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We show that the standard consistent test for testing the null of conditional ho-
moskedasticityagainst conditional heteroskedastitityan be generalized to a time-
series regression model with weakly dependent data and with generated regressors
The test statistic is shown to have an asymptotic normal distribution under the
null hypothesis of conditional homoskedastic erke also discuss extension of

our test to the case of testing the null of a parametrically specified conditional
variance We advocate using a bootstrap method to overcome the issue of slow
convergence of this test statistic to its limiting distribution

1. INTRODUCTION

There are plenty of papers on testing for heteroskedastiaityinstanceBickel

(1978, Breusch and Pagdai979, Eubank and Thomad993, Glejser(1969),
Godfrey (1978, Goldfeld and Quand{1965, Harvey (1976, Hildreth and
Houck (1968, Koenker and Bassettl982, Lee (1992, Newey and Powell
(1987), Szroeter(1978, Whang and Andrew$1993, and White(1980 have
proposed tests either with or without the prior knowledge of heteroskedastici-
ties See Pagan and P#k993 for a recent review on testing for heteroskedas-
ticity. However as shown by Hong1993, many of the existing tests are not
consistent in the sense that under certain forms of heteroskedasticity the tests
have only trivial power asymptotically
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RecentlyHong (1993 and Zhend1994 1996 have proposed consistent tests
for heteroskedasticity under the assumption that both the regressand and regres-
sors are independently and identically distributedd.). This assumption may
be a reasonable approximation to cross-sectional observaBast can be
overly restrictive for time-series datkor instancefor linear regression mod-
els using time series data even though the error terms may be independently
distributed over timgthe regressors are often serially correlatddother ex-
ample is the autoregressive conditional heteroskedast@RCH) type model
of Engle(1982. For ARCH type modelgthe error terms are conditional homo-
skedastic if the conditional variables are exogenous regredsoveever con-
ditional on the residual values of the errors in the early peritheserror variance
is a function of them and hence heteroskedadtiterefore an application of
the tests of Hong1993 or Zheng(1994 1996 tests will have asymptotic power
equal to the sizes of the tests if the conditional set contains the exogenous re-
gressors onlyOn the other handf we enlarge the conditional set to include
the residuals in early periogthe independence assumption is violated

When the independence assumption is violatieel conventional central limit
theorems of second order degenerdtstatistics(Hall, 1984 de Jong 1987
no longer applyNeither can we say for sure that the asymptotic distribution of
the test statistic using “generated regressors” will remain the same as using the
regressors that are observéd is well known although the rate of conver-
gence remains at/n, the asymptotic distribution of an estimator based on a
parametric or a semiparametric regression model using generated regressors is
typically different from the one based on observed regres®ygs Hsiao and
Mountain 1985 Pagan 1984 Pagan and Ullah1988 Powell 1987). More-
over, the normalization factor of our test statistic is of an order greater than the
conventionalvn; it is not cleay a priori, what impact it has on the asymptotic
distribution of the test

In this paperusing the central limit theorem for second order degenerate
U-statistic with weakly dependent datBan and Lj 1999, we show that with
a proper choice of the conditional s#ie test independently proposed by Hong
(1993 and Zheng(1994 is applicable to cases involving weakly dependent
data or generated regressoffie regularity conditions we use are quite weak
in the sense that they are similar to the conditions used for independent data
case(e.g., Hong 1993. We also showthrough Monte Carlo studieshat the
proposed test suffers some finite sample size distortions due to its slow speed
of convergence to its asymptotic distributidrherefore we advocate using some
bootstrap methods to construct the critical values for conducting the test with
appropriate sizes

In Section 2 a general methodology of constructing consistent model speci-
fication tests and the application of the test to conditional heteroskedasticity
are presentedn Section 3 we derive the asymptotic distribution of the test
statistic when the conditional variables are observaBkction 4 proposes a
bootstrap procedure as an alternative method to approximate the null distribu-
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tion of the testIn Section 5 we derive the asymptotic distribution of the pro-
posed test when the conditional variables also include generated regri@essors
Engle 1982 Hsiao and Mountain1985 Pagan 1984 Pagan and Ullahl988.

In Section §we generalize our test of conditional homoskedasticity to the case
of testing the null of a parametrically specified conditional variargessction 7

uses Monte Carlo simulations to evaluate the finite sample performances of the
test statistics proposed in Sections 3¥e demonstrate that there are severe
undersize problems using normal approximation in finite samjglesalso show

that this issue can be successfully overcome using bootstrap methods

Throughout the papel; = X{_1, 2t Zext = 2it1 Zesys-1, €IC

2. A CONSISTENT TEST FOR HETEROSKEDASTICITY
We consider a stationary time-series regression model of the form
Yt = g(\A/t’YO) + Ut5 (1)

whereg(-, -) is a known function withyg being anr X 1 unknown parameter
W, € RY, andU, the error termWe are interested in deriving a consistent test
of conditional heteroskedasticity in the context(®f. The null and the alterna-
tive hypotheses areespectively

Ho: P[E(U?|X) = 0&] =1, (e =E(U?) >0)
and
H,:P[E(U?|X) =0d] <1,

whereX € RP, which may be different from the regressas We note that if
we definee, = U2 — o0&, thenE (e | X;) = 0 almost everywheré.e.) if and only

if Hyis true Therefore a consistent test of conditional heteroskedasticity can be
constructed analogous to the consistent tests for model specifichtiench a
framework the null hypothesis is written d(e| X) = 0 for some appropriately
chosen random variablégectorg e andX. For examplein the context of test-
ing a parametric regression functional fgreay linearity: Y = X'yq + €, the null
hypothesis oE(Y|X) = X'yg a.e. is equivalent tde(e| X) = 0 ae. Other exam-
ples of null hypotheses in the form Bf e | X) = 0 ae. include(i) the test of omit-
ted variablege.g., Ait-Sahalig Bickel, and Stoker1994 Fan and Lj 1996
Lavergne and Vuong2000); (ii) the test of a semiparametric partially linear
model or a single index modéé.g., Horowitz and Hardle1994 Fan and Lj
1996); and(iii ) the test of conditional symmetre.g., Zheng 1998.

When the null hypothesis is written bk: E(e|X) = 0, we can construct con-
sistent tests dfly versusH, using various distance measuréthen the nonpara-
metric kernel estimation method is uséte measurd = E[eE(e| X) f(X)] turns
out to be a convenient choice to use becaliseE{[E(e|X)]?f(X)} = 0 and
J=0ae. if and only if Hy is true Hence J can serve as a proper candidate for
consistent testing dflo. The advantages of constructing a test statistic based on
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the measurd include the following (i) the leading term of the test statistic has
zero mean under the null hypothesi®., no nonzero center termsand its as-
ymptotic variance is the same whether the data are undersmoatpechally
smoothedor oversmoothed(ii) the leading term of the test statistic hasim-
ple form so as to make some complex analysis much simgleh as the higher
order bootstrap analysisee Fan and Lintqri997 Li and Wang 1998); (iii ) the
regularity conditions for deriving desirable properties of this type of test statis-
tics are quite weakfor a discussion on this in the context of testing a parametric
regression functional forpsee Li and Wangl998. In contrast to the tests based
on J, the test statistic based on the differences between the parametric sum of
squared residualSSR and the nonparametric kernel SSR contains several cen-
ter terms and the asymptotic variance of the test depends on whether the data
are undersmootheaptimally smoothedor oversmoothede.g., Fan and Lj
1992.

The sample analog afis n™* 3 ; €, E(& | X,) f(X,). ReplacingE (& X;) X
f(X;) by a kernel estimatoma®) 1> ., e.Kis, WhereK, = K((X; — X¢)/a) is
the kernel function and is the smoothing parameteve get

€K, (2
t s#t

whereJ, is a second order degeneratestatistic with variable kerneDften in
practicee; is not observable and is replaced by some estima#y €;. In our
casee; = Ut — 0'0 is not observabtewe replaces, by the estimatog, = U2 —
8, whereU, = — g(W, y) andy is some roof consistent estimator of,
say 7 is the nonlinear least squares estimatoygfandéé = n1 >, U2 There-
fore, the sample analog @2) becomes

N

n

és Kts 2 aP 2 2 (Ut 02)(052 - 6-02) Kts' (3)
n2aP t s#t t s#t

The precedingj, test is the same as the one considered by HA®93 and
Zheng (1994 for independent dataalthough Hong(1993 derived it from a
different approach

3. THE ASYMPTOTIC DISTRIBUTION OF THE TEST STATISTIC

In this section we derive the asymptotic distributionjpfWe show in Appen-
dix A that the leading term o, is (n%aP) 1 3, 3. (U2 — 0 (U2 — 6K =
(n2aP) 13, 3. € 65Ky, @ second order degenerafestatistic of the form of

(2). A general second order variable kernglstatistic has the form dff,, =

> Deet Ha(Zy, Zs), whereH, (-, ) is a symmetric function andl,(-,-) depends
onn. The termi4, is said to be a degenerdtestatistic if [H,(X, y)dF(x) = 0 for

all y, whereF(-) is the marginal distribution function of. Hall (1984 and

de Jong(1987) derived central limit theorems for general second order degen-
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erateU-statistics with independent datidan and Li(1999 generalize Hall’s
(1984 result to weakly dependent data caldence the asymptotic distribution
of J, can be derived using a result of Fan and 1999, which is restated in the
following lemma for ease of reference

LEMMA3.1. LetZ = (e, X{)’, & € R, X; € RP, K(-) be a kernel function,
and a be the smoothing paramet&enotec2(x) = E[€2| X, = x] and define

ZzeteK<x X)

J, =
n“af ¢ &

Then under Assumptiorisl) and (A2) of AppendixA,
na”2J, — N(0, Q) in distribution,

whereQ = 2E[o#(X,) f (X)][SK2(u)du] and f(-) is the marginal density func-
tion of X.

Proof This is a special case of Theorenl df Fan and Li(1999.

Using Lemma 3l to derive the asymptotic distributions df, we need the
following regularity conditions

(CD

(i) With probability ong E[U,| M'_ (X), M 1(Y)] = 0, whereM{(Z) is the sigma
algebra generated bys,...,Z;) for s < t;

(i) E[|U 8] < 0 andE[|U2'1U2'2 <L UZ ] < M < oo for some arbltrarlly
smalln > 0 and¢ > 0, where 2= | = 4 is aninteggr0 = i; = 4, andE ii=8;

(iii) let o2(x) = E(U2| X, = x) and uj(X) = E(U/|X; = X), | = 4,6,8. Thenoz(x)
andp;(x) all satisfy some Lipschitz conditiongm(x + u) — m(x)| = D(x)[ul,
wherem(-) = o2(-) or u;(-) for j = 4,6,8, and||-| denotes the Euclidean norm
of -; alsoE[|D(X)|?*"' ] < o for somen’ > 0;

(iv) let f_ . .(,...,-) be the joint probability density function of
W, Wiy s W) =1 = 3). Thenf,  _(-,...,-) exists and satisfies a
Lipschitz condition [f_  _(w; + upw, + Up...,w + u) — f X
(W, Wo, ..., W) = D, (W, Ws,...,w)|ul, whereD, . (-,...,-) is inte-
grable and satisfies the condition th&b, . . (w,...,w)|w[*dw < M < oo,

ID,, o (wy,ow)f (W, W) dw <M < o for some¢ > 1.
(C2

.....

(i) Vg(w,-) and V2g(w,-) are continuous irw and dominated by functionil,(w)
and M,(w), respectively M1(w) has finite fourth moment antfl,(w) has finite
second momentvherevg(w,-) andv2g(w,-) arer X 1 vector of first order par-
tial derivatives and X r matrix of second order partial derivatives gfwith
respect toy, respectively

(i) E[Vg(W,y)V'g(W,y)] is nonsingular fory in a neighborhood o#.
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(C3

(i) K(-) is bounded and symmetric withK (u)du =1 and|u[?K(u)du < oo;
(i) the smoothing parametar= O(n~%) for some 0< @ < (Z)p.

(C4) The process$Z.} = {U,,W/, X/}’ is a strictly stationary absolutely reg-
ular process with mixing coefficier8, = O(p7) for some 0< p < 1.

Remark 31. (C1)(i) is a martingale difference assumption on the etdar
The martingale error assumption is usethinly for simplifying the proafin
developing the central limit theorem for degenerbkstatistics with weakly
dependent data in Fan and (19993 (e.g., Lemma 31). Because the asymp-
totic analysis of this paper relies heavily on the result of Lemnia\8e also
need this martingale difference error assumpti@1) (i) and(iii ) impose some
moment and smoothness conditions {&fh}. For i.i.d. data (C1)(ii) requires
E[|U;|®""] < oo for some smally > 0. It can be weakened B[ |U,|*""] < oo
with a much more tedious pradf(C1)(iv) consists of a Lipschitz condition on
the joint density function of, . (w;,W,,...,w;) and some integrability con-
ditions (C2)(i) and(ii) are standard assumptions used in nonlinear regression
models (C3)(i) is a standardand quite weakcondition on the kernel function
(i.e., the standard second order kernel funclidi€3)(ii) allows a wide range
of smoothing parameter choick is only slightly stronger than the usual con-
ditions ofa — 0 andnaP — oo. (C4) requires the mixing coefficier,, to have
a geometric decay ratéC2) and(C4) ensure thay — y, = Oy(n~Y2).

THEOREM 32. Let{Z} be a strictly stationaryabsolutely regular process
and assume that Assumptio(@1)—(C4) hold. Then under I3,

[, < nar’23,/\d — N(0,1) in distribution

where O = 2(n%aP) 13, 3., é2é2K, is a consistent estimator fof) =
2{E[04(X)f(x)]}[fK2(U)dUJ with o2(x) = E[ef|X; = x], & = U? — a3,
and € = Ut - 0'0

Proof The proof of ) = Q + op(1) is given in Appendix A We prove

na2J, — N(0,Q) in distribution here By adding and subtracting termae
have

'jn = (nzap)—l 2 2 (Utz - 6'02)(05 - 6'02) Kt,s

t s#t

= (n?aP)™* 2 2 {lUZ—ad) + (Ut U?) — (6§ — )]

t s#t

X [(UZ = 05) + (U2 = U) — (6§ — 06)]}Ks

= (n2a”) 1S S (U2 - 0d) (U2 — 0K+ R, = J, + Ry,

t s#t
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whereJ, = (n?aP) 13, 3o (U2 — 0d) (U2 — 0d)K andR, = J, — Jp. In
Appendix A we show thaR, = 0,((naP?)~?). Thus naP2J, = naP2J, + 0,(1).
Obviously J, is a second order degenerdtestatistic We can thereforeuse
Lemma 31 to derive the asymptotic distribution 8f. Let e, = U2 — o&. It is
easy to check thaiC1)—(C4) imply the conditiongAl) and(A2) of Appendix
A. Hence

na?2j, — N(0,Q) in distribution by Lemma 31. [ |

The consistency of the tedt follows from the next theorem
THEOREM 33. Under(C1)—(C4), if H, is true, then

Proifna”2J, /N > B,] — 1
for any nonstochastic sequencg=8o(na?).

Proof Using (C1)—(C4), one can show by using arguments similar to those
we used in the proof of TheoremZthat underHl, I =3+ 0p(1), where
J=E[EUZ|X) — 0d)?f(X)] > 0, and(ii) & = O,(1). Theorem 33 follows
from (i) and(ii). [ ]

Theorems 2 and 33 show that thd,, test is asymptotically standard normal
underHg and it diverges tot-co underH,. Therefore [, is a one-sided testn
practice one rejectl, if i, > Z,, whereZ,, is theath percentile of a standard
normal variate and is the level of the test

The last result of this section is to derive the asymptotic distributiofy, of
under Pitman local alternative¥he Pitman local alternative in our context is
given by

H, :E(U?2|X)
2 1 i i
=04+ A g(x) ae. for some non-negative functiay-).

THEOREM 34. Under similar conditions as in TheoreB12, and also as-
suming that §(x) f(x) is a bounded functiorunder H

na”2j, — N(u,Q) in distribution
whereu = E[g2(X)f(X)].

The proof of Theorem . is given in Appendix A

Theorem 34 shows that thel, test can detect Pitmafregular or low
frequency local alternatives that approach the null model at a rate of
O,((naP?)~¥2), which has an order larger thahp(n‘l/z) Therefore unlike
the usual parametric tests for heteroskedasildlth test cannot detect Pit-
man local alternatives that approach the null at the rat®gh~*2). How-
ever following the proof of Fan and L{2000, one can show that th&, test
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can detect certain “singulachigh frequency local alternatives that approach
the null at a rate arbitrarily close ©,(n~¥*) = 0,(n"%?), whereas paramet-

ric tests cannot detect high frequency local alternatives that approach the null
at a rate ofo,(n~%?).

4. THE BOOTSTRAP METHOD

The simulations in Section 7 show that in finite samplesiheest is severely
undersized when using asymptotic standard normal critical valesthere-
fore suggest using some bootstrap methods to approximate the null distribution
of the test statistid, in finite samplesWe note that we cannot use block re-
sampling methods because the error terms from the bootstrap method will then
have the same property as the original ertdrswhich will not be conditional
homoskedastic undét;.® We shall also restrict ourselves to the case in which
W, and X; contain only strictly exogenous variables and predetermined vari-
ables(the previous periods’ errors are also considered predetermined when there
is no Granger feedbagkin the case in whichW, X;} are strictly exogenoys
we will use the standard bootstrap meth@¢henW, and/or X, contain lagged
dependent variablesve will use the recursive resampling method

For ease of exposition we consider a linear regression mad®¥;, y,) =
W y,). Suppose that

Yo =W o+ U (4)

The exact bootstrap method is presented in two pakes first assume that
there is a procedure of generating the bootstrap safwile X;'}{_, and de-

scribe how to obtain the bootstrap test statiséie will then discuss how to
generate the bootstrap samgle,*, X;}i_,. Let F, denote{(Y;, W, X;)}i-, and

denoteE*(.) = E(.| /). A general bootstrap method is as follaws

Bootstrap steps of generatirig conditional on{W*, X;"}", .

Step(i). Obtain the least squares residudl = Y, — W/ 9, where  is the least
squares estimator of, based on model).

Step(ii). Fort=1,...,n, obtain the bootstrap errdy," by random resampling with
replacement fromMUs — U}2_;, whereU = n 137, U,. Let (W*, X;) be
a bootstrap sample obtained by some specific methddch will be dis-
cussed subsequentlyrhen generatd* = W*y + U*, t=1,...,n.

Step(iii). Regress;* onW* to obtain the least squares estimagérand get the boot-
strap residuall;* = Y;" — W*'9* fort =1,..., n. Compute the bootstrap sta-
tistic (2 = na”23z /\[Q*, whereJ: and)* are the same af and() except
that (U, X,) is replaced byU;*, X;*).

Step(iv). Repeat stepii) to (iii) a number of timessay (B—1) times These
bootstrap test statistics together with the original test statikfie=
nap/zjn/\/a form the bootstrap distribution dff;,} ..
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Let C, be the upper percentile of the preceding bootstrap distributidve
will reject Hy at significant levek if [,, > C,. Heuristically steps(ii) and(iii)
ensure that conditional on the random sample= {Y;,W, X, }i_,, the boot-
strap samplgY*,W*, Zi}{_, is generated by the null model because condi-
tional on F,, U/ has mean zero and a conditional homoskedastic variance of
n~t3,(U, — U)2 for all t = 1,...,n. Therefore the bootstrap distribution ob-
tained in step(iii), conditional on the random samplg,, approximates the
null distribution of the test statisti;, even when the null hypothesis is false

Now we discuss how to obtain the bootstrap sam{Wé', X;}i_,. Note
that we cannot obtaifW*, X;'}{_, using the block bootstrap method from
{W,, X, }iL,. This is because i, = Y,_,, then we must hav®* = Y*; (with
high probabilitie$ for the bootstrap sample to mimic a data generating pro-
cess(DGP) that is consistent with modé#). However Y;* ; generated in step
(i) of the bootstrap steps of generatifigis unlikely to be equal toA* ob-
tained from the block bootstrap method

Bootstrap method of generatiq@\j*, X;'}. For ease of expositigrwe as-
sume that\; = (Y- 1, W, ) andX; = (Yi_1, X, 1), whereW,  and X, , are strictly
exogenousWe writey = (¥4, y5)’, wherey, is the first component of andy,
is the remaining components ¢f We use the following recursive parametric
bootstrap methad

BecauseW,; and X, are strictly exogenoysve setW,', = W, ; and X3, =
Xz,.. Randomly choose the initia¥;* from N(Y, 6,’), whereY and 6, are the
sample mean and sample standard deviatiofiygf_,. Generate the remain-
ing Y by Y =95, + W, 9, + U for t = 2,...,n, whereU,” is obtained
as in step(i) of the bootstrap steps of generatifjg The bootstrap sample of
IWF, X} is then obtained byV* = (Y2, W, () and X = (Y24, Xp4), t =
2,...,N.

The validity of the preceding bootstrap method is established in the next
theorem

THEOREM 41. In addition to(C1)—(C4), we also assume tAh(iw, Xi) oply
contain predetermined and strictly exogenous variablest I = na”2J;/

\VQ*. Then we have
(| F — N(0,1) in distribution.
The proof of Theorem 4 is given in Appendix B

Remark 41. We have made an additional assumption to prove Theorém 4
This condition requires thaiW,, X;) are predetermined ayidr strictly exog-
enous When this assumption is violatgethe result of Theorem.4 may not
hold.

Remark 42. Theorem 41 only shows that the bootstrap method performs
at least as well as the normal approximation with the error rate,d (like
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the asymptotic test of Theorem23. However it is natural to expect that the
bootstrap method should perform better than.tRsr numerical experience
strongly suggests that this is the caBer the independent data cas@&n and
Linton (1997 and Li and Wang(1998 show that bootstrap methods indeed
provide higher order accuracy for this type of te$i& conjecture that similar
higher order accuracy improvement holds true for our testh weakly de-
pendent data Unfortunately we can not provide a not-too-lengthy proof for
this conjecture

5. THE CASE WITH GENERATED REGRESSORS

Up to now we have assumed that the conditional variagles observable in
testing the null ofE(U2|X,) = o&. In this section we generalize the result of
Theorems 2 and 33 to the case thaX; is not observable and has to be esti-
mated Many applications in econometrics involve generated regressas
Engle (1982, Hsiao and Mountain1985, Pagan(1984), Pagan and Ullah
(1988). For expositional simplicitywe will only consider the linear regression
model in this section

Yo =W o+ U, (5)

whereW, = (Wy,...,.W,)" € RY. Suppose that we are interested in testing
whether the error is conditional homoskedastic or follows some type of ARCH
error processThen the null hypothesis dfl, is E(U?2|U,_,) = o a.e., and the
alternative hypothesis id;: E(U?2|U,_,) = 8(U,_,) # o on a set with positive
measurdfor some functiord (-)). Alternatively, the null hypothesis can be writ-
ten asH& E(U2|Y,_1, W) = o&. We note thaHg impliesH, becauseaJ, ; =
Yio1 — W7, is a function of(Y,_;,W/_,). Therefore in principle one can
use the observable variabl€%_,,W,_,) € RI*! to construct a consistent test
for HE. However it is better to construct a test statistic fidp based on a uni-
variateU,_, because the test fd#§ using (Y,_;, W/ ;) as the conditional vari-
able suffers from the “curse of dimensionality” probleespecially wherg is
large

To avoid introducing too many notations the remaining part of this
section we will only consider the case &f = (U;_,,...,U_p)". Obviqusly
our result applies to other types of generated regres¥deswill use X; =
(Ui_y,...,U;_)" to replace the unobservablg in J,, whereUs = Y, — W'7
and ¥ is an vn-consistent estimator of based on(5) (say the least squares
estimator ofy). Thus the test statistic becomes

1 . . R
2 2 (U2 = 6§) (U8 — 68)Kss, (6)

J, =
2
n“aP T &

whereKs = K((X; — Xs)/a).

https://doi.org/10.1017/50266466601171069 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466601171069

198 CHENG HSIAO AND Ql LI

To derive the asymptotic distribution Gf, we need the following additional
assumption

(C5) The kernel functiorK(-) has third order continuous derivatives$(-)
and its derivativesup to third ordey are all bounded and integrabMoreover
K(-) satisfies a Lipschitz-type conditionK(u + v) — K(u) — Q(u,v)| =
H(u)|v|* for all u, v € RP, whereQ is a third-degree homogeneous poly-
nomial inu — v with coefficients the partial derivatives of orders one through
three H(u) is bounded andH (u)du < co.

THEOREM 51. In addition to(C1)—(C5), we assume that Vias finite sixth
moments and rfa®? — co as n— co. Then under H

i = nap/zjn/\/ﬁ — N(0,1) in distribution,

whereQ) = 2(n%aP) 13, 3. (U2 — 62)2(U2 — 68)2KZ is a consistent esti
mator of Q. The termQ is defined in Theorers.2.

The proof of Theorem & is given in Appendix CTheorem 51 generalizes
the result of Theorem.3 to the case in which the conditional variables are
generated regressand it shows that the conclusion of Theorer 8mains
unchanged when the conditional variables contain generated regressors

Remark 51. The condition ofna* P2 — oo in Theorem 5l is imposed be-
cause we assume that the kernel function admits a Taylor expansion with the
remainder term of fourth ordgre., the remaining term in the Taylor expansion
of Kis has a factor|y — yo|%a* = O,(n"2a™*). We need this term times the
multiplicative constanha®? to be 0,(1), i.e,, na”?(n%a*) = o(1), which is
equivalent tana* (2 — co. For a detailed proof of thjsee Appendix BThis
condition can be weakened ta™ Ya?m (P2) _ « for some integem = 3
provided thatK(-) has a Taylor expansion up to ordén + 1) and further
strengthens the moments condition\6h

The consistency of the tedt follows from the next theorem
THEOREM 52. Under (C1)—(C5), if HP is trug then

Prot{nap/zjn/\/ﬁ >B,]—>1
for any nonstochastic sequencg8o(na”?).

The proof of Theorem .2 follows similar arguments to those used in the
proof of Theorem 3 and is omitted here

Remark 52. For the choice oKX, = U,_,, our J, test is obviously consistent
against an ARCKll) alternative processn fact, the same choice of; = U;_,
can be used to test the alternative of a generalized autoregressive conditional
heteroskedasticityGARCH) processTo see thisconsider a GARCIfL,1) pro-
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cess ofU; = Viy/h,, whereV, is an ii.d. process witrE(V,) = 0 and var\;) =
ht = E(Ut 1|ME;(U)) = Qo + alUt 1 + azht 1 with g = 0 aq > O and
a, > 0.4 Then forX, = U,_, we have

E(Ut2|Ut71) = E(ht|Utfl) =ap+ alutal + a,E(hy)
= ay+ alUtz_l + a20'02
# of = E(U?2).

Obviously a GARCH(1,1) process belongs to the alternative hypoth-
esis (mode) H,, and this would imply thatl, is a consistent test against a
GARCH(1,1) process provided one can show that the conditions of Theo-
rem 52 hold for the GARCH1,1) process However it is not clear that a
GARCH(1,1) process satisfies the conditions of Theorer. 3n particular
it is currently unknown under what conditigna GARCH(1,1) process is
B-mixing. However the conditions in Theorem.3 are sufficient(not neces-
sary conditions It is conceivable that], can still be a consistent test with
much less restrictive assumptions

Remark 53. We assume thatY;, W, X;) is a strictly stationary process in
establishing Theoremsband 52. As pointed out by a refere¢ghe assumption
that Y; is strictly stationary can be relaxed,tsay a unit root processY; =
Y:_1v0 + Uy with yo = 1 andU; a strictly stationary martingale difference pro-
cessHowever we also need the conditional variaideto be strictly stationary
to use Lemma A. Therefore X; cannot contain lagged values ¥f if Y; fol-
lows a unit root proces®©ne can show that Theoremd &nd 52 hold when,
is a unit root process provide@l;, X;) satisfy the conditions given ifiC1)—
(CH) (say X; = U,_,). This is because our proof of Theoreni Bnainly relies
on the fact thaty — yo = Op(n’l/z). WhenY, follows a unit root processve
havey — yo = Oy(n"') (an even faster rate of convergehcand hence the
proof of Theorem 8L remains valid for a unit root process

Finally we note that the bootstrap counterparti & na?2J,, say [, can
be obtained similarly to the bootstrap telst as described in Section. 4
Specmcally let Ut and W,* be obtained the same way as in SectiormAen

= (U,,. Ut, ,) and i is obtained fromI[* by replacing K;; =
K((Xt - XS)/a) by KtS = K((X; — X¥)/a). S|m|larly to the proof of Theo-
rem 41, one can show that the bootstrap tést7, has an asymptotic stan-
dard normal distribution

6. EXTENSION: TESTING A PARAMETRICALLY SPECIFIED
CONDITIONAL VARIANCE

In this section we generalize our early results of testing conditional homo-
skedasticity to test the null hypothesis of a parametrically specified condi-
tional varianc€ Suppose that the conditional variance @f in model (1)
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is conditional heteroskedastic with a known parametric functional fcany
E(UZ2|X,) = h(X,a), where the functional form ofi(-,«) is known andu is
ad X 1 vector of unknown parametefhen we may formulate our null hy-
pothesis as

HE:P[E(U?|X) =h(X,a)]=1 forsomex € D € R",
whereD is a compact subset &, and
HP:P[E(U?|X) =h(X,a)]<1 foralla €D,

where as beforeX € RP, which may be different from the regressat Define
7. = U2 — h(X, @);® thenE (x| X;) = 0 almost everywhere if and only HJ} is
true We first consider the case th#t is observable

(1) The Casg of Observexi. Let @ be an estimator ak. Our test statistic is
obtained fromJ, by replacings by h(X, &):

N 1 o
Jn,b = nZaP Et: ;ntnsKts
1 “ o R o
= > 2 (U2 = h(X,a))(UZ — h(X, &))Ks, (7)

(n%aP) T &
wheres; = U2 — h(X, &).

An additional assumption is needed to establish the asymptotic distribution
of Jn,b-

(Co)

(i) & — @ = Op(n~Y2) underHy,

(it) Vh(x,-) andv?h(x,-) are continuous and dominated by functi@gx) andD(x),
respectively The termsD1(x) and D,(x) have finite fourth momenfswhere
vh(x,-) andV?h(x,-) ared X 1 vector of first order partial derivatives addx d
matrix of second order partial derivatives lofvith respect tax.

The following theorem gives the asymptotic null distributionjgg.
THEOREM G1. Suppose that Assumptiof®1)—(C6) hold. Then under 1,
nap/zjn,b/\/ﬁ_b — N(0,1) in distribution

where(), = 2(n?aP)* 3, 3. [U2Z — h(X,, &)]2[U2 — h(X,, &)]?K&is a con
sistent estimator fo), = 2E[o,'(X,) f(X)][SK?(u) du], wheren, = U? —
h(X;, @) and(rnz(Xt) = E[n?lxt]-

Proof Taking a Taylor expansignve haveh(X;,a) = h(X;, @) + (& — a)’ X
Vh(X,a) + (& — a)'V2h(X,@)(@ — a)/2, wherea is in the line segment
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betweeny anda. Define the shorthand notatioAy; = h(X;, a), A;; = Vh(X;, a),
andA,, = V2h(X,a&)/2. Then

e = ljt2 - h(xt’&) = ljt2 - {A01+ (& - a’)’Alt + (& - a),AZt(& - a)}. (8)

Using (8) and the fact thata — a) = O,(n~"?) underHg§, we have

JAn,b = Z Z UL nsKts

naf ¢ &

- AOt)(U 2 AOS)

t s#t
+2(a — @) (U2 = Ag) Ay JKis + Op(n™t)
= jnb,l + 2(& - a)'jnaz + Op(nil),

where the definitions ojlnm andJnnz should be apparent and tlg(n~ 1) term
corresponds to terms that contain at least {@o— «)’s. Here na”/anm -
N(0, Q) in distribution (underH®) by the same proof as Theoren23

By adding and subtracting terms J,,, we have

nuz = (n%a®) 1Y 2;4 [(Ut U?) + (U2 — h)]Ks= Gy, + Gy,
t s#t
Note thatU2 — U2 = (U, — U) (U, + U,) and U, — U, contains a factor
of (# — y0) = Op(nY?) (see equation(A.1) in Appendix A. One can
easily show thaG,, = Oy(n~ Y2); Gy = 0p((naP)~Y2) by Lemma Al. There-
fore, Junz = Op(N"¥2) + 0,((naP)"Y2) = o,((naP)~*2) and (& — @)'Jun2 =
Op(n~ l/2)0,)((na) v2y = op((nap/z) 1. Hence na”2j,, — N(0,Qp) in

distribution .
Finally Qp = Oy, + 0y(1) follows the same arguments as the proof(bf-
Q = 0p(1). This completes the proof of Theorenil6 u

By a similar argument as in the proof of Theorer8,3ne can easily show
thatJ, , is a consistent test

(I) The Case of Generated Regressd@smilarly to the procedure in Sec-
tion 5 we consider thp cas§ = (Ui_y,...,Ui_p)’, which is not observableNe
estimateX, by X; = (U;_,...,U._ p).In thls case our test statistic is

EZ(U’[ h(Xt,&))(Usz_ h(xt,d))Kts’ (9)

,b:
n“aP <

where as in Section, K = K((X; — X,)/a). The next theorem gives the as-
ymptotic null distribution ofJ;, ;.
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THEOREM 62. Suppose that Assumptio(@1)—(C6) hold. Then under 1,
na”/zjn,b/\/()_b — N(0,1) in distribution

where Oy = 2(naP) 3, 3. (U2 — h(X,a)]2[U2 — h(X;,&)]?K is a
consistent estimator fof), and (), is the same as defined in theoresi.

Proof Taking a Taylor expansion df (X, — Xs)/a) atK((X, — Xs)/a), and
using the same arguments as in tr)e proof of Theordmitis straightforward
to show though tediousthatJ, , = Jun1 + 0((na¥?)*), where

Jipa(n2aP) > > [02 — h(X, @)][UZ — h(Xe, @)]K (X — Xo)/a).

t s#t

Theorem & then follows from Theorem.&. |

Remark 61. Similarly to the proofs of Theorems3and 52, it can be shown
that bothJ,, and J,, are consistent tests.e, under H: Prolfna?2J, ,/

\ @, > B,] - 1 and Probna”2J,,/4/Q, > B,] — 1 for any nonstochastic
sequencd, = o(na”?).

Remark 62. Our test statistid, , can be used to test the null hypothesis of

an ARCH(p) error processh(X;,a) = ag + a;UZ; + ... + o, U2 .. However

it does not cover the case of testing the null of a GARCH error pro@gs
Bollersley 1986 Bollersley Chou and Kroney1992. Consider a GARCKL, 1)
processsay U M;_, ~ (0,h;) with h; = ag + a; U2, + ah,_1, whereh, =
E(U2| MY1). Whena, > 0, there does not exist finite value of p such
that h, = E(U?|U,_4,...,U,_,). Therefore consistent testing of the null of a
GARCH(1,1) error process is not covered in Theorems &énd 62.

Remark 63. As suggested by a refereié might be possible to modify our
testing procedure to test the null of a GARCHL) process by testing whether
the standardized errdﬂt/\[ﬁ is conditional homoskedastiSuch an extension
requires some additional work for the following reasons

(i) One needs to establish the convergence ratg af h,, wheref is a consistent
estimator ofh, underHg, say the quasi maximum likelihood estimator as in
Lee and Hanseri1994. Lee and Hansen have established tfa-normality
results for the estimators af = (ag, a1, @) for a GARCH(1,1) model (& —
a = Op(n~Y2)) and established uniform convergencehpfo h;. The rgsults of
Lee and Hansen should be useful in deriving the convergence ratetofh;.

(ii) To use Lemma 3, one needs to show that under some conditions a GARQMH
process iB-mixing. Hansen(1991) has shown that the GARQH,1) process is
near epoch dependent under quite general conditidosvever it is currently
unknown under what conditions a GARCHL) process ig3-mixing.

(iii) Finally one needs to choose a proper conditional variabléor the test to be
consistenti.e, to have asymptotic power one against any other fdather
than GARCHZ1,1)) of conditional heteroskedasticit9ne possibility is to choose
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X; = (Ui—1, hi—1) However this choice ofX; may not lead to a consistent test
because undeH? the probability limit of h,_; is not clear Another possible
choice isX; = (U;i-1,U;—»,...,Uip). Again, it may not lead to a consistent test
because the conditional set does not inclugle; for s > p. A third choice is to
choose (Uy_1,U;_»,...,U_, ) as the conditional variablgsvhere p, is not
fixed, p, — o0 asn — oo but at a slower rate than (e.g., p,/n — 0). Such a
choice may lead to a consistent telsbwevey the asymptotic analysis will be
quite complex(e.g., de Jong 1996

Therefore a rigorous treatment of this extension is beyond the scope of the
paper and is left for future research

7. MONTE CARLO RESULTS

We report some Monte Carlo results to study the finite sample performances of
our proposed tests in this sectid®ection 71 studies the finite sample perfor-
mance of thel, test with observable conditional variablesd Section 2 ex-
amines the finite sample behavior of thetest where the conditional variables
are generated regressors

7.1. The J, Test (Observed X)

In this section we report some Monte Carlo simulation results of the test statis-

tic [, = nap/zjn/\/a using both asymptotic and bootstrap critical valude
use the following DGP’s

DGPL Y, =05Y,_, + U,
DGP2: Y, =1+X, + U,
DGP3: Y, = 0.5Y,_, + U,
DGP4: Y, =1+X, + U,

whereX; = 0.5X;_; + V, andU, andV; are independent processbsth of which
are ii.d. N(0,1). Heren, = 4/(0.2 + 0.8Z?)/c, whereZ; = Y,_, for DGP3 and
Z, = % for DGP4 ¢ = 0.2 + 0.8/(1 — 0.52) so that the unconditional error
variance is oneDGP1 and DGP2 correspond to the null hypothesis of condi-
tional homoskedastic errare., Hy is trug where DGP3 and DGP4 correspond
to H, of conditional heteroskedastic errors with the conditional variables being
the same as the regressdiote that DGP1 is tested against DGH3GP1 as
Ho and DGP3 a#;) and DGP2 is tested against DGP4

We use a standard normal kernel function with smoothing parameter chosen
via a = cy_; ¢~ ¥® for DGP1 and DGP3 and = cxsgn™ ® for DGP2 and
DGP4 respectively wherey_; ¢4 and xsq are sample standard deviations of
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Yoo, and{X, }i,, respectivelyWe usec = 0.5,1,2. Our test statistic is the
standardized tedt, = nal/zjn/\/_ﬁ, where

A 1 ~ . ~ . Z,—Z
= @EE(Utz_UOZ)(USZ_O'OZ)K< : S>,

t st a

andQ = 2(n2a) 13, 3, (U2 — 68202 — 68)%K2((Z, — Zs)/a) and Z, =
Y;-, for DGP1 and DGP3 and, = X, for DGP2 and DGP4To save spacave
only report the results of = 0.5 andc = 1 subsequentlyand we will briefly
mention the result foc = 2.

For theJ, test using the asymptotic standard normal critical valthes num-
ber of replication is D0Q For theJ, test based on the wild bootstrap critical
values(the procedure is described in Sectioy) the number of replication is
1,000, and within each replicatiqr899 bootstrap test statistics are generated to
give the 1% 5%, and 10% bootstrap critical value$o compare the perfor-
mances of oud, test against some popular parametric testsalso compute a
Lagrange multiplier(LM) test that testsy; = 0 in the following regression
equation

U2 = ag + oy Z2 + error,

where U, is the least squares residud, = Y;_, for DGP1 and DGP3and
Z, = X, for DGP2 and DGP4

The simulation results for DGP1 are given in Table=tom Table 1 we ob-
serve that theJ, test based on the asymptotic standard normal critical values
underestimates the nominal sizes for most cases considére@stimated sizes
seem to converge to their nominal sizesragicreaseshowevey at a fairly
slow rate This is understandable because the rate Jhabnverges to a stan-
dard normal variate is at best of the orde@p‘(ap/z) (see eg., Li and Wang
1998. Overall the estimated sizes are closer to their nominal sizes f010.5
than forc = 1. The estimated sizes far= 2 are even more downsized than for
¢ = 1 (which is not reported here to save space

For theJ, test based on bootstrap critical valuese observe thatfor both
¢ = 0.5 andc = 1, the estimated sizes are quite close to their nominal sizes
Thus the bootstrap procedure provides much better finite sample approxima-
tions to the null distributions of thé, test Also the bootstrap test is much less
sensitive to the different choices of the smoothing parameter than the asymp-
totic test The parametric LM test has good estimated sizes as expected

Table 2 gives the estimation result for DGPhe result is very similar to
that of Table 1 The asymptotid), is sensitive to the different choices afand
is quite undersizedOn the other handhe bootstrap test has much better esti-
mated sizes

Tables 3 and 4 give the estimated powers for DGP3 and D&Rgectively
From Tables 3 and 4 we observe that thgest based on the bootstrap test is
more powerful than the test using asymptotic critical valugss is because
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TaBLE 1. Size of DGP1

Jn (asymptoti¢

Jn (bootstrap

c=10

c=05

c=10

c=05

LM

n 1% 5% 10% Mean

Std 1% 5%

10% Mean

Std

1%

5%

10% 1%

5%

10%

1% 5% 10% Mean Std

50 0004 Q011 Q023 —0.581
100 Q008 Q019 Q031 —0.483
200 Q005 Q018 Q03 -—0.447
500 Q008 Q024 Q035 —0.408
1,000 Q008 Q029 Q046 —0.351

Q732 Q003 Q02
Q786 Q009 Q021
Q766 Q009 Q029
08 0015 Qo4
0832 Q01 0028

0034 —0.521
Q038 —0.411
Q048 —0.36
006 —0.294
Q051 —0.296

Q0858
Q0868
0897
Q928
Q0865

Q008 Q039 Q077 Q01 0042 Q087 Q013 Q034 Q061 —0.29 0951
Q014 Q047 Q093 Q014 Q049 Q092 Q01 0033 Q062 —0.235 Q935
Q012 Q047 Q096 Q014 Q05 Q097 Q013 Q04 0077 —0.132 Q945

Q011 Q046 Q084 —0.09 0988
Q017 Q056 Q1 0.056 Q105

TABLE 2. Size of DGP2

Jn (asymptoti¢

Jn (bootstrap

c=10

c=05

c=10

c=05

LM

n 1% 5% 10% Mean

Std 1% 5%

10% Mean

Std

1%

5%

10% 1%

5%

10%

1% 5% 10% Mean Std

50 0004 Q015 Q025 —0.555
100 Q006 Q015 Q032 —0.458
200 Q009 Q022 Q035 —0.434
500 Q009 Q025 Q043 —0.398
1,000 Q009 Q023 Q044 —0.363

Q74 0006 Q019
Q768 Q007 Q029
Q792 Q009 Q028
0814 Q011 Q03
0811 Q012 Q037

Q037 —0.456
Q049 —0.367
Q044 —0.357
0052 -0.31
Q06 -0.292

0894
Q89

Q0883
0897
Q906

Q011 Q051 Q102 Q01 0056 Q108 Q038 Q075 Q097 —0.065 1056
0011 Q055 Q106 Q01 Q055 Q107 Q027 Q059 Q089 —0.084 101
Q012 Q054 Q103 Q099 0052 Q104 Q025 Q062 Q099 —0.044 Q081

Q023 Q058 Q088 —0.063 1003
Q022 Q06 0099 —0.041 1002
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TABLE 3. Power of DGP3

Jn (asymptotig

Jn (bootstrap

c=10 c=05 c=10 c=05 LM
n 1% 5% 10% 1% 5% 10% 1% 15% 10% 1% 5% 10% 1% 5% 10%
50 0601 Q665 0804 0521 Q0625 (0669 Q605 Q723 0881 0553 (0681 Q738 0531 0698 Q783
100 Q875 Q0911 Q934 Q0844 (0902 0921 Q96 099 0994 (0854 Q921 Q95 0838 Q93 096
TaBLE 4. Power of DGP4
J, (asymptotic Jn (bootstrap
c=10 c=05 c=10 c=05 LM
n 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%
50 0667 0821 0882 0627 Q807 Q871 Q77 0924 (0949 Q704 0884 Q933 (0659 Q817 Q901
100 Q984 Q995 Q0997 Q966 Q988 Q996 Q99 1 1 0984 Q998 1 0873 Q96 0981
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the asymptotic test is biased toward accepting the @4, it is undersized
Therefore one should expect it will suffer some power loss under the alterna-
tives We also observe that thk test is as powerful as the LM tegthis result

may seem surprising because usually one would expect that a correctly speci-
fied parametric LM test should be more powerful than a nonparametric test
such asJ,,. As we have shown in Section the J, test can detect Pitman local
alternatives that approach the null at the rate(m¥?a”4)"! = (na'/?) %2,
whereas it is well known that a parametric LM test can detect local alternatives
that approach the null at a faster ratenof”’2. However a more powerful test
against certain local alternatives does not necessarily imply that it will be more
powerful against fixed alternatives in finite sample applicatiatieeng(1996

also observed that a nonparametric test similadttiad good finite sample
power performances when compared with a correctly spediftedt Our sim-
ulation results show that th&, is quite powerful in detecting the conditional
heteroskedastic error processes of DGP3 and DGP4

7.2. The Case of Generated Regressors

This section reports Monte Carlo simulation results for e nap/zjn/\/ﬁ
test when the conditional variable is not observalfe consider the following
DGP’s

DGP5: Y, = 0.5Y,_, + U,,
DGP6: Y, =1+X,+ U,
DGP7: Y, = 0.5Y,_, + U,
DGP8: Y, = 05Y,_; + Uie,,
DGP9: Y, = 1+ X, + U,

DGP10: Y, = 1+ X, + Ue,,

where X;, U, are generated in the same ways as in DGP1 and DGR2s
DGP5 and DGP6 are the null model with conditional homoskedastic errors
Heren, follows an ARCH1) process Engle 1982 with 7, = 4/0.5 + 0.5U2,
ande, is determined via, = exp{0.2 + 0.8[ |U,_1| — E|U;_1|]}, which is sim-
ilar to an EARCH1) error procesgNelson 1991). Hence DGP7-DGP10 cor-
respond to the alternative models with conditional heteroskedastic .errors

The errors are normalized so that the unconditional error variances all equal
to one We use a standard normal kernel function with smoothing parameter
chosen viea = clllysdnfl/?’, WhereU,l,Sd is the sample standard deviation of
{U,_1} .. Thus the test statistic is
hi= o S S0 o) 02— ok A,

n=a 7 szt

~
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the standardized test ig = naV/ 2J~n/ \/5 which has an asymptotic standard
normal distribution undeH,, and & = 2(n%a) '3, 3. (U2 — 62)2(U2 —
68)°K?((Up1 = Us-1)/a).

For comparison we also compute a LM test based on an ARLCs$pecifica-
tion as suggested by Eng(@982.” The LM test statistic is based on testing
a1 = 0 in a standard ARCH.) modetl

U2 = ag+ a, U2, + error,

whereU, is the least squares residual

The estimated sizes for DGP5 and DGP6 are reported in Tables 5,and 6
respectively The results are very similar to the observed regressor cases of
Tables 1 and 2i.e, the J, test underestimates the nominal sizes for all cases
consideredand the estimated sizes seem to converge to their nominal sizes as
n increasesalthough at a fairly slow rate

The parametric LM test hasot surprisingly much better estimated sizes
than the asymptotic nonparametric tést

The J, test based on bootstrap critical values provides a much better null
approximation than the asymptotic normal approximatiime estimated sizes
are close to the nominal sizes for all casmsd they are much less sensitive to
smoothing parameter values than the asymptotic Tést bootstrap), test has
better estimated sizes than that yielded by (#&ymptoti¢ LM test

Next we examine the power performances of fheest and the LM test
Tables 7-10 give the estimated powers of Jheest(based on the asymptotic
and the bootstrap critical valueand the LM test

First we observe that the bootstrgptest is significantly more powerful than
the asymptotic], test This is due to the fact that the asymptofictest is bi-
ased toward accepting the null

Next we observe that for both DGP7 and DGR& a correctly specified
ARCH(1) error processthe LM test is more powerful than the nonparametric
testJ,. This is because the LM test is a parametric test that is designed to de-
tect an ARCH1) alternative

Third, for DGP8 and DGP10 error procesge observe that the nonparamet-
ric testJ, is more powerful than the LM test using ARGH formulation The
LM test is designed to have best power in the direction of an ARC Hlter-
native therefore it will suffer power loss when the true alternative is not an
ARCH(1) process|In contrast our nonparametrif;, test is designed to detect
all deviations from the null modelTherefore it is likely that our J, test will
be more powerful than the LM test under the alternative process that is not
ARCH.

Finally, we notice that theJ, test is more powerful against DGRBGP10
than against DGPYDGP9. This means that DGP8GP10 is further away
than DGP7(DGP9 from the null model using our distance measwibereas
the LM test is less powerful against DGABGP10 than against DGP/DGP9.
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TABLE 5. Size of DGP5

Jn (asymptoti¢

c=10

c=05

LM

n 1% 5% 10% Mean

Std 1% 5%

10% Mean

Std

1% 5% 10% Mean Std

50 0002 Q011 Q016 —0.617
100 Q006 Q018 Q03 —0.522
200 Q005 Q021 Q035 —0.452
500 Q008 Q029 Q045 —0.398
1,000 Q007 Q027 Q041 —0.386

Q689 Q003 Q02
Q793 Q009 Q021
Q778 Q009 Q029
0824 Q015 Q04
0805 Q01 0028

0034 —0.521
Q038 —0.411
Q048 —0.36
006 —0.294
Q051 —0.296

Q0858
Q0868
0897
Q928
Q0865

Q011 Q04 0077 Q013 Q044 Q083 Q012 Q039 Q067 —0.24 0939
Q018 Q048 Q098 Q011 Q048 Q097 Q011 Q036 Q07 —0.165 Q943
Q014 Q051 Q102 Q012 Q052 Q101 Q018 QO51 Q095 —-0.114 1

Q015 Q053 Q09 —0.055 Q999
Q008 Q043 Q093 —0.068 Q974

TABLE 6. Size of DGP6

Jn (asymptoti¢

c=10

c=05

LM

n 1% 5% 10% Mean

Std 1% 5%

10% Mean

Std

1% 5% 10% Mean Std

50 0001 Q011 Q025 —0.554
100 Q004 Q012 Q024 —0.472
200 Q007 Q017 Q029 —0.46
500 Q0012 Q029 Q04 —0.394
1,000 Q009 Q031 Q052 —0.36

Q728 Q004 Q015
Q754 Q005 Q015
0772 Q008 0022
Q791 Q01 0031
0859 Q014 Q034

Q037 —0.461
Q039 —0.456
Q043 —0.367
Q053 —0.277
Q076 —0.285

Q0873
Q872
Q0883
Q871
Q939

Q007 Q057 Q109 Q008 Q055 Q104 Q012 Q042 Q076 —0.179 Q949
Q01 0056 Q108 Q009 Q053 Q103 Q012 Q037 Q086 —0.079 Q971
Q009 Q054 Q105 Q012 Q049 Q098 Q015 Q05 0091 —0.051 Q985

Q013 Q056 Q094 —0.036 0992
Q012 Q057 Q101 —0.008 101
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TABLE 7. Power of DGP7

Jn (asymptotig

Jn (bootstrap

c=10 c=05 c=10 c=05 LM
n 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%
50 0208 Q287 0408 Q192 Q0282 Q42 0275 0438 0528 0231 Q398 Q477 (0328 0501 0601
100 Q0517 (0622 0683 Q472 (0581 Q675 Q577 Q738 Q803 0512 (0666 Q745 Q666 (0812 Q87
TaBLE 8. Power of DGP8
J, (asymptotig J, (bootstrap
c=10 c=05 c=10 c=05 LM
n 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%
50 0408 0562 0652 0514 Q724 (0814 (054 0806 0864 0554 0854 Q91 0232 Q0403 Q517
100 0884 Q96 0978 0886 Q97 098 0884 0986 Q998 Q908 Q978 Q986 (0414 Q58 0693
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TABLE 9. Power of DGP9

Jn (asymptotig

Jn (bootstrap

c=10 c=05 c=10 c=05 LM
n 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%
50 0226 Q295 0362 Q212 Q306 Q36 029 0443 0544 Q251 Q394 Q476 Q35 0492 Q577
100 0538 (0634 Q701 Q48 0605 0662 0595 Q751 (82 0528 (0685 Q758 Q671 (0824 Q874
TaBLE 10. Power of DGP10
Jn (asymptoti¢ Jn (bootstrap
c=10 c=05 c=10 c=05 LM
n 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%
50 0392 0532 0626 Q438 Q6 069 0504 Q756 Q844 (0496 Q752 0822 0236 Q39 0501
100 087 0942 Q0956 0884 Q946 Q97 0894 (0976 Q986 Q0892 Q972 Q984 Q44 0622 Q718
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This shows that a parametric test can have smaller power even when the true
DGP is further away from the null model

The limited Monte Carlo results reported in this section suggest that our pro-
posed test$J, or J,) are conservative in the sense that they usually underesti-
mate the sizesTherefore for small or moderate sample sizéisis worthwhile
to use extra computing time to use the bootstrap method to overcome the sig-
nificant downsize problem of thd, or the J, tests When the sample size is
large one may use the asymptotic normal critical valugsy for n = 1,000,
because thd, and theJ, tests are quite powerful for large sample sizes even
though they are still undersized far= 1,000

Our simulation results suggest that the estimated sizes af,thed J, tests
are not very sensitive to the choices of smoothing paranzetieone uses the
bootstrap critical valuesHowever the estimated powers of these tests are still
somewhat sensitive to the different choicesaoTherefore an important ques-
tion that has not been addressed by this paper is how to design some automatic
data driven procedure so thatcan be chosen optimally in the sense that the
power of these tests is maximizéander both low and high frequency alterna-
tives). The answer to this question is left for future reseashthis stage we
recommend that applied researchers ch@ogia a rule of thumbe.g., Hardle
1990 such asa; = cx, sqn~ Y#*P for c close to ongsay ¢ = 1), wherex; 4 is
the sample standard deviation {0f; }i_, andX;; is theith component o¥;.

NOTES

1. One example given by Hon@ 993 is a linear regression model; = 1 + X; + U, with U; =
h(X;)&, & ~ N(0,1). Whenh(X;) = X;, the test of Breusch and Pagé®79 will have low power
when regressing the squared residual§®iX;) becaus€& [ X, (U2 — a&)] = 0, wherea = E(U?2).

2. Areferee has pointed out to us that one may weaken the moment conditioptynusing
some other distance measures in constructing a test or by introducing some transformation to our
test statisticHowever the derivation is nontrivialWe shall pursue it as a future research project

3. We owe many of the observations discussed in this section to Bruce Hansen

4. If a; = 0, we haveh; = ap/(1 — ay) by the recursive structure &%, whereas ifa; = 0, it
becomes an ARCH) process

5. We owe this extension to the suggestion of a referee

6. Note that wherh(X,) = ¢&, a constantn, = UZ? — o = €. Herg we use a different
notationn, to emphasize thai(x, «) is not a constant function

7. Other tests such as the BDS test of Brobkcherf and Scheinkmafil987) can also be used
to test ARCH effects
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APPENDIX A:
PROOFS OF THEOREMS.2 AND 3.4

In this Appendix we first give the definition of an absolutely regular process and list
the conditions needed for Lemmal3Then we will prove Theorems3and 34. Through-
out the AppendixC is a generic constanthe notationA ~ B means thaf has an order
no larger than that oB.

Let{Z} be a strictly stationary process and}(Z) denote the sigma algebra gener-
ated by(Zs,...,Z,) for s=t. The proces$Z,} is called absolutely regulaif as 7 — oo,

B, = supen E[sUpe iz {IP(AIME,) = P(A)[}] - 0.

The following assumptions are used for Lemma. 3
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(A1)

(i) The procesqZ;} = {e, X{} is strictly stationary absolutely regular with mix-
ing coefficient8, = O(p™) for some 0< p < 1; with probability one
Ele ] M (X), M L(e)] = O;

(i) E[le}*"|] < oo andE[|€lez,..., €l [**¢] < oo for some arbitrarily smath > 0
andé > 0, where 2= | = 4 is an integgr0 =< i; = 4, andE}:lij =8;

(ii) let c2(x) = E[€2|X; = x] and uea(X) = E[€]'| X, = X]. Herec2(x) and u.4(x)
satisfy some Lipschitz conditiondo?(x + u) — o2(x)] = D(x)|u| and
| pea(X + U) — mea(X)] = D(X)|u with E[|D(X)[2"""] < oo for some small
n' > 0.

(iv) Let f_  ,(...,-) be the joint probability density function of
(X, Xisrpp s Xg0q) (L =1=3). Thenf, _(-,...,-) exists and satisfies
a Lipschitz condition [f, (X, + uUpXx + Uy...,x + u)
f 7|(X1’X27"'5XI)‘ = Drl ..... 7-|(X17X25"'7XI)HUH7 WhereDrl ..... T|("~~'r') is
integrable and satisfies the condition thf@,, ., (X,...,X[x]|* <M < oo,
D, A (Xeye X)L (Xg,e, %) dX < M < oo for someé > 1.

(A2)

(i) K(-) is bounded and symmetric withK (u)du =1 andf|u|?K(u) du < co.
(i) The smoothing parametar= O(n~%) for some 0< @ < (7/8)p.

Now we state a lemma that will be used to prdRg= o,((na??)1).

LEMMAA .1. Let{n,,Z{} be a stationary absolutely regular process with coefficient
B:. Let the joint density function ofZ,,Z,.,,...,Z;,,) satisfy a condition as in
(C2)(iii) with Z; replacing X in (C2)(iii), (1 =1 = 3), B, satisfy(C4), E(n|Z;) = 0
a.e, max E[|nimslé] < co for someé > 4, and E[|ZZ,|¢'] < o, where ¢’ =
(12— &Y 1is between one and fouAlso h— 0, naP — co as n— c. Then

A, = (n%aP) 1> ¥ ZKe=2(naP) 1 3 > 1 ZKis = 0,((naP’2)-1/2),

t s#t t s>t

Proof.

E[lA.I2] = 4(n2ap)—22 E E E Eln ZeKisme Zo Kyg ]

t s>t t' o s'>t

= 4(n”aP) 2 X > E[mfZZKE]

t s>t

+4(n%aP)23 > > > Eln ZiKisme Zg Kyrg' ]

t s>t t' s'>t';(t',s')#(t,9)

= Ay, + Ay, SAY

It is easy to see thak,, = 4(n%aP)~20(n%aP) = O((n%aP)™1) = o((na®?)™1).
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For A,,, we consider two caseket (a) denote the case of mirs — s'|,|s —t|,|s —
t’|} > mand(b) the case of mifis — s’|,|s — t|,|s — t’|} = m. Then by Lemma 1 of
Yoshihara(1976, we have

Agn = <n2ap>-2{2 + E)} Eln, ZKisn Zo Koo' ]
(a) (b

= (n%aP)~{CnBY**? + mn? MaX:q s E[1m ZeKisme Zo Ky |1}
= (n?aP) 2{o(1) + n30(a®’¥)} = o((na”?)*)

for some 1< ¢ < 4, because we can choose= [Clog(n)] for a sufficiently largeC.
Hencen*B3/*+® = o(1) by (C4), and

MaXs 12, (9 =ts) ELM M ZeZs KKy ]
= max AE[|mene | IV MaX g vo,wor s (E[1 Z5Zo KisKpg [FT1V%
= 0(1)0(a?¢) = o(a®?)
by (C2)(iii), where 1< ¢ < 2 and¢’ = (1 — (¢)~1)~1 is slightly greater than four &

Proof of Theorem 3.2. (i) R, = op((na®?)~1).

Ry = (n%a") X ¥ K {(U2 = U (U2 — U2) + (68 — 0)?

+2(U2 — 0d) (U2 — U2) — 2(U2 ~ 08)(6¢ — o)
—2(02 - U2)(6¢ - o)}
= Ry, + Rop + 2R3, — 2R,y — 2R,

where the definitions oR;, should be apparenSubsequently we show th#&, =
op((naP?)~1) forj = 1,...,5.

Proof of R, = 0,((na”??)7%) (j =1,...,5). Uy = Y, — g(W,9) = Uy — [g(W, §) —
IW,yo)]l = Uy — (9 = v0)' VAW, y0) — (9 — ¥0)' VZI(WL 9) (7 — v0)/2, where
¥ is betweeny and yo. Using the shorthand notationg = Vg(W,yo) and V; =
V2g9(W, ¥)/2, we haveU; = Uy — (3 — v0)'i — (¥ — 70)' k(¥ — 7o) and
Utz - Ut2 =—(y— 70)'[\/1 - \7t(§’ - Yo)]

X[2U =V (¥ =v) = (T —vo)' Ve — (¥ — 70)'\2(77 = Y0)]

—2(9 = 7o) Ve U (7 = v0) AF = v0), (A1)

whereA, = 2U % + ViV = %(§ — o)W + V(¥ = 70)'%k = (3 = 70) (7 — o).
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Using (A.1), we have

Run = 4(9 = 7o)’ [(nZaprl PPILAATA usvs:]@ ~ %)

t s#t

t s#t

— 45—y [(nZaprl > KU (9 — yc,)'A;]w ~ )

+ (5= v0) [(nZaprl S S KA — o) (5 — yo>'As] (%~ 7o)

t s#t
= 0,(n"1)0O,(1) = 0,((na”?)~ )
by the fact thaty — yo = Op(n~%2).

Next for Rpn, noting thatU? = U2 + [(9 — 70)'i1? + [(3 — 70" %(3 — v0)]? —
2U VY (7 — vo) — 2U(¥ — o)’ M(F — vo) + 2(7 — yo)' (¥ — v0)' V(¥ — o) and
using (9 — yo) = Op(n~Y2), one can easily show that
(6§—0a5)=n"" 2 U2 = 0ad) - [Zn_l E Ut\/t’:|('}7 —%Yo) * Op(n_l)

t t
= 0,(n"¥2) + 0,(n"¥2)0,(n"¥2) + O (1) = O (n"/2),

where the second equality follows from Lemma 1 of Yoshihét@76, and condi-
tions (C1) and (C4). Thus (¢ — 0)? = Op(n"1). Hence Ry, = Op(n~ 1) because
(nzaip)il 21 28¢t Kis = Op(l)-

Again using equatiofA.1), we have

Ran = —2(7 — 7o) [(nZaprl > S (U2~ 0BV Kts]

t s#t

+ (5~ vo) [(nZaprl >SSz - ooZ)AsKts]w )

t s#t

= —20,(n""?)0,((naP)"*2) + O,(n"*2)0,(1)O,(n~?) = 0,((na??)1).

The second equality of the preceding equation follows from Lemnia(Aith 7, =
UZ — o andZs = UsVs) andy — y = Op(n~Y2).

By Lemma A1l (with n, = U2 — ¢¢ andZ, = 1) and the fact thaté — o€ = O,(n~V/?),
it follows that

Ryn = (68— 0d) [(nzap)*l > > (U2~ cfoz)Kts] = (68 — ad)0,((naP)~2)

t s#t

= Op(n"¥2)0,((na™?)™*) = o,((na™?)™*).
Similarly using equatiorfA.1), one can easily show that

Rs, = (6§ — 0§)(n?aP)™* 2 2 (Utz = UP)Ks

t s#t
= (6§ = 08)(7 = 7o)

X {—Z(nZaprl S S UK+ (n2aP) E S S AKG(F — yo)}

t s#t t s#t

= Op(n"H){o,((naP)~2) + O, (n~Y2)} = 0,(n~*) = o,((na'’?)™1),
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where the third equality follows from Lemma.By  — yo = Op(n~%2), and the fact
that(n?aP) 1>, Sc.i A Kis = Op(1) (by Yoshihara1976 Lemma 1. |

Proof of Theorem 3.2 (i) O = Q + 0p(1). Using the same arguments as in the proof
of Theorem 2 (i), one can easily show th& = 2(n2aP) 13, 3 . e2e2KE+ 0,(1) =
Q, + 0,(1). By Lemma 1 of Yoshihar&1976, we have

|E(Q,) — 2(n”aP) 'n(n — 1) [[efe5K?((x, — X,)/a) dF(z,) dF(z,)]
=C(n%aP) 1Y X BrG

t s#t

= O((naP)™*) = 0,(1),

where z; = (e;,x{) and F(-) is the distribution function ofZ = (¢,X’). Here

2a P[fe2e2K2((x; — Xp)/a) dF(z1) dF(z,) = Q + o(1). Thus E(©) = Q + o(1).
Finally using Lemma 1 of Yoshihardl976 and (C4), it is straightforward to show

that var Q) = 0,(1). Hence O = Q + o,(1). |

Proof of Theorem 3.4. The proof is similar to that of TheoremZ We will only pro-
vide a sketch to save spad:est an = (nY2aP/%)1 and defineJg, = UZ — ang(X,). Then
we haveE(UZ|X;) = a&. Using the same proof as we did in the proof of Theore®y 3

we have undeHL, Jn =y + Ry, whereJ, = (n2aP) 13, 3. (U2 — 02) (UZ — 0d) K,
andR, = J, — Jn. HereR, = 0,((na”?)7?) follows the same arguments as in the proof of
Theorem :Q

h=3 pEE(Um—owang(xt»(uoS a8 + @, 9(X)) K

t s#t

= n2ar ; s;t{(uo t (70)(U0 s 08) — 2CVn(Uoz,t — 08)9(Xs) + a2 g(X)g(X)}Ks

= By, — 2B,, + Ba,.

Herena®?By, — N(0,Q) in distribution by Lemma 3, andnaP’?B,, = na??an0, X
((naP’?)7Y2) = 0,(1) by Lemma Al. The expressiomaP’2E[Bs,] = (n%aP)™* x
2 2 ELO(X)9(Xs)Ks] = E[g?(X)f(Xp)] + o(1), and thereforg naP?B;, =
E[g2(X)f(X)] + 0p(1) = m + 0p(1) by virtue of the law of large numberg.g.,
Chen and White1996.

Summarizing the preceding information we have shown tizé2J, — N(u, Q) in
distribution undet, . |

APPENDIX B:
PROOF OF THEOREM 4

The proof of Theorem 4 follows steps similar to those in the proof of Theoreri. 3
Therefore we only sketch the proof herRecall thatF, = {(Y,, W, X,)}i-;. We will use
E*(-) to denoteE(-|F,)
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Denotegg? = n71 3, U2, K = K((X* — X%)/a) and definesi?2 = E*(U;2) =
N3, (U, —0)2=n"13, U2+ Op(n~¥2) = 6& + Op(n~¥2). Adding and subtracting
terms we have

3= (n%aP) 3 3 (072 - 652 (052 — G5D0KLs

t s#t

= (n%a”) 13 3 (U2~ 05) + (072~ U7?) = (352~ 02)]

t s#t

X [(Ug? = 05?) + (U = Ug?) — (667 — 06Kk

= (N%aP) 3 S (U2 - 052 (US? — og2)K + R =33 + R,

t s#t
whereJ; = (n?aP) 1 3, 3q,, (U2 = 062)(Ug? — 02K and Ry = Iy — ;.

It is easy to see thal;|F, is a second order degenerafestatistic (which implies
E*(J7) = 0) becausaJ," andU. are independent with each other conditional/®n(for
S#t).

Next we evaluate the second momentIgfAs in Fan and Li(1999, we use the tilde
notation to denote independent proces$es example{#;, X}, is an independent
process and(#;,X¥) have the same marginal distribution ds;,X;), where
¢ = U2 — o2 Also, we denoteKy; = K((X;" — XZ)/a). Using exactly the same argu-
ments as in the proof of Theoreml2of Fan and Li(1999, one can show that

E*[(na”237)?] = 2(n”aP)* X 3 B [n2n?K&?] + 05(D)

t s#t

= 2(n%a?) X > B[ 7 Ke?] + 0p(D)

t s#t

= 2[E*(#?)E* (722)] [(nZaprlz > E*(K@] +0,(1)

t s#t

=2[n 1304 - 6d) + 0, |*| (n2aP) 1 S T KZ+ 0,(1)
3 I |

t s#t

= 2[n—12(0t4 - &g)]z[(nzap)—lz D th] +0,(1)

t s#t

= 0+ 0,(D), (B2)

where Qg = 2[n" 13, (U2 — ¢H]2[(n%aP) 13, S . KZ]. The third equality in the
preceding equation follows becau$e;, X;*) is independent of 7%, XZ) for t # s

and E*(&?|X) = E*(&?), and the fourth equality follows becaugegoting thatn; =

Ut*z - O'(TZ)

E*(n?) = n 13 [0 - 6]+ O,(n"Y2), (B.2)

where theO,(n~/2) term comes fronU = n™1 3, U, = O,(n~2).

Similarly, one can show tha®* = (y + 0,(1). Thus naP2J?| %, has mean zero
and varianceQo + 0,(1). Therefore (na"/z\]r’f/\/g)|.7-"n = (nap/erf/\/ﬁ—o)\]—"n +
0p(1) = N(0,1) in distribution by Lemma 3.
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Using 9* — 9 = Op(n%2) and following the same arguments as in the proof
of R, = op((naP?)~) (see Appendix A one can show thaR;| 7, = op((naf?)"1).
Thus naP2J;| £, = naP’2J%| F, + 0,(1) — N(0,2) in distribution This completes the
proof of Theorem 4L. u

APPENDIX C
PROOF OF THEOREM A&

Recall that X; = (Ui1,...,Ui—p)’, X = (Ut,l,...,Utjp)’ and denotez, =
(W= 1, W—2,..., W), which is of dimensiorg X p. Hence X; — X; = Z{('yo — 7).

Here we give a Taylor expansion Kfs that is used several times in Appendix By
the Lipschitz condition ifC5) of Section 5 withu = (X, — Xs)/a andv = (X, — Xs)/a,
we have

Kts = Kts + (VKIS)’(Z[ - Zs),(i’ - 'VO)
1 , 5 e A o
+ 5 (¥ = ¥0)' (Zy = ZIV?K(Zy = Z9)' (¥ — ¥o) + Dan + Dap, (C.1)

where Dg, is the third term of Taylor expansion which contains terms such as
K@ (X = Xs)/a)[(Wi—i — We_)'(vo — 7)/a]¥/(3) (i = 1,...,p) and third order cross
derivatives K“)(u) = {a'K(u)/au Hu=p @anduy; is theith component ofi(j=1isan
intege). Similarly, D4, is the remainder term of the Taylor expansitircontains terms
such ask ¥ ((n, — n9)/a)[(W—i — Wsi)'(vo — 9)/al¥/(4), wheren, is between the
line segment ofX, and X;.

Substituting(C.1) into (6), we get

[
=}
\ I

é €
S
naP ¢ &

{Kt5+ (VK)' Z{(¥ — vo) + = o1 (JA’ —90)' ZV?K Z{(¥ — o) + Dgn + Ij4n}

Jn+ Jin(7 = ¥0) + (9 = ¥0) Ton(F = o) + T + Jan, (C.2)

whereé; = Ut — ¢ and the definition off, (i =1, 2, 3, 4) should be obvious

By the result of Theorem.3 and the fact thaty — yo) = Op(n~%2), we only need to
show that(i) n=%2J;, = 0,((na”?)™1), n=13,, = op((na”’2)™1) J;, = 0,((na™?)~1) and
(i) Jgn = 0p((naP’2)~1).

Proof of (i): n~Y2J;,, n~13,,, and J3, Are All o,((naP?)~1).

(@ We first considem~Y2J,,. Note thatJy, = (1/n?aP)3, Se. € é5(VK)' Z{ and
compare it with the expression df, given by (3). We see thatl,, can be ob-
tained by replacings in J, by (VK,)'Z{. Following the same proof as in the
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proof of Theorem 2, we know thatJ, = Op((na”?)~1). Hence n~v2j,, =
n~Y20p((naP’?)™1) = oy((na”?)™).

(b) The proof forn=1J,, follows the same arguments as (& immediately preced-
ing. Note thatJy, = 1/n%aP 3, . & ésZV?KZ{. Thus J, can be obtained
from J, by replacingK in J, by Z,v2K,.Z;. By the same proof as that of Theo-
rem 32 with respect tal, = Op((na”?)~1), one can easily show that 13, =
n~10,((na”?)~1) = op((naP’) 1),

(c) Similarly, one can show that a typical element Jg, has a term of the order
Op(n~%2) becausdy — yo) = Op(n~?2). Moreover this term can be factored
out of all the summationsHence one getsJs, ~ n~¥2Lg,, wherelLg, is ob-
tained fromJg, with (yo — %) replaced by = (1,...,1)’, aq X 1 vector of ones
The definition ofLg, is similar to J,, but with the second order derivatives of
Kt(sz) replaced by the third order derivativKéf), etc Hence by the same argu-
ments as given previously one can show that/2J;, = n=¥20,((na”?)1) =
op((na®?)™).

Proof of (ii): Jan = 05((naP?)~1). By the Lipschitz condition i{C5), we know that
‘\Ln| = C(n%aP) 13, Tl € éH((X — Xs)/@)|-[(Z — Zs)'(vo — $)]*. Given that
Yo — ¥ = Op(nV?), it is sufficient to show thatn™2G, = n ?(n%aP)~* x
2 DsrtléésHX — Xo)/@)(Zy — Z9)'t|* = op((naP?)1) (v is aqg X 1 vector of
ones. Obviously the leading term ofG, is (n?aP) 13X, Xe.ileesH((X, — Xg)/
a)|-(Zy — Zg)v/al* ~ C(n2aP™) 13, Fet UPUZH(Z, — Zg)'t|* = Gpy. Here
E|Gni| = C(n?2aP*#)10(n?%aP) = O(a™*). Therefore G, ~ Gy = Op(a™*) andn™2G,, =
Op(n~2a™%) = 0,((naP?2)~1) by the assumption thata*~ (P2 — oo
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