Mathematika 62 (2016) 183-209  © 2015 University College London
doi:10.1112/5002557931500008X

DYADIC SHIFT RANDOMIZATION IN CLASSICAL
DISCREPANCY THEORY

M. M. SKRIGANOV

Abstract. Dyadic shifts D @& T of point distributions D in the d-dimensional
unit cube U¢ are considered as a form of randomization. Explicit formulas for the
L 4-discrepancies of such randomized distributions are given in the paper in terms
of Rademacher functions. Relying on the statistical independence of Rademacher
functions, Khinchin’s inequalities, and other related results, we obtain very sharp
upper and lower bounds for the mean L,-discrepancies, 0 < g < oo. The upper
bounds imply directly a generalization of the well-known Chen theorem on mean
discrepancies with respect to dyadic shifts (Theorem 2.1). From the lower bounds, it
follows that for an arbitrary N-point distribution Dy and any exponent 0 < g < 1,
there exist dyadic shifts Dy @ T such that the L, -discrepancy L,[Dy ® T] >
cd,q(log N y1/2@=1 (Theorem 2.2). The lower bounds for the Ln.-discrepancy are
also considered in the paper. It is shown that for an arbitrary N-point distribution
Dy, there exist dyadic shifts Dy @ T such that Loo[Dy @& T] > c4(log N)(l/z)d
(Theorem 2.3).

§1. Dyadic shifts and the mean discrepancies. The classical problem in
discrepancy theory deals with the distribution of finite point sets in rectangular
sub-boxes in the unit cube with sides parallel to the coordinate axes. A detailed
discussion of numerous methods and results known in the field can be found
in[1, 2, 8, 9, 12]. We recall only the main definitions and facts necessary for the
purposes of our paper.

Let D be an arbitrary finite subset, or distribution, in the unit cube U 4 =0,
1)?. The local discrepancy LD, Y1, Y = (y1, ..., yq) € U¢, is defined by

LID,Y] = |D N By| —|D|vol By, (1.1)

where By = [0, y1) X - -- x [0, yg4) is a rectangular box of volume vol By = yy,
.., Yd,and | - | denotes the cardinality of a set.
The L,-discrepancies are defined by

1/q
ﬁq[D]z (/ |L[D, Y]|‘1a’Y> , 0<g<oo, (1.2)
Ug
and
Loo[D] = sup |L[D,Y]|. (1.3)
YeUd
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We write N for the set of all positive integers, N for the set of all non-negative
integers, N¢ and Ng for the product of d copies of the corresponding sets. For
s € Np, we put

Q) ={x=m2"€[0,1):m=0,1,...,2° =1}
and
QU2 ={X = (x1.....x0) € Ug 1 x; € QY. j =1,....d}.

Furthermore, we put

Q™) =Je@) ad Q'™ =J0'@).

5s=0 520

The points of Q¢ (2%) are called dyadic rational points.
Any y € [0, 1) can be represented in the form

Y= na(»27°, (1.4)

a1

where n,(y) € {0, 1} >~ TF,, a € N. Here [F; is the field of two elements identified
with the set of residues {0, 1} mod 2.

The dyadic expansion (1.4) is unique if we agree that for each dyadic
rational point, the sum in (1.4) contains finitely many non-zero terms. Under
this convention, n,(y) = 0 for a > s if y € Q(2%) or, in other words, for each
point y € [0, 1), the sequence {n,(y) : a € N} contains infinitely many zeros.

In a natural way, the set of dyadic rational points can be endowed with the
structure of a vector space over the finite field F». For any two points x and y in
Q(2°°), we define their sum x @ y by

Na(Xx @ y) = na(x) +14(y) mod 2, a €N, (1.5)
and for any two points X = (x,...,xg) and ¥ = (y1,..., y4) in Q4(2%), we
define

XPY=xX1DPY1,---,%Xd DB Ya)- (1.6)

With respect to the addition @ defined in this way, each set Q4(2%) is a vector
space over the field [F», and dim Q4(2%) = ds.

Note that (1.5) and (1.6) consistently define the addition & for all pairs of
points X and Y, whenever only one of the points, say Y, belongs to Q¢ (2%),
while the other is an arbitrary point X € U¢.

The above shows that, for an arbitrary distribution D and any point 7 €
Q?(2%), we can define the dyadic shift D @ T = {X ® T : X € D} and view it
as a new distribution. For each s € N, we can consider the family {D & T : T €
Q4(2%)} as a randomization of D and the corresponding discrepancies L, [D®T]
as random variables.
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The aim of the present paper is to study the mean L,-discrepancies

1/q
M, 4[D] = (zds Y Lype T]q> 0<g < oo, (1.7)
TeQ4(2%)
and
M 0o[Dl= max Lo[D@TI (1.8)
TeQ4(2%)

Our results are given in the next section in Theorems 2.1-2.3. In Theorem 2.1,
we will consider the upper bounds for M, ,[D], 0 < ¢ < oo, and specific
distributions D, the so-called (8, s, d)-nets. The lower bounds for M; ,[D] and
arbitrary distributions D will be given in Theorems 2.2 and 2.3 for exponents
0 < g < 1 and g = oo, respectively.

We now recall the definition of dyadic (8, s, d)-nets. Consider elementary
intervals A" C [0, 1) of the form

Al =[m27 im+ 127, aeNpandm=0,1,...,2% —1, (1.9)
and elementary boxes A% c U of the form

A=Al x o x A my=0,1,...,2% —1land j =1,....d, (1.10)
where A = (a1, ...,aq), M = (my,...,mg) € Ng. Every such box has volume
volAAM =2 4T

Let 0 < 6 < s be integers. A subset Dys C U d consisting of N = 2° points is
called a dyadic (8, s, d)-net of deficiency § if each elementary box A f}{’ of volume
29~ contains exactly 2° points of Dys.

It follows from the definition that any (, s, d)-net Dys has zero discrepancy
in all elementary boxes of large volume. Specifically,

=25 vol AY if vol AY > 29=s,

Dy N AM
D2 VAR s if vol AM < 28,

(1.11)

Indeed, in the first case, each box A% is a disjoint union of elementary boxes of
volume 2°~%, and in the second, each box AIXI is contained in an elementary box
of volume 20~5.

Notice also that for any (8, s, d)-net Dys, its shift Dos @ T, T € @d (2%°),is a
net with the same parameters.

Indeed, (D@ T)NAY | =|DN(AN & T), T € Q?2%),and A¥ & T =
AY® with an index M(T).

Replacing the base 2 in the definitions (1.9) and (1.10) by an arbitrary
prime p, we arrive at (8, s, d)-nets in base p. In arbitrary dimensions d, the
first constructions of dyadic (6, s, d)-nets with § < d logd were given by Sobol.
Later, other constructions of nets in arbitrary base p were proposed by Faure.
For details and further references, see [1, 12].

https://doi.org/10.1112/5002557931500008X Published online by Cambridge University Press


https://doi.org/10.1112/S002557931500008X

186 M. M. SKRIGANOV

It is significant that for each base p, the deficiency § increases with the growth
of the dimension d. Furthermore, (0, s, d)-nets in the base p and with arbitrary
large s exist if and only if d < p + 1. In particular, infinite sequences of dyadic
nets with § = 0 exist only in dimensions d = 1, 2 and 3.

It is known that (8, s, d)-nets D»s fill the unit cube very uniformly, and the
L« -discrepancies admit the bounds

Loo[Da] < C42%5%71, s = o0, (1.12)

with a constant C; depending only on dimension d. Furthermore, for arbitrary
(8, s, d)-nets, the order of this bound as s — oo cannot be improved.
We recall that for an arbitrary N-point distribution Dy C U?, the bound

L,[DN] > cqq(og N)PDED 1 < g < oo, (1.13)

holds with positive constants ¢4, depending only on ¢ and g.

These classical bounds are due to Roth for 2 < g < oo and Schmidt for
I < g < 2. In two dimensions, it is known that (1.13) is also true forg = 1, a
result due to Halész.

The order of the bound (1.13) is best possible as N — co. In the most general
form, in all dimensions d > 2 and for all exponents 1 < g < oo, this fundamental
fact was established by Chen. Previously, for 1 < g < 2, this fact was established
by Davenport, Roth and other authors.

We remark that Chen gave two different proofs of his theorem. In the first
proof [6], averages of the L -discrepancies were considered with respect to the
usual Euclidean translations of point distributions. The original idea of the p-
adic shifts was introduced and exploited in the second proof in the paper [7].

We refer the reader to [1, 2, 8, 9, 12] for detailed discussion of all these
questions.

§2. Main results. Our first result concerns upper bounds for the mean L-
discrepancies.

THEOREM 2.1. Let Dys be an arbitrary dyadic (8, s, d)-net. Then, for each
0 < g < oo, we have

M g[Das] < 27PN ([1q7(s + 1)/PE@=D 4 20, @2.1)
In particular, there exist dyadic shifts T € Q%(2°) such that
L4[Dys & T1 < 27T (117 (s + 1) 1/PE=D 4 g5, 2.2)

Theorem 2.1 shows that, in all dimensions, there exist dyadic (8, s, d)-nets
which meet the lower bound (1.13).

For the first time, results of such type were established by Chen for nets of
deficiency § = 0 in an arbitrary prime base p > 2.

Chen’s original approach relies on an elaborate combinatorial analysis
involving simultaneous induction on the parameters d, s, and even integers g.
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In this approach, the assumption 6 = 0 turns out to be essential. As a result, for
each fixed prime base p, Chen’s theorem could only be established in dimensions
d < p + 1, and for dyadic nets only in dimensions 1, 2 and 3. In other words, to
establish Chen’s theorem in dimension d, a prime p > d — 1 needs to be chosen.

In the author’s paper [14], a new approach to the study of the mean L,-
discrepancies was proposed. In this approach, the value of the deficiency § turns
out to be completely irrelevant. This approach relies on the theory of lacunary
function series. In the case of dyadic nets, these are series of Rademacher
functions, which form a lacunary subsystem of the Walsh functions. In the case
of nets in an arbitrary base p, these series form a lacunary subsystem of the
corresponding Chrestenson—Levy functions. The detailed description of such
functional systems can be found in [11].

A result similar to Theorem 2.1 was established previously in [14] (see also
[15]), but with worse constants in the bounds. As functions of g, the constants
given above in (2.1) and (2.2) are optimal in the following sense. It can be shown
that

L4[D2] < Lool D] < 2Y°(Ly[D2s]+ a2, 2.3)

where g = es — oo and ¢ > 0 is an arbitrary constant; see Lemma 6.2.
Therefore, (2.1) and (2.2) imply (1.12). Furthermore, if the order of the
constants in (2.1) and (2.2) could be improved as ¢ — oo, then the order of (1.12)
could be also improved as s — oo for a subsequence of (8, s, d)-nets.
We now consider lower bounds for the mean L, -discrepancies. In what
follows, log denotes the logarithm in base 2.

THEOREM 2.2. Let Dy C U?, d > 2, be an arbitrary N-point distribution
and an exponent 0 < g < 1 be arbitrary and fixed. Suppose that an integer s is
chosen to satisfy

2d + 1 1
s > logN + —{—E(d—l)log(d—1)+d+1—|—10gd. 2.4
Then
M. q[Dn]1 > yq(d)(log N)H/DE=D, (2.5)
where
vo(d) = 7—(2d+1)/g—d—1 d — 1)—(1/2)([1—])‘ (2.6)

In particular, there exist dyadic shifts T € Q%(2°) such that
L4[Dy & T1 > y,(d)(log N)!/PE=D, (2.7)

Certainly, (2.5) and (2.7) hold also for 1 < ¢ < oo but, in this case, these
bounds follow at once from (1.13).

In dimensions d > 3, even the exact order of the L-discrepancy is not known.
The L,-discrepancies with 0 < g < 1 were never considered at all for any
dimension d.
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Theorem 2.2 shows that, in contrast to the L -discrepancies of individual
distributions, the problem of the mean L -discrepancies can be resolved
completely for all exponents 0 < g < 1.

It is worth noting that Theorems 2.1 and 2.2 can be extended to the
conditional mean Lg-discrepancies

1/q
M, 4D, V] = <|V|—1 > Lype T]q> , 0<gq<oo, (2.8)
TeV

where V is a subset in Q9 (29).

It turns out that the conditional means (2.8) can meet the bounds of order (2.1)
and (2.5) with very small averaging subsets V of cardinality |V| = O (s @)y as
s — 00; here wy (d) is a constant independent of s.

Certainly, such subsets V should be rather specific. Some results in this
direction were obtained in [15], and further studies of these intriguing questions
will continue in forthcoming papers.

Our result on the mean L,-discrepancy can be stated as follows.

THEOREM 2.3. Let Dy C U?, d > 3, be an arbitrary N-point distribution.
Suppose that an integer s is chosen to satisfy

s > log N + 1(d — 2)log(d — 2) + 2d + logd. (2.9)
Then
M [Dn] > yoo(d)(log NI/, (2.10)
where
Yoold) = 272471 (g — 2)=1/Dd=2) (2.11)

In particular, there exist dyadic shifts T € Q%(2%) such that
Loo[Dy & T] > Yoo(d)(log N) /D7, (2.12)
In dimensions d > 3, the exact order of the L,-discrepancy still remains an
open question.
In two dimensions, the answer is known: Schmidt’s lower bound
Loo[Dn] > clogN, Dy c U?,
is best possible. In higher dimensions, Beck’s lower bound

Loo[Dn] > ¢ log N(loglog N)V/®=¢ py c U3, (2.13)

where ¢ > 0 is arbitrary small, for three-dimensional distributions remained the
only known result for many years. Rather recently, the stronger lower bound

Loo[DN] > cq(log N)/2E@=D+na (2.14)
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> d~? depending only on d, was established in all
dimensions d > 3. These deep results are due to Bilyk and Lacey [3] in
dimension d = 3 and Bilyk et al [5] in dimensions d > 4; see also the surveys
(2, 4].
For many years, a few specialists in discrepancy theory have believed that in
all dimensions d > 3, the best possible lower bound is of the form

Loo[Dy] > calog N~

with small constants ng =

However, contrary to such popular belief, it has recently been conjectured that
the best possible lower bound should have the form

Loo[Dn] > cq(log N)1/24, (2.15)

This latest conjecture is inspired by some highly non-trivial parallels between
discrepancy theory and the theory of stochastic processes. The reader can consult
the papers [2—-5] for a more detailed discussion of these questions.

Theorem 2.3 shows that the conjectured bound (2.15) is valid for the mean
L -discrepancy.

We will see that the mean L,-discrepancies can be represented in terms of
the Rademacher series; see §4. For such series, very sharp upper and lower
Lg4-bounds for any 0 < g < oo can be given by Khinchin’s inequality. In
fact, Theorems 2.1 and 2.2 are corollaries of this inequality. At the same time,
Theorem 2.3 is a corollary of a suitably modified Khinchin inequality, adapted
to the Lo-norm; see Lemma 3.2.

The lower bounds (1.13), (2.13) and (2.14) are obtained with the help
of different variations of Roth’s orthogonal function method; cf. [1, 2]. It is
interesting to note that, in the proofs of Theorems 2.2 and 2.3, we will not use
any auxiliary orthogonal functions. The corresponding lower bounds (2.5) and
(2.10) will be derived directly from the explicit formulas for discrepancies given
in Lemma 4.3.

§3. Rademacher functions and related inequalities. In this section all
necessary facts on Rademacher functions and related topics are collected.
In the one-dimensional case, the Rademacher functions r,(y), y € [0, 1),
a € N, can be defined by
ra(y) = (=1 =1 - 25,(y), 3.1)

where 71, (y) are the coefficients in the dyadic expansion (1.4). It is convenient to
put ro(y) = 1. Notice immediately that expansion (1.4) takes the form

1 1 _
y=5-722""n) (32)
a1

The Rademacher functions r,(-), a € N, form a sequence of independent
random variables taking the values +1 with probability 1/2. This fact can be
expressed by the relations

mes{y € [0, 1) : rg, (y) = &1, ...,7q () =&} =27" (3.3)
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which hold forany 1 <a; <--- <a,l e€N,andany ¢; = *1,j =1,...,1[;
see, for example [10, 13].

Each function r,(y), a € N, is piecewise constant on elementary intervals
Al =[m27% (m+1)27%),m=0,1,...,2 — 1. Therefore, the relations (3.3)
are equivalent to their discrete analogs

{y € Q) i ray(¥) = €1s . rg(y) = &1} =257 (3.4)
forany 1 <a; <---<ag <s,se€N,andanye; =1, j=1,...,L
The k-dimensional Rademacher functions rs(Y), ¥ = (y1,...,yx) € U k

=(ai,...,a;) € Nk, are defined by

d
ra¥) =[] ra,0p) (3.5)
=1

In some formulas, we write k for dimension, because the formulas will be used
in the subsequent text withk =d and k =d — 1.
We introduce the linear space R’Y‘ s € Ny, consisting of all functions of the

form
FO) =" rara(y), (3.6)
Aelk
with real coefficients A 4. Here I, = {0, 1, ..., s}, and IS" denotes the product of
k copies of I;.

It follows from (3.4) that the set of functions {r,(-) : a € I} is linearly
independent on Q(2%), and therefore, the set {ra(-) : A € Isd} is linearly
independent on Q4(2%). Thus, dim R’s‘ = (s + D*, and R’s‘ is a very small
subspace in the large space B¥ of dimension 2% consisting of all real-valued
functions that are piecewise constant on elementary cubes

=[m27%, (m1 + D27%) x -+ x 275, (mp + 1)277),

wherem; =0,1,...,2° —land j =1,...,k.
Each function f € B§ is determined by its values on dyadic rational points
QF(2%), and we have

Ifllg =1fllsg. 0<gq < o0, 3.7)
where
1/q
Ifllg = (/ If(Y)I"dY> . 0<g <o,
U
I flloo = sup | £V,
YeUk
. 1/q
1flls.q = (2— Yy If(Y)Iq) . 0<gq<oo,
Y eQk(2%)
1 flls.0 = max |f(Y)l.
YeQk(2%)
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The k-dimensional Khinchin inequality: For each function f € R’; and all
0 < g < oo, we have

ay Qo f1< 1 flls.q < By Q2L f], (3.8)

where

12
0o f1= (Z )&,) : (3.9)

Aelf

The constants alq‘ and ,Bé‘ are independent of f and s. They are the kth powers of
the constants «; and B, respectively, with

2-C=9)/q ifQ 2
ag > osa=s (3.10)
1 if 2 < g < o0,
and
By < 3412 (3.11)

In the one-dimensional case, (3.8) is a corollary of the independence of
Rademacher functions; see (3.3) and (3.4). Its proof can be found in many
texts on harmonic analysis and probability theory; see, for example, [10, §10.3,
Theorem 1], [13], [17, Ch. 5, Theorem 8.4].

The extension of Khinchin’s inequality to higher dimensions can easily be
given by induction on k; we refer the reader to [16, Appendix D] for details.

In the subsequent text, we shall use corollaries of Khinchin’s inequality given
below in Lemmas 3.1 and 3.2.

ForY = (y1,...,y4) € U4 and A = (ai,...,aq) € Isd,d > 2, we put

Y=y, Y=0On..oye-) €U andy =y € 0.1, 5 )
A=A,a), A=(al,...,a4—1) €l¢ P anda =ay € I. '
Then any function f € Rf can be written in the form
f¥)=f¥,y= Z QA (Y)ra(Y), (3.13)
Aer{™!
where
PA(Y) = Y hara(y), (3.14)
acl;
as well as in the form
f)=fY,y) = Z a(Y)ra(y), (3.15)
ael
where
ea(Y) = > rara(Y). (3.16)
Aelji_1

https://doi.org/10.1112/5002557931500008X Published online by Cambridge University Press


https://doi.org/10.1112/S002557931500008X

192 M. M. SKRIGANOV

LEMMA 3.1. For each function [ € 'Rf, we have

1fllsq < B Qoonalf1. 0 <gq < oo, (3.17)
where
5 1/2
Qoonlf1= y;?@*}’;)( Z DA () ) , (3.18)
A€l
and
1flls.q > ol Qal£1. (3.19)

where Q2| f] is defined in (3.9).

Proof. Applying the right inequality in (3.8) with k = d — 1 to (3.13), we
obtain (3.17). The bound (3.19) is just the left inequality in (3.8) withk =d. 0O

Lemma 3.1 will be used in the proof of Theorems 2.1 and 2.2. For the proof
of Theorem 2.3 the following more specific result will be needed. This result can
be thought of as a modification of Khinchin’s inequality for the L ,-norm.

LEMMA 3.2. For each function f € Rg, we have

1flls.00 = e~ Q120 £, (3.20)
where
Q120f1=_ Qalgal. (3.21)
acly "
Q2l¢al = ( > xi) : (3.22)
Al

Proof. First of all, we observe that relations (3.4) imply the following identity
for each one-dimensional function ¢ € R;. Let

() =Y @ara(y). ye€l0,1).

acl;

Then
lols.c0 =D I¢al- (3.23)

acl;

Indeed, we can always assume that g9 > 0, and in view of relations (3.4),
there exists a point yg € Q(2%) such that r,(yg) = signg, if ¢, # 0, a € I.
Therefore

lells.co = loGo)l =) lgal.

acly

The opposite inequality is obvious, and (3.23) follows.
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Applying (3.23) to (3.15), we obtain

= max max Y,
IFllsoo = max = max |f(Y. )

= max_ > |ga(Y)|
el

Ye@d—l(zx) b
>27@ s N S oW = Y 10aOlsas
YeQd-1(2%) aely acl;
> ad™' Y 0slpal = a1 01111,
aely

193

where, in the last step, we use the left inequality in (3.8) with k = d — 1 and

q = 1. The proof of Lemma 3.2 is complete.

§4. Rademacher functions and explicit formulas for discrepancies.
arbitrary point y € [0, 1) with dyadic expansion (1.4), we denote by

S
YO =3 (27 seN,

a=1
its projection to Q(2%). For s = 0, we put y(® = 0, so that
y =y +6,3)27°, seNy,

where 65(y) € [0, 1) for all y € [0, 1).
We put
1 ifx® = y(s),

() _
STy = 0 ifx® + y("').

O

For an

4.1)

4.2)

(4.3)

It follows immediately from (1.4) and (4.1) that the elementary intervals A",

m=20,1,...,2%5 — 1 (see (1.9)), can be written in the form

AT =[m27%, (m+1)2°) ={z € [0, 1) : 2V =m27}.

Therefore
5(S)(x y) = S(S)(x(s) ® y(S)) — X(AO x® @ y(S))
’ s
and
2°—1
sV D @y =" X (AT, )X (AT, ).
m=0

4.4)

(4.5)

In the sequel, we write x (€, -) for the characteristic function of a set £. Notice

that
X (A", x) = (A", x9) = x (A", x@)

forany a > s.
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It follows from (4.4) and (4.5) that

5(S)(X(S) D y(S)) — Z 5(S)(x(s) @ Z)S(S)(Z D y(s)).

7€Q(2%)

Furthermore, 8§ (x®) @ y®)) is the reproducing kernel for the space B;; in other

words,

fo= Y Y ey
yeQ(2%)

1
= 2S/ 89V ey fydy, febB.
0
Consider the elementary intervals
M, =Al=p721"%, aeN.

It is convenient to put [Tg = [0, 1).

%)

4.8)

In terms of the dyadic expansion (1.4), the intervals (4.8) can be described by

M, =1{z€[0,1):n,(z) =1,ni(zx) =0fori < a}.

4.9)

Notice that for each s € N, the set of intervals {I1, : a > s} form a partition of

the open interval (0, 27%).
The following result is of crucial importance later in the paper.

LEMMA 4.1. For each s € N, the characteristic function x ([0, y), -) of the

interval [0, y), y € [0, 1), has the representation

x(10, ), x) = x ([0, y), x) + ¥ (x, y),

where

11
x00.3), 1) = 5 = 23 x([a, 2 @ yra(y).

a=1

Furthermore, for all x, y € [0, 1), we have
0< x“(0,y),x) <1

and
169 (x, Y| < 389 @ y©).

(4.10)

@.11)

4.12)

(4.13)

Proof. We shall check the statements of the lemma for all possible

arrangements of points x and y.

If x =y, then x ([0, ), y) = 0, x([0, y),y) = 1/2, 6D (y, y) = —1/2,

and the bounds (4.12) and (4.13) hold.
If x # y, we put

v =v(x, y) =min{a € N:n4(x) # n4s(y)}.
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In view of (4.2), we obtain

y—x= () —m@))27" + Oy (y) — 6 (x)27", (4.14)

where 1, (x) # 1,(y) and 0 < |6, (y) — 6, (x)| < 1. From (4.14), we conclude
that:
(i) x < yifandonlyifn,(y) =1andn,(x) =0;
(i) x > yifandonlyifn,(y) =0andn,(x) = 1.
Furthermore, we conclude from (4.9) that
1 ifa=v,

,, (“)@ (a) — 4.15
x (g, x ¥ 0 ifa . (4.15)

The above can be expressed by the explicit formulas

x ([0, y), x) = x (I, x & y")n(y)
= 3x (M, x¥ & y™) (1 =1, ()
=5 —x (M. x¥ @ y)r,(y). (4.16)
Now, taking (4.16) and (4.15) into account, we consider the following two
possibilities.
(i) If v < s, then (4.10) holds with ¢®)(x, y) = 0, and the bounds (4.12)

and (4.13) are obvious.
(i) If v > s, then (4.10) holds with x ([0, y), x) = % and

eW(x,y) = —Ix (M, x™ @y, (v),

and the bound (4.12) is obvious. The bound (4.13) holds because IT,, C Ag and,
therefore,

x (M, x @ y™) < (A2, x® @ y©) = @ (x® @ y©);

cf. (4.4), (4.6).
The proof of Lemma 4.1 is complete. O

We emphasize that (4.16) and (4.15) imply the explicit formula

X0, ¥), ) =Y x (Mg, x“ @ y“)na(y)
aeN

1
== S 4 (M @ @ YO )ra () — 5(x, ), 4.17)
aeN

where §(x, y) is equal to 1 if x = y and to O otherwise.
Furthermore, for any x and y the sums in (4.17) contain at most one non-zero
term. In this sense, one can say that series in (4.17) converge for all x and y, while
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the convergence is not uniform. Lemma 4.1 shows how we may deal with such
series. Although the error terms ¢®) in (4.10) are not small, they are concentrated
on small subsets.

Consider the multi-dimensional extension of the above result. For an arbitrary
point Y = (y1, ..., yq) € U, we denote by Y®) = (ygs), o yfis)) its projection
to Q4(2%), so that

Y =Y9 + 0,127, seN,

where
Os(Y) = (6s(y1), ..., 5 (ya)) € U (4.18)
Introduce elementary boxes of the form
Mp =Ty x---x My, A=(a,...,a5) €Ng. (4.19)
Each such box has volume vol [T = 2741~ ~4,
Write % (A) for the number of non-zero elements in A = (ay, ...,aq) € Ng.

Multiplying the formulas (4.10) written for x = x;, y = y;, j =1,...,d
(recall that ro(y) = 1 and I1p = [0, 1)), we obtain the following result.

LEMMA 4.2. For each s € N, the characteristic function x (By, X) of the
rectangular box By = [0, y1) x --- x [0, y4), Y € U4, has the representation

x(By, X) = x(By, X) + ¥ (X, V), (4.20)
where
XD (By, X) =274 (1P (M4, XO)ra(r). (4.21)
Aeld
Furthermore, forall X = (x1,...,x4), Y = (1,...,Yq) € Ud, we have
0< x9(By,X) <1 (4.22)
and
1 d
QX< 586 @), (4.23)
j=l1

Proof. By definition

d
xWBy, X) =[] xP00, v, x),
j=1

and (4.22) follows from (4.12).
Using (3.12), we obtain
x(By, X) = x(By, X)x ([0, y), x)
= x“ By, X) + VX, V)(x (0, y), x) + P (x, y))
= x9(By, X) + (X, 1),
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where

X, Y) =X, YV)x9(0, y), x) + ¥ (x, y) x (By, X).

Therefore
1e9(X, V)| < 169X, )|+ 169 (x, ). (4.24)

In the one-dimensional case, the bound (4.23) is given in (4.13). Using (4.24),
we obtain (4.23) in all dimensions by induction on d. I

Multiplying the formulas (3.2) written for y = y;, j =1, ..., d, we obtain

Yiooya =270 ) (= 1yFW2aT ey (),

AeNg
Since vol By = yi...yqg and vol T4 = 274~ ~4% this can be rewritten in the
form
vol By =274 Z (—=1)*A yol TT 474 (Y)
AeNg
=vol® By + ¥ (Y), s e Ny, (4.25)
where
vol® By =274 3 ™ (—1)*™ vol T ara (Y), (4.26)
Aeld
and £ (Y) satisfies the bound
(V) <d2™7!, vy eU”, (4.27)

easily proved by induction on d.
The local discrepancy (1.1) can be written in the form

L[D,Y] = ZC(X, Y), L(X,Y) = x(By, X) — vol By. (4.28)
XeD

Substituting (4.20) and (4.25) into (4.28), we obtain

LX,Y)=LOX, V) +EVX,Y), (4.29)
where
LOX,Y) =272 (=1 Paax® @ Y)ra(y),
Aeld
AaXO @YD) = x4, X @ YD) —vol Ty,
and

EWX,Y)=eW(X,Y) = (V).
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In view of (4.23) and (4.27), we have

d
1
) 1 () (2 () < (5) s d
€ (X,Y)|<2(§:5 @y +d2 ) X,Y e U
j=1

For an arbitrary distribution D C U¢, we denote by
D® ={x® . X e D}, seN

its projection onto Q4 (2°), so that | D®)| = | D|, where some points of D) may
coincide.
We define the micro-local discrepancies by

XeD
= Z (x(Ma, X® @ Y™) —vol I,)
XeD
=[(DY @& Y)NTI4| — |D|vol 4. (4.30)

Substituting (4.29) into (4.28), we arrive at the following result summarizing the
above discussion.

LEMMA 4.3. For each s € N, the local discrepancy L[D,Y] has the

representation
LID,Y]=LY[D, Y]+ VD, Y], (4.31)
where
LYD, Y1 =271 Y " (=1 alDP @ YOIra(v),  (432)
Aeld

and the term E®)[D, Y] satisfies the bound

d
1
() . s () —s
IEWID, Y]| < 2(2(3]. (DY ® Y]+ d|D|2 ) (4.33)
j=1
where
sV @Y=" sVaY @y, (4.34)
XeD

§5. Explicit formulas and preliminary bounds for the mean discrepancies.
Applying Lemma 4.3 to a shifted distribution D @ T, T € Q¢(2°), we obtain

LIDST,Y1=LYDST,YI+EDV DT, Y], (5.1
where the term £)[D @ T, Y] can be written in the form
LODST,Y1=FYD,TOYY, 9], (5.2)
FOD, 2, Y1 =27 Y " (=1)*Vas[D @ Zlra(Y), (5.3)
Aeld
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and

MD@Z]= ) (x(Ma, X @ Z) — vol Iy)
XeD

=|(D® Z)NTl4| — |D|voll4, Z e Q2. (5.4)

Let L, (Qd (2%) x U, 0 < g < 00, be the space consisting of all functions
f(T,Y), T € QU2%),Y € U4, with ||| flll; < 0o, where

1/q
Il £lllg = (2—d‘ > / (T, Y)|‘1dY> . 0<g <o,

T EQ‘I (2.!

and

Ilfllco = max sup |f(T,Y)|.
Q) yeyd

For any two functions f1, f> € Ly (Q4(2°) x U?), we have
A1+ f2lllg < N flllg + M f2llg, 1< g
ILf1+ A0 < WANG + 10, 0<q

For 1 < g < o0, (5.5) is the standard Minkowski inequality, while (5.6) is its
modlﬁcatlon for0 < g < 1;see [17, Ch. 1, (9.11), (9.13)].

00, (5.5)
1 (5.6)

IN N

Now write
MPD] =1LV & ., lly. 0<g < oo, (5.7)
and
EVIDI=IEVID® ., lly;, 0<g < oo. (5.8)
Substituting (5.1) into (1.7) and using (5.5), we obtain the upper bound
M 4[D] < MP[D]+ EP[D], 1< q < oo (5.9)

For 0 < ¢ < 1, we can simply put
M, 4[D] < M1 [DI < MPIDI+EPID], 0<g<1.  (510)
Similarly, using (5.6), we obtain the lower bound
M, qID)4 > MP[DY — EP[D), 0<g <1 (5.11)

The bounds (5.9)—(5.11) will be used in the proofs of Theorems 2.1 and 2.2.
It follows from (5.2) and (5.3) that L&[D & T, Y], as a function of Y € U¢,
belongs to the space B¢. Hence we can use (3.7) and write (5.7) in the form

1/q
M[D] = (z—df > 1LY er, -]II?,q)

TeQ?(2%)

1/q
= (z—st Z ILODDT, Y]|‘/> , 0<gq<oo. (5.12)
T,YeQ4(2%)
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The following simple observation explains why the mean L,-discrepancies
can be expressed in terms of Rademacher series.
In the vector space of pairs (T,Y) € Q4(2%) x Q4(2%) ~ F%ds, we consider
the linear mapping
t:(T,Y) > (T®Y,Y). (5.13)

Obviously, 72 = 1, 7! = 1. Hence, 7 is a one-to-one mapping, and in the
double sum in (5.12), the variables Z = T @ Y and Y can be viewed as
independent. As a result, we have

/q
MP[D] = <2—ds > FWIp, Z]q) , 0<gq <oo, (5.14)
ZeQ!(2)

where

/9
J—“;S>[D,Z]=<2—ds > |]-"[D,Z,Y]|q) : (5.15)
veQd(2)

Formulas (5.14) and (5.15) will be used in the proofs of Theorems 2.1 and 2.2.
In the case of the mean L -discrepancy, the above argument needs to be
slightly modified. First of all, using (1.8) and (1.3), we can write

M oo[D]= max sup |[L[D®T,Y]|> max |L[DST,Y]. (5.16)
TeQd(2) yeryd T,YeQ4(25)

For Z,Y € Q4(2), weput T = Z & Y and
FID,Z,Y]=L[ID®ZDY, Y] (5.17)
With this notation, (5.1) takes the form
FID,Z,Y1=F9ID, Z, Y]+ EWID, Z, Y], (5.18)
where F$[D, Z, Y] is defined in (5.3) and
EVID,z,Y1=E¥ D ZOY, Y] (5.19)
Since 7 defined in (5.13) is a one-to one mapping, we have

max |L[D&®T,Y]|= max |F[D,Z,Y]|. (5.20)
T,YeQ4(2%) Z,YeQ4(2)

This relation can be continued as follows. We have

max |F[D,Z,Y]|= max max |F[D,Z,Y]|
Z,YeQ4(29) ZeQ4(2%) YeQd(29)

>27% 3" max |F[D.Z.Y]|
YeQd(2)
ZeQ4(2%)

> FPL D1 - EPLID], (5.21)
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where
FOUDI=27% Y FYID, z),
ZEQ”[(Z‘V)
FOID, Z1= max |FO[D, Z, Y]],
YeQd(2%)
and

gL p1=27% 3 max 1EDD, Z, Y]]
Ze@d(ZS)YEQ( )

Comparing (5.16), (5.20) and (5.21), we obtain the lower bound
Mi.o[D] = FPL D] - P [DI.

This bound will be used in the proof of Theorem 2.3.

201

(5.22)

(5.23)

(5.24)

(5.25)

We shall call the quantities M((]S)[D] and ]:](S) [D] the principal terms, and

,00

the quantities &gs) [D] and 51(S) [ D] the error terms.

,00

§6. Bounds for the error terms and some auxiliary bounds.

LEMMA 6.1. (i) Let Dys be an arbitrary dyadic (6, s, d)-net. Then

EVDy] <d2’, 0<gq <o
(i) Let Dy C U? be an arbitrary N-point distribution. Then
EVIDN] <dN2™*, 0<g <1,

and
f,oo[DN] <dN275.

6.1)

(6.2)

(6.3)

Proof. The functions 8 [D®@Y®)], j =1, ..., d, defined in (4.34), belong

to the space B;l and satisfy (3.7). We put

801 (D1 = 18 [DY @ 1l = 189D @ Js4. 0 <q < 0.

Obviously,
3§f3][D ®7Z]= aﬁ.fj][D], Z € Q42%.
Applying (4.5) to (4.34), we obtain
25—1
SVIDY @ Z1 =Y Njmx (AL}, z)),

m=0

where
Nim= Y x(Ar x)=[Dn AT,
XeD
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and A j denotes the elementary box

Ay ={X=(x1,....,x) €U : xj € A and x; € [0, 1), i # j}.

Notice that vol Agfj =27 Also, foreach j =1, ..., d, the boxes A;’fj, m =0,
1,...,2% — 1, form a partition of the unit cube U¢. Therefore,
251
> Nim=N=ID|. ©.7)
(i) From (6.6), we obtain the bound
85 (D1 < 87 <maxNjm, 0<g < oo. (6.8)
Using (5.8), (4.33), and (6.5), we obtain
EVDDTI< < (Za“) [D] +d|D|2~ ) 0<gq<oo. (6.9)

If Dys is an arbitrary (6, s, d)-net, then N = 2% and N jm S 28 for all j and m;
see (1.11). Comparing the bounds (6.8) and (6.9) for such a net, we obtain (6.1).
(i1) From (6.6) and (6.7), we obtain the bound

25—1
81°)[D] < 8\ [D] = Z Njm2=N27°, 0<g<1. (6.10)

Using (5.8), (4.33) and (6.5), we obtain

EVDeTI<EPIDDTI
d

1
®) -
<E(Z‘Sj,l[D]J””DQ ) 0<g<l1. 6.11)
j=1
If Dy is an arbitrary N-point distribution, then the bounds (6.10) and (6.11)

imply (6.2).
For the function (5.19), the bound (4.33) takes the form

IEOID, Z,Y]| = IEVIDSZ DY, Y]

d
1 ,
- ) r () —s
< 2(25]. [D® & Z] +d|D|2 ) (6.12)
j=1
where the right-hand side is independent of Y. Substituting (6.12) into (5.24),
we obtain .,
1
(s) () -
£ ID] < E(Z(sjfl[D]+d|D|2 S). (6.13)
j=1
If Dy is an arbitrary N-point distribution, then the bounds (6.10) and (6.13)
imply (6.3). The proof of Lemma 6.1 is complete. O
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Next, we establish the bound (2.3) mentioned in our earlier discussion of
Theorem 2.1.

LEMMA 6.2. For an arbitrary distribution D C U?, we have

L4[D] < Loo[D] < 2979(L,[D] + 2L D)), 1<q <00,  (6.14)

where the term Eéi)[D] is defined in (5.8). In particular, for an arbitrary (4, s,
d)-net Dys and q = €s, € > 0, the bound (6.14) takes the form

L4[D2] < Loo[Dos] < 2Y°(Ly[Dys] +d2°H). (6.15)
Proof. Tt follows from (4.7) that the function
d
) (v () )y _ () (@) (s)
sOXY oY) =]sV 0" @y
j=1
is the reproducing kernel for the space B¢; in other words,
fO= 3 YxVerrm, feb. (6.16)
YeQd(2*)

Applying Holder’s inequality to the sum in (6.16) and taking (3.7) into
account, we obtain

1/q
||f||oo=|IfI|s,oo<( Z If(Y)I">

YeQ4(2%)
=28/ £ 0 = 2% fll,, 1< g < o0

In particular,
ILOID, oo < 2%/91L9[D, 1, (6.17)

where L®)[D, .] is defined in (4.32).
On the other hand, we deduce from (4.31) and (5.8) that

1LDID, Jlloo = I1LID, oo — IEID, oo = Lool D] — EL[D]
and
IL9ID, Mg < I1LID, g + IELD, llso < Lg[D]+ ELD].
Comparing these inequalities with (6.17), we obtain
Loo[D] < 27/4(Ly[D] + EQID]) + ELID]
<2B/4(L,[D] + 268 [D)).

This proves the right bound in (6.14). The left bound is obvious.

If Dys is a (8, s,d)-net and ¢ = es, € > 0, then using the bound (6.1), we
obtain (6.15).

The proof of Lemma 6.2 is complete. O
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To conclude this section, we give one further auxiliary result that will be used
in the proofs of Theorems 2.2 and 2.3.
Consider the subset

JE() =(Ma: AelFand vol Tl =27%), o €N, (6.18)
of the k-dimensional elementary boxes [14 C U k ,k > 2;see (4.19).

LEMMA 6.3. Ifs > o, then the subset Jé‘ (s) = J(]f is independent of s, and

) o \k!
> — . 6.19
PA ( — 1) (6.19)

Proof. Since volIT4 = 274~ 7%_the subset (6.18) consists of boxes ITy4

with A = (a1, ...,ar) € Isk, where

ai+---+a=o. (6.20)
Each solution of (6.20) satisfies 0 < a; < min{o,s}, j =1,...,k. Fors > o,
the set of all solutions is independent of s.

If s > o, then for any (ar, ...,ax—1) € Ny ' with 0 < a; < |o/(k — D],
j=1,...,k—1,theinteger ay = o —a; — --- — ap— satisfies 0 < a; < 0.
Therefore, A = (ay, ..., ag) is a solution of (6.20), and

k—1
k k—1 o
[J1 = A+ |o/tk—1)]) P (m) . O

§7. Proofs of Theorems 2.1-2.3. The proof of each of Theorems 2.1-2.3
consists of two steps. First, relying on the bounds for sums of Rademacher
functions given in Lemmas 3.1 and 3.2, we establish very good bounds for the

principal terms M,(IS)[D] and F](S) [D]. Next, relying on the upper bounds for

,00
the error terms 5;” [D]and € 1(20 given in Lemma 6.1, we compare the principal
terms with the corresponding mean discrepancies M, ,[D].

Proof of Theorem 2.1. Let Dys be a (8, s, d)-net. We first study the quantity
(5.15). Applying (3.17) to (5.3), we have

FOIDys, Z1 < Be " Qoo FOI, (7.1)
where
(s) d 2 v
F¥1=27% ma DA (Z, , 7.2
Qoo 2[ FV] yeQég)( Z N( y)) (7.2)
Ael
DPA(Z,y) =) 2alDos & Zlra(y), (73)
acl;

and the coefficients A o[ Dys @ Z] are defined in (5.4).
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For each Z € Q7(2%), the shift Dys @& Z is also a (8, s, d)-net, and it follows
from (1.11) that

AalDys @ Z]1=0 ifvolIly >2°7%.
The condition on volumes can be written in the form
vol 14 = vol [Tz vol [T, = 2741~ —da-1=¢ > 98—
ora <s—38—aj—---—aqg_1. Therefore, the summation in (7.3) is extended to
sz2a>l, [=max{0,s —8—a;—---—aq—1+ 1}.

The elementary boxes I14 are mutually disjoint. For a given A, all the boxes

[Ty =TIa xI1,, s > a > [, are embedded in the elementary box [T x A, where

A =AY ifl >1,and A =10, 1) if = 0. In both cases, vol ITp x IT, < 297,

Hence |(Dy» @ Z)N(ITx x A)| < 2° by the definition of (8, s, d)-nets; see (1.11).
With these bounds, we now estimate the function (7.3). We have

N
|PA(Z, )| < Y [halD2s @ Z]|

a=l

s s
<Y (D2 @ Z) N L4l + D] Y vol Iy

a=l a=l

< (D2 ® Z) N (TTa x A)| + 2° vol(TT x A) < 2°F,
Substituting this into (7.2), we obtain
Qoo 2[FO] € 274841 d=111/2 _ g=d+5+1 (g | 1)(1/2@=1D)

’ S b

and therefore
fq(S)[DZS,Z] g ﬁqd—]z—d+5+l(s 4 1)(]/2)(d—1)‘

Thus, for the principal term (5.14), we have

./\/lés)[Dzs] < p—d+o+l I—%q-|(l/2)(d71)(s +1)(1/2E-1, (7.4)

where the bound (3.11) for the constant B, has also been used.
Substituting (7.4) and (6.1) into (5.9) and (5.10), we obtain

Mg D21 < 279 (1Lg1(s + 1)I/2E=D 1 g2 0 < g < 0.
The proof of Theorem 2.1 is complete. O

Proof of Theorem 2.2. Let Dy C U d ,d > 2, be an N-point distribution. We
first study the quantity (5.15). Applying (3.19) to (5.3), we have

FOIDy, Z1 > af 02 FO), (7.5)
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where

1/2
Q2 FV] = 2"( > aalDy @ 212) :

Aeld

The coefficients A 4[ Dy @ Z] are defined in (5.4), and it is clear that

|AalDn @ Z]| = (N volIl4)),

(7.6)

7.7)

where ((¢)) = min{|t — n| : n € Z} is the distance of t € R from the nearest

integer. Thus

1/2
QalFD] > 2d<Z (N volnA»z) :

Aeld

Let 0 € N be chosen to satisfy
272 < N277 <27l

Then (N vol [T4)) > 272 for all boxes IT4 with vol [Ty =27°.
Let s € N be chosen to satisfy

s 20 =[logNl+1>1logN + 1.
Then, using Lemma 6.3 with k = d, we have

D (NvolTa)® > 3 (N volTa)? > 2747 > 2—4(
Aeld AeJd

d—1

Substituting this into (7.8), we have
02[F®] > 2_d_2(d . 1)—(1/2)(d—1)(10gN +1)(1/2E-1,

and therefore

FOIDy, 2] > ad2772(d — 1)~ 1/P@Dtog N 4 1)1/PE=D,

Thus, for the principal term (5.14), we have

MP[Dy] > cg(d)(log N + 1)I/PU=D 0 < g <1,
Cq(d) — 2—2d/q—d—1(d _ 1)—(1/2)(d—1)’

where the bound (3.10) for the constant «, has also been used.
Substituting (7.10) and (6.2) into (5.11), we have

M 4[DN1? > cy(d)? (log N 4 1)(1/PWE=Da _ (g n2=5)d

logN +1

(7.8)

(7.9)

)

(7.10)

> cq(d)?(log N + DV/2UE=Da1 — g (5)), 0<q<1,

where
E,(5) = ¢4 (d) " 1(dN27°%)1.

https://doi.org/10.1112/5002557931500008X Published online by Cambridge University Press


https://doi.org/10.1112/S002557931500008X

DYADIC SHIFT RANDOMIZATION IN CLASSICAL DISCREPANCY THEORY 207

Let s be chosen sufficiently large to satisfy &, (s) < 1/2. To do this, we put

2d +1

1
s > logN + +§(a’—1)10g(d—1)+d+1+logd,

and in this case condition (7.9) is also satisfied.
As a result, we have

M 4[Dn] > vy (d)(log N + 1)I/DE=D g < g <1,
where
ya(d) =274, (d) = 27 @d+D/a=d=1(g _ 1)=(1/D@-D
The proof of Theorem 2.2 is complete. O

Proof of Theorem 2.3. Let Dy C U?, d > 3, be an N-point distribution. We
first study the quantity (5.23). Applying (3.20) to (5.3), we have

FODN, Z1 = a7 01 2[F9, (7.11)

where
Q12[F91=2"1%" 0algal, (7.12)

acly
and
1/2
Qalpa] = ( D" ralDy & z12> : (7.13)
Aelsd_1

Using (7.7), we deduce that
1/2
Qal¢al > ( > (N vol nA>>2) : (7.14)
Aelsd_I
Notice that vol [T4 = vol [T4 vol [T, = vol [1427¢. Define o, € N by
272 < N27%a 27l

Then (N vol [T4)) > 272 for all boxes ITp with vol [Ty = 27 %.
Itis clear thato, = 0 —a, 0 < a < o, where

o =[logNl+12>logN + 1.
Assume now that
Ogag%a and G>Ua>%a.
Let s € N be chosen to satisfy s > o. Then
S>>0 =00)>0]>0)> . (7.15)
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Using Lemma 6.3 with k = d — 1, we have

D (NvolTLa)? > D7 (NvolTla)® > 27475
Aelﬂ‘I AeJé’a_1

. o d—2>274 o2 d—2
- d—2 - d—2 ’

Hence, for the quantity (7.13), we have

Oalpal > 272(d =2~ VP2 o) WDL 0 <a < o/2.
Substituting this into (7.12), we have

Q12[FW]1 =277 Z 0sl@al > 27972(d — 2)~V/PUE=D (5 /2)1/2d

0<a<o/2

> 2=6/2d=2(g _ 9)=(1/2E=2) (190 N 4 1)(1/Dd
and therefore
FODy, Z] > o 712702472 (g — 2)= /DW= jog N 4 1)1/,
Thus, for the principal term (5.22), we have

FLLIDN] > coo(d)(log N + D24 cp(d) =272 (d — 2)~(1/2E=D),
(7.16)
where the bound (3.10) for the constant « has also been used.
Substituting (7.16) and (6.3) into (5.25), we have

M.00[DN] > coo(d)(og N + Y24 — (1/2)(d + 1H)N2~*
> coo(d)(log N + DYD(1 — £ (s)),

where
E0o(8) = Coo(d) "1 (dN27%).

Let s be chosen sufficiently large to satisfy £x(s) < % To do this, we put
s 2 logN + 1(d —2)log(d — 2) +2d + logd,

and in this case condition (7.15) is also satisfied.
As a result, we have

M. 00[Dn] > Voo(d)(log N 4 1)1/24

where
Voold) = Leoo(d) = 272471 (@ — 2)=(1/DE=D),

The proof of Theorem 2.3 is complete. O

https://doi.org/10.1112/5002557931500008X Published online by Cambridge University Press


https://doi.org/10.1112/S002557931500008X

DYADIC SHIFT RANDOMIZATION IN CLASSICAL DISCREPANCY THEORY 209

Acknowledgements. The author is very grateful to William Chen for his

comments and remarks on an earlier version of this paper.

The paper was completed while the author was a visitor to the special

semester “High-dimensional Approximation” at ICERM, Brown University. The
author thanks many participants for discussions, as well as the director and staff
of ICERM for their hospitality.

1.

10.

11.

12.

13.

14.

15.

16.

17.

References

J. Beck and W. W. L. Chen, Irregularities of Distribution (Cambridge Tracts in Mathematics 89),
Cambridge University Press (1987).

. D. Bilyk, Roth’s orthogonal function method in discrepancy theory and some new connections. In

A Panorama of Discrepancy Theory (Lecture Notes in Mathematics 2107) (eds W. W. L. Chen, A.
Srivastav and G. Travaglini), Springer (New York, 2014), 65-149.

. D. Bilyk and M. T. Lacey, On the small ball inequality in three dimensions. Duke Math. J. 143 (2008),

81-115.

. D. Bilyk and M. T. Lacey, The supremum norm of the discrepancy function: recent results and

connections. In Monte Carlo and Quasi-Monte Carlo Methods 2012 (Springer Proceedings in
Mathematics and Statistics 65) (eds J. Dick, F. Y. Kuo, G. W. Peters and 1. H. Sloan), Springer
(New York, 2013), 23-38.

. D.Bilyk, M. T. Lacey and A. Vagharshakyan, On the small ball inequality in all dimensions. J. Funct.

Anal. 254 (2008), 2470-2502.

. W. W. L. Chen, On irregularities of distribution. Mathematika 27 (1980), 153-170.
. W. W. L. Chen, On irregularities of distribution II. Quart. J. Math. 34 (1983), 257-279.
. W. W. L. Chen, A. Srivastav and G. Travaglini (Eds.), A Panorama of Discrepancy Theory (Lecture

Notes in Mathematics 2107), Springer (New York, 2014).

. W. W. L. Chen and M. M. Skriganov, Upper bounds in classical discrepancy theory. In A Panorama

of Discrepancy Theory (Lecture Notes in Mathematics 2107) (eds W. W. L. Chen, A. Srivastav and
G. Travaglini), Springer (New York, 2014), 3-64.

Y. S. Chow and H. Teicher, Probability Theory: Independence, Interchangeability, Martingales, 3rd
edn., Springer (New York, 1997).

B. I. Golubov, A. V. Efimov and V. A. Skvortsov, Walsh Series and Transformations: Theory and
Applications, Nauka (Moscow, 1987); Engl. transl., Mathematics and its Applications (Soviet Ser.
64), Kluwer (Dordrecht, 1991).

J. Matousek, Geometric Discrepancy: An Illustrated Guide (Algorithms and Combinatorics 18), 2nd
edn., Springer (New York, 2010).

G. Peshkir and A. N. Shiryaev, Khinchin inequality and a martingale extention of the sphere of their
action. Uspekhi Mat. Nauk 50(5) (1995), 3-62; Engl. transl., Russian Math. Surveys 50(5) (1995),
849-904.

M. M. Skriganov, Khinchin’s inequality and Chen’s theorem. Algebr. Anal. 23(4) (2011), 179-204;
Engl. transl., St. Petersburg Math. J. 23(4) (2012), 761-778.

M. M. Skriganov, On mean values of the L,-discrepancies of point distributions. Algebr. Anal. 24(6)
(2012), 196-225; Engl. transl., St. Petersburg Math. J. 24(6) (2013), 991-1012.

E. M. Stein, Singular Integrals and Differentiability Properties of Functions (Princeton
Mathematical Series 30), Princeton University Press (Princeton, NJ, 1970).

A. Zygmund, Trigonometric Series, Vols. 1 and 2, 3rd edn., Cambridge University Press (Cambridge,
2002).

M. M. Skriganov,

St. Petersburg Department of
Steklov Institute of Mathematics,

Fontanka 27,

St. Petersburg 191023,

Russia

E-mail: maksim88138813 @mail.ru

https://doi.org/10.1112/5002557931500008X Published online by Cambridge University Press


https://doi.org/10.1112/S002557931500008X

	1 Dyadic shifts and the mean discrepancies
	2 Main results
	3 Rademacher functions and related inequalities
	4 Rademacher functions and explicit formulas for discrepancies
	5 Explicit formulas and preliminary bounds for the mean discrepancies
	6 Bounds for the error terms and some auxiliary bounds
	7 Proofs of Theorems 2.1–2.3
	Acknowledgements
	 References

