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Abstract

We define the concept of slenderness for arbitrary semigroups containing at least one idempotent element,
and give necessary and sufficient conditions for semigroups to be slender. We describe the semigroup of
all homomorphisms of the direct product of a nonempty family of groups into a slender rectangular abelian
group.
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1. Introduction

The concept of slender group first appeared in the book [3]; it is due to J. Łoś, who
defined it originally for abelian groups which were written additively. In this paper,
we write a binary operation as multiplication. Let C = 〈c〉 be an infinite cyclic group
generated by the element c and let

∏
C denote the direct product of countably many

copies of C, that is, the group of all sequences x = (x1, x2, . . .) of elements of C with
term-wise multiplication. For each positive integer n, let δn denote the sequence of
elements of C whose nth element is c and the other elements are e, where e denotes the
identity element of C. An abelian group A is said to be slender if every homomorphism
h of
∏

C into A maps all but finitely many of the δn to the identity element of A; in
other words, h sends δn into the identity element of A for almost all indices n. From
this definition, it follows (see [4, page 489]) that a slender abelian group is torsion-free.
The notion of slenderness was also defined for arbitrary (not necessarily commutative)
groups. In [6], an arbitrary group G is said to be slender if it is torsion-free, and every
homomorphism of

∏
C into G sends δn into the identity element of G for almost all

indices n. The slenderness of groups has been examined by many authors (see, for
example, the papers [5, 6, 8, 11, 12] and the book [4]).

In our present paper, we extend the notion of slenderness to semigroups. We say
that a semigroup S containing at least one idempotent element is slender if, for every
homomorphism h of

∏
C into S, (δn)h is an idempotent element of S for almost all

indices n. We prove that a semigroup S is slender if and only if every maximal subgroup
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(or equivalently, every subgroup) of S is slender. We show that if a semigroup S is a
semilattice Y of subsemigroups Sα (α ∈ Y) such that every Sα contains at least one
idempotent element, then S is a slender semigroup if and only if the subsemigroups
Sα are slender for all α ∈ Y . As a consequence of this result, we prove that a Clifford
semigroup is slender if and only if it is a semilattice of slender groups. We also prove
that a Rees matrix semigroup over a group G is slender if and only if G is a slender
group. Applying this result, we show that a completely simple semigroup is slender if
and only if it is isomorphic to a Rees matrix semigroup over a slender group.

Starting from the infinite cyclic group C, we define two operations ∗ and � on
two copies of the set C such that (C; ∗) is a left zero semigroup and (C; �) is
a right zero semigroup. We consider the direct product RG∞C of countably many
copies of the rectangular abelian group (C; ∗) × (C; �) × C, that is, the semigroup
of all sequences (x1, x2, x3, . . .) of the elements of C with term-wise multiplication:
(x1, x2, x3, . . .)(y1, y2, y3, . . .) = (x1, y2, x3y3, . . .). We show that a semigroup S contain-
ing at least one idempotent element is slender if and only if every homomorphism
of RG∞C into S sends δn into an idempotent element of S for almost all indices
n. We prove that if H is a group and I × Λ × G is a rectangular abelian group,
then the set Hom(H, I × Λ × G) of all homomorphisms of H into I × Λ × G is a
semigroup. We also prove that if Gα (α ∈ Y) is an arbitrary nonempty set of groups and
I × Λ × G is a slender rectangular abelian group, then Hom(

∏
α∈Y Gα, I × Λ × G) �

I × Λ × �Hom(
∏
α∈Y Gα, G), where (by [6]) �Hom(

∏
α∈Y Gα, G) denotes the set of

all σ ∈ Hom(
∏
α∈Y Gα, G) with the following property: there is a subset Y∗ ⊆ Y such

that the restriction of σ to (
∏
α∈Y∗ Gα)ι ⊆

∏
α∈Y Gα (where ι denotes the canonical

embedding of
∏
α∈Y∗ Gα into

∏
α∈Y Gα) sends every element of (

∏
α∈Y∗ Gα)ι into the

identity element of G, and Y \ Y∗ is finite.

2. Preliminaries

A nonempty set together with an associative multiplication is called a semigroup.
Let a be an arbitrary element of a semigroup S. The subsemigroup 〈a〉 of S generated
by a consists of all the positive integer powers of a: 〈a〉 = {a, a2, a3, . . .}. The order of
〈a〉 is called the order of a. Assume that ar = as is satisfied for some positive integers
r < s. Let s be chosen as small as possible, that is, as is the first power of a which
equals some lower power of a. Since a, a2, . . . , as−1 are pairwise distinct elements, r is
the only positive integer such that r < s and ar = as. Let m = s − r. We call r the index
and m the period of a. By [2, Theorem 1.9], if the order of a is infinite, then all the
powers of a are distinct; if the order of a is finite, then there exist two positive integers,
the index r and the period m of a such that am+r = ar and 〈a〉 = {a, a2, . . . , am+r−1}, in
which case, Ka = {ar, ar+1, . . . , am+r−1} is a cyclic subgroup of S of order m.

An element e of a semigroup is called an idempotent element if e2 = e. If e is
an idempotent element of a semigroup S, then eSe = eS ∩ Se is a subsemigroup of
S in which e is the identity element. The group of units of eSe is denoted by He. By
[2, Theorem 1.11.], if e is an idempotent element of a semigroup S, then He contains
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[3] Slender semigroups 325

every subgroup of S that meets He. Thus, He is a maximal subgroup of S. The set of
all idempotent elements of a semigroup is a partially ordered set with respect to the
partial order: e ≤ f if e f = f e = e. An idempotent element e of a semigroup S is said
to be a primitive idempotent element if the only idempotents of S under e are e itself
and 0 (if S has a zero element 0), and e � 0.

A semigroup is said to be a band if every element in it is an idempotent element.
A semigroup S is called a left zero semigroup (respectively, a right zero semigroup) if
ab = a (respectively, ab = b) is satisfied for all a, b ∈ S. It is clear that every left zero
semigroup and every right zero semigroup is a band. The direct product of a left zero
semigroup and a right zero semigroup is called a rectangular band. The direct product
B × G of a rectangular band B and a group G is called a rectangular group; if G is
commutative, then B × G is said to be a rectangular abelian group. A commutative
band is called a semilattice. A congruence η on a semigroup S is said to be a semilattice
congruence if the factor semigroup S/η is a semilattice. Denoting the semilattice S/η
by Y, the η-classes Sα (α ∈ Y) of S are subsemigroups of S. In this case, we say that S
is a semilattice Y of subsemigroups Sα (α ∈ Y). The universal relation on a semigroup
is a semilattice congruence. A semigroup S is said to be semilattice indecomposable if
the only semilattice congruence on S is the universal relation on S.

Let Sα (α ∈ Y) be a nonempty family of pairwise disjoint semigroups satisfying the
following conditions:

(i) for every α, β ∈ Y with α ≥ β, there is a homomorphism fα,β of Sα into Sβ;
(ii) if α > β > γ, then fα,β fβ,γ = fα,γ;
(iii) fα,α is the identity mapping on Sα.

Then, S =
⋃
α∈Y Sα is a semigroup with respect to the multiplication: for a ∈ Sα and

b ∈ Sβ, ab = (a fα,αβ)(b fβ,αβ), where the multiplication on the right-hand side is in
Sαβ. This semigroup (which is a semilattice Y of semigroups Sα) is called a strong
semilattice Y of semigroups Sα.

A semigroup S is said to be a regular semigroup if, for every element a of S,
there is an element x ∈ S such that axa = a. In this case, ax and xa are idempotent
elements of S. A semigroup S is called a Clifford semigroup if it is regular and
the idempotent elements of S are central, that is, es = se for every s ∈ S and every
idempotent element e of S. If G is a group, I, Λ are nonempty sets and P = (pλi)
is a Λ × I matrix with entries in G, then S = I × G × Λ is a semigroup with the
multiplication (i, a, λ)(j, b, μ) = (i, apλjb, μ). This semigroup is called the Rees I × Λ
matrix semigroup over the group G with the sandwich matrix P. By [7, Theorem
3.3.1], every Rees matrix semigroup over a group is completely simple, that is, it
contains no proper ideal and contains a primitive idempotent element. Conversely,
every completely simple semigroup is isomorphic to a Rees matrix semigroup over a
group. By [9], a semigroup S is called a generalised group if, for every element s ∈ S,
there is a unique element e(s) ∈ S such that se(s) = e(s)s = s and, for every element
s ∈ S, there is an element s−1 such that ss−1 = s−1s = e(s). In [1], it is proved that a
semigroup S is a generalised group if and only if it is completely simple.
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For other notions, results and notation used in this paper, we refer to the books
[2, 4, 10].

3. Results

DEFINITION 3.1. A semigroup S containing at least one idempotent element is said to
be slender if, for every homomorphism h of

∏
C into S, (δn)h is an idempotent element

of S for almost all positive integers n.

THEOREM 3.2. For a semigroup S containing at least one idempotent element, the
following assertions are equivalent:

(1) S is slender;
(2) every subgroup of S is slender;
(3) every maximal subgroup of S is slender.

PROOF. (1) =⇒ (2). Let G be a subgroup of a slender semigroup S and let h be a
homomorphism of

∏
C into G. Then, h is a homomorphism of

∏
C into S. Since S is

slender, (δn)h is the identity element of G for almost all positive integers n. Thus, G
is a slender group. Thus, assertion (2) is satisfied. Since (2) implies (3), it remains to
prove that (3) implies (1).

(3) =⇒ (1). Let S be a semigroup containing at least one idempotent element such
that every maximal subgroup of S is slender. Let h be a homomorphism of

∏
C into S.

Since (
∏

C)h is a subgroup of S, [2, Theorem 1.11] implies that there is an idempotent
element e of S such that (

∏
C)h is contained by the maximal subgroup He of S. Thus, h

is a homomorphism of
∏

C into the group He. By the assumption, He is a slender group
and, hence, (δn)h equals the identity element e of He for almost all positive integers n.
Thus, S is a slender semigroup. �

COROLLARY 3.3. Every band is slender.

PROOF. This is evident by Theorem 3.2, because the one-element group is slender and
the elements of a band B are maximal subgroups of B. �

THEOREM 3.4. Let S be a semigroup which is a semilattice Y of subsemigroups
Sα (α ∈ Y) such that every Sα contains at least one idempotent element. Then, S is
a slender semigroup if and only if the subsemigroups Sα are slender for all α ∈ Y.

PROOF. If S is a slender semigroup, then it follows, by the definition of slenderness,
that the subsemigroups Sα are slender for all α ∈ Y .

Conversely, assume that the subsemigroups Sα are slender for all α ∈ Y . Let η
denote the semilattice congruence on S, whose classes are the subsemigroups Sα
(α ∈ Y). Let h be a homomorphism of

∏
C into S. Then, (

∏
C)h is a subgroup of S.

It is clear that η′ is a semilattice congruence on (
∏

C)h, where η′ is defined in the
following way: for elements a, b ∈ (

∏
C)h, (a, b) ∈ η′ if and only if (a, b) ∈ η. Since

every group is semilattice indecomposable, η′ is the universal relation on (
∏

C)h and
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so (
∏

C)h ⊆ Sα0 for some α0 ∈ Y . Since Sα0 is a slender subsemigroup of S, (δn)h equals
an idempotent element of Sα0 (and so of S) for almost all indices n. Thus, S is a slender
semigroup. �

REMARK 3.5. By Theorem 3.4, if Sα (α ∈ Y) is an arbitrary nonempty family of
slender semigroups Sα, then the strong semilattice Y of semigroups Sα is slender.

THEOREM 3.6. A Clifford semigroup is slender if and only if it is a semilattice of
slender groups.

PROOF. By [7, Theorem 4.2.1], a semigroup is a Clifford semigroup if and only if it is
a semilattice Y of groups Gα. Then, by Theorem 3.4, a Clifford semigroup is slender
if and only if the subgroups Gα are slender for every α ∈ Y . �

THEOREM 3.7. A Rees matrix semigroup M(G; I,Λ; P) over a group G is slender if
and only if G is a slender group.

PROOF. Let M(G; I,Λ; P) be a Rees matrix semigroup over a group G. By
[2, Lemma 3.2 (iv)], the set Hiλ = {i} × G × {λ} (i ∈ I, λ ∈ Λ) is a maximal subgroup
ofM(G; I,Λ; P). Then, by Theorem 3.2,M(G; I,Λ; P) is slender if and only if all the
subgroups Hiλ (i ∈ I, λ ∈ Λ) are slender. Using also [2, Lemma 3.2 (iv)], the mapping
a �→ (i, ap−1

λi , λ) is an isomorphism of G upon Hiλ for all i ∈ I and λ ∈ Λ. Thus, the
Rees matrix semigroupM(G; I,Λ; P) is slender if and only if G is a slender group. �

THEOREM 3.8. A completely simple semigroup is slender if and only if it is isomorphic
to a Rees matrix semigroup over a slender group.

PROOF. By [7, Theorem 3.3.1], a semigroup is completely simple if and only if it is
isomorphic to a Rees matrix semigroup over a group. Thus, the assertion follows from
Theorem 3.7. �

THEOREM 3.9. Let G be a group, let I be a left zero semigroup and let Λ be a right
zero semigroup. Then, the rectangular group I × Λ × G is slender if and only if G is a
slender group.

PROOF. It is clear that a rectangular group I × Λ × G is a Rees matrix semigroup
M(G; I,Λ; P) over the group G such that every element of the sandwich matrix P
equals the identity element of G. Thus, the assertion of the theorem follows from
Theorem 3.7. �

Starting from the infinite cyclic group C, we define two operations ∗ and � on two
copies of the set C as follows: for arbitrary a, b ∈ C, let a ∗ b = a and a � b = b. Then,
(C; ∗) is a left zero semigroup and (C; �) is a right zero semigroup. Thus, RGC =

(C; ∗) × (C; �) × C is a rectangular abelian group. It is easy to see that

ξ : x �→ (e, e, x) (3.1)

is a homomorphism of the group C into the rectangular abelian group RGC. Moreover,

σ : (x1, x2, x3) �→ x3 (3.2)
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is a homomorphism of the rectangular abelian group RGC into the group C. Let
RG∞C denote the direct product of countably many copies of the rectangular abelian
group (C; ∗) × (C; �) × C, that is, the semigroup of all sequences (x1, x2, x3, . . .)
of the elements of C with term-wise multiplication: (x1, x2, x3, . . .)(y1, y2, y3, . . .) =
(x1, y2, x3y3, . . .). We note that the elements of

∏
C and RG∞C are sequences of elements

of C, and so δn can be considered as an element of both
∏

C and RG∞C . It is clear that

(x1, x2, x3, x4, x5, x6, . . .) �→ ((x1, x4, . . .), (x2, x5, . . .), (x3, x6, . . .))

is an isomorphism of the direct product RG∞C upon the rectangular abelian group∏∞
n=1(C; ∗) ×∏∞n=1(C; �) ×∏∞n=1 C. Thus, RG∞C is a rectangular abelian group. In [13,

Example 1], the authors define an operation ∗ on the Cartesian product
∏∞

n=1 Z

of the additive group Z of integers as follows: (x1, x2, x3, . . .) ∗ (y1, y2, y3, . . .) =
(x1, y2, x3 + y3, . . .). The Cartesian product

∏∞
n=1 Z is a generalised group with respect

to this operation which is denoted by
∏g

N Z. The sequence of elements of Z whose
nth element is 1 and the other elements are 0 is denoted by in. With the help of

∏g
N Z,

the authors define the notion of a slender generalised group. A generalised group G is
said to be slender if every homomorphism of

∏g
N Z into G sends in into an idempotent

element of G for almost all indices n. The authors show that an abelian group A is a
slender generalised group if and only if A is a slender group. In the next theorem, we
generalise this result. First of all, we note that

∏g
N Z is isomorphic to the rectangular

abelian group RG∞C ; the sequences in and δn correspond to each other.

THEOREM 3.10. A semigroup S containing at least one idempotent element is slender
if and only if every homomorphism of the rectangular abelian group RG∞C into S sends
δn into an idempotent element of S for almost all indices n.

PROOF. Assume that S is a slender semigroup. Let h be a homomorphism of the
rectangular abelian group RG∞C into S. We show that (δn)h is an idempotent element
of S for almost all indices n. If n � 3k, then δn is an idempotent element of RG∞C
and, hence, (δn)h is an idempotent element of S, because a homomorphic image of an
idempotent element is idempotent. By the above, it is sufficient to show that (δ3k)h is
an idempotent element of S for almost all positive integers k. Let ξ′ be the following
mapping of

∏
C into RG∞C :

ξ′ : (x1, x2, x3, x4, x5, x6, . . .) �→ (e, e, x3, e, e, x6, . . .).

Since ξ′ is an extension of ξ defined by (3.1), ξ′ is a homomorphism of
∏

C into RG∞C .
Thus, ξ′h is a homomorphism of

∏
C into S. Since S is a slender semigroup, (δ3k)ξ′h

is an idempotent element of S for almost all positive integers k. Since (δ3k)ξ′ = δ3k,

(δ3k)ξ′h = ((δ3k)ξ′)h = (δ3k)h

and so (δ3k)h is an idempotent element of S for almost all positive integers k.
To prove the converse, assume that every homomorphism of the rectangular abelian

groupRG∞C into a semigroup S sends δn into an idempotent of S for almost all indices n.
We show that S is a slender semigroup. Let h be a homomorphism of the group

∏
C
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into S. We show that (δn)h is an idempotent element of S for almost all indices n. Let
σ′ be the following mapping of RG∞C into

∏
C:

σ′ : (x1, x2, x3, x4, x5, x6, . . .) �→ (x3, x6, . . .).

Since σ′ is an extension of σ defined by (3.2), σ′ is a homomorphism of RG∞C into∏
C, and so σ′h is a homomorphism of RG∞C into S. By the assumption, (δn)σ′h is an

idempotent element of S for almost all indices n. Since (δ3n)σ′ = δn for all positive
integers n,

(δ3n)σ′h = (δn)h,

and so (δn)h is an idempotent element of S for almost all indices n. Hence, S is a
slender semigroup. �

THEOREM 3.11. Let H be a group and let I × Λ × G be a rectangular abelian
group. Then, the set Hom(H, I × Λ × G) of all homomorphisms of the group H into
I × Λ × G is a semigroup with respect to the following multiplication: for arbitrary
f1, f2 ∈ Hom(H, I × Λ × G) and arbitrary h ∈ H, (h)( f1 f2) = (h) f1(h) f2, where the
multiplication on the right-hand side is in I × Λ × G.

PROOF. Assume f1, f2 ∈ Hom(H, I × Λ × G) and x, y ∈ H. Let (x) f1 = (i, λ, a) and
(x) f2 = (j, μ, b), (y) f1 = (i′, λ′, a′), (y) f2 = (j′, μ′, b′). Then,

(xy)( f1 f2) = (xy) f1(xy) f2 = (x) f1(y) f1(x) f2(y) f2
= (i, λ, a)(i′, λ′, a′)(j, μ, b)(j′, μ′, b′) = (i, μ′, aa′bb′)
= (i, μ′, aba′b′) = (i, λ, a)(j, μ, b)(i′, λ′, a′)(j′, μ′, b′)
= (x) f1(x) f2(y) f1(y) f2 = (x)( f1 f2)(y)( f1 f2).

Thus, f1 f2 ∈ Hom(H, I × Λ × G). Since ( f1 f2) f3 = f1( f2 f3) for arbitrary homo-
morphisms f1, f2, f3 of H into I × Λ × G, it follows that Hom(H, I × Λ × G) is a
semigroup. �

THEOREM 3.12. Let H be an arbitrary group and let I × Λ × G be a rectangular
abelian group. Then,Hom(H, I × Λ × G) � I × Λ ×Hom(H, G).

PROOF. By Theorem 3.11, Hom(H, I × Λ × G) is a semigroup. Since Hom(H, G)
is an abelian group, I × Λ ×Hom(H, G) is a rectangular abelian group. Let f be
an arbitrary element of I × Λ ×H(H, G). Then, there are elements i ∈ I, λ ∈ Λ and
α f ∈ Hom(H, G) such that

f = (i, λ,α f ).

LetΦ f denote the mapping of H into I × Λ × G defined as follows: for arbitrary h ∈ H,
let

(h)Φ f = (i, λ, (h)α f ).
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Then, for every h1, h2 ∈ H,

(h1h2)Φ f = (i, λ, (h1h2)α f ) = (i, λ, (h1)α f (h2)α f )
= (i, λ, (h1)α f )(i, λ, (h2)α f ) = (h1)Φ f (h2)Φ f .

Thus,

Φ f ∈ Hom(H, I × Λ × G).

We show that Φ : f �→ Φ f is an isomorphism which maps I × Λ ×Hom(H, G) onto
Hom(H, I × Λ × G).

First, we show that Φ is a homomorphism. Let

f1 = (i, λ,α f1 ), f2 = (j, μ,α f2 ) ∈ I × Λ ×Hom(H, G)

be arbitrary elements. Then, f1 f2 = (i, μ,α f1α f2 ). For arbitrary h ∈ H,

(h)Φ f1 f2 = (h)Φ(i,μ,α f1α f2 ) = (i, μ, (h)α f1α f2 ) = (i, μ, (h)α f1 (h)α f2 )

= (i, λ, (h)α f1 )(j, μ, (h)α f2 ) = (h)Φ f1 (h)Φ f2 = (h)Φ f1Φ f2 ,

and so

( f1 f2)Φ = ( f1)Φ( f2)Φ.

To show that Φ is injective, assume

( f1)Φ = ( f2)Φ

for elements

f1 = (i, λ,α f1 ), f2 = (j, μ,α f2 ) ∈ I × Λ ×Hom(H, G).

Then, for all h ∈ H,

(i, λ, (h)α f1 ) = (h)Φ f1 = (h)Φ f2 = (j, μ, (h)α f2 )

from which it follows that

i = j, λ = μ, (h)α f1 = (h)α f2 ,

that is,

f1 = f2.

To show that Φ is surjective, consider an arbitrary homomorphism ϕ of H into
I × Λ × G. Since (H)ϕ is a subgroup of I × Λ × G, [2, Theorem 1.11] implies that there
are elements i ∈ I and λ ∈ Λ such that (H)ϕ is contained by the maximal subgroup
Hiλ = {i} × {λ} × G of I × Λ × G. Let

f = (i, λ,ϕϕiλ),

where ϕiλ is an isomorphism of {i} × {λ} × G onto G defined as follows: for arbitrary
(i, λ, g),

(i, λ, g)ϕiλ = g.
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Since ϕϕiλ ∈ Hom(H, G), we have

f ∈ I × Λ ×Hom(H, G).

Let h ∈ H be an arbitrary element. Then, (h)ϕ = (i, λ, h∗) for some h∗ ∈ G. Since

(h)Φ f = (i, λ, (h)ϕϕiλ) = (i, λ, (i, λ, h∗)ϕiλ) = (i, λ, h∗) = (h)ϕ,

we see that

( f )Φ = ϕ.

Thus, Φ is an isomorphism of the rectangular group I × Λ ×Hom(H, G) onto
Hom(H, I × Λ × G). �

Let Gα (α ∈ Y) be an arbitrary nonempty set of groups and let G be an arbitrary
group. As in [6], let �Hom(

∏
α∈Y Gα, G) denote the set of all σ ∈ Hom(

∏
α∈Y Gα, G)

having the following property: there is a subset Y∗ ⊆ Y such that the restriction of
σ to (

∏
α∈Y∗ Gα)ι ⊆

∏
α∈Y Gα (where ι denotes the canonical embedding of

∏
α∈Y∗ Gα

into
∏
α∈Y Gα) sends every element of (

∏
α∈Y∗ Gα)ι into the identity element of G, and

Y \ Y∗ is finite. If G is an abelian group, then �Hom(
∏
α∈Y Gα, G) is a subgroup of the

groupHom(
∏
α∈Y Gα, G).

THEOREM 3.13. If I × Λ × G is a slender rectangular abelian group and Gα (α ∈ Y)
is an arbitrary nonempty set of groups, then

Hom
(∏
α∈Y

Gα, I × Λ × G
)
� I × Λ × �Hom

(∏
α∈Y

Gα, G
)
.

PROOF. Let I × Λ × G be a rectangular abelian group and let Gα (α ∈ Y) be an
arbitrary nonempty set of groups. By Theorem 3.12,

Hom
(∏
α∈Y

Gα, I × Λ × G
)
� I × Λ ×Hom

(∏
α∈Y

Gα, G
)
.

If the rectangular abelian group I × Λ × G is slender, then G is a slender group by
Theorem 3.9. It follows from [6, Theorem 4.3] that

Hom
(∏
α∈Y

Gα, G
)
= �Hom

(∏
α∈Y

Gα, G
)
.

Thus,

Hom
(∏
α∈Y

Gα, I × Λ × G
)
� I × Λ × �Hom

(∏
α∈Y

Gα, G
)
. �
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