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Abstract
This prospective offers a new Bayesian framework that could guide the systematic application of the emerging toolsets of machine learning in
the efforts to address two of the central bottlenecks encountered in materials innovation: (i) the capture of core materials knowledge in
reduced-order forms that allow one to rapidly explore the vast materials design spaces, and (ii) objective guidance in the selection of exper-
iments or simulations needed to identify the governing physics in the materials phenomena of interest. The framework builds on recent
advances in the low-dimensional representation of the statistics describing the material’s hierarchical structure.

Introduction
The announcement of the Materials Genome Initiative (MGI)[1]

as a national strategic initiative has spurred research explorations
in completely new cross-disciplinary directions that are poised
to cut across conventional disciplines such as materials science,
manufacturing science, mechanics and design, and the emerging
disciplines such as data sciences and informatics.[2–10] One of
the important outcomes from these explorations is the increased
recognition and appreciation of the critical role of data sciences
and informatics, in conjunction with experimental and model-
ing sciences, in supporting the MGI vision for accelerated
materials innovation. It is now becoming clear that materials
data sciences and informatics can support the MGI vision in
at least two ways. First, materials data sciences can offer
novel toolsets for maximizing the re-usable knowledge mined
from the large experimental and modeling datasets produced
by materials researchers and specialists. This is particularly
important because the past few decades have witnessed
tremendous advances in both physics-based multiscale materi-
als modeling[11] and multi-resolution multiscale materials
characterization (e.g., Refs. 12–15), which have dramatically
increased the volume and velocity of materials data. Since the
advances in experimental and computational materials sciences
are expected to further intensify in coming years, there is a crit-
ical need to support these advances with suitable data analytic
tools. Only through the proper use of materials data analytic
tools we will be able to systematically and comprehensively
analyze very large datasets produced by materials researchers,
mine the embedded knowledge in the previously aggregated
datasets, and objectively guide future effort while increasing
efficiency and productivity. Second, materials informatics can
play a critical role in facilitating intimate and seamless commu-
nications between the diverse stakeholders of the materials

innovation community. These communications deal with the
exchange of high-value knowledge and expertise between the
specialists in different disciplines contributing to the materials
innovation effort. Examples would include the communication
of core materials knowledge between materials researchers and
design/manufacturing experts or the communication of critical
insights and needs between materials experimentalists and
materials modelers.[9,16,17] From the recent and ongoing explo-
rations, it is becoming abundantly clear that the emergent tool-
sets in data sciences and informatics will need to be highly
customized[7,17–20] and deployed in order to support the vision
and goals of MGI, i.e., cut the cost and time incurred in
advanced materials innovation and deployment efforts by
half. If properly addressed, the introduction of modern materi-
als data science and informatics tools can lead to a new gener-
ation of digital materials knowledge systems[8,9,16,17,21] and a
complete digitization of materials innovation workflows.
Such a digital transformation can in turn facilitate the design
and implementation of fully automated and autonomous explo-
rations for advanced materials discovery, development, and
deployment.

Machine learning tools have proven invaluable in many
applications of data sciences and informatics ranging from rec-
ommendation systems[22] to cancer detection[23] to self-driving
cars.[24] They are now beginning to be applied to problems in
materials science and engineering. Notable successes have
been realized in automated extraction of materials data from
published reports,[25,26] automated identification of salient fea-
tures in images,[27,28] and the identification/prediction of mate-
rial chemistries and internal structures with unusual/superior
combinations of properties.[29–40] These recent applications
have indeed clarified the potential benefits that could accrue
from the insertion of data sciences and informatics toolsets
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into the materials innovation workflows.[9,21] However, it
should be recognized that the accuracy and utility of data-
driven approaches such as machine learning are largely dictated
by the amount of available data. The current practices in the
material community have resulted in highly fragmented storage
of the relevant data (often they reside in different file formats on
different computers even in a single organization) that makes
the sharing and aggregation challenging. Indeed, there are sev-
eral ongoing efforts aimed at removing the barriers to data shar-
ing and aggregation.[7,41,42] Parallel to these efforts, there is
also a critical need to identify an overarching theoretical frame-
work for the application of machine learning approaches to
problems encountered in materials innovation. The adoption
of such a framework will facilitate and support the curation
of the data-driven models by the diverse stakeholders engaged
in materials innovation efforts. In other words, the framework
should allow multiple research groups to collaboratively
develop, validate, and share the critically needed data-driven
models. A templated model building workflow that is modular
while allowing multiple options for each module would facili-
tate such a broad community-level collaboration.

A central tenet in the field of materials science and engineer-
ing is that the processing history controls the material’s internal
structure, which in turn controls the effective (macroscale)
properties or performance characteristics exhibited by the mate-
rial. The core materials knowledge needed to drive materials
innovation is therefore most conveniently captured in the
form of process–structure–property (PSP) linkages.[10,43–48]

At the meso-length scales (from about 1 to about 100 µm),
the relevant process variables include thermo-mechanical vari-
ables (e.g., temperature and time in a thermal treatment, reduc-
tion level in cold-rolling), the material internal structure
variables aim to capture the salient details regarding the constit-
uent (thermodynamic) phases (e.g., volume fractions, size and
shape distributions of the different phases present, distributions
of lattice orientations and/or grain sizes and/or grain shapes in
case of crystalline constituents, grain and/or phase boundary
character distributions), and the properties of interest reflect
measures of various structural and functional performance
characteristics of the material (e.g., elastic modulus, yield
strength, failure strength, fracture toughness, and electrical/
thermal conductivities). It has been recently demonstrated
that the concept of PSP linkages can be extended to other mate-
rial length scales such as the atomic length scales.[49] As a spe-
cific example, in the study of grain boundaries, the process
variables might capture the grain boundary character defined
in terms of the lattice misorientation and the grain boundary
plane orientation, the material structure variables will reflect
the salient features of the disordered/distorted atomic structure
in the grain boundary region, and the excess grain boundary
energy may serve as the property variable.

Systematic application of the PSP framework in materials
innovation currently faces several hurdles. These include: (i)
lack of a broadly adopted consistent mathematical framework
for the rigorous statistical quantification of the material internal

structure (this should be applicable to diverse material systems
at multiple hierarchical length scales while being comprehen-
sive enough to capture all of the salient details of the material
internal structure; see the comprehensive review from
Bostanabad et al.[50]), (ii) lack of a formal framework for cap-
turing the uncertainty in the extracted PSP linkages (this is
essential for making good decisions on where to invest the
next effort in any specific material innovation effort), and (iii)
lack of a formal framework for the fusion of information
obtained from disparate sources (such as the different types
of experiments and the different numerical simulation tools
employed by material scientists and engineers to gain valuable
insights into the material behavior at different length scales).
The central goal of this prospective is to offer a new founda-
tional mathematical framework that addresses the critical
gaps identified above. The framework presented here combines
the previously established PSP framework[10] with modern
Bayesian approaches[51–55] in order to circumvent the hurdles
listed above.

Statistical framework for PSP linkages
In a statistical framework, all of the variables (inputs, outputs,
and model parameters) are treated as stochastic variables. For
the current discussion, this requires us to treat the process,
the structure, and the property variables as stochastic variables
that can only be defined through suitable probability distribu-
tions (in other words, it is implicitly assumed that none of
these can be precisely determined for any given material sam-
ple). Let P [ R denote a suitably defined single property of
interest. Throughout this paper variables with multiple compo-
nents (e.g., vector or matrix arrays) will be shown in bold font.
Process variables can be defined generally as a set of real var-
iables (in this treatment any categorical variables involved
would be suitably mapped into binary integer variables).
Let P [ Rn denote a suitably defined n-dimensional process
variable of interest. As already noted, the material structure
variable aims to capture all of the salient features that might
influence the property of interest. Let m [ M denote a
multi-dimensional statistical descriptor of the material inter-
nal structure, where each dimension represents a different fea-
ture (attribute). In this notation, M denotes the complete set
of all theoretically possible values for μ. As such, M denotes
an unimaginably large set.

The PSP linkages of interest are necessarily mediated by the
physics controlling the underlying multiscale materials phe-
nomena. In general, for a given material sample, the governing
physics is not fully known a priori. Specification of the govern-
ing physics is usually accomplished in multiple forms. In its
simplest form, this is accomplished through the specification
of material-specific parameters in established physical laws
(e.g., field equations expressed in differential or integral
forms, material constitutive laws). As a simple example, the
governing physics in elastic deformation of heterogeneous
materials is expressed through the specification of a finite num-
ber of elastic stiffness parameters in Hooke’s law (see Ref. 56).
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In the more complex cases, the governing physics may be spec-
ified by introducing functions with unknown parametric forms
(i.e., unknown model forms). In such cases, it would be conve-
nient to introduce the unknown function using a suitable basis
(e.g., a Fourier basis) which then reduces the specification of
the governing physics to the specification of the weights (i.e.,
coefficients) of the selected basis. In a completely different
but equivalent approach, the governing physics may be speci-
fied through Green’s function-based influence kernels operat-
ing on material structure functions.[10,48,57,58] These kernels
can also be expressed in digital forms (either through sampling
or through the use of a suitable Fourier basis[59]). Let φ∈Φ
denote the vector set of stochastic variables used to specify
the governing physics in a given material sample in any of
the mathematical forms described above. In this notation,Φ
denotes the corresponding complete set of all theoretically pos-
sible values for φ.

Let us consider the statistical formulation for a structure–
property linkage. The goal for this linkage is to build a
mathematical model that takes as input the distributions on
the material structure and the governing physics (i.e., p(μ)
and p(φ), respectively) and outputs the distribution on the prop-
erty of interest (i.e., p(P)). Similarly, for a process–structure
linkage, p(P) and p(φ) will become the inputs, while p(μ)
becomes the output. Let us now consider the information
sources at our disposal for obtaining the data needed for estab-
lishing the PSP linkages in the statistical framework defined
above. Broadly speaking, we have two general classes of infor-
mation sources: (i) multiscale experiments and (ii) multiscale
simulations. These two classes of information sources present
very different avenues for exploring PSP linkages. In the exper-
iments, one typically employs various materials characteriza-
tion equipment that allow sampling of p(P), p(μ), and p(P).
However, in practice, many limitations arise in efforts aimed
at directly sampling these distributions; these are largely attrib-
utable to the limited capabilities of the currently available
equipment (e.g., resolution limits, specialized skills needed
for good sample preparation, inability to measure directly the
quantities of primary interest) and available budget. Recent
advances made in multiscale physics-based simulation toolsets
[e.g., finite element (FE) methods,[60,61] phase-field meth-
ods,[62,63] dislocation dynamics,[64,65] and molecular statics/
dynamics[66,67]] have raised the exciting possibility that they
can contribute large datasets for harvesting the PSP linkages
needed in materials innovation. In the context of the statistical
framework introduced in this paper, the multiscale physics-
based numerical simulation toolsets provide datasets that corre-
spond to specified governing physics. As an example, in
exploring structure–property linkages using physics-based sim-
ulation tools, one can hope to sample the distribution p(P|μ, φ,
Σμ, Σφ). In this notation, Σ denotes the covariance matrix
(reduces to variance for a univariate distribution) for the vari-
able set identified by the subscript. Therefore, in order to estab-
lish p(P|μ, φ, Σμ, Σφ), one needs to specify the material structure
and the governing physics along with their associated

variances, and then execute a sufficiently large number of
numerical simulations to sample the property distribution.
Likewise, in exploring the process–structure linkages using
multiscale simulation tools, one can hope to sample the distri-
bution p(m|P,w, SP,Sw).

The practical implementation of the statistical framework
outlined above has encountered two major hurdles. The first
major hurdle arises from the extremely high cost of experimen-
tally sampling the distributions p(P), p(μ), and p(P). The cost
becomes prohibitively high for any statistically meaningful
sampling of these distributions, especially when one aims to
include details of the material internal structure and their
local mechanical/functional responses at the lower length
scales. Similarly, even the sampling of distributions p(P|μ, φ,
Σμ, Σφ) and p(m|P,w, SP,Sw) through the execution of a
large number of numerical simulations employing physics-
based models also incurs a high cost as these toolsets demand
significant computational resources. The second major hurdle
comes from the lack of a formal approach for synergistic fusion
of the high-value knowledge embedded in the datasets obtained
from the experiments and the simulations. In other words, a
suitable framework does not exist currently that facilitates sys-
tematic and optimal learning of PSP linkages using datasets
gathered from both types of information sources (i.e., experi-
ments and simulations), while exploiting their relative merits.

In view of the challenges described above, it is argued by the
author that a completely new formulation is needed to address
the extraction, aggregation, and curation of the core materials
knowledge needed to drive materials innovation. It is proposed
that the new formulation should be centered around the prob-
lem of identifying the governing physics underlying the PSP
linkages of interest. Recent work has demonstrated the capabil-
ity of modern machine learning algorithms to be informed by
known physics.[68] There is a clear need to extend these
approaches to the challenges encountered in materials innova-
tion. Specifically, the new formulation needed to guide materi-
als innovation should be designed to engage optimally both the
multiscale experiments and multiscale simulations as potential
information sources. Furthermore, it would be highly beneficial
to formulate the problem in a Bayesian framework as we expect
that there will always be some uncertainty associated with both
our assessment of the governing physics in a given material
sample as well as the PSP linkages formulated based on the
incomplete and uncertain understanding derived from the lim-
ited available data.

For the rest of this paper, we will assume that the distribu-
tions of interest are defined as normal distributions with the
notationN (x|�x,Sx). In other words, the distributions of interest
here are expressed as

p(P) = N (P|�P,Sp); p(m) = N (m|�m,Sm);

p(P) = N (P| �P,SP); p(w) = N (w|�w,Sw)
(1)

where the bar on the top of a variable denotes its mean value.
Indeed, p(w) = N (w|�w,Sw) specifies a prior distribution on
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the governing physics, where Σφ is expected to reflect a very
large prior uncertainty in the governing physics of interest.
Let E denotes a set of experimental observations and ΣE the
associated variance with these observations. As an example,
when pursuing structure–property linkages in elastic deforma-
tion of a composite material, the set of experimental observa-
tions E would include data regarding a multitude of
composite microstructures (a framework for rigorous quantifi-
cation of the material internal structure will be discussed
later) and the values for their associated elastic stiffness (a sym-
metric fourth-rank tensor), and φ would comprise the unknown
material parameters needed to define the elastic stiffness of the
individual phases present in the material microstructure.

Using the notation established above, a Bayesian update of
the governing physics can be expressed as

p(w|E,SE)/ p(E|w,SE) p(w) (2)

where p(E|φ, ΣE) denotes the likelihood function reflecting the
probability of the realization of E for specified values of (φ, ΣE)
and p(φ|E, ΣE) denotes the (updated) posterior distribution on
the governing physics. The formulation proposed in Eq. (2)
offers many advantages compared with the current practices
in the materials innovation tasks. First, it offers a systematic
approach for discovering the governing physics in any selected
multiscale materials phenomenon of interest that could poten-
tially lead to autonomous explorations (discussed in more detail
later). Second, given the high cost of multiscale experiments, it
offers opportunities for optimal design of new experi-
ments[53,55,69–71] aimed at maximizing information gain with
each new experiment conducted. Third, and perhaps most
importantly, it offers the best opportunity for the insertion of
multiscale simulation tools in the materials innovation work-
flows. This is because the likelihood function p(E|φ, ΣE) eval-
uates probabilities that are conditional on specified governing
physics; such an evaluation can only be conducted with
physics-based simulation tools (it would be impossible to eval-
uate the likelihood function directly from experiments). Fourth,
an analytical closed form solution can be established for Eq. (2)
by utilizing normal distributions and maximization of the like-
lihood.[72–74] Alternately, the form of Eq. (2) is also amenable
to the sampling of the posterior using Monte Carlo Markov
chain-based approaches.[75,76]

The central impediment in the practical implementation of
Eq. (2) in materials innovation tasks comes from the lack of via-
ble approaches for the direct computation of the likelihood
function p(E|φ, ΣE). As already noted, the only avenue avail-
able currently for sampling this distribution is through the
use of physics-based multiscale simulations. However, this
task has encountered several hurdles, which have stymied fur-
ther progress. First, given the significant demands placed on
computational resources by the multiscale materials models,
it is currently impractical to evaluate the likelihood function
directly through the execution of the physics-based toolsets.
Second, the material internal structure (μ) needs to be included

in E in a low-dimensional form for one to practically evaluate
the likelihood function defined above. This presents a signifi-
cant challenge as it needs to strike a balance between dimen-
sionality of the representation and the ensuing accuracy.

Given all of the considerations presented above, the author
proposes that the only practical way out of the current predica-
ment is to first establish highly reliable and robust surrogate
(i.e., reduced-order) models for the physics-based multiscale
simulation tools, and subsequently employ the surrogate mod-
els for evaluating the likelihood function p(E|φ, ΣE). The emer-
gent data science toolsets, including machine algorithms and
codes, are ideally suited for addressing the many hurdles iden-
tified above in the practical implementation of a Bayesian
framework for objectively guiding the materials innovation
efforts. These opportunities are discussed next with illustrative
examples where available.

Prospective applications of machine
learning in materials innovation
Recent advances in the field of machine learning have opened
new research avenues for addressing the major hurdles identi-
fied in the previous section. Selected exemplars of these new
research directions covering a broad range of prospective appli-
cations in materials innovation are presented next.

Statistical quantification of material structure
As already mentioned, a central challenge in establishing the
PSP linkages needed to drive materials innovation comes
from the need to establish a low dimensional, but sufficiently
accurate, statistical representation of the material internal struc-
ture, μ. Addressing this challenge requires a novel formalism
for efficiently learning the salient features in the material struc-
ture. Furthermore, we desire the framework to exhibit versatil-
ity (allow generalization to all relevant structure/length scales
in most material systems), extensibility (allow systematic incor-
poration of more detailed information as needed), high level of
recoverability of the original microstructure when needed,
broad applicability, and high efficacy in extracting the desired
PSP linkages. Traditionally, simplistic parameters such as vol-
ume fraction (e.g., Refs. 77,78) and average particle/grain size/
spacing (e.g., Refs. 79–81) have been used as statistical mea-
sures of the mesoscale material structure. It should be recog-
nized that these simplistic measures of material structure do
not meet most of the desired criteria listed above.

In order that the reader appreciates the difficulty involved in
this task, an example of mesoscale three-dimensional material
structure measured experimentally[82,83] in a polycrystalline
metal sample is shown in Fig. 1. This particular representation
of the discretized (i.e., voxelized) material internal structure
involves 1670 × 770 × 200 × 3 = 771.54 × 106 real numbers.
This would be referred to as the high-dimensional representa-
tion of the material structure. It is impossible and unnecessary
to use such a high-dimensional representation of the material
structure in extracting practically useful PSP linkages.
Indeed, a much smaller set of as yet unidentified statistical
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descriptors of the material structure are likely to dominate the
PSP linkages of interest. There is a critical need for advanced
algorithms for learning these salient features. Given our interest
in formulating and sharing highly versatile and extensible PSP
linkages across different materials classes and application
domains, it would be desirable to arrive at the low-dimensional
representation of the material internal structure using unsuper-
vised learning approaches that are not informed by the specific
details of the materials processing history or the macroscale
(effective) properties exhibited by the material. In other
words, we should aim to formulate a consistent framework
for the quantification of the material structure that can be
used in formulating both the process–structure linkages as
well as the structure–property linkages across multiple materi-
als classes and application domains.

In recent years, the author’s research group has advanced a
framework[10] for a rigorous statistical quantification of the
material internal structure that meets most of the desired criteria
listed earlier. This was accomplished by bringing together the
concepts of n-point spatial correlations and principal compo-
nent analyses (PCA) for high-value low-dimensional represen-
tations of the statistics related to the material internal structure.
Although the learning in this approach occurs based on the sim-
ple concept of the capture of variance in a given ensemble of
material internal structures using a well-established computa-
tionally efficient algorithm (i.e., singular value decomposition),
it does not negate its high utility in mining PSP linkages from
experimental and simulation datasets.[35,36,38,84] It is argued by
the author that the PC scores obtained in these protocols serve
as highly efficient representations of μ. It has been generally
observed that around 5–10 PC scores are adequate to represent
the material structure with adequate fidelity.

A foundational element in the new material structure quan-
tification framework mentioned above is the concept of a mate-
rial structure function[10,48,85,86] that maps any specified
combination of the material local state (defined with sufficient
specificity to distinguish all of the potential local states encoun-
tered in each voxel of the material structure) and an indexed
voxel to the joint probability of their co-existence. In doing
so, this function takes as inputs a wide variety of descriptors
of the local material state in each voxel and simply outputs a
probability value that can be consistently interpreted across
multiple material classes and length scales. As a specific exam-
ple, for the material structure shown in Fig. 1, the relevant
descriptors of the material local state would include the thermo-
dynamic phase identifier (prescribed by a categorical variable)
and the crystal lattice orientation (prescribed by a set of three
continuous real numbers). If additional information at the
scale of the individual voxels in this material structure becomes
available (e.g., dislocation density), it can be easily appended to
the local state descriptors, while the output of the expanded
microstructure function maintains the same interpretation as a
probability value. In this formalism, the information on grain
(or phase) boundary character is automatically captured, albeit
in a discretized (i.e., voxelized) manner. This is because when
the phase or grain orientation changes from one voxel to the
other, it implicitly captures the phase or grain boundary.
Indeed, while the lattice misorientation across the boundary is
captured to a higher fidelity in this formalism, the boundary
plane itself is captured only to the level of accuracy allowed
by the discretized representation of the material volume.
However, the voxelized description of the material structure
function lends itself to the use of discrete Fourier transforms
in the efficient computation of the spatial correlations. This
framework and the associated computational algorithms are
now broadly shared through the open source code repository
PyMKS.[19]

The versatility of the concept described above lies in its
applicability to virtually all materials classes and all material
structure/length scales. For example, in describing the material
structure at the atomic length scales (could be a metal, polymer,
or a ceramic), one can either use a binned local state descriptor
identifying different chemical species[49] or a combination of
parameters that indirectly identify the chemical species (e.g.,
an atomic species can be prescribed through a suitable combi-
nation of parameters such as atomic mass, atomic radius, elec-
tronegativity, etc.). In a recent application involving molecular
dynamics simulated semi-crystalline polyethylene molecular
structures,[87] it was found useful to aggregate blocks of
atoms and label them as either crystalline or amorphous constit-
uents based on the degree of orientation exhibited in the blocks.
Spatial correlations computed on these molecular structures
using the approach described above facilitated a rigorous quan-
tification of the changes induced in the molecular structures
during different stages of imposed deformation and subsequent
recovery.

Figure 1. Mesoscale three-dimensional internal structure of beta-stabilized
polycrystalline titanium containing 4300 crystals (or grains). The material
structure information is represented in an array of 1670 × 770 × 200 × 3,
where the first three numbers reflect the number of voxels in each of the three
spatial dimensions, and the fourth reflects the number of parameters (here a
set of three Euler angles) needed to specify the material state in each voxel.
The color key shown in the bottom right depicts information about the Euler
angles in a stereographic projection of the crystallographic orientation
parallel to the Z-axis. Reproduced from Refs. 75,76
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The central advantage of this new framework is that it pro-
duces an objective (unsupervised) low-dimensional representa-
tion of the material structure statistics that automatically
maximizes our ability to reconstruct the statistics of the original
material structure. This, of course, is a property of PCA. The
reconstruction of the original material structure from the statis-
tics, however, requires other sophisticated computational strat-
egies.[50,88–90] Although there exist a number of other
dimensionality reduction strategies (e.g., kernel PCA,[91] local
linear embedding,[92] and local tangent space alignment[93]),
none has been found to produce an improved low-dimensional
representation of the material structure statistics for the many
case studies explored thus far by our research group.

In spite of the advances summarized above, there exist sev-
eral unresolved problems in the statistical quantification of the
material internal structure that could benefit from further cus-
tomized exploration of modern machine learning approaches.
Most of the explorations using the strategies described above
have been limited to two-point spatial correlations. It is now
well understood that higher-order correlations (e.g., three-point
spatial correlations and above) play an important role in captur-
ing localized information[94,95] controlling failure characteris-
tics of materials.[96,97] The techniques described above are
not easily scalable to higher-order spatial correlations beyond
the two-point spatial correlations. There is also the potential
that we might be able to skip completely the feature engineer-
ing step in the formulation of PSP linkages using approaches
such as convolution neural networks (CNNs)[98,99] or produce
low-dimensional embedding for material internal structures
directly using CNNs.[100]

Data-driven reduced-order PSP linkages
The task of low-dimensional representation of the material
structure addressed in the previous subsection can be thought
of as a pre-processing step for establishing the critically needed
PSP linkages. More specifically, our interest in supporting
materials innovation demands that we seek the PSP linkages
with broad applicability over very large input domains. As
already articulated in the previous section, the best way to insert
the data from physics-based simulations into materials innova-
tion workflows is to utilize them in evaluating the likelihood
function p(E|φ, ΣE); this can only be practically pursued cur-
rently by first creating a surrogate (i.e., reduced-order) model.
In other words, for each multiscale physics-based model, one
would aim to establish a surrogate model mined from the
results aggregated from a large number of executions of the
physics-based model. In this context, the inputs to the reduced-
order model would comprise all the inputs to the physics-based
model (this could include the material internal structure as well
as all the material parameters needed to execute the numerical
simulations), and the output from the reduced-order model
could be any (or all) of the outputs of interest computed by
the physics-based model.

Although our ultimate goal is to evaluate the likelihood
function p(E|φ, ΣE), it is much more convenient to break the

problem down by first establishing a surrogate model for the
deterministic predictions and then using the surrogate model
for evaluating the likelihood function. As an example, in
exploring structure–property linkages, our first goal will be to
establish the surrogate model P̂(m,w) that closely mimics the
property prediction of a physics-based model for the specified
material structure and specified governing physics. In exploring
process–structure models, we encounter an additional complex-
ity because of the time variation of the material structure as a
function of the process variables. In the context of data-driven
models, this is best addressed as a time-series problem.[101–103]

The surrogate model to be built for process–structure linkages
can be expressed as m̂t(P,w,mt, Dt), where the subscript t
denotes the current time and the subscript τ = t + Δt denotes
the time where the material structure is being predicted. In
the special case of steady-state solutions that do not depend
on the initial material structure, the surrogate model needed
can be simplified as m̂(P,w).

A large number of different options exist for the data-driven
reduced-order models described above. The selection of a spe-
cific approach is largely determined by two main factors: (i) the
amount of available data and (ii) a prior knowledge of the para-
metric model form. The simplest of the approaches is the stan-
dard regression technique based on minimization of the squares
of the error, and would be the method of choice when one has a
large dataset and complete knowledge of the model form. In the
context of PSP linkages, a good example of the success of the
standard regression technique can be found in the extraction of
the localization linkages that predict the local strain field in the
elastic deformation of a polycrystalline volume element of a
cubic metal.[59] In this example, the model form was inspired
by the best available composite theory and had over 2.5 million
model parameters that were calibrated using over 1 billion train-
ing data points generated through FE simulations of candidate
mesoscale polycrystalline material structures of different cubic
metals. Although this involved a one-time major computational
effort, the central benefit of the low-computational cost model
produced in this effort is that it is applicable to virtually all
polycrystalline mesoscale material structures (including all dis-
tributions of grain orientations, grain shapes, and grain sizes) of
a very wide range of cubic metals (the single-crystal elastic
stiffness of these materials is defined by three elastic constants
often denoted as C11, C12, and C44). Therefore, all future com-
putations of this nature for new microstructures as well as new
assignments of the cubic single-crystal stiffness parameters can
be accomplished with minimal computational cost and
resources. Figure 2 illustrates the predictive accuracy of the
reduced-order model developed in that work.

Reduced-order model building becomes challenging when
the parametric model form is unknown a priori. This is quite
often the case in the formulation of PSP linkages. In such
cases, one needs to consider model forms with a very large
list of potential regressors and undertake either some form of
feature engineering (i.e., removing the regressors with insignif-
icant contributions or adding new ones that might exhibit
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significant correlations) or regularization (removing the singu-
larity in the matrix inversion in the standard regression using
techniques such as lasso[104] or ridge regression[105]) to avoid
over-fits of the model. A good example of the successful appli-
cation of these approaches to PSP linkages can be found in the
low-computational cost surrogate models developed for the
macroscale stress–strain response of two-phase composites
subjected to plastic deformation.[106] In this work, the reduced-
order model was built by considering a very large number of
potential regressors expressed as monomials of the PC scores
of the two-point spatial correlations of the mesoscale material
structure (discussed in the previous subsection) and pruning
this list using Pearson correlation coefficient analyses.[107]

Furthermore, the overall model was designed to comprise
three sub-models to allow arbitrary user-defined hardening
laws for the constituent thermodynamic phases. As a result,
the model is able to predict the overall stress–strain response
of the composite for a large variety of material structures and
user-assignments of different hardening laws to the constituent
thermodynamic phases (see Fig. 3) with minimal computa-
tional cost and resources.

The example discussed above illustrates the potential bene-
fits that could arise from the highly customized application of
machine learning algorithms to formulate PSP linkages that
have very broad windows of applicability. In the example

presented above, the model’s applicability covers the complete
range of two-phase mesoscale material structures (this includes
different volume fractions, size, and shape distributions) as well
as a wide variety of the plastic hardening laws that could be
specified by the user for each constituent phase. It is important
to recognize that this level of broad applicability was accom-
plished by carefully injecting known physics underlying the
phenomenon in various components of the overall model build-
ing effort. A simple brute-force model building effort would
not have produced equivalent results.

It should be noted that the interpretability of the reduced-
order models established using machine learning approaches
is quite challenging. Because of their low-computational cost,
one can easily probe the reduced-order models to understand
the sensitivity of the different input variables in different por-
tions of the input domain to derive some interpretability.
However, the main benefit expected from the low-
computational cost of these reduced-order models is that they
allow rapid explorations of large design spaces (i.e., inverse
solutions).

There are indeed many new avenues of research for the
application of emergent machine learning approaches in the
formulation of data-driven reduced-order PSP linkages. Some
recent applications have highlighted the potential benefits of
CNNs in formulating PSP linkages.[98,99] They circumvent

Figure 2. Illustration of the predictive accuracy of the data-driven reduced-order model (denoted as MKS) for elastic localization in mesoscale polycrystalline
materials structures of cubic metals of different elastic anisotropy ratios (denoted by Z ). Elastic strain fields in the midsections of a three-dimensional
polycrystalline volume are shown. This model was produced by the standard regression technique. Reproduced from Ref. 53
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the feature engineering step and provide easy access to a set of
high-performance computational tools specifically designed for
building surrogate models. Since the interpretability of the
CNN models is very limited, one has to be highly vigilant in
avoiding over-fits. Another area of rich opportunities is the for-
mulation of the reduced-order process–structure linkages. As
already mentioned, these are more difficult because of the
time variation of the material structure. In recent work,[108] it
was demonstrated that established time-series methods have

potential to produce reliable and useful process–structure link-
ages, when combined with the concepts of the low-dimensional
material structure representation discussed earlier. The exam-
ples described and reported in the literature reflect tremendous
potential; there are many new research avenues to pursue before
arriving at best practices for materials innovation workflows.

In addition to the machine learning approaches described
above, one also needs to pay attention to the class of models
based on Bayesian approaches.[51,53,109] The central advantage

Figure 3. Illustration of the predictive capability of a low-computational cost reduced-order model developed for predicting the overall stress–strain response of
a two-phase composite with arbitrary user-specified plastic hardening laws for each of the constituent thermodynamic phases. Reproduced from Ref. 96
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of the Bayesian approaches is that they allow for a rigorous con-
sideration of the uncertainty in the generated reduced-order
model. It is important to note that the model error (i.e., discrep-
ancy between the target and the prediction from the reduced-
order model) is only one of the contributors to the uncertainty.
Uncertainty could also arise from the inherent variance (i.e.,
noise) in the target value (this depends on the protocols used
to generate the target value—could be either experiments or
simulations) and possible over-fit of the model. Indeed,
Bayesian approaches are ideally suited for situations where
one desires to extract PSP linkages from relatively small data-
sets. Since the Bayesian approaches allow rigorous consider-
ation of variances, they also lead more naturally to the
evaluation of the likelihood function p(E|φ, ΣE). One of the
main limitations of the Bayesian approaches is that the compu-
tations generally do not scale well with either a large number of
dimensions (i.e., input variables) or large datasets (i.e., large
numbers of data points). That is precisely why it is important
to combine the use of Bayesian approaches with the
dimensionality-reduction approaches discussed earlier in
order to facilitate their application to multiscale materials
explorations. As for large datasets, one strategy that might
work is to employ Bayesian approaches while generating and
aggregating the datasets until they get sufficiently large, and
then switch to approaches such as neural networks or random
forests that are better at dealing with large datasets.

Among the various Bayesian approaches available for
model building the most commonly used ones are Bayesian lin-
ear regression (BLR) and Gaussian process regression
(GPR).[53] BLR could be the method of choice when the para-
metric model form is already known. One then starts with a
prior distribution on the unknown model parameters, evaluates
the likelihood function for the available training data, and
obtains a posterior (updated) distribution on the model param-
eters. In many ways, this can be considered as another form of
regularization and is particularly attractive for small datasets.
On the other hand, GPR (also known as kriging models) may
be the method of choice when building models whose paramet-
ric forms are unknown a priori. GPR essentially treats the
model as a Gaussian process whose covariance is defined
using specially formulated interpolating kernel functions
applied on the available training data. The covariance is then
used in a Bayesian framework to make model predictions for
test data along with assessment of uncertainty in the predicted
values. GPR is also ideally suited for building PSP linkages
with small datasets. There have only been limited application
of Bayesian approaches in arriving at high-value PSP link-
ages,[20,37] which essentially implies that there remain many
different avenues for exploration in this emergent research area.

Autonomous workflows for materials
innovation
The application examples described above have expounded
opportunities where some preliminary investigations have
already demonstrated tremendous potential. As the last

example, we discuss next a prospective application area that
can help bring to reality the vision of highly accelerated mate-
rials discovery, development, and deployment. This application
area focuses on autonomous explorations in materials innova-
tion. In recent work, Nikoleav et al.[110] reported successful
design and implementation of highly accelerated autonomous
materials innovation experiment cycles by leveraging robotics,
artificial intelligence, and data sciences in order for the robot/
computer to design, execute, and analyze experiments on its
own. This system, called ARES (autonomous research
system), demonstrated that a computer can learn and execute
new experiments that result in the optimal growth of single-
walled carbon nanotubes. Building on the success of ARES,
it is envisioned that the scope of autonomous explorations in
materials innovation tasks can be broadly expanded using
the Bayesian framework presented in the previous section
[see Eq. (2)].

As a first example of prospective application, consider the
generation of the PSP linkages discussed in the previous sub-
section. In the workflows described above, it was presumed
that the data needed for the extraction of the PSP linkages
was already available. Often, the data generation from both
experiments and physics-based simulation demands significant
resources and incurs a high cost. Therefore, there is a critical
need for dynamic strategies that select the new experiment
(could be a physical experiment or a simulation) based on its
potential for maximizing information gain in the overall effort
directed at extracting the desired PSP linkages. Such dynamic
strategies could help facilitate synergistic collaborations
between multiple research groups. Bayesian approaches are
ideally suited for such dynamic strategies because one is likely
to have very small datasets as one starts to build the desired
linkages. Eventually, when one aggregates a sufficiently large
dataset, one might benefit from switching to other machine
learning approaches.

As a specific example, consider the model building task for
a structure–property linkage (the approach described here can
be extended easily to a process–structure linkage). As before,
let E denote a set of available data points. Employing the
framework described in Eqs. (1) and (2), one would build a
data-driven model, preferably using a Bayesian approach
(e.g., BLR or GPR described in the previous subsection). In
the context of building structure–property linkages from
physics-based simulations, each data point in E would
include all relevant information on a selected material structure,
the imposed governing physics in the simulation, and the pre-
dicted property of interest. In such a situation, the central ques-
tion that comes up is what combination of a new material
structure and a new variant of the governing physics should
be explored in the next physics-based simulation. Let (m̃, w̃)
denote one such candidate combination being considered. Let
p(P̃|m̃, w̃,E,SE) denote the predicted distribution on the prop-
erty of interest using one of the Bayesian approaches (note that
this is one of the main advantages of the Bayesian approaches
—they predict not just the expected value but also its variance).
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One approach to dynamic selection of the new physics-based
simulation would be to choose the specific combination of
(m̃, w̃) for which the variance in the predicted property is the
highest as this represents the most uncertain prediction at that
point in the model building effort. In other variants, one
might chose the specific combination that has potential for
the highest reduction in the integrated uncertainty of the predic-
tions over the entire input domain. In other words, performing
the next simulation for that specific combination is likely to
yield the most valuable information for the next update of the
data-driven model. One can then repeat this cycle until either
the desired accuracy is attained for all the desired combinations
of (m̃, w̃) or until the variance shows no improvement in
repeated cycles of the model building effort; the latter would
imply that the best model that could be built with the available
data and the selected model building approach has been built
and that there is no expected benefit with further continuing
the model building cycles. In the case of building structure–
property models using physical experiments, one can only con-
sider candidate material structures and the Bayesian model
should be designed to provide estimates of p(P̃|m̃,E,SE).
The implicit assumption in this case is that the governing phys-
ics is fixed, even though it might be unknown. Our preliminary
(yet unpublished) investigations have shown that dynamic
strategies based on the concepts described above can reduce
the cost of the model building effort by about an order of
magnitude.

The framework described above is quite versatile and is
applicable to virtually all steps in the materials innovation

workflow that require objective decision support. As another
more sophisticated prospective application opportunity, con-
sider the very difficult challenge of calibrating the parameters
in the physics-based models to available experimental observa-
tions. This problem has been identified as one of the central
bottlenecks[2,9,21,111] in the acceleration of materials innova-
tion. This is because the physics-based multiscale models typ-
ically have a very large number of model parameters and/or
alternate model form choices that need to be calibrated based
on available multiscale experimental observations. In this con-
text, it should be noted that alternate model forms can usually
be expressed using a suitable basis (e.g., Fourier series) result-
ing in additional parameters corresponding to the weights of the
basis. The data demand for systematically and rigorously
exploring the calibration of physics-based models to any
selected material system (defined by a combination of chemical
composition and process history) is substantially large and
complex. Often, one needs multimodal observations of the
material phenomenon being studied using multiple experimen-
tal protocols that generally require highly specialized skills and
equipment. There is also considerable uncertainty associated
with the multiscale experimental observations that can be
attributed to unavoidable variations in processing of the
material and/or sample preparation for characterization (both
structural and mechanical), resolution limits in the machines
and techniques employed, fundamental limitations in currently
available techniques (e.g., most microscopy techniques are
only capable of characterizing the material structure on the
sample surface) and operator/machine error. Therefore, it is

Figure 4. An illustration of the results produced by Bayesian inference to fuse the high-value information from multiscale models and multiscale measurements
to estimate the parameters associated with the governing physics. In this example, the physics-based parameters to be calibrated are the single-crystal elastic
constants in a polycrystalline Fe–3% Si sample. Left: Establishment of a reduced-order model predicting the effective indentation modulus as a function of
user-specified values of the initial crystal orientation (where the indentation measurement might be performed) and the single-crystal elastic constants. Middle:
Eleven measurements obtained from a sample.[108] Right: Posterior distributions on the unknown single-crystal elastic constants given the eleven experimental
measurements.[109] The estimated distributions are in very good agreement with the expected values for these parameters.
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clear that one should only pursue model calibration and matu-
ration in a suitable Bayesian framework that accounts rigor-
ously for the uncertainty associated with each dataset.

As a conceptual illustration, we describe next how one
might employ the framework presented in this paper for a spe-
cific application. Let us consider the calibration of single-
crystal elastic constants (treated as the unknown physics)
from a given polycrystalline sample. In recent years, spherical
indentation stress–strain protocols[112–114] have been developed
and demonstrated to produce highly reliable and reproducible
indentation stress–strain responses in the multiple grains pre-
sent in the sample. However, they do not connect directly to
the values of the desired single-crystal elastic constants needed
as inputs to the physics-based models. From the simulations
side, while it is possible to build an FE model of the spherical
indentation experiment, executing the model requires the user
to guess the values of the single-crystal elastic constants.
Moreover, the execution of the FE model demands significant
computational resources.[115–117] As a result of these gaps
and challenges, there has been a fundamental disconnect
between what we can learn from the experiments and what
we can learn from the numerical simulations.

In the framework presented in this paper, the problem
described above would be approached in the following
steps: (i) build a reduced-order model from the results aggre-
gated by executing the FE model of spherical indentation
(i.e., FE predicted values of indentation moduli) using selected
values of the single-crystal elastic constants and initial grain
orientations. It is important to build this reduced-order to be
accurate over reasonably large subspaces of interest in the
inputs (combinations of single-crystal elastic constants and
initial grain orientations). This task can be accomplished
using the BLR approach described earlier, as there exists
prior knowledge on the parametric model form that can be
used.[117] (ii) Start with a prior distribution on the unknown
values of the single-crystal elastic constants and get an
updated (posterior) distribution by computing the likelihood
function for the available measurements of indentation moduli
along with the crystal orientations where they were measured
[this step needs the reduced-order model built in step (i) for
efficient computation] and employing Bayesian inference
techniques. (iii) Predict the distribution of indentation moduli
for other grain orientations in the sample where new indenta-
tion measurements could be obtained. This is accomplished
by using the posterior distribution on the unknown elastic
constants together with the reduced-order model already
established in step (i) from FE results. Identify the grain orien-
tations for which the predictions exhibit the highest uncer-
tainty and conduct new indentation measurements in those
grains. (iv) Repeat the update and identify new grains for
measurements. One can repeat this cycle until there is no sig-
nificant improvement in the posterior distribution on the
unknown single-crystal elastic constants. Figure 4 summarizes
the preliminary results of one such demonstrator case
study.[118,119]

Conclusions
A foundational framework has been presented for guiding
objectively materials innovation efforts. This framework is
based largely on Bayesian learning and is designed to be
broadly applicable to the diverse range of challenges encoun-
tered in materials innovation effort. As such, it aims to capture
rigorously the uncertainty involved in the extracted knowledge
—a key feature to objective decision support. A number of
example problems and strategies for addressing them have
been discussed. It is clear that this emergent field of the appli-
cation of machine learning algorithms to challenges in materi-
als innovation offers many exciting and potentially
transformative opportunities.
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