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RISK MINIMIZATION FOR TIME
SERIES BINARY CHOICE WITH

VARIABLE SELECTION

WENXIN JIANG AND MARTIN A. TANNER
Northwestern University

This paper considers the problem of predicting binary choices by selecting from a
possibly large set of candidate explanatory variables, which can include both exoge-
nous variables and lagged dependent variables. We consider risk minimization with
the risk function being the predictive classification error. We study the convergence
rates of empirical risk minimization in both the frequentist and Bayesian approaches.
The Bayesian treatment uses a Gibbs posterior constructed directly from the empir-
ical risk instead of using the usual likelihood-based posterior. Therefore these ap-
proaches do not require a correctly specified probability model. We show that the
proposed methods have near optimal performance relative to a class of linear classi-
fication rules with selected variables. Such results in classification are obtained in a
framework of dependent data with strong mixing.

1. INTRODUCTION

Consider a stationary econometric time series ( yt , xt ), where yt ∈ {0,1} is the
dependent variable of binary choices and xt ∈ �K is the vector of exogenous
explanatory variables. A dynamic binary choice model allows modeling of yt by
the exogenous explanatory variables as well as the lagged dependent variables,
for example, by

yt = I [b′zt +ut > 0], (1)

where ut is an unobserved random variable and b′zt is a linear combination of
some selected components of z′

t = (1, x ′
t , yt−1, yt−2, . . . , yt−J ).

The definition of such a model and its fundamental properties have been studied
recently by de Jong and Woutersen (2007), who also discuss parameter inference
with maximum likelihood and maximum score methods. The maximum score
methods (Manski, 1975, 1985; and the smoothed version of Horowitz, 1992), al-
though originally used to estimate the coefficients, b, can also be used to construct
natural predictions of yt of the form I [b′zt > 0], which is intimately related to the
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method of empirical risk minimization (see, e.g., Devroye, Györfi, and Lugosi,
1996, Sect. 12.1).

The current paper studies performance of such a resulting prediction rule I [b′zt>
0] in predicting yt , which complements the paper by de Jong and Woutersen
(2007) on parameter inference. We show that even though this rule can be mo-
tivated from the dynamic binary choice model (1) on ( yt , xt ,ut ), the resulting
predictive performance remains “relatively optimal” (to be specified later) even
without making such model assumptions. Our results on predictive performance
therefore will not depend on the validity of (1). We will also allow potentially
high dimensionality of the predictor zt in this paper and consider variable selec-
tion handled by nonzero components of the parameter vector b.

Recently the problem of high dimensional prediction has been of much interest
in statistics and machine learning (see, e.g., Greenshtein, 2006; Jiang and Tanner,
2008a), where data are often assumed to be i.i.d. (independent and identically
distributed). Advances in these fields have a great potential to be extended and
applied to treat econometric problems with dependent data. The current paper is
an extension of Jiang and Tanner (2008a) to a non-i.i.d. environment, which will
be described in Section 3. We here first formulate the type of results that we will
obtain on risk performance and convergence rates.

2. FORMULATION AND RISK PERFORMANCE

We consider classification of yt based on z′
t = (1, x ′

t , yt−1, yt−2, . . . , yt−J ) using
linear classification rules of the form I [b′zt > 0] (where certain components of
zt are selected by the nonzero b-coefficients). The coefficient vector b is to be
obtained somehow based on observed data D = ( yt , xt )

N
t=1. We assume that the

observed data D are generated by some probability mechanism p∗ (which is oth-
erwise not explicitly modeled). Typically, for the current problem of predicting
binary dependent variables, the theoretical risk function of interest is

R(b) = E∗|yt − I [b′zt > 0]|,
the expected classification error, which is to be minimized in some sense. (The
symbol E∗ represents expectation with respect to the underlying true probability
mechanism p∗.) In practice, we will choose b to minimize an empirical risk RN

somehow, where

RN (b) = (N − J )−1
N

∑
t=J+1

|yt − I [b′zt > 0]|. (2)

Note that RN is a sample counterpart of the theoretical risk R. We will consider
convergence properties of RN to R in a high dimensional situation, where dim(zt )
can be very high and increase with N .

This setup can be related to the principle of “empirical risk minimization”
discussed in the statistics literature; see, e.g., Devroye et al. (1996, Sect. 12.1).
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The goal of minimizing RN (b) is to achieve a small theoretical risk R(b) among
a “class” of models b ∈ H (to be described later), so that R(b)− infb∈H R(b) is
small. Since the good risk performance is relative to a “class” of classification
rules H , this description forms an analog of the “persistence” concept described
in Greenshtein (2006) in an i.i.d. context. We here allow time series data that have
a weak dependence structure to be described in the next section.

We will describe both frequentist and Bayesian approaches of minimization of
RN . In a frequentist approach (in Section 4) we will consider the risk performance
of a minimizer b̂ = argmin RN (b). Minimizing this empirical risk is equivalent to
maximum score of Manski (1975, 1985) (although we here focus on the risk be-
havior R(b̂) instead of on statistical inference). The minimization here is subject
to a constraint on the maximal number of nonzero b-coefficients. Alternatively,
a penalized minimization can be used, which minimizes RN plus a term of com-
plexity penalty. In a Bayesian approach, we will use a ‘Gibbs posterior’ on b ∈ H
(described in Section 5) to obtain small empirical risk RN (b) with high posterior
probability.

When we consider classification of yt based on z′
t = (1, x ′

t , yt−1, yt−2, . . . , yt−J),
we will allow a high dimensional situation where K = dim(xt )(= KN ) can grow
polynomially as N a for any a > 0 (so K can be much greater than N ), and J (the
number of lags allowed) can grow as o(N 1/2/ ln N ).

The class of rules H to be considered is a set of classification rules of the form
I [b′zt > 0], where out of the K̃N = KN + JN + 1 components of the candidate
explanatory variables in zt , only a smaller number, say, about v = vN (to be spec-
ified later), are selected, by setting many b-coefficients to be zero. We can also
write H as a set of parameters b (which determines the classification rules). We
will refer to H as a scope.

The results we will show are of a frequentist nature. When b is obtained from
data D by empirical risk minimization in either frequentist or Bayesian approaches
to be described in later sections, we will show that the theoretical classifica-
tion risk R(b) often will be “good” or “competitive,” relative to the optimal
infb∈H R(b) over a class of classification rules H , i.e.,

R(b) ≤ inf
b∈H

R(b)+ OP (δN ), (3)

when D is generated according to the underlying true probability mechanism
p∗(D). Here δN is a convergence rate that is related to the scope of compari-
son H . With a scope H = H(v) where at most v variables are selected, we will
show a convergence rate of order

δN = N−1/2(J +1)v ln N . (4)

This rate, in the special case of finite dimensionality (with J , v being constant in
N ), is very close (within some ln N factors) to the classical rate of empirical risk
minimization O(

√
ln N/N ) (see, e.g., Devroye et al., 1996, Ch. 12), as well as

to the optimal rate O(1/
√

N ) (see, e.g., Devroye et al., 1996, Ch. 14). The rate

https://doi.org/10.1017/S0266466609990636 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466609990636


1440 WENXIN JIANG AND MARTIN A. TANNER

δN remains close (within some ln N factors) to O(1/
√

N ) even when J (the num-
ber of candidate lags) and v (the maximal number of selected variables) grow as
any power of ln N . Note that here we can allow the number of candidate exoge-
nous variables K to grow as any power of N . (The power turns out to affect only
the coefficient of δN and not the rate.)

3. NOTATION AND ASSUMPTIONS

Note that the classification rule I [b′zt > 0] is unchanged with scale changes of
b. We use the same normalization as Horowitz (1992). The normalization in-
volves letting one of the predicting variables have a sign-valued coefficient in the
classification rule. Let z′

t = (1, x ′
t , yt−1, yt−2, . . . , yt−J ) and x ′

t = (x1t , x ′
2t ) with a

scalar component x1t . The b-coefficient can be decomposed in a similar way as
b′ = (α,γ ′,ρ1, . . . ,ρJ ) with γ ′ = (γ1,γ

′
2). The normalization involves restricting

|γ1| = 1. Denote this restricted parameter space as � = �×{±1}×�K−1+J . We
will consider a compact subset of this parameter space �̄ = {b ∈ �, |b|∞ ≤ C}
for some constant C ≥ 1. In variable selection, we can also write the set of classi-
fication rules H as a set of normalized parameters b (which determines the clas-
sification rules) such that H ⊂ �. (This implies that |γ1| = 1 and x1t is always a
selected explanatory variable.) For example, we will consider the following scope
H = H(v), which is a subset of the compact parameter space �̄ and represents
linear classifiers with at most v selected variables:

H(v) = {b ∈ �̄ : |b|0 ≤ v}.
Regarding notation used in the remainder of this paper: For a generic vector u,
denote |u|0 = ∑dim(u)

j=1 I (|uj | > 0), |u|k = (∑dim(u)
j=1 |uj |k)1/k for k = 1,2, . . . , and

|u|∞ = supdim(u)
j=1 |uj |. For a set S, denote |S| = card(S). For a real number u,

define �u
 as its integer part. Constants are denoted as C , c, c1, etc., and can take
different values at different places in the text.

We now describe assumptions on the true data generating mechanism for the
observed process ( yt , xt ). We here allow time series data that have a weak depen-
dence structure of exponential strong mixing.

Assumption 1. Suppose that ( yt , xt ) is strictly stationary and has exponentially
decaying strong (α-) mixing coefficients α(k) = O(sk) for some s ∈ (0,1).

This assumption of exponential strong mixing is commonly made in the lit-
erature on predictive performance with dependent data (see, e.g., Modha and
Masry, 1996; Zou and Li, 2007; and Jiang and Tanner, 2008b, for a slightly
more general form). For linear processes such as the ARMA processes, expo-
nential strong mixing occurs when there exists an invertible MA(∞) representa-
tion with exponentially decaying coefficients and with the marginal distributions
of the increments satisfying a smoothness condition (see, e.g., results summa-
rized in Davidson, 1994, Sect. 14.4). In addition, much recent research involves
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proving models (possibly nonlinear) to be geometrically ergodic Markov pro-
cesses, which then implies exponential beta mixing and consequently also expo-
nential strong mixing. This line of research covers various GARCH (with
thresholds and transforms), ACD, and stochastic volatility models. See, e.g.,
Carrasco and Chen (2002), Francq and Zakoı̈an (2006), and, more recently, Meitz
and Saikkonen (2008).

The next assumption addresses the conditional distribution of the dependent
variable yt .

Assumption 2. Suppose that P∗[yt = 1|xt , ( ys, xs)
t−1−∞] ∈ (0,1).

Here we assume that it is impossible to perfectly predict yt based on xt , ( ys,
xs)

t−1−∞. Such assumption is satisfied, e.g., if yt is a binary choice of the form yt =
I [g(xt , ( ys, xs)

t−1−∞) + ut > 0], where ut ’s are independent and have a positive
density on �, such as N (0,1).

The next two assumptions address the distribution of the exogenous process
xt . These assumptions are useful in obtaining certain continuity properties of the
risk function that will facilitate the proofs. Variable x1t corresponds to the sign-
valued coefficient in the linear classification rule. We first describe an assumption
on its conditional density given x2t (the remaining exogenous variables) and then
describe an assumption on the remaining exogenous variables x2t .

Assumption 3. The conditional density p∗(x1t |x2t , ( ys, xs)
t−1−∞), with respect

to the Lebesgue measure exists, is bounded above by a finite constant S and is
positive, for all x1t ∈ � and for all possible values of the conditioned variables,
for all t .

This assumption essentially asks for a “continuous” component x1t , which can
have, for example, a normal conditional density with variance bounded away from
zero.

Assumption 4. All components of x2t are standardized to be within [−1,+1].

This last assumption essentially asks for components of x2t to be bounded in
certain ways. It can be relaxed to include some unbounded variables with first
moments, e.g., by requiring E∗|x2t |∞ to be finite. We keep this assumption in
current form for simplicity.

The following two assumptions demonstrate the potentially high dimensional-
ity allowed in this paper by characterizing the allowed number of lags JN and the
number of candidate exogenous variables KN .

Assumption 5. Suppose JN ≥ 1 and JN = o(N 1/2/ ln N ).

Assumption 6. Suppose 1 ≤ KN ≤ N a for some a > 0, for all large enough
N .

Therefore this assumption allows a high dimensional case, with K being much
greater than N (with more candidate variables than the data size).
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Comparing the two assumptions above, we note that the number of candidate
lags J allowed (which is less than

√
N/ ln N ) is much less than the number of can-

didate exogenous variables K allowed (which can be any power of N ). Roughly
speaking, this is because with too many lags, the mixing coefficients would not
be decaying fast enough for the sample means to converge to the expectations
properly.

With variable selection, we will obtain a convergence rate δN as in (4), which
depends on v , the maximal number of selected variables (out of the KN + JN +1
candidate variables). This rate δN will be small (δN = o(1)) if we restrict the
number of selected variables as in the following assumption:

Assumption 7. We consider a scope H = H(v) = {b ∈ �̄ : |b|0 ≤ v}, where
the maximal number of selected variables is v (1 ≤ v ≤ K̃ = K + J +1). Assume
that v satisfies

v = o
(
(J +1)−1 N 1/2/ ln N

)
. (5)

4. FREQUENTIST EMPIRICAL RISK MINIMIZATION

In a frequentist approach we will first consider the risk performance of a min-
imizer b̂ = argmin RN (b). (This is the maximum score estimator; see Manski,
1975, 1985.) The minimization is subject to the constraint |b|0 ≤ v .

THEOREM 1 (Performance of constrained minimization). Suppose Assump-
tions 1, 2, 3, 4, 5, and 6 hold. Consider a minimizer b̂ = argminb∈H RN (b) where
H = H(v) satisfies Assumption 7. For all ζ > 0, there exists a constant cζ > 0
such that, for all large enough N, we have

P∗
D[R(b̂)− inf

b∈H(v)
R(b) > 2cζ N−1/2(J +1)v ln N ] ≤ N−ζv . (6)

Note that this implies almost surely

R(b̂)− inf
b∈H(v)

R(b) = O(N−1/2(J +1)v ln N )

by the Borel-Cantelli lemma. (The sum ∑ N−ζv converges because v ≥ 1 (as spec-
ified in Assumption 7) and ζ > 0 is arbitrary and can be taken to be 2.) The con-
vergence rate is therefore of the form (4), which can be close to the optimal rate
O(1/

√
N ), even if the number of candidate exogenous variables K can be much

larger than N according to Assumption 6.
Although we claim a good risk performance in the above theorem, the min-

imization is quite difficult to carry out due to the complicated constraint of the
set H = {b ∈ �̄ : |b|0 ≤ v} and the discontinuous RN . One may alternatively
consider unconstrained minimization of RN plus a complexity penalty, which is
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constructed from |b|0. This is similar to the structural risk minimization (see, e.g.,
Devroye et al., 1996, Ch. 18).

Define R̃N (b) = RN (b) + λ|b|0, where λ is a regularization parameter. De-
fine b̃ = argminb∈�̄ R̃N . Although there is no constraint on |b|0, the penalty term
makes sure that any minimizer will have

|b̃|0 ≤ v0 = min{(1+1/λ), K + J +1}. (7)

(The upper bound of K + J + 1 is from the dimension of the parameter space
�̄. The upper bound of (1+1/λ) is obtained from demanding R̃N (b̃) ≤ R̃N (b1),
where b1 is a parameter with |b1|0 = 1, which implies λ|b̃|0 ≤ RN (b̃)+λ|b̃|0 ≤
RN (b1)+λ|b1|0 ≤ 1+λ.)

The following theorem describes the risk performance of penalized minimiza-
tion, which will also have a convergence rate of the form (4).

THEOREM 2 (Performance of penalized minimization). Suppose Assumptions
1, 2, 3, 4, 5, and 6 hold. Define R̃N (b) = RN (b)+λ|b|0 and b̃ = argminb∈�̄ R̃N (b).
There exists a regularization parameter

λ = cN−1/2(J +1) ln N (8)

for some constant c > 0 such that the corresponding b̃ has

R(b̃)− inf
b∈H(v)

R(b) = O(N−1/2v(J +1) ln N )

almost surely. This holds for any scope H (v) satisfying Assumption 7.

Instead of penalizing on |b|0, we conjecture that it is also possible to use a
complexity penalty constructed from |b|1 (see, e.g., Greenshtein, 2006, for the
i.i.d. case). In the following section we consider a Bayesian-flavor treatment for
empiricial risk minimization, which can allow the use of Markov chain Monte
Carlo methods (such as the Metropolis algorithm; see, e.g., Tanner, 1996) for
computation.

5. EMPIRICAL RISK MINIMIZATION WITH GIBBS POSTERIOR

In a Bayesian approach of empirical risk minimization, we will consider choos-
ing b randomly from a Gibbs posterior q(b|D) ∝ e−(N−J )ψ RN (b) p(b), where
p(b) is a prior distribution and 1/ψ > 0 is a constant called the temperature.
(The limit of low temperature corresponds to frequentist minimization; see, e.g.,
Geman and Geman, 1984.) This approach is discussed in Zhang (2006) in the i.i.d.
case. (Zhang (1999) considers choice of the temperature parameter using cross
validation.)

In the more standard Bayesian approach, b would be chosen from a posterior
distribution p(b|D) ∝ p(D|b)p(b), where p(D|b) is a likelihood function that is
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based on a probability model, such as the binary choice model yt = I (b′zt +ut >
0), where ut ’s are independent N (0,1). This method will have suboptimal classi-
fication performance when the probability model is misspecified, e.g., when there
are higher order terms of xt or interactions that are neglected by the binary choice
model yt = I (b′zt +ut > 0). This is because the usual likelihood-based posterior
will propose densities that are consistent for a minimizer of Kullback-Leibler dif-
ference (see, e.g., Kleijn and van der Vaart, 2006), rather than a minimizer of the
classification risk, among the set of linear classifiers. Such suboptimality of the
likelihood-based classification methods in the presence of model misspecification
is well known. Some descriptions of this problem are seen in, e.g., Devroye et al.
(1996, Sect. 15.2), and Jiang and Tanner (2008a). The Gibbs posterior used in
this paper, on the other hand, will have better classification performance when
the probability model is misspecified. However since the Gibbs posterior is based
on the empirical risk instead of being based on the likelihood, one cannot use
it for probabilistic inference. Despite its Bayesian flavor, the Gibbs posterior is
mainly a random method for risk minimization, where the Bayesian flavor can be
exploited to apply Markov chain Monte Carlo methods.

In Section 5.1 we will first specify assumptions on the prior distribution for
parameter b, which will be denoted as Pb below. Then in Section 5.2 we will
assess the classification performance of the resulting Gibbs posterior.

5.1. Prior Specification

In order that the Gibbs posterior generate classification rules that are competitive
among a scope of rules, e.g., H(v) with at most v selected variables, it is natural
to allow the prior to have non negligible chance to generate all such rules for
comparison.

The following assumption, roughly speaking, requires the prior to have not-too-
small probability in proposing any rule in a scope H(v), so that all such rules can
be easily proposed and compared to generate good rules in the Gibbs posterior. It
will be used later when assessing the risk performance of the Gibbs posterior in
Theorem 3.

Assumption 8 (Assumption on prior). The prior Pb is supported on H(v) for
some v satisfying Assumption 7, and there exists a constant c1 > 0 such that for
all b0 ∈ H(v), Pb[|b − b0|1 < c1δN ] > e−c1 NδN for all large enough N , where
δN = N−1/2(J +1)v ln N (as in (4)).

For one example of such a prior, consider a uniform prior on H = H(v) con-
structed this way. Split the components of b into parts b2, (bj )j∈g , and (bj )j �∈g, j �=2
for some subset g not containing index 2. In the prior, assume that given g,
independently, b2 takes value from {−1,1} with equal probability, (bj )j∈g ∼
Uniform[−C,C]|g| (this can be relaxed to a nonuniform distribution with den-
sity bounded from below in some way), and (bj )j �∈g, j �=2 = 0.
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For the prior on g, assume that the model dimension |g| + 1 follows a dis-
tribution f (m) = Pb[|g| + 1 = m] on m ∈ {1,2,3, . . . ,v} (note that |b2| = 1 al-
ways), where v is as in Assumption 7 (1 ≤ v ≤ K̃ = K + J + 1, v = o((J +
1)−1 N 1/2/ ln N )). Conditional on |g| = m −1, assume that the elements of g are

chosen randomly with probability 1
/(

K + J
m −1

)
from all K + J indexes {1,3, . . . ,

K + J +1}.
Note that the above description specifies the entire prior Pb by specifying the

priors on model dimension, on the model choice given the dimension, and on the
parameters given the model choice. The latter two parts are fixed in a uniform
scheme, and therefore Assumption 8 on the entire prior is completely specified by
the assumption on f (m), the prior on selected model dimension. The following
assumptions and results show that a prior can be used for the selected model
dimension in order to satisfy Assumption 8 on the entire prior.

Assumption 9 (Prior on selected model dimension). Regarding the prior distri-
bution f on {1,2,3, . . . ,v} for the selected model dimension, there exists a con-
stant c′

1 > 0 such that f (v) ≥ e−c′
1 NδN for all large N . Here v is as in Assumption

7 [1 ≤ v ≤ K̃ = K + J +1, v = o((J +1)−1 N 1/2/ ln N )].

The above assumption requires a not-too-small prior for selecting the maximal
model dimension v . Only the prior on the maximal dimension v matters, and
not f (1), . . . , f (v −1), because a higher dimensional model (with more nonzero
coefficients in the classification rule) can achieve a classification performance that
is arbitrarily close to the best performance of a lower dimensional rule. We now
discuss the relations between Assumptions 8 and 9.

PROPOSITION 1. Assumption 9 is a necessary condition for Assumption 8
to hold for the entire prior.

Assumption 9 is also a sufficient for Assumption 8 to hold for the entire prior
under the previously described uniform scheme (for the priors on the model choice
given the dimension and on the parameters given the model choice). This can be
more generally true for nonuniform schemes that have certain prior probabilities
bounded away from zero.

LEMMA 1 (Sufficient conditions for prior Assumption 8). Suppose Assump-
tions 5 on J and 6 on K hold. Assume that

(i) conditional on any selected g with maximal model dimension |g|+1 = v ,
the prior for the selected components (bj )j∈g∪{2} are mutually indepen-
dent, and the probability density function (or probability function) of each
selected bj -component is bounded away from zero on its support by a com-
mon constant u > 0.

Assume also that
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(ii) the prior of each model choice g given the choice of maximal model di-
mension |g|+1 = v differs by at most a constant factor, i.e.,

P[g = g2 ||g| = v −1]/P[g = g1 ||g| = v −1] ∈ [A−1, A], (9)

for some constant A > 0, for any two models g1,g2.
Then Assumption 9 on the model dimension implies Assumption 8 on the entire

prior for b.

PROPOSITION 2. When v is a constant of sample size N, Assumption 9 is
simply equivalent to f (v) > 0 on the maximal model dimension. When v is al-
lowed to increase with sample size N, subject to Assumption 7, then Assumption
9 on f is satisfied if f (m) is the probability function of a uniform distribution on
m ∈ {1,2,3, . . . ,v} or if f (m −1) is the truncated geometric or truncated Poisson
probability functions on m −1 ∈ {0,1,2,3, . . . ,v −1}.

Combining the above results, we know that Assumption 8 is very easily satis-
fied. For example, in the uniform scheme described above on the parameter and
model choice conditional on the model dimension |g|+1, the prior on the model
dimension can simply select the model dimension |g|+ 1 uniformly, or by trun-
cating a geometric or Poisson random variable, in order to satisfy Assumption 8
on the entire prior.

It can be shown that Assumptions 9 and 8 will not be satisfied when the prior on
|g|+1 has too thin a tail and when v grows with N too quickly. For example, when
|g| + 1 has a probability function f (m) proportional to e−em

, m = 1,2, . . . ,v ,
where v is such that v−1 ln N = o(1), the assumptions on the priors will fail.
A more trivial counter-example for Assumption 8 can be, simply, when f (v) =
0, so that f (m) is supported on {1,2, . . . ,v − 1}. In this case the resulting prior
will always miss at least one variable and cannot lead to optimal classification
performance relative to H(v) in general.

5.2. Risk Performance of Gibbs Posterior

Now we assess the performance of classification rules that are randomly generated
from the Gibbs posterior.

Suppose b|D is generated according to the Gibbs posterior q(b|D) ∝
e−(N−J )ψ RN (b) Pb(b) as described before. We consider the risk performance when
(b, D) ∼ P∗

b,D = q(b|D)P∗(D) (P∗ represents the true distribution under which
data D is generated).

THEOREM 3 (Performance of Gibbs posterior). Suppose Assumptions 1, 2, 3,
and 4 hold for the underlying time series. Suppose the following assumptions also
hold: Assumption 5 on the number of lags J to select from, Assumption 6 on the
number of exogenous variables K to select from, Assumption 7 on the class of
rules H = H(v), and Assumption 8 on the prior Pb. For all ζ > 0, there exists a
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constant cζ1 > 0 such that, for all large enough N, we have

P∗
b,D[R(b)− inf

b∈H(v)
R(b) > 5cζ1 N−1/2(J +1)v ln N ] ≤ N−ζv/2. (10)

Note that this implies almost surely

R(b)− inf
b∈H(v)

R(b) = O(N−1/2(J +1)v ln N )

by the Borel-Cantelli lemma. The resulting convergence rate is also of the form
(4) when comparing to the best linear classifiers with variable selection, which is
analogous to the near optimal rate O(

√
ln N/N ) (see, e.g., Devroye et al., 1996,

Chs. 12 and 14) derived in classical situations of empirical risk minimization. In
the classical situations i.i.d. data are considered for classification with finite di-
mensionality and with no variable selection. We, on the other hand, allow depen-
dent data with exponential strong mixing and variable selection for classification
in potentially high dimensions.

6. DISCUSSION

In this paper we have studied the convergence rates of both frequentist-style and
Bayesian-style methods for empirical risk minimization, when the risk of inter-
est is the classification error in time series of binary choice. The Bayesian-style
treatment involves using a Gibbs posterior that is derived from the empirical risk
and a prior. We use variable selection to handle a potentially high number of ex-
planatory variables and lags and show that good risk performance can be achieved
despite high dimensionality.

Several papers are related to the current work from different perspectives. Stock
and Watson (2006) provide a comprehensive survey on forecasting with many pre-
dictors, which covers methods such as the dynamic factor models and Bayesian
model selection, which all require parametric probability modeling. Our method,
on the other hand, is based directly on the empirical risk of classification error and
is more similar to Elliott and Lieli (2005), who study prediction of binary out-
comes and actually allow more general utility functions. Elliott and Lieli (2005)
focus on a finite dimensional setup. In contrast, our paper addresses high dimen-
sional classification and variable selection and also discusses a Gibbs posterior
approach for risk minimization. Recently, Lijoi, Prünster, and Walker (2007) con-
sidered Bayesian consistency in the style of Doob (1949), using the likelihood-
based posterior. In contrast, our work studies convergence rates in the frequentist
style and uses a nonlikelihood-based posterior that is more robust against model
misspecification.

Several possible extensions may be made to the current work on dependent
data:

1. It is noted that in this paper, for the Gibbs posterior approach, we have
assumed a bounded support of the prior being the same as the scope of
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comparison H . This may not be necessary, as Jiang and Tanner (2008a) show
that one can also allow priors with unbounded support such as the normal
priors for the selected parameter components in the i.i.d. case.

2. Here we consider a scope of comparison H that contains classification rules
that only depend on a few (v) out of possibly many (K + J + 1) candidate
explanatory variables. More general scope H ’s can also be used, where H
can include classifiers that depend on all candidate explanatory variables,
where although only a few are important, the rest can have small and nonzero
impact on classification.

3. Similar to Elliott and Lieli (2005), it is also possible to consider risk func-
tions that are more general than the classification error, which can include
risk functions of practical interest in data mining, that are related to dollar
costs or profits related to marketing decisions.

4. Although we consider a Gibbs posterior constructed from the discrete sam-
ple classification error, a smoothed version can also be used, which is similar
to the smoothed version (Horowitz, 1992) of the method of maximum score
(Manski, 1975, 1985), which can be regarded as the frequentist counterpart
of the Gibbs posterior approach in this paper.

5. Our paper considers empirical risk minimization with variable selection,
which can be easily applied to obtain multistep predictions of a binary out-
come in a direct procedure (as described in, e.g., Stock and Watson, 2004).
Our current formalism, however, does not lead to a straightforward method
to do iterative multistep prediction, since we do not make a parametric as-
sumption on p∗( yt = 1|zt ), which is needed to derive iterative forecasts.
It will be an interesting future work to make additional assumptions on
p∗( yt = 1|zt ) so that it can be consistently estimated in the high dimen-
sional case for derivation of iterative forecasts.
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APPENDIX

The following lemma on the uniform deviation of RN − R will be used for obtaining
the risk performance results in the main theorems. We omit the proof here, since a slightly
more general version of the lemma is contained in Jiang and Tanner (2008b), which is a
technical report version of this paper that contains the details of the proofs. (The lemma
here corresponds to the special case β = 1 for Lemma 1 of Jiang and Tanner, 2008b.)

LEMMA A.1. (Uniform bound with scope H(v)). Suppose Assumptions 1, 2, 3, 4, 5,
and 6 hold. For all ζ > 0, there exist constants cζ ,mζ > 0 such that, for all large enough
N, for all v satisfying

1 ≤ v ≤ min{mζ (J +1)−1 N 1/2/ ln N , K + J +1} ≡ vζ , (A.1)

we have

P∗
D[ sup

b∈H(v)
|Rn(b)− R(b)| > cζ N−1/2((J +1)v ln N )] ≤ N−ζv , (A.2)

where H(v) = {b ∈ �̄ : |b|0 ≤ v}.
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Proof of Theorem 1. Note that (by applying, e.g., Lemma 8.2 of Devroye et al., 1996)
2supb∈H |Rn(b)− R(b)| ≥ R(b̂)− infb∈H R(b) and therefore [R(b̂)− infb∈H R(b) > 2δ]
implies [2supb∈H |Rn(b)− R(b)| >2δ]. So P∗

D[R(b̂)− infb∈H R(b)>2δ] ≤ P∗
D[2supb∈H

|Rn(b)− R(b)| > 2δ], which is bounded by N−ζv for all large N due to Lemma A.1, if
we choose δ = cζ N−1/2(J +1)v ln N . n

Proof of Theorem 2. Write the difference in two parts: R(b̃)− infb∈H(v) R(b) = I +
II ≡ {R(b̃)− R̃N (b̃)}+{R̃N (b̃)− infb∈H(v) R(b)}. If we take bv = argminb∈H(v) RN (b),
and denote �( j) = supb∈H( j) |RN (b)− R(b)| for each integer j , then

II ≤ R̃N (bv )− inf
b∈H(v)

R(b)

≤ λv + RN (bv )− inf
b∈H(v)

R(b)

= λv + inf
b∈H(v)

RN (b)− inf
b∈H(v)

R(b)

≤ λv +2�(v)

by applying, e.g., Lemma 8.2 of Devroye et al. (1996).
Now

I = R(b̃)− RN (b̃)−λ|b̃|0
≤ v0

sup
j=1

{�( j)−λ j},

since |b̃|0 ≤ v0 as argued before in (7). We will take λ to be of the form (8) for some c > 0.
Note that this and Assumption 5 on J imply that λ−1 ≥ 1, and that v0 ≤ min{(2/λ), K +
J +1} ≤ vζ for all large enough N , if we choose a suitably large constant c in λ. Here vζ is
the upper limit of dimensions used in Lemma A.2. Then, for all large enough N (common
to all j below), Lemma A.2 states that

P∗[�( j) > cζ (λ/c) j] ≤ N−ζ j

for all j = 1, . . . ,v0. The above inequality also holds for j = v appearing in term I , for all
large N , since v satisfies Assumption 7 and thus v = o(vζ ).

These show that for all large N , with high probability at least 1−∑∞
j=1 N−ζ j ,

I + II ≤ {λv +2cζ (λ/c)v}+ v0
sup
j=1

{cζ (λ/c) j −λ j}

≤ 3λv +0

= 3cN−1/2(J +1)v ln N ,

by taking a suitably large constant c. The probability of the complement of this event is at
most ∑∞

j=1 N−ζ j ≤ 2N−ζ for all large N . Then taking ζ = 2 and applying Borel-Cantelli
lemma we know that with probability one, the above inequality of I + II holds for all
large N . n

Proof of Proposition 1. Take b0 in Assumption 8 to be a vector with the first v com-
ponents being 1 and other components being 0. Then any b vector in H(v) must have
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exactly v nonzero components (|b|0 = v) to satisfy |b − b0|1 < 1. So f (v) = P[|b|0 =
v] ≥ Pb[|b −b0|1 < 1] ≥ e−c1 NδN for all large N . n

Proof of Lemma 1. Select any b0 ∈ H(v). Let g be a model that contains b0. That
is, all nonzero components b0 have indexes in set g ∪{2}. We will choose such a g with
dimension v − 1. This is possible since b0 lies in H(v) and cannot have more than v − 1
nonzero components other than (b0)2. Choose c1 = 4c′

1 from Assumption 9. Then we have

Pb[|b −b0|1 < c1δN ] ≥ Pb[g]Pb[|b −b0|1 < c1δN |g]

(a)≥
{

f (v)A−1
(

K + J
v −1

)−1
}

× Pb

[
b2 = (b0)2,v sup

j∈g
|bj −b0 j | < c1δN

∣∣g
]

≥
{

f (v)A−1
(

K + J
v −1

)−1
}

× inf
b2∈{±1} P(b2)× inf

b
p((bj )j∈g |g)(c1δN /v)v−1

(b)≥
{

A−1
(

K + J
v −1

)−1
(c1δN /v)v−1

}
× f (v)× inf

b2∈{±1} P(b2)× inf
b

p((bj )j∈g |g).

For step (a), we have used assumption (ii) of Lemma 1. Note that by summing over

all the possible g2’s in (9)

(
there are

(
K + J
v −1

)
of them

)
, we obtain P[g||g| + 1 = v] ≥

A−1
(

K + J
v −1

)−1
, which implies (a).

The first factor on the right-hand side of inequality (b) can be bounded by, for all large
N ,{

A−1
(

K + J
v −1

)−1
(c1δN /v)v−1

}
≥ e−cv ln N > e−c1 NδN /4

for some constant c > 0, using

v ln N = o(NδN ). (A.3)

All of these can be easily verified due to Assumption 7 on v , choice (4) for δN , and
Assumptions 5 and 6 on J and K , respectively. Note that for the second to fourth fac-
tors we have

f (v) ≥ e−c′
1 NδN = e−c1 NδN /4

due to Assumption 9; and due to assumption (i) of Lemma 1, we have

inf
b2∈{±1} P(b2) ≥ u ≥ e−c1 NδN /4,

inf
b

p((bj )j∈g |g) ≥ uv−1 ≥ e−c1 NδN /4,

for all large N .
Then Pb[|b − b0|1 < c1δN ] > e−c1 NδN for all large N , by combining the four

factors. n

Proof of Proposition 2. The part of the statement when v is a constant of N is trivial.
In the more general case, to lower bound f (v), note that the truncated probabilities will
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be greater than the untruncated ones. Using Assumption 7 on v and expressing δN =
N−1/2(J +1)v ln N lead to the proof. n

Proof of Theorem 3. By applying Proposition 6 of Jiang and Tanner (2008a), we have,
for any δ > 0,

P∗
b,D

[
R(b)− inf

b∈H
R(b) > 5δ

]

≤ P∗
D

[
sup
b∈H

|RN (b)− R(b)| > δ

]
+ e−2(N−J )ψδ/Pb

[
R(b)− inf

b∈H
R(b) < δ

]
,

since the prior is supported on H in this paper.
So we only need to show that P∗

D[supb∈H |RN (b)− R(b)| > δ] is not too large, and that
Pb[R(b)− infb∈H R(b) < δ] is not too small.

We will set

δ = cζ1 N−1/2(J +1)v ln N ≡ cζ1δN ,

where cζ1 is a constant to be decided later through several steps. If cζ1 > cζ (†), then we
can apply Lemma A.1 to ensure that for all large enough N , P∗

D[supb∈H |RN (b)− R(b)| >
δ] ≤ N−ζv .

Now consider Pb[R(b)− infb∈H R(b) < δ]. Due to (the proof of) Lemma 4 (ii) of Jiang
and Tanner (2008a), R is continuous and satisfies a Lipshitz condition R(b) − R(b′) ≤
W |b − b′|1 for all b,b′ ∈ � such that |b − b′|1 < 1, for some constant W , under As-
sumptions 3 and 4 on the data generating mechanism. Also, H is easily shown to be
closed and bounded and therefore infb∈H R(b) = R(b0) for some b0 ∈ H . So Pb[R(b)−
infb∈H R(b) < δ] ≥ Pb[|b − b0|1 < W−1δ] > e−Nψδ for all large enough N , under As-
sumption 8 on the prior Pb and our choice δ = cζ1δN , if cζ1 > max{W c1,ψ−1c1} (‡). Now

we combine the two requirements (†)(‡) on cζ1 and choose cζ1 > max{W c1,ψ−1c1,cζ }.
Then, for all large enough N ,

P∗
b,D

[
R(b)− inf

b∈H
R(b) > 5δ

]

≤ N−ζv + e−2(N−J )ψδeNψδ

≤ e−ζv ln N + e−cNδ

for some constant c > 0 due to Assumption 5 on J . The second term is less than the first
for large N due to v ln N = O(Nδ) (which is easily verified for our choices of δ and v).
Then the upper bound is ≤ 2e−ζv ln N ≤ N−ζv/2 for all large N . n
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