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ABSTRACT

Analysis of deformation and stress field in a circular elastic cylinder under the extension is presented,

with emphasis on the end effect.

axisymmetric deformation of transversely isotropic materials.

The problem is formulated on the basis of the state space formalism for

A rigorous solution that satisfies the pre-

scribed end conditions is determined by using symplectic eigenfunction expansion, thereby, the applica-
bility of the Saint-Venant solution is examined. The results show that the end effect is significant but
confined to a local region near the base of the cylinder where the end plane is perfectly bonded or sub-
jected to a concentrated load. As the axial stiffness increases, the end effect on the stress state increases
at the loaded end but decreases at the bonded end. The displacement and stress distributions across the
section are uniform throughout the length of the cylinder except near the ends.

Keywords : Circular cylinders, End effects, State space, Symplectic orthogonality.

1. INTRODUCTION

The simplest case of stress distribution in anisotropic
cylinders is that of the extension of an axial force ap-
plied at its end. The stress and displacement compo-
nents can be obtained in an elementary way [1,2].
Under axial loading applied at the centroid of the end
section, the internal forces in a cylinder are normal to
the plane of the section and the corresponding stress is
described as a normal stress and the average value of
the stress over the cross section is obtained by dividing
the resultant of the internal forces by the area of the
cross section. If the force is uniformly distributed, the
stress is uniform everywhere in the cylinder.

In general, the actual distribution of stresses in any
given section is statically indeterminate. In a cylinder
subjected to concentrated loads, the stress at a given
point of the section may be different from the average
value and vary across the section. When a cylinder is
bonded to a rigid base, the interface between the end
plane and the rigid base imposes certain constraints on
the body, which dictate the end conditions. Saint-
Venant’s principle makes it possible to replace a given
loading by the average value. The normal stresses can
be assumed uniformly distributed in any cross section;
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however, such an assumption may be quite in error in
the immediate vicinity of the points of the applied loads
and at the bonded end. To learn more about their dis-
tributions, it is necessary to consider the deformations
resulting from the actual distribution of the prescribed
loads and the end conditions at both ends of the cylinder.
Rigorous analytic or experimental methods must be
used to determine the distribution of stresses in these
areas. An exact analysis of this problem is not so
simple as it appears.

In this paper we present an exact analysis of the dis-
placement and stress fields in a circular elastic cylinder
under extension. The state space formalism is used to
determine the distribution of stresses corresponding to a
concentrated load at the end of the cylinder. When the
material is transversely isotropic with the axis being the
axis of rotational symmetry, the problem is axially
symmetric. It is well known that the axisymmetric
problem can be formulated by stress function approach
[2] to reduce the basic equations to a biharmonic-type
governing equation, yet the BC in terms of the un-
known function are intricate and their application to the
problem of concern will encounter great difficulty in
satisfying the end conditions on the base plane where
the stress distribution is of interest.

In the present work, the equations of elasticity for
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axisymmetric deformation of a transversely isotropic
body are formulated into a state equation and an output
equation in terms of the state vector composed of the
displacement and stress variables. The Hamiltonian
characteristics of the formulation provide an essential
basis for using eigenfunction expansion to determine an
exact solution which satisfies the prescribed end condi-
tions..

2. STATE SPACE FORMULATION

Consider a cylinder of a homogeneous material ex-
hibiting transverse anisotropy, as shown in Fig. 1.
Suppose the bottom plane is bonded to a rigid base and
the top plane of the cylinder is subjected to traction
which reduces to a resultant P directed along the axis of
the cylinder. Let the origin of the cylindrical coordi-
nates (7, 0, z) be located at the centroid of the fixed sec-
tion, with the z axis directed along the axis of the cyl-
inder. When the axial force P is the only external
force, the deformation and stress fields are independent
of 0. On the basis of the state space formalism for the
axisymmetric problem in anisotropic elasticity [3], the
state equation and the output equation are

u, | 0 -0, ri'cy 0 u,
0| u _ L, 0 0 rlen || u. 0
oz| ro,, L, O 0 Ly rc,, ’
re.| |0 0 -0, 0 rG,
[rc,.,, } _ [¢,(r0, +1)=2cq Gy H u, } ) @)
rGoy | | (PO, +1)+2¢s €13 || 7O.. ’

where c;; are the elastic constants with reference to the
cylindrical coordinates; 0, and 0, denote partial differ-
entiation with respect to r and z, respectively, and

by = =650, +77"), Ly =4, |:ar(’"ar)_”_1] )

A N s 1 -1
lyg==¢53(0,-r7), Cj =Cj =Ci3C33Cj3, C; =C;Cs3 .

With c¢¢ = (c11 — ¢12)/2, there are five independent
elastic constants for transversely isotropic materials.
When the material is isotropic, there are ¢33 =cq1, ¢13
= Cl2, Caq = Co6 = (€11 — C12)/2.

The cylindrical surface at » = a is traction-free and
the upper plane at ¢ = / are subjected to normal trac-
tions,

[0, O.l—=[0 0], [0. o.lL,=[0 p(], (3)

with the resultant of normal stress being
jo" 2np(r)dr=1P. (4)

The bottom plane is assumed to be perfectly bonded
to the rigid base (the fixed end), so the end conditions at
z=0are

[, w.]l.o=[0 0]. (&)
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A circular cylinder subjected to an axial load P

Fig. 1

3. SEPERATION OF VARIABLES

We seek the homogeneous solution of Eq. (1) of the
form
[v, u, ro

r z rz rGZZ] = [UV UZ 7:‘2 7"22] euz (6)
where  is a parameter to be determined; U,, U,, T,, and

T, are unknown functions of , which reduces Eq. (1) to

0 -d. r'cy 0 U,
—C(d, +77") 0 0 r ey U.
&y [d.(rd)-r"] 0 0 —4y(d,-r")| T,
0 0 —d 0 T.
U,
U.
M
T,
(7

Equation (7) can be solved by letting

U, U, T. T.] g
=[C, () CJy(r) CirLy () CyrJy ()], ®)
where Jo(Ar) and J;(Ar) are the Bessel functions of the
first kind, of order 0 and 1, respectively; A and C; (i = 1,
2, 3, 4) are constants to be determined.

Substituting Egs. (8) into (7), making use of the de-
rivative formulas:

4 1) =0, L 000 =0y ) =L,
dr dr r

)
we arrive at
0 X cy 0 [[C G
sk 0 0 ol ||C C
~013 ’ AC33 2| _ M 2 ’ (10)
Ch A 0 0 Ci3 A C3 C3
0 0O A O C, C,

Journal of Mechanics, Vol. 27, No. 3, September 2011


https://doi.org/10.1017/jmech.2011.42

to which non-trivial solutions exist if and only if the
determinant of the coefficient matrix equals to zero.
This condition yields

4 2
G CuK _[Cll e — o305 + 2044):IK +te30y =0, (k=Alp)

K =

K

(11)
which has four roots, given by

_K3

2 2
C 3 — (a3 +2C44)+\/(511 C33 _013)[011 53 —(C3 +2¢4) ]

2¢, ¢y
= —K4

2 2
¢ 3 — (a3 +2C44)_\/(011 C3 _013)[011 33— (G5 +2¢4) :|

2¢, ¢y

To each k(= A; / ) there corresponds a solution of
Eq. (10) determined within a constant 4; as

G K,§C44 S
C ; +
o] Wlwrad G5 ()
G T —Caq WK €3 +C33)
G, Cyg UK (Ki €3 +¢33)

It can be shown on account of positive-definiteness
of the stiffness matrix that «; (j =1, 2, 3, 4) cannot be
purely imaginary. Since Jo(—wur) =Jo(x;ur) and
Ji(=x;ur) = = Ji(x;ur), there are two linearly independ-

ent solutions derivable from Eqgs. (8) ~ (12). The
complete solution of Egs. (1) ~ (2) is
Cu, [ A, m )]
u 2 K, U7
z =ZA]-€“Z f‘Z( J l’l ) , (13)
ro. | 5 S0, 1, 7)
_erz _ _f;1 (KA/'s us r)_
(1o, | & FACIN™NR)
I3 :ZA/e“Z fé( J “’ ) , (14)
_rGBB i j=1 _f‘6 (Kj > Ky I")_
where
Si(k;, 1, r) (K§C44_C33)J1(Kj wr)
fz(Kj’H”’) _ K,‘(044 +013)J0(KjW’)

S0, 1, 7) a —Cyy M(Ki s +e)rdi(x; ur) ’
Filsi ) || cw (e e +ex)rdo (<, wr)

fs(Kja W, ) :[044(K§ ¢y +te3)—C 033:|Kj W’Jo(Kj ur)
—2¢46 (Ki Cay —C3)J; (Kj ury,
Je (1, 7) :|:c44(K§‘012 +03) =6, C33:|Kj wJo(K; pur)

+2c66 (Ki Cay — )i (K, ).

In case of isotropy, Eq. (11) yield k;=k,=1 and x3
= K4 =—1, which are repeated. Thus, only one eigen-
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vector is obtained by substituting k=1 in Egs. (13) ~
(14). Since a linear combination of the eigenvectors
for k, # K is also an eigenvector of a linear system, the
other one linearly independent eigenvector is deter-
mined through a limiting process by letting kK, — «; =1
and k4 — k3 = —1. A linear combination of these two
linearly independent eigenvectors together gives the
solution of Egs. (1) ~ (2) for isotropic materials [4].

4. SATISFACTION OF THE BOUNDARY

CONDITIONS

Imposing Eq. (3) on Egs. (13) ~ (14) gives

|:f:?> (Kl > K, (l)f:g (Kza W, a):H:Al :l |:0:l .
f‘S (Kl > Hs a)f; (K2 > Ky Cl) AZ 0

Nontrivial solution of Eq. (15) exists if and only if
the determinant of the coefficient matrix is zero. This
condition leads to a transcendental equation

(15)

n i (k; pa)J, (k; pa)
+ua [nz Ji(ky pa)Jy (ic; pa) = Jo (k; pa)Ji (i, W)] =0,
(16)

where

2 2
N1 = 2¢q6 C33 (3 + )] —K3),

2 2
Ny =K, (Kj €5 +033)[K5 Cy €4y +ap3(Cay +03) =y ¢33,

2 2
N3 =K (K5 3 +e33)[Ki ey € +o3(Cas +013) =€y 053]

By inspection, if p is a root of Eq. (16), so is —.
Moreover, u = 0 is a repeated root, which can be veri-
fied by replacing p by —u in Eq. (16) and using the fact
that p = 0 is a zero of Ji(kua) and Jo(—x;ur) = Jo(x;ur),
Ji(=kur) = = Ji(kur).

Substituting the eigenvalues y; (i = 1, 2, ...) deter-
mined from Eq. (16) back to Eq. (15), expressing 4,; in
terms of A;;, we obtain

__f;(Klauiaa) A“ EaiAi ,

= 17
fS(KZ’Hi’a) ( )

2i

The case of py = 0 requires special consideration.
Since 1 = 0 is a repeated root of Eq. (16), only one of

the eigenvectors associated with p, = 0 is obtained from
Egs. (15) ~(17):

u, ro, ro.]=[0 1 0 0],

rcg]=[0 0],

[u,
[rcrr

z

(18)

which is a rigid body translation in z axis.

Another linearly independent eigenvector associated
with 1y = 0 can be determined by considering the Jor-
dan-chain solution [4] as

[u, u, ro, rczz]:[Blr z 0 Bzr],

[rc,., rcee] = [O 0] , (19)
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2
‘i3 ey (e +a) =2
Bl B —— Bz = s

¢+ ¢+ o

A linear combination of the eigensolutions produces
the complete solution of Egs. (1) ~ (2):

u, 0 Br r
u, 4 1 +B z
ro. | Clol O
rczz 0 [32 r
b (p;, r) hy(=,,7) |
- h i» hy (= i
+Z 4 & > (K5 1) + A, e L (=15 7)
i=1 Iy (p;,7) Iy (=, 1)
hy(w;, r) hy (=1, 1) |
(20)
{mw}:i[ 4o {hs(u,-,r)}r A, eu‘z[@(—u,-,r)} ,
rG,, i=1 hs (W, 1) hs (=1, 1)
(21)

where Ay, By, 4; and A_; are constants of linear combi-
nation, and

hj(Mi,i’)=f}(K|,Mi,i")+(ij(K2,H,-,V), (j=1, 2”6)

5. SATISFACTION OF THE END CONDITIONS

The solution is required to satisfy the end conditions
atz=0andz=/ To this end, imposing Egs. (4) ~ (5)
on Eq. (20), we obtain for the case of fixed end at z =0
and freeend atz = /:

F () =D [ 4w, (N+4, 9 (1) ]+ 4w +Bywi (1),

i=0

(22)
F() =3[ 4"y (N+4,ey. ()]
4y + B, D+ Bywl (), 23)
where
hl(“'i’r) hl(_“'isr) O
N LI | PNV ACTRC ) It B
L P B P TR L P
h4(p'ivr) h4(—p.,-,r) O
Bir 0 u,(r,l)
0 u,(r, 1)
W _ _ _
W= o | RBO=| o] BO=T
B, 7 ro..(r, 0) p(r)
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in which 4,, By, 4; and A_; are constants to be deter-
mined, Fo(r) contains the unknown tractions G,.(7, 0)
and o..(r, 0) at the fixed end, F,; (») contains the un-
known displacements u,(r, /) and u.(r, [) at the free end,
which, in turn, can be expressed in terms of Ay, By, 4;
and 4_; by using Eqgs. (13) ~ (14) as

1o (0 = Y [ A (s )+ A (-1 0], 4

10 (r,0) = Y [ A hy(Ws 1)+ A hy(—p, 1) |+ By Bo 7

i=1

(25)

w (r, D)= D[ A i, )+ A e iy () |+ By By

i=1

(26)

u(r )= Y [ 4y (. )+ A e (- r) |+ A+ By L
27)

At this stage, it remains to determine the constants 4,
By, A;and 4_; in Egs. (22) ~(23). For this purpose, the
symplectic orthogonality relations of the eigenvectors is
to be used to express a given vector function in terms of
the eigenvectors via eigenfunction expansion.

6. SYMPLECTIC ORTHOGONALITY

While the characteristics of certain constant system
matrices, such as a real symmetric matrix or a Hermi-
tian matrix, are well known [5], the characteristics of a
Hamiltonian system matrix [6] are less recognized, par-
ticularly when the matrix involves differential operators.
Tarn et al. [4] delineated the Hamiltonian characteris-
tics of the formulation and symplectic orthogonality of
the eigenvectors for axisymmetric deformations.

To facilitate exposition, let us express Eq. (7) with
the homogeneous BC at =0 and » = a as

Hy =ny, B(y)=0, (28)

where
L L U, -
H=| ™ 12 , y= u T e e e
L, -Lj T U. T,
0

0 _dr r—lc—l
L,= . O , Lp= “ EEERE
—s(d, +r7) 0 0 ric

[0 éu@ - G| d,(rd)=r] 0
L, = , Ly = .
d 0 0 0

r

The matrix H in Eq. (28) exhibits the characteristics
of a Hamiltonian matrix such that L, and L, are sym-
metric matrix and the operators L;; and L, are
adjoint. Such characteristics are of fundamental sig-
nificance in the formulation.
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First of all, the adjoint system of Eq. (28) [4] is
Hop=-po, B(9)=0, (29)

where @ is the eigenvector associated with the eigen-
value —p,

Equations (28) and (29) reveal that if p is an eigen-
value of H, so is —p. It follows that p = 0 must be a
repeated eigenvalue. Indeed, the eigenvalues deter-
mined from Eq. (16) verify this important property of
an axisymmetric Hamiltonian system.

Consider two linearly independent eigenvectors ;
and ; associated with the eigenvalues p; and ;, re-
spectively,

Hy, =, vy,, B(y,)=0, (30)
Hy, =p,vy,, B(y;)=0. (31

There follows the symplectic orthogonal relation for the
eigenvectors associated with ; #0 (i =1, 2, ...) [4]:

a n _ :O, (]?f_l)
jo‘""J"’fdr_{;to, (j =) 32

The case of the repeated eigenvalue p, = 0 needs
special consideration. The two linearly independent
eigenvectors ' and y{’ can be determined from
the Jordan chain associated with py = 0:

Hy =0, B(y{")=0, (33)

Hy' =wy”, B(yy)=0. (34)

from which we obtain
v =y =[0 10 0, (35)

v =y® 4 zy® =[B,7 0 0 Byr) +200 1 0 0] .
(36)

The symplectic orthogonal relations of the eigen-
vectors associated with py = 0 [4] are

4 (@NT gas(B) =0, B=a;0,p=0,1)
[ i awd ‘”Lo, Graiapon O

Symplectic orthogonality in the present formulation
holds for the eigenvectors in the Hamiltonian state
space, with which it is possible to express an arbitrary
integrable state vector in terms of a sequence of or-
thogonal eigenvectors by means of eigenfunction ex-
pansion.
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7. DETERMINING THE UNKNOWN
CONSTANTS

Returning to the task of determining 4o, By, 4; and
A_; in Eqgs. (22) and (23). Let us consider the case of
the fixed end at z = 0 in detail.

Multiplying both sides of Eq. (22) by y',J, y!J,
[w’T'J, and [y’]"J, respectively, and integrating
them over (0, a), making use of the symplectic
orthogonality in Egs. (32) and (37), we obtain

4= [ W Ry dr, 4, == "l IR () dr

(38)

4= [ [wd)] IR ar,

8 =—[ (v )] Iy dr (39)

Likewise, there follow from Eq. (23)
4 = -“’j v .("NJIF,(r) dr
A== [ Wl (IF () dr (40)
A0+BOI=I [w “>(r)] JE,(r) dr ,
By =—[ v )] K dr, @1

In Egs. (38) ~ (41) the vectors Fo(r) and F; (r) con-
tain four components each, of which the tractions
G,.(r, 0) and o..(r, 0) are unknowns at the fixed end z =
0, the displacements u,(r, [) and u.(r, [) are unknowns at
the free end z =1. Substituting Eqgs. (38) ~ (39) in Egs.
(40) ~ (41) gives

[ WL R ()= ()] dr =0, (42)

[ Wl IR -e*F)]dr=0, (43)

[ )] IR -FEe)- 1w 0] I 0} =0
(44)

[ w9 @] IR O-Fm]dr=0, (45)

in which the four unknown functions in Fy(r) and F,
(r) are related to the constants 4y, By, 4; and A_; through
Egs. (24) ~ (27).

Substituting Egs. (24) ~ (27) in Eqgs. (42) ~ (45) and
taking N terms of the series for computation, we arrive
at a system of 2N + 2 algebraic equations for the 2N + 2
unknowns: 4y, By, A;and A_; (i =1, 2, ..., N) which can
be solved by using a standard method.
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8. THE SAINT-VENANT SOLUTION

By assuming a uniaxial stress state and disregarding
the boundary conditions on the base plane, the Saint-
Venant solution [2] satisfies the equations of anisotropic
elasticity, the uniform traction BC with the average
value oy = P/A on the top plane and the traction-free BC
on the lateral surface of the cylinder:

[ur u, rGrz rczz] = GO [a13 rods;z 0 }"] > (46)

[ro, rowl=[0 0], (47)

where A is the cross section area ma’; the elastic com-
pliances a;; are related to the elastic constants c; by

_ ) 2
ai; =cy(cn —e)/ A, ay =(c—cp)/A,
G G2 G
A=la, ¢ o5l

Cs Gz G5

The solution is valid provided that the base plane is
free to distort in compliance with the assumed uniaxial
stress state. Yet, in reality, the base plane of the cyl-
inder is not free to distort and the end conditions are
prescribed rather than assigned a posterior.

9. RESULTS AND DISCUSSIONS

To evaluate the end effects on the deformation and
stress distribution in the cylinder, the results are com-
pared with the corresponding ones according to the
Saint-Venant solution in Egs. (46) ~ (47). The results
obtained depend upon the material and the size of the
cylinder. For numerical calculations using MATLAB,
the following dimensionless elastic constants for iso-
tropic and transversely isotropic materials are taken: ¢33
/ Ci1 = 1, 5, 10, 20, C12/ C11 :C13/ Ci1 = 1/3.  The di-
mensionless length of the cylinder is taken to be //a
=10.

Table 1 shows the first 25 dimensionless quantities
pa associated with the eigenvalues for the material pa-
rameters considered, in which the eigenvalues are found
from Eq. (16). The first eigenvalue in all cases is zero
and it is a repeated eigenvalue, with which associated
linearly z-dependent displacements and z-independent
stresses. The non-zero eigenvalues are related to the
stress disturbance by the end conditions. All the ei-
genvalues for the isotropic material are complex con-
jugate, and the eigenvalues for transversely isotropic
materials are mostly real. Variations of the displace-
ments and stresses in the cylinders are evaluated by
taking N terms in the eigenfunction expansion. The
number N can be chosen as large as necessary to
achieve a required accuracy. Due to significant end
effect, displacement and stress results in region near the
ends converge rather slowly (requiring up to 40 terms).
In region away from the ends, the results converge rap-
idly (requiring less than 20 terms).
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Table 1 The dimensionless eigenvalues (pa) for iso-
tropic and transversely isotropic materials
(cia/cii=ci3/ci1=1/3)

mode ii;étigpjc; enlen=5 | ess/en=10 | e/ e =20

1 0 0 0 0
2 2.698+1.367i 1.061 0.723 0.503
3 6.051+1.638i 1.955 1.324 0.920
4 9.261+1.829i 2.921 1.924 1.335
5 12.438+1.967i | 3.456+0.363i 2.532 1.749
6 15.602+2.076i 4.378 3.204 2.164
7 18.760+2.166i 5.282 3.535+0.241i 2.583
8 21.91242.242i 6.160 4.194 3.011
9 | 25.062+2.308i 7.036 4.812 3.51440.149i
10 | 28.210+2.367i 7.933 5412 3.678
11 | 31.35842.419i | 8.851+0.311i 6.008 4.171
12 | 34.504+2.466i 9.442 6.602 4.595
13 | 37.649+2.510i 10.382 7.197 5.012
14 | 40.794+2.549i 11.263 7.796 5.426
15 | 43.939+2.586i 12.138 8.407 5.840
16 | 47.083+2.621i 13.027 9.082+0.195i 6.253
17 | 50.2274£2.653i [14.075+0.236i 9.429 6.665
18 | 53.370+2.683i 14.489 10.089 7.078
19 | 56.514+2.712i 15.482 10.693 7.491
20 | 59.657+£2.738i 16.365 11.290 7.906
21 | 62.800+2.764i 17.240 11.884 8.323
22 | 65.943+2.788i 18.125 12.479 8.750
23 | 69.086+2.812i 19.199 13.076 9.208+0.141i
24 | 72.228+2.834i |19.444+0.146i 13.683 9.466
25 | 75.371£2.855i 20.582 14.471£0.094i 9.922

Figure 2 depicts variations of u,, u,, o, and Ggg
around the rim (» = a) (where 6,, = G,, = 0) in the axial
direction within a diameter from the fixed end. The
dot lines in the figure are the results given by the Saint-
Venant solution, Eqgs. (46) ~ (47), which obtains an
uniform stress distribution and allow the cylinder to
freely expand laterally, except at the fixed end (z = 0).
The points at » = a are around the rim of the cylinder
where the results significantly different from the Saint-
Venant ones are to be expected. Indeed, remarkable
differences of u,, 6., and cgy from those of the Saint-
Venant solution exist in the region within a distance of
the cylinder diameter near the fixed end. The fixed
end effects diminish rapidly. At a distance of a di-
ameter from the base plane, the Saint-Venant solution
produces essentially the same results as those obtained
from the present analysis. This implies that the end
effect is confined to a local region near the fixed end
for cylinders of typical engineering materials under the
extension. Since the base plane of a fiber-reinforced
cylinder under the extension experiences smaller axial
deformation than the one without fiber reinforcements,
consequently, as the axial stiffness increases, the end
effect on the stress field decreases and the stress state
tends to be uniaxial.

Figures 3 and 4 depict variations of displacements
and stresses in the radial direction at z = 0.1a and at the
fixed end z =0. The lateral BCo6,,=0,,=0atr=a
are satisfied as required. The stresses o,,, cgp and G,
are small but nonzero, whereas the Saint-Venant solu-

tion gives G, = 0g9=0,, =0. Remarkable differences
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Fig. 3 Radial variations of displacements and stresses
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Fig. 4 Radial variations of displacements and stresses
at fixed end (z = 0)

in the axial stress o, from the one given by the Saint-
Venant solution exist around the rim of the cylinder.
This is expected because the fixed end conditions u, =
u, = 0 at z = 0 are not satisfied by the Saint-Venant so-
lution. Figure 4 shows that the lateral BC and end
conditions are satisfied in the present analysis. Obvi-
ously, the Saint-Venant solution assuming a uniaxial
stress state fails to provide valid deformation and stress
distribution at least on the base of the cylinder where
the stress concentration near the rim is expected to oc-
cur. It should be noted that, when the end condition
on the base plane involves displacements (as it usually
does), the end effects cannot be dismissed on the
ground of Saint-Venant's principle. The stresses o,
and o,, overshoot near the boundary points at r =a,
indicating stress concentration appears at the rim on the
base plane at the fixed end due to geometric discontinu-
ity. For isotropic materials, the values of G, and G,,
near » = a reach 1.8c, and 0.34c,, respectively, com-
paring with 6., = 64 and G,, = 0 according to the Saint-
Venant solution. As a consequence of the series solu-
tion using eigenfunction expansion, the axial stress o,
and the shear stress o, at the base plane are oscillating
with respect to mean values. Since all the eigenvalues
for the isotropic material are complex conjugate, sug-
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gesting that the series solution will yield results oscil-
lating more in the case of isotropy than in the case of
transverse isotropy. This is reflected in the figure. It
reduces rapidly at a distance z =0.1a away from the
fixed end.

To show the effect of the concentrated load applied
at the end (z = 10a) of a slender cylinder, Fig. 5 depicts
axial variations of u., ©.., 0, and cyg at the centroid (r =
0; where u, = 0, o,, = 0) in the region (z = 5a ~ 9.5q)
where the end effect is significant to be expected. It is
quite noticeable that high localized displacements and
stresses occur within at least a distance of the cylinder
diameter near the end. The concentration is smaller
and the stress state tends to be uniaxial in the points
farer away from the end. Since the plane of a fiber-
reinforced cylinder under the extension can resist
higher localized axial deformation than the one without
fiber reinforcements, consequently, as the axial stiffness
increases, the axial effects of u, and o.. increase (the
in-plane effects of o, and cg¢ decrease) but diminish
more rapidly.

Figures 6 and 7 depict the radial variations of
displacements and stresses over cross sections at z = 9.9a
and at z = 9.5 in the vicinity of the point of application
of the load, where the Saint-Venant solution fails to pro-
vide valid non-uniform distribution. In Fig. 6, we ob-
serve that remarkable differences in ., and o,, from the
one given by the Saint-Venant solution exist around the
centroid of the cylinder. The lateral BC 5,, = 5,, =0 at
r = a are satisfied as required. The stresses G,,, Ggg and
o, are small but nonzero, whereas the Saint-Venant solu-
tion gives o,. = 0gg= 0,, = 0. As we move away from
the end, the distribution gradually approaches the uni-
form as shown in Fig. 7.

Figure 8 shows the result of the radial distribution of
normal stress o, across various sections (z = 8a, 9a,
9.5a) of a cylinder made of isotropic material and sub-
jected to the concentrated load. Defines the ratio of
the maximum value of o,, over the average value o, in
the critical sections as the stress-concentration factor
c.. / 0y. The stress-concentration factor reaches 5.15
at z = 9.5a and reduces to 1.6 at z = 9a, comparing with
c.. / 6o=1 according to the Saint-Venant solution. As
we consider elements farther and farther from the end
(z £ 8a), we note a progressive equalization of the de-
formations involved, and thus a more nearly uniform
distribution of the stresses across a section of the cyl-
inder. It is evident that at a distance from the end
equal to diameter (2a) of the cylinder the stress distri-
bution is practically uniform, which confirms the con-
clusion usually made on the basis of Saint-Venant's
principle.

10. CONCLUSIONS

On the basis of Hamiltonian state space formulation,
an exact analysis of the deformations and stress distri-
butions in the cylinders of transversely isotropic and
isotropic elastic materials is conducted. =~ The results
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show that the end effect is significant but confined to a
local region near the base of the cylinder where the end
plane is perfectly bonded. The stress field depends on
the axial stiffness, the distribution of the applied forces
and the fixing manner. As the axial stiffness increases,
the end effect on the displacement and stress state in the
cylinder under the extension increases at the loaded end
but decreases at the bonded end. Except near the ends,
the deformations and stress distributions across the sec-
tion are uniform as those given by the Saint-Venant
solution throughout the cylinder.

The stress distribution near the ends of the cylinder
depends upon how the axial load is applied. For an
isotropic cylinder under extension, the Saint-Venant
solution may be used with good accuracy at any point
which is a diameter away from the ends, where the
stress distribution in the cylinder may be assumed uni-
form and independent of the distribution of the applied
loads.
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