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Abstract

The Chow–Robbins game is a classical, still partly unsolved, stopping problem intro-
duced by Chow and Robbins in 1965. You repeatedly toss a fair coin. After each toss,
you decide whether you take the fraction of heads up to now as a payoff, otherwise

you continue. As a more general stopping problem this reads V(n, x) = supτ E

[
x+Sτ
n+τ

]
,

where S is a random walk. We give a tight upper bound for V when S has sub-Gaussian
increments by using the analogous time-continuous problem with a standard Brownian
motion as the driving process. For the Chow–Robbins game we also give a tight lower
bound and use these to calculate, on the integers, the complete continuation and the
stopping set of the problem for n ≤ 489 241.
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1. Introduction

We repeatedly toss a fair coin. After each toss we can take the proportion of heads up to
now as our reward, or continue. This is known as the Chow–Robbins game, first presented in
1965 [1]. As a stopping problem this can be formulated as

VS(t, x) = sup
τ

E

[
x + Sτ

t + τ

]
, (1)

where S is a random walk. In the classical version S has symmetric Bernoulli increments but
it is possible to take different random walks as well. Chow and Robbins showed that an opti-
mal stopping time exists in the Bernoulli case, and later [3] proved this for general centered
independent and identically distributed (i.i.d.) increments with finite variance. But it was (and
to some extent still is) difficult to see how that solution looks. Asymptotic results were given
in [9], which showed that the boundary of the continuation set ∂C can be written as a func-
tion b : R+ →R with limt→∞ b(t)

α
√

t
= 1. Here, α

√
t is the boundary of the analogous stopping

problem for a standard Brownian motion W (see Lemma 1),

VW (t, x) = sup
τ

E

[
x + Wτ

t + τ

]
. (2)
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In 2007, [6] gave a second-order approximation for the limit of b, limt→∞
(
α
√

t − b(t)
)= 1

2 .
Somes approximation for values of b were also calculated by using the value function (2) [5],
without constructing it as an upper bound; also given were some calculations for a random
walk with standard normal increments.

A more rigorous computer analysis was given in [4]. Using backward induction from a time
horizon T = 107, lower and upper bounds for VS were calculated. For points reachable from
(0, 0), it was calculated whether they belong to the stopping or to the continuation set for all
but seven points (n, x) with n ≤ 1000.

In this paper we give much sharper upper and lower bounds for VS. Using backward
induction with these bounds, we are able to calculate all stopping and continuation points
(n, x) ∈N×Z with n ≤ 105. We show that all seven points (n, x) with n ≤ 1000 that were left
open in [4] belong to the stopping set. In Section 2 we construct an upper bound for the value
function (1) for random walks with sub-Gaussian increments. The main observation is that the
value function (2) is an upper bound for VS. This is carried out in Section 2.1 on the Chow–
Robbins game. In Section 2.2 we discuss how this kind of upper bound can be constructed
for more general gain functions g and VS(t, x) = supτ E

[
g(t + τ, x + Sτ )

]
. In Section 3 we

construct a lower bound for VS(T, x) in the Bernoulli case for a given time horizon T . We

show that there exist 0 < c < 1 and K > 0 such that K
∫∞

0 exp
[
ax − c

2 a2T
]

da ≤ VS(T, x) for

all x ≤ b(T). We then show that the relative error of the bounds is of order O( 1
T

)
for x ≥ 0.

In Section 5 we give computational results for the Chow–Robbins game in the Bernoulli case
and give a detailed description of our methods. We calculate all integer-valued points in the
stopping and continuation sets for n ≤ 105, and give some examples of how VS(t, x) and b(t)
look for continuous t close to zero.

1.1. Notation

We introduce some notation that we will use. V denotes a value function, D = {V = g} =
{(t, x) | V(t, x) = g(t, x)} the corresponding stopping set, and C = {V > g} the continuation set.
With (t, x) we denote real variables, with n positive integers. With a superscript we denote
which driving process is used, e.g. CS = {

VS = g
}
, CW = {

VW = g
}
, etc. Vu and Vl denote

upper and lower bounds respectively.

2. An upper bound for the value function VS

We construct an upper bound for the value function VS of the Sn
n problem, where S can

be any random walk with sub-Gaussian increments. The classical Chow–Robbins game is a
special case of these stopping problems.

Definition 1. (Sub-Gaussian random variable) Let σ 2 > 0. A real, centered random variable ξ

is called σ 2-sub-Gaussian
(
or sub-Gaussian with parameter σ 2

)
if E[eaξ ] ≤ exp

[
σ 2a2

2

]
for all

a ∈R.

Some examples of sub-Gaussian random variables are:

• X with P(Xi = −1) = P(Xi = 1) = 1
2 is 1-sub-Gaussian.

• The normal distribution N (0, σ 2) is σ 2-sub-Gaussian.

• The uniform distribution on [ − a, a] is a2-sub-Gaussian.

• Any random variable Y with values in a compact interval [a, b] is 1
4 (b − a)2-sub-

Gaussian.
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In the following we show that the value function VW of the continuous-time problem (2) is
an upper bound for the value function VS whenever S is a random walk with 1-sub-Gaussian
increments. We first state the solution of (2).

Let

h(t, x) := (
1 − α2) ∫ ∞

0
exp

[
ax − a2

2
t

]
da = (

1 − α2)1

t

�t(x)

ϕt(x)
,

where �t(x) = �
(
x/

√
t
)

denotes the cummulative distribution function of a centered nor-
mal distribution with variance σ 2 = t, ϕt is the corresponding density function, and α ≈
0.839 923 675 692 373 is the unique solution to αϕ(α) = (

1 − α2
)
�(α).

Lemma 1. The stopping problem (2) is solved by τ∗ = inf{s | x + Ws ≥ α
√

s + t} with value
function

VW (t, x) =
⎧⎨
⎩

h(t, x) if x ≤ α
√

t,

x
t otherwise.

VW (t, x) is differentiable (smooth fit), and h(t, x) ≥ g(t, x) = x
t for all t > 0 and x ∈R.

This result was proved independently in [9, 10].
We now prove that VW is an upper bound for VS. We know from general theory that VS is

the smallest superharmonic function dominating the gain function g (see, e.g., [8]). If we find
a superharmonic function dominating g we have an upper bound for VS.

Lemma 2. Let Xi be i.i.d. 1-sub-Gaussian random variables, and Sn =∑n
i=1 Xi. The function

h : R+ ×R→R
+ such that (t, x) 
→ (

1 − α2
) ∫∞

0 exp
[
ax − 1

2 a2t
]
da is S-superharmonic.

Proof. We first show the claim for fixed a ∈R and f (t, x) = eax− 1
2 a2t. We need to show that

E[f (t + 1, x + X1)] ≤ f (t, x) for all t > 0 and x ∈R, and calculate

E

[
exp

{
a(x + X1) − a2

2
(t + 1)

}]
≤ exp

{
ax − a2

2
t

}

⇐⇒ exp

{
ax − a2

2
(t + 1)

}
E
[
eaX1

]≤ exp

{
ax − a2

2
t

}

⇐⇒ e− a2
2 E
[
eaX1

]≤ 1

⇐⇒ E
[
eaX1

]≤ e
a2
2 . (3)

The last inequality (3) is just the defining property of a 1-sub-Gaussian random variable. By
integration over a and multiplication by (1 − α), the result follows. �

Theorem 1. (An upper bound for VS) Let W be a standard Brownian motion, S a random walk
with 1-sub-Gaussian increments, and

VS(t, x) = sup
τ

E

[
x + Sτ

t + τ

]
, VW (t, x) = sup

τ
E

[
x + Wτ

t + τ

]
.

Then VW (t, x) ≥ VS(t, x) for all t > 0, x ∈R.
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Proof. Let h(t, x) = (
1 − α2

) ∫∞
0 exp

[
ax − a2

2 t
]

da as in Lemma 1. We know that h ≥ g

(Lemma 1), h is S-superharmonic (Lemma 2), and VW = h1CW + g1DW . VS is the small-
est superharmonic function dominating g, therefore VS ≤ h. We know from Lemma 1 that
VW

(
t, α

√
t
)= h

(
t, α

√
t
)= g

(
t, α

√
t
)
, and therefore g

(
t, α

√
t
)≥ VS

(
t, α

√
t
)≤ h

(
t, α

√
t
)=

g
(
t, α

√
t
)
. Hence, VS

(
t, α

√
t
)= g

(
t, α

√
t
)

and
(
t, α

√
t
) ∈ DS. The boundary ∂CS is the graph

of a function, therefore (t, x) ∈ DS for all x ≥ α
√

t. It follows that CS ⊂ CW and that VS(t, x) ≤
VW (t, x) for all t > 0, x ∈R. �

Corollary 1. From the proof, we see that CS ⊂ CW, and b(t) ≤ α
√

t for all t > 0.

2.1. The Chow–Robbins game

Let X1, X2, . . . be i.i.d. random variables with P(Xi = −1) = P(Xi = 1) = 1
2 and Sn =∑n

i=1 Xi. The classical Chow–Robbins problem is given by

VS(t, x) = sup
τ

E

[
x + Sτ

t + τ

]
. (4)

The Xi are 1-sub-Gaussian with variance 1. An almost surely (a.s.) finite stopping time τ∗ exists
that solves (4) (see [3]). By Theorem 1 we get that VS(t, x) ≤ VW (t, x) = h(x, t)1{x≤α

√
t} +

x
t 1{x>α

√
t}. We will see later that this upper bound is very tight. We will construct a lower

bound for VS in the next section and give a rigorous computer analysis of the problem in
Section 5.

Example 1. For some time it was unclear whether it is optimal to stop in (8, 2) or not. It
was first shown in [7] and later confirmed in [4] that (8, 2) ∈ DS (in [4] this is written as
5–3, 5 heads–3 tails). We show here how to immediately prove this with our upper bound.
We choose the time horizon T = 9, set VS

u (T, x) = VW (T, x), and calculate with one-step back-
ward induction VS

u (8, 2) as an upper bound for VS(8, 2): VS
u (9, 3) = 3

9 = 1
3 (since 3 > α

√
9),

VS
u (9, 1) = h(9, 1) ≈ 0.1642, and we get

VS(8, 2) ≤ VS
u (8, 2) = max

{
2

8
,

VS
u (9, 3) + VS

u (9, 1)

2

}
,

VS
u (9, 3) + VS

u (9, 1)

2
= 1

6
+ 0.1642

2
= 0.2488 <

2

8
.

Hence, we have VS(8, 2) ≤ g(8, 2) = 2
8 , and it follows that (8, 2) is in the stopping set. For a

detailed description of the method see Section 5.

2.2. Generalizations

In the proof of Theorem 1 we did not use the specific form of the gain function g(t, x) = x
t .

All we needed was that:

• The value function of the stopping problem

VW (t, x) = sup
τ

E
[
g(t + τ, x + Wτ )

]
(5)

is on C of the form VW
∣∣
C(t, x) = ∫

R
exp

[
ax − 1

2 a2t
]

dμ(a) for a measure μ.

https://doi.org/10.1017/jpr.2021.73 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2021.73


On the Sn
n problem 575

• The function h(t, x) = ∫
R

exp
[
ax − 1

2 a2t
]

dμ(a) dominates g on R
+ ×R.

• The boundary of the continuation set ∂CS of the stopping problem VS(t, x) =
supτ E

[
g(t + τ, x + Sτ )

]
is the graph of a function b : R+ →R. (This requirement can

easily be relaxed to the symmetric case, where ∂CS = Graph(b) ∪ Graph( − b).)

These requirements are not very restrictive, and there are many other gain functions and
associated stopping problems for which this kind of upper bound can be constructed. A set of
examples which fulfill these requirements and for which (5) is explicitly solvable can be found
in [8]. Some of these are:

g(t, x) = x2d−1

tq
with d ∈N and q > d − 1

2
,

g(t, x) = |x| − β
√

t for some β ≥ 0,

g(t, x) = |x|
t

.

3. A lower bound for VS

In this section we want to give a lower bound for the value function of the Chow–Robbins
game (4). Here, S will always be a symmetric Bernoulli random walk. The basis of our
construction is the following lemma.

Lemma 3. (A lower bound for V) Let X be a random walk, g a gain function, V(t, x) =
supτ E[g(τ + t, Xτ + x)], and h : R+ ×R→R measurable. For a given point (t0, x0) let τ be
a stopping time such that the stopped process (h(t ∧ τ + t0, Xt∧τ + x0))t≥0 is a submartingale
and h(τ + t0, Xτ + x0) ≤ g(τ + t0, Xτ + x0) a.s. Then h(t0, x0) ≤ V(t0, x0).

Proof. Since h(τ, Xτ ) ≤ g(τ, Xτ ) we can use the optional sampling theorem and obtain
h(t0, x0) ≤E[h(τ + t0, Xτ + x0)] ≤E[g(τ + t0, Xτ + x0)] ≤ V(t0, x0). �

We modify the function h(t, x) = (
1 − α2

) ∫∞
0 exp

[
ax − a2

2 t
]

da from Lemma 1 slightly to

hc(t, x) := K
∫ ∞

0
exp

[
ax − c

2
a2t

]
da (6)

for some 0 < c < 1 and K > 0 to match the assumptions of Lemma 3. As a stopping time we
choose τ0 = inf

{
n ≥ 0 | x + Sn ≥ α

√
t + n − 1

}
. Unfortunately there is no c such that (6) is

globally S-subharmonic, and hence we have to choose c depending on the time horizon T . This
makes the following result a bit technical.

Theorem 2. (A lower bound for VS) Let

hc(t, x) := K
∫ ∞

0
exp

[
ax − c

2
a2t

]
da = K

1

ct

�ct(x)

ϕct(x)
, K = αc

ϕc(α)

�c(α)
.

Given a time horizon T > 0, let c1 be the biggest solution smaller than 1 to 1
2

(
hc
(
T + 1,

α
√

T − 1
)+ hc

(
T + 1, α

√
T + 1

))= hc
(
T, α

√
T
)
, c2 the unique positive solution of

hc

(
T, α

√
T − 1

)
= α

√
T − 1

T
, (7)
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FIGURE 1. The upper bound VW and the lower bound hc for a fixed T . For a better illustration c = 0.6 is
chosen very small.

and c = min{c1, c2}. Let a0 be the unique positive solution (in a) to 1
2

(
ea + e−a

)
e− c

2 a2 = 1. If

T ≥
(

α

a0c

)2

, (8)

then hc(t, x) is a lower bound for VS(t, x) for all t ≥ T and x ≤ α
√

t.

Remark 1. Our numerical evaluations suggest that for T ≥ 4 (8) is always satisfied, and for
T ≥ 200 we always have c = c1.

Proof. We divide the proof into three parts. First, we show that the stopped process hc
(
t ∧

τ0, x + St∧τ0

)
t≥T is a submartingale; second, we calculate K; and third, we show that h

(
τ0, x +

Sτ0

)≤ g
(
τ0, x + Sτ0

)
PT,x-a.s. and use Lemma 3 to prove the statement. An illustration of the

setting is given in Figure 1.
First, we have to show that 1

2 (hc(t + 1, x − 1) + hc(t + 1, x + 1)) ≥ hc(t, x) for every t ≥ T
and x ≤ α

√
t − 1; we will even show that it applies for all x ≤ α

√
t. The constant K has no

influence on this inequality, so we set it to 1 for now. We have

fc(t, x) := 1

2

(
hc(t + 1, x − 1) + hc(t + 1, x + 1)

)− hc(t, x)

=
∫ ∞

0

1

2
exp

[
a(x + 1) − c

2
a2(t + 1)

]
da +

∫ ∞

0

1

2
exp

[
a(x − 1) − c

2
a2(t + 1)

]
da

−
∫ ∞

0
exp

[
ax − c

2
a2t

]
da

=
∫ ∞

0
exp

[
ax − c

2
a2t

] [
1

2

(
ea + e−a)e− c

2 a2 − 1

]
da. (9)
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The function λ(a) := 1
2

(
ea + e−a

)
e− c

2 a2 − 1 has a unique positive root a0; for a ∈ [0, a0] we
have λ(a) ≥ 0, and for a ≥ a0, λ(a) ≤ 0. Suppose, for given (t, x), we have fc(t, x) ≥ 0. Let
δ ≥ 0, ε ∈R; we have

fc(t + δ, x + ε) =
∫ a0

0
exp

[
ax − c

2
a2t

]
λ(a) exp

[
εa − δ

c

2
a2
]

da

+
∫ ∞

a0

exp

[
ax − c

2
a2t

]
λ(a) exp

[
εa − δ

c

2
a2
]

da

(∗)≥
∫ a0

0
exp

[
ax − c

2
a2t

]
λ(a) exp

[
εa0 − δ

c

2
a2

0

]
da

+
∫ ∞

a0

exp

[
ax − c

2
a2t

]
λ(a) exp

[
εa0 − δ

c

2
a2

0

]
da

= exp

[
εa0 − δ

c

2
a2

0

]
fc(t, x) ≥ 0.

Here, ( ∗ ) is true if εa − δ c
2 a2 ≥ εa0 − δ c

2 a2
0 for a ≤ a0 and εa − δ c

2 a2 ≤ εa0 − δ c
2 a2

0 for a ≥
a0, which is the case if

ε ≤ a0δ
c

2
. (10)

By assumption, we have fc(T, α
√

T) ≥ 0. (If c = c1 as in all our computational examples, this
is clear. If c = c2 < c1, inspection of fc in (9) shows that fc > fc1 .) The function α

√
t is concave

and
∂

∂t
α
√

t = α

2
√

t
,

so for t ≥ T and x ≤ α
√

t with (t, x) = (
T + δ, α

√
T + ε

)
we have

ε ≤ δ
α

2
√

T
.

Putting this into (10) we get the condition

δ
α√
T

≤ a0δc, i.e. T ≥
(

α

a0c

)2

,

which is true by assumption. That concludes the first part of the proof.
Second, we want to choose K such that hc

(
t, α

√
t
)= g

(
t, α

√
t
)= α√

t
. We first show that

this is possible, and then calculate K. We have

hc(t, x) = K
∫ ∞

0
exp

[
ax − c

2
a2t

]
da = K

1

ct

�ct(x)

ϕct(x)
,

hc
(
t, α

√
t
)= K

1

ct

�ct
(
α
√

t
)

ϕct
(
α
√

t
) = K

1

c
√

t

�c(α)

ϕc(α)
,

which depends only on 1√
t
. Solving hc

(
t, α

√
t
)= α√

t
we get

K = αc
ϕc(α)

�c(α)
.
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TABLE 1. Values of c for various T .

T c

103 0.999 204
104 0.999 9212
105 0.999 992 14
106 0.999 999 216

Third, we chose τ0 = inf
{
n ≥ 0 | x + Sn ≥ α

√
t + n − 1

}
and need to show that

hc(τ0, Sτ0 ) ≤ g(τ0, Sτ0 ). It is clear that Sτ0 ∈ [α√
τ0 − 1, α

√
τ0
]
. By the construction of K in the

second part, we know that hc
(
t, α

√
t
)= g

(
t, α

√
t
)
. Since hc has strictly positive curvature, we

know that h(t, ·) has exactly one more intersection with g(t, ·), which we denote by α
√

t − d(t).
We will see that d(t) ≥ 1 for t ≥ T and hence hc(t, x) ≤ g(t, x) for x ∈ [α√

t − d(t), α
√

t
]
.

We saw in the second part that
√

t · hc
(
t, β

√
t
)

is constant for any β > 0. If, for some x0,
hc(T, x0) ≤ g(T, x0) = x0

T , we set β := x0√
T

and see that, for all t > T ,

h

(
t,

x0√
T

√
t

)
≤ g

(
t,

x0√
T

√
t

)
= 1√

t

x0√
T

.

If x0 ≤ α
√

T − 1, then x0√
T

√
t ≤ α

√
t − 1. If d(T) ≥ 1 then we set x0 := α

√
T − d(T). We can

now conclude that for t ≥ T we have d(t) ≥ 1, hence it is enough to show that d(T) ≥ 1. For
c = c2 this is true by assumption. In general c ≤ c2, and we have ∂

∂x hc(t, x) ≤ ∂
∂x hc2 (t, x). Since

hc2

(
T, α

√
T
)= hc2

(
T, α

√
T
)

we have

hc

(
T, α

√
T − 1

)
≤ hc2

(
T, α

√
T − 1

)
= α

√
T − 1

T

and the statement follows. Now hc and τ0 fulfill the conditions of Lemma 3. This completes
the proof. �

Remark 2. The only properties of S we used in the proof are that S has limited jump sizes
upwards and that mS1 (a) =E

[
eaS1

]
has only one positive intersection with e

c
2 a2

(i.e. 1
2 (ea +

e−a)e− c
2 a2 − 1 has only one positive root). This kind of lower bound can be constructed for

any random walk with increments that fulfill these two conditions. This would of course result
in different values for c.

Some values for c are given in Table 1.

4. Error of the bounds

We want to show that the relative error of the constructed bounds is of order O( 1
T

)
for

x ≥ 0. First, we show that c = c(T) ≥ T−1
T for T large enough. Indeed, for c1, evaluating (9) for

c = T
T+1 yields

f T
T+1

(T, x) =
∫ ∞

0
exp

[
ax − 1

2
a2T

] [
1

2

(
ea + e−a)− e

1
2

1
T+1

]
da,
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which can be seen to be positive for T large enough, yielding c1 ≥ T
T+1 ≥ T−1

T . We evaluate (7)

for c = T−1
T and get, with elementary estimates,

h T−1
T

(
T, α

√
T − 1

)
= K√

T − 1

�
(

α
√

T−1√
T

)
ϕ
(

α
√

T−1√
T

)

≤ K√
T − 1

⎛
⎜⎜⎝�

(
α
√

T√
T

)
− 1√

T−1
ϕ
(

α
√

T√
T

)
ϕ
(

α
√

T√
T

)
exp

[
α
√

T− 1
2

T−1

]
⎞
⎟⎟⎠

= exp

[
−α

√
T − 1

2

T − 1

] (
α√
T

− K

T − 1

)
≤ α

√
T − 1

T

for T large enough, so that c2 ≥ T−1
T . We obtain c = min{c1, c2} ≥ T−1

T . We now calculate the
asymptotic relative error between Vu and Vl in x = 0:

Vu(T, 0)

Vl(T, 0)
− 1 = h(T, 0)

hc(T, 0)
− 1 = 1 − α2

K

√
c − 1 = 1 − α2

α

�
(

α√
c

)
ϕ
(

α√
c

) − 1.

We use the approximation

�
(

α√
c

)
ϕ
(

α√
c

) ≈ exp

[
−α2(c − 1)

2c

] (
�(α)

ϕ(α)
+ α

(
1 − √

c
)

√
c

)

= exp

[
−α2(c − 1)

2c

] (
α

1 − α2
+ α

(
1 − √

c
)

√
c

)

and get, with c = T−1
T ,

h(T, 0)

hc(T, 0)
− 1 ≈ exp

[
− α2(c − 1)

2c

] (
1 + α

(
1 − √

c
)

√
c

)
− 1

= exp

[
α2

2T − 2

] (
1 + α

(√
T − 1

T
− 1

))
− 1 =O

(
1

T

)
.

It is now straightforward to check that, for α
√

T ≥ x ≥ 0,

h(T, 0)

hc(T, 0)
− 1 ≥ h(T, x)

hc(T, x)
− 1.

This yields
V(T, x)

Vl(T, x)
− 1 =O

(
1

T

)
,

V(T, x)

Vu(T, x)
− 1 =O

(
1

T

)
,

for all α
√

T ≥ x ≥ 0.
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TABLE 2. Exceptions for Theorem 3.

n 3 195 12 923 14 312 24 880 25 257 44 653 51 434 116 342

b̂(n) 48 96 101 133 134 178 191 287

5. Computational results

In this section we show how to compute the continuation and stopping set for the Chow–
Robbins game. In 2013, Häggström and Wästlund [4] computed stopping and continuation
points starting from (0, 0). They used another unsymmetric notation for the problem. We give
their bounds transformed into our setting. They chose a, rather large, time horizon of T = 107,
and set VS

l (T, x) = max
{ x

T , 0
}

as a lower bound and

VS
u (T, x) = max

{ x

T
, 0
}

+ min

{√
π

T
,

1

|x|
}

as an upper bound. Then they used backward induction to calculate VS(n, x) for n < T and
i ∈ {u, l} with VS

i (n, x) = max
{ x

n ,E
[
VS

i (n + 1, x + Xi)
]}

. If Vu(n, x) = x
n then (n, x) ∈ D; if

Vl(n, x) > x
n then (n, x) ∈ C. In this way they were able to decide for all but seven points

(n, x) ∈N×Z with n ≤ 1000 whether they belong to C or D.
We use backward induction from a finite time horizon as well, but use the much sharper

bounds given in Sections 2 and 3. For our upper bound this has a nice intuition. We play the
Chow–Robbins game up to the time horizon T , then we change the game to the favorable Wt

t
game, which slightly rises our expectation.

With a time horizon of T = 106 we are able to calculate all the stopping and continuation
points (n, x) ∈N×Z with n ≤ 489 241. We show that all open points in [4] belong to D.

Unlike [4] we use the symmetric notation. Let Xi be i.i.d. random variables with P(Xi =
−1) = P(Xi = 1) = 1

2 and Sn =∑n
i=1 Xi. We choose a time horizon T and use VW given in

Lemma 1 as an upper bound, VS
u (T, x) = VW (T, x), and hc given in Theorem 2 as a lower

bound, VS
l (T, x) = hc(T, x), for x ∈Z with x ≤ α

√
T . For i ∈ {u, l} we now recursively calculate

VS
i (n, x) = max

{
x
n , 1

2

(
VS

i (n + 1, x + 1) + VS
i (n + 1, x − 1)

)}
. If Vl(n, x) > x

n , then (n, x) ∈ C.

To check if (n, x) ∈ D we use, instead of Vu(n, x) = x
n , the slightly stronger, but numerically

easier to evaluate, condition (n, x) ∈ D if 1
2

(
VS

u (n + 1, x + 1) + VS
u (n + 1, x − 1)

)
< x

n . We use

T = 106 to calculate V(0, 0) and the integer thresholds b̂(n) := �b(n)�. For 34 values of n ≤ 106

the exact value b̂(n) cannot be determined this way; the smallest such value is n = 489 242.

Theorem 3. For the stopping problem (4) starting in (0, 0), the stopping boundary b̂ for n ≤
489 241 is given by

b̂(n) =
⌈
α
√

n − 1

2
+ 1

7.9 + 4.54 4
√

n

⌉
(11)

with the eight exceptions shown in Table 2. For the value function we have

0.585 907 012 8172 ≤ VS(0, 0) ≤ 0.585 907 012 8182.
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FIGURE 2. The boundaries of the continuation sets. While asymptotically similar, they behave differently
close to 0.

Häggström and Wästlund used a different notation (denoted with a ′ here), with P
(
X′

i = 0
)

= P
(
X′

i = 1
)= 1

2 . Our functions and values translate to V(n, x) = 2V ′(n, x+n
2

)− 1, b′(n) =⌈
α
√

n+n
2 − ρ′(n)

⌉
with ρ′(n) = 1

4 − 1
15.8+9 4√n

, and

0.792 953 506 4086 ≤ V ′(0, 0) ≤ 0.792 953 506 4091.

The value of V(0, 0) is calculated with T = 2 · 106.

Remark 3. The function
(
7.9 + 4.54 4

√
n
)−1 is constructed from our computed data. It is an

interesting question whether it is indeed possible to show that α
√

t − b(t) = 1
2 −O(t− 1

4
)
.

A method to show that limt→∞ α
√

t − b(t) = 1
2 was introduced in [6]. This is reflected nicely

in our calculations.

We also calculated VS and b for non-integer values. We did this by choosing an integer D
and then calculating VS on 1

DN× 1
DZ with the method described above; for most plots we

used D = 300. Some plots of b and VS are given in Figures 2–4. The method enables us to get
very detailed impressions of b and VS that inspire further analytical research. In [2] the authors
showed that VS is not differentiable on a dense subset of CS, and that CS is not convex.
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FIGURE 3. The value functions VW and VS in t = 1. VS does not follow the smooth fit principle and is
not everywhere smooth on C.
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FIGURE 4. The value functions VW and VS in t = 10.
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