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Abstract. Let D~ and DT be properly immersed closed locally convex subsets of a
Riemannian manifold with pinched negative sectional curvature. Using mixing properties
of the geodesic flow, we give an asymptotic formula as t — +oo for the number of
common perpendiculars of length at most ¢ from D~ to DT, counted with multiplicities,
and we prove the equidistribution in the outer and inner unit normal bundles of D~ and DT
of the tangent vectors at the endpoints of the common perpendiculars. When the manifold
is compact with exponential decay of correlations or arithmetic with finite volume, we give
an error term for the asymptotic. As an application, we give an asymptotic formula for the
number of connected components of the domain of discontinuity of Kleinian groups as
their diameter goes to 0.

1. Introduction

Let M be a complete connected Riemannian manifold with pinched sectional curvature
at most —1 whose fundamental group is not virtually nilpotent, and let (g');cr be its
geodesic flow. Let D~ and DT be proper non-empty properly immersed closed locally
convex subsets of M. A common perpendicular from D~ to D™ is a locally geodesic path
in M starting perpendicularly from D~ and arriving perpendicularly to D™ (see §2.3 for
explanations when the boundary of D~ or D is not smooth). For all ¢ > 0, we denote by
Perp(D~, DT, t) the set of common perpendiculars from D~ to D+ with length at most
t (considered with multiplicities), and its cardinality by A4p- p+ (). We refer to §3.3 for
the definition of the multiplicities, which are equal to 1 if D~ and D" are embedded and
disjoint.
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In this paper, we give a general asymptotic formula Ap- p+ (1) ~ ce! as t — 400,
with error term estimates, and we prove the equidistribution of the initial and terminal
tangent vectors of the common perpendiculars in the outer and inner unit normal bundles of
D~ and D™, respectively. The constants ¢, ¢’ are explicit in terms of the Bowen-Margulis
measure mppy of M and the skinning measures ogi of D*. These measures are appropriate
pushforwards of the Patterson—Sullivan densities to the unit normal bundles of the lifts of
D™ and D™ in the universal cover of M described in the present generality for the outer
normal bundle in [PP5], generalizing [OS1, OS2] where M has constant curvature and
D™, DT are balls, horoballs or totally geodesic submanifolds.

We now state our counting and equidistribution results. We avoid any compactness
assumption on M, we only assume that the Bowen—Margulis measure of M is finite and
that it is mixing for the geodesic flow. We denote the total mass of any measure m by |[m||.
Let § be the critical exponent of the fundamental group of M.

THEOREM 1. Assume that the skinning measures og_ and o, are finite and non-zero.
Then, as s — +00,

+ —
log Il llopel

Np- s) ~ .
b=.p+(5) Imemll 6

We refer to [DOP] for a finiteness criterion of mgym, to [PP5] for finiteness criteria of
the skinning measures, generalizing [OS2], and to [Bab] for mixing criteria of mgy.

The counting function .#— p+ has been studied for particular triples (M, D~, D) at
least since the 1950s, for example in [Hub2, Her, Mar, EM, Cos, Rob, HP2, Kon, KO,
0OS1, PP3, Kim, Pol, OS3]. See [PP8] for a more detailed review.

When M is a finite volume hyperbolic manifold, we get very explicit forms of the
counting results in previously unknown cases (see Corollary 21). For example, if D™ and
D™ are closed geodesics of M of lengths £_ and £, respectively, then the number of
common perpendiculars from D~ to DT of length at most s satisfies, as s — oo,

20— D/ by (g
e

Np-.p+(5) ~ 2=2(n — )T(n/2) Vol(M)

€y
When M is a closed surface and D~ = D™, the formula (1) is proved in [MaMW] by trace
formula methods, but obtaining the case D~ # D™ seems difficult by their methods.

We denote the initial and terminal unit tangent vectors of & € Perp(D~, D™, t) by v,
and v, and the unit Dirac mass at a point z by A_. Theorem 1 is deduced in §3 from the
following joint equidistribution result of these vectors towards the skinning measures of
D~ and D, that generalizes work of Herrmann and Roblin for special D¥s.

THEOREM 2. For the weak-star convergence of measures on T'M x T'M, we have

; —dt Z — T -
t_l)lgrnoo Sllmemlle AU; ® AU; =0, ®0,;.
aePerp(D~,Dt 1)

Both results are valid when M is a good orbifold instead of a manifold (for the
appropriate notion of multiplicities), and when D~, DT are replaced by locally finite
families.
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Besides giving a unified treatment that covers all the special cases in the above
references, we have very weak finiteness and curvature assumptions on the manifold, and
no regularity assumptions on the convex sets (see Corollary 4 for a striking application
using convex sets with fractal boundary). We develop new techniques (necessary for the
generality considered in this paper) in order to apply Margulis’s idea to use the mixing
of the geodesic flow: due to the symmetry of the problem, a one-sided pushing of the
geodesic flow is not sufficient and we push simultaneously the outer/inner unit normal
vectors to the convex sets in opposite directions. We also need a new effective study of the
geometry and the dynamics of the creation of common perpendiculars (see §2.3).

In the cases when the geodesic flow is known to be exponentially mixing on 7'M,
we obtain an exponentially small error term in the approximation of the counting function
Ap-.p+. Inparticular, when M is arithmetic, the error term in equation (1) is O(en—1=1)1y
for some k > 0.

THEOREM 3. Assume that M is compact and the geodesic flow is exponentially mixing
for the Holder regularity, or that M is locally symmetric, the boundary of D* is smooth,
mpM Is finite, smooth, and exponentially mixing under the geodesic flow for the Sobolev
regularity. Assume that the strong stable/unstable ball masses by the conditionals of mpm
are Holder-continuous in their radius. Then there exists k > 0 such that, as t — 400,

llog I llop. i

(1 + O(e™hy).
Sllmemll

Np-.p+ rt) =

See §4 for a discussion of the assumptions and the dependence of O(-) on the data.
Similar (sometimes more precise) error estimates were previously known for the counting
function in special cases of D in constant curvature, geometrically finite manifolds (often
in small dimension) through the work of Huber, Selberg, Patterson, Lax and Phillips [LaP],
Cosentino [Cos], Kontorovich and Oh [KO], Lee and Oh [LO].
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Consider the above picture produced by D. Wright’s program k1einian, which is the

limit set of a free product I" = 'y * 9o yo_l of a quasifuchsian group I'g and its conjugate
by a large power yp of a loxodromic element whose attracting fixed point is contained in
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the bounded component of C — AT, so that the limit set of I" is the closure of a countable
union of quasi-circles. As we will see in §5, the number of Jordan curves in AT" with
diameter at least 1/7 is equivalent to ¢T® where ¢ > 0 and & € 1, 2[ is the Hausdorff
dimension of the limit set.

COROLLARY 4. Let I" be a geometrically finite discrete group of isometries of the upper
half-space model of H%, with bounded limit set AT in R"~! = 0oolHy — {oo}. Let & be the
Hausdorff dimension of AT. Let Ty be a convex-cocompact subgroup of T with infinite
index. Then there exists an explicitable ¢ > 0 such that, as T — 400,

Card{y € /T : diam(y ATo) = 1/T} ~ cT®.

This corollary is due to [OS3] when the limit set of 'y is a round sphere (allowing the
use of homogeneous dynamics). We refer to Corollary 17 for a more general version and
to §5 for complements and for extensions to any rank one symmetric space.

The results of this paper have been announced in the survey [PP8]. In [PP6], we
give several arithmetic applications of the results of this paper, obtained by considering
arithmetically defined manifolds and orbifolds of constant negative curvature. In [PP9],
we consider arithmetic applications in the Heisenberg group via complex hyperbolic
geometry. In [PP7], we study counting and equidistribution in conjugacy classes, giving a
new proof of the main result of [Hub1] and generalizing it to parabolic cyclic and more
general subgroups, arbitrary dimension, infinite volume and variable curvature.

The previous ArXiv version of this article contained the extension of the counting and
equidistribution results 1, 2 and 3 to Gibbs measures (that is, equilibrium states associated
with Holder potentials on 7! M) and counting functions with weights. In order to shorten
this paper, this material will appear as part of [BPP].

2. Geometry, dynamics and convexity

Let M be a complete simply connected Riemannian manifold with (dimension at least
2 and) pinched negative sectional curvature —b*> < K < —1, and let xq € M be a fixed
basepomt Let I be a non-elementary (not virtually nilpotent) discrete group of i 1sometrles
of M, and let M be the quotlent Riemannian orbifold F\M We denote by dooM
the boundary at infinity of M, by § =lim;, 1 (1/¢) Card{y € " : d(xo, yx0) <t} the
critical exponent of I', and by AT the limit set of I'.

In this section, we review the required background on negatively curved Riemannian
manifolds seen as locally CAT(—«) spaces (see [BrH] for definitions, proofs and
complements). We introduce the notation for the outward and inward pointing unit normal
bundles of the boundary of a convex subset, and we define dynamical thickenings in
the unit tangent bundle of subsets of these submanifolds, expanding on [PP5]. We give
a precise definition of common perpendiculars in §2.3 and we also give a procedure to
construct them by dynamical means.

For every € > 0, we denote the closed e-neighbourhood of a subset A of any metric
space by .#¢ A and the set of points x € A at distance at least € from the complement of A
by .#_¢A. By convention /A = A.
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2.1. Strong stable and unstable foliations, and Hamenstddt’s distances. We identify
the unit tangent bundle 7' N (endowed with Sasaki’s Riemannian metric) of a complete
Riemannian manifold N with the set of its locally geodesic lines, £ : R — N, by the inverse
of the map sending a (locally) geodesic line £ to its (unit) tangent vector 2(0) attime t = 0.
We denote by 7 : T'N — N the basepoint projection, given by m(£) = £(0).

The geodesic flow on T'N is the smooth one-parameter group of diffeomorphisms
(g")ser of T'N, where g'€(s) = £(s + 1), forall £ € T'N and s, r € R. The action of the
isometry group of N on TN by postcomposition (that is, by (y, £) — y o £) commutes
with the geodesic flow.

When I' acts without fixed points on M, we have an identification T \TIM =T'M.
More generally, we denote by 7! M the quotient Riemannian orbifold F\TIAZ . We use the
notation (g'),cRr also for the (qu0t1ent) geodesic flow on T'M.

For every v e T! M, let v_ € d,o0M and vt € dooM, respectlvely, be the endpomts at
—oo and +oo of the geodesic line defined by v. Let 82 M be the subset of oo M X oo M
which consists of pairs of distinct points at infinity of M. Hopf’s parametrization of
T'M is the homeomorphism which identifies T'M with 8(30]\71 x R, by the map v +—
(v—, vy, t), where t is the signed distance of the closest point to xo on the geodesic
line defined by v to 7 (v). We have g%(v—, vy, t) = (v—, vy, t + ) for all s € R, and for
all y eI', we have y (v—, vy, 1) = (Yv—, yv4, t + 1ty u_v,), Where t, ,_ . € R depends
only on y, v_, v4.

Let¢: T'M — T'M be the antipodal (flip) map of T1M defined by tv = —v or, using
geodesic lines, by v : f — v(—t). In Hopf’s parametrization, the antipodal map is the map
(v_, vy, t) — (vg, v_, —t). We denote the quotient map of ¢ againby ¢ : T'M — T'M,
and call it the antipodal map of T'M. We have 10 g' = g~' o forall r € R.

The strong stable/unstable manifold of v € T Mis

WEw)={' e T'M :d(w(t), V' (t)) — 0 as t — Fo0}.

The union for 7 € R of the images under g’ of the strong stable manifold of v € T'M is the
stable manifold WO (v) = U, er & W (v) of v, which consists of the elements v’ € T'M
with v/ = v+ Similarly, WO~ (v) = |,cg &' W™~ (v), which consists of the elements v’ €
T'M with v/ = v_, is the unstable manifold W%~ (v) of v. The maps from R x W) to
W% (v) defined by (s, v) > g*v’ are smooth diffeomorphisms.

The strong stable manifolds, stable manifolds, strong unstable manifolds and unstable
manifolds are the (smooth) leaves of topological foliations that are invariant under the
geodesic flow and the group of isometries of M, denoted by #*, wOF, W~ and #°-
respectively. These foliations are Holder-continuous when M has compact quotients or
when M has pinched negative sectional curvature with bounded derivatives (see, for
instance, [Bri], [PPS, Theorem 7.3]) and even smooth when M is symmetric.

For any point & € doo M, let pg 1[0, +o0[ — M be the geodesw ray - with or1gm X0
and point at infinity £. The Busemann cocycle of M is the map B : M x M x 8OOM - R
defined by (x, y, §) = e (x, y) =lim/— 400 d(pg (1), x) — d(pg (1), y).

The projections in M of the strong unstable and strong stable manifolds of v € T'! M,
denoted by H_(v) =7 (W~ (v)) and H, (v) =7 (W' (v)), are the unstable and stable
horospheres of v centred at v_— and vy, respectively. The unstable horosphere of v
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coincides with the zero set of the map f_ : x — B,_(x, w(v)) and the stable horosphere
of v is the zero set of f : x = By, (x, m(v)). The sublevel sets HB_(v) = f:] (]—o0, 0])
and HB (v) = f_;l (]—o0, 0]) are the horoballs bounded by H_(v) and H, (v). Horoballs
are (strictly) convex subsets of M.

For every v € T'M, let dw- () and dy+ ) be Hamenstidt'’s distances on the strong
unstable and strong stable leaf of v, defined as follows (see, for instance, [HP1, Appendix]
and compare with [Ham]). For all w, z € WF(v), let

dqu(v)(wa Z) — hm e(l/2)d(w(:|:l),z(:|:t))—t.

t—+00
Hamenstidt’s distances are distances inducing the original topology on W= (v). For all
w, z € WE(v) and s € R, and for every isometry y of M, we have

dw oy (Yw, y2) =dwoy(w, 2)  and  dy=(gsy) (&' w, g°2) = e dy+y (w, 2). (2)

A proof of the following result, first given in a preliminary version of this paper, may now
be found in [PPS, Lemma. 2.4].

LEMMA 5. Forallve T'M, v e W), we have

d((v), 7 (V")) < dy) v, V). i

2.2. Dynamical thickening of outer and inner unit normal bundles. Let D be a non-
empty proper closed convex subset in M. We denote by dD its boundary in M and by
000 D its set of points at infinity. In this subsection, we recall from [PP5] the definition of
the outer unit normal bundle of d D and the dynamical thickening of its subsets. We extend
these definitions to the inner unit normal bundle of 9 D.

Let Pp : MU (8001\71 — 000 D) — D be the (continuous) closest point map defined on
£ €000M — 050D by setting Pp (&) to be the unique point in D that minimizes the function
y = Be(y, xo) from D to R. The outer unit normal bundle 9 j_D of the boundary of D
is the topological submanifold of 7'! M consisting of the geodesic lines v : R — M with
Pp(v4+) = v(0). The inner unit normal bundle of the boundary of D is LD = LB_LD. Note
that n(aiD) = 0D, that BJ‘rHB_ (v) is the strong unstable manifold W~ (v) of v and that
W (v) = 3! HB (v). When D is a totally geodesic submanifold of M, then BJ_D =3l D.

The restriction of Pp to 8001\71 — do D is not injective in general, but the inverse Pg
of the restriction to 9 _}_D of the (positive) endpoint map v +— vy is a natural lift of Pp to
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a homeomorphism from 8001\71 — 0o D to 8LD such that 7 o PD+ = Pp. Similarly, P, =
Lo P d0oM — oo D — 3! D is a homeomorphism such that 7 o P, = Pp.

For every isometry y of M, we have 8i(yD) = yaj[D and P;ED oy=yo PDi. In
particular, 8j1ED is invariant under the isometries of M that preserve D. For all £ > 0, we
have g*'9L D = a1 (/D).

We define

?/Di ={ve T'M : vy ¢ 050 D}.

Note that %, = L%g , and that %g is an open subset of T'M , invariant under the
geodesic flow. We have %yi =yU Di for every isometry y of M and, in particular, %, Di is
invariant under the isometries of M preserving D.

Define a fibration f g : %DJ“ — B}rD as the composition of the positive endpoint map
from %I;r onto 8001\7 — 000D (which is a fibration) and the homeomorphism P; from
8001\7 — 000D to GLD. The fibre of w € 8LD for f 5’ is exactly the stable leaf

WO (w)={v e T'M : Vp = W4}

Analogously, we define a fibration f, =10 fg oL U, — 8! D as the composition
of the negative endpoint map with P}, for which the fibre of w € d! D is the unstable leaf
WO (w)={ve T'M:v_ = w_}.

For every isometry y of M, we have

fpor=vofy. 3)

We also have fjﬂ) =gt o fg forall t > 0, and f;f ogl= fgc for all t € R. In particular,

the fibrations f ;)E are invariant under the geodesic flow.

The next result will only be used for the error term estimates in §4. Note that if M is
a symmetric space (in which case the strong stable and unstable foliations are smooth,
and the sphere at infinity has a smooth structure such that the maps v +> vy from W (w)
to 8001\71 — {w<} are smooth), and if D has smooth boundary, then the fibrations fg are
smooth.

Recall that amap f : X — Y between two metric spaces is (uniformly locally) Hélder-
continuous if there exist ¢, ¢’ > 0 and a € ]0, 1] such that d( f (x), f(y)) <cd(x, y)* for
allx, y e X withd(x, y) <.

LEMMA 6. The maps f g are Holder-continuous on the sets of elements v € ?/EE such that
d(rw(v), T(fi (v))) is bounded.
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Proof. We prove the result for f ; ; the one for f,, follows similarly. For all u, u’ € T'M,
denote the geodesic lines they define by ¢ — u;, u}, and let

S1(u, u) :exp(—sup {t >0: sup d(ug, uy) < 1}) and

se[—t,1]
Sa(u, u") = sup d(u;, uy),
1€[0,1]
with the convention 81 (u, u’) =1 if d(uo, ug) > 1 and 8;(u, u") =0 if u =u’. By, for
instance, [Bal, p. 70], the maps &1, 8 are distances on T'M which are Holder-equivalent
to Sasaki’s distance.

Uy

+

Let v,v' € T'M be such that d(vp, v)) <1, let w= f}(v) and w' = f(v). Let

T =sup{t > 0:sups¢o.. d(vs, v;) <1}, so that § (v, v') > e~T. We may assume that

T is finite, otherwise vy =/, and hence w =w’. Let x =vr and x"= v}, which

satisfy d(x, x") < 1. Let y (respectively y’) be the closest point to x (respectively x’)

on the geodesic ray defined by w (respectively w’). By convexity, since d(vg, wp) and

d(v), wj) are bounded by a constant ¢ >0 and since vy =wy, v, =w/, we have

d(x,y) <c and d(x, y') <c. By the triangle inequality, we have d(y, y') <2c¢+1,

d(y,w1)>T —2c—1and d(y/, w/l) > T — 2¢ — 1. By convexity, and since projection
maps exponentially decrease the distances, there exists a constant ¢’ > 0 such that
S2(w, w') =d(wy, wy) <d(y, y)e~T=2¢=D < /2¢ + 1)e* 181 (v, V).

The result follows. O

Letn, n/ > 0. Forall w € T' M, let
BE(w, n) = (v € WEW) : dyx () (v, w) < 7'} @)

be the open balls of radius 7" centred at w for Hamenstéddt’s distance in the strong
stable/unstable leaves of w. Let

+ _ s pt /
Vw,n,n’ = U g’ BT (w, n).
s€]=n.nl

YN
K
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- —,p+ - _ y+
We have B~ (w, ') = (B (1w, 1) hence Vw’M, = ‘Vtw,n,n" We have
g B*(w, n) = B*(g'w, ¢™n) andhence g°Vyy, =V, i 5)

for all s € R. For every isometry y of M, we have yB*(w, n') = B¥(yw, n') and

+ _ y* _ + / + /
wa,mn’ = Vyw,n,n" The map from ]—n, n[ x B*(w, 1) to Vw,n,n’ defined by (s, v') —
g%v’ is a homeomorphism. For all subsets Q™ of 9 _LD and Q1 of 8! D, let

+ (o0 — + - o+ — -
an’(Q )= U Vw,n,n’ and Wn,n’(g )= U Vw,n,n"
weR~ wet
For every isometry y of M, we have y”//nin,(QjF) = ”//nin,(y Q) and for every ¢ > 0, we

have
g Q@) =1 (g7 ). 6)
The thickenings (or dynamical neighbourhoods) ”f/nin,(Q]F) are non-decreasing in 7 and in
n" and their intersections and unions satisfy
+ (6F _ oF + al gt
N 75 (QF)=QF and U V= (LD = Uy .
n,n'>0 n,n'>0
The restriction of f Di to 7/nin’ (22F) is a fibration over QF, whose fibre over w € QT is the

open subset Vujfn " of the stable/unstable leaf of w.

2.3. Creating common perpendiculars.  For any two closed convex subsets D™ and D
of M , we say that a geodesicarc « : [0, T] — M ,where T > 0, is a common perpendicular
from D~ to D7 if its initial tangent vector ¢(0) belongs to BiD’ and if its terminal tangent
vector &(T) belongs to 3! DT. Note that there exists a common perpendicular from D~
to DV if and only if D™ and D are non-empty and the closures D~ and DF of D~ and
D in the compactification M U doo M are disjoint. A common perpendicular from D~ to
D, if it exists, is unique.

When D~ and DT are disjoint, and when 9D~ and D™ are € !_submanifolds (for
instance, if D* are closed e-neighbourhoods of non-empty convex subsets of M for some
€ > 0; see [Wal]), this definition of a common perpendicular corresponds to the usual
one. But there are interesting closed convex subsets with less regular boundary, such as in
general the convex hulls of limit sets of non-elementary discrete groups of isometries of
M. Although it would be possible to take the closed e-neighbourhood, to count common
perpendiculars in the usual sense, and then to take a limit as € goes to 0, it is more natural
to work directly in the above generality (see [PP8, §3.2] for further comments).

The crucial observation is that two non-empty proper closed convex subsets D~ and
D* of M have a common perpendicular o of length a given ¢ > 0 if and only if the
pushforwards and pullbacks by the geodesic flow at time ¢ /2 of the outer and inner normal
bundles of D™ and D7, that is the subsets g'/?9}1 D~ and g='/231 D of T'M, intersect.
Then their intersection is the singleton consisting of the tangent vector of « at its midpoint.

LEMMA 7. For every R >0, there exist tg, co >0 such that for all n €0, 1] and
all t € [ty, +oo[, for all non-empty closed convex subsets D~, DT in M, and for
all w e g’/Z%]TR(B_}_D_) N g_’/zﬂjR(31D+), there exist s € 1-2n, 2n[ and a common
perpendicular € from D~ to D such that:
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e the length of T is contained in [t + s — coe /2, t + 5 + coe™/?];
o fut= fDi (w) and if p* is the endpoint of € in D*, then d(w(w*), pT) < coe™"/?;
e the basepoint w(w) of w is at distance at most coe~"/? from a point of ¢, and

max{d (7 (g"*w™), m(w)), d(x (g *w™), w(w)} < n + coe .

Pt
o
Proof. Let t >3 and ne]0,1]. By definition of the dynamical neighbourhoods
”//nTR (831FDi), there exist w* € E)]IFDjE and s* € ]—n, +n[ such that

dw+w— (& "** w,w) <R and dw—(w+)(gt/2+S+w, wh) <R.

Let x* = m(w¥), y = w(w), and let &~ (respectively ™) be the angle at x~ (respectively
xT) between w™ (respectively tw™) and the geodesic segment [x~, xT].

Step 1. Let @~ (respectively @) be the angle at x~ (respectively xT) between the outer
normal vector w™ (respectively (w™) and the geodesic segment [x~, y] (respectively
[x*, y]). Let BT be the angle at y between +w and the geodesic segment [y, x*]. Let
us prove that there exist two constants ¢, ¢; > 0 depending only on R such that if r > #
thena *, B < cre /2.

By Lemma 5 and equation (2), we have

—t/2—s"

d(m(g™"* w), x7) <dw+-) (8 w, w”) <R and
d(y, 7T(gt/2+S7w_)) SdW+(u})(w7 gt/2+‘rw_) < Re—t/z—sf. (7)
In particular,

d(m(w), m(g"Pw™)) <d(y, 7(@*™ w ) +IsT|<Re > +n<coe* 47y

if we assume, as we may, that ¢y > Re”. With a similar argument for wT, this proves the
last formula of Lemma 7.
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Recall that by a hyperbolic trigonometric formula (see, for instance, [Bea, p. 147]),
for any geodesic triangle in the real hyperbolic plane, with angles «, 8, y and opposite
side lengths a, b, c, if y > 7 /2, then tan & < 1/(sinh ), which is at most 1/(sinh(c — a))
if ¢ > a by the triangle inequality. By comparison, if > 2(R 4 2) (which implies that
t/2+s~ — R > 1), we hence have

1 < 4o—1/2—5"+R

tana , t 1= =<
max{tan o an 87} Snh(t/2 45— — R)

With a symmetric argument for @ *, 8T, the result follows.

Step 2. Let @ * be the angles at x* of the geodesic triangle with vertices x_, x, y. Let y’
be the closest point to y on the side [x_, x4 ]. Let us prove that there exist two constants
12, ¢2 > 0 depending only on R such thatif > 1> then @ T, d(y, y') < coe /2.

y
LT AT
y/

Since the angle £, (x~, xT) is at least 7 — B~ — BT, at least one of the two angles
Ly(y’, x%) is at least (7 — B~ — BT)/2. By a comparison argument applied to one
of the two triangles with vertices (y, ¥/, xi), as in the end of the first step, we have
tan ((mr — B~ — ,3“‘)/2) < 1/(sinhd(y, y')). Hence

- +

d(y,y’) <sinhd(y, y") <tan %
and the desired majoration of d(y, y") follows from Step 1. By the same argument, we
have tana@ * < 1/(sinh(d(x*, y) — d(y, y'))). Since d(x*, y) > 1/2 — s* — Re /2=~
by the inverse triangle inequality and equation (7), the desired majoration of & * follows.

Step 3. Let us prove that there exist two constants 3, c3 > 0 depending only on R such that
if ¢ > t3 then there exists a common perpendicular ¢ = [p~, p™] from D~ to D such that
d(x~, p7),d(xt, pt) < c3e"/2. This will prove the second point of Lemma 7 (if o > 13
and co > ¢3).

By the first two steps, we have, if + > min{#{, 52},

ot <at+at <(c; +cr)e (8)

Assume for a contradiction that the intersection of the closures of D~ and D% in M U
dsoM contains a point z. Then by convexity of DF, and since the distance d(x~, x) is
large and the angles o™ are small if 7 is large, the angles at x* of the geodesic triangle
with vertices z, x~, x* are almost at least 7 /2, which is impossible since M is CAT(-1).
Hence the non-empty closed convex subsets D~ and D' have a common perpendicular
c=[p~, ptl, with p* € D*.

Consider the geodesic quadrilateral Q with vertices x*, p*. By convexity of DT, its
angles at pT are at least 77/2 and its angles at x* are at least 7/2 — a®. Note that if
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t >, =2(R + ¢z + 1 + argsinh 2) then we have, by Step 2,
dix~, xN)>d(x", y) +d@y, x1) —2d(y, y)

- Lt _R) 2pet/? -
> 2+s R )+ 2+s R 2coe > 2 argsinh 2. 9)

Up to replacing Q by a comparison quadrilateral (obtained by gluing two comparison
triangles) in the real hyperbolic plane Hﬁ, having the same side lengths and bigger angles,
we may assume that M= HH% and that x~ and x are on the same side of the geodesic
line through p~, p™. Up to replacing Q by a quadrilateral having the same distances
d(x~,xT),d(x~, p7),d(xT, pT) and bigger angles at x~, x, we may assume that the
angles at p~, p™T are exactly 7 /2. If, say, the angle at x* was bigger than the angle at x ~,
up to replacing x™ by a point on the geodesic line through p*, x* on the other side of
x than p* if p™ # x™, which increases d(x~, xT), d(x™, p™), decreases the angle at
xT and increases the angle at x~, we may assume that the angles at x* are equal, and we
denote this common value by ¢ > /2 — min {a~, a}.

Letb; = 2d(x~, xt)and by =d(x~, p~) =d(x*, pT). By formulas of [Bea, p. 157]
on Lambert quadrilaterals, we have

sinh b
cosh by =

\/ sinh? b sin® ¢ — cos? ¢

By equation (8), with ¢, = c1 + c2, let #J > 0 be a constant, depending only on R, such
that if 7 > ¢}, then sin ¢ > max{cos at}>1-— c/22e_’ > 1/2. By equation (9), if t > 1],
then by > /2 — R — 1 — ¢y > argsinh 2 (and in particular 1/sinh b; < 1/2). Hence, if t >
max{(z,, 5)}, then

! 12 12 1 -172
cosh by < < -2 —— .
sin® ¢ — 1/(sinh® b)) sinh?(t/2 — R — 1 — ¢2)

=1+0().

Since cosh u ~ 1 4+ u?/2 as u — 0, Step 3 follows.

Step 4. Conclusion. Let t > tog = max{t, 13, 3}, co = max{2¢’R, 2(c2 + ¢3)} and, with the
previous notation, let s = s~ + s+ € ]—2n, 2n[ . By convexity, the triangle inequality and
equation (7), we have

dip~, pH) <d(x™, x) <dx™, y) +d(y, x™)

t - t
< <§ 45”4+ Re™/2s ) + (5 +st 4 Re"/z‘“) <t+s+coe
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Similarly, using Step 3 and Step 2, we have
dp=, pH=dx",x) —d(p~,x)—dxt, pH)y>dx™, xT) = 2c3¢7 /2
>d(x™,y) +d(y, x*) = 2d(y, y) — 2c3¢™"?
t t
> (E + s_> + <§ + s+> —2cr+e3)e P>t 45 —coe 2

Let y” be the closest point to y’ on the common perpendicular [p~, p*] (see the picture
before this proof). Then, by Step 2, and by convexity and Step 3, we have

d(y,y") <d(y, y)+d(, y") < cpe™? 4 c3¢71? < cge™/2.

This concludes the proof of Lemma 7. O

3. Counting and equidistribution of common perpendiculars
Let M, xo, I', § and M be as in the beginning of §2.

3.1. A reminder on Patterson—Sullivan and skinning measures. A family (jx) 7 of
finite measures on doo M, whose support is the limit set A" of ', is a Patterson—Sullivan
density for T if

Vellx = Kyx

forall y el and x € M, and if the following Radon—-Nikodym derivatives exist for all
X,y € M and satisfy for (almost) all £ € 3,0 M

d iy

() = 0 e,
diy

We fix such a family (ux) 7. The Bowen—Margulis measure on T'M (associated with
this Patterson—Sullivan density) is the measure /7igy on T' M given by the density

dgm(v) = e 8 Bu_ (w (), x0)+Bu, (7 (v),%0)) dizy (v-) dity, (vy) dt (10)

in Hopf’s parametrization. The Bowen—Margulis measure migy is independent of x(, and
it is invariant under the actions of the group I' and of the geodesic flow. Thus, it defines
a measure mpy on T'M which is invariant under the quotient geodesic flow, called the
Bowen—Margulis measure on T'M. If mgy is finite, then the Patterson—Sullivan densities
are unique up to a multiplicative constant; hence the Bowen—Margulis measure is uniquely
defined, up to a multiplicative constant. When finite and normalized to be a probability
measure, it is the unique measure of maximal entropy of the geodesic flow, if the sectional
curvature of M has bounded derivatives.

Babillot [Bab, Theorem 1] showed that if the Bowen—Margulis measure is finite, then
it is mixing for the geodesic flow of M if the length spectrum of M is not contained in
a discrete subgroup of R. This condition is satisfied, for example, if I" has a parabolic
element, if AT is not totally disconnected (hence if M is compact), or if M is a surface or
a (rank-one) symmetric space (see, for instance, [Dall, Dal2]).

We refer to [DOP] for finiteness criteria of mpy. In particular, if T' is geometrically
finite (see, for instance, [Bow] for a definition), if the critical exponent of the stabilizer I'j,
of any parabolic fixed point p in I' is strictly smaller than §, then mpy is finite.
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Let D be a non-empty proper closed convex subset of M. The (outer) skinning measure
on SLD (associated with the Patterson—Sullivan density (ux) ;) is the measure gDi on
a _}_D defined, using the positive endpoint homeomorphism v +— v from 3_%_D to 0o M —
000 D, by

dgg (v) = e~ 8 Poy (PD(v+),x0) d i (v4),

and the (inner) skinning measure on LD = LaiD is the measure G, = L*Gg. Since
Pp(vy) =7 (v) for every v € ath, we will often replace Pp(v+) by m(v) in the above
formulae when there is no doubt about what v is. We refer to [PPS] for more background
and for the basic properties of these measures.

The skinning measures associated with horoballs are of particular importance in this
paper. Let w € T'M. We denote the skinning measures on the strong stable and strong
unstable leaves W (w) and W~ (w) of w by

- =t
Uw+w) = Opg, ) A4 Uw-() = Opp_ ()

3.2. Equidistribution of endvectors of common perpendiculars in T'M. Let I be an
index set endowed with a left action (y, i) — yi of I'. A family 2 = (D;);¢; of subsets
of M or T'M indexed by I is I'-equivariant if yD; = D,; forall y eI" and i € I. We
equip the index set I with the I"-equivariant equivalence relation ~ defined by i ~ j if and
only if there exists y € Stabr D; such that j = yi (or equivalently if D; = D; and j = yi
for some y € I'). Note that I" acts on the left on the set of equivalence classes //~.

An example of such a family is given by fixing a subset D of MorT'M, by setting
I =T with the left action by translations (y, i) — yi and by setting D; =i D for every
i € I'. In this case, we have i ~ j if and only ifi_lj belongs to the stabilizer 'p of Din T,
and I/~ =T/ I'p. More general examples include I"-orbits of (usually finite) collections
of subsets of M or T'M with (usually finite) multiplicities

A T'-equivariant family (A )ier of closed subsets of M or T'M is locally finite if for
every compact subset K in M or T' M, the quotientset{i € I : A; N K # ((]} /N is finite. In
particular, the union of the images of the sets A; by the map M—>MorT'M— T'M is
closed. When I'\ / is finite, (A;);¢y is locally finite if and only if, for all i € 7, the canonical
map from I'4,\A; to M or T' M is proper, where "4, is the stabilizer of A; in T".

Let 7~ = (D; )ic;- and 27 = (Df)je]i be locally finite I"-equivariant families of
non-empty proper closed convex subsets of M. For every (i, j) in I~ x IT such that D
and DJT have a common perpendicular, we denote this common perpendicular by «; ;, its
length by £(a;, ), its initial tangent vector by v; ;€ 8 D;" and its terminal tangent vector
byv S 81D+ Note that if i’ ~ i, j' ~ j andy e T, then

+ +
Y i =0yiyj, Lo ) =L(ay,;) and YU i = Vi (11

The inner and outer skinning measures of the families 2% on T' M are

2

ielF/~
We will now prove that the ordered pairs of initial and terminal tangent vectors of
common perpendiculars of two locally finite equivariant families of convex sets in M
equidistribute towards the product of the skinning measures of the families.
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THEOREM 8. Let M be a complete simply connected Riemannian manifold with pinched
sectional curvature at most —1. Let I be a non-elementary discrete group of isometries of
M. Let 9~ = (D;)jer- and 9 = (D;r)jepr be locally finite T -equivariant families of
non-empty proper closed locally convex subsets of M. Assume that the Bowen—Margulis
measure mpy is finite and mixing for the geodesic flow. Then

lim §mppme > A- @A+ =0, Q5

Plirari lmemll Vi LAy 9 9+
i€l jeIT [~y el
DNy DT =0, b(ai,yj)<t

for the weak-star convergence of measures on the locally compact space T M x T'M.

If 27 =(yx)yer and 2% =(yy)yer for some x,y€ M, this statement is a
consequence of the proof of [Rob, Theorem 4.1.1]. We use the same technical initial trick
as Roblin but immediately after that we use a functional approach, better suited to obtain
error terms in §4. We will give a reformulation in T'M x T'M of this result in §3.3, and
some applications to particular geometric situations in §6.

Proof. We first give a scheme of the proof (see [PP8, §8] for a more elaborate one). The
crucial observation is that two convex subsets D~ and D have a common perpendicular
of length 7 > 0 if and only if g”/?91 D~ and g="/231 D™ intersect. After a reduction
of the statement, we introduce test functions qbff vanishing outside a small dynamical
neighbourhood of 91 D¥, so that the support of the product function ¢, o g~/ 2¢,;r o g!/?
detects the intersection of g'/23} D~ and g=/23! DT (using §2.3). We will then use the
mixing property of the geodesic flow to obtain the equidistribution result.

The estimation of the small terms occurring in the following steps 2, 4 and 5 is much
more precise than what is needed to prove Theorem 8. These estimates will be useful to
give a speed of equidistribution of the initial and terminal vectors, and an error term in the
asymptotic of the counting function .44~ g+ (t) in Theorem 15.

To shorten the notation, we assume from now on that the sums as in the statement of
Theorem 8 are for (i, j, y) such thate; ,,; exists, thatis D;” N yDj.' = (). By equation (11),
this sum is independent of the choice of representatives of i in I~ /~ and j in I+ /.

Step 1. Reduction of the statement. By additivity, by the local finiteness of the families 2%,
and by the definition of Eﬂ@} =D kel 8‘;}, we only have to prove, for all fixed i € I~
and j el +, that, for the weak-star convergence of measures on T'M x T'M s

. _5t _ ~t ~
B = _
lim §||mpmlle E A- QA + o'_Q®o
t—+00 Viyj Yyl b;
yel0<f(ay,yj)<t

12)

Dy
Let 2~ be a Borel subset of 841_ D;” and let Q* be a Borel subset of 31 Dj'. To simplify
the notation, let
- - +
D™ =D;, D"=Dj, o, =aiy,

by =L(a,), vy=v’,; and & =5, (13)

https://doi.org/10.1017/etds.2015.77 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2015.77

Counting common perpendicular arcs in negative curvature 915

Let v}(} be the tangent vector at the midpoint of «,, (see the figure below, sitting in T'M ).

ey/ZalD\—
9l D~ &0
+ \
\ \ + (4,0
N Wt 9)
AN W (vga™) N Y
\ \
\ -7 1 +
\ ! /~ //'}/a_D
\ L7
/
- 0 +
Tvy, /1y S|P
! / 1l /
/ / I /
// // Il
// g—fy/2y81D+/ ,
’ /
/
W @) W= ()

Assume that @~ and Q7 have positive finite skinning measures (for future use, we do
not assume them to be relatively compact), and that their boundaries in _}_D_ and 9. DT
have zero skinning measures. Let

Ig- o+ (1) =8|mpmlle ™ Card{y eT:0 <€, <t,v, €Q", v} eyQ"}.

Let us prove the stronger statement that, for every such %, we have

Jim To- g () =3HQHF Q). (14)

Step 2. Construction of the bump functions. We recall from [PP5, §5] the definition of
the test functions ¢>,]i. We fix R > 0 such that i+ () (B=(w, R)) > 0 for all w € 01 D*,
and hence for all w € J/aqchi with y € I". Such an R exists by [PP5, Lemma 7]. For all
n,n >0, let h;,t’n, T'M — [0, 4-00[ be the I'-invariant measurable maps defined by

1
20 pw () (BE(w, ')

if uwi(w(Bi(w, n')) > 0 (which is satisfied if w4 € AT"), and hnin,(w) = 0 otherwise.
Let us denote by 14 the characteristic function of a subset A. We define the test
functions ¢,” = ¢ 7 :T'M — [0, +00[ by

0, R, QF
+
¢y =hygefp Ly (16)

where ”f/nij(Qﬂ and f Di; are as in §2.2. Note that v belongs to the domain of definition of

ifve , otherwise v) =0.Forallve T'M and 7 > 0, we have, ,

o if %]%R(m) herwise ¢;7 (v) = 0. Forall v € 7'M and t > 0, we have, by [PP5
Lemma 17],

(15)

F _
hrm,(w) =

¢ ra & V=0 g g (). (17)

Now, the heart of the proof is to give two pairs of upper and lower bounds, as T > 0 is
large enough and 7, € ]0, 1] is small enough, of the quantity

T
i,7<T)=/O e Z/TIM(¢;7_Og_t/z)(dh;LOgt/zo)’_l)d’%BM dt. (18)

yell
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Step 3. First upper and lower bounds. For all t > 0, let

MOEDY / _ oy (g7P) ¢ (8" Py o) diim(v).
yel veTlM
Note that by [PP5, Proposition 18], we have le i (/),T diigm = 3 (QF), which is finite
and positive. By passing to the universal cover the mixing property of the geodesic flow
on T'M, for every € > 0, there hence exists T > 0 such that for all # > T, we have

e—E

¢, d%BM/ _ ¢, difigm < ay(1)
T

€

lmemll Jr147
e

¢, dﬁiBM/ _ ¢ ditgwm.
Ui

<
lmemll J71i7
Hence for every € > 0, there exists c¢,, > 0 such that for all T > 0, we have

eST ST
e ———GTQN)FT(QN) —cey <ig(T) <ef———
3|lmpml|

FHQ)TQY) + ey
Sllmpmll

Step 4. Second upper and lower bounds. Let T > 0 and n € ]0, 1]. By Fubini’s theorem for
non-negative measurable maps and the definition of the test functions ¢,

T
=Y [ [ e £ i e fon 7 e )

yell

—t/2 —1 2 ~
X Ly+ @) (8 12y) Ly ah ¥ ¢"%v) difigm(v) dt.  (19)

We start the computations by rewriting the product term involving the technical maps hnjE R

Forally eT and v € %Dt N %V_D+’

wo= [ ad wh=f @ =yf ¢ Y. (20)

define (using equation (3))

By the invariance of f ;E; under precomposition by the geodesic flow, w¥ is unchanged if
v is replaced by g*v for any s € R. A computation, using equation (3) and the I"-invariance
of hniR (see also [PPS, p. 1334]), shows that

h,,_,R o f;— (git/zv) = eis(t/z)h,’_’eft/zR(gt/zwi),
W g o fpe (g ) = BT (g ),

and hence,
hyro fo-@ Py po fr g Py = e (8w B (7 P,

t/2

. . _1/2 _ _1 . . .
The remaining product term 17/;1.+R(97) (g v) 17/”,R(9+) (y~'g'“v) in equation (19) is

different from O (hence equal to 1) if and only if

vegPI @) Ny P @) =

me—1/2R (78_1/294_)

/20— —
(/7% )ﬂ“f/n,e_,/zR

(see §2.2, in particular equation (6)). By Lemma 7, there exists fg, co > 0 such that for

177 s —t)2 - —1,t/2
allne]0, 1] and r > 1o, forall v e T' M, if 1,1/7;rR(Q,)(g v) 17/mR(Q+)(y g7 v) £0,
then the following facts hold.
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(i) By the convexity of DT, we have v € %g_ N %nyJr.
(i) By the definition of w® (see equation (20)), we have w~ € Q™ and wt € yQ+.
(The notation (w~, w™T) here coincides with the notation (w~—, w*) in Lemma 7.)
(iii) There exists a common perpendicular o, from D~ to yDT with [y, —t] <
21+ coe™2, d(r (vy), m(wF)) < coe/?, d(m (g PwTF), w(v)) <0+ coe”!?
and such that 7 (v) is at distance at most coe /% from some point p, of .
Foralln €10, 1],y e T and T > 1y, define

Sy (M ={t. v elto, TIXT'MiveVt PN, (rg Q")
and
Sy (1) = //(z ey, (T) h;e*f/zR(gt/zwi) h:,eft/zk(git/zwﬂ dt gy (v)
’ .y

. 1 / dt dﬁBM(v)
em? JJewve, , @ Hot oy (BT 07 or) MW_(w;r)(B’(w,*,rz))’

2y

with the notation
rn=e?R, w =g"”w” and w' =g w.

Foralls,reR,letIy, ={y eT:tp+2+co< ¢, <s, v)ﬂf € ;). By the above,
since the integral of a function is equal to the integral on any Borel set containing
its support, and since the integral of a non-negative function is non-decreasing in the
integration domain, there hence exists ¢4 > 0 such that for all 7/ > T >0 and 5 € 10, 1],
we have

—ca+ > Jny(T) < iy(T)

Yl oae=t 12— oretr /2)

<c+ > Jny (T,

VGFT-%—O(U-%—(:ZV /2),0(77-%—67[)//2)

We will take T’ to be of the form T + O(n + e~ /%), for a bigger O(-) than the ones
appearing in the index of the above summation.

Step 5. Conclusion. Let y € T' be such that D~ and y D™ have a common perpendicular
with length £, > 79 + 2 + c¢. Let us prove that for all € > 0, if n is small enough and
£, is large enough, then for every T > ¢, + O(n + e~tv/2) (with the enoughs and O(:)
independent of y), we have

l—e<jp,(T)<1l+e (22)

Note that &+ (A (QF)) and G (A (QF)) tend to 7H(QF) as ¢ — 0 (since
T (3QT) = 0 as required in Step 1). Using Step 3 and Step 4, this will prove equation (14)
and hence will complete the proof of Theorem 8.

We say that (M , I') has radius-continuous strong stable/unstable ball masses if, for
every € > 0, if r > 1 is close enough to 1, then, for every v € TIM, if Bi(v, 1) meets the
support of fy+(,y, we have

Pty (B (v, 1) < ey (BF (v, 1),
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We say that (1\7 , ') has radius-Holder-continuous strong stable/unstable ball masses if
there exists ¢ €10, 1] and ¢’ > 0 such that, for every € € 10, 1], if BE (v, 1) meets the
support of py+ (), then

/’LWi(v)(Bi(U» I+e¢)) =< ec/EC.U«Wi(u)(Bi(U, D).

When the sectional curvature has bounded derivatives and when (1\71 , I') has radius-
Holder-continuous strong stable/unstable ball masses, we will prove the following stronger
statement: with a constant ¢7 > 0 and functions O(-) independent of y, for all n € 0, 1]
and T > ¢, +O0(n + e_ly/z), we have

—0,/2\\ 2
e v — c
Jny(T) = (HO( 2 )) O+ ) 23)

This stronger version will be needed for the error term estimate in §4. In order to obtain
Theorem 8, the only fact we need is that j, ,,(T) tends to 1 as firstly £, tends to +o0 and
secondly 1 tends to 0. A reader not interested in the error term may skip many technical
details below.

Let n€0,1] and T > £, +O(n + e~t/%). We start the proof of equation (22) by
defining parameters s, s7, s, v/, v associated with (7, v) € <7, , (T).

W (g"?w™) o W Puh)
Wiy W

W= () W)

We have (¢, v) € @, , (T) if and only if there exist sT € 1—n, n[ such that

¢F v e BE (g 2w, e '?R).

The notation s* coincides with the one in the proof of Lemma 7 (where (DT, w) has been

replaced by (y DT, v)).
In order to define the parameters s, v’, v”, we use the well-known local product
structure of the unit tangent bundle in negative curvature. If v € T'M is close enough

to vg (in particular, v_ # (vJO,)Jr and vy # (vg)_), then let v’ = ;Bi(vg)(v) be the unique

element of W_(vg) such that v/, =vy, let v" = (v) be the unique element of

s w0
W+(v3) such that v” = v_, and let s be the unique element of R such that g™5v € W+ (v’).
The map v — (s, v/, v”) is a homeomorphism from a neighbourhood of vg inT'Mtoa

neighbourhood of (0, vg, vg) in R x W_(vg) X W+(v8). Note that if v = g" vg for some
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r € R close to 0, then

w_:v;, w+:v;r, s=r, v =v"=1°

Up to increasing #y (which does not change Step 4, up to increasing c4), we may assume
that for every (¢, v) € 4, , (T), the vector v belongs to the domain of this local product
structure of 7' M at vg.

The vectors v, v/, v are close to vg if 7 is large and 5 small, as the next result shows.
We denote (also) by d the Riemannian distance induced by Sasaki’s metric on T'M.

LEMMA 9. For every (t, v) € oy, ,, (T), the distances d(v, vg), d@, vg), d@”, vg) are
O(n +e71/?).

Proof. Consider the distance d’ on T'M , defined by setting for all vy, vy € T'M

d'(vi, v) = max d(m(g v1), (g v2)).
re[—1,0]
By (iii) in Step 4, we have d (7 (v), n(vg)) =0(n+ e !/, By Lemma 5, we have

d(m(g™*™ ), () <d( (g™ ), w(w ) + d(T (W), T(W}))

<R+ coeft/2.

By an exponential pinching argument, we hence have d’ (v, vg) =0+ e /%), Since d
and d’ are equivalent (see [Bal, p. 70]), we therefore have d (v, vg) =0+ e H/?).

Forallwe T'M and V € TwTIM, we may uniquely write V =V~ 4 V0 + V* with
vOe IR{(%)”0 g'wand V* e T,, W (w). By [PPS, §7.2], Sasaki’s metric (with norm || - ||)
is equivalent to the Riemannian metric with (product) norm

Vi = \/IIV*II2 + VO + V2

By the dynamical local product structure of T'M in the neighbourhood of vg and by the
definition of v’, v”, the result follows, since the exponential map of ' at vg is almost
isometric close to 0 and the projection to a factor of a product norm is 1-Lipschitz. O

We use the local product structure of the Bowen—Margulis measure to prove the
following result.

LEMMA 10. For every (t, v) € o, ,(T), we have

~ —Ly /2
dt diigy(v) = O dt ds dpey - 49) (V) ity ) (0).

Proof. Since the above parameter s differs, when v_, v are fixed, only by a constant from
the time parameter in Hopf’s parametrization, we have
o8 (Bo_ (7w (v),x0)+Bu, (77 (v),x0))
diipm(v) = 0By R0 By (T ) ditw=) (V) i) ") dr.

Asm:T'M — Mis 1-Lipschitz, and since v4 = v; and v_ = v”, the claim follows from
Lemma 9 and the fact that the map x +— B¢ (x, xo) is 1-Lipschitz for every § € 9,oM. O
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When £, is large, the submanifold ¢“/?>Q~ has a second order contact at vg with
w— (vg) and similarly, g~ t/2Q* has a second order contact at vg with W+(U8). Let P, be
the plane domain of (¢, s) € R2 such that there exist sT € 1—n, [ withsT = (£, —1)/2 £
s + O(e~t/%). Note that its area is 2n+ O(e~tr/2))2. By the above, we have (with the
obvious meaning of a double inclusion)

_ —ly/2 —ly /2
y,(T)=P, x B (vg, rgyeo(”"’e "y % B+(v3, rgyeo(”"'e 7.

By Lemma 10, we hence have

f dt dign(v) = 2T (2 1 0t /2))?
oy (T)

-0 O(n+etr/?) 4.0 O(n+etr/?)
X MW*(vg)(B (vy, re e ))MWJr(vg)(B (v, re e ).
(24)

The last ingredient of the proof of Step 5 is the following continuity property of strong
stable and strong unstable ball volumes as their centre varies (see [Rob, Lemma 1.16] and
[PPS, Proposition 10.16] for related properties, although we need a more precise control
for the error term in §4).

LEMMA 11. Assume that (M , ') has radius-continuous strong stable/unstable ball
masses. For every € >0, if n is small enough and €, large enough, then for every
(t,v) € @, (T), we have

O(e)

MWi(w?:)(Bi(w[:F» }’[))Ze Mwi(vg)(Bi(Ug,l’[V)).

If we furthermore assume that the sectional curvature of M has bounded derivatives and
that (M, T') has radius-Holder-continuous strong stable/unstable ball masses, then we
may replace € by (n + e~t/2)%s for some constant c5 > 0.

Proof. We prove the claim for %, the one for %~ follows similarly. The final statement
is only used for the error estimates in §4.

BY*(w™, R)

ly /2
B+(v;,R60(ﬂ+€V/ )

Using equation (5) and the scaling properties of skinning measure, we have

oy BT wi, ) = €7 gy (BT (™, R)) (25)
and similarly, for every a > 0,
pw) (B ), ar) = e Py o (BY (v, aR)). (26)

Let h~: BT (w™, R) = W¥(v,) be the map such that (A~ (v))— = v_, which is well
defined and a homeomorphism onto its image if £, is large enough (since R is fixed).
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By [PPS5, Proposition 5] where C = HB(w™), C' = HB+(U; ), we have, for every v €
BT (w™, R),

Aty ) (v) = e P COTEOD gy (h ().

Let us fix € > 0. The strong stable balls of radius R centred at w™ and v, are very
close (see the above picture). More precisely, recall that R is fixed, and that, as seen
above, d(7r(w™), w(v,)) = O(e~/?) and d(w (¢'*w™), (g /?v;)) = O(n + e~ /?).
Therefore we have d (7 (v), w(h™ (v))) < € for every v € BT (w™, R) if n is small enough
and ¢, large enough. If, furthermore, the sectional curvature has bounded derivatives,
then by Anosov’s arguments (see, for instance, [PPS, Theorem 7.3]) the strong stable
foliation is Holder-continuous. Hence we have d((v), w(h~ (v))) = O((n + e~ tr/2)%s)
for every v € BY(w™, R), for some constant cs > 0, under the additional hypothesis on
the curvature. We also have 1~ (BT (w™, R)) = B+(v; , ReP©) and, under the additional
hypothesis on the curvature, A~ (Bt (w™, R)) = B (v}, ReO+e™72)%5)) * Agcuime in
what follows that € = (7 + ¢~%/?)5 under the additional hypothesis on the curvature.
Since |Be(x, y)| <d(x,y) for all x,y e M and &€ BOOM, we hence have, for every
ve BT (w™, R),

ditw+ e ) = % diy o) (B ().
The result follows by equations (25), (26) and the continuity property in the radius. O

Now Lemma 11 (with € as in its statement, and when its hypotheses are satisfied)
implies that

// dt dr%BM(v)

(e, (1) sy (BT W] 1)ty ) (B~ (wit, 1)
O ~
e0© ff(z,v)e,gin,y(n dt dmpm(v)

B MW+(u3)(B+(vO, re,)) MW—(Ug)(B_(vg, re,))’

By equations (21) and (24), we hence have

esy (2n + O(e/%))?

(2n)?
under the technical assumptions of Lemma 11. The assumption on radius-continuity of
strong stable/unstable ball masses can be bypassed using bump functions, as explained
in [Rob, p. 81], which concludes the proof of Step 5. O

Jny ()= eO(ﬂ+€7£V/2)eO(6

3.3. Equidistribution of endvectors of common perpendiculars in T'M. We now
deduce from Theorem 8, which is an equidistribution result in T'M x T'M , an
equidistribution result in its quotient 7'M x T'M by the action of I' x T.

Let 2 = (D;)ier be a locally finite I'-equivariant family of non-empty proper closed
convex subsets of M. Let Q = (2j)ie1 be a I'-equivariant family of subsets of T'M , Wwhere
€2; is a measurable subset of Bi D; for all i € I (the sign & being constant). Then

~t ~
%0 = Z aDi|Qi

iel/~
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is a well-defined (independent of the choice of representatives in //~), I'-invariant, locally
finite measure on 7' M whose support is contained in{J;¢; /. $2i. The measures Eét induce
locally finite measures on 7' M, denoted by CTQ The measures induced by &' O' onT'M =
7! M are called the inner/outer skinning measures of 2 on T'M. If X has stabilizer
I'z, and maps to xo € M, if 7 = (yxo)yer, if M has dimension n, constant curvature and
finite Volume then, normalizing the Patterson—Sullivan density so that ||z, || = Vol(S*™1),

we have o = V01T1 u and ||oj | = Vol(S*~1)/Card(I'; ). See §6 for other examples.
Given v € T' M, we define the natural multiplicity of v with respect to 2 by

Card{i € I/~ :7 € Q)
Card(Stabr )

mq(v) =

for any preimage v of v in T'M. The numerator and the denominator are finite, by the
local finiteness of & and the discreteness of ', and they depend only on the orbit I'V. The
numerator takes into account the multiplicities of the images of the elements of 2 in T' M.
Note that if I' is torsion-free, if 2 = le[.@, if for every i € I the quotient I'p,\ D; of D;
by its stabilizer I p, maps injectively in M = F\M (by the map induced by the inclusion
of D; in M), and if for every i, j € I such that j ¢ I'i, the intersection D; N D; is empty,
then the non-zero multiplicities mgq (v) are all equal to 1.
Given ¢t > (0 and two unit tangent vectors v, w € TM, let

n (v, w) = Z Card(T',),

where the sum ranges over the locally geodesic paths « : [0, s] — M such that & (0) = v,
a(s) =w and s €]0, ], and [y is the stabilizer in I" of any geodesic path @ in M mapping
to o by the quotient map M — M. If T is torsion free, then n;(v, w) is precisely the
number of locally geodesic paths having v and w as initial and terminal tangent vectors
respectively, with length at most 7.

Let QF = (Qf)ie ;= be I'-equivariant families of subsets of T'M, where Q,jr is a
measurable subset of Bi D,f for all k € IT. We will denote by .4 o+(f) the number of
common perpendiculars whose initial vectors belong to the images in M of the elements
of Q7 and terminal vectors to the images in M of the elements of Q7T, counted with
multiplicities:

Moo+ @)= Y mo-)mgrwn (v, w).

vweTlM

When QF = 81 9%, we denote Ng- g+ by Ag- g+. If T has no torsion, if 9+ =
(yD )yer where D* is a non- empty proper closed convex subset of M (such that
the family 2% is locally finite), and if D¥ is the image of D* by the covering map
M—> M= F\M (which is a non-empty proper properly immersed closed locally convex
subset of M), then .#5- g+ is the counting function .4}~ p+ given in the introduction.

Recall that the narrow topology (also called weak topology) on the set .#;(Y) of
finite measures on a Polish space Y is the smallest topology such that, for every
bounded continuous map g : ¥ — R, the map from .#(Y) to R defined by u — 1(g)
is continuous.

https://doi.org/10.1017/etds.2015.77 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2015.77

Counting common perpendicular arcs in negative curvature 923

COROLLARY 12. Let M, T, 2=, 27 be as in Theorem 8. Then

: —6t
Jim Slmylle™ Y0 myt g 0mg1 g )ng (v, w)Ay @ Ay
vweT!M
=0, ®o0,, (27)
for the weak-star convergence of measures on the locally compact space T'M x T'M. If
a"@"_ and o, are finite, the result also holds for the narrow convergence.
Furthermore, for all T-equivariant families QF = (Qki)keli of subsets of T'M with
Q,T a Borel subset of al_L Dch for all k € I'F, with non-zero finite skinning measure and with
boundary in Bi D,:(F of zero skinning measure, we have as t — +00

+ -
log-ll llogell 5

N t) ~
L A

Proof. Note that the sum in equation (27) is locally finite, and hence it defines a locally
finite measure on T'M x T'M. We are going to rewrite the sum in the statement of
Theorem 8 in a way which makes it easier to push it down from T'M x T'M to
T'M x T'M.

Forevery v e T'! M, let

m¥ (@) = Card{k eI/ :Te ajED,jF},

so that for every v € T' M, the multiplicity of v with respect to the family aj[ D7 is

m7T (V)

M1+ (V) = Eard(Stabr )

for any preimage v of v in T'M.
For all y €T and ¥, w € T' M, there exists (i, j) € (I~ /~) x (IT/~) such that ¥ =

+ —1,+

and W =v =y v, if and only if y @ € g ¥, there exists i’ € I/~ such

v, .

LyJj y=li,j
that 7 € B}rDiT and there exists j’ € I/ such that y @ € 3! D;C. Then the choice of such
elements (i, j), as well as i’ and /', is free. We hence have

A - QA +
Z Viyi Yy-li
iel=/~, jelT/~, yel
O0<t(ajyj)=t, UEW:U, U:—]i.j:w
= Y Card{(i.j)e (/) x (IT/~): v, =7, v;tll. ;= WA ® A
yel', 0<s<t
yi=g'v
= Y m®mtyd) A Ag.
yel, O<s<t
yuw=g*v

Therefore

Z Ay ®A

LyJj y
iel™/~, jelT/~, yel
0<£(a,-,w-)§t

= Z Card{y €T :35 €10, 1], y =gV} m~ @) mT (W) Ay @ Ag.

v, weT' M

iJ
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By definition, c7$¢ is the measure on 7'M induced by the I'-invariant measure 5:9;
(see [PPS, p. 28]). Thus the claim on weak-star convergence follows from Theorem 8 and
equation (14) (after a similar reduction as in Step 1 of the proof of Theorem 8). Since no
compactness assumptions were made on Q7 in this Step 1 in order to get equation (14),
the narrow convergence claim in Corollary 12 follows. O

Using the continuity of the pushforwards of measures for the weak-star and the narrow
topologies, applied to the basepoint maps = x 7 from T'M x T'M to M x M, and from
T'M x T'M to M x M, we have the following result of equidistribution of the ordered
pairs of endpoints of common perpendiculars between two equivariant families of convex
sets in M or two families of locally convex sets in M. When M has constant curvature
and finite volume, 2~ is the T'-orbit of a point and 27 is the I'-orbit of a totally geodesic
cocompact submanifold, this result is due to Herrmann [Her].

COROLLARY 13. Let M, T, 2=, 97 be as in Theorem 8. Then

lim §|lmpm|e? Z A, - A+ =M. @ MTo .,
60 lmemll ”(”i,yj)® n’(vyfli.j) x0 g Q Ty 9+
iel™/~, jelT/~, yell
0<€(ajyj)<t

for the weak-star convergence of measures on the locally compact space M x M, and

: -5t
Jim Slmpulle™ Y0 myt g (0) my1 gy () (v, W) Axy ® Ay
v,weT!M

— 7ot —

=m0, ®Mu0y,
or the weak-star convergence of measures on M x M. If the measures of are finite, then

8 9F

the above claim holds for the narrow convergence of measures on M x M. O

Before proving Theorems 1 and 2 in the introduction, we recall the definition of a
proper non-empty properly immersed closed locally convex subset D¥ in a negatively
curved complete connected Riemannian manifold N: it is a locally convex (not necessarily
connected) geodesic metric space D* endowed with a continuous map f*: D* - N
such that, if N — N and DT — D are (locally isometric) universal covers and if f +.
D* — N is a lift of f + then f + is, on each connected component of lN)i, an isometric
embedding whose image is a proper non-empty closed convex subset of N, and the family
of images, under the covering group of N — N, of the images by f + of the connected
components of D* is locally finite.

Proof of Theorems I and 2. Let ] =T x no(ﬁi) with the action of I" defined by setting
y - (a,c) = (ya,c) forall y, « € I' and every component ¢ of D*. Consider the families
9* = (D,f)keli where DkjE = ozfi (c) if k = (a, ¢). Then 2 are I'-equivariant families
of non-empty proper closed convex subsets of M, which are locally finite since D* are
properly immersed in M. Theorems 1 and 2 then follow from Corollary 12. O

COROLLARY 14. Let 1\7 I, 2=, 9% be as in Theorem 8. Assume that agi; are finite and

non-zero. Then
8|lmp||*e™?

lim  lim ———— > myig (0) g g4 (V) Agsy =m
+ — 09D t,9 g5v BM,
sroo it flog oyl S
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where
n; g+ (v) = Z myi g+ (W) ne (v, W)
weT'M
is the number (counted with multiplicities) of locally geodesic paths in M of length at most
t, with initial vector v, arriving perpendicularly to .

Proof. For every s € R, by Corollary 12, using the continuity of the pushforwards of
measures by the first projection (v, w) > v from T'M x T'M to T'M, and by the
geodesic flow on T'M at time s, since (8°)x Ay = Agsy, we have

: —5t (S + —
Jim 8llmpylle Z My - W) 1y 7+ (V) Dgry = (85 0 llo |l
veT'M

The result then follows from [PP5, Theorem 1]. O

4. Error terms
Let M, xo, T, 8 and M be as in the beginning of §2. We assume that the Bowen—Margulis
measure mpy is finite, and we define mpy = mpm/ ||meml|.

In this section, we give bounds for the error term in the equidistribution and counting
results of the previous section when the geodesic flow is exponentially mixing and the
(strong) stable and unstable foliations are assumed to be at least Holder-continuous.

There are two types of exponential mixing results available in this context. Firstly, when
Misa symmetric space, then the boundary at infinity of M, the strong unstable, unstable,
stable, and strong stable foliations of T'M are smooth. Hence talking about leafwise €
functions on T! M makes sense. Let %f(Tl M) be the space of ¢* functions on T' M with
compact support and by ||y]| the Sobolev W*2-norm of ¥ € %f(Tl M).

For ¢ € N, we say that the geodesic flow on T'! M is exponentially mixing for the Sobolev
regularity £ if there exist ¢, k > 0 such that for all ¢, ¥ € %f(TlM ) and ¢ € R, we have

¢ og "y dmpm — ¢ dmpm o dmpm| < ce ™MW llelolle.

T'M T'M T'M

When T is an arithmetic lattice (the Bowen—Margulis measure then coincides, up to a
multiplicative constant, with the Liouville measure), this property, for some £ € N, follows
from [KM1, Theorem 2.4.5], with the help of [Clo, Theorem 3.1] to check its spectral gap
property, and of [KM2, Lemma 3.1] to deal with finite cover problems. When M has finite
volume, the conditional measures on the strong stable/unstable leaves are homogeneous
and hence (]l71 , I') has radius-Holder-continuous strong stable/unstable ball masses.
Secondly, when M has pinched negative sectional curvature with bounded derivatives,
then the boundary at infinity of M , the strong unstable, unstable, stable, and strong stable
foliations of T M are only Holder-smooth (see, for instance, [Bri] when M has a compact
quotient and [PPS, Theorem 7.3]). Hence it is appropriate to consider Holder functions
on T'M. For every a € ]0, 1[, let €% (X) be the space of a-Holder-continuous real-valued
functions with compact support on a metric space (X, d), endowed with the Holder norm

|f ) = FOI
a = oo T e
I flle = 1A x’y:;l(g(#y A,y
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For o € 10, 1[, we say that the geodesic flow on T M is exponentially mixing for the
Holder regularity o if there exist ¢, k > 0 such that for all ¢, ¥ € <KL‘,"(TIM) and t € R,
we have

¢ og "y dmpm — ¢ dimpm ¥ digm| < ce gl 1Y -

T'M T'M T'M

This holds for compact manifolds M when M is locally symmetric by [Moo], when M
is two-dimensional by [Dol], and when M is 1/9-pinched by [GLP, Corollary 2.7] (see
also [MO)).

THEOREM 15. Let M be a complete simply connected Riemannian manifold with sectional

curvature at most —1. Let I be a non-elementary discrete group of isometries of M and

let M = F\Z\Z. Let 9~ =(D; )jc;- and 2% = (D}")je,: be locally finite T -equivariant
families of non-empty proper closed convex subsets of M with finite non-zero outer and
inner skinning measure respectively. Assume that T\I* are finite.

(1)  Assume that M is compact and that the geodesic flow on T'M is mixing with
exponential speed for the Holder regularity. Assume that (1\7 , I') has radius-Holder-
continuous strong stable/unstable ball masses. Then there exist a € 10, 1[ and k' > 0
such that for all non-negative lﬁi S CK;"(TIM), we have, as t — +00,

Slmewl .

ML g @) g e () (0, w) Y (@) Y )
vwellM

= [, wrdol [ wtdog. + 0@ Il )

(2) Assume that Misa symmetric space, that D,ic has smooth boundary for every k €
I, that M has finite volume, and that the geodesic flow on T'M is mixing with
exponential speed for the Sobolev regularity. Then there exist £ € N and k' > 0 such
that for all non-negative maps 1,//jE S ‘Kf(TlM), we have, as t — +00,

8llmpmll

2 Malg W) my1 g (w) new, w) YT (@) Y w)
v,weTlM

= | ydo} f Ytdo, + 0™ Iy ey I,
T'M T'M

Furthermore, if (Zl~4 , T') satisfies condition (1) or (2) above, then there exists k" > 0
such that, as t — 400,

lod N llog.ll ,
N g+ (1) = %e’”(l + 0@ ¥)).
lmeml

The maps O(-) depend on 1\71, I', 9, and the speeds of mixing.

Proof. We follow the proofs of Theorem 8 and Corollary 12, adding a regularization of
the test functions 53: as for the deduction of [PP5, Theorem 20] from [PP5, Theorem 19].

Let B be either « € ]0, 1] in the Holder regularity case or £ € N in the Sobolev
regularity case. We fix i € I~, j € I, and we use the notation of equation (13). Let 1’/7i €
¢P (BiDi) be such that le M{;i d?f_;;i is finite. Under the assumptions of Assertion (1)
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or (2), we first prove the following avatar of equation (14), indicating only the required
changes in its proof: there exists ko > 0 (independent of wi) such that, as T — +o0,

Slmemlle™ Y PP

yel,0<¢, <T
- / 7 det / T + 0@ T T s ). (28)
LD~ 3l D+

By Lemma 6 and the Holder regularity of the strong stable and unstable foliations under
the assumptions of Assertion (1), or by the smoothness of the boundary of D¥ under
the assumptions of Assertion (2), the maps f l; : “//n’iR(Bthﬂ — 31 DT are respectively
Holder-continuous or smooth fibrations, whose fibre over w € BJED”F is exactly Vwi’m r-BY
applying leafwise the regularization process described in the proof of [PPS, Theorem 20]
to characteristic functions, there exists a constant k; > 0 and X,,i, RET B(T'M) such that:
o lx, zlls =0m™");

* 11/niO(n>,RrO(n)(3 D*) = X" R= 17/¥ (03.D%)° and
e forevery w e aqEDi, we have

+ +_ EyF -0 —
/¢ X WV = vy (Vy p€ Yy (V w,ne= O Re~ O(rz))e
w,n,R

where the measures V% on WOF (v) ~ R x WF(v) are defined by dv} =ds duw- () and
dv,, =ds duy+ ). We now define the new test functions. For every w € B#Di, let

1

HXYyw) = ————
R f‘ﬁ ande

Let Cbni : T'M — R be the map defined by

q>i = (HiRI/fi) fD:t XU R-

The support of this map is contained in ”f/ (8 D?F). Since M is compact in Assertion
(1) and by homogene1ty in Assertion (2) 1f R is large enough, by the definitions of the
measures v , the denominator of H R(w) is a least cn, where ¢ > 0. The map H R is
hence Holder—contlnuous under the assumptlons of Assertion (1), and is smooth under the
ones of Assertion (2). Therefore CI>$ c¢P (T1 M ), and there exists k > 0 such that

1DE N5 =00 1 *1)-

The functions <I>;J7E are measurable, non-negative and satisfy

/ . (I);:: dmpm :/ Ji doT.
T'M 91 D*

As in the second step of the proof of Theorem 8, we will estimate in two ways the quantity

1,(T) = / 8 Z / (D 08 ) (@F 0 g'? oy ditipy d. (29)

yell
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We first apply the mixing property, now with exponential decay of correlations, as in
the third step of the proof of Theorem 8. For all ¢ > 0, let

a0=3 | ¢120) O (82 ) diip (v).

yer ET‘M

Then with k¥ > 0 as in the definitions of the exponential mixing, we have

Ay(t)y = —— ®, dni oF di O(e—* 11 d= [l all D+
O = el S © ’”BM/M 7 diipm + Oy g Py llp)
—1 T— ~ s ~ —_ _ ~_ ~
B v d"*f UrdaT + 0 T I g1 g
”mBM” B_LD_ 9l D+

Hence by integrating,

eéT

¢ T dst Gtds™ + 0™ T2y 19t ) ).
Sllmsmll \Ja!l p- ol D+
(30)

IL)(T) =

Now we exchange the integral over 7 and the summation over y in the definition of
I,,(T), and we proceed as in the fourth step of the proof of Theorem 8 to get

1,(T) = Z/ f (@ 07 (@F 0 g'* oy ") ditipy dt.

yel
Let 6* = HjE ) fDi Xn g» SO that dDi wi o fgi ai By the last two properties of

the regularlzed maps X;t r» We have, with qﬁ ¢3F R.OF deﬁned in equation (16),

+ -0 =+ + O
¢n€’0<”>, Re= O, gl p* e O < O =¢, e ), (31)

If v e T'M belongs to the support of (®; o g 1% (o g% o y~1), then we have
vE g’/z“//nf’R (B}FD’) n g"/27/,]TR(y81 D). Hence the properties (i), (ii) and (iii) of the
fourth step of the proof of Theorem 8 still hold (with 2_ =9 _%_D_ and Q4 =0 ! (y D).
In particular, if w™ = f ;, (v) and wt = fy_D+ (v), we have, as in the fifth step of the proof
of Theorem 8, that

dw*, vy) =0 +e /).

Hence, with k3 = « in the Holder case and k3 = 1 in the Sobolev case (we may assume
that £ > 1), we have

[0E w*) — gD =0 + e~ 72 [ F|p).
Therefore there exists a constant x4 > 0 such that

L(T) =Y (@ @)¥ W) + 0 + e Y4y Il 1))

yell

X / / g P0)® (v g ?v) ditipm(v) dt.
0 veTlM

Now, using the inequalities (31), equation (28) follows as in the last two steps of the
proof of Theorem 8, by taking 1 = ¢ 5T for some x5 > 0.
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In order to prove Assertions (1) and (2), we may assume that the supports of wi are
small enough, say contained in B(x*, €) for some xT € T'M and € small enough. Let
%E be lifts of x* and let Y+ € %ﬂ(TIM) with support in B(X*, €) be such that Ut =
¥+ o Tp where p : M — M is the universal cover. By a finite summation argument and
equation (28), we have

8 llmpmll e > ORI

y~lij
iel™/~, jelIt/~, yel
0<l(wj, yj)ft

= Y d5, | _wtd . +O0E ™ g lglv T lp).
T'M T'M

Assertions (1) and (2) are deduced from this equation in the same way that Corollary 12

is deduced from Theorem 8. Taking 1//i to be the constant function 1 in Assertion (1)

gives the last statement of Theorem 15 under the assumptions of Assertion (1). An

approximation argument applied to equation (14) gives the result under the assumptions of

Assertion (2). O

5. Counting closed subsets of limit sets
In this section, we give counting asymptotics on very general equivariant families of
subsets of the limit sets of discrete groups of isometries of rank one symmetric spaces.

Recall that the rank 1 symmetric spaces are the hyperbolic spaces Hy where IF is the
set R of real numbers, C of complex numbers, H of Hamilton’s quaternions, or O of
octonions, and n > 2, with n = 2 if K = Q. We will normalize them so that their maximal
sectional curvature is —1. We denote the convex hull in H, of any subset A of H, U dooH,
by FA.

We start with Hf,. The Euclidean diameter of a subset A of the Euclidean space R is
denoted by diam A. For any non-empty subset B of the standard sphere S"~!, we denote by
0(B) the least upper bound of half the visual angle over pairs of points in B seen from the
centre of the sphere. Let 7%, be the horoball in the upper halfspace model of Hl, centred
at oo, consisting of the points with vertical coordinates at least 1. For every Patterson—
Sullivan density (ux),j; for a discrete non-elementary group of isometries I of M , for
every horoball 7 in M, and for every geodesic ray p starting from a point of 9.7# and
converging to the point at infinity £ of .7, the measure e* 1t p(r) converges as t tends to
400 to a measure [y on 8001\7 — {£}, independent on the choice of p (see [HP2, §2]).

COROLLARY 16. Let I be a discrete non-elementary group of isometries of HT,, with finite
Bowen—Margulis measure mpy and critical exponent 8. Let (F;)iecy be a T'-equivariant
family of non-empty closed subsets in the limit set AT, whose family 9 = (€' F;)ic1 of
convex hulls in Hy, is locally finite, with finite non-zero skinning measure.
(1) In the upper half-space model of HY, assume that AT is bounded in R"~! =
0oy — {00}, and that oo is not the fixed point of an elliptic element of T'. Let
D~ be the I'-equivariant family (y #50)yer. Then, as T — 400,
log-Il log+|

Card{i € I/~ : diam(F;) > 1/T} ~ W(2T)5.
mBM
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(2) In the unit ball model of H,, assume that no non-trivial element of T fixes 0. As
T — 400, we have

Card{i € I/ : cot0(F;) < T} ~ Wollozt 1l 75

Sllmpmll
(3) In the upper half-space model of HI,, assume that oo is not the fixed point of an
elliptic element of T'. Let  be a Borel subset of R"™! = 0ooHly — {00} such that
Wz, (S2) is finite and positive and 1y, (3S2) = 0. Then, as T — +00,

K, () llog+ |l

Sllmpmll

This corollary generalizes ([OS1, Theorem 1.4] and [OS3, Theorem 1.2]) where the
subsets F; are round spheres. When I' is an arithmetic lattice, the error term in the
claims (1) and (2) is O(T%~%) for some «x > 0, as follows from Theorem 15(2) (using the
Riemannian convolution smoothing process of Green and Wu as in [PP4, §3] to smooth
by a very small perturbation the boundary of € F;, so that the perturbation of the lengths
of the common perpendiculars are uniformly small).

Card{i € I/~ : diam(F;) > 1/T, F; N Q # ¢} ~ QT)°.

Proof. As the Bowen—-Margulis measure is finite in a locally symmetric space, the
geodesic flow is mixing (see, for instance, [Dal2, p. 982]).

(1) The skinning measure og';, is non-zero since I" is non-elementary, and finite since the

support of Ejf , consisting of the points v € Bijfoo such that v4. € AT, is compact.

For each i € I, let x;, y; € F; be such that diam F; = ||x; — y;||, where || - || is the
Euclidean norm in R"~1. The (signed) length £(c. ;) of the common perpendicular ¢, ;
from %%, to the geodesic line in H?R with endpoints x; and y; (which is also the common
perpendicular from 2%, to € F;) is log(2/||x; — y;||). Thus, since the stabilizer in " of an
element of o _L%”OO is trivial, and since I" acts transitively on the index set of the family
7,

Card{i € I/~ :diam(F;) > 1/T} =Card{i € I/~ : £(cte,;) <log(2T)}
= Ng- g+ (10g(2T)),

which implies Claim (1) by Corollary 12.

(2) Let 2~ be the I'-equivariant family ({y0}), er, whose skinning measure in TM is
3@+, = Zy o My0, SO that ||a§, || is equal to the (finite and non-zero) total mass || o]l of
the Patterson—Sullivan measure at 0, since the stabilizer of O in I' is trivial.

Foreachi € I, let x;, y; € F; be such that 6 (F;) = 6({x;, y;}). The angle of parallelism
formula (see, for instance, [Bea, p. 147]) implies that cot 6 (F;) = sinh d (0, €' F;), and the
rest of the proof is analogous to that of Claim (1).

(3) Note that we do not assume in (3) that the I"-equivariant family 2~ = (y J%%)yer
is locally finite, and we will only use equation (14) (and not Corollary 12) to prove the
claim (3). One can check that the proof of equation (14) does not use the local finiteness
property of 2. By the definition of the skinning measure 5;2%0 with base point xg = p (1)
where p is a geodesic ray from a point of 9.7, to oo, and letting t — 400, we see that

the pushforward of the measure 1 s by the map x — (0, —1) € T&’ 1)H7R from R"~! to
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ol 7% 1s exactly the skinning measure Gt oo If diam F; is small and F; meets €2, then
F; is contained in 4.2 for some small € > 0, and .z (4c2) converges to u  (S2)
as € — 0. We hence apply equation (14) with i = ¢ and 2™ the image of 2 by this map
x = (0, —1). O

Corollary 4 in the introduction is a special case of the following corollary. For every
parabolic fixed point p of a discrete isometry group I' of HT,, recall that, by Bieberbach’s
theorem, the stabilizer of p in ' contains a subgroup isomorphic to Z¥ with finite index,
and k =rkr(p) > 1 is called the rank of pin I".

COROLLARY 17. Let I" be a geometrically finite discrete group of isometries of the upper
half-space model of H%, whose limit set AT is bounded in R"~! = dooHp — {oo}. Let
o be a geometrically finite subgroup of T with infinite index. Assume that the Hausdorff
dimension § of AT is bigger than tkr(p) — 1kr, (p) for every parabolic fixed point p of
[o. Then there exists an explicitable ¢ > 0 such that, as T — 00,

Card{y € I'/ Ty : diam(y ATo) > 1/T} ~ ¢T°.

The assumption on the ranks of parabolic groups (needed to apply [PPS, Theorem 10])
is, in particular, satisfied if every maximal parabolic subgroup of I'¢ has finite index in
the maximal parabolic subgroup of I" containing it, as well as when n =3 and é > 1 (or
equivalently if I' does not contain a Fuchsian group with index at most 2, when AT is not
totally disconnected; see [CaT, Theorem 3(3)]).

Proof. First assume that oo is not fixed by an elliptic element of I'. Since I' is
geometrically finite, its Bowen—Margulis measure is finite (see, for instance, [DOP]).
The critical exponent of I is equal to the Hausdorff dimension § of AT'. Let I, be the
stabilizer in " of the limit set ATy of I'g, and recall that 'y has finite index in I';, (see,
for instance, [Kap, Corollary 4.136]). Let us consider I = I, the family (F; =iATlg)ies
(which consists of non-empty closed subsets of AT'), and 2 = (6 F;);<; (which is locally
finite), so that 7/ =T/T. Since I'g is geometrically finite, the convex set € AT is
almost cone-like in cusps and any parabolic subgroup of I'" has regular growth (see the
definitions in [PPS5, §4]). Hence, under the hypothesis on the ranks of parabolic groups,
by [PPS, Theorem 10], the skinning measure a_o_ﬁ is finite. It is non-zero by [PPS,
Proposition 4(iv)], since AI'g # AT as ['g has infinite index. Note that

Card{y € I'/ Ty : diam(y AT¢) > 1/T}
=[I: ol Card{y € '/ I, : diam(y AT9) > 1/T}.
The result then follows from Corollary 16(1).
If 0o is fixed by an elliptic element of T, let I'” be a finite-index torsion-free subgroup of

[ (in particular I'" is geometrically finite and AT” = AT). The action by left translations
of T on I'/Ty has a finite number of (pairwise distinct) orbits represented by say
a1lo, ..., axlg. Fori =1, ..., k, the group I‘; = Footi_l N T’ is geometrically finite
with infinite index in ', Let

A(T)={yl'pel'/Tg:diam(y Al'g) > 1/T} and

Ai(T)={yTg € A(T) : T'yTo =TI"o; T}
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fori=1,...,k, so that Card A(T) = Y"5_, Card A;(T). The map yT'g— y'T} from
Ai(T) to {y'T; eI’/ T'} : diam(y’AT}) > 1/T}, where y’ € I'" satisfies yT'g = y'a; o,
is easily seen to be well defined and a bijection. Note that the Hausdorff dimension
8 of AT’ = AT is bigger than rkp (p) — rkr/ (p) =rkr(a;” p) —rkpy (@ p) for every

parabolic fixed point p of I'], since «; Ipisa parabolic fixed point of I'g. By the above
torsion-free case, for i =1, ..., k, there exists ¢; > 0 such that Card A;(T) ~ c,~T’S as
T — +o00. The result then follows with ¢ = Y°5_, ¢;. o

COROLLARY 18. Let I' be a geometrically finite discrete subgroup of PSL(C) with
bounded and not totally disconnected limit set in C, which does not contain a quasifuchsian
subgroup with index at most 2. Then there exists ¢ > 0 such that the number of connected
components of the domain of discontinuity QI' of T' with diameter at least 1/T is
equivalent, as T — 400, to cT® where 8 is the Hausdorff dimension of the limit set of T.

When oo is not the fixed point of an elliptic element of I', we have

_ 2llog-1l
= Sl Zu agll,

with 7 = (y %) yer and Q= (y €2y er, where Q ranges over a set of representatives
of the I"-orbits of the connected components of QI" whose stabilizer has infinite index in T.

Proof. As mentioned after Corollary 17, we have § > 1, and hence the assumption of this
corollary on the ranks of parabolic groups is satisfied. By Ahlfors’s finiteness theorem,
the domain of discontinuity QI of I' (which is a finitely generated Kleinian group)
has only a finite number of orbits of connected components (see, for instance, [Kap,
Corollary 4.108]). Since I' is geometrically finite, the stabilizer of a component of QI'
is again geometrically finite (see, for instance, [Kap, Corollary 4.112]).

The components of QI" which are stabilized by a finite index subgroup of I' do not
contribute to the asymptotics. The assumptions on I' imply that there exists at least one
other component of QI". Otherwise, indeed, the stabilizer of every component 2 of QI'
has finite index in I', and in particular 02 = AT". Up to taking a finite index subgroup,
we may assume that I" is a function group (that is, leaves invariant a component of QT).
By [MaT, Theorem 4.36], I' is a Klein combination of B-groups (groups preserving a
simply connected component of their domain of discontinuity) and elementary groups.
Since AT is not totally disconnected and since 92 = AT for all components 2 of QI,
this implies that I" is a B-group. By the structure theorem of geometrically finite B-groups
(see [Abi, Theorem 8]), this implies that " is quasifuchsian, which is a contradiction. The
stabilizers of these other components of QI" have infinite index in I". Hence the result
follows from Corollary 17, by a finite summation. O

For example, Corollary 18 gives the asymptotic number of the components of
the domain of discontinuity with diameter less than 1/7T as T — oo of the crossed
Fuchsian group generated by two Fuchsian groups (see [Mas, Ch. VIII, §E.8]) as in
the figure below, produced using McMullen’s program 1im. See, for example, Maskit’s
combination theorem in [Mas, Ch. VIII, §E.8] for a proof that crossed Fuchsian groups
are geometrically finite.
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We now consider Hf(’:, leaving to the reader the extension to the other rank one
symmetric spaces. We denote by (w’, w) > w' - w = Z?:_ll

product on C*~!, and |w| = /w - w. Let

w; w; the usual Hermitian

HY. = {(wo, w) € C x C"~" : 2Re wy — |w|? > 0},

endowed with the Riemannian metric (normalized as in the beginning of §5)

1

= ORe wg — w22 (@wo —dw- w)(@dwo — w - dw) + 2Re wo — |w?) dw - dw),

ds?

be the Siegel domain model of the complex hyperbolic n-space (see [Gol, §4.1]). Let
S = {(wg, w) € C x C"1:2Re wy — |w|*> > 2},
which is a horoball centred at co. The manifold
Heiso,—1 = dooH: — {00} = {(wo, w) € C x C"~ ' : 2Re wg — |w|* = 0}
is a Lie group (isomorphic to the (2n — 1)-dimensional Heisenberg group) for the law
(wo, w) - (), w') = (wo + wy + w - w', w+ w).

The Cygan distance dcyg (see [Gol, p. 160]) and the modified Cygan distance d’cyg
(introduced in [PP1, Lemma 6.1]) are the unique left-invariant distances on Heisy,,—1 with

deyg (o, w), (0, 0)) = v/2[wol,  deyg((wo, w), (0, 0)) =/ 2|wol + [w|?.

"o __ 2 / : . / . :
Let' dcyg = (dcyg™)/ (dcyg), which, since dcyg 5 dcyg < V2 dcyg, is alm'ost a distance on
Heisy,—1. For every non-empty subset A of Heis,,_, we denote the ‘diameter’ of A for
"
aVCyg by
diam,» (A)= max d/\. (x,79).
dCYg( ) X, yEA:xF£y Cyg( y)
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COROLLARY 19. Let T" be a discrete non-elementary group of isometries of the Siegel

domain model of H., with finite Bowen—Margulis measure mpy and critical exponent 4.

Assume that AT is bounded in Heisy,_1, and that oo is not the fixed point of an elliptic

element of I'. Let 9~ be the I'-equivariant family (y #)yer. Let (Fi)icj be a I'-

equivariant family of non-empty closed subsets in AT, whose family 9% = (€' F;)ier

of convex hulls in H, is locally finite, with finite non-zero skinning measure. Then, as

T — +o0,

log- 1l log |
Sllmpmll
The proof of this corollary is similar to the one of Corollary 16(1), and has a similar

corollary as Corollary 17 (replacing the rank of a parabolic fixed point by twice the critical

exponent of its stabilizer), since:

e the (signed) length in Hf, of the common perpendicular from /7%, to a geodesic in H,

with endpoints x, y € Heisp,—1 is log 2/(déyg (x, y)) by [PP2, Lemma 3.4]; and
e the critical exponent of a geometrically finite group I' of isometries of H, is the

Hausdorff dimension of AT for any (almost) distance dcyg, d/Cyg or dgyg.

Card{i € I/~ : diamgy (F;) > 1/T}~ (T)°.

6. Counting arcs in finite volume hyperbolic manifolds
In this subsection, we consider the special case when M is a finite volume complete
connected hyperbolic good orbifold. Taking M= Hi to be the ball model of the real
hyperbolic space of dimension n and I" to be a discrete group of isometries of Hp, such that
M is isometric to I'\H, the limit set of the group I' is S"~! and the Patterson—Sullivan
density (1) xeH of T can be normalized such that ||z, || = VoI(S*~!) for all x € Hig.
The Bowen—Margulis measure mpy is, by homogeneity in this special case, a constant
multiple of the Liouville measure Voly1,, of 7! M. This measure disintegrates as

xeM !

Note that Vol(T! M) = Vol(S"~!)/Card(T'y) where T’y is the stabilizer in T' of any lift
% of x in H, and that T'y = {e} for Voly-almost every x € M. Furthermore, if D is
a totally geodesic subspace or a horoball in H,, then the skinning measures SDi are,
again by homogeneity, constant multiples of the induced Riemannian measures Vol, ! p-

These measures disintegrate with respect to the basepoint fibration o th — 90D over the
Riemannian measure of the boundary 9 D of D in HT,, with measure on the fibre of x € 3D
the spherical measure on the outer/inner unit normal vectors to D at x, given by

d VOla]iD - /eaD
X

The following result gives the proportionality constants of the various measures explicitly.

d VOlaJerﬂTle d VOlaD(x).

PROPOSITION 20. Let M =T \Hy, be a finite volume orbifold of dimension n > 2.
Normalize the Patterson—Sullivan density (/LX)XEH& such that ||yl = Vol(S*—1) for all
x € Hp.
(1)  We have mpy = 21 Volgi1,,. In particular,

Ilmemll = 2"~ Vol(S"~ 1) Vol(M).
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(2) If D is a horoball in HY,, then 5; =1 VOlaiD' In particular, if D is centred at a
parabolic fixed point of I' with stabilizer I'p and if 9 = (y D)y er, then

ol =2""" Vol(Tp\dLD) =2"""(n — 1) Vol(I'p\ D).

(3) If D is a totally geodesic submanifold of Hy with dimension k € {1, ..., n—1},
thens,; =5, = VOlajED' In particular, with T p the stabilizer in T of D, if T p\D is
a properly immersed finite volume suborbifold of M and if 9 = (y D)y cr, then

lloZ; |l = Vol(I'p\dL. D).

If m is the number of elements of I" that pointwise fix D, then
1

lo |l = — Vol(S"*~1) Vol(I'p\ D).
m

Proof. Claims (1) and (3) are proven assuming that I' has no torsion in [PPS,
Proposition 10 and Proposition 11, Claim (2)], respectively. If " has torsion, Claim (1)
follows by restricting to the complement of the points in M with non-trivial stabilizer, as
this set has zero Riemannian measure in M, and Claim (3) follows from the fact that the
fixed point set on D of an isometry which preserves D, but does not pointwise fix D, has
measure 0 for the Riemannian measure of D.

The first part of Claim (2) is proved in [PP8, Proposition 11, Claim (1)] for the outer
skinning measure assuming I" has no torsion. For the second part, note that if the horoball
D is precisely invariant (that is, the interiors of D and y D intersect for y € I' only if
y € 'p), then I'p\D embeds in M and the image is, by definition, a Margulis cusp
neighbourhood. In the general case, there is a precisely embedded horoball D’ contained
in D such that D = 4/ D’ for some t > 0. Let ' = (y D'),er. As 'y =T'p, we have

logl=e" Vol =€ 2" (n — 1) Vol(Tp/\D') =2"~" (n — 1) Vol(I'p\ D),

by [PP5, Proposition 4(iii)], by [PP8, Proposition 11] and by the scaling of hyperbolic
volume. The case with torsion follows as in Claims (1) and (3). O

Proposition 20 allows us to obtain very explicit versions of Theorems 1 and 3 in the
case when M is a finite volume hyperbolic manifold (or good orbifold) and the properly
immersed closed locally convex subsets are any combination of points, totally geodesic
orbifolds or Margulis neighbourhoods of cusps. The following result gives these explicit
asymptotics of the counting function in the cases that we have not found in the literature.
We refer to the introduction as well as to our survey [PP8] for more details and references.

COROLLARY 21. Let T' be a discrete group of isometries of Hy such that M = T"\Hp
has finite volume. If A~ and A" are properly immersed finite volume totally geodesic

suborbifolds in M of dimensions k™ and k™ in {1, ..., n — 1}, respectively, let
(A=, A7) Vol(S" =K =1) Vol (S"*"=1) Vol(A™) Vol(A™)
c , = .
2n=1(n — 1) Vol(S"—1) Vol(M)

If A~ and A are Margulis cusp neighbourhoods in M, let

2"=1(n — 1) Vol(A™) Vol(A1)

- Aty —
A AT = TG E T Vol
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If A~ is a point and A" is a Margulis cusp neighbourhood, let

Vol(AT
c(A™, A+) - ﬁ.
Vol(M)

If A~ is a Margulis cusp neighbourhood and A" is a properly immersed finite volume
totally geodesic suborbifold in M of dimension k in {1, ..., n — 1}, let

Vol(S"~1=%) Vol(A™) Vol(A™)

- A —
c(4”, AT = Vol(S"—1) Vol (M)

In each of these cases, if m* is the cardinality of the intersection of the isotropy groups in
the orbifold M of the points of A*, then

c(A™, AY)
Na- a+ (@) = Np— a+.0) ~ —e(" l)z.
’ e —
Furthermore, if T is arithmetic or if M is compact, then there is some k" > 0 such that,
ast — +0oQ,
c(A7, A

+ "
)e<"—1)’(1 +0(@e ™ ). 0

N4+ (1) = po—

We refer to [PP6] for several new arithmetic applications of these results.
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