g. If we assume |u|(Z) =1, then g’ is a metric with
bounded integral curvature in the sense of Alexandrov (we refer to Section 2 for the
definition). By a result in [5], ¢’ has quadratic area bound which, together with a
blow-up argument, yields the desired estimate.

As a corollary, we obtain an estimate on a constant curvature surface involving the
metric.

Corollary1.4  Let (X, g) be a closed surface with Kg = 0 or -1, and u be a solution of
(1.1). Then, there exists a constant C depending only on the genus, such that

(1.3) fo(xo) IV guldV, < Crlul(S).

For p € (1,2), our method does not provide a uniform estimate - the constant C
depends on certain geometric data: when K, = 0,

(1.4) |V gul < C(p) s %| ()
. r u _— 5
i) <P Nrea(BE(xo)) ) ¥
and when Kg=-1,
x(2)]7
1.5 C - >),
( ) vauHLP(Z,g) < (p) InJ(Z,g) |.u‘( )

where Inj is the injectivity radius.
2 Preliminaries
In this section, we list some geometric and analytic results that will be used later.

2.1 Brezis—Merle’s estimates

The following theorem, established by Brezis and Merle [3], plays a crucial role in this
article.
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Proposition 2.1 (Brezis—Merle) Given a signed Radon measure y supported in
D c R? with 0 < |u|(R?) < +o0, let

1
L(x) == [ loglx yidu(y).

Then, I, € Wll‘;f (R?) for any q € [1,2) and weakly solves the equation:

(21) Al = .
Moreover, we have
(2.2) rquf ( )|VIH|qu£ C(q)|u|(R*)1, Vx,r,
D,(x
and
(4m—e) |1y .
(2.3) [ e WE dx < CR», YR>0 and €€ (0,4n).
Dgr

Corollary 2.2 Let u be a signed Radon measure on D with |u|(D) < 7. Suppose
that u solves (1.1) weakly on D and |u|1(py < y. Then, for any p < *Z, there exists

B =p(, p,y) such that
plul
/l; ¢ dx S ﬁ.

The proof of this corollary can be found in [5].
2.2 BIC metrics

We begin with the following definition.

Definition 2.3 Let (X, go) be a smooth Riemann surface without boundary. Let
M(Z, go) denote the set of measurable tensor g = e** g with u € L] _(Z) such that
there exists a signed Radon measure y satisfying

fz pdu= /); (¢ Ky, —uhg,9)dVy,, Vo eD(T).
We call i the Gauss curvature measure of g, and denote it by K.
Given g € M(Z, go), we define

des(x,y) = inf{/e”dsg0 : y is a piecewise smooth curve from x to y in Z} ,
Y
(2.4)

where y is parametrized by its go-arclength. As mentioned in the introduction, it
follows from the equation in the above definition that u € Wllo’f (Z) forany p € [1,2).
Therefore, d,, 5 is a well-defined distance function whenever d,(x, y) is finite for any
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x and y. In this case, we say g is a metric of bounded integral curvature in the sense of
Alexandrov. For other equivalent definitions, see [17].

If [Kg|({x}) < 27 for any x € %, d,, is finite (see [5, 13-15] for more details).

The following estimate proved in [5] is essential for the results developed in the
next section.

Theorem 2.4 Let (2,g9) be a closed surface and g=e**gye M(Z,gy) with
|Kg|(2) < +o00. Assume dy 5 is finite in £ x X. Then,
Area(B3(x))

(2.5) —

1
<1+ —K, (Z).
+ 5K (%)

3 The gradient estimate

We begin by proving a gradient estimate on the two-dimensional disk. As mentioned
in the introduction, the examples u; = kx' show that no gradient estimates can hold
when k is sufficiently large. Therefore, such examples must be excluded.

Definition 3.1 We say g = e** g, € M(D) has quadratic area bound with constant
A, if for any x and r, we have

Area(BP(x,d
(BP(xody))
nr?

Here, by B? (x,d ¢)> we mean the disk is defined with respect to the metric d i,) , which
is d,, restricted to D (see the remark below).

Remark 3.2 Suppose Oy cc Q, and g € M(Q,). Then, we also have g € M()).
Let d; and d, denote the distances induced by g on Q; and Q,, respectively. Note
that d,(x, y) may be strictly less than d;(x, y). However, for any x, y € Q; with
di(x, y) < r, we have

dr(x,y) <di(x,y) <,
which implies y € B,(x, d; ), and thus
B,(x,d) c B,(x,d,).

Therefore, Theorem 2.4 implies that any topological disk domain of £ has quadratic
area bound.

Having the above in mind, in the rest of this section, we will simply write B, (x, dg)
in place of B? (x, dy) when there is no risk of confusions.

First, we show that Theorem 1.3 in [10] still holds if we only assume that g € M (D).
Lemma3.3 Letg=e*"g,,. € M(D) has quadratic area bound with constant A. Then,

for any p €[1,2), there exist positive constants C and &, such that if |Ky(D)| < &,
then

HquLP(D%) <C.
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Proof  Assume the result does not hold, then there exists a sequence g = e?“*

M(D) such that |Kg, [(D) — 0, while |Vu|ro(p,y = +oo.
2

Letvi = Ix,, be as in Proposition 2.1. By Proposition 2.1,

Seuc €

sup rp_zf |Vvilf — 0.
D,(x)cD Dy (x)

Set wi = uy — vy, which is harmonic on D. Then, | Vwg | co(p, ) = +oo.
2
Define
2
pi= sup | = =[x J[Vwil(x).

xeD
3

There exists x € Dz, such that py = (2 = |xkDIVwe|(xx)- Set i = 1/|[Vwi (xx)-
Since

>(2-3) 19wl +
2|\~ = w — +00,
Pk 32 klco(py)

we have

Tk 1 0
=— -0,
2-|xl px

which implies that Dg,, (x) C D for any fixed R > 0, when k is sufficiently large.
Define wj (x) = wi(xx + rkx) — wi(x ). We claim that for large k,

sup |Vwi|(x) < 2.

xeDp

Indeed, for large k and any x € Dg, xj + rix € Dg,

2 2
(5 = el ) 19wl > (5 = e+ i) [l G + ),

which gives

2 _ 2 _
\Vwk (xx + rkx)| < 3 |xk| 5 |xk| <2

[Vwk|(x) = re| Vwg (xk + rex)| = < < <
[Vwi (i) $ -l + x| T 3 -l - R

for k large enough.

By the standard elliptic estimate, we may pass to some subsequence and assume
that w smoothly converges to a harmonic function w on every bounded domain
of R?, such that w(0) = 0, |Vw|(0) =1, |Vw| < 2. By Liouville’s theorem for harmonic
functions,Vw is constant, therefore w = ax' + bx* with a* + b* = 1. By rotation, we
may assume w = x'.

Next, we define

vi(x) = vi(rix + x) = cp, up(x) = vi(x) + wi(x),

where ¢y is chosen such that [, v} = 0. Then, for any x € D, we have

f |[Vvi|f = ri_zf |Vvi|f — 0.
D(x) D, (x+rrx)
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By the Poincaré inequality (cf. [1, Theorem 5.4.3]) and Proposition 2.1, we may assume

that v weakly converges to 0 in Wllt;f (R?). By Corollary 2.2 and the Lebesgue-Vitali
Convergence Theorem (cf. [2, Theorem 4.5.4]), for any q € [1, +00) and R > 0,

(1) e — e*'|1 > 0, / |2 — | 5 0.
DR DR

Next, we compute the area bound of the metric g := 2 Zeuc- Let T(0) be the
constant such that

T(6)
Length((cos 8, sin 0)|,c[0,7(6)]> §0) = R, i.e., f e %y = R,
0

It is easy to verify that

log(1+ Rcos 6)
cosf ’

T(0) = eT(0)eost — Reos +1.

Let a > 0 be sufficiently small and define
Q(R) = {(r0) :r e (0,T(6)), O (-7 +a,7 -a)}.

Then,
Z-a T(6)
Area(Q(R),go):[ W/; e <% drde
—a lecosGT lecosH
:.[ +a ( 2cos _4c0329)
:[ ‘“((Rcos(9+1)2T(9) ~ (Rc059+1)2—1)d6

2cos 6 4cos? 6
-r [ (llog(uRcose)-l)dmfr RT(6)d0
—3+a 2 4 —3+a
+/T“ T(G)—Rde

140 2cost

ol NN

[’
g( )de

[MERLE

SIE

+a

pud

:szra(llog(1+Rcos6)—1)d6+O(RlogR).
~Z+a 2 4
Therefore,

lim Area(Q(R), o) oo

R—+00 R2

Since Q(R) c Br(0,dy,), it follows that

Area(Bg(0,dg,,80))
R—+o00 7'[R2

Let Tj = maxjg<z_, T(0). Fix q>2. By the first part of (3.1) and Hoélders
inequality,
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2 Th , 2m Th , 1 1
f f ek (10) _ w(r0) 0,40 = f f ek (n0) _ w(r0)|riadrde
o Jo o Jo

I’
< Cle" - eWHLq(DTl) - 0.

Passing to a subsequence, we have fOT‘ |e”;<(”9) - e"("9)|dr converges to 0 for a.e.
6 € S'. For small & > 0, by Egorov’s theorem, there exists A c S' with Lebesgue mea-

sure less than ¢ such that [, |e“ - ¢”|dr — 0 uniformly on S'\A. Set g} = €*“k g,
and

Q(R,A) = Q(R)\{(r,0): 0 A}.
By the Trace Embedding Theorem, for large k,
Length((cos 6, sin 0)t,e[0,7(6)]- k) < R+1, VO e S\A,
0
Q(R, A) c B (0).

By the second part of (3.1), for small ¢ > 0 and large k,
1
Area(Q(R,A), g;) > EArea(Q(R), £0)-
Therefore, for suitable R > 0,

Area(B&,(0),g;)  Area(Bfr, ), (1), k)

(R +1)2 - n((R+1)rg)2 e

which contradicts the quadratic area bound condition for gj. ]

Next, we remove the assumption that [K,|(D) < &.

Theorem 3.4 Let g =e*"g,,. € M(D). Assume g has quadratic area bound with
constant A and |Kg|(D) < A’. Then, for any pe€[1,2), there exists a constant
C=C(A, AN, p) such that

Hvu”LP(D%) <C.

Proof  Suppose the conclusion fails, then there exists a sequence g = e*“* g, with
|Kg,|(D) < A" and quadratic area bound with constant A such that

IV ur HLP(D%) — +00.
Letvy = I]ng and wy = uy — v,. By Proposition 2.1,
rP‘Zf |VviP < C, VD,(x)c D.
D, (x)

Thus,

sup |[Vwy| = +oo.
"1
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Passing to a subsequence if necessary, we may assume that [K,, | converges weakly
to a Radon measure y. Let ¢y > 0 be as in Lemma 3.3 and set

S:{xeD:y({x})>%0}.

Clearly, 8 is a finite set. For any x ¢ 8, we can find r > 0, such that [K,, [(D,(x)) < &
for sufficiently large k. Then, |Vuk|ir(p,,(x)) <C(r), which implies that
IVWklLe(p, . (x)) < C(r). By the standard elliptic estimate, after passing to a
subsequence, we may assume that there exist constants ci(for instance, fix a point
po ¢ 8 and let ¢; = wg(po)) and a harmonic function w, such that wy — cx - w
smoothly on Q for any Q cc D\S.

Choose ry > 0 such that for any distinct p, p’ € 8, D, (p) n D,,(p") = @. For any
x €D,y /4(p)s 0Dy, j2(x) € Dy (p)\Dy,ja(p)- Applying the mean value property of
harmonic functions on 0D, /,(x), it turns out that wy — ¢4 are uniformly bounded
on D, /4(p). Therefore, |[Vwy| are uniformly bounded on D, /4(p), hence |[Vwy| are
uniformly bounded on D1, which leads to a contradiction. [ ]

Proof of Theorem 1.1 ~ Without loss of generality, we assume |¢|(Z) = 1. Choose a
smooth metric g with [5 [Kg|dV, < C(g), where C(g) depends only on the genus g
of =. Set g’ = e**g e M(Z, g). Then,

Kgr = ‘Ll - Kngg.

Moreover, we have [K|q ({x}) < 27 for any x, so d is finite. By Theorem 2.4, both g’
and g have quadratic area bound with some constant A > 0.

For any ¢ € €, ¢ defines a local isothermal coordinate chart. In this chart, we write
2(u+v)

GD*(g) = ezvgeuc’ ¢*(g,) =e Seuc-

By Theorem 3.4,

IVvliLep,y <Cs [V(t+v)|rep,) <C,

which implies the first part of Theorem 1.1.

Next, we consider ¢ € €, and define v as above. For simplicity, let a = 27" with
m > 2 being a positive integer. Note that for any x € Dy2-;\Di-j(where 2 < j < m), we
have D,-;(x) c D\D,. By a rescaling argument,

[ |Vulf < C(277)*7P.
D, (%)

By a covering argument,

f |VulP < C(27")*7?,
D,-i\D,-i1

SO

f VulPdx < C Y (27)*.

27\D,_ g i=1
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For the case a = 0, letting m — oo, we get

vulf <CH (27>, =
[Drl\{0}| | Zl( )

4 Estimates on a surface of constant curvature

In this section, we assume that K, = 0 or —1 on X and that u is a solution of (1.1). The
main aim is to prove Corollary 1.4, as well as (1.4) and (1.5). For simplicity, we also
assume |¢|(Z) =1 throughout the section.

4.1 The flat case

We first consider the case K = 0. Note that (1.3) and (1.4) hold for g if and only if
they hold for Ag for any A > 0. Since the lattices {1,z } and {1, 2z, } induce the same
complex structure if z, = %, where (a;;) € SL(2,Z) (see the Section IV.7.3 of
[6, Section IV.7.3]), there is no loss of generality in assuming that (2, ) is induced by
the lattice {1, a + b\/—_l} in C, where |a| < %, b>0,and a® + b* > 1. Set

p=Va%+b? 0 = arccos 2, v=(p,0). w=(cosb,sinb).
p

Then (Z, h) is also induced by the lattice {v, w}, where it necessarily holds that p > 1
and 3 <6< 27”
Let IT: C — X be the covering map. Let u’ denote the lift of u, i.e. u’ = u o II. For

any x € C,and r < ?, D, (x) can be viewed as an isothermal coordinate chart of =
around I1(x). (Indeed, the inscribed circle of a fundamental parallelogram has radius

at least %.) By Theorem 1.1,
[ |Vu'[Pdx < Cr*7P.
Di(x)

By setting r = % and using a covering argument, we have

f.. i sno [Vu'|P < C.
[i,i+1]x[ 26, ]

2

Without loss of generality, we assume that 0 is a lift of xo. When r < 3, note that
r/8 < ?. Covering D, (0) with finitely many D (x) (having a universal upper bound
on the number of disks) gives

[ |VoulfdV, < f |Vu'[Pdx < Cr*7?,
B} (x0) D, (0)

When p =1, this yields (1.3). When p € (1,2), since 0 < C < %ﬁ;("“)) <1, we
obtain (1.4).
When r > 3, let m be the smallest integer such that r < m. It is easy to check that if

x e I([-2, 2] x [-s2¢, sn0]) then
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m\> (sinf)\°
dg(x,%0) < (z) +(T) <m-1<r,

$0
(4.0)
H([_ﬂ,ﬂ] y [_Sln@) s1n9]) € B (xp) H([—m,m] y [_sme, sm@]))
272 2 2 72
Then,
m-1

vuPdng | Tu'lP = f Sl <Cm.

[BV(P)‘ € | g [—m,m]x —# 5'"6 | | 1;”’ unH su2| ]| |

When p =1, using m — 1 < r, we get (1.3). When p € (1, 2), by (4.1),
Area(B$(xq)) < Cm < 2Cr,

SO
rp

———>CrP/r? = Cr,
Area? ™" (B (x, )) /
which yields (1.4).
4.2 On a hyperbolic surface
Now, we assume K, = —1.
Let r, denote the injectivity radius of g at x. Since

Area(B$ (x)) = 2n(coshr, —1) < Area(Z) = 27|y (),

it follows that r, is bounded above by a constant depending only on the genus of X.
It is well-known that for any r < r,.(B$ (x), g) is biholomorphic to (D, g, ), where

B ( 2sinh(r/2) )2
" \1=sinh?(r/2)[x2 ) =
By applying Theorem 1.1, one readily verifies that when r < r, /2,

./Bg(x) |VeulPdVy < Cr*7P.

Let a > 0 be fixed and X, be the set of points where r, > a. By Vitali’s 5-times
covering theorem, there exist pairwise disjoint closed balls { B /10 (x;)} with x; € 2,

such that {B,,(x;)} cover Z,. Then,
) < Area(Z)
u/lO

where V, o is the area of a disk of radius a/10 in the hyperbolic plane. Therefore,

| fa)\*? )
fza|vgu|p<clxiz)l (5) <ol )I)

ab

which gives (1.5) by letting a = 3Inj(Z, g).
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Next, we consider the collar regions, which are components of £\Z,,cinn1. For
more details on collars, we refer the reader to [4]. In particular, we note that the
total number of collar regions is bounded by 3g — 3, a constant depending only on
the genus.

Let y be a geodesic loop of length ¢(y) < 2arcsinh1, y defines a collar U c X,
isometric to S! x (=T, T)) with the metric

2
2 2
(COSM) (de + d6?).

See the Appendix for the definitions of T and A.
We claim that for small A >0 and any #,t, satisfying |f| < T -1 < T -1,
|t — f1] < 2, there exists a universal constant Cy > 1 such that

1 COSAty
42 Cill« — =«
(4.2) 0 cos At

In fact, (4.2) holds with Cy = e*. Indeed, Lagrange’s mean value theorem (together
with the fact A(T —1) < 7 - 1) gives that

21
|logcosAt, —logcosAty| < At — f| sup |tant| < —— < 2.
M<§*/\ tan A

From which the claim follows.
Let k, m be integers.We claim that

dV, < Cdy
Sy TstldVe <
forany —-T + 2 < k < m < T - 2, where we define

(4.3) dip = dg({t} x S', {t'} x S").

We first prove the case k > 0. Let Q; = [i,i + 1] x S'. By Theorem 1.1,

(4.4) / |Vuldtdo < C.
Qi

Since t — ﬁ is increasing on [k, m], (4.4) implies that

m—1 ) m+l )
dv,<Cy ——<C f d
f[k,m]xsl [Vu/d Ve o cosA(i+1) k+1 COSAs $

Note that, by (4.2) and the monotonicity of cos t on [0, 7],

45) /‘i Ads </‘i+1 Ads <C[i Ads
’ ictcosds ~ Ji cosAs ©  Ji-1cosAs

Hence,
m+1 m—1
f Ads SC[ Ads <Cdy,.
k+1 COSAs k+1 cosAs ’
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Thus,
f[k,m]xsl IV guldV, < Cd .
When k < 0, we have
f[k e Vet Ve :f[k e T4V +[[0 e Vsl Ve < Cldio + dom) = Col .

This proves our claim.

Next, we estimate || (BE (x0)\2a)nU |Vul|. Choose a > 0 sufficiently small and assume
(Bf(x0)\Z4) N U # @, then 14(y) = minycy 7 < a. We can choose a such that (see
the calculations in the Appendix)

inf 9y > a and dr_jo,r > 2a.
te(=T,—-T+10)u(T-10,T)

We have two cases:

Case 1. BS(x9) c [k =1,k +1] xS' c (=T +5, T - 5) x S'. Without loss of gener-
ality, we assume xg = (9,0).

It suffices to consider the case where r > ry /2. Then, there exists a unit-speed
geodesic y: [0,2ry,] = BS (xo) with y(0) = y(2rx,). In particular, y must pass
through a point x = (¢, ). By (4.2), we have 0 < cos At < C cos Aty, which implies

A

cos Aty

< Cd(xg,x0) < 2Cr.
Consequently,

A A
v, < f dtdf < C <cr.
./Bf(xo) [VuldVy cos Aty J[to-1,t0+1]x8! V4 cos Aty g

Case 2. Case 1 does not hold. Let #; and t, be the smallest and largest ¢t € [-T + 5,
T - 5], respectively, such that {t} x S' n Bf(x¢) # @. Then,

dg({t} x 8", {z} x 8") <2r.
Letm = [t;] +1, k = [t;] - 1. By (4.5),
di,m < Cdy p, < Cr.

Thus,

f |Vou|d Vg < Cdy, < Cr.
By (x0)\ZanU

We are now in a position to prove (1.3). When r < a, we have already proved it for
Xo in either £, or £\X,. When r > a, since X has at most 3g — 3 collars, we have

— 4
/Bf(xo) |Vquld Vg = fo(xo)nzu |VouldVy + /z;f(xo)\za |VquldV, < C+Cr<Cr.

https://doi.org/10.4153/50008439525101306 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439525101306

600 Y. Liand R. Sun
A Appendix

In this appendix, we list some facts about collars.
Let y be a geodesic loop with length £(y) < 2arcsinh1, and

w = arcsinh _r
sinh(%ﬁ(y))'
By [4, Theorem 4.1.6], y defines a collar U c £, isometric to S! x (—w, w) with the
metric
2 2
£(y) coshp 2ndp
=dp*+ 0 h® pds® = de* |,
g=dp”+ E(y) cosh” pds 21 ¢(y) coshp i
where s = %.
Let

47 arctan e )
Wy)

Then, ¢ is a diffeomorphism from (-w, w) x S' to

(1.6 - 6(6.0) -

4marctane™™ 4marctane” 1
x§

Wy) ° Ay)
with
, 2
§+ (g) = Py cosh® p(drt + d6) = [ — L) (e + ae®).
2ﬂsin%
Set
_ 4marctane” ? _y)
£(y) o(y)’ 2

Then, the collar is also isometric to

2
((—T, T)xsl,(L) (dt2+d62)).
cos At
For —T < t < t' < T, recall that we have defined (see (4.3))
diy=dg({t} x SL{t'} x 8.

We compute dr_;,r and r(r_; g) for fixed t and small £ := £(y). Recall the asymp-
totics as x — +oo

1 1 1
arctanx = z—7+O(—), arcsinh x = log(2x) + O(—).
2 x x? x?
We have

w = arcsinh m = arcsinh(% +0W)) = log% +0(0).
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Then, it follows from Lagrange’s mean value theorem that e™ = £ + O(¢?), hence

T/ m?
tane” == - —+0(*), T==—-n+0(().
arctane” = -~ + () 7"t 0)

Thus,

T AT
d(t):=dr_,r = f A ds = / ﬂ
T—t COSAs A(T-t) COS S
1+sinAT cosAT

1 -
0g1+sin/1(T—t) 8 cosA(T —t)
s
=-log—— + O(¥),
Og7T+t+ ©

by [4, Theorem 4.1.6] again,

SO

sinhr(r_;,9) = cosh g coshd(t) —sinhd(t) = e 4 +0(0) = % +0(0),
m

) 7
r(1-1,0) = arcsinh 5t o(?).
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