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Abstract. A zero-entropy system is said to be loosely Bernoulli if it can be induced
from an irrational rotation of the circle. We provide a criterion for zero-entropy systems
to be loosely Bernoulli that is compatible with mixing. Using this criterion, we show
the existence of smooth mixing zero-entropy loosely Bernoulli transformations whose
Cartesian square is loosely Bernoulli.
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1. Introduction
One of the main goals of ergodic theory is to describe invariants and models which classify
broad classes of systems with respect to certain equivalence relations. Some of these
relations, such as metric isomorphism, may prove too restrictive, whereas some others,
such as orbit equivalence, may prove too flexible (recall that, by Dye’s theorem, [2] any two
ergodic measure-preserving transformations on non-atomic spaces are orbit-equivalent).
Kakutani equivalence, initially introduced by Kakutani in [15], can be thought of as
an intermediate notion of classification. Two ergodic measure-preserving transformations
(X, T) and (Y, S) are said to be Kakutani equivalent if there exist positive measure sets
A C X, B C Y such that the induced maps T4, Sp are metrically isomorphic.
Particularly important in the theory of Kakutani is the equivalence class of irrational
circle rotations. This class was initially considered by Katok [20] under the name of
standard or loosely Kronecker transformations, and independently introduced by Feldman
[7], who coined the term loosely Bernoulli (LB) to denote the ergodic automorphisms that
are Kakutani equivalent to an irrational circle rotation in the zero-entropy case, or to a
Bernoulli shift in the positive entropy case.
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Most of the existing criteria for loose-Bernoullicity rely on the presence of particular
periodic approximations for the underlying transformation (a remarkable exception to this
is the horocycle flow [25]). Unfortunately, these approximations do not easily coexist with
mixing and some of these criteria directly forbid it (see, for example, [18, Proposition 3.5]).
Furthermore, the coexistence of mixing with certain periodic approximations, such as rank
one transformations, becomes even more difficult in the smooth setting (see [3]).

In this work, we aim to provide criteria that are compatible with mixing which guarantee
the loose-Bernoullicity of a zero-entropy system and of its Cartesian square. Our criteria
will rely on localized periodic approximations in the same spirit as those introduced
by Fayad in [4]. We then show that these criteria are verified by a class of infinitely
differentiable zero-entropy mixing transformations in T>. These systems are obtained by
modifying the class of mixing transformations introduced in [6].

1.1. Periodic approximations. Approximation of measure-preserving systems by peri-
odic transformations was first proposed in the forties by Halmos [12] who provided
a general framework for this theory and used it to prove the genericity of several
ergodic properties. Halmos [13] successfully applied his method to prove that the set
of weak mixing transformations is a G dense set in the space of measure-preserving
automorphisms endowed with the weak topology. Shortly after and by similar methods,
Rokhlin [27] proved that the set of mixing transformations is of the first category under the
same weak topology.

Two decades later, the theory of periodic approximations regained strength after the
works of Katok and Stepin, [19, 21, 22, 28]. These works laid out the basis of the
so-called method of approximations and introduced a different point of view on periodic
approximations which, in contrast to Halmos’ approach, allowed the study of individual
automorphisms by approximation. Katok [20] provided periodic approximation criteria for
standardicity. He proved that a system with good cyclic approximations must be standard
and that the existence of excellent linked approximations of type (h, h + 1) for a given
transformation guarantee the standardicity of its Cartesian square. For definitions and
proofs of these statements, we refer the interested reader to [18, 20].

1.2. Cartesian products and Cartesian squares. Several notions related to periodic
approximations, such as rank one, finite rank, local rank one and very weakly Bernoulli, are
known to imply loose-Bernoullicity (see [9, 24]). All of these properties, which attempt to
capture precise aspects of the long-time behaviour of measure-preserving transformations,
provide important tools for classification and illustrate the richness of existing phenomena
in abstract ergodic theory.

However, given two measure-preserving automorphisms satisfying any of the ergodic
properties mentioned above, it is not necessarily true that their Cartesian product and,
in particular, the Cartesian square of any of these transformations, verifies the same
property. The loose-Bernoullicity of Cartesian products of LB transformations was first
considered by Swanson [29] who associated to every totally ergodic LB transformation
a class of zero-entropy LB automorphisms whose Cartesian product with the initial
transformation is LB. On the other hand, Ornstein, Rudolph and Weiss [24] constructed

https://doi.org/10.1017/etds.2021.39 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.39

1254 F. Trujillo

rank one transformations whose Cartesian square is not LB. Shortly after this, M. Ratner
showed that any non-trivial transformation 7' in the horocycle flow is LB [25] but its
Cartesian square 7" x T is not [26]. In a recent work, Kanigowski and Wei [17] studied the
loose-Bernoullicity of Cartesian products of Kochergin flows and showed that, in general,
the Cartesian product of Kochergin flows with different power of singularities is not LB.
Cartesian products of rank one staircase transformations that are not LB were constructed
by Kanigowski and de la Rue in [16].

The question of the existence of zero-entropy LB transformations with LB Cartesian
square was proposed by Swanson in [29] and was positively answered by A. Katok who
constructed examples of weak mixing transformations verifying this property (a detailed
account of his construction can be found in [10]). Katok’s example was later modified
by Gerber [10] who showed the existence of a zero-entropy LB transformation that is
mixing of all orders and whose Cartesian square is LB. More recently, Gerber and
Kunde [11] provided examples of smooth LB transformations whose Cartesian square
is LB. The loose-Bernoullicity of their examples relies on a slight modification of the
aforementioned loose-Bernoullicity criterion proved by Katok [20], namely, the existence
of excellent linked approximations of type (4, 2 + 1). As in Katok’s case, their criterion
also guarantees that the transformation is weak mixing but not mixing (see [11, Proposition
4.1] for the exact statement of the criterion).

1.3. Plan of the work. This work is organized as follows. In §2, we introduce the
notation and basic objects we use throughout the paper. Proposition 2.2 is an adaptation of
the loose-Bernoullicity criterion (Proposition 2.1) proved by E. Janvresse and T. de la Rue
in [14].

In §3, we combine Proposition 2.2 and the existence of an appropriate sequence
of Rokhlin towers to prove a loose-Bernoullicity criterion for ergodic zero-entropy
processes (item 3 in Proposition 3.4). We stress the fact that although the measures of
the towers in the criterion verify certain non-summability conditions, their measures are
not necessarily bounded from below. As a direct consequence of Proposition 3.4, we
deduce, in Theorem 3.5, a similar loose-Bernoullicity criterion for ergodic zero-entropy
transformations. We then adapt these criteria to obtain analogous results for the Cartesian
square of weak mixing zero-entropy transformations (Proposition 3.7 and Theorem 3.8).

Finally, in §4, we prove the existence of a family of smooth, mixing, zero-entropy,
LB automorphisms of T3 whose Cartesian square is LB (Theorem 4.3). The Appendix
contains technical tools used in the construction of these transformations.

2. Preliminaries

Throughout this work, (X, u, £) will denote a Lebesgue measure space and 7" will denote
a zero-entropy measure-preserving automorphism on X. If there is no risk of confusion,
we will denote (X, u, £) simply by X.

2.1. Partitions and P-names. We denote by Py(X) the set of finite measurable par-

titions of X. We consider a partition P € Py(X) to be a collection of disjoint sets
P ={Py,..., P,} with a fixed ordering of its elements and whose union is X. Given
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that A € &, the induced partition on A is defined as
Pla={PNA|l<i<m}

Given two partitions P = {Py, ..., Py}, @ ={01, ..., O;} of X, we define its Cartesian
product P x Q as the finite partition of X x X given by

PxQ={PxQ;ll1<i<m1=<j=<l}

and ordered lexicographically. We say that P refines Q if, for every P € P, there exists
Q € Qsuch that P C Q. We denote this relation by P < Q. Whenever [ = m, we denote

m
D(P,Q) = n(PAQy).
k=1
Given that P € Py(X), the pair (T, P) is called a process. For x € X, we define its
P-name as the unique vector x© € Z" satisfying, for all i € Z,

x’ =j ifandonlyif T'(x)e Pj,

1

where xi7> denotes the ith coordinate of x”. Recall that whenever P is a generating
partition of &£, that is, £ is the smallest 7' invariant o-algebra containing P, the system
(X, T) is equivalent (in a measure theoretic sense) to the shift over the space of P-names
of X. Given that n € N, we define the P-n-name associated to x as the n-tuple

xP,n = (X,P)05i<n~

For a partition with exactly m elements, the 7P-n-names are naturally a subset of the space
of words of length n over the finite alphabet {1, 2, . . ., m}, which we denote by W!. The
length of a word w is denoted by |w|. The concatenation of two words v, w is denoted by
v - w. To simplify the notation, we denote the concatenation of k words vy, v, . . ., vk by
]_[i-‘=1 v;. We denote the Hamming distance in the space of n-words by

1
dp(v,w) = —#0<i <n | v #w}
n

and the modified Hamming distance or f distance by

Fatvow) = "=,
where [ is the maximum natural number for which there exist sequences
O<ii<ip<---<ii<n, O0<ji<jpp<---<ji<n,
obeying v;, = wj, fors =1,...,1. Given that x, y € X, we denote

—_p —
dy (x, y) = dp 7" Y7, F @ y) = Gy,
For any W € &£, denote

FPWy = sup T (x, ).
x,yeWw
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2.2. Loose-Bernoullicity. Since we will only consider zero-entropy transformations,
we provide a simplified definition of loose-Bernoullicity for this particular case. For a
more general definition, we refer the reader to [7, 24]. In the following, we will refer
to a zero-entropy measure-preserving transformation (X, u, £, T') equipped with a finite
measurable partition P € P (X) as a zero-entropy process which, by an abuse of notation,
we denote simply by (7', P).

A zero-entropy process (7, P) is called LB if, for any € > 0, there exists ngp € N such
that, for all n > no, there exists x € X obeying

uly e X 1 7P y) <€ > 1 —e.

A zero-entropy automorphism 7 is said to be LB if the associated process (7', P) is
LB for some generating partition P or, equivalently, if there exists a refining sequence
of finite measurable partitions (P,),en C Py(X) obeying P, — & such that (T, P,) is
LB for all n € N. Recall that P, — £ means that, for any A € &, there exists a sequence
(Ap)nen C € such that A, is P,-measurable and (A, AA) — 0. Let us point out that
a transformation is LB if and only if, for any finite measurable partition P, the process
(T,P) is LB. For the proof of this fact and a detailed account of LB transformations,
see [24].

The following criterion for loose-Bernoullicity was proved by E. Janvresse and T. de la
Rue in [14].

PROPOSITION 2.1. Let (T, P) be a zero-entropy process. Suppose that, for all € > 0 and
for . x u-almost every (x,y) € X x X, there exists [(x, y) € N such that

—P
fl(x,y)(x’ y) < €.

Then the process (T, P) is LB.

2.2.1. The P(P,a, 8, n) property. Given that o, § € [0, 1) and n € N, we say that the
transformation T verifies property P (P, «, §, n) or, equivalently, that the process (7', P)
verifies property P(«, 8, n) if there exists W € £ obeying

uWy>1-8, Fr(W)<1-a.

With this notation, a process (7', P) is LB if and only if, for every € > 0, there exists
no € N such that, for all n > ng, the process verifies property P(1 — €, €, n). Proposition
2.1 implies the following criterion for loose-Bernoullicity.

PROPOSITION 2.2. Let (T,P) be a zero-entropy process. Suppose that there exist
sequences &, \ 0, &, /' 1, (my)nen C N such that (T, P) verifies P(oy, 6, my) for all
n € N. Then the process (T, P) is LB.

Proof. By hypothesis, for all n € N, there exists W, € £ such that

—P
uW,) >1-56,, fm,,(W") <1—a.
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Define

oo o0
E = lim sup(W,, x W) = () | Wa x Wi
neN i=1 n=i
Clearly, (u x w)(E) = 1. Suppose € > 0 and let ng € N satisfy 1 — o, < €. Given that
(x, y) € E, there exists n > ng such that (x, y) € W,, x W,,. Therefore

?Zn(x, V) <l1l—oa, <e.

By Proposition 2.1, the process (T, P) is LB. O

2.3. Rokhlin towers. Given that F € £ and h € N, we say that the collection
T =T(F,h)={F,TF,---T" 1}

is a Rokhlin tower of height h if the sets F, TF, ..., T"=1F are pairwise disjoint. The
sets T' F are called levels of the tower. The first and last elements of the collection are
known as the base and the roof of the tower. The union of all levels is called the support
of the tower. By an abuse of notation, 7 will denote the support of the tower and also the
tower itself. The measure of the support is called the size of the tower. We denote by T (X)
the set of Rokhlin towers of X. Given that 7 € T (X), we denote its height by 47 and its
size by pr.

As we shall see, Rokhlin towers can be used to easily match coordinates between two
given P-names. Given two words v, w, not necessarily having the same length, and a
natural number /, we say that we can match at least / coordinates of v and w if there exist
sequences

O<iy<ip<---<ip=h, 0=Zji<p<---<j=<|wl
obeying
Vi

=wj fors=1,...,L

Whenever |v| =n = |w|, this is equivalent to saying that ?n(v, w)<m-10/n. To
illustrate how to use Rokhlin towers to match two P-n-names associated to different points,
let (T, P) be a process, let 7 (F, h) be a Rokhlin tower and consider the finite measurable
partition Q € Pr(X) given by
Q=T UP|re.

Notice that

x,yelF = xQh = yQ’h.
Thus, for any x, y € X, finding iterates

O<iij<ip<---<ip<n—h, 0<ji<p<---<jr<n—h

for which T/ x, T/'y € F means that we can match at least 4L coordinates of x <" and
yQ’". Such iterates can be easily found whenever the system possesses some recurrence
property. For ergodic systems, the relation between P-n-names and Q-n-names, for
sufficiently large values of n (see Lemma 2.3), is determined by how well the tower T
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approximates the restricted partition P|7. Given a partition P = {Py, ..., Py} € Pr(X)
and a Rokhlin tower T € T (X), we say that T is §-monochromatic with respect to P if

A(T,P)=min Y u(E\ P) <38,
A

where the minimum is taken over all the partitions of the support of the tower with exactly
m sets and whose elements are unions of levels of the tower. If

A(T,P) =0,

we say that the tower is monochromatic with respect to P. Let us point out that this is
equivalent to

T =Plr.

We can provide an explicit expression of a minimizing partition in the definition of
A(T,P), and thus of A(T,P) itself, as follows. Given a tower 7 = T (F, h) and a
partition P = {Pq, ..., Py}, define, forall 0 < k < h,

1 (k) =min {0 < j <m [ u(T*(F)\ Pj) = min u(T*(F)\ P)}.

If there is no risk of confusion, we denote Ig (k) simply by I (k). Let

Pl = U 1*F

1(k)=j
for all 0 < j < m and define PT = {PlT, e, P,,T}. Denote
h
D} = T"(F)\ Pra. (1)

k=1
The set D77; is called the difference set of T and P. By construction,
m
A(T.P) =Y w(P\ P) = u(D}).
k=1
Notice that, forall x, y € X \ DT,

5=y = 5 =30

By applying the pointwise ergodic theorem to D, we obtain the following lemma.
LEMMA 2.3. Let (T, P) be an ergodic process. Suppose that T € T (X) and denote
Q=T UP|re.
Given that § > 0, there exists ng € Nand W € € with u(W) > 1 — § such that
dy (x.y) <d2(x.y) +3A(T. P)

foralln > ng and forall x,y € W.
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Proof. If A(T,P) =0, then T < P|7 which yields df(x, y) = an(x, y) foralln € N
and all x, y € X. Otherwise, assume that A(7, P) > 0. Denote by Dg the difference set
of 7 and P as defined in (1). By ergodicity, there exists ng € N so that the measure of the
set W of points in X satisfying

#MO<i<n | T'x e DL} < 3u(Dhyn = 3A(T, Phn
for all n > ng has measure at least 1 — 8. Hence, for alln > ngand all x, y € W,

n(dl (x,y) —d20x, y) <#{0<i<n | x2=y2andx] # 7}

<#0<i<n | TixeDgorTiyeD%—}
<3A(T, P)n. O

3. Loose-Bernoullicity criteria

3.1. Main proposition. The following result is at the core of this work. It embodies the
idea of using Rokhlin towers to improve existent bounds on the f distance associated to
a given finite measurable partition. More precisely, given an ergodic process (T, P), a
natural number n and a positive measure set W € &£, the presence of a sufficiently high,
large and monochromatic Rokhlin tower implies the existence of a set W., whose measure
can be taken to be as close to one as desired, such that

TP W) < Frw)

for sufficiently large m. Proposition 3.1 provides precise estimates on f,, (W, ). Recall that,
for any W € &, we denote

TP W)= sup T y)
x,yeW

and that a process (7', P) is said to verify property P(«, 8, n) if there exists W € &£ such
that

uWy>1-58, f,(W)<1-a.

The following proof is inspired by S. Ferenczi’s argument in [8, Proposition 1] which relies
heavily on the ideas introduced in [24, §7] by Orstein, Rudolph and Weiss.

PROPOSITION 3.1. Let (T, P) be an ergodic process verifying P(«, 8, N) for some o > 0,
8 > 0and N € N. Suppose that there exists a Rokhlin tower T € T (X) obeying

h —_—.
T > s

Then, for any § > 46+ > 0, there exists Ny € N such that the process (T, P) verifies
P(ay, 64+, Ny), where

2
a+=a+%(1 — @) =65 —3A(T, P). )
Proof. Denote T = T (F,h)and fix(0 < ¢ < 1. Let

Te ="T(F, [ch] —1)

https://doi.org/10.1017/etds.2021.39 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.39

1260 F. Trujillo

and denote the size of 7, by u.. Let Ny be sufficiently large so that the set Wy of points in
X satisfying

#MO<i<n | T'x €T} = 32uen foralln > Ny

has measure at least 1 — (§+)/2. Denote by W the set given by property P(«, §, N). We
will suppose, without loss of generality, that 4§ < (1/10). Let N4 be sufficiently large so
that
5]
Ny > max N, —
8y
and such that the set W of points in X satisfying:
(1) #0<i<n | Tix e Wo} = (1 —8,)n;
(2 #Ho<i<n | T'x € Wi} > (1 —28)n; and
(3) #H0<i<n | T'x € F} > Bur/4h)n,
for all n > (N4 /2), has measure at least 1 — §4. Notice that both Ny and N are well
defined by the pointwise ergodic theorem. Fix x, y € W, n > N, and denote v = xP",
w= yp’". To prove the result, it suffices to show that

fov,w) <1 —ay.

For an appropriate choice of ¢ depending only on « (see equation (3)), the proposition will
follow from the following claims.
Using the recurrence of x and y to 7, one can prove the following claim.

CLAIM 3.2. There exists a natural number L and splittings v =v' - .. .. vy =
whe. .. w2t such that:

(1) (ne/2pZ < hL < nepZ:

) W* =h=|wk|forallk=1,...,L;

3) v wikeFforallk=1,...,L;and

@) Yo W — w2+ < chL + bn. O

Using the recurrence of x and y to the set Wy given by P(«, §, N) and the fact that most
of the odd blocks will be sufficiently big (condition (1) in Claim 1) and have comparable
size (condition (4) in Claim 1), one can prove the following claim.

CLAIM 3.3. There exist partial couplings between the odd blocks of the splittings of v, w
in Claim 1 allowing one to match at least

Lh c
na(l — —(1 + —) —68)
n 2

Before proving Claims 1 and 2, let us show how they imply the result. Let
Q=T UP|re.
By Lemma 2.3, we can suppose, without loss of generality, that

dl (x,y) < d2(x, y) + 3A(T, P).

coordinates of v and w.
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Since any two points in the floor set F' of the tower define the same Q-Z-name and by
conditions (2) and (3) in Claim 1,

L
D O#0<i < h v #w} <3A(T. Pn.
k=1

Thus we can match at least
hL —3A(T,P)n

coordinates of the even blocks associated to the splittings of v, w. Therefore, by Claims 1
and 2, we can match at least

hL c
n((x + —(1 —ot<1 + —)) — 65 —3A(T, ’P))
n 2

coordinates of v and w. Hence

T, w) <1 —a—h—L<1—a(1+§>> + 68 +3A(T, P).

n

Therefore, for

. 9 1—«a 3)
= min { —
¢ 100 o |

the result follows. In fact, with this definition of ¢ and by (1) in Claim 1,

hL c Mzr 2
P —af1+6)) s BT — o2 0
n( “(+2)>—10( @)

Proof of Claim 3.2. Letm = (1 — 28)n and denote [ = [(3u7/4h)m]. By properties (1)
and (3) in the definition of W, there exist sequences 0 <t < --- <fy <mand 0 < ti <
- < t] < n obeying:
e ThxeF, Thye W
TS
° t,iﬂ — 1, > tig1 — 1t and
° Zi:l(tl/c — 1) < 64n.
Thus, for any 1 < k <[ and by the definition of Wy and Ny,

'y 3
#(0<j = No | Ty e T} = = TN,
Hence there exists 0 < j < Ny such that
’o: SC
#O<k<l| TyeT) = =L, @)

Let L := [(Bcuu7/4)I]. By the definition of #, t,i and by (4), there exist natural numbers

O<ij<ii+h<ip<ip+h<---<ip<ip+h<n, 5)
O<ji<ji+h<jp<jpt+h<---<jo<jro+h<n
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such that T%x, TJy € F forall 1 <k < L and

L
> ik = ji = jl < Leh +284n.
k=1

Let us assume, for simplicity, that i1, j; > 0. Then we can use the index sequences in (5)

to split v, w as a concatenation of non-empty words
v=olop? 2L =l 2 2t

such that, forall1 <k < L,
vk wi e F, v =h = |w¥|

and
L
Z [ — w1 < chL +26,1n + 2Ny
k=0

< chL + én. O

Proof of Claim 3.3. Notice that any word u# admits a unique decomposition of the form
N
u= l_[ g,
i=1

where s € N and each o satisfies one of the following:
(1) a/f. ¢ Wy forall0 < j < |o');
(2) oy € Wyand|o'| = N;
(3) i=s,05 € Wyand |[o*] < N.
Given a word u, let us denote

Ru)=N|{0<i<s|a)eW, |o'| =N},
where o/ denotes the aforementioned decomposition of u. Define
Ri = min{R("), R(w")}.

By the definition of Wy, for all 0 < k < L we can match at least & R4 coordinates of the
blocks (v***1, w+1). By the definition of W, at most 28n of the first n iterates of x and
y do not belong to W;. Recall that the sum of the lengths of the odd blocks associated to
each splitting is equal to n — Lh. Hence

L L
Z R(v2kthy, Z R(w**Yy >pn — Lh —28n — LN.
k=0 k=1

Notice that
Ry = $(RW) + R(w") — [R(@W") — R(wb)|)
> R(WY) + Rwb) — Lok + wk| + [1vF] = [wk)).
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Thus, by (4) in Claim 1 and since & > 2N /4, it follows that

L
> Rogs1 =n—Lh—2LN — %hL — 58n

k=0
Lh c
>nll——|14+=])—65). O]
n 2

3.2. LB criterion for ergodic zero-entropy transformations. In this section, we combine
Propositions 2.2 and 3.1 to provide a new loose-Bernoullicity criterion for ergodic
zero-entropy processes (item 3 of Proposition 3.4) which relies only on the existence
of an appropriate sequence of Rokhlin towers. As a direct consequence, we obtain a
loose-Bernoullicity criterion for ergodic zero-entropy transformations (Theorem 3.5).

By iterating Proposition 3.1, we will show the following proposition.

PROPOSITION 3.4. Let (T, P) be an ergodic zero-entropy process and let L € N U {+00}
and T = {Tp}1<n<1 be a collection of Rokhlin towers. Suppose Ty is 8,—1-monochromatic
with respect to P for all 1 < n < L, where

2 (1 —an—1 2
=0, oy =ay,_1+8_1, 1= KT, T ’

Then there exist natural numbers N, (T, P, Ti, ..., Ty) for 0 < n < L such that, for any
1 < < L satisfying

hy. > Ny—1 foralll <n <l

the following hold.

(1) There exist (my)o<n<i C N such that (T, P) verifies P (o, 8y, my) forall0 <n < [.
(2) Ifl < 400 and there exists a Rokhlin tower T, §7-monochromatic with respect to P,

where
1—a 1\
o =i ()

h1 > Nj1,

obeying

then the process (T, P) verifies P(oq—1 + 67, 87, my) for some m; € N.
3) Ifl = 400 and

Z /L% = +o00, (6)

then the process (T, P) is LB.

Proof. By the pointwise ergodic theorem, there exists mo depending only on 7 and P so
that property P («, 80, mo) is verified. In fact, given that P € P with positive measure, it
suffices to take m sufficiently large so that the set of points x in X for which at least one
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of the iterates T?x with 0 < i < mq belongs to P has measure bigger than 1 — §;. Let

We will define recursively sequences of natural numbers m,,, N, = [2m,, /3,1, as follows.
Let 1 <n < L and suppose that mg, ..., m,_1 (and thus Ny, ..., N,—1) have been
defined. If

h1, < Np—1,

we define Ny = N,_1, my =m,_1 for all n <k < L and the recursive process ends.
Otherwise, if

h’ﬁ, > Ny—1,

we can apply Proposition 3.1 with o = a;—1,8 = 8,1, N = my—1, T = Tp, 8+ = 8, and
define

my = Ny(op—1, Op—1, Mp—1, Tns 8n)-

Notice that, in this case, for « = ;1,3 = 8,—1 and 7 = 7, in equation (2),

ap = apg +pr(l—a 1)2<i - i) =a
- Ta " 10 100 "
and thus property P (o, §,, m,) is satisfied. By induction, there exist sequences of natural
numbers (Ny)o<n<r and (mp)o<n<r for which the first assertion holds. The second
assertion now follows from Proposition 3.1. Finally, if [ = +o0, it follows from (6) that
an /' 1 and §, \ 0. Therefore, the process (T, P) is LB by Proposition 2.2. ]

By applying item 3 in Proposition 3.4 to a sequence of refining measurable partitions,
we immediately obtain the following loose-Bernoullicity criterion.

THEOREM 3.5. Let (X, T) be an ergodic zero-entropy transformation and let {Py,},en C
Pr(X) be a sequence of refining partitions satisfying P, — E. Suppose that there exists a
collection of Rokhlin towers ¥ = {Tp}u>1 C T (X) obeying:

O Y, ik = oo and

(1)  Tn+1 is 8; n—i-monochromatic with respect to P; for all 0 < i < n, where

1— Otl',n 2
ai0=0, Qur1=0Qn+inu Oin= mrz .
There exist natural numbers M, (T, Py, ..., Pu, Ti, ..., Ty) such that if
h'E > M,

holds for all n > 1, then the transformation T is LB.
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Remark. M, in the previous theorem can be taken as

M, = max Ni(T.Pi, T, ..., T,

0<i<n

with N; as defined in Proposition 3.4.

Let us point out that the hypotheses of Theorem 3.5 are always satisfied by local rank
one systems and thus Theorem 3.5 can be seen as a generalization, in the zero-entropy
case, of Ferenczi’s result in [8, Proposition 1], which shows that ergodic local rank one
transformations are LB.

Recall that a system (X, T) is said to have local rank one if there exists a > 0 such
that, for every finite measurable partition P € Py (X) and for every € > 0, there exists a
Rokhlin tower 7 € T (X), with w7 > a, and a measurable partition of the support of the
tower Q, obeying 7 < @, such that

D(Q. Plp) <e.

In short, the local rank one property guarantees that any finite measurable partition can
be arbitrarily well approximated by towers whose size is bounded from below by a fixed
positive constant.

We stress the fact that the size of the towers in Theorem 3.5 is not necessarily bounded
from below.

3.3. LB criterion for the Cartesian square. In this section, we adapt Proposition 3.4
and Theorem 3.5 to obtain similar loose-Bernoullicity criteria, compatible with mixing,
for the Cartesian square of ergodic zero-entropy processes (item 3 in Proposition 3.7) and
transformations (Theorem 3.8).

Notice that any pair of Rokhlin towers 7+ = T (F*, h*) with sizes u* induces a tower
T =T(FT x F~,max{h™, h™}) for the Cartesian square T x T whose size is given by

whu~
min{ht, h—}
The height of this product tower can be increased, at the cost of slightly shrinking the

base, if some almost periodicity holds for the initial towers, that is, if most of their roof’s
image is contained in their base. To illustrate this, let us suppose for a moment that

wT =

Th (F%) = F*. )

Then, if ~*, h™ are relatively prime, 7 (F+ x F~, hTh™) is a well-defined Rokhlin tower
of size ™. Clearly, if the system is mixing, equation (7) cannot hold unless F* = X.
Nevertheless, this argument can be adapted provided the precision of the towers T+ is
sufficiently small. Recall that the precision of a Rokhlin tower 7 (F, k), which we denote
by p7, is given by

p1 = W(FAT"(F)).

The following lemma gives explicit relations between the towers 7+ and its Cartesian
product.
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LEMMA 3.6. Let (X, u, E, T) be a finite measure-preserving transformation, let PE e
Pr(X) and let T+ = T(F*, h*) € T(X)be Rokhlin towers of sizes u* with hy, h_
relatively prime. If

it

(hF = Dpr= <1 - T ®)

for some 0 < ¢ < 1, then there exists F C F™ x F~ such that T(F,h™h™) € T(X x
X, T x T) is a well-defined Rokhlin tower of size 7 > ¢y i satisfying

AT, PTxP)<ATHPHU_+ AT, P )y

Proof. Let
hF—1
EE — ﬂ Tfkhi(F:t).
k=1
By (8),
+
n(EH) > S ©)

Let F = ET x E~. Notice that, forany 0 <i < h™h~,
FN(T xT)(F)#® implies h*|i.

Since A, h™ are relatively prime, this shows that 7 (F, h*h™) is a well-defined Rokhlin
tower. The estimate on the size of this tower follows trivially from (9). Denote P+ =
{Pi, e Pf,[} and let £+ = {Sli, e Sf\,t} be partitions of T+ such that

TE <%, ATE PH = AEE, PH).

Denote P =P+ x P~. Notice that T =T (T x T, F,hth™) C TT x T~, and since
g% x £~ is a partition of T x 7, then £ = (§% x £7)|7 is a well-defined partition
of 7. Furthermore, 7 < & and
N
AT, P)< D (& <& NT) \ (B x P))

ij=1

N
< D WEN\PTXED) + G xES\PY)

ij=1
<DENPHu_+DE, P iy o

Taking into account the previous lemma, the proof of the following result is similar to
that of Proposition 3.4.

PROPOSITION 3.7. Let (T, P) be a weak mixing zero-entropy process, let L € N U {+00}
and let ¥ = {7;li}1§n<L be a collection of Rokhlin towers. Suppose th+, hﬁ, are

relatively prime and

+
KT,

prE < =
2hE h
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forall 1 <n < L. Further, assume that 77_11 are §,-monochromatic with respect to P for
all1 <n < L, where

M+ - N2 /1 — 2
ap =0, Oyt = 0y + Sns Op = ( ”*12 ﬂ+l> ( 100571) .

Then there exist natural numbers N, (T, P, Ti, c, ’Ei) for 0 <n < L such that, for
any 1 <1 < L satisfying

h77,+h777 > Np—1 foralll <n <], (10)

the following hold.

(1) There exist (my)o<n<i C N such that the process (T x T, P x P) verifies
P(ap, 6y, my) forall0 <n < .
(2) Ifl < +00 and there exist Rokhlin towers T+, §7-monochromatic with respect to P,

where
nrar-\ (1= a-1\?
o = ,
2 10

hy+h7- > Nj_1,

obeying

then the process (T x T, P x P) verifies P(xj—1 + &7, 87, m;) for some m; € N.
3) Ifl = +4ooand

Z(umur = 400, (1

then the process (T x T, P x P) is LB.

In the previous proposition, we assume that the system is weak mixing, instead of
ergodic, just to guarantee that its Cartesian square is ergodic. Proposition 3.7 immediately
implies the following theorem.

THEOREM 3.8. Let (X,T) be a weak mixing zero-entropy transformation and let
{Pulnen C Pr(X) be a sequence of refining partitions satisfying P, — &. Suppose that
there exists a collection of Rokhlin towers ¥ = {Ei}nz 1 C T(X) obeying:

. 2

@) Z,ii] (Mrrﬂ'nr) = +00;

(i) pr= < M% /Q@hY-hi) foralln = 1;

(iii) h771+’ hy— are relatively prime for all n > 1; and

@iv) Tnj_[H is Siin_i—monochromatic with respect to P; for all 0 <i < n, where

0= O, Qjn+l = Ujp + (Si,ns

T H T ? 1 —aip 2
Sin = 2 0 )
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There exist natural numbers M,,(T, P1, . .., Pn, Tﬁ, e, 7;}) such that if
h7;l+h7;f > Mn_l
holds for all n > 1, then the transformation T x T is LB.

Remark. M, in the previous theorem can be taken as

M, = max N;(T,P;, 7;1, T,

0<i<n

with N; as defined in Proposition 3.7.

A similar criterion for loose-Bernoullicity of the Cartesian square of a measure-
preserving transformation was proved by A. Katok and A. Stepin in [23] assuming the
existence of excellent approximations of type (n, n + 1). Precise definitions and a proof of
this criterion can be found in [18, §3.2]. We stress the fact that transformations within the
hypotheses of Katok and Stepin’s criterion cannot be mixing (see [18]). Also, for a given
finite partition P, systems with excellent approximations of type (7, n + 1) admit couples
of arbitrarily high towers whose heights differ by one, whose size is bounded from below
and which approximate P arbitrarily well. Therefore, we can apply Theorem 3.8 to recover
Katok and Stepin’s criterion.

4. Smooth mixing transformations with LB Cartesian square

In this section, we will apply the loose-Bernoullicity criterion in Theorem 3.8 to show
the existence of zero-entropy smooth mixing LB transformations on T whose Cartesian
square is LB. These systems will be obtained as the limits of the recursive procedure
described in §4.3 and which we summarize in Lemma 4.7.

The transformations that we consider are time one maps of continuous special flows over
minimal translations of T2. As we shall see in the following, these maps can be naturally
identified with continuous homeomorphisms of T> and they possess a natural invariant
ergodic measure. Under some additional assumptions, these maps will be actually mixing
with respect to this measure. Furthermore, by Abramov’s [1] entropy formula (12), these
maps will have zero entropy.

4.1. Special flows. Given a measure-preserving transformation (X, u, £, T) and an
integrable function ¢ : X — (0, +00), denote by ~7 , the equivalence relation on X x R
given by
(x, s + @) ~14 (T(x),5).
The special flow over T with roof function ¢ which we denote ‘II’T, 0" Xy — Xy, where
Xy = X x R/~ is defined as the identification by ~7 4, of the action
(t,x,s) — (x,s +1).

Using the Birkhoff sums of ¢ with respect to 7', which we denote by

m—1

S,Zgo = Z gooTk
k=0
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for any m € N, and noticing that
Xp={(x,59) e XxR|0=<s < gp(x)}/ww,

we can provide a more explicit expression of the special flow.
Given (x, s) € X x Robeying 0 < s < ¢(x) and for any ¢ > 0,

Wi (x,8) = (T, 145 = ST o),
where
m(t,x,s)=min{fn e N | t+s5 < San)(x)}.

A similar expression can be obtained for r < 0. The special flow W , preserves the
normalized product measure

N,
T = "7 5
Y fX pdp
where A denotes the Lebesgue measure on R. We recall Abramov’s [1] entropy formula
hu(T)
Mg, (Wh ) =t ———. 12
kT,w( T,gg) _[X (Pdﬂ ( )

4.1.1. Time one maps of special flows over T2. Let us recall that the toral translation
R, : T2 — T2, where @ € R? denotes the rranslation vector, is minimal if and only if
(1, w) is non-resonant. A vector v € R? is said to be non-resonant if its coordinates are
rationally independent, that is, if the equation (v, k) = 0 does not admit a solution k €
74\ {0}; otherwise, it is called resonant.

Given r € NU {+o0}, let C', (T?) denote the space of strictly positive C” functions on
T? endowed with the C” topology. We denote Cg (T?) simply by C.4 (T?). To simplify the
notation, for w € R? fixed, we denote

— ! —
Tw»(/) - ‘.IIR(,),(p’ )‘w»fﬂ - )\'Rw’(/”

for every ¢ € C4(T?). By (12),
Ry (Twrp) = 0.

Notice that, for ¢, Y € C+(']T2), the transformations 7y, , and 7,y are not necessarily
defined on the same space. To be able to compare these two mappings, we first normalize
them as follows. Let = (2, '), where 2, Q' € R*, and let us identify the torus T3 with
R3/ (QZ x Q7 x Z). For every ¢ € C4(T?), let
Puy: T — X,
(x,y,2) = (xyz0, ).

It is easy to show that @, , is a well-defined homeomorphism. Define
Gogw =P 0 Tog 0 Pog: Moy =P, (hag)- (13)

Thus (Gu,g, te,e) 18 a well-defined measure-preserving homeomorphism of T3 for any
peCyt (T?). Furthermore, the transformation @, (and therefore Gy, and iy ) is as
regular as the roof function ¢.
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4.2. Mixing criterion. Given o = (2, Q') € R? such that (I, ) is non-resonant, we
denote by g,, g, the first return times of Q and €', respectively. Recall that given that
a € (0, 1) is irrational and by setting go = 1, the first return times of « can be defined
recursively for all n € N by

gn+1 = min{k € N* | [lkee|ll < [ligneell},

where ||| - ||| denotes the distance to the closest integer. We extend the definition of ||| - ||| to
vectors in R? by

lllxlll = min |k — x]y.
kezd
For o € R, let us denote
{a} =a — |al.
The following mixing criterion is a consequence of the mixing criterion introduced by B.

Fayad in [6, Proposition 3]. See also [4, Proposition 3.3] and [5, Proposition 2] for similar
applications of this criterion.

PROPOSITION 4.1. Suppose that

q, >, g = foralln € N. (14)

If, for every n € N sufficiently large, there exist two sets, I, I, each of which are equal to
the circle minus a finite number of intervals whose lengths converge to zero, and if:
e foranyy €T, any x such that {q,x} € I, and any m € [¢*I" /2, 2e%n],

m 4n

|8xS,§“’(p(x, )’)| > edn n s

o forany x € T, any y such that {q,y} € I, and any m € [€24n /2, 2e20n+1),

/
R, LMy
|8)’Sm (p(x7 y)| — gq;z n >
then the special flow \Ilfew 0 is mixing.
Let us point out that the set of vectors verifying (14) is uncountable and dense. For a
proof of this, see [30, Appendix 1].

4.3. Construction. In the following, we fix a vector w = (2, ') € RR? such that (1, w)
is non-resonant and denote by g, g;, the first return times of € and €', respectively. We
further assume that (14) holds. Let

Cyviix = (¢ € CF(T?) | (Gorgs Hang) is mixing).
Denote by ¢p : T2 — R the real analytic function given by

po(x,y) =1 +2Xn(X)+Yn(Y), 15)

n=1
where

X, (x) =e " cosQRmqnx), Y,(y)= e cos(2mq,y). (16)
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Applying the mixing criterion in Proposition 4.1, one can prove the following proposition
(see [6, Theorem 1]).

PROPOSITION 4.2. For any trigonometric polynomial P : T?> — R such that ¢o + P is
strictly positive,

@0 + P € Cymix
In particular, Cpgiy is C*°-dense in C° (T?).
Our goal is to prove the following theorem.

THEOREM 4.3. There exists a set S C CY° (T?), C®-dense in

{<pec$_°<1r2> 'f go(eme:l},
TZ

such that, for every ¢ € S, the transformation (G ¢, hw,p) given by (13) is mixing and its
Cartesian square (G p X Gu.p» Mwgp X Hog) IS LB.

Let us give an outline of the proof. We prove Theorem 4.3 by showing that, for any
trigonometric polynomial P of zero average such that ¢y + P is strictly positive, the
following holds. For all » € N and all € > 0, there exist an increasing sequence of natural
numbers m,, and a sequence of trigonometric polynomials P, : T — R of zero average
and degree at most g,,, obeying

(o)
D P ller <€,
n=1

for which, redefining ¢ as

Polx, y) =Y Xx(x) + Yi(y),
k=1

where X is equal to Py, if k = m, for some n > 1 or to X otherwise,
v =90+ P

is a well-defined function in C° (T?) such that (Go,y> Mo,y) 18 mixing and its Cartesian
square (Gu,y X Guy» Mo,y X Hoy) 18 LB. Notice that, up to taking m; sufficiently large,
we can suppose, without loss of generality, that

e9]

Z Pm" - an

n=1

< 2e.

¥ = (po+ Pllcr =
Cr

The sequences {m;},>1 and { Py, },>1 are defined recursively with respect to a sequence
of refining partitions P, — £ set beforehand. We define m,, P,, by guaranteeing
(Proposition 4.6), at each step, the existence of Rokhlin towers 7 (G, y, , Fni, h,jf) within
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the hypotheses of Lemma 3.6 for the processes (Gg.y,,, Pi) fori =0, ..., n, where

Yn (X, ) = @0(x, ¥) + P, ) 4 Y (P (X) = X (1))
k=1

The towers T (Gg.y,. Fif, hi¥) will be sufficiently monochromatic with respect to the
partitions Py, . .., P,, and will be of size ~ (n + H~1/4, By ensuring that v,4; is
sufficiently close to ¥, at each step, we can also guarantee that 7 (G, y,,, F.X, h) are
well-defined Rokhlin towers for all m > n.

By carefully choosing the sequence {hf}nzl, we can guarantee that, for all 1 <n <m,
the process (Go,y,,» Pn) and the towers {7 (Go,y,,, Fl.i, h?[)}lgif,, verify (10) with [ =
n — 1. Taking

w = hm lﬁn,

n—o0

the loose-Bernoullicity of (Gu,y X Guys Mwy X Me,y) Will follow from Theorem 3.8.
By Proposition 4.1, the transformation (G y , e,y ) Will be mixing.
A precise statement of the recursive procedure described above is given in Lemma 4.7.

4.4. Proof of Theorem 4.3. Let us start by noticing that, under some particular condi-
tions on P, the property P (P, «, §, n) is open in the space of transformations

{(Gw,wa Mwa¢)}gﬂ€C+(T2) C Hom('ﬂ‘3)
endowed with the C? topology.

PROPOSITION 4.4. Let o, § > 0, let n € N and suppose that ‘P is a finite partition of
T3 whose elements are either open or have zero Lebesgue measure. Then the set of ¢ €
C+(T2) Jor which (Ge.p, w,y) verifies P(P, a, §, n) is open in C+('JT2).

Proof. Letus assume that § < 1; otherwise, the result is trivial. Let ¢ € C+ (T2) such that
(Guwp» M) verifies P(P, o, §, n) and denote by Wy the set associated to this property.
Since we consider T> endowed with the Borel o-algebra, we can suppose, without loss
of generality, up to slightly reducing the measure of Wy, that Wy is a compact set.
Furthermore, we can assume that all the iterates of points in Wy belong to open sets of
the partition since those who do not verify this condition form a set of zero Lebesgue
measure (recall that 4, is equivalent to the Lebesgue measure on T3). By continuity,
there exists € > 0 such that, for any ¥ € C, (T?) obeying

¥ = llco <,

we have peyy (W) >1—4 and, for all x € W, the P-n-names associated to x with
respect 0 (Gup, hoyp) and (G y, Hoy) coincide. Therefore (Gyy, w,y) verifies
P(P,a,é,n). O

Let us introduce the family of polynomials to be used in the recursive procedure
described in §4.3. The class we define here is a slight modification of the one considered
in [4, Proposition 3.5] by B. Fayad.
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PROPOSITION4.5. Letr €e Nand(0 < u < %. For alln € N sufficiently large, there exists

and a trigonometric polynomial P, of zero average and degree at most g,y satisfying:
(1) 1/nn € 2¢,N;
) N Punlcr < e 34,
3) |Puan(x) F ital < €474/ (qu41) for |{qnx} — 5 £ 3| < 3ps and
@) FP,,(x) = q2/e™ for l{gux} — 5 £ 51 > 4u.

Furthermore, for any increasing sequence {mu},eN C N and any decreasing sequence
Un ¢ 0 such that

Y, ¥) =00, ¥) + P(5, ) + D (P, (X) = X, (X))

n=1
is a well-defined function in C5° (T?), the transformation (Go,ys Moy) is mixing.
The proof of the previous proposition is completely analogous to that of Proposition 3.5

and Theorem 3.1 in [4] so we defer it to the Appendix. Using the family of polynomials
just defined, we will prove the following proposition.

PROPOSITION 4.6. Let P be a trigonometric polynomial with zero average such that
@o + P is strictly positive. Suppose P is a finite partition of T3 whose elements are either
open or have zero Lebesgue measure. For allr, N € Nand all 0 < 8, u, € < 1/10, there
exists m € N obeying

lgme | <€
such that, for P, as defined in Lemma 4.5,
o, y) =@o(x,y) + P(x,y) + Pyum(x) — Xp(x)

is a well-defined function in C_?_O(Tz) and the transformation (G g, le,p) admits two
Rokhlin towers T+ with closed sets as floor sets obeying

AT*P)<B, pre>pn, hr-=hpe —2>N, pre <

2(hg+)?%
Proof. Letm € N and define
m—1
Ly =Y Xp() + Y0(3)s  Hu=Yu()+ Y Xa(x) + Ya(y).
n=1 n>m
Thus we can express ¢ in the statement as
o=14+P+Ly+ Pym—+ Hy. a7

Take m sufficiently large so that

edm
deg(P) < gm-2, gque " <€, — > N.

m
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Let
1 1 2
Ii:{xe’ﬂ‘ X——*x — 5—“}

2q9m  4qm dm
and define

3

FiZI:tXTX qm’?m’ dmNm ’ /’li:nalil,
4 4
with 7, as defined in Proposition 4.5. We claim that, for m sufficiently large,
T = T(F: n®)

are well-defined Rokhlin towers for the map (G, 4, fw,) satisfying the desired conditions.
We will prove this only for F~ as the proof for F is analogous.

First, notice that A~ > N by our initial hypothesis on m. Suppose, by contradiction, that
there exists 0 < k < h~ for which T¥(F~) N F~ # . Then there exist (x, y,z) € F~
such that, for n = 7 (k, x, y, 2),

x+nQel”, 0<k-SRop(x, y) < q’”zn’". (18)
Let0 < ¢ < 1 such that ¢ + P > c. Notice that n < kc~! and take m sufficiently large so

that h=c™! < guy1. Asx +nQ € I, then

du
il < —,

m

which implies that n > ¢;,_1. Since n < kel < gm+1, it follows that n = lg,, for some
I € N. By the definition of 1,,, it follows that / < e?" for m sufficiently large.

CLAIM. Forallx e I7,y e Tand0 <[ < eim,
R, 1
1S1gn @, ¥) = lgm + Igmnm| < o (19)
Jor m sufficiently large.
Proof of the Claim. We decompose ¢ as in (17) and calculate each Birkhoff sum

separately. Since P and L,, are polynomials of degree less than g, and g,,, respectively,
by Corollary A.2 there exists a positive constant Cg such that

. 1Cogm—1 » [Coq
1S5 Plleo < ——=, IISE" Lllco < ——.
m—+1 dm+1
Giventhatx € I and 0 < [ < e9m,
3
{gm(x +12)} — —| <2u+ <3u
4 dm+1

for sufficiently large m. Thus, by condition (3) of Proposition 4.5,
Ige3dm/*

R
11 Prun (X) +1qmnm| =
fan o dm-+1
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Notice that || Hy, |[co < 2e~m for m sufficiently large. Letx € /7,y € Tand 0 < [ < 9.

Then
1S5 (e, ¥) = Lgm + 1gmim| < 1S52 Pum (X, ) + gl
R Ry Ro
18140 PL+ 1S40 Lin| 418,47 Hin|
3qm /4
- Igme N 1Co N 1Cogm n 2lé]/m
qm+1 gm+1  qm+1 efm
1
< equﬂ
for sufficiently large m. U
By (18) and the previous claim,
Lm — It — €20 < k < Igy — Iqmnm + €29 + %. (20)

Since k < n,;l — 2, the left-hand side of the previous equation yields

(1 — 2m),

lgmnm <1 —
1_nm

Thus, by applying the previous inequality in the left-hand side of (20), it follows that
k>lgy—1
for m sufficiently large. But the right-hand side of (20) implies that
k <lgnm

for m sufficiently large, which is a contradiction since k is a natural number. Therefore
T~ =T(F~,h™)is awell-defined Rokhlin tower for (G, o, [tw,p). Furthermore,

ur-=h"p(F7) =2pn —nm) > K.

Let (x, y,z) € F~. Taking [ = (17mqm)_1 in (19), we obtain

— R, 1
|h _Sh—+1§0('x7 y)' < ezm
Hence w(h~, x,y,z) =h~ + 1 =1, and
|Gl (2 3. 2) = (v 2 = g QU Mg WL ™ = S35, 9 Cr y).

Since [[|n,,' Il < 1,,"/(@m-+1), it easily follows that

o < —2
T 2(h+)2

for sufficiently large m. It remains to show that d(7 —, P) < B. For this, consider an open
cover of T3,

U={P|PeP,P#0U{U}
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where U is an open set of g+ p-measure less than 8/2 and let a be the Lebesgue number
of this cover. The existence of such cover follows directly from the hypotheses on P. We
claim that, for m sufficiently large, the diameter of every level of the towers 7~ is smaller
than a. By (19), forall 0 <[ < e9m,

1 3u
. Igm ¢ —
diam(G % (F7)) < gmnm + oam + q—m”(P/”cO

2, 1 6u
eqm eZQm qm
10

qm

=

for m sufficiently large. By definition of 7~ and by Corollary A.2, there exists a positive
constant C such that, forall 0 < r < gy,

diam (G4 (F~)) < diam(G'4 (F7))(1 + Jmax | 50| o)

10p R R
= q_m(l +Ogi’q‘m Is; P/”cO +Ogi’q‘m IS; Lin_1||co

+ Qm”Xm—l + Ym—l + Pu,m + Hm”cl)

104 Gm-t It 1 2qp
= q—m(l +C+Cqm-1 +Qm<eqml + i + g + eTr,n

<a

for m sufficiently large. Therefore every level of the tower 7~ is contained in at least one
element of the open cover /. By definition of U/, it easily follows that

AT, P) < l/«w,go(U)-
Since e, Py (U) < B/2, we have iy, (U) < B for m sufficiently large. O]

‘We now have all the tools to prove Theorem 4.3.

Proof of Theorem 4.3. Letg € CY (T?) with average equal to one, let 7 € Nand let e > 0.
We will define ¢ € C° (T?) with average equal to one such that

o —dllcr <e,

(Goy» Moy) ismixing and (Gey X Guys Hoyw X Hoy) 1S LB. We will obtain ¢ as the
limit of a recursive procedure. By Proposition 4.2, there exists a trigonometric polynomial
Py with zero average such that {9 = @9 + Py € Cmix and

€
— r < —.
ll = voller < 5
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We define a sequence (P,),en of refining partitions as follows. For all n € N, P, is the
partition of T3 into 2% open cubes of the form

i i1 i+ ko k+1
o ) N\ o )\ T )

for some i, j, k € N, together with a zero Lebesgue measure set given by the union of the
boundaries of the cubes. The order of the elements of each partition is not relevant. Clearly,
P, — B(T3). Let u,, = (n + 1)~1/% and define

4 2
l—«

for all n € N. Propositions 4.4, 4.5, and 4.6 imply the following lemma.

LEMMA 4.7. There exist closed sets {Fni}nzl C & and sequences {hf}nzl CcN,
{Nnitnken CN, {my}u=1 CN, {ex}nen C Ry, with m,, increasing and €, decreasing,
such that, for all 0 < k < [ < n, denoting

Pl = Pp,/,m/ - me
with Py, 1, as in Proposition 4.5, and

Yn(x,y) = @o(x, y) + Po(x, y) + P1(x) +- - - + Py(x),

the following hold.
(1) wn € CMix-
2) ”Pn”C""" <€-1= (l/zn)
(3) hY =hy; +2,and hfh;] > Ny .
(4) Forall ¢ € Cyyix obeying
1Y — Ynllco < €n,
7? =T (Goy, Fli, hli) are well-defined Rokhlin towers, &;-monochromatic with
respect to P, obeying
1 1T
+ i
n > 117, ,07?: < 2(h]+)2'

Moreover, (G, Pr) and T = {Tilk<i<n verify the hypotheses of Proposition
3.7. For 0 <i <n—k, the numbers Ni(Gyy, Pk, 7?[, ... ,Tkil._l) given by
Proposition 3.7 can be taken as Ny ;.

Let us assume that the lemma has been proved and let

Y = lim .

n—oo

By condition (2) in the lemma, v is a well-defined C* function obeying

lo —¥llcr <e.

We can suppose, without loss of generality, that ¢ € Cj’ro(’]IQ). By Proposition 4.5, ¢ €
Cwmix and thus (G, He,y) is mixing. By (4) in the lemma, the transformation G,y and
the collection {7;?},121 verify the hypotheses of Theorem 3.8. Furthermore, by (3) and (4)
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in the lemma and by the remark in Theorem 3.8, it follows that (G y X Gu,y, ey X
e,y ) is LB. This proves Theorem 4.3. O

Proof Lemma 4.7. We prove the lemma by induction. Define €y = €/4, Noo = 0 and let
n > 1. Suppose Ny ; has been defined for all 0 < k < n, 0 <i < n — k and that the other
sequences in the statement have been defined up to their (n — 1)th term. For all 0 < k < n,
define

Nk = Na—t Gy P T(Goapyys B B0 o TG Fy s By ),
with N,_ as in Proposition 3.7. Applying Proposition 4.6 with

P:P0+"'+Pn—l7 ’P:’Pn’ ﬂzan,

2
n = HKn, € = €p—1, N = — max Nk,n—k,
n 0<k<n

there exists m, € N such that, for P, = Py, m, — Xm,,
2
Yn=Yn-1+ Py € Cio(T )y N Pallcr+n < €p—1,

and the system (Goy,, oy,) admits Rokhlin towers 7% = T(Gyy,, Fi, hi),
8,-monochromatic with respect to P,, with closed floor sets such that

_ w
h::hn +2>N, pur:> Wy, p7—i<2(h—;)2.

By Proposition 4.2, i, satisfies the first assertion. By construction, the second and third
assertions also hold for P, and hf respectively. Thus, it remains to define €, such that the
fourth assertion holds. Let 0 < k < [ < n. Since

1¥n — ¥n-1llco < €n—1,
it follows from (4) in the lemma that
_ + + +
Nin—k = Noik(Goys Pio T(Goos Fr s 1y )s oo s T(Gooys Fyi—ys By 1))

By (4) in the lemma, if k < n — 1, the transformation (G, y,,, Px) and the collection 7 =
{(T(Guw,y,> Fl.i, hl.i)}kf,-q, verify the hypotheses of Proposition 3.7. By construction, if
k=n—1, then (Gyy,, Pn—1) and T = {T (Go.y, Fni, h,ﬂf)} verify the hypotheses of
Proposition 3.7. By Proposition 4.4 and by continuity, there exist

€
0< €, < W
such that the conclusions in (4) hold for any v € Cpix satisfying

IV = Ynllco < €n.

This completes the proof of Lemma 4.7. U
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A. Appendix

LEMMA A.l. Let w € R? such that (1, w) is non-resonant. Given a trigonometric poly-
nomial P : T¢ — R with zero average and of degree n > 1, there exists a trigonometric
polynomial Q of degree n such that

P=QoR,— 0, (A1)

where R, : T¢ — T denotes the toral translation of rotation vector . In particular, the
Birkhoff sums of P with respect to R, obey

ISR Pllcr < min{2[ Qllcr, lImell| Qllcre1} (A.2)
for all m > 1. Furthermore, there exists a constant C(d, r) such that

1Qllcr < ClIPllcaret max_ Ik, )~

O<[kly=n

Proof. Consider the Fourier expansion of P
P6) = Z pkeZHik~9
kl1<n

and define
0O) = 3 P omike, (A3)

2rik-w _
PR
Then Q satisfies (A.1). Equation (A.2) is a direct consequence of (A.1). Recall that, given
that r € N, there exists a constant C(d, r) such that, for any f € COO(Td , R) with Fourier

coefficients f,

CUkI I fel < Il fller < sup CLEITTHY fil.

keNd
Since
|k — 1] > 2sin(r ||k - wll) = Ik - o]l
the bound for the C"-norm of Q now follows from (A.3). O]

Remark. For w € R\ Q with return times (gy,),eN,

-1 -1
gn = max kol = llgn—1ell” < 2gp.
0<kl1 <qn

COROLLARY A.2. Let w € RY such that (1, w) is non-resonant. Given that r € N, there
exists a constant C(d, r) such that, for any trigonometric polynomial P : T¢ — R with
zero average and for allm > 1,

SRopller < C|IP || preasz |lme max w, k)|
1Su° Plicr < CIP |l cr+a+|l |||0<|k|1§deg(P)lll( M

In particular, if d = 1, € R\ Q with return times (qn)neN and deg(P) < g, then

dm—1
m

ISFe Pller < zc‘;ﬂnanz

forallm > 1.
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The construction in Proposition 4.5 is analogous to that of the polynomial families
defined in [4, Proposition 3.5] and in [5, Proposition 4]. The proof of the last part of
Proposition 4.5 is completely analogous to the proofs of [4, Theorem 3.1] and [5, Theorem
3], which rely on the mixing criterion in Proposition 4.1. We will briefly sketch the proofs
here. For more details, we refer the interested reader to [4-6].

Proof of Proposition 4.5. Let r,n € N and let 0 < u < 1/16. Let En :R — R be the
1/g,-periodic odd function defined by

. 1 T
X ifxe |0, — — ,
4q, 24y
~ 1—-14 1 7
E(0) = Eoifle— —| < 25,
44, 4qn 2q,
1 1 7 1
—x + — ifxe|: —I——'u,—i|.
2g, 4q, 2g, 2qn

Fix
qne_qn - - 3qn€_qn
2 4
such that 1/n, € 2¢,N (which is always possible for n sufficiently large) and define

4qnnn
1—14u

£n(x) = En(x).

Let K : R — R be an even, positive, smooth bump function obeying
Supp(K) C (—1, 1), / K(x)dx = 1.
R
Define K, (x) = n?q, K (n>qux). Clearly,

—1 1
Supp(K,) C (2—, 2—>, / K, (x)dx = 1.
n=gqn n=gn R

Let
X =K, *x§,

and notice that X is a well-defined 1/g,-periodic odd function. Define P, , as the
truncation of the Fourier series of X = K, % &, to degree g, +1 — 1, namely,

n+1—1 )
Pua)= > Xkt
k=—qn+1+1

Let us denote

I={xeT)| ‘{qnx}—{—‘]ﬂ <3u}, I'={xeT| |{q,,x}+%’ <3u}

J:{xeT||{qnx}+%|>4u}, J/={x€T||{qnx}+%|>4p,}.
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Notice that the sets I U I’ and J U J’ correspond to the points satisfying the inequalities
in assertions (3) and (4), respectively. We have

Xy =m, Xlp=—1n

4 4
X/|J _ qnln ’ X/|J/ __ qnln '
1—14p 1—14u
In particular,
| X' 0| = 2qFe .

By the definition of X,

2 3
Xl cr2 < 0 (02qn) 1K || oriz
< n2rH0gI e =n || K || ri2

S 6_4%1/5

for sufficiently large n. Furthermore,

1X = Punller = > @k X (k)]

|k1>gn+1

1 ||X||Cr+2
< — -
— 27 Z k2

1k|=gn+1

o3n/4

IA

qn+1

for n sufficiently large. Therefore conditions (2)—(4)in the proposition are verified by P,
for n sufficiently large. It remains to show that the limit function belongs to Cyvix. We do
this by applying the mixing criterion in Proposition 4.1. We check only the first part of
Proposition 4.1 as the second part is verified exactly as in [4—6]. We can express ¥ as

o0
Y y) =14 P, y)+ Y Pu(x) +e % cos2rq,y),

n=1

where P, is either equal to e~ cos(2m g, x) or to some polynomial Py, 4, of degree less
than ¢, given by Proposition 4.5 for some w, > (1/n). Define I,, as the set of x € T
such that

11 1 1 1 1 13 3 1
{gnx} € ;’Z—rn U Z+”m§—; U §+;,Z—Vn U Z+Vn,1—;l )

where

1

. Sp it Py = Py, 4.,
n — .
n- otherwise.
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Notice that, by definition of u,, we have i, — 0 and thus I, satisfies the hypotheses of
Proposition 4.1. Let m € [e%n /2, 2@2‘1'/1] and suppose that deg(P) < g,—1. Denote

n—1
Ly(x,y) = PO, )+ Y Pe(x),  Hy(x) =) Pi(x).
k=1 k>n

Then
W SRoy = 8 SR (L, + Py + Hy).
By Corollary A.2 applied to L,, there exists a positive constant C such that
1SR (p — P)llco < Can + 790/ <
qn
for sufficiently large n. If P, = e~ 9" cos(2mg,x), it follows from [6] that

mdgn
nedn

|8, SR P, (x)| > 16

forallx € I,.If P, = Py, 4,,then, forall x € I, andall 0 <[ <m,

11
{QH(X+IQ)}+§:|:Z >5u — > 4p

qn+1
for sufficiently large n. Thus, by condition (4) of Proposition 4.5,
2

mq
|8 S Pa ()] = — T

eln

for all x € I,,. Hence, in both cases, the first part of Proposition 4.1 is verified. Therefore
Iﬁ € CMix- O
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