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For a graph G = (V,E) on n vertices, where 3 divides n, a triangle factor is a subgraph
of G, consisting of n/3 vertex disjoint triangles (complete graphs on three vertices). We
discuss the problem of determining the minimal probability p = p(n), for which a random
graph G € %(n, p) contains almost surely a triangle factor. This problem (in a more general
setting) has been studied by Alon and Yuster and by Rucinski, their approach implies
p = O((logn/n)/?). Our main result is that p = O(n=3/5) already suffices. The proof is
based on a multiple use of the Janson inequality. Our approach can be extended to improve
known results about the threshold for the existence of an H-factor in %(n, p) for various
graphs H.

1. Introduction

Let H be a graph on h vertices. If h divides n, we say that a graph G on n vertices contains
an H-factor, if G contains n/h vertex disjoint copies of H. Thus, for example, a K2-factor
is a perfect matching.

As usual, we define %(n,p) as the probability space, consisting of all labelled graphs
with vertex set V' = {1,...,n}, where a graph G = (V,E) € %(n,p) has probability
P[G] = p'El(1 — p)D—IEl the probability p may depend on n. In other words, each edge
(i,)) € (12/) is chosen to be an edge of G € ¥(n,p) with probability p, all choices being
independent. For a graph property .o/ we say that a random graph G € %(n, p) whp (with
high probability) has .7, if the probability of o7 tends to 1 as n tends to infinity.

In this paper we consider the following problem. Let H be a fixed graph on h vertices,
and assume h divides n. What is then the minimal probability p = p(n) for which a random
graph G € %(n, p) whp has an H-factor? For the case H = K? the solution has been given
by Erdés and Rényi [3]; they showed that p = O(logn/n) suffices to have whp a perfect
matching in G € %(n, p). For the case of a general graph H the problem remains unsolved.
Some partial results have been obtained by Alon and Yuster [2] and by Rucinski [5].
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However, the problem is still open for many important classes of graphs, in particular,
for the case H = K" for every r > 3.

In this paper we are mostly concerned with the case H = K?*; this graph is actually the
smallest one for which the problem is yet unsolved. This interesting problem is mentioned
by Erdds in his appendix to the monograph of Alon and Spencer [1]. We would like to
note, however, that the approach developed in this paper can be applied as well to other
graphs H.

For the case H = K3, the method of Alon and Yuster and of Rucinski shows that it
suffices to take p = C(Inn/n)'/? for some constant C > 0. Here we improve this result by
proving the following.

Theorem 1.1. A random graph G € %(n,1200n=>/3) whp contains a triangle factor, assuming
3 divides n.

The constant 1200 in the statement of the theorem can certainly be improved. We do
not make any special attempt to optimize it.

Throughout the paper, we assume n to be sufficiently large where necessary. We will
occasionally omit floor and ceiling signs for the sake of convenience.

The rest of the paper is organized as follows. In section 2 we describe the framework of
the Janson inequality used as the main technical tool in our proof. In section 3 we show
that a random graph G € %(n, p) whp contains an almost triangle factor, that is, loosely
speaking, a family of vertex disjoint triangles covering all but n¢ vertices for some constant
0 < e < 1. Then we define a certain family of graphs, which we call Hy-trees (section 4)
and show that our random graph whp contains large Hy-trees (section 5). Finally (section
6), these Hj-trees are used to turn an almost triangle factor into the desired triangle
factor. In section 7, we discuss the applications of the presented approach for estimating
the threshold for the existence of an H-factor for other graphs H, in particular, for the
case H =K", r > 3.

2. The Janson inequality

In the course of the proof we will make a multiple use of the powerful inequality of
Janson, first described in Janson, Luczak and Rucinski [4] (see also Alon and Spencer
[1, Chapter 8]). The following particular scheme of the inequality will suffice for our
purposes.

Let & be a family of labelled subgraphs of a complete graph on n labelled vertices.
Each edge of this complete graph is chosen to be an edge of a random graph G € %(n, p)
with probability p, all choices being independent. For each member S € . we define the
corresponding indicator random variable Xg which takes the value 1 if S = G, and the
value 0 otherwise. Now define

X =) Xs

Sey
that is, X counts the number of subgraphs from % that turn out to be subgraphs of G.
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Also, let
A=2 ) PlXs=DAXs=1) (1)

sS'es
E(S)NE(S")#0

Then, assuming P[Xs = 1] < 0 for every S € ., Janson’s inequality states that

PIX =0] < exp{—EX—i—z(lA_é)}. (2)

3. Covering almost all vertices by triangles

As the starting point of our proof, we show that if G € %(n, p) with p = @(n=3/%), then
whp almost all vertices can be covered by a family of vertex disjoint triangles.

Proposition 3.1. Whp every set of at least n®%> vertices of a random graph G € %(n,p),

where p = Cn™3/3 for any absolute constant C > 0, contains a copy of a triangle.

Proof. For a fixed subset Vo < V(G) of size |Vo| = n®%, denote by .# the family of
all triangles of a complete graph on V. For each triangle S € &% we denote by Xg the
corresponding indicator random variable. Let X = > ¢ ., X, then

EX = (lI;0|>p3 — @(nlAOS).

To apply Janson’s inequality, define as in (1)

A =2 ) P(Xs=1A(Xs =1)]

5.8’y
E(S)NE(S")#0

_ ('?)pw —3p’ = 0(n*?) = o EX).

Since § = P[Xs = 1] = p® = o(1), we have by (2)

A
P[X =0] <exp {—EX + 2 5)} = exp(—O(n'")).
Hence the probability of the existence of a set Vo of size |Vy| = [n*°], spanning no

triangles, can be bounded from above by

( 0’195)P[X = 0] < 2"e ") = o(1),
1O-

that is, whp every set of n®% (and therefore of at least n%%) vertices spans a copy of a
triangle. Ul
Corollary 3.1. For any constant C > 0, a random graph G € %(n,p) with p = Cn=3/3
contains a family of vertex disjoint triangles, covering all but at most n®%

whp
vertices.
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Proof. The desired family can be obtained by picking triangles one by one greedily. The
above proposition shows that this process whp will not stop before less than n®% vertices
will remain uncovered. L]

4. The graph Hy and H-trees

The following simple graph Hy plays a crucial role in our proof. Hy has four vertices
vo, 01,02 and vy and five edges (vg,v1), (vo, v2), (V1,02), (v1,v3) and (vp,v3) (that is, Hy is a
complete graph on four vertices with one edge deleted). An important property of Hy is
that if we remove one of the vertices vg, v3, then the remaining graph forms a triangle. For
this reason, we will call the vertices vy, v3 removable, while the vertices vy, v, will be called
the kernel of H.

Now, based on Hy, we define the following family of graphs, each member of it being
called an Hy-tree. With each Hy-tree T = (V, E) we associate a vertex subset R = V(T),
which is called the set of removable vertices. Here is the recursive definition of Hy-trees.

Definition 1.

(1) A graph Hy is an Hy-tree with the set of removable vertices R = {vo,v3};

2)If T = (V,E) is an Hy-tree with the set of removable vertices R < V(T) and H is a copy
of Hy with removable vertices ug,us and kernel {uy,uy} so that V(H)NV(T)=V(H)N
R = {ug}, then the graph T' = (V',E'), defined by V' = V(T)UV(H), E' = E(T)UE(H),
is an Hy-tree with the set of removable vertices R' = R(T) U {u3},

(3) Every Hy-tree can be obtained from Hy by applying (2).

In words, an Hy-tree T’ can be obtained by taking a union of an Hy-tree T and a copy
of Hy, sharing exactly one vertex that is removable for both of them.
The following proposition states some properties of Hy-trees.

Proposition 4.1. Every Hy-tree T = (V,E) with the set of removable vertices R < V(T)
has the following properties:

() V(T)l=1 (mod 3);

(2) R = [V(T)I/3:

(3) For every v € R, the graph T \ {v} contains a triangle factor.

(That is why the set R is called the set of removable vertices.)

Proof. The proof is by induction on |V(T)|.

(1) and (2). If T = Hy, then |V(T)| =1 (mod 3) and also |R(T)| =2 > |V(T)|/3. Each
application of part (2) of Definition 1 adds three new vertices to T, one of them being
added to the set of removable vertices;

(3). Let T be obtained by joining an Hy-tree Ty = (Vy, Ey) with the set of removable
vertices Ry = Vy and a copy H of Hy on vertices ug,uy,us, u3, where uy and usz are
removable and Vo N V(H) = {up}. If a vertex r € Ry \ {uo} is deleted from T, then by

https://doi.org/10.1017/50963548397003106 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548397003106

Triangle Factors in Random Graphs 341

induction the graph Ty \ {r} contains a triangle factor, which can be completed to a
triangle factor of T \ {r} by adding the triangle uy,us,us. If ug is deleted, then a desired
triangle factor is obtained by adding the triangle uy, us, u3 to a triangle factor in Tp \ {uo},
existing by the induction hypothesis. Finally, if uj is deleted from T, then the graph
To \ {uo} contains by induction a triangle factor, to which we add the triangle ug, uy, us. [

The above proposition shows that, having a family & of vertex disjoint triangles and
an Hoy-tree T such that V(#)N V(T) = 0, we can use any removable vertex v € R(T) to
build a new triangle with vertices yet uncovered by &. The deletion of v from T results
in the new graph T', having a triangle factor. This triangle factor can be then added to
ZF.

5. Finding large Hj-trees

In this section we show that when py = 6n~/°, then whp a random graph G € %(n, p)
contains large vertex disjoint Ho-trees. Since in the sequel we will make use of the existence
of disjoint Hy-trees of various sizes, the result is presented in the following parametric
form.

Lemma 5.1. If po = 6n=>/3, then for every integer k, satisfying 4 <k < n/6 and k = 1

(mod 3), a random graph G € 9%(n,py) whp contains L@J vertex disjoint copies of Hy-trees,
each having k vertices.

The proof of the lemma is based on the following

Proposition 5.1. Let py = 6n=3/°. Then whp for every triple of disjoint subsets U’, U",
W of the vertex set of a random graph G € %(n, py), satisfying |U'| = n/18, |U"| = n/6,
|W| = n/3, there exists in G a copy of the graph Hy, having its kernel vertices in W, one
of its removable vertices in U’ and the other one in U".

The constants 1/18, 1/6, 1/3 in the above proposition are chosen somewhat arbitrarily,
they are specific for its use in the proof of Lemma 5.1.

Proof. Clearly, it suffices to prove the proposition for the case |U’'| = n/18, |U”| = n/6,
|W|=n/3.

For a fixed triple U’, U”, W satisfying the above restriction, let us denote by & the
family of all copies of the graph Hy in the complete graph on U’ U U” U W, satisfying
the proposition requirements. For each such copy S we denote by X the corresponding
indicator random variable, taking the value 1 iff S < G. Let also

X=ZXS.

Ses
Then

nn(t
EX=ZEXS=<3>p5>3n.
= 186\2

https://doi.org/10.1017/50963548397003106 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548397003106

342 M. Krivelevich

Let
A =2 Y PlXs=)AXg=1)]

s.Ss'es

E(S)NE(S")#0
= 2> PlXs=1] > P[Xy=1Xs=1]
Ses s'es

E(S")NE(S)#0

= EX ) P[Xy=1]Xg=1]

S'ey
E(S")NE(S)#0

for some fixed S € .%. A routine consideration of all possible mutual configurations of S
and S’ yields

A = EX(0O(n?p* + np* + np®)) = o(EX).
Since 0 = P[Xs = 1] = o(1), we have by Janson’s inequality (2)

PX = 0] < e EXU+o) o g=3n,

Hence the probability of the existence of a triple U’, U”, W satisfying the above require-
ments and not containing a desired copy of Hp, can be bounded from above by

(Ig’\)(\U”)(\W|)P[X 0]
< (2n)3 —3n _ 0(1). m

Proof of Lemma 5.1. Assuming that the assertion of the above proposition holds, we
prove the lemma deterministically. Let k be an integer, satisfying the conditions of the
lemma. Suppose we have already found t such Hy-trees, each with a vertex set of size k and
where 0 < t < n/6k. Denote the union of their vertex sets by V. Clearly, |Vy| = kt < n/6.
We put Vj aside and show that the remaining vertices V; = V' \ Vj still contain an Hy-tree
on k vertices.

Let us consider the following iterative process. At each stage of the process we have a
family 7; = {T,..., T),} of vertex disjoint subgraphs of G, a vertex subset U; = V(T}),
1 < j < m, being associated with each member of 7. Initially, we choose arbitrarily n/6

vertices vy,..., 0,6 from Vj and set T; = {v;}, U; = {v;}, 7| = {T1,..., T,/6}. Assume now
m(l

that at stage i > 1 we have a family 7, = {T;}/]},

satisfying the following conditions:

(1) every member T € 7 is either a single vertex or an Hy-tree with the set of removable
vertices R(T) = (T)'

(2) § < Xrer, V(T <

Note that these condltlons are clearly satisfied for our initial choice of 7. We first
check whether there exists a subgraph T; € 7; with |T;| = k. If such a subgraph indeed
exists, the process terminates with T} as the output. Otherwise, set U’ = J; -, U(T). By
Proposition 4.1 and conditions (1), (2), |U’| = n/18. Then we choose arbitrarily n/6 vertices
from V1 \ Urcr, V(T) and denote this set by U”, let also W = Vi \ (Urcr, V(T)U U”).
It follows from the above discussion that |W| = n/3. According to Proposition 5.1, there
exists a copy H of the graph H, with its kernel vertices uy,u; in W, one removable vertex
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up in some set U(T;) and the other uz in U”. Now we replace the subgraph T; in the
family 77; by a new subgraph T} with V(T}) = V(T;)UV(H) and E(T}) = E(T;) U E(H),
we set also U(T}) = U(T;) U {u3}. Clearly, T is an Ho-tree with the set of removable
vertices R(T;) = U(T}), also |V(T})| = |V(T;)| + 3 and |U(T;)| = |U(T;)| + 1. Hence
a new family 7 = 7, — T; + T satisfies condition (1). If ZTey"; |V(T)| < n/3, then
we set 7 iy = 7, otherwise we get 7 ;1 by deleting from 77} a subgraph T having
the smallest number of vertices, if several such subgraphs exist, we choose one of them
arbitrarily. Since all subgraphs of .7; are of size at most n/6, a new family .7 ;, satisfies
n/6 < ZTG?M |V(T)| < n/3, and we may proceed to the next step.

One can easily see from the description of the process that the average size of a
subgraph in J; increases at each step. Therefore after a finite number of steps (which
may depend on n) the process terminates. Since at each step the size of some member of
g ; increases by 3, we cannot ‘skip’ over the desired size k of an Hy-tree. ]

6. Increasing the size of an almost triangle factor and covering all vertices

The proof of Theorem 1.1 is based on the following key lemma.

Lemma 6.1. Define sequences {p;}7, and {€/}{q by po = 60/, p; = po+ gplf — gpopzfl
for 1 = 1; and €, = 0.95 —0.05 for | = 0. Then for every integer | satisfying 0 <1 < 18,
a random graph G € %(n, p;) whp contains a family of vertex disjoint triangles covering all
but at most n°' vertices.

Proof. By induction on [. For [ = 0, the assertion of the lemma follows from Corollary
3.1

Assume now [ > 1. Note that 1 — p; = (1 — po)(1 — gpl,l). This enables us to represent
a random graph G € %(n,p;) as a union of two random graphs: G' € %(n,py) and
G" € %(n, ¢pi_1). Note also that p; = ©(n=>/%) for every 1 <1< 18.

Let us first expose the edges of G'. Let m; = [n°-']|. Let m, be the smallest integer
satisfying my, = 2my + n® and m; + my = 0 (mod 3). In the calculations below we
substitute my = n-', my = 2n“-! + n, this does not affect the correctness of our proofs.
Also, let k be the largest integer satisfying km; < n/6 and k = 1 (mod 3). Clearly,
k = (1 + o(1))(n'=¢-1/12). According to Lemma 5.1 G’ whp contains |n/6k| > m, vertex
disjoint Hy-trees, each having k vertices. We choose m; of these subgraphs and denote
this family by 7 = {Ty,..., Ty, }. Let

my

o= Jwm,
j=1
Vi o= VAW,

then | V| = 5n/6.

Now we expose the edges of G”. Let us first look at the edges of G” inside V;. By the
induction hypothesis the subgraph G”[V{], considered as a random graph on |V;| = %n
vertices with edge probability gpl,l, whp contains a family of vertex disjoint triangles
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covering all but at most |V{|“-! < my vertices. Let us fix a subfamily % of triangles,
covering all but exactly m; vertices of V. Here we use the assumption m; + mp; = 0
(mod 3). Since every T; € J is an Hy-tree, we have |V(T;)] = 1 (mod 3), therefore
[Vo] = my (mod 3). Hence we can drop from the family of triangles, covering all but at
most (51/6)-! < my vertices of V| some triangles in order to cover all but exactly m;
vertices. We denote the set of vertices of Vy, uncovered by ¢, by W = {v1,...,0n, }-

Let us define the following process. At the beginning of step i (1 < i < m;) we have
a subfamily 7 ;1 € 9, |7 i—1]| = my — 2(i — 1), and a family of vertex disjoint triangles
Fi1 2 Fo. We aim to find a triangle v;,ui,uy, where u; € R(T;) and u, € R(T},),
T;, T € Ti_1, ji # jo. If such a triangle exists, then we add it to 4 ,_;, obtaining
F_,. Since u; and u, are removable vertices of T; and T}, respectively, both subgraphs

T, \ {ui} and T}, \ {u2} contain triangle factors. We add these triangle factors to &/ _,,
thus obtaining ;. The subgraphs T}, and T;, are then removed from 7 ;_;, resulting in
a new family 7

Now we claim that whp this process can be performed successfully for m; steps,
that is, for all points of W. To prove this, we look at the edges of G” inside V,
and between V,, and Vj. At step i of the above process the family 7 ;_; contains at
least my — 2my = n® subgraphs. Choose my; — 2m; subgraphs from 7 ;_; arbitrarily and
denote them by T1,..., Tyy,2m,. Note that Y727 MY (T))| = k(my — 2m;) = O(n®%). By
Proposition 4.1, part 2, [R(T;)| = |V(T;)|/3, so |R(T;)| = k/3, and thus [R(T};)| = ©(n'~¢-1)
for every 1 < j < mp; —2my.

The random variable Y, counting the number of edges of G” with endpoints in distinct
removable sets of T1,..., Ty,—om,, 1s binomially distributed with parameters

6
Y. IRTIR(T,) = 6@') and  Zpii.

1<ji<jp<ma—2my

Using standard large deviation inequalities (see, for example, Alon and Spencer
[1, Appendix A, Theorem A.13]), it can be shown that whp for every choice of my — 2m;
subgraphs from .7 the corresponding random variable Y satisfies Y = EY (1 + o(1))
and therefore Y = Q(n'’p;_;). Also, for a vertex u € Uizt 2m R(T)) the expectation of the
number of edges of G”, connecting u with vertices from Vo, is 5\(V0| — )pi—1 < npi—_1/4,
and again large deviation inequalities imply that whp this number of edges does not
exceed np for every such u.

Let us examine now the subgraph G; of G, whose vertex set is |JjZ| 2™ R(T;) and
whose edge set consists of all edges having endpoints in distinct R(T}). Accordlng to the
above discussion, this subgraph whp has Q(n'°p;_;) edges, and the maximal degree in it
does not exceed np;_;.

Now we expose the edges of G”, connecting the current vertex v; with the vertices of
G;. If v; is connected with both endpoints of ¢ = (uy,uy) € E(G;), then v;, uy, uy form the
desired triangle. Therefore, we need to prove that such an edge e exists with probability
1 —o(my"). We show it again through the Janson inequality. For every e = (u1,u) € E(G;)
let S, = {(vi,u1), (vi,u2)}. Let & = {S, : e € E(G;)}. For every S, € % the corresponding
indicator random variable Xg, takes the value 1 iff (v;,u;), (vi,u2) € E(G”), where e =
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(u1,un). Clearly, EXg, = (%pl_])2 = o(1). Denoting X =} 5 ., Xs,, we see that

6
= |E(G)(zpi1)* = Q(n'’p}_)).

5
Recalling definition (1) of A, we have
A =23 P A(Xs, = 1)]
¢/ €E(G)),
ene’ #0
= 2> Z A(Xs, = 1)]
vely e EE(‘)
dg,(v)\ (6 3
= 2 ,,,,; ( ) 5P = 0" n?pt , pi,) = O(**p} ).
Uj=21 'V(T))

But p,_; = ©(n=3/%), and therefore EX = Q(n®!) and A = o(1). Hence Janson’s inequality
(2) implies that
P[X — 0] < efEX(H»o(I)) — ef()(no’l)’

showing that the ith step of the above described process is successful with probability
1 — 2" Since the number of steps is m; < n, the process whp can be performed
successfully for all vertices of W.

After the process has finished, we have a family 7, = {Ty,..., Tyy,—om,} of Ho-trees.
Deleting a removable vertex u; € R(T;) from every T; € 7 ,,, we then find a triangle
factor in each T;. Their union is added to % ,,. Now %, covers all vertices of V' but
{ut,..., umy—2m, }» thus forming a desired family of triangles. O

Proof of Theorem 1.1. The proof is very similar to that of Lemma 6.1, therefore we
indicate only some differences, leaving the details to the reader. We refer to the notation
of Lemma 6.1 and its proof. Consider a random graph G € %(n, p19) and represent it as
a union of G’ € 9(n,pg) and G"” € %(n,pig). Note that by Lemma 6.1, G” whp contains
a family of vertex disjoint triangles, covering all but at most n®® vertices. Define m;
to be the largest integer not exceeding n®%° and satisfying m; = 0 (mod 3), and define
crucially my; = 2my. Then if the m;—step process of Lemma 6.1 will be successful, the
family 7, will be empty. Therefore, after step m; we will have a triangle factor. Note
that at each step i, 1 < i< my, the family 7; contains at least my — 2m; + 2 = 2 Hy-trees
with k = @(n%%) vertices. Arguments similar to those of the proof of Lemma 6.1 show
that step i is successful with probability 1 — o(m!). We omit detailed calculations.

Note that we have shown that G € %(n,pi9) whp has a triangle factor. To estimate

P19, we write p; < po + p;_y for every | > 1. This implies p; < 5 ((g)”rl — 1) po. Thus

P19 < 187py < 1200173/, ]
7. Concluding remarks

(1) One may wonder why the asymptotic order of probability p = @(n=3/3) in Theorem
1.1 cannot be reduced. Indeed, at almost all steps of the above proof a smaller order of
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probability would suffice. It is easy to see that when p = o(n—3/%) the proof of Proposition
5.1 ceases to work. Moreover, if p = o(n>/?), for every fixed vertex v € V the expected
number of copies of Hy, containing v, is o(1), and therefore we expect the copies of Hy in
G € 9(n,p) to be mostly vertex disjoint. It can be shown that in this case G whp does not
contain an Hy-tree of size n¢ for any fixed e > 0.

(2) A natural question is what is the right value of the threshold for the existence of
a triangle factor in a random graph G € %(n,p). Our Theorem 1.1 shows that this
threshold is at most O(n=3/°). On the other hand, it can be proven, using for example
Janson’s inequality and the second moment method, that when (”;1) p® = Inn+ w(n) for
any function w(n) tending to infinity with n, that whp every vertex of a random graph
G € 9(n,p) participates in at least one triangle, while if ("zl)p3 = Inn — w(n), then whp
there exists at least one vertex that does not participate in any triangle. This motivates
the following:

Conjecture 1. p(n) = (logn)'/3n=%/3 is the threshold function for the existence of a triangle
factor in a random graph G € 9(n, p).

(3) The approach of this paper can also be used to get new results in the problem of
determining the threshold for the appearance of an H-factor for graphs H other than a
triangle. Let us illustrate this by taking H = K", a complete graph on r vertices, where
r = 4 is fixed. Here is a brief outline of the proof.

(a) Prove that if p = Cn~ ™ for any constant C > 0, then whp every n!=T vertices
of a random graph G € %(n,p) span a copy of K" (cf. Proposition 3.1). Therefore whp a

random graph G € 9(n,p) with p = Cn~ =03 contains a family of vertex disjoint copies
of K" covering all but at most nl= vertices (cf. Corollary 3.1).

(b) Define the graph Hy = K'*!\ {e}. The two removable vertices of Hy are those having
degree r — 1, the other vertices form a kernel. Then define the notion of an Hy-tree in a
manner similar to that of Definition 1. Every Hy-tree T = (V, E) with the set of removable
vertices R = V(T) has the following properties (cf. Proposition 4.1):

1 |[V(T))=1 (mod r);

2 |R[Z|V(T)|/r;

3 for every v € R, the graph T \ {v} contains a K"-factor.

"

Note that if p = @(n_(rf12>(r+2> ), then the expectation of the number of copies of Hyp in
G € %(n,p) is linear in n. This will enable us to build Hy-trees containing n¢ vertices for
O<e< 1.

(c) Prove that if py = 6n7vflz)ﬁ, then whp for every triple of disjoint subsets U’, U", W
of V(G), G € 94(n,p), satisfying |U'| = n/18, |U"| = n/6 and |W| = n/3, there exists in
G a copy of Hy having its kernel vertices in W, one of its removable vertices in U’ and
the other in U” (cf. Proposition 5.1). Derive from this that for every integer k satisfying
r+1<k<n/6and k=1 (modr), a random graph G € %(n,p) whp contains | X |
vertex disjoint copies of Hy-trees, each having k vertices (cf. Lemma 5.1).
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(d) Define two sequences {p;}2, and {€;};2, by po = 6n_'r712'ﬁ, Pl = po+ %p,_l — gpopl_l
for [ > 1; and ¢ = 1 — ﬁ(l + 1) for [ = 0. Then prove that for every [ satisfying
0 << 10r—2, a random graph G € %(n,p;) whp contains a family of vertex disjoint
copies of K" covering all but at most n“ vertices. The proof of this statement is very
similar to that of Lemma 6.1. We mention only some differences. We define the numbers
m; and mp so that they satisfy m; +mp; =0 (mod r) and my — (r — 1)m; =~ n“. Also, k
should satisfy k =1 (mod r). Then we find in G’ € %(n, py) my vertex disjoint Hy-trees,
each having k vertices. Denote the union of their vertex sets by Vj, let also Vi =V \ V4.
Now we look at the edges of G” € %(n, gpl,l). First, we find in V| a family & of of vertex
disjoint copies of K”, covering all but m; vertices. Denote these unmatched vertices by W.
Then, for each vertex v; € W we find a copy of K", containing v; and having remaining
r — 1 vertices in removable sets of distinct Hy-trees.

(e) Prove that G € %(n, pior—1) whp contains a K"-factor. The proof can be shaped after
that of Theorem 1.1. We define m; ~ nﬁ, m; =0 (modr), my = (r— 1)m;. Then k
satisfies k = @(n‘_ﬁ). At each step of the my-step process the family 7; has at least r — 1
Hy-trees, each having k vertices.

Estimating p; from above gives p; < pg + gpl_l, hence p; < 5 ((%)I+1 — 1) po. Thus

pior—1 <5 ((g)mr — 1) po < 30 (g)mr e, Summing the above, we claim the follow-

ing

Theorem 7.1. Let r > 4 be a fixed number. Then if p(n) = 30 (g)lor n N then a
random graph G € %(n,p) whp contains a K"-factor, assuming r divides n.
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