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We study the behaviour of the norm of the resolvent for non-self-adjoint operators of
the form A := —8, + W (z), with W(x) > 0, defined in L?(R). We provide a sharp
estimate for the norm of its resolvent operator, |[(A — X)~1|, as the spectral
parameter diverges (A — +00). Furthermore, we describe the Cp-semigroup
generated by —A and determine its norm. Finally, we discuss the applications of the
results to the asymptotic description of pseudospectra of Schrodinger and damped
wave operators, and also the optimality of abstract resolvent bounds based on
Carleman-type estimates.
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1. Introduction

The complex Airy operator in L?(R)
Ag = —0? +iz, Dom(Ag) = W*?(R) N Dom(z), (1.1)

and the corresponding realizations in L?(R.) and in L?(a,b) appear in vari-
ous contexts, e.g. in the study of resonances [30], superconductivity [1, 3, 40],
the Bloch—Torrey equation [24, 25], MRI [23], hydrodynamics [45], control the-
ory [12], spectral instability [29], spectral approximation in domain truncations
[43], asymptotic description of pseudospectra of Schrédinger operators [7], com-
pleteness properties of the eigensystem and similarity to a normal operator [42,
50], momenta with complex magnetic fields, quasi-self-adjoint Quantum Mechanics
and Hardy-type inequalities in R? [32] - see also [28], [27, Sec. 14.3, Sec. 14.5].

© The Author(s), 2025. Published by Cambridge University Press on behalf of
The Royal Society of Edinburgh

1

https://doi.org/10.1017/prm.2025.10056 Published online by Cambridge University Press


mailto:aarnalperez01@qub.ac.uk
mailto:siegl@tugraz.at
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/prm.2025.10056&domain=pdf
https://doi.org/10.1017/prm.2025.10056

2 A. Arnal and P. Siegl

The crucial aspect of (1.1) is that it represents a tractable non-self-adjoint differ-
ential operator for which more explicit methods can be applied. In addition, more
complicated operators in certain asymptotic regimes (e.g. the semi-classical one or
those with large spectral parameter) can often be reduced to the analysis of the
Airy operator. At the same time, the properties of Aj already exhibit many striking
and “highly non-self-adjoint” features. In particular:

(i) Ao is m-accretive, has compact resolvent and o(Ap) = 0;
(ii) the resolvent norm only depends on Re z and grows super-exponentially at
+00

(Ao — Rez) || = \/g(Rez)_% exp (%(Rez)%) (I+0(1)), Rez— +o0;

(1.2)

(iii) the semigroup S; generated by —Ap is explicit and decays super-
exponentially

3
IS¢l = exp(—13), t>0.

For details, see e.g. [27, Sec. 14.3, Sec. 14.5]. The asymptotic equality (1.2) was
proved in [13, Cor. 1.4] using pseudo-differential operator techniques within a semi-
classical framework pioneered in [16]. It improved an earlier estimate, presented
in [35] (see also [13, Prop. 2.10] or [27, Prop. 14.11]), which was derived via an
analysis of the corresponding semigroup (see [13, Sec. 1]).

One of the reasons why the precise results summarized above are available is
that, by transporting Ao to the Fourier side (via .# Ag.% ~1, where .# denotes the
Fourier transform), one obtains the first-order operator

Ay = =0, + 2%, Dom(4y) = WH?(R) N Dom(x?)

(where we have retained z to denote the independent variable). In this paper, our
main objective is to study generalized Airy operators in L?(R)

A=—0, +W(z), (1.3)

where W is a non-negative, even, eventually increasing function which is unbounded
at infinity, see Assumption 3.1 for details. Operators (1.3) share many properties of
the complex Airy operator (1.1). In particular, they are m-accretive, have compact
resolvent and empty spectrum, see Proposition 2.1 proved in [7, App. A]. Our goal
here is to analyze precisely the resolvent and semigroup norms.

Our motivation originates in the analysis of pseudospectra of Schrédinger opera-
tors with complex potentials in [7] and of wave operators with unbounded damping
in [4], where the resolvent norm of A enters the asymptotic formulas for the
level curves of the pseudospectra, see more details below and in Sub-section 6.1.
Nonetheless, operators (1.3) furnish particularly simple instances, tractable by rel-
atively elementary methods, that already exhibit the sort of pathologies found
in more complex non-self-adjoint operators. Moreover, the flexibility in the rate
of growth of W at infinity permits a wide range of resolvent and semigroup
norm behaviours (see examples below and Examples 4.3, 5.3). These can in turn
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be used to address the optimality of abstract resolvent upper bounds based on
Carleman-type estimates (see details below and in Sub-section 6.2).
Our main finding, Theorem 4.2, states that, if W satisfies Assumption 3.1, then

1A= 01 = VAW (@) F exp (@) (1 +0(1)), A= +o0,  (1.4)

with 2y > 0 the (positive) turning point of W defined by W(x,) = A and f the
primitive of W defined by

fialx) = /Om()\ —W(t)dt, zeR;

note that, as for Ag, the resolvent norm is independent of Im \.
This result is in agreement with (1.2), where W (z) = 22, and it yields a variety
of rates for other examples of W, namely as A\ — +0o0,

W(a) =log(a), (A= N7 = vmexp (2 =1+ 12 =) (1+0(1)),
W) =lal’,  IA= N = /22 e () 1+ 0(1), p>0,
W) =ebl,[(A=X)7H = VEATE exp (2Xlog(W) (1 + 0(1)) (1 + 0(1));

see Example 4.3. It is apparent that the more slowly W grows the larger the resol-
vent will be: in the above examples, the largest resolvent corresponds to W(z) =
log(z). A similar behaviour can be observed for one-dimensional Schrodinger
operators with complex potentials (see [7, Sec. 7]).

In addition, in Theorem 5.1, we find the Cy-semigroup S; generated by —A and
calculate its norm. The latter decays in direct proportion to the growth of W, e.g.

W(x) =log(z),  [ISe = (3)"exp(t—m) (1+0(1),  t— oo,
W)=z, Sl =exp (-5, £20, p>0,
W(z) = e, el = exp (~2¢3 (1 4+ 0(1))) , t — fo0,

i.e. rapidly growing functions such as W (z) = el*l show faster semigroup decay;
see Example 5.3 for more details.

As indicated above, the resolvent norm of Ay and that of A appear in the
asymptotic formulas for the shape of the pseudospectra of second-order differential
operators. In [7, Prop. 5.1], it was shown that, for a wide class of Schrédinger oper-
ators with complex potential unbounded at infinity, H = —92 +iV, in L?*(R,) (see
[7, Asm. 3.1]), the norm of the resolvent of H along curves \, = a(b) + ib inside
the numerical range and adjacent to the imaginary axis can be estimated precisely
as a function of the norm of the resolvent of Ag

G = 2074 = 1A — ) 2 (V! ()™ (14 0(1)), b= o0,

where x, > 0 is the turning point of V determined by V(xp) = b and pp =
a(b)(V'(x))" 3. Employing (1.2), this in turn yields the asymptotic shape of the
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e-pseudospectra (with € >0)

a(b) = (2)° V'(2) % (log(V'(2) 5~ 1)3 (1 + 0(1)), b — +oo;

see [7, Sub-sec. 5.1] for details and also [13] for results on semi-classical operators.

Operators A with W (z) = |z|?, p >0, which we denote by A, := —0, + |z|?,
play a similar role to that outlined above for Ay when estimating the norm of
the resolvent for Schrédinger operators H = —0% + iV in L?(R) where V is even,
unbounded at infinity and regularly varying with index of variation equal to p (see
[7, Asm. 4.1]). Along curves A\, = a+ib(a) inside the numerical range and adjacent
to the real axis (see [7, Thm. 4.2]), we have

I = A) 71 = 104y — 1) V()T (L +0(1)), a—+o0, (L5

where t, > 0 is the solution of ¢,V (t,) = 2y/a and p, = bla)(V(t,))™
Combining (1.5) and (1.4) in the particular case V(x) = z*™, one finds the
asymptotic shape of the e-pseudospectra

m 2m
b(a) = (%)QE’Lﬁ a7+ (log(az¥1e™1)) ™ (14 0(1)), a — +o0,
see Sub-section 6.1.1 for details.

Operators of the general form A := —0, + a(x) emerge in the study of the
quadratic operator family T'(\) = —02 + 2Xa(z) + A2, A € C, associated with the
one-dimensional wave equation with unbounded damping a(z) > 0. Similarly to
the Schrodinger operators above, we discuss the asymptotic shape of level curves
of ||T(A\)~1|| in Sub-section 6.1.2.

The operators (1.3) with W satisfying Assumption 3.1 have compact resolvent
(see Proposition 2.1). Moreover, depending on the rate of growth of W, they belong
to certain ideals of compact operators, e.g. Schatten classes, see Sub-section 6.2.
Estimates of the norm of the resolvent for elements in trace ideals of compact oper-
ators go back to the early 20th century with the work of T. Carleman on integral
operators. More recently, upper bounds have been found for (abstract) non-normal
compact operators in the context of the analysis of their spectral behaviour under
perturbation (see [9-11, 41]). We shall review these bounds in Sub-section 6.2 in the
light of our own findings. It is remarkable that the simple differential operators (1.3)
(and also one-dimensional Schrédinger operators with imaginary monomial poten-
tials) are close to exhausting the abstract bounds which do not take into account
any particular structure of the operator besides the singular values of the resolvent.

Unlike some of the research mentioned earlier, our methods are relatively elemen-
tary. The two main tools used in the proof of Theorem 4.2 are Schur’s test with
weights (see Sub-section 2.2) and an extension of Laplace’s method for integrals
depending on a large parameter (see Lemma 4.5). The proof of (1.4) is structured
in three steps:

(1) in Proposition 4.6, we use Schur’s test to prove that a certain integral oper-

ator, Ty, (see (2.3) and (4.8)), is bounded in L? and we find an upper
bound;
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(2) in Proposition 4.7, we show that the upper bound found in the previous step
is optimal;
3) in the last step, the theorem’s proof, it is shown that Ty, is in fact the
A
resolvent operator (A — \)~L.

The remainder of the paper is structured as follows. Section 2 introduces our
notation and recalls some fundamental tools applied later on. Section 3 states our
assumptions. Section 4 is devoted to formulating and proving our estimate for the
norm of the resolvent. Section 5 describes the Cy-semigroup generated by —A and
calculates its norm. In Section 6, we apply our findings in two different contexts.
Firstly (Sub-section 6.1), we derive the level curves for the norm of the resolvent in
the particular cases outlined earlier (Schrédinger operators with complex potentials
and the quadratic operator family associated with the damped wave equation).
Secondly (Sub-section 6.2), we show that upper bounds for the resolvent of elements
in certain classes of compact operators derived in [9, 41] using abstract methods
are in fact optimal.

2. Notation and preliminaries

We write Ry := (0, +00) and the characteristic function of a set E is denoted by x g.
We use C2°(R) to represent the space of smooth functions with compact support.
Unless otherwise stated, our underlying Hilbert space shall be L?(R). The L? inner
product shall be denoted by (-,-) and the L? norm by || - ||. In the one-dimensional
setting, we will denote the first and second-order differential operators by d, and
92, respectively. We will also appeal to the Sobolev spaces W12(R) and W2?2(R)
(see e.g. [19, Sub-sec. V.3] for definitions).

If H is a Hilbert space, .Z(#) shall denote the (Banach) space of bounded linear
operators on H. For a closed, densely defined linear operator T' on a Hilbert space
H, we will write as usual p(T), o(T) and o,(T) to denote its resolvent set, its
spectrum and the set of its eigenvalues, respectively.

If H is a Hilbert space, we will represent by # () the set of compact operators
on H, which is a closed two-sided ideal in .Z(H). For 0 < p < oo, we shall denote
by Sp o the Schatten-Lorentz class

Spoo = {T € H(H) : | Tpoo = sup kv sy (T) < oo} ,
keN

where s (T') represents the kth singular value of T' (such values are assumed to be
listed in decreasing order and repeated according to their multiplicity). We refer the
interested reader to e.g. [41, Sec. 3] and the references therein or to [38, App. 1.1]
for details on the theory of these and similar classes.

To avoid introducing multiple constants whose exact value is inessential for our
purposes, we write a < b to indicate that, given a,b > 0, there exists a constant
C >0, independent of any relevant variable or parameter, such that a < Cb. The
relation a 2 b is defined analogously whereas a ~ b means that a < b and a 2 b.
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2.1. Basic properties of generalized Airy operators

It has been shown (see [7, App. A]) that the following result holds, i.e. A shares
the basic properties with the complex Airy operator Aj.

PROPOSITION 2.1. Let W € LS (R) N CH(R \ [—xo, 0]), for some x> 0, and
A= -0, +W, Dom(A):={uec L*R): —u +Wue L*R)}.
Assuming W > 0 a.e. and lim;|, o W(x) = 400, then

(1) A is densely defined and m-accretive;
(ii) A has compact resolvent and o(A) = 0;
(iii) the adjoint operator reads

A* =0, + W, Dom(A*)={uec L*R): v +Wue L*R)}.
If, in addition, there exist € € (0,1) and M > 0 such that
W' (z)| < e|W(2)]> + M, |z|> o, (2.1)

then
Dom(A) = Dom(A*) = WH%(R) N Dom(W)

and we have
[Au|l® + [lull? > Ca ([[4'[I* + Wull? + |ul]*),  u € Dom(A),

. ' (2.2)
A u]|® + [[ul]* > Ca- ('] + Wl +[|ull®), u € Dom(A");

the constants Ca,Ca- > 0 depend only on &, M and [|WX[—z) 2] lloo-

2.2. Schur’s test

Let T be the integral operator determined by the non-negative kernel k : R xR —
[0, 4+00) i.e. formally

Tyu(z) = / k(o g)u(y)dy, =€ R. (2.3)

Schur’s test states that, if there exist strictly positive measurable functions p, ¢ on
R and constants «, 5 > 0 such that k(z,y) satisfies

/ k(x,y)q(y)dy < ap(x) for almost every = € R,
R

/ k(z,y)p(x)dz < Bq(y) for almost every y € R,
R

then the operator T} in (2.3) is well-defined for every u € L?(R) and

Il < VB (2.5)
(see e.g. [26, Thm. 5.2]).
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3. Assumptions

We begin by listing the assumptions that W will obey throughout the rest of the
paper.

THEOREM 3.1. Suppose that W € L2 (R) N C?(R\ [~x0, 20]), for some zg € Ry,

loc
with W > 0 a.e. and assume further that the following conditions are satisfied:

(i) Wis even:
W(—z)=W(z), zekR;

(ii) W is unbounded and eventually increasing in R, :

lim W(z) =+oc0, W'(z)>0, z> zo;

Tr——+00

(iii) W has controlled derivatives: there exist v € [—1,400) such that
W'(z) S W(x)z", [W'(z)] S W' (x)a”, x> w0
(iv) W grows sufficiently fast: we have
Ti(z) = o(1), |z[ = 400,

where
Ti(z) o= |2 |W(2)| 72,  |z| > 0.

REMARK 3.2. We make the following observations based on the above conditions.

(i) From Assumptions 3.1 (iii), (iv), we have

W) o [W'(z)]
(W(a))? ™ (W ()| |x] =2

= (Ti(2))? =0(1), |z| = +o0.

It follows that (2.1) holds and therefore the domain of the corresponding
generalized Airy operator separates

A=-0,+W(z), Dom(A)=W"*R)NDom(W). (3.1)

(ii) Assumption 3.1 (iii) implies that, for any 0 < ¢ < 1, all sufficiently large
|z and |d] < e]z|™¥, we can control the variation of W and that of W’ on
intervals whose length is of order |z|™"

W (x4 6)
—— =1 ] 1 2
W(])(ZL') k) .] G {0? }5 (3 )

(see [36, Lem. 4.1]).

(iii) The quantity Ti(z) in Assumption 3.1 (iv) is the equivalent, for a first
order differential operator such as A, of T(z) for a Schrédinger operator in
[7, Asm. 3.1 (iii)].
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EXAMPLE 3.3. Assumption 3.1 (iii) encompasses a wide range of unbounded W
growing at very different rates, for example:

(i) logarithmic functions such as W(z) = log(x)?, p > 0;
(i) polynomial functions such as W(z) = |z[P, p >0 - note that, when p=2,
we recover, via the Fourier transform, the complex Airy operator Ay (see
the comments to this effect in Section 1);
(iii) exponential functions such as W(z) = el*I", p > 0.

4. The norm of the resolvent operator

In this section, our aim is to provide an estimate of |[(A — \)~!|| as A — +oco. Note
that, since A is m-accretive, it is immediate that [[(A — X\)7|| < 1/|)\| for every
A < 0. Furthermore, it is sufficient to consider A\ € R since, for general A € C, we
have (A — A)™t = Ul (A — ReA) "'Upn o, with the isometry Uyu(z) = e'*®u(x)
for any u € L*(R) and a € R, and hence [[(A —X) 7| = ||[(A — ReX) 71|

4.1. Statement of the result

By Assumption 3.1 (ii), there exists Ao > 0 (e.g. take any Ao > [[Wx[0,0]llcc) such
that, for every A > Ag, the equation W (z) = X has a unique solution in R which
we shall denote by zy (the turning point of W), i.e.

W(IE)\) =, xy > 0. (41)
Note that
lim z) = 4o0. (4.2)
A—4o0

Furthermore, for every A >0 we define the real function
x
fialx) = / (A=W (t))dt, zeR. (4.3)
0

Clearly fy € WI})’COO(R) NC3(R\ [~x0,0]), f(0) =0 and
Al@)=A=W(z), ae inR, fl(x)=-W'(zx), ze€R\[-zo,x0]. (44)
An elementary analysis provides the following properties for fy.

LEMMA 4.1. For A> 0 and fy as defined by (4.3), we have that fy is an odd function
and in addition

(i) £\ is unbounded

lim fy(z) = —o0. (4.5)

Tr—r+00

Furthermore there exists Ag > 0 such that for all A > X\g
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(ii) The value x) defined by (4.1) is a critical point

falza) =0,  fi(zx) <O.

(iii) There ewxists xxo > xx (which is unique in Ry ) such that

f)\(x)\,()) =0, (46)

f,\(x) >0, x¢€ (O,wao).

Proof. 1t is clear that, by (4.3) and Assumption 3.1 (i), fy is odd.
(i) Let A>0 be arbitrary but fixed. Since, by Assumption 3.1 (ii), we have
W(x) — +oo for & — 400, it follows that there exists x1(\) > 0 such that

A=W(z) < -1, z>x1(N).

Hence, for some C) € R and any = > x1(\), we have

z1(N) x
Fr(e) = / (A — W (#))dt +/ (A= W(E)dt < Cr + 21(A) — .
0 11()\)

We therefore conclude that (4.5) holds.

(ii) Setting Ao as per definition (4.1) or larger, the statement is a direct
consequence of (4.4), (4.1) and Assumption 3.1 (ii).

(iii) Let A be as in (ii) and let A > A be arbitrary but fixed. Since fx(0) =0,
fi(x) > 0 for x € (0,zy), fi(z) < 0 for = € (zy,+00) (recall that f{(z) =
—W(x) + A) and moreover, by (4.5), fi(x) is eventually negative, we deduce that
there exists a unique xx ¢ > x such that fi(zx,0) = 0 and fi(x) must be strictly
positive in (0,z5,), as claimed. O

The behaviour of fy is sketched in Fig. 4.1 (see also Definition (4.9) and
Lemma 4.4).
Our main result in this section is the following.

THEOREM 4.2. Let W satisfy Assumption 3.1, let A be the generalized Airy
operator (3.1) in L*(R) and let A > 0. Then

I(A = XN = Va(W' (22)) 72 exp (2fa(22)) (1 +0(1)), A= 400,  (4.7)
where xy and fy are defined by (4.1) and (4.3), respectively.

ExaMPLE 4.3. In order to illustrate Theorem 4.2, we revisit the instances shown
in Example 3.3.

(i) For the slowly-growing function W (z) = log(x)?, p > 0, it is straightforward
to verify that W'(x) = px(x)=2, fr(z) = (A + p)x — W (x) — parctan(x)
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f

Figure 4.1. Sketch of fx(z), defined by (4.3), for sufficiently large .

and z) = y/exp(2)/p) — 1. This yields the estimate
2
I(A =X = \ﬁexp 2p fexp () 142
p p 2p
(I14+0(1)), X— +oc.

(ii) For W(z) = |z[P, p>0, we have W'(z) = psgn(z)|z|P~", fa(z) = z(\ -
W(z)/(p+1)), zx = AY/P and the estimate

1- 2
(A= N1 = \/Zmp" exp (pflﬁ”) (1+0(1)), A— +oo.

We note that, in the particular case p =2 (the complex Airy operator on
the Fourier side), we recover the estimate found elsewhere (see e.g. [13,
Cor. 1.4])

a2 = 5t e (38) (o), A oo

(iii) For the fast-growing function W(z) = e!*I’, p>0, one can similarly
check that W'(z) = psgn(z)|z[P~'W (), fi(z) = Az — W(z)F,(x), where
F,(z) denotes the generalized Dawson’s integral (see [37, Sec. 7.16] or [17,
Eq. 1.1]), and z) = (log()\))%. The estimate of the resolvent norm as
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A — +00 is

A= X7 = \/jr%aogw)lp” exp (21 ((10g(\)? — F, ((10g(1))? ) ))
(1+0(1))

(note that Fj,(z) = (1/p)z'~P(1 + O(z7P)) for * — +oo, see e.g. [37,
Secs. 7.16, 8.11] or [17, Eq. 2.5]).

4.2. Proof of Theorem 4.2

To prove the theorem, we shall show that the integral operator T}, with the kernel
(for A>0 and fy as in (4.3))

ef)\(y)_fk(m), T < y’
ka(z,y) := z,y € R, (4.8)
0, T 2>y,

is the resolvent (A—\)~!. To this effect, we prove that T}, is bounded, establishing
in the process that the right-hand side of (4.7) is an (asymptotic) upper bound for
its norm (Proposition 4.6). We will then proceed to prove that the upper bound is
in fact optimal (Proposition 4.7).

We begin by proving two lemmas that describe some further important properties
of f\. Let

1
/)\d: = (:l:{l?)\—(S)\,:E(E)\—‘r(S)\), = 5%;”, 0<d< 1, (49)

where § will be determined in Lemmas 4.4 and 45 and v > —1 (see
Assumption 3.1 (iii)). The above choice for the width of () , implies that W (z)
is approximately equal to W (z,) inside those intervals (see Remark 3.2 (ii)), a fact
which we shall repeatedly rely upon in the proofs below.

LEMMA 4.4. Let W satisfy Assumption 3.1 and let xy, xx,0 and Q')HJr be as defined
n (4.1), (4.6) and (4.9), respectively. Then as X — 400, we have:

(i)
x,\:t(S)\RiLU)\. (410)

(i)

/A’+ C (071‘,\’0).
Proof. (i) By (4.2) and v > —1, we find as A\ = +00
xy oy =ar(lx (5x;1_”) Ty

(ii) Since zx — dx > 0 as A — 400 by (i), it is enough to prove f(zx +3dx) >0
(see Lemma 4.1) for A — +o00. For A\ as in the statement of Lemma 4.1 and any
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12 A. Arnal and P. Siegl

A > Ao, we have (with z¢ as in Assumption 3.1 and applying (4.4) and integration
by parts)

T

P = [T o= wnde= [To-wode [Co-wea

0
Zx

_ /wo(x CW())dE — (A — W (x0))ao + / W (¢)dt
0 T

0
X

:/mO(W(gco)—W(t))dt+/ W (1)t
0 x

0

The first term in the preceding line is a constant, whereas the second one diverges
as A — 400 (we may assume xg > 1), hence

T TN
B = [ v oz [ v
o

zx—exy "’

for sufficiently small € >0 and A — +o00. By (3.2), we deduce that min{W’(t) : t €
[z —exy ", z\]} = W (xy). Furthermore, ) — ex,” =~ x for small enough £¢>0
by (4.10). It follows

fa(@y) 2 oW (z))exy” = W (za)ry ", A — +oo. (4.11)
Therefore by (4.11) and (4.2)

(Ca(e)) ™ _ W'lan) - W'(ay)
A T R T Wia)ayt

=0(1), \— +o0, (4.12)
and hence (with & € (zx,zx + d)) and applying (4.4))

Falon +80) = falea) + )0 + 55+ 27605

= o) (1= 5o R (145 V; s, (1.13)
_ L (Tia)) 2 (), 1W(E)
= ) (1 B ( 3 W () 6A>>

By (4.12), we obtain 62(Y1(x)))"2/fa(xx) = O(6?) and, by Assumption 3.1 (iii),
(4.10) and (3.2), we deduce |[W"(&x)[0x/W'(zy) < J. Hence, using (4.13) and
choosing § > 0 sufficiently small in (4.9), we have

@ +06x) > falza) (1 - 0(6%) >0, A= +o0,
as claimed. O

Our next result is the critical ingredient in the calculation of the estimate (4.7).
It uses the idea of Laplace’s method and slightly extends it to provide suitable
estimates for the proof of our claim.
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LEMMA 4.5. Let A>0 and let xx,Q)\ 4, fa(z) be as defined by (4.1), (4.9) and
(4.3), respectively. Then for any M > 0 and with A — 400

2 1
Dy = / POz =\ [ LW ) FMBE o), (414)

g
2
Lo = / MOz = |2 (W ()M P Eo(1), (4.15)
-
Proof. For A\g > 0 as in Lemma 4.1 and any A > g, let p := |f§\’(z,\)|*% > 0 and
Q) , = (=0xp~ 1. 6xp~1). For every y € Q) p» We define
92 () = falpy + ). (4.16)

Taylor-expanding gy around 0 and using the facts that ¢} (0) = pf§(zx) = 0 (refer
0 (4.1) and (4.4)) and ¢§(0) = p*f{(z») = —1 (by Assumption 3.1 (ii), (4.4) and
our choice of p) we obtain

1, 1
() = 92(0) = 5v° + £ (sv)y”s y € Ny, (4.17)

where s = s(y, ) and 0 < s < 1. Furthermore, by (4.4) and Assumption 3.1 (iii)

[W" (psy + m)l
(W (xx))?

(psy +x2)".

9% (sy)| = | /3 (psy + xx)|p® =

< Wpsy + CU,\)
(W'(z))%

r\/

For any y € Q) ,, we have |psy| < 127" by (4.9) and hence (z} 'psy + 1) =~ 1,
e. (psy + 1) = «§. Combining this fact with (3.2), we deduce

93 (sy)| S (psy +a2)” (W' (1) 72 S Ti(zn), y €, (4.18)

Observing that §yp~t = (Y1 (x)) 14, we have |g{'(sy)y| < § for any y € Q) , and
consequently, by choosing a sufficiently small ¢ in (4.9), we get

1
1= 30X (syly = 1. (4.19)

In order to estimate Iy 4, we change variable  — py + x and apply (4.16) and
(4.17) to derive

Iy = M), / e~ IMP =30 Dy, (y)dy, (4.20)
; i "
Note that, by (4.19), there exists some C >0 such that

_%Myz(l—%g;’/(sy)y)xﬂ,A W< CEOM R A oL

)
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14 A. Arnal and P. Siegl

Furthermore, YTi(xy) = o(1) as A — 400 by Assumption 3.1 (iv) and therefore
Sap~t — 400 for A — +oo. Noting also (4.18), we have for any fixed y € R

lim e~ 3My*(1-34%
A——+o00

_ 1 M2
(sy)y)XQ&,p(y) — e 5My?

Finally, we apply the dominated convergence theorem to (4.20) to deduce

2
I+ = eMg*(O)p\/Mﬂ-(l +o(1)), A— oo,

which yields (4.14).
To prove (4.15), we change variable in the integrand of Iy _ (x — —py — x») to
obtain (using the fact that f\ is odd and arguing as above)

1 1

Iy = efMgA(O)p/ e3My*(1=398 (s9)) y (y)dy
; . fop

! 6>\p ’
< e‘Mg*(O)p/ 2 M X0, (y)dy = 26‘M‘“(°)p/ e2 MV dy,
R ’ 0

with some C’ > 0. It is straightforward to verify that e=% fox eV dy = O(1) as
x — 400 and hence

lo'Mée2p=2
M 0 e2 A
I e Mol )067_1
AP

- on) (12200 @72
= (W’(x)\))_%erA(xx) (5_1T1($C>\)e 2M fa( A)(l 4f/\1(z)\/\) )) |

for A — 400. Recalling (4.12) and choosing an adequately small value for ¢ >0 in
(4.9), it follows that

C'(Ya(22)) 2

_ 52
b=o 4fx(zx)

>0, \— 4oo.

We have M > 0 by assumption and it was shown in Lemma 4.1 (iii) that fy(x) >0
for large enough A; furthermore, by Assumption 3.1 (iv), T1(x)) = o(1) as A — +o0.
Hence, we conclude that (4.15) holds. O
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4.2.1. The upper bound
With A >0 and ky given by (4.8), we let Ty, be the associated integral operator as
in (2.3). Furthermore, we introduce the weight functions in R

e~ (@) x € [—x) — O, xx + )],
pa(x) = § e M@ tin) 2> gy 44,
e~ IEa=) g <« — 4y,
(4.21)
efx(y)’ y € [—xx — O, zx + 02,

(D\(y): €f*($>‘+6>‘), y>£L‘,\+(5)\,

NIy <y — b,

where z) and J, are defined in (4.1) and (4.9), respectively. Note that the choice
of weights is motivated to ensure that the resulting constants «, 8 in Schur’s test
(see Sub-section 2.2) are optimal, which cannot be achieved with the trivial weights
() = o (z) = 1.

A heuristic argument behind selecting these particular weights is that Schur’s
test for a compact integral operator T with a non-negative kernel becomes optimal
if the weight is selected as the eigenfunction of T*T corresponding to the largest
eigenvalue, see e.g. [46, Rem. 5.10]. We do not have the eigenfunctions of (A —
A)*(A — N) explicitly, nonetheless, e~ solves —u’ + (W — X)u = 0 (and ef* solves
u' + (W — A)u = 0) and it turns out that the choice in (4.21) indeed provides the
optimal upper bound for large A in Proposition 4.6. A modification of e*/* is also
used in the lower bound in Proposition 4.7 (see also the remark below its proof).

PROPOSITION 4.6. Let W satisfy Assumption 3.1 and let X> 0 and Ty, be the

integral operator associated with the kernel (4.8). Then Ty, is a bounded operator
on L?(R) and moreover

IThu |l < VAW (22)) 72 exp (2fa(22)) (14 0(1)), A = +o0, (4.22)
where xx and fy are defined as in (4.1) and (4.3), respectively.

Proof. Our task is to estimate the integrals

Auw:/mmw%@@,
R z,y R, A — o0,

{mw:émummmm,

with kx(z,y) as in (4.8) and pa(z),qx(y) as in (4.21). In what follows, we shall
assume A > \g with A\g as in Lemma 4.1.
We split R into subintervals and evaluate I)(z) in each one in turn.
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16 A. Arnal and P. Siegl
(i) z € [CC)\ + 0, +00)

+oo

I(x) = e—fx(%)+fx(ﬂc>\+5>\)/ W) =X

—fa(z ) ) zx+6
o Ia(@)+fr(zat+ox) [_eh(y)]jt _ efr(@xt0x)
- W(Lt)\-l-é)\)—)\ x W(ZL')\+5)\)—>\
. 1
— @) (W’(;(;)\))z e 2 (@) =Ia(@at6x)) | o= Ir(@atdn)
(W' (zy))z \W(za+0x) = A

Applying the mean-value theorem and (3.2) to W and noting that fy(z)) >
Ia(xx +dy), we find

N|=

1
W'(@2)2  —a(paan)-faaaton) <« V(@)

=617
W(xx +6x) — A ~ W ()0 (@)

and hence

I(z) = Va(W' (z3)) 222 Eo()pa(z), A — +oo.

(ii) x € [.T)\ — ), T —|—5)\)

Tx+0x 400
Li(z) = e @ (/ 2P Wy +/ ef*(y)q,\(y)dy> .

rx+0x

Applying (4.14) with M =2, we have for A — 400

T+
/ 2 Wy < / 2P Wy = \/77—(W/(I>\))7%62fk(m>\)(1 +0(1)).

’
QN+

Moreover, using (i)

/+D: ef*(y)qA(y)dy — efk(ﬁfx+5>\)j)\(x)\ +63)
Tx+0x
= VAW (x)) "2 5o(1),
as A — 4-o00. Therefore
(@) < VAW (22) 2 (L4 o(D)pa(a), A — +o.

(111) x € [O,ZL')\ — 5)\)

Tx—0x o0
IA(x) — o~ M (®@) (/ e2f)‘(y)dy+/ ) ef/\(y)qA(y)dy> )
xT TX—O0XN
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The first of the above two integrals can be estimated as in (i) (noting that

Ia@a) > falza —6x))

Ty —0N 62f;(m,\76A) _ leA(:L’) 62f,\(m)\75)\)
/ €2fx(y)dy < <

T Q(A—W((L‘)\ —(SA)) 2()\—W($)\—5)\))
< (W ()~ 2@ 6717 ().

~

Moreover, using (ii) as A — 400

—+oo
/ W (y)dy = eI () - 6))
1:>\75A

VAW (22)) 722 @) (1 4 0(1))

IA

and therefore
I(z) < VAW (z3)) 2220 (1 4+ 0(1))pa(z), A — +00.

T € [—33,\ + 5)\,0)

0 +oo
I\(z) = e~ (@) </ esz(y)dy +/ ef*(y)(p\(y)dy) )

0

Proceeding as in (iii) (recall that fi(z) < 0 for z € (=z,0,0) D Q) _ and
W is even)

0
1 1
2fx(y) < < / —2e2M (@) 51y )
/z e Wdy < SO W =0y ~ (W'(xx)) " 2e (@)

Moreover, using (iii) as A — 400

/0+°° e W gy (y)dy = I,(0) < Va(W'(z,)) 22 (1 4 0(1))

and therefore
I(z) < VAW (z3)) 2220 (1 4+ 0(1))pa(z), A — +00.

xr € [—1‘,\ —5)\,—11,’)\ —|—5>\)

—xx+0x 400
Iy(z) = e H® </ 2P Wy _|_/ ef*(y)q,\(y)dy> )

T+

Applying (4.15) with M =2, we have for A\ — +o0

—Tx+0x
/ 2w gy < / 2HW Ay = JR(W (2)) 32 o(1).
T Q’)\,i
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Moreover, using (iv)

+o00o
/ P W (y)dy = eNTINL (—ay +6))
—Tx+dx

< VAW (@) 7220 (14 0(1)),
as A — +o0o. Therefore

In(z) < VT(W (22) 72 E) (1 4+ 0(1))pa(z), A — +oo.

(vi) z € (—o0,—x\ — 0y)

—x\—06x

—xTx—0x —+00
I(z) = e~ (@) (/ efx(y)-&-fx(—fﬂx—tk)dy_’_/ ef*(y)q)\(y)dy> .
>0

Arguing as in (i) and using the facts that W is even, fy is odd and fi(x)
in [zy, x)\ + 05], we find

—x\—0 5
/ A kefx(y)—fk(“"“sk)dy < e/ ()
. -

JC,\—F(S)\)—)\

< (@) L ! (x>\1) 2 @)+ (@a+8n)
~ (W'(zx))2

Moreover, using (v)

+oo
/ W (y)dy = e PO (—ay - 6))
793)\76)\
< VAW (1)) 22PN (14 0(1)),
as A = +o0o. Therefore (note that fy(z) > fa(—zx — dy))
I(w) < VAW (@) 2P (14 o(1)pa(x), A — +oo.

We have therefore shown that for any = € R

L) < Vr(W(22) 72214 0(1))pa(e), A — +oo, (4.23)

with error term, o(1), uniformly bounded in z in all the above calculations. We can
also prove that for any y € R

Ia(y) < Va(W'(@x) 2201+ 0(1)aa(y), A — +oo, (4.24)

by either repeating the arguments used for I or simply noting that, for any y € R,
we have ¢)(y) = pa(—y) and Jx(y) = Ix(—y), and applying (4.23).

Finally, from (4.23)-(4.24), an appeal to Schur’s test (refer to (2.4)-(2.5)) yields
(4.22). O
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4.2.2. The lower bound
Our next result shows that (4.22) is optimal.

PROPOSITION 4.7. Let W satisfy Assumption 3.1, and let A> 0 and Ty, be the
integral operator associated with the kernel (4.8). Then

ITis |l > VAW (22)) 72 exp (2fa(22)) (1 + 0(1)), A — +o0, (4.25)
where x) and fy are defined as in (4.1) and (4.3), respectively.

Proof. For sufficiently large A >0 (see Lemma 4.1) and with Q) | as defined in
(4.9), let

ua(y) = PV, e, (4.26)
0, otherwise.

Then by (4.14) with M =2

a2 = / 2Py = E(W (1)) 22 @) (14 0(1)), A +o0. (4.27)

A+

Let for any = € R and sufficiently large A >0

+oo
ux(x) := Tiyoa(r) = /ka(fﬂ,y)vx(y)dy = eff*(“’)/ Wy (y)dy,

where for the last equality we have used the definitions (4.8) and (4.26). Then, for
any x € Q) _, we have ux(x) = exp(—fa(z))llval[* and, using the fact that fy is
odd and (4.27), we find

luall? / fua (2)[2dz = [Ju |1 / 2@ dg = oy
g/ !

L. Qf _

Hence, by (4.27)

||||M|| > ol = VAW (22)) 22D (1 4 0(1)), A — +oo,
[

and (4.25) follows. O

Noting that f) is odd (Lemma 4.1) and our earlier comments in Sub-section 4.2.1
regarding the optimal choice of weights in Schur’s test, the above proof could also
have been carried out with the test function

e*f)\(y)7 Yy € Ql)\’,7

Ua(y) =
0, otherwise,

and uy = T} Uy.
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4.2.3. The theorem’s proof

Proof of Theorem 4.2. With T}, determined by the kernel (4.8) and appealing to
Propositions 4.6, 4.7, it is enough to prove that the equality (A —\)~! = T}, holds
on C°(R), a dense subset of L?(R), for sufficiently large A > 0.

Let v € C°(R); since, for any fixed and sufficiently large A >0, we have T}, €
ZL(L*(R)), the function uy(x) := Ty, v(z), * € R, belongs to L?(R) and moreover,
with arbitrary f € C°(R), elementary calculations show that

(=Opux + Wuy, f) = (Aux + v, f).

It follows that —d,uy + Wuy € L?(R), i.e. uy € Dom(A), and Auy = \uy + v.
Furthermore, by (4.4), we have for any z € R and A>0

+o00
(Thr (A = A) (@) = / ePWTINE (o' () + (W (y) — No(y))dy

— _e— @) [efx(y)v(

-

Y) = v(x),

x

which concludes the proof. 0

5. The norm of the semigroup

In this section, we provide an estimate of the norm of the semigroup generated by
—A. We refer the reader to [14, Ex. 6.1.20, Ex. 10.2.9] for instances of semigroups
that follow formula (5.1) (although with different underlying spaces: Cp(R) and
L?(R.), respectively).

THEOREM 5.1. Let W satisfy Assumption 3.1 and let A be the generalized Airy
operator (3.1) in L*>(R). Then —A generates a Cy-semigroup of contractions (S;)i>o
on L?(R). Moreover, for any t > 0 and any f € L*(R), we have

x4+t
(S:1)(x) = explgn(@) fa + ), gi(z) = - / W(s)ds, zeR,  (5.1)

and there exists tg > 0 such that

|&|—%mp<—2[TPV@ﬁb>, £> to, (5.2)

Proof. Since, by Proposition 2.1, — A is densely-defined, m-dissipative and p(—A)N
(0, +00) # 0, the first part of the claim follows immediately from the Lumer-Phillips
theorem (see e.g. [20, Thm. I1.3.15]). Moreover, for any ug € Dom(A), the function
u(+) := S.ug solves the homogenous Cauchy problem

{mﬂ——Amm t>0,

(see [20, Lem. I1.1.3]).Observing that the function ¥(¢,z) = exp(g:(x))Po(x + t),
with g¢(x) as in (5.1), solves the partial differential equation 0; ¥ (¢, z) = 9,V (t,x)—
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W (z)¥(t, z) with initial condition ¥y € W2(R)NDom(W), it can be readily shown
that, for every t > 0, the operator Sy, defined for any f € L?(R) by

(Sef)(@) = explgs(@)) f(a + 1), @ €R,

with g; as in (5.1), is bounded with ||S;|| < 1 and it satisfies the semigroup property
(see (i)-(ii) in [14, p. 167]). Furthermore it can be readily verified that the function

t — S;f is continuous at ¢t =0 for each f € L?(R) and hence (§t)t20 is a contraction

semigroup. Our next step is to show that the generator of (S;);>0, which we shall
denote by (Z,Dom(Z)), is in fact —A. We claim that it is enough to prove Z C —A.
Note that, since (S;);>0 is a contraction semigroup, it follows that 1 € p(Z) (see
[20, Thm. I1.1.10 (ii)]) and hence 1 € p(Z) N p(—A) # 0 (recall that o(—A) = 0 by
Proposition 2.1). Therefore Z C —A implies Z = — A (see [20, Ex. IV.1.21 (5)]).

Let us take f € Dom(Z), with g := Zf € L?(R), and let ¢ € C>°(R) be a test
function. Then

(9:0) = lim (171 (5,f = ),) = lim (£,474(576 — 9). (53)

where (52‘ )i>0 denotes the adjoint semigroup. It is not difficult to verify that its
action on L?(R) is given by

(S;f)(x) = exp(ge(—2)) f(x —t), z€R.

Assuming that supp(¢) C [a,b] (with a,b € R, a < b) and 0 < ¢ < § (with arbitrarily
small 6 > 0), we have

U G- o) = [ s essan(-a) LI =g

b a1
+ / f(x)—exp(gt(t )=l ds,

Noting that g;(-) is continuous and ¢(-) is continuously differentiable, an application
of the dominated convergence theorem yields

hm/f ) exp(ge(~ ))‘““””‘ti /f \F (@) = (f, ).

(5.4)

t—0+

Observe furthermore that, applying the fundamental theorem of calculus for inte-
grable functions (see e.g. [47, Sec. 11.6]) and the dominated convergence theorem
to the second term in the right-hand side of (5.4), we find

lim/f ) SR = Vg = - /f D)W (2)B@)dz = (f,~W).

t—0+

Returning to (5.3) with these results, we have shown

(9,0) = (f,—¢' = W¢),
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with arbitrary ¢ € C2°(R), which proves that f € Dom(—A)and Zf =g = —Af, as
claimed. This concludes the proof of the statement that —A generates ( +)e>0. Since
a Cg-semigroup is uniquely determined by its generator (see [14, Thm. 6.1.16]), it

follows that S; = S; for all t > 0.
It remains to determine ||S||. Note that, for every ¢ > 0, we have that g; is
differentiable a.e. in R and

gi(z) = W(x) — W(z +1t).

By Assumption 3.1 (ii), we can find x1 > g such that W(z1) > [[WX[—z0,z0]llcc-
Choosing tg > 2z and recalling Assumption 3.1 (i), it is clear that, for any (fixed)
t > tg, the value x = —t/2 solves the equation g;(x) = 0. We shall show that this
solution is unique (the idea of the proof may be best illustrated with a picture: see
Fig. 5.1). For this purpose, assume that there exists # € R such that g;(£) = 0. If
& € [0, 2], then

W () < WX (=000l loc < W(z1) <W(t) < W(E+1)

which contradicts the fact that & is a solution. If & € (xg,+00), it is not possible
to have W (&) = W(Z + t) since W (x) is strictly increasing in (o, +00) and ¢ > 0.
It therefore follows that & ¢ [0,4+00). If & < —t < —227 < —2x0 and & +t < —xy,
then & cannot be a solution because W (z) is strictly decreasing in (—oo, —zg); on
the other hand, if # < —t < —2x; < —z1 and & + t € [—x0, 0], we have

W(j:) > ”WX[*IO,IO]HOO Z W('i + t)

and therefore & cannot be a solution in this case either. This shows that & ¢
(—o0, —t], which leaves us with (—¢,0) as the only possible solution domain.
Assuming that & € (—t,—t/2) and using Assumptions 3.1 (i), (ii), we have
W(z) > W(t/2) and W(& + t) < W(¢/2), which once again excludes & being a
solution. Finally, if € (—t/2,0), then W (¢/2) > W(Z) and W (Z + t) > W(t/2),
contradicting the fact that & is a solution and completing the proof of the unique-
ness of x = —t/2 as a solution to gi(x) = 0. Since lim;|,4o W(z) = +00 by
Assumption 3.1 (i)-(ii), it follows that lim|,|_, 4 g¢(7) = —oco for any fixed ¢ > to.
Consequently we can find z2(t) > t/2 such that g,(z) < g¢(—t/2) for all |z| > x2(t).

But g; is continuous and therefore = —¢/2 is its maximum in [—z3(t), 22(¢)] and
indeed in R. Hence, sup,cp g+(x) = g:(—t/2) for every t > ¢y and we conclude that
IS¢l = exp(g:(—t/2)), which proves (5.2). O

REMARK 5.2. If W is sufficiently regular around 0, e.g. W € C?(R) and W' (z) > 0,
x>0, then we can take ty = 0 in the statement of Theorem 5.1.

ExaMPLE 5.3. We estimate the semigroup norm for the instances in Example 3.3
(refer also to Example 4.3).

(i) For W(z) = log(x)?, p>0, we find [{/>W(s)ds = W(t/2)t/2 — pt/2 +
parctan(t/2) and hence

18ell = (t/2) 7" exp (p(t — 7)) (L +0(1)), ¢ — +o0.

https://doi.org/10.1017/prm.2025.10056 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10056

Generalized Airy operators 23

-t Xo-t -t12 -x4 -Xo

Figure 5.1. Sketch of the solution to gi(x) = W(z) — W (z + t) = 0 with fixed ¢ > to.

(ii) For W(z) = |z[P, p >0, we have fot/2 W(s)ds = (2= /(p + 1))tP*! and
hence

2D
|S¢]| = exp (—Htp+1> , t>0.
p

In the particular case of the complex Airy operator (i.e. p=2), this yields
|Se|| = exp(—t3/12), as expected (see [27, Eq. 14.3.9]).

(iii) For the fast-growing function W(z) = €l*!”, p >0, we have fot/Q W(s)ds =
/2" F,(t/2), where F,(x) represents the generalized Dawson’s integral
(see Example 4.3 (iii)). This results in the estimate

2p typ
[|S¢]| = exp (—tl_pe(2) (1+ 0(1))) .t — +00.
p

6. Further remarks

6.1. The level curves of the resolvent

To illustrate the role that generalized Airy operators play in the study of more
complex non-self-adjoint operators, we calculate the level curves for the norm of
the resolvent of some particular operators analyzed in detail elsewhere ([7], [4], [5])-

6.1.1. Schrédinger operators with complex potentials
For n € N consider the m-accretive Schrédinger operator in L?(R)

H, = —02+ix", Dom(H,)=W?>?R)NDom(z"), (6.1)
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and let
A, = =0, + |z|™, Dom(A,)=W"'3(R) N Dom(z"), (6.2)

be a generalized Airy operator with W (z) = |z|™ as in Example 4.3 (ii).
For an even n = 2m, the asymptotic behaviour of the norm of the resolvent of
Hs,, for a large positive spectral parameter is found in [7, Ex. 7.1], in detail,

|(Hom = 0) "M = 4531 (40) 75 (14 0@ 550)), a0 (63)

see also [7, Thm. 4.2] for a more general statement including regularly varying
potentials V instead of iz?™. The claim (6.3) can be extended to curves in C,

Ao :=a+ib(a), a>0, bla)>0, (6.4)

adjacent to the positive real axis (see [5, Sub-sec. 4.3.1.2] or [6, Prop. 5.2] for the
proof of a more general statement).

PROPOSITION 6.1. Let Hap, and Agm, m € N, be as in (6.1) and (6.2), respectively.
Suppose that A, in (6.4) is such that for some 6 > 0

b(a)a™" + 2| (A — pra) " Hla"FFH = (1), a — oo, (6.5)

where
fta = (4a) " T F1b(a). (6.6)

Then

1(Hzm = Aa) "l = (A2 — pa) " [[(40) "= (L4 0(1)), @ — +00.  (6.7)

We now illustrate an application of this proposition to deduce a formula for
the 1/e-level curves of the resolvent norm of Hs,y,, i.e. the curves A, on which
|(Ham — Aa) 7Y = 1/¢ for a given £> 0.

Notice that if b(a) in A\, is such that u, = O(1) as a — 400, i.e. if

b(a) = a1 O(1), a— +oo, (6.8)
then the condition (6.5) is satisfied and it follows from (6.7) that
[[(Ham — Xa) M| = 0(1), a— +o0. (6.9)

Hence, to find the curves with a constant resolvent norm, b(a) needs to be such
that pu, — +00 as a — 400, i.e. we need that

. b(a
lim sup # = 4o00.
a—+oco @2m+1

On the other hand, for
bla) Z amFn T
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with § >0, we have from [33, Ex. 5.3] that

[|(Ham — Xa) M| = +00, a — +oo0.

Thus the sought 1/e-level curves must be of the form \, = a+ia™/?"+!p(a), where

0 is unbounded, but smaller than any power of a as a — +o00. Combining (6.7) and
Example 4.3 (ii) with p = 2m we find the following.

COROLLARY 6.2. Let Hop,, m € N, be as in (6.1). For any €> 0, there exists a
curve A, = a + ib(a) satisfying

2

2m m ﬁ
2 1Y\ 2m+1 m m
b(a) = ( m > e (log <“2 +>> (1+0(1)), a— +oo, (6.10)

2m 5

such that, for all sufficiently large a> 0,
_ 1
[ (Ham — Xa) 'l = o (6.11)
Proof. We first verify that the curves with (6.10) satisty the condition (6.5). To this

end, notice that p, — 400 as a = +oo, see (6.6) and (6.10), and Example 4.3 (ii)
with p = 2m yields

T dm 2
(Ao —pa) || = qmHa™" eXP | 5T e (I+0(1)), a— +oo. (6.12)

Straightforward estimates lead to
bla)a™ + 122 (Aam — p) o™ FH S < a I g g,

where ' > 0 can be taken arbitrarily small. Thus, for § > 0 sufficiently small, the
condition (6.5) indeed holds.
In the next step, we justify formula (6.10). To this end, we write

b(a) = (4a)T g (6.13)

and formulate (6.11) as an equation for z > 1; recall that we know that it is necessary
that + — 400 as a — +00, see (6.8) and (6.9). In detail, employing (6.6), (6.7) and
(6.12) and taking log in (6.11), the sought = > 1 must satisfy (after straightforward

calculations)
m 2m — 1 mer 2m 4+ 1 T
e T e et L 2 e T L o(1), a— 400 (6.14)
€

8m

Notice that the equation (for y) of the form y = clogy + t with ¢>0 fixed and
t > 0 large has exactly one solution y >t and this can be found by iterations

4m

Ynt+1 = ClOgyn +1, ne NO) Yo =1,

since y — clogy + t is a contraction for y > t > 2c. Moreover, by the standard
estimates in the fixed point argument, it follows that the solution is of the form
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y=1t(14o(1)) as t — +oo. Applying this for z in (6.14) and returning to (6.13),
we find (6.10); the detailed straightforward calculations are omitted. O

We conclude by noting that for Hso, i.e. the complex harmonic oscillator first
studied by Davies in [15], the curve in (6.10) becomes

2
3

2
3\ 3
b(a) = <2) as <log(a%5_1)) (I+0(1)), a— Hoc;
cf. also [13, Sec. 4.2] where a different method is used.

6.1.2. The wave equation with unbounded damping
In a similar way as in Sub-section 6.1.1, generalized Airy operators with non-
polynomial potentials a

A= -0, +a(x) (6.15)
arise in the analysis of the quadratic operator function T'(\) in L?(R)
T(\) = =92 4 2Xa(x) + X2, A€ C\ (—o0,0]. (6.16)

For the relation of T'(\) to the damped wave equation, see e.g. [4].

For an unbounded, increasing and even a satisfying technical assumptions [4,
Asm. 3.1] (which are stronger than our Assumption 3.1 on W := a here), it was
established in [4, Thm. 4.3] that

|T(@b) | = [[AH[(26) "1 (1 4+ o(1)), b — +oo. (6.17)

We note that T'(\)* = T'(A), for A € C\ (—00,0], (see [21, Thm. 2.4]) and it is
therefore sufficient to study A in the second quadrant of C.

Similarly as for Schrodinger operators in Sub-section 6.1.1, it is possible to extend
the estimate (6.17) to general curves

Api= —c(b) +ib, beR, ¢(b) >0, (6.18)

in the left complex half-plane and adjacent to the imaginary axis (a proof of the
following proposition can be found in [5, Sub-sec. 5.2.2]).

PROPOSITION 6.3. Let a satisfy [4, Asm. 3.1], let T(\) be as in (6.16) and let A
be as in (6.15). Suppose that A, in (6.18) is such that

(D™ 4 ¢(b)?||(A — ()bt = 0(1), b— oo, (6.19)

Then
IT(N) 7 = [1(A = e(0) 1 (20) " (1 + 0(1)), b — +oo. (6.20)

Analogously to Corollary 6.2, employing Theorem 4.2, Example 4.3 (i) and (6.20),
one can attempt to find 1/e-level curves of | T°(-)7!| e.g. for

a(xz) =log(z)?, p>0.
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We conjecture that, for a given £> 0, there is a curve Ay in (6.18) satisfying

2b
c(b) = ploglog (E) (I1+0(1)), b— oo, (6.21)
such that, for all sufficiently large b >0,
1
T(\) M ==
7w = 2

We note, without elaborating further here, that the issue is that, unlike
Corollary 6.2, the curves (6.21) do not satisfy condition (6.19).

6.2. Optimality of resolvent bounds in [41]

We use Theorem 4.2 to show that the exponential rates in the recent abstract
resolvent upper bounds in [41], generalizing the classical Carleman-type estimates,
are optimal (see also [9-11]). In fact, for quasi-nilpotent operators, they are achieved
by the resolvent of generalized Airy operators

A, = =0, +ilz|’, Dom(A,) =W %(R) N Dom(|z|"), p > 0. (6.22)

In detail, the following is an immediate corollary of [41, Thm. 4.12] for operators
with compact resolvent and empty spectrum.

COROLLARY 6.4. Let B be a closed operator in a separable Hilbert space H and
assume that o(B) =0 and B™! € 8, 0 (H) for some q> 0. Then

log (B =X)7H S A7, [A] = +oc. (6.23)
Proof. We write the resolvent of B as
(B=XN)"t=B1I-ABH! (6.24)

and apply [41, Thm. 4.12]. Since B~! is quasi-nilpotent, the upper bound [41,
Eq. 10] (refer also to [41, Def. 4.8]) reduces to

I =AB=H)7H < Fo(1B™|AD,
where w = {wy} with wy := k=9, k € N; @ is defined in [41, Def. 3.11]-[41,
Def. 3.16], F_ is defined in [41, Eq. 8] and |- |- is defined in [41, Def. 3.2]. By [41,
Prop. 5.4], we finally obtain

log F(IAD) S A7, [A] = 400,

which justifies the claim. O
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To compare (6.23) with our resolvent estimates for Ay, i.e. for Re A = +o0

(A, =2 = \/:(Re N exp (2 (Re )'F ) (1+0(1)), (6.25)

see Theorem 4.2 and Example 4.3 (ii), we analyze the singular values of Ay 1 To
this end, a helpful observation used in the proof of Proposition 6.5 is that the
graph norm separation (2.2) reduces the question to the well-known eigenvalue
asymptotics for the self-adjoint Schrodinger operators in L?(RR)

Sop i= —02 + |z|** +1, Dom(Ss,) = W*?(R) N Dom(|z|**), p >0,
for which (see e.g. [48] or [49, Sec.7])

1
S5l €81y o0r Tpi= %. (6.26)

PROPOSITION 6.5. Let A, be as in (6.22) in L*(R) and let rp, be as in (6.26). Then
A;l € Sor,,00, hence by Corollary 6.4,

_ 1+p
log [[(A4, = NI ST, A = +oc. (6.27)

Comparing (6.25) with (6.27), we conclude that the upper bound (6.27) based
on (6.23) and deduced using fairly general operator-theoretic arguments in [41,
Thm. 4.12], yields an optimal rate in the exponential growth of the resolvent norm

of A,.

Proof. 1t is well-known that the operators S;, are associated with the closed,
symmetric forms

saplu] := [[/||* + [[Je[Pull® + [lul|*,  Dom(szp) := W*(R) N Dom(|z["),

see e.g. [31, 39]. By the graph norm separation (2.2) and the Second Representation
Theorem (see [31, Thm. VI.2.23]), we have

1
lApul® + lull® & [w/II* + 2 Pull® + [lul® ~ [[S5,u],

for any v € Dom(A,) = Dom(sg,) = Dom(SQ%p). It follows that SépAJ;l is well-
defined and bounded. Hence, writing

Al = 5,758 A

2p*7p
and using (6.26) together with the functional calculus (i.e. SQ_p% € Sopp00)s WE
obtain from the standard inequalities for singular values (see e.g. [22, Chap. II
§2]) that A;' € Sy, 00 as claimed. The bound (6.27) follows immediately from
Corollary 6.4. O
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6.2.1. Schrédinger operators with imaginary monomial potentials
Finally, although not using the results of this paper, we remark that the upper
bounds in [41, Thm. 4.12] for operators with non-empty spectrum are exhausted
by the resolvents of Schrodinger operators H,, in (6.1) for n € N\ {1} if the spectral
parameter remains sufficiently far from the spectrum.

Indeed, arguing as in (6.24), the result [41, Thm. 4.12] yields that, if B™! € S, o,
then for A — oo such that dist(1,o0(AB~1)) > 1 we have

log [[(B =AM S A7, A = +oo. (6.28)

Similarly as for A, in Proposition 6.5, the graph norm separation for H,, see
e.g. [8], leads to
n -+ 2

H'e Sgnioor Gn = “on

n

n €N

see also [2]. Moreover, we have
o(Hs) CRy, o(Ham) C e *mi0R,, meN;

see [18, 44] for the case n =3 and employ complex scaling for n = 2m.

The lower bounds for the resolvent norm are obtained by pseudomode construc-
tions, see [16] (or [34] with a detailed proof for Schrédinger operators in L?(R))
and they yield that

log [|(Hy —€s)~ || 2 57, s — +oo,

where 0 € (0,7/2) if n is even, 0 € (—7/2,7/2) if n is odd. Thus (6.28) are indeed
exhausted for H,,.
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