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Abstract

The Chow—Robbins game is a classical, still partly unsolved, stopping problem intro-
duced by Chow and Robbins in 1965. You repeatedly toss a fair coin. After each toss,
you decide whether you take the fraction of heads up to now as a payoff, otherwise

x+S7
n+t |”

where S is a random walk. We give a tight upper bound for V when $ has sub-Gaussian
increments by using the analogous time-continuous problem with a standard Brownian
motion as the driving process. For the Chow—Robbins game we also give a tight lower
bound and use these to calculate, on the integers, the complete continuation and the
stopping set of the problem for n <489 241.

you continue. As a more general stopping problem this reads V(n, x) =sup, E |:
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1. Introduction

We repeatedly toss a fair coin. After each toss we can take the proportion of heads up to
now as our reward, or continue. This is known as the Chow—Robbins game, first presented in
1965 [1]. As a stopping problem this can be formulated as

x4+ S;
t+1 ] '
where S is a random walk. In the classical version S has symmetric Bernoulli increments but
it is possible to take different random walks as well. Chow and Robbins showed that an opti-
mal stopping time exists in the Bernoulli case, and later [3] proved this for general centered
independent and identically distributed (i.i.d.) increments with finite variance. But it was (and
to some extent still is) difficult to see how that solution looks. Asymptotic results were given
in [9], which showed that the boundary of the continuation set dC can be written as a func-
tion b: RT — R with lim;_, 20 — 1. Here, a4/ is the boundary of the analogous stopping

V3, x)=supE [ )]

at
problem for a standard Brownian motion W (see Lemma 1),
w.
VW, x) =sup E [x + We ] . )
T t+ T
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572 S. CHRISTENSEN AND S. FISCHER

In 2007, [6] gave a second-order approximation for the limit of b, lim,_, oo (cxﬁ — b(t)) = %
Somes approximation for values of b were also calculated by using the value function (2) [5],
without constructing it as an upper bound; also given were some calculations for a random
walk with standard normal increments.

A more rigorous computer analysis was given in [4]. Using backward induction from a time
horizon T = 10, lower and upper bounds for VS were calculated. For points reachable from
(0, 0), it was calculated whether they belong to the stopping or to the continuation set for all
but seven points (n, x) with n < 1000.

In this paper we give much sharper upper and lower bounds for V5. Using backward
induction with these bounds, we are able to calculate all stopping and continuation points
(n, x) € N x Z with n < 10°. We show that all seven points (n, x) with n < 1000 that were left
open in [4] belong to the stopping set. In Section 2 we construct an upper bound for the value
function (1) for random walks with sub-Gaussian increments. The main observation is that the
value function (2) is an upper bound for V. This is carried out in Section 2.1 on the Chow—
Robbins game. In Section 2.2 we discuss how this kind of upper bound can be constructed
for more general gain functions g and V5(z, x) = sup, E [g(t +7,x+ S,)]. In Section 3 we
construct a lower bound for V3(T, x) in the Bernoulli case for a given time horizon T. We
show that there exist 0 < ¢ < 1 and K > 0O such that K fooo exp [ax — %azT] da < V5(T, x) for

all x < b(T). We then show that the relative error of the bounds is of order (’)(%) for x > 0.
In Section 5 we give computational results for the Chow—Robbins game in the Bernoulli case
and give a detailed description of our methods. We calculate all integer-valued points in the
stopping and continuation sets for n < 10°, and give some examples of how V3(z, x) and b(r)
look for continuous ¢ close to zero.

1.1. Notation

We introduce some notation that we will use. V denotes a value function, D ={V =g} =
{(z, x) | V(, x) = g(¢, x)} the corresponding stopping set, and C = {V > g} the continuation set.
With (¢, x) we denote real variables, with n positive integers. With a superscript we denote
which driving process is used, e.g. C5={VS=g}, CW ={VW =g}, etc. V, and V| denote
upper and lower bounds respectively.

2. An upper bound for the value function V3

We construct an upper bound for the value function V¥ of the f—l” problem, where S can
be any random walk with sub-Gaussian increments. The classical Chow—Robbins game is a
special case of these stopping problems.

Definition 1. (Sub-Gaussian random variable) Let o > 0. A real, centered random variable &

is called o-2-sub-Gaussian (or sub-Gaussian with parameter o2) if E[e%*] < exp [‘722“2] for all
aeR.

Some examples of sub-Gaussian random variables are:
o XwithPX;=—1)=PX;=1)= % is 1-sub-Gaussian.
e The normal distribution A'(0, o2) is o2-sub-Gaussian.
e The uniform distribution on [ — a, a] is a?-sub-Gaussian.

e Any random variable Y with values in a compact interval [a, D] is 4—1‘(19 — a)?-sub-
Gaussian.
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In the following we show that the value function VW of the continuous-time problem (2) is
an upper bound for the value function VS whenever S is a random walk with 1-sub-Gaussian
increments. We first state the solution of (2).

Let
2

h(t, x) := (1 — ocz) /OO exp |:ax — %ti| da= (1 — az)
0

where &,(x) = <I>(x/ ﬁ) denotes the cummulative distribution function of a centered nor-

mal distribution with variance o2 =t, ¢, is the corresponding density function, and o ~
0.839 923 675 692 373 is the unique solution to a¢(x) = (1 — a2)CI>(a).

l D4(x)
r@i(x)’

Lemma 1. The stopping problem (2) is solved by t, =inf{s | x + Wy > a+/s + t} with value
function

h(t,x) ifx< a1,

X
t

VvV, x0)=
otherwise.
VW, x) is differentiable (smooth fit), and h(t, x) > g(t, x) = ’;Cfor allt>0and x e R.

This result was proved independently in [9, 10].

We now prove that VW is an upper bound for V5. We know from general theory that V5 is
the smallest superharmonic function dominating the gain function g (see, e.g., [8]). If we find
a superharmonic function dominating g we have an upper bound for V5.

Lemma 2. Let X; be i.i.d. 1-sub-Gaussian random variables, and S, = Z?:] Xi. The function
h: RT x R — RT such that (t,x) > (1 — a?) Jo~ exp [ax — %azt]da is S-superharmonic.

Proof. We first show the claim for fixed a € R and f(¢, x) = ™34 We need to show that
E[f(t+ 1, x+ X1)] <f(t, x) for all t > 0 and x € R, and calculate

a* a?
]E|:exp{a(x+X1) — ?(t—l— 1)” Sexp{ax— ?t}

(12 a2
— eXp{ax—?(l+1)}E[eaXl]§exp{ax_?t}

= e_TE[eaxl] <1

[S]

— E[eX] <e%. 3)

The last inequality (3) is just the defining property of a 1-sub-Gaussian random variable. By
integration over a and multiplication by (1 — «), the result follows. U

Theorem 1. (An upper bound for V) Let W be a standard Brownian motion, S a random walk
with 1-sub-Gaussian increments, and

s
VS(t, x) = sup E [x+ ’} VG x):sup]E[
T t+7 T

x+ W;
t+1 |’

Then VW(t, x) > VS(t, x)forallt>0, xeR.
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Proof. Let h(t, x) = (1 — az) fooo exp [ax — %t] da as in Lemma 1. We know that 7> g

(Lemma 1), & is S-superharmonic (Lemma 2), and VW =hlow + glpw. VS is the small-
est superharmonic function dominating g, therefore VS <h. We know from Lemma 1 that

VW(t, av/1) =h(t, a/t) = g(t, ay/1), and therefore g(r, a/7) = VS(t, a/t) < h(t, ay/1) =
g(t, a+/1). Hence, V3(t, a/1) = g(t, a+/1) and (t, @/7) € DS. The boundary dCS is the graph
of a function, therefore (¢, x) € DS for all x > o4/1. It follows that CS c €Y and that vV (t,x) <
VW(t, x) forall t > 0, x e R. O

Corollary 1. From the proof, we see that C5 C CV, and b(t) < a/t for all t > 0.

2.1. The Chow-Robbins game

Let X1, X, ... be ii.d. random variables with P(X;=—-1)=PX;=1)= % and S, =
>, X;. The classical Chow—Robbins problem is given by

“)

S
Vs(t,x):supE[x+ Ti|.
T

t+71

The X; are 1-sub-Gaussian with variance 1. An almost surely (a.s.) finite stopping time t, exists
that solves (4) (see [3]). By Theorem 1 we get that VS(t, x) < VW (t, x) = h(x, t)l{xfa Tt
’—;l{xm i~ We will see later that this upper bound is very tight. We will construct a lower
bound for VS in the next section and give a rigorous computer analysis of the problem in
Section 5.

Example 1. For some time it was unclear whether it is optimal to stop in (8, 2) or not. It
was first shown in [7] and later confirmed in [4] that (8, 2) € DS (in [4] this is written as
5-3, 5 heads-3 tails). We show here how to immediately prove this with our upper bound.
We choose the time horizon T =9, set Vf (T, x)= VW(T, x), and calculate with one-step back-
ward induction Vf(S, 2) as an upper bound for V5(8, 2): Vf(9, 3)= % = % (since 3 > oz\/g),
V39, 1) =h(9, 1) ~0.1642, and we get

2 S S 1
VS(8,2) < V5(8, 2) = max {g’ V3(9,3) ; V5(9, )} |

V59.3)+V50. ) 1 N 0.1642

2
=0.2488 < =
> c 02488 <

Hence, we have VS (8,2)<g@8,2)= %, and it follows that (8, 2) is in the stopping set. For a
detailed description of the method see Section 5.

2.2. Generalizations

In the proof of Theorem 1 we did not use the specific form of the gain function g(z, x) = 7.
All we needed was that:

e The value function of the stopping problem

VW, x)=supE [g(t+ 7. x4+ Wp)] 3)

is on C of the form VW|C(I, Xx)= fR exp [ax — %azt] du(a) for a measure .
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e The function A(t, x) = fR exp [ax — %azt] du(a) dominates g on Rt x R.

e The boundary of the continuation set dC° of the stopping problem VS(z,x)=
sup, E [g(t+ 7, x+ S;)] is the graph of a function b: R* — R. (This requirement can
easily be relaxed to the symmetric case, where dCS = Graph(b) U Graph( — b).)

These requirements are not very restrictive, and there are many other gain functions and
associated stopping problems for which this kind of upper bound can be constructed. A set of
examples which fulfill these requirements and for which (5) is explicitly solvable can be found
in [8]. Some of these are:

y2d—1

1
g(t,x)= withdeNandq>d—§,

14
g(t,x)=Ix| — B/t forsome B >0,

|x]
g(t, x)= R

3. A lower bound for V5

In this section we want to give a lower bound for the value function of the Chow—Robbins
game (4). Here, S will always be a symmetric Bernoulli random walk. The basis of our
construction is the following lemma.

Lemma 3. (A lower bound for V) Let X be a random walk, g a gain function, V(t, x) =
sup, E[g(t 4+, X +x)], and h: R x R — R measurable. For a given point (ty, xo) let T be
a stopping time such that the stopped process (h(t A T + to, Xiar + X0))i=0 is a submartingale
and h(t + to, Xz + x0) < g(t + 19, Xr + x0) a.s. Then h(ty, xo0) < V(to, x0).

Proof. Since h(t, X;) < g(t, X;) we can use the optional sampling theorem and obtain
h(to, x0) < E[h(T + 19, X; 4+ x0)] < E[g(r + 10, X; 4 x0)] < V(t0, X0). U

We modify the function A(#, x) = (1 — a?) [5~ exp [ax — "2—2t] da from Lemma 1 slightly to

© c
he(t, x):= K/ exp [ax — zazt:| da (6)
0

for some 0 < ¢ < 1 and K > 0 to match the assumptions of Lemma 3. As a stopping time we
choose 79 =inf {n>0|x+S, > a/7+n— 1}. Unfortunately there is no ¢ such that (6) is
globally S-subharmonic, and hence we have to choose ¢ depending on the time horizon 7. This
makes the following result a bit technical.

Theorem 2. (A lower bound for V5) Let

* 1o ‘
hc(t’ x) = K/ exp |:ax — E(lzl] da=K— Ct(x) s K=«woc wC((X) X
0 2 ct @er(x) d.(a)

Given a time horizon T >0, let c| be the biggest solution smaller than 1 to %(hc(T—i— 1,
aT — 1) + hC(T +1, 0T+ 1)) = hC(T, a«/T), ¢ the unique positive solution of

ne(T.av/T - 1) = ﬂT‘l %)
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9(T,x) (} (T) —d n (T) X

FIGURE 1. The upper bound V¥ and the lower bound /. for a fixed 7. For a better illustration ¢ = 0.6 is
chosen very small.

. . . L —a\ —Cq?
and ¢ = min{cy, c2}. Let ag be the unique positive solution (in a) to % (e“ +e “) e = 1. If

2
(2]

then h.(t, x) is a lower bound for V(1 x) forall t > T and x < a/t.

Remark 1. Our numerical evaluations suggest that for 7' > 4 (8) is always satisfied, and for
T > 200 we always have c =c;.

Proof. We divide the proof into three parts. First, we show that the stopped process hc(t A
70, X + S;MO) T is a submartingale; second, we calculate K; and third, we show that h(ro, X+

S,O) < g(ro, x4+ S,O) Pr x-a.s. and use Lemma 3 to prove the statement. An illustration of the
setting is given in Figure 1.

First, we have to show that %(hc(t + 1, x—D+h(t+ 1, x4+ 1)) > h(t, x) forevery t > T
and x < a+/t — 1; we will even show that it applies for all x < a+/7. The constant K has no
influence on this inequality, so we set it to 1 for now. We have

fe(t, x) = %(kc(z+ Lx—D+h(G@+1,x+ 1)) — he(t, x)

| c 5 >*1 c 5
:/ Eexp a(x+1)—§a (t+1) da+/0 Eexp a(x—l)—za (t+1)|da
0

o0 c
— / exp |:ax - —azt:| da
0 2

7 exp [av— Care] [ Lo 4 emayese* —
= p|ax a‘t (e +e )e 2 1|da. )
0 2 2
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The function A(a) := (e +e )e_%"2 — 1 has a unique positive root agp; for a € [0, ag] we
have A(a) >0, and for a > ap, AMa) <0. Suppose, for given (¢, x), we have f.(¢, x) > 0. Let
6 >0, ¢ e R; we have

ao
fe@t+6,x+¢)= / exp [ax — gazt]k(a) exp |:ea — 5%612] da
0

+ ooex e _sia?
p|ax a“t|A(a)exp|ea—3d-a”|da
@ 2 2
QN c 5 c 5
> exp ax—za t|A(a) exp eao—(SEaO da
0

oo € 2 )
~|—/ exp | ax — —a’t [A(a)exp | eap — S=ay | da
@ 2 2

0
¢ 2
=exp | eap — (Siao fe(t, x) = 0.

2 2

Here, (*) is true if ea — 85a zeao—(S%aé for a <ap and ea — §5a §sao—8§a% for a >

ag, which is the case if
c
e < a08§. (10)

By assumption, we have f.(7, aT ) > 0. (If ¢ = ¢ as in all our computational examples, this
is clear. If ¢ = ¢ < ¢y, inspection of £ in (9) shows that f. > f,.) The function o/t is concave
and

”‘J

so for ¢t > T and x < /7 with (¢, x) = (T+8, Olﬁ-l—&‘) we have
£<§——.
T 2JT

Putting this into (10) we get the condition

2
5% <apde, ie. T > <i> ,
C

JT ao
which is true by assumption. That concludes the first part of the proof
Second, we want to choose K such that &, (t, o t) = (t A/t ) . We first show that

this is possible, and then calculate K. We have

o c 1 Dr(x)
he(t, x)=K exp ax—zat da=K— ,
0

Ct (pct(x)
1o t 1 &,
he(t, av/?) = K- ct(av/) _ c(oe)7
ct ger (/1) eVt pe(a)
which depends only on \/ Solving he(t, /1) = % we get
Pe(@)
=ac
D)’
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TABLE 1. Values of ¢ for various 7.

T c

103 0.999 204
10* 0.999 9212
10° 0.999 992 14
100 0.999 999 216

Third, we chose 19=inf{n>0[x+S,>a7+n—1} and need to show that
he(to, Szy) < 8(10, Sy). Itis clear that Sy, € [oz 0 —1, aﬂ]. By the construction of K in the
second part, we know that & (t, a/t) = g(t, @+/7). Since h, has strictly positive curvature, we
know that A(t, -) has exactly one more intersection with g(z, -), which we denote by a+/7 — d(t).
We will see that d(t)>1 for 1>T and hence h(t, x) <g(t, x) for x € [ay/1—d(1), a/1].
We saw in the second part that Jt hc(t, ﬂ\/a is constant for any g8 > 0. If, for some x,
he(T, x0) < g(T, x0) = 7, we set B := % and see that, forall 7 > T,

X0 X0 1 xo
hl ¢, —ﬁ) < <t, —\/;> = ——.
( JT " Ut Ji T
If xo < a+/T — 1, then %ﬁg o/t — 1. If d(T) > 1 then we set xg := a~/T — d(T). We can

now conclude that for > T we have d(¢) > 1, hence it is enough to show that d(T) > 1. For
¢ = ¢ this is true by assumption. In general ¢ < ¢;, and we have %hc(t, x) < ;’—xhq (1, x). Since

hey (T, a/T) = he, (T, a+/T) we have

(. avT 1) <o (10T —1) = T

and the statement follows. Now A, and 7 fulfill the conditions of Lemma 3. This completes
the proof. O

Remark 2. The only properties of S we used in the proof are that S has limited jump sizes
upwards and that mg, (a) = ]E[e“S‘] has only one positive intersection with e%“z (i.e. %(e“ +

c 2 .. . .
e %)e 2% — 1 has only one positive root). This kind of lower bound can be constructed for
any random walk with increments that fulfill these two conditions. This would of course result
in different values for c.

Some values for c are given in Table 1.

4. Error of the bounds

We want to show that the relative error of the constructed bounds is of order (’)(%) for
x> 0. First, we show that ¢ = ¢(T) > TT*I for T large enough. Indeed, for c1, evaluating (9) for
= 77 yields

ro=[ Lot || 2o s ey —ebrti |
fTLH( LX) = A exp ax—Ea E(e +e )—e a,

https://doi.org/10.1017/jpr.2021.73 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2021.73

On the % problem 579

which can be seen to be positive for T large enough, yielding c; > TL+1 > % We evaluate (7)
forc= % and get, with elementary estimates,
. o)
hr-1 (T, Olﬁ — 1) = VT
T T—1 (aﬁfl )
T
@ (M) _ 1 (M)
__K 7)Y\ T
VT -1 VT3
(oo ]

for T large enough, so that ¢; > T—;] We obtain ¢ = min{cy, ¢} > T—;] We now calculate the
asymptotic relative error between V, and V; in x =0:

WO WLO 1= o _1—a2¢(%)_1
WT.0)  h(T.0) K YT T T4 w(i) :
NG

We use the approximation

® (%) N W2c— D] (D@ a(l—4/0)
P (%) S [_ 2¢ } ((p(a) T )
T—1

. oaX(c—1) a +a(1—ﬁ)
<0 | —

P 2¢ 1 —a? Je
and get, with c = >

(T, 0) ~ aXc—1) a(l— /)
hC(T,O)_INeXp[_—Zc ](1+—ﬁ —1

(7)o

It is now straightforward to check that, for aT > x> 0,

W(T, 0) i LU
he(T, 0) he(T, x)

V(T,x)_lz(,)(l), V(T,x)_l=0<l>’
VT, x) T Vu(T, x) T

for all an/T > x> 0.

This yields
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TABLE 2. Exceptions for Theorem 3.

n 3195 12923 14312 24880 25257 44653 51434 116342

b(n) 48 96 101 133 134 178 191 287

5. Computational results

In this section we show how to compute the continuation and stopping set for the Chow—
Robbins game. In 2013, Higgstrom and Wastlund [4] computed stopping and continuation
points starting from (0, 0). They used another unsymmetric notation for the problem. We give
their bounds transformed into our setting. They chose a, rather large, time horizon of T = 107,

and set VIS(T, X) = max {%, 0} as a lower bound and

X . T 1
Vlf(T, X) = max [?, O} + min {\/;, m}

as an upper bound. Then they used backward induction to calculate VS(n, x) for n < T and
i €{u, 1} with Vls(n, X) = max {ﬁ, E[Vis(n +1, x+Xi)]}. If Vy(n,x)=7 then (n, x) € D; if
Vi(n, x) > ﬁ then (n, x) € C. In this way they were able to decide for all but seven points
(n, x) € N x Z with n < 1000 whether they belong to C or D.

We use backward induction from a finite time horizon as well, but use the much sharper
bounds given in Sections 2 and 3. For our upper bound this has a nice intuition. We play the
Chow-Robbins game up to the time horizon 7', then we change the game to the favorable %
game, which slightly rises our expectation.

With a time horizon of T = 10% we are able to calculate all the stopping and continuation
points (n, x) € N x Z with n <489 241. We show that all open points in [4] belong to D.

Unlike [4] we use the symmetric notation. Let X; be i.i.d. random variables with P(X; =
-H=PX;=1)= % and S, = Z?:l X;. We choose a time horizon T and use V% given in
Lemma 1 as an upper bound, VE(T, x)=VW(T, x), and h, given in Theorem 2 as a lower
bound, VIS (T, x) = he(T, x), for x € Z with x < a+/T. Fori € {u, 1} we now recursively calculate

V(n, x) = max {g, LW+ 1, x4+ D+ VS + 1, x— 1))}. If Vi(n, x) > £, then (n, %) € C.
To check if (n, x) € D we use, instead of V,(n, x) = ﬁ, the slightly stronger, but numerically
easier to evaluate, condition (n, x) € D if %(Vf(n + 1L, x+1D+ Vf(n +1,x— 1)) < ﬁ We use

T=10°to calcu}ate V(0, 0) and the integer thresholds @(n) := [b(n)]. For 34 values of n < 106
the exact value b(n) cannot be determined this way; the smallest such value is n = 489 242.

Theorem 3. For the stopping problem (4) starting in (0, 0), the stopping boundary b forn<
489 241 is given by

. I 1
b(”)z[aﬁ_§+7.9+4.54yﬁw (D

with the eight exceptions shown in Table 2. For the value function we have

0.585907 012 8172 < V5(0, 0) < 0.585 907 012 8182.
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3 T T T T

I ,3CW
8¢S =b(t)

A}

15 - i

05, .
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FIGURE 2. The boundaries of the continuation sets. While asymptotically similar, they behave differently
close to 0.

Higgstrom and Wistlund used a different notation (denoted with a ’ here), with P(Xl/ = 0)
:P(le = ) = % Our functions and values translate to V(n, x) =2V’ (n ”T") -1, V(n)=
o

/(l’l)—l with p/(n) = 4—1‘ — m, and
0.792 953 506 4086 < V'(0, 0) < 0.792 953 506 4091.

The value of V(0, 0) is calculated with 7 =2 - 10°.

Remark 3. The function (7.9 + 4.54\4/5)71 is constructed from our computed data. It is an

interesting question whether it is indeed possible to show that ay/f — b(t) = % - O(t_%).

A method to show that lim,_, o, /7 — b(f) = % was introduced in [6]. This is reflected nicely
in our calculations.

We also calculated VS and b for non-integer values. We did this by choosing an integer D
and then calculating VS on %N X %Z with the method described above; for most plots we

used D = 300. Some plots of b and VS are given in Figures 2—4. The method enables us to get
very detailed impressions of b and VS that inspire further analytical research. In [2] the authors
showed that VS is not differentiable on a dense subset of C5, and that C is not convex.
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FIGURE 3. The value functions V% and VS in r=1. VS does not follow the smooth fit principle and is
not everywhere smooth on C.
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FIGURE 4. The value functions V¥ and V¥ in 7 = 10.

https://doi.org/10.1017/jpr.2021.73 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2021.73

On the S'—;’ problem 583

Competing interests

There were no competing interests to declare which arose during the preparation or
publication process of this article.

[1]
[2]

[3]
[4]
[5]
[6]
[7]

[8]
[9]

[10]

References

CHOW, Y. S. AND ROBBINS, H. (1965). On optimal stopping rules for s, /n. Illinois J. Math. 3, 444-454.
CHRISTENSEN, S. AND FISCHER, S. (2020). Note on the (non-)smoothness of discrete time value functions in
optimal stopping. Electron. Commun. Prob. 25, 1-10.

DVORETZKY, A. (1967). Existence and properties of certain optimal stopping rules. In Proc. Fifth Berkeley
Symp. Math. Statist. Prob., Vol. 1, University of California Press, Berkeley, pp. 441-452.

HAGGSTROM, O. AND WASTLUND, J. (2013). Rigorous computer analysis of the Chow—Robbins game. Amer:
Math. Monthly 120, 893-900.

LEUNG LAIL T. AND YAO, Y.-C. (2005). The optimal stopping problem for ST” and its ramifications. Tech. Rep.
2005-22, Department of Statistics, Stanford University.

LEUNG LAI, T., YAO, Y.-C. AND AITSAHLIA, F. (2007). Corrected random walk approximations to free
boundary problems in optimal stopping. Adv. Appl. Prob. 39, 753-775.

MEDINA, L. A. AND ZEILBERGER, D. (2009). An experimental mathematics perspective on the old, and still
open, question of when to stop. Preprint, arXiv:0907.0032.

PESKIR, G. AND SHIRYAEV, A. (2006). Optimal Stopping and Free-Boundary Problems. Birkhiuser Basel.
SHEPP, L. A. (1969). Explicit solutions to some problems of optimal stopping. Ann. Math. Statist. 40,
993-1010.

WALKER, L. H. (1969). Regarding stopping rules for Brownian motion and random walks. Bull. Amer. Math.
Soc. 75, 46-50.

https://doi.org/10.1017/jpr.2021.73 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2021.73

	Introduction
	Notation

	An upper bound for the value function V2 S
	The Chow"2013`Robbins game
	Generalizations

	A lower bound for V2 S
	Error of the bounds
	Computational results
	Funding information
	Competing interests
	References

