Angular Momentum Theory

In this chapter we will develop the quantum theory of angular momentum. As in
classical mechanics, working with angular momentum requires that we leave the one-
dimensional space in which we have been working so far, with all the complications
that this entails.

For two- or three-dimensional problems, the notion of angular momentum is not only
very useful, but to a large extent necessary. In QM, this importance is accentuated
by at least three facts: (i) central problems are of particular interest (the problem of
the H atom is paradigmatic); (ii) many particles have an intrinsic angular momentum
(the spin); and (iii) the physics of angular momentum involves features such as the so-
called space quantization, that have no classical analog but are essential for describing
the behavior of quantum systems, even the simplest atom. Moreover, since angu-
lar momentum is described by an operator, studying its properties gives us another
opportunity to learn how to deal with the quantum formalism.

11.1 Orbital Angular Momentum. Spherical Harmonics
. _______________________________________________________________________________________________|

We saw in Section 8.7.2 that the orbital angular momentum operator L can be defined
in QM precisely as in classical theory,

o~

L=7xp. (11.1)

If you have not read that section, take Eq. (11.1) as the definition. Note that7 x p =
—P X T in classical physics, so there is no problem with the order of the factors
when moving from the classical to the quantum case. In Cartesian coordinates, the
components of L are

-~

PN . 0
L; = gjjkj:xjXpr = —lhsijkxj'a—xk (11.2)

(summing over repeated indices is understood; ¢;jx is the totally anti-symmetric 3-D
Levi—Civita tensor). In spherical coordinates we have

- bl 1 9
L=—-ihla,— —ap— — |, (11.3)
a0 sinf d¢

whence L commutes with functions of r and of 8 /or, that is,

[i, f <r, aa_rﬂ =0. (11.4)

This feature will prove very useful.
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We will now study the commutation properties of L with different dynamical
variables. We start with the following equations in Cartesian coordinates,

P - - 0
i, PP = i, (71, Q)] = —ihoe. (11.5)
api 8xl’
From the first expression it follows that
—~ - —~ ~ 0P
[x; pj, P(P)] = xi pj P(P) — P(P)xipj = (xi P — Px;)p; = lha_ﬁpj' (11.6)
Interchanging the indices i and j and taking the difference between the two results gives
= —~ ~ (0P __ 0P _
[Lx. P(P)] = [xipj — xjpi, P(P)] = ik <—Pj - —Pi> . (11.7)
api apj
Similarly, from Eq. (11.5) it follows that
—~ ~ ~ ~ 00
Lxi pj. Q(0)] = xi pj Q(x) — xi Q) pj = xi[pj Q)] = —ihxi =, (11.8)
j
which gives
-~ ~ ~ . a a
[Li. Q)] = [xiB) — % Pir Q(0)] = —i (xi Ly —Q> : (11.9)
ij Bxi

In Egs. (11.7) and (11.9) the indices i, j, k are in cyclic order. As a simple example of
application of these results, we calculate the commutators [L;,x;] and [L;, ;’fj],1

~ 0 0
[Ly.x]=—ih <y—x - z—x> =0,
y

0z a
Toyl=—in(y2 2 =ine,
0z ay
~ a ad
[Ly,z] =—ih <y—Z - z—Z> = —ihy; (11.10)
z dy
T = . P Opx
L., P =—ih - -0,
[Lx, px] l <Py ap. Pz apy)
[Lx, Pyl = ihpy, [Ly, pr]l = —ihpy. (11.11)

Of particular importance are the commutators of the components of L, which we
proceed to determine. Since the L; are linear combinations of components of r and P,
it follows that they do not commute with each other (we give the Cartesian index the
values 1, 2, 3 or x, y, z, as convenient). Specifically,

(Ly, Lyl =[Ly,2Px] — [Ly,xP:]
= [Ly,z]px — x[Lx, pz] = —ihypyx + ihixpy = ihL, (11.12)

where we have used (11.10) and (11.11). To the commutator

[L.,Ly]=ihL, (11.13)

1" Note that Eqgs. (11.10) and (11.11) are particular cases of the general law [i,-, Aj} =ihejjk Ay derived in
Section 8.7.2.
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we may add the cyclic permutations,
[Ly,L.)=ihLy, [L, L,]=ihL,, (11.14)
and write the results formally and succinctly as
L xL=ihL. (11.15)

(Note that the cross product of a vector by itself is not necessarily zero, if the vector is
an operator.)
~ . =2 .
To calculate the commutator of a component L; with the operator L™, we write

P=12+12+12 (11.16)
so we get, for example,
A2 o~ o~ o~ o~
[L°.L]=[L;+L; L]
= Zx[zx’ Z'l\z] + [Zx’zz]zx + zl\y[zy’zz] + [Zya 2l\z]zy =0, (11-17)
1€,

[L°,1,1=0, i=1,23. (11.18)

The result just obtained was expected, since L7 is a scalar operator, and thus invariant
to rotations of the coordinate system, and the Ly are the generators of such rotations.
Since L commutes with each component L;, it looks as if simultaneous eigenstates of
L? and the three L; exist. However, Eqgs. (11.13) and (11.14) show that the L; do not
commute with each other, so at most one of them can be fixed in a given state. This
means that although all three components are integrals of motion, only one of them
can have a well-defined value. Taking, in a purely conventional way, L, as the variable
with a well-defined value, we can construct the simultancous eigenstate of L% and ZZ,
namely |L L), which in general is not an eigenstate of L, and Zy. In fact, by applying
Heisenberg’s inequality to Eq. (11.13), we obtain

(ALON(AL Y = LT, P, (11.19)

which shows that when <ZZ> # 0 (its value is well defined), the components L, and
fy are necessarily distributed. However, if (fz) = 0, all projections of L can be well
defined, with (L) = (fy) = (fz) = 0. Let us look at this last case more closely. If
(L) = 0 or, what is equivalent,

Livo) =0, (11.20)
where |1g) corresponds to the zero eigenvalue of L;, the three Cartesian compo-
nents of L are well defined (all three eigenvalues are 0). Writing the wave function as

Yo(r,0,9) = (r,0, ¢|¥p), we see from (11.3) and (11.20) that the following differential
equation must hold

9 19
P LI WA 11.21
(a“’ 96 Sine a<p) Vo (1121

whose general solution

Yo =y (r), (11.22)
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273 11.1 Orbital Angular Momentum. Spherical Harmonics

does not depend on the angular variables, that is, it is a state with spherical symmetry.
These are the so-called s-states, with zero orbital angular momentum. For any other
state, assuming that L is well defined, the variables L, and L, are dispersive.

11.1.1 Dynamics of angular momentum

From Eq. (11.7) with P(p) = p?/2m, we see that the three components of the angular
momentum commute with the kinetic-energy operator,

~2 . ~2 ~2 .
~ D ih (0p° . 0p~ _ ih .
L,_ = — | — _— = — — =O, 1123
[ x 2m} . (3py = Py) — (PyP: = P=Py) (11.23)
or in vector form,
=2
[L, ”_} —0. (11.24)
2m
On the other hand, applying Eq. (11.9) to the potential energy, we get
~ A% aVv
[Ly, V()] =—ih|y— —z— | =ih(yF, — zF)), (11.25)
0z dy
where F; = —3V /0x; is the external force. Since y F; — zFy is the x-component of the

momentum of the external force (or torque) M,

o~

M=FxF, (11.26)
we can write the preceding result in vector form,
[L,V(r)] =ihM. (11.27)
Adding Egs. (11.24) and (11.27) and introducing the Hamiltonian H= P2/2m+V(r)
gives
[L,H]=ihM. (11.28)
This equation shows that if the external force exerts a torque M on the particle, L

does not commute with the Hamiltonian. Combining Eq. (11.28) with the Heisenberg

equation of motion applied to L (writing L = L),
ihl = [L, H], (11.29)

we obtain the law of evolution of the angular momentum

dL  ~

— =M, 11.30

T (11.30)
which has the same form as the corresponding classical law. We see that M is the cause
of the evolution of L.

For radial or central forces (for which M = 0), H and L commute and therefore have
common eigenvectors. The reason for this result is that in this case the Hamiltonian
is invariant with respect to rotations of the coordinate system and therefore invariant
with respect to the generator of rotations, L.
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274 11 Angular Momentum Theory

When (M) # 0, we can use Eq. (8.73) to determine a characteristic time of evolution
77 of the angular momentum. If (AL) represents the standard deviation of L in the
given state, we have

AL
= Q (11.31)
|(M)]

Therefore, according to the Mandelstam—Tamm inequality (8.75) applied to L,

-~ 2
~ AL 12
(AH) ><<—d(i)/dt) >z 12, (11.32)

the evolution time 77, is not arbitrarily short but is bounded from below by the standard
deviation of the energy.

11.1.2 Spherical harmonics and their eigenvalues

We will now establish the differential equations for the eigenfunctions and eigenvalues
of the orbital angular-momentum operators. It is convenient to use spherical coor-
dinates for this purpose, since the angular-momentum operator commutes with the
variable r and acts only on the angular variables 6 and ¢, so it is a function of only
these two variables.

We look for simultaneous eigenfunctions of L? and one of its components, say, ZZ,
so the equations to solve are

L2Y 0, ¢) = B2AY (0, 9), (11.33)

L.Y(0,9) = hmY(6,9), (11.34)

where Y (0, ¢) are the eigenfunctions, and the eigenvalues A and m are dimensionless
parameters to be determined. From (11.3) squared, we get

~ 2
-2 2 [~ ag
L =—-Nh dg — ——9,
(a(p ! Sino (p)

=12 [ﬁw - 99(@09) — By - 0o (a—eaw)

sin 6

ap ay ay
—— 9 0 — 0y | =—=0 . 11.35
sin @ o@p0) + sing ¢ (sin@ w)] ( )

From the expressions for a,,ag and a, in terms of the Cartesian unit vectors a,, ay, a;,

a, =a,sinf cos¢ +a, sinf sing +a; cos o, (11.36)
ay = a, cosf cos ¢ +ay cosf sing —a sinb, (11.37)
a, = —a, sing +a, cos ¢, (11.38)
it follows that
dpa, =0, dgay = —a,,
dpap =a, cosb, dya, = —a, sinf —ag cosh. (11.39)
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Plugging these results into Eq. (11.35) we get

=2 2.0 cosO I 5
L =-h|0) + — 0
[ b sin6 * sin2 6 ‘p]
1 1
= —h? 32+ ——p(sin0dp) | . 11.40
I:sinZG o sin 6 b(sin 9):| ( )
To construct the operator ZZ we project the L given by Eq. (11.3) in the z-direction,
~ o~ (= ay
L. — —iha. - 09 — ——0y | . 11.41
cT T (a"’g sin0 “’) (11.41)
Since from Eqs. (11.37) and (11.38) it follows thata, -a, =0, a,-ay = —sin6, the
result is
L, =—ihd,. (11.42)
With (11.40) and (11.42), the eigenvalue equations (11.33) and (11.34) take the form
aY
— =imY, (11.43)
de
1 9 Yy 1 9%y
—— (sinf— | + ———= = —AY. (11.44)
sinf 90 00 sin? 6 d¢g?

The solution of this pair of equations is simplified by first solving Eq. (11.43) for ZZ,
Y(0,9) = O@B)e ™. (11.45)

For this to be a physical (i.e., single-valued) solution, its value must be the same for ¢
and ¢ + 27m, where

Im| =0,1,2,... (11.46)

Therefore the eigenvalues hm of ZZ are integer multiples, positive or negative, of &:
0, +h, £2h, ... Since the z-direction is arbitrary, the result must be understood in the
sense that the projection of the orbital momentum in any given direction is quantized,
so that the eigenvalues of the operator n - L, where n is a unit vector in that direc-
tion, are 0, +h, £27, ... This is the so-called space quantization,> perhaps one of the
most counterintuitive concepts in QM. For historical reasons (related to its important
applications, see Section 12.7), the quantum number m is called the magnetic quantum
number.
Substituting (11.45) in Eq. (11.44), we get

2

1 9 9 m
——|sinf— ) O — ——06 + 10 =0. 11.47
sinf 96 (sm ) sin” 0 * ( )

We recognize here the Legendre differential equation, which has a solution for all
values of the parameter A. In general, however, such solutions diverge for some
value of the variable # within the interval (0, ), so they are physically inadmissible.
Equation (11.47) has regular solutions in (0, ) for m > 0 if and only if

A=I1l+1), [>]|m| (11.48)

2 This term does not refer to the quantization of space of course, but to the possible values of the angular-
momentum projections in a given direction.
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with [ an integer, / = 0,1,2,... This means that also the magnitude of the orbital
angular momentum is quantized.3

The appropriate solutions of Eq. (11.47) are the associated Legendre polynomials
©(0) = P/"(x), with x = cos 6, which can be obtained using the Rodrigues formula

P"(x) = L(1 - x%mﬂﬂ()ﬂ -1 (11.49)
T dx!+m ' '
These functions are orthogonal with respect to the index /,
2 (4 m)

5. (11.50)

1
/_1 P (x) P (x)dx = 71 1 —(l e m

while the factor /¢ in Eq. (11.45) takes care of the orthogonality with respect to the
index m. It is thus established that the simultaneous eigenfunctions of L? and Zz are the
spherical harmonics Y" (0, ¢) ~ P/"(cos 0)e!™¢ . Using formula (11.50) it is not difficult
to show that the Y’s normalized over the entire solid angle are

Q1+ 1)l — m)!

YO0 =\ =

(=)™ P"(cos B)e™?, (11.51)

form > 0.4
For m < 0 we write

Y= (=)"ym (11.52)

The functions ¥;" thus defined form an orthonormal set, so for —/ < m <[ they give

2r  rm
/ / Y0, 9)Y (0, 9) sin0d0dp = 818 (11.53)
0 0

Spherical harmonics have a well-defined parity. To determine it, we observe from
Fig. 11.1 that when the coordinates are reflected with respect to the origin, the angles
6 and ¢ change to

>0 =nm-0;, 9= ¢ =¢p+m, (11.54)

x =cosf — cos(w —6) = —cosbh = —x, (11.55)

which gives a factor (—1)/*; the function Y is then affected by the factor (—1)/*?" =
(—1)!. We write this as an eigenvalue equation for the parity operator,

PY"(6,9) = (—)'Y0,9), (11.56)

to show explicitly that the parity of the spherical harmonics is that of the angular
momentum /,

P=(-1). (11.57)

3 Itis customary to speak of the magnitude of the angular momentum in units of A.

4 Different conventions are used in the literature for defining both the normalization of spherical harmon-
ics and their normalization condition. For example, the normalization factor of Eq. (11.51) may vary from
one text to another. The definition of spherical harmonics for negative m can also vary between different
authors. The present one is used in the book by Condon and Shortley (1935), which is a very common
reference.

https://doi.org/10.1017/9781009679633.012 Published online by Cambridge University Press


https://doi.org/10.1017/9781009679633.012

277 11.1 Orbital Angular Momentum. Spherical Harmonics

[

@TIEEERT  Upon reflection of the coordinates with respect to the origin, the angles 6 and ¢ changetor — 6 and ¢ + 7,
respectively.

11.1.3 Angular momentum dispersion

From the Heisenberg inequalities and the commutation relations (11.10) it follows that
(AL (M) = 37 (0%, (11.58)
(AL (AYP) = §77(2), (11.59)

and so on. From the first inequality we see that the eigenstates of ZZ necessarily have
(x) = 0 and (y) = 0 (this second condition follows from the first by symmetry). The
second inequality tells us that in such a case (z) # 0, as expected for (L 75 0. In other
words, there is rotation about the z-axis. Therefore, an eigenstate of (L;) # 0 means
precession around z.

This is confirmed by Eq. (11.48), the meaning of which can be understood as fol-
lows. The maximum value of the pI’O_]CCthIl of L in any given direction is ﬁmmax =hl,
according to (11.48); from |(L)|max = (L;)max = hl it follows that (AL)*)min =
(iz) — ((i)max)z = K2 + 1) — K*1*> = K21 In other words, if [ # 0, the angu-
lar momentum always precesses around some axis. It is this inevitable precession that
causes the x- and y-components to change continuously, albeit averaging to zero, as
can be seen in Fig. 11.2. From Eq. (11.19) and the figure, we see that when (L) is
maximum, the dispersions on the xy-plane are minimum, which allows us to write

[(ALNALYY| = 4L = 1012, (11.60)
Since (L) = (Ly) = 0, ((AL)*)min = (L2)min = L1, and therefore,
(L2 + L2)min = L. (11.61)
Consequently,
(L*) = (L2 + L) min + (L2 max = W20+ 1212 = KA+ 1), (11.62)
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X

@ITIEIERT Foreigenstates of L, the angular-momentum vector precesses around the z-axis, with its x- and y-components
oscillating periodically around the origin.

which confirms that the term %%/ in the eigenvalue of L? comes from the precession
of the angular momentum around the quantization axis, that is, from the variances
(AL,)?) and ((ALy)?).

In this analysis we have assumed that the averages over the ensemble coincide with
the averages over time, obtained by following a single particle. For example, in Fig. 11.2
we can see that as the particle describes an orbit, Zx takes on different values, pos-
itive and negative, so that the average over one revolution (one period) is zero. But
we can interpret the drawing differently, by considering that it corresponds to a par-
ticle at a given moment, and that at that same moment other particles of the ensemble
would be in other possible positions of the orbit. In this case, the average of L, over
the ensemble is zero. If we stick to this second view, the whole preceding description
will be consistent, but we will have to reinterpret Fig.11.2, understanding that there
are infinitely many vectors L coexisting in the ensemble, uniformly distributed around
the circumference. If we prefer the temporal interpretation, then we will have to pro-
pose that (Zx) = L_xt, where the time average refers to a single particle. As mentioned
earlier, this equality means that the system has ergodic properties (equivalence of the
ensemble average and the individual time average).

It is customary to refer to states with [ = 0 as s states, with / = 1 as p states, and
so on, the order of the letters s, p,d, f, g, corresponding to 0, 1,2, 3,4, 5; hereafter the
order is alphabetical. The current use of the letters s (sharp), p (principal), d (diffusive),
f (fundamental)... is nothing more than a legacy of the prequantum spectroscopic
tradition.

Exercise E11.1. An action-angle Heisenberg inequality
In the Heisenberg—Robertson inequality (8.54) one obtains by taking A = ¢, B =L, =
—i(d/d¢)
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1
Aw¢A¢LZZ§h. (11.63)

Check the validity of this expression.

Solution. Since Ag < 27, for (11.63) to be valid it is required that Ay L. > h/ax, which
is violated if 1 is chosen as one of the eigenfunctions ¥;" (6, ¢) of L;. This contradiction
shows that the inequality (11.63) is only valid under restricted conditions. The difficulty
arises from the fact that the inequalities (8.53) and (8.54) hold only if the two operators
A and B are Hermitian; but L is only Hermitian in the space of periodic functions of
¢ with period 2. Indeed, it follows from

[ vitand =it [ w5 2dp = inwtunr +in [ ilag  ited
that the Hermiticity condition holds if and only if the integrated term vanishes, which
in general only happens if 1| and v, have period 2. In the previous case, this condition
is not met, since the function ¢Y},,(6, ¢) is not periodic in ¢.

To obtain a correct inequality that replaces (11.63), we can proceed in several ways;
one of them is the following. Let us take a periodic function A of ¢ with period 27,
otherwise arbitrary; then A(¢p) = A(p + 27). Since [A,ﬁz] = (hA’, from the inequality
(8.53) we get

~ 1
AyADLZShI(A) |, (11.65)
that is,
~ 1
AapAL:zSh, (11.66)
where
(AAY)
=/ —" 11.67
APV T (dA7dg) | (11.67)

We conclude that an inequality of the Mandelstam—Tamm type is the correct form of
the Heisenberg inequality for angle variables. Alternatively, we can give a correct form
to Eq. (11.63) by replacing ¢ with the periodic function A = ¢ mod 27. A Fourier
expansion gives

o]

1.
A=m+iy, Ze’k‘p, (k # 0), (11.68)
—0Q
and therefore, A’ = — Y ¢k (k # 0). Replacing A and A’ in Eq. (11.65) gives the

desired inequality. Note that A’ is highly singular, since for ¢ # 27n,n = 0,1,2,...,
it is zero, but for ¢ = 27n it is equal to —oo. These singularities are the ones that
cancel (A’) when calculating the expectation value of eigenstates of L. Conversely,
in the initial calculation with A = ¢ we have (A’) = 1, and the inconsistency is
produced.
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11.2 Radial Hamiltonian for Central Forces
|

We have seen that when the external force is central (or radial), the Hamiltonian com-
mutes with Z” and with L., so that there are simultaneous eigenfunctions of these three
operators. In this section we will find the general form of these eigenfunctions, which
are of great theoretical importance.

In the spherical-coordinate system, the Laplacian operator is

19 9 19 9 1 92
v2e 2 (2% Y % (gineZ )y — % 11.69
2 or (r 8r) T 256 90 <Sm 89) T 2 in?e 047 (1.6

Using Eq. (11.40), we can rewrite this operator in the form

h* 9 9 1
~2 292 2
P r2 or (r Br) + r2 ( )
This suggests writing
=2
~ =~ L
=0+ (11.71)

where p, represents the canonical momentum conjugate to r. Since

. 0
r-p=—ihr—, (11.72)
ar

using (11.70), we can write the square of p, in the form
R 9 3 2 d 3 3
~2 2
-9 == _ — — 1, 11.73
Pr=""2% (r 8r> 2 [(rar) (rar)+r8r] (11.73)
or alternatively,
~ 1 A . A
PP =l p’ = ihr - p)l (11.74)
From this it follows that

1 0 1
ﬁr:—(r-ﬁ—ih):—ih<—+—). (11.75)
r ar r

This is the canonical conjugate momentum of the variable r (see Problem 11.7).

Exercise E11.2. Conjugate momentum of the radial variable
Guided by the correspondence with the classical variable p,, derive the correct
quantum expression for the momentum operator conjugate to the variable r.

Solution. The canonical conjugate momentum of  in classical mechanics is p, = % p-r.
Taking into account that p and 7 do not commute, we propose a linear combination
of the form

o~

LT P
pr=)vp‘;+(1—)»);'17, (11.76)
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with A to be determined, to correspond to the preceding formula. It is easy to see that
this p, is Hermitian only for A = 1/2, which gives the symmetric combination

~ LT T
pr=1 (p-—+—~p> . (11.77)
r r
A little algebra using the basic commutator [)Ei, ﬁj] = ihd;; (or alternatively, Eq.

(11.70)) shows that this expression is equivalent to the one given in (11.75). Since we
want the eigenvalues of p, to be real, the final result is unique.

11.2.1 The radial Schrédinger equation

Using Eq. (11.71), we can write the Hamiltonian for a central problem in the form
~2 =2

~ D
A=t
2m + 2mr?

+ V(). (11.78)

Therefore, there are simultaneous eigenstates [n/m) of the Hamiltonian H (with prin-
cipal quantum number n), ’ (with orbital angular-momentum quantum number /)
and L. (with magnetic quantum number m). Furthermore, since the angular depend-
ence of the Hamiltonian is restricted to the term containing iz, the wave function
Yuim(r,0,9) = (rOp|nlm), that is, the coordinate representation of the vector |nlm),
can be factored as the product of a radial function R, (r) and the angular function, that
is, the spherical harmonic Y;" (0, ¢). In fact, if we write

Yim (1,0, ¢) = Rnl(r)Ylm(e, ®) (1179)

and substitute in the Schrodinger equation, using

L'y = A+ Hy", (11.80)
we get
N 52 KRG+ 1)
Ay =22 4y 2T L v | RG)Y" = ERGY™ (11.81)
2m 2mr?

Omitting the common factor Y;”*, which is now irrelevant, this equation reduces to the
radial Schrodinger equation,

=2 2

[”—’ UG V(r)] R() = ER(r). (11.82)

2m 2mr?
Three observations are worth making. First, the factorization just done is independ-
ent of V(r), so the spherical harmonics are the angular wave functions of any central
problem. Second, the effective potential that appears in the radial equation is the sum
of V(r) and the term %2I(I + 1)/2mr?, which represents the so-called centrifugal bar-
rier that prevents the particles from approaching the potential-generating center (the
nucleus of an atom, for example) without limit. This centrifugal repulsion is only
canceled out when the angular momentum is zero. Finally, the eigenstates of H are
degenerate with respect to m, since the eigenvalues of the energy depend in general on
[, but not on m, which does not appear in Eq. (11.82) This allowed us to write R(r)
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in the explicit form R,;(r) in Eq. (11.79). In the next chapter we will use the radial
equation (11.82) to solve several important problems, including that of the H atom.

Exercise E11.3. Particle flow for a central-force problem
Show that if the particles move under the action of a central potential, in an energy
and angular momentum eigenstate, the flow is purely equatorial.

Solution. In spherical coordinates, the components of the particle flow vector are (we
write M for the particle mass)

ih [ oyt 3 ih oy 9
jr=’—<w v —w*—"”), jo =5 (w v —vf*—"’), (11.83)

2M ar or 2Mr a6 a6
. ih oy LY
— — ). 11.84
Je 2Mrsinf <¢ ap v ap ( )

From Egs. (11.79) and (11.45) it follows that the energy and angular momentum
eigenfunction for a central problem can be written in the form

¥ = R(r)O@®)e'™?, (11.85)
where R(r) and ©(0) are real; therefore, the only nonzero component of the flow is
h R%(r)®%(9) h p(r, 9)
— —m —_
M  rsinf M rsin 0

This result represents a net average circulation around the polar axis of the particles
with angular momentum projection fm.

Jo = (11.86)

Exercise E11.4. Schrédinger equation in curvilinear coordinates

According to Egs. (11.73) and (11.75), the operator representing p, is not simply
—ih(d/dr), so that the contribution of the radial component to the energy is not sim-
ply (—h?/2m)(9%/dr?). This shows that care must be taken when defining operators in
curvilinear coordinates. Derive the Schrodinger equation in an arbitrary curvilinear
coordinate system.

Solution. Consider the transition from the Cartesian coordinate system to an arbitrary
curvilinear one {u;}. Suppose that the coordinate transformation is x; = fi(u;); it
follows that

. 9 fk .
= ——; 11.87
Xk Xl: s Ui ( )
and the kinetic energy becomes (various particles are considered, whose masses can be
different)
1 3 i 3fk .
kaxk 2}:{ s o Zg,]uluj, (11.88)
where the metric tensor of the transformation is given by g;;(ux) = Y, my ‘;5’1‘ gfj‘ )
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The coefficients of the velocities in the last expression of (11.88), which play the role
of the effective masses, are now a function of the coordinates. If you want to quantize
this expression, you have the problem of defining the order in which, for example, the
powers of the u; and the factor u; in (11.87) should appear. The easiest way to proceed
is to express the problem in Cartesian coordinates, quantize, and then return to the
curvilinear coordinate system. To write the Schrodinger equation correctly, however,
it is sufficient to write the kinetic energy precisely in the form (11.88), where the com-
ponents of the metric tensor are given by the structure of the square of the line element
in the new coordinate system,

1 (ds\* 1 -
ds? — Zgijduiduj, T=m (E) =3 Zg,-juiu,». (11.89)
LJ

If g is the determinant of the matrix g;;(u), and the matrix inverse is (g; j)’l =g/,
then the Laplacian in the u; coordinate system is (in any number of dimensions; if there
are N equal particles, the sum goes up to 3N)

1 0 0
V= 7z > (@g’fﬁ) : (11.90)
ij ! /

This is precisely the method used earlier to write the Hamiltonian in spherical
coordinates. In fact, in this case

ds® = dr? + r’d6* + r’sin*0de* = Zg,-jduiduj, (11.91)
i,j
from which it follows that the matrix g of the metric tensor is diagonal, with elements
g =1, g0 =12 ¢33 = risin’0, g2=813=g23=0, (11.92)
and therefore

=1, ¢2=r2 P o(sing) 2 2= =B =0, g=rtsin®.
(11.93)
Substituting these values into the expression for the Laplacian leads directly to Eq.

(11.69). The Schrodinger equation for particles of equal mass in the curvilinear uy
coordinate system is then
3 R o1
2

0 i 0
S N2 ij 2 .
TR T 2 <\/§g auj>w+V(uz)w. (11.94)

11.3 Matrix Representation of the Angular Momentum.
The Pauli Matrices

So far we have concentrated on the study of the angular momentum associated with
the orbital motion of particles. However, it is a fact that elementary particles (electron,
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proton, neutron, etc.) have, in addition to mass and charge, other properties associated
with quantum numbers, among which the spin angular momentum stands out.

Particles in general can have an “internal” angular momentum and an associated
quantum number. While the orbital angular momentum can only be an integer multiple
of h, the spin can be an integer or half-integer of /. For example, electrons and nucleons
(protons and neutrons) have spin //2, pions have spin 0, photons have spin £, and so
on. The coordinate representation we have used so far turns out to be too restrictive,
since it excludes from the outset both the possibility of an intrinsic angular momentum
and of half-integer values for it. The theory must therefore be generalized to include
spin.

Following the preceding arguments, the total angular momentum J (which we will
simply call angular momentum when there is no confusion) is generally defined as the
sum of orbital and spinorial contributions,

J=L+5 (11.95)

The definition r x p only applies to the orbital part of 7, and the commutation prop-
erties of L; with Zj and with L were obtained from the definition of L. We will now
use the fact that the commutation relations are independent of the representation.
Therefore, we define the angular-momentum operator as the vector operator whose
components satisfy the following commutation relations,

(i, J;] = iheijudi, (11.96)

(72 71=0. i=123, (11.97)

write a common eigenstate of J *and J. —which, as we know from (11.96), is neither an
eigenstate of J, nor of fy —as |jm), and call j the (total) angular momentum quantum
number and m, the quantum number corresponding to the z-projection of the angular
momentum. The eigenvalue equations now take the form

T2 1jm)y = B2A] jm), (11.98)
Tl jm) = um| jm), (11.99)

where the eigenvalue A will obviously be a function of j, which must reduce to /(I + 1)
when J is reduced to L (i.e., when the spin is zero).

We now determine the possible values of j and m and construct a matrix repre-
sentation of the angular-momentum operators in the basis |jm). The calculation is
an excellent, simple example of the pure matrix methods of QM, in the style of those
developed with the advent of matrix mechanics.

11.3.1 Matrix elements of angular-momentum components

The matrix elements of J2 and j; are immediately obtained, since according to (11.98)
and (11.99), these matrices are diagonal,

G/ [T jm) = A m | jm) = B2A8 1S (11.100)

G'm'| T jm) = hm(j'm’| jm) = Bm8 ;S (11.101)
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To calculate the matrix elements of J, and fy, it is useful to introduce the linear
combinations J; and J_, defined as follows,

T £iTy). (11.102)

o
+ = 5(
These are known as raising and lowering operators, for reasons that will become clear
in Section 3.2.

Since the J; are Hermitian, it follows that fj =J_ and T = .’I:r Here we have
another important example of very commonly used operators that are not Hermitian,
but one is the adjoint of the other, as happened with the a',a operators of the HO.
Using (11.96) and (11.97) it is possible to prove the following commutation properties

(7. 7] =0, (11.103)
[7.,Ti] = +hls, (11.104)
[74, 9] = hl.. (11.105)
In addition, we have the identities
ﬁf_:%(?z—fz(fz—h)), (11.106)
T =4 (7 -7 +m). (11.107)
Note that these two equations can be rewritten in the following useful form (keep them
handy),
T =277 + T2 -nl., (11.108)
T =27 T+ T2 +nl. (11.109)

The difference of these two expressions gives Eq. (11.105). From (11.98), (11.99), and
(11.106), it follows that

TeJ-|jm) = Y2 (A — mGn — )] jm). (11.110)
while (11.107) gives
T_Teljm) = YR [0 — m(m + D1 jm), (11.111)
from which it follows that
(jm| T T jm) = (jm|T- Ty | jm) = §H20. = m(m + 1)] = 0
(the inequality follows from Eq. (8.43)), whence
A—m(m+1)>0. (11.112)
Analogously, from (11.110) we obtain
A—m@m—1)>0. (11.113)

Rewriting the first inequality in the form A > m(m + 1) and adding 1/4 to both sides,
we get

2
A+;{zm2+m+;§=(m+%)~ (11.114)
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We now define a number j by the formula

Jj+3=yr+1 (11.115)

To investigate the meaning of j we get A from this equation,

2
/\=(j+%) —1=JjG+D, (11.116)

which is just the generalization of Eq. (11.48) to the angular momentum j, so that we
identify the parameter j in (11.115) with the quantum number j and the eigenvalues

2 2
of J2 with 12(j + 1). Using (11.115), Eq. (11.114) becomes (j + %) > (m + %) ,
that is,

j+L>m+1 (11.117)

Ifm > —%, then j > m;ifm < —%, then m > —(j + 1). Combining both results, we
get

—j—1l<m<]j. (11.118)
Analogously, (11.113) can be analyzed to conclude that

—j<m<j+1. (11.119)
Both expressions (11.118) and (11.119) must be satisfied, so that

—j<m<j. (11.120)

Note that, as before, mpax = j < +/j(j + 1), so that the notion of precession must be
extended to any angular momentum j # 0. Later we will determine the values that j
and m can take.

We now turn to the construction of the matrix elements of J; and j; Since 7,

) . ~ ~27. .
commutes with J~, every matrix element of [J+, J ] 1s zero, that is,

Gm' (TP T = T TP jm)y = RO = 0 m! | Ty jm) = 0, (11.121)

where A = j(j + 1), = j'(j' + 1). An analogous result is obtained for J_ by taking
the adjoint of the previous expression. We conclude that if j # j’, the matrix elements
of J4 and J_ are zero. Using (11.102) and (11.99) we can synthetically write

(j'm'|Ts| jm) ~ 85, fors =x,y,z,4,—, (11.122)

which tells us that all matrix elements of J; between states corresponding to different
values of j are zero, as is the case with 72. Therefore, the Hilbert space of angular
momentum is partitioned into rotation-invariant orthogonal subspaces, each with a
well-defined value of j. The fact that the subspaces of a given j are invariant with
respect to rotation means that when a rotation is performed, only the vectors belonging
to one such subspace are mixed with each other. Therefore, in the following we will
consider matrix elements between states with the same j; only the projections m, m’
may be different.
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Using the commutator between 7; and f+, (11.104), we now write h(jm/|f+|jm) =
(jm'| T = T T2 jm) = Bom' —m)(jm'| Ty | jm), thatis, (m" —m —1)(jm'|T¢] jm) = 0.
The general solution of this equation is

(jm | T jm) = hCjmSu 1 (11.123)
where the coefficient C;,,, remains to be determined. Taking the adjoint we get

(jm|T_|jm'y = hC S ms1- (11.124)
or, interchanging the indices m and m’,

(/| T-1jm) = hCy St (11.125)

To determine Cj,, we turn to the matrix element of f_JAJr, obtained from (11.111)
with A given by (11.116). Inserting an expansion of the unit in terms of the projectors
|jm’)(jm’|, and using (11.123) and (11.124), we obtain
(jmlT-Te|jm) = §RLj( + 1) = mOm + 1)
=Y GmlT_1jm)G'm | Ty jm) = (jm|T-|jm') (jm'| Ty |jm)
j'm

m'

=17 Cubwmt1Cimbu i1 = P21Cjml?, (11.126)

that is,
ICjm|* = 31j(j + 1) — m(m + 1)]
=3LG+ D+ jm—mm+ 1) —mjl= 3G +m+ D —m).  (11.127)

The phase is not determined by the above relations, so it is chosen arbitrarily; the most
common convention, which we will adopt here, is to take C;,, to be real and positive,

that is,

Cim =\/%(j+m+1)(j—m). (11.128)
Substitution of this value in (11.123) and (11.125) gives the full matrix elements of f+
and f_,

Gom + 1T jom) = b/ 3G 4+ m + DG = m),

= n/L [+ Dj — (n + Dm], (11.129)
Gom = 1T jom) = B/ LG +m)(j —m + 1),
- h\/% [+ 1)j — (m — Dm]. (11.130)

All other matrix elements of these operators are zero. From (11.129) and the definitions
of J4 and J_, (11.102), we get the nonzero matrix elements of J, and J,. Collecting
results,

(om £ 11Tl j.m) = Sh/(F m)(j £m + 1), (11.131)

(om £ 1Tyl jom) = Fishy/GFm)( £ m + 1), (11.132)
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(jm'| T jm) = hm8 (11.133)
(im'[B2jm) = B2 j(j + Dy (11.134)

This completes the construction of the matrix representation of the angular-
momentum operators.

11.3.2 Angular-momentum raising and lowering operators

We now show that the J. are raising and lowering operators acting on m, which in turn
allows us to determine the possible values of j and m. To do this, we express the effect
of J4 on |jm) in the general form

Teljm)y =" Bjwljm'). (11.135)
m’

From this and (11.123) it follows that

(| Tl jm) = BjwSpmr = Bjmr = hC jmbp m1. (11.136)
ml

Substituting into the previous expression the value of the coefficients Bj,  just
obtained, we get

Teljm) = hCimbu mirlim'),

m
T 1jm) = RCjmlj,m + 1), (11.137)

so that the operator f+ effectively increases the value of the projection m by one.
Similarly, we can see that J_ decreases the value of m by one,

T 1jm) = hCjm_1lj.m —1). (11.138)

The states with different m can be generated from the state with the minimum m
(which is —j) by repeated application of the raising operator. Since each application
of f+ increases the value of m by one, m can only vary in unit steps, taking the values
—Jj,—j+1,—j+2,...,j—1, j. The number of steps needed to cover all possible values
of m, fromm = —j tom = j,is 2j, and we get

Tiljs—j)y = hCj_jlj,—j + 1),
~\2, . . . .
(T4)71j. =) = W*Cj—iCj—jrilis = +2),

~\2j . . i ..
(T) 7 1jo=0) =B C—iCi—js1 ... Cyjlid)- (11.139)

Since the total number of steps is an integer, j can take integer values 0,1,2,...or
half-integer values 1/2,3/2,... In this way, we verify that the theory covers all the
cases of interest, allowing both the integer orbital momentum and the integer or half-
integer spinor momentum to be taken into account. We have thus fully determined the
angular-momentum operators and their eigenvalues.

For a given j, the matrices must contain the 2j + 1 possible values of m from —j to
-+ in unit steps, so they must be square matrices with 2 + 1 rows and columns. The

https://doi.org/10.1017/9781009679633.012 Published online by Cambridge University Press


https://doi.org/10.1017/9781009679633.012

289 11.3 Matrix Representation of the Angular Momentum. The Pauli Matrices

corresponding 2 + 1 basis vectors, |j, —j), |j,—j + 1),...,1j, j — 1),]/, j), can be
selected as
1 0
. . 0 . . 1 . . 0
ljsiy=1o | lisi=U=] o |: lisi=2)=]| 1 |, andsoon. (11.140)
The matrices j; and :72 take the diagonal form
J 0 0 1 00
R 0 j—1 0 ~3 5 010
J,=h| . . ) , JT=RjG+D] o 0 1 , (11.141)

0 o0 0 —j
while the matrices representing 7, and f} have their nonzero elements shifted by

one unit to either side of the main diagonal. If we denote the nonzero elements
schematically by Cj, the structure of J, for example, is

0 C, 0 0
| Go0co
7= : 0 C 0 C. - (11.142)

0 0 C. O
and similarly for fy, but with imaginary elements.

11.3.3 The spin angular momentum 1/2: Pauli matrices

We will use the above results to construct the angular-momentum operators for spin
1/2. The results obtained here will be fundamental for studying important problems in
which the electron spin in particular plays a relevant role, but they also apply to other
particles with spin 1/2.

To study spin 1/2, we take / = 0 and J=5, with j = s = 1/2. The projection m can
only take the values m = £1/2 so the spinor space is two-dimensional. In the matrix
representation the basis vectors are

. ( (1) ) (11.143)

=g )i =1

Thus, the wave function of an electron (or any particle with spin 1/2), called a spinor,
has two components, each corresponding to one of the possible projections of the spin
in spin space.

The general state consists of a superposition of states v with spin up |+) and states
Yw_ with spin down |—), which we write as

|w>=m|+>+w_|—>=(é>w++( ; )¢_=< jj ) (11.144)

)

o —
Dol —
o —

b}

o —

+) =1
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By taking another spinor |¢) with components ¢ and ¢_, we can construct the scalar
product (the result is a pseudo-scalar, not a scalar)

(/

(lv) =( ¢f o )( -

) = v +oiy_. (11.145)
In particular, with ¢ = ¢ we get

W) = [P + V- > = py + p—. (11.146)

Suppose that ¥, ¥_ are in the coordinate representation; then the particle density in
the configuration space is given by the sum of the densities corresponding to spin up
and spin down, with no interference between them. Note that (y|y) is a scalar in spin
space, but not necessarily the square of the norm; it is the density associated with 1,
since the vectors in this section refer exclusively to spin space, and their coefficients are
wave functions in other spaces, such as ¥+ = ¥ (x,1).

According to Egs. (11.141) and (11.142), the matrices Sy, S’y and 3‘2 have the form

& 0 C o 0 icC o 10
_l ! :l 2 :l
S = 2h( Ci 0 ) S 2h( —iC; 0 ) 5 2h< 0 —1 )
(11.147)

with the coefficients Cy, C; obtained from Eqs. (11.131) and (11.132). For example, if
C; corresponds to m = —1/2 (upper sign in Eq. (11.131)), then C; = 1. Completing
the calculations gives

R 0 1 X 0 —i . 10
sz%h(1 0), Sy:%h<i ) ) SZ:%h<O 0 ) (11.148)

It is usual to write these results in terms of the Hermitian Pauli matrices 6;, which were
introduced in Section 3.7, that is,

S:

N 0 1 N 0 —i N I 0
(71—(1 O), 0’2—(1_ 0 >, U3—<0 1 > (11.150)

These matrices together with the identity matrix form a complete set of linearly inde-
pendent 2x2 operators in the 2D Hilbert space, and any operator in this space can be
written as a linear combination of them. Using (11.148) and (11.150) in combination
with the fundamental commutation rules of angular-momentum operators (11.96), we
obtain the commutation rules

hé, (11.149)

=

where

[5,’,5']'] =2i8ijk8k~ (11151)
Furthermore, from the definition (11.96) we can immediately verify that the square of
each Pauli matrix is the unit,
62 =1 (11.152)
These two properties can be summarized in the following expression, which is specific
of Pauli matrices,

&,’(3’]' =H5ij+i8,'jk&k. (11.153)
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o . . . 1
The raising and lowering operators for spin 5 are

5. = b (61 + i) =¢§( - > 5 =fz( - ) (11.154)

and the projection operators are

ﬁ+=|+><+|=($ 8) ﬁ—=|—><—|=(8 ?) (11.155)

For further properties of Pauli matrices, see Section 3.7 and Exercise E4.7.
For reference, the angular momentum matrices for j = 1 are (see Problem 11.10):

p (010 s (0 =i 0 10 0
h=—|10 1|, =i 0 - |, Z=nr[0 0 o0
v2\o 1 o V2 o i o 00 —1
(11.156)

In the coordinate representation, the three angular components of the wave function
for [ = 1, corresponding to m = 1,0, —1, are the spherical harmonics Y/, Yl0 and Y~ 1
respectively.

11.4 Addition of Two Angular Momenta
|

There are quantum systems whose components can eventually stop interacting. For
example, an atomic electron can be removed by a photon, or an atomic nucleus can
decay into different parts that no longer interact, and so on. In some cases the elements
into which the system is split do not even have an existence of their own before the
decay, but are created during the very process that produces the decay; this happens,
for example, when photons in an external field give rise to an electron—positron pair.

Here we study the case where the quantum system can be considered to be effectively
composed of parts, each of which has a well-defined angular momentum. An example
would be an atom composed of electrons and the nucleus. We then ask for the possible
values of the angular momentum of the whole system. It is clear that we can pose
the problem in the reverse sense: given the angular-momentum state of the composite
system, we ask about the possible angular momentum states of its constituent parts.
Due to the mathematical complexity of the problem, we will restrict ourselves to the
case of only two parts; the analysis of systems with three or more constituents can be
found in the literature.

From a physical point of view, the problem is interesting for several reasons. To get
a qualitative idea of the situation, we note that the results of the previous section are
general, that is, they apply to any quantum system, simple or complex. In particular,
this means that the angular momenta of both the parts and the whole are constrained
to be integers or half-integers. When two arbitrary angular momenta 71 and J, are
coupled, the resulting angular momentum J = J1 + J» must be an integer or half-
integer. This indicates the existence of strong “interaction” phenomena between the
different angular momenta of the system, so that the eigenstates that finally emerge as
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the product of all the interactions obey laws as singular as that of the spatial quanti-
zation of the angular momenta (total or partial). For example, we will see that in the
stationary state of an atomic system, two electrons are coupled in such a way that
their total spin is only 0 or 1. From the mathematical point of view, the problem of
the coupling of two angular momenta J; and J, corresponds to the construction of
the Hilbert-space product #;, ® H,y, and its decomposition into rotation-invariant
subspaces.

11.4.1 Clebsch-Gordan coefficients

Our purpose is to express the eigenstates of the total angular momentum in terms of
the eigenstates of its components. First, we note that the angular-momentum operators
of each particle operate on different variables — that is, they act in different spaces — so
they commute with each other,

T Tl =0 (ko0 =1,2,3,+,—). (11.157)

For the rest, the commutation properties of Ji; and Jo; are the usual ones, Eqgs. (11.96)
and (11.97). We will consider that each subsystem is in an angular-momentum eigen-
state, with eigenvalues (ji,m1) and (j», my), respectively. Thus,

-2 . . . .
Jiljim:) = B2 jiGi + Dljimi), i =1,2. (I1.158)
The angular-momentum operator of the system is
T=T1+172 (11.159)
with projection on the z-axis given by
I. = . + I, (11.160)
and square angular momentum
2 S IS S
J =J1+Jy+2]1- T2 (11.161)

Since J, commutes with ’f% and with 7%, there are simultaneous eigenfunctions of
the four operators ./]\?, 7%,72, j; To construct them we proceed as follows. We call
|j1j2jm) the state vector with the quantum numbers ji, ja, j,m corresponding to
well-defined values of 7%,7%, ,72, fz, respectively. We can then write, introducing an
expansion in terms of the basis | jim )| jom;) for given j; and j, (remember that | jim )
and | jpmy) are vectors in different spaces),

ljrjaimy =Y Ljimn)ljama) Gimi|(amal jijajm)
mipmy

> Grjamimal jm)|jimi)| jama). (11.162)

mimy

The coefficients of the expansion

(rjpmimaljm) = (jimi| (jama| j1 jajm) (11.163)
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are called Clebsch—Gordan coefficients® (hereafter C-G coefficients).® These coefficients
are the elements of a unitary matrix that transforms the representation in which the
angular momentum of each subsystem and its z-component are fixed, into another in
which the angular momentum of the composite system and its projection m are fixed.

Because of (11.160), the addition over m; and m; in the preceding expression can
only be performed over the values that satisfy the condition

m=mjp + ms. (11.165)

To determine the values of j that can be realized with the given values of j; and js,
first note that the maximum possible m is

Mmax = (ml +m2)max = j] + jz, (11166)

which is only realized with the state | ji, j1)|j2, j2) and corresponds to j = j; + j» with
m = j. The next value of m,

Mmax — 1 =j1+j2—1, (11.167)

can be obtained with the states | ji, j1 — 1)|j2, j2) and |ji, j1)|j2, j2 — 1), whose linear
combinations allow us to construct states with j = j; 4+ j» and with j = j; + jo — 1;
we conclude that this last value of j is also realized. Repeating this procedure, we can
continue to reduce the value of j, while maintaining the possibility of constructing
states with the given basis, until we reach the value j = |j; — j»|, after which it is not
possible to continue. Therefore, the possible values of j generated by the pair j, j, are
the integers or semi-integers that differ by unit steps and satisfy the triangle relation,

1=l <j=< i+ (11.168)

11.4.1.1 Some properties of the C-G coefficients
The usual phase convention is
(j1, J2, j1,J — j1ljj) real and positive. (11.169)

With this convention, all C-G coefficients are real, so the transformation matrix is not
only unitary but also orthogonal (UT = U~!). The orthogonality condition implies
the two equalities

> Griamimal jm)( jamym| jm) = Sy, Sy, (11.170)
jm

Z (1 jamima| jm)(j1jamima|j'm’) = 8 Smm- (11.171)
mymo

5 Alfred Clebsch (1833-1872) was a Prussian mathematician; Paul Gordan (1837-1912) was a German
mathematician, Emmy Noether’s doctoral supervisor.

6 These coefficients have different names in the literature; they are also called also Wigner coefficients
or simply vector addition coefficients. Sometimes the definitions are slightly modified and, more often, the
conventions regarding their arbitrary phases are changed. Certain coefficients proportional to C-G are often
used because they are more symmetric; these are the 3-j symbols, defined as

. . . (71)j|—j2—m3 o )
( ’Jnll ’jnzz ﬁ} ) = W(]1]2m1m2|]3’—m3)~ (11.164)
3
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Using these properties, we can invert (11.162) to obtain
ljim )| jam2) = Z(j1j2m1m2|J'M)|j1j2JM)- (11.172)
j.m
It is possible, although tedious, to determine the C-G coefficients using general pro-

cedures. For example, from the expression whose validity is directly derived from
(11.162),

Teljijajm) = Griagmima| jm)(Jiz + D)l jimi)] jama), (11.173)

mypma

one obtains with the help of Eqgs. (11.137), (11.138) and (11.172)

VG E£m+ DG Fm)(jijamima|j, m 1)
= V(i Tmi + D1 £m)Grja, my £ 1, ma|jm)
+ (o F ma + D(ja £ ma)(it, jo,my, my £ 1] jm). (11.174)

For m = j and the upper sign, the left side vanishes, which gives a series of relations
between the coefficients (j; jomims|jj). Using the coefficient given in (11.169) as a
reference, all the others are obtained from these relations and are in fact real. If we
now take the lower sign, we obtain successively the coefficients form = j — 1, j — 2,
and so on. This method was used by G. Racah’ to obtain an explicit expression for
the C-G coefficients, which is extremely complicated, so we will omit it. Note that Eq.
(11.174) is sufficient to obtain all the C-G coefficients. Its detailed derivation and use
can be studied in one of the specialized texts (references at the end of the chapter).

11.4.1.2 Calculation of some C-G coefficients

With the twofold purpose of gaining some experience with the algebra involved —
without going into its computational difficulties — and of obtaining results that will
be very useful to us later, we will calculate the coupling coefficients for two angular
momenta 1/2 from first principles (in particular we will not use equations like (11.174)).

As follows from the triangle relation (11.168), if j; = j, = % the possible values of j
are 0 and 1 (antiparallel and parallel spins, respectively), giving rise to four states that
are grouped naturally into a singlet with j = 0 and m = 0, and a triplet with j = 1 and
m = 1,0, —1.8 These are the invariant subspaces of dimensions 1 and 3 respectively of
the product space 2 ® 2 = 3 @ 1.7 The three states belonging to j = 1 are symmetric
with respect to the exchange of particles 1 and 2, Eqgs. (11.175, 11.177, 11.181), while
the (singlet) state belonging to j = 0 is antisymmetric, Eq. (11.182). Since rotation
does not change these symmetry properties, the decomposition 3 @ 1 yields rotation-
invariant subspaces; in other words, the components of the triplet mix with each other
under rotation, but not with that of the singlet and vice versa.

7 Giulio Racah (1909-1965) was an Italian—Israeli physicist and mathematician.

8 The terms singlet and triplet have a spectroscopic origin: while the singlet state gives rise to a single
spectral line, the triplet state gives rise to a triplet splitting of the spectral lines when the system is subjected
to a magnetic field.

9 The notation used refers to summation and multiplication, respectively, in Hilbert space.
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We will denote the vectors of the composite states as |c;jm) = |ji j»jm), where the
¢ reminds us of the composite system; when there is no danger of confusion, we will
omit the c. Let us first analyze the triplet. The state | jm) = |11) can only be obtained
with the values m| = mp = %, so we have (in products of kets, the first ket refers to
particle 1 and the second to particle 2)

[11) = [+)[+). (11.175)
In more explicit notation we would write this equation in the form
es11) = [3311) = [ 14} |34). (11.176)
Similarly, the state with j = 1,m = —1 can only be obtained from the projections —%
of ji and jp,
11, =1) =1=)-) (11.177)

The remammg state of the tr1plet |10) has two components, the states with hmy = 2,
my = 2, and w1th my = 2, my = 2 We can obtain it by applying J_ = T+ T
to |11) or J+ = Jl+ + Jz+ to |1, —1). For example,

TEll,—1) = C11110) = (Ji4 + Jo1) |)=) = (Jip]1=)) =) + =) (Fo1 1)) -

(11.178)
Using (11.137) we get
Ci.—1]10) = C%’_%H-)I—) +C%,_%|—>|+>. (11.179)
We calculate the coefficients using (11.128),
Cl,l (———+l)< +%)
2 = =1, (11.180)
Ci—1 I-1+DA+1D V2
and finally we get
10) = fi(|+>|—> + |—>|+>). (11.181)

To construct the singlet state |00), we note that it is a linear combination of the same
states that make up |10), and that it must be orthogonal to the latter. It is a simple
exercise to show that

100) = fz(|+>|—> - |—>|+>>. (11.182)

With this, all coupling coefficients for j; = j, = % have been determined. Later, when
we deal with two-electron problems (such as the He atom, or Bell states), we will have
the opportunity to use these important results.

We will solve a second example that generalizes the previous one and gives us
results that will also be used later. This is the coupling between an arbitrary angu-
lar momentum j; and the spin angular momentum j, = s = 1/2. The calculation is
greatly simplified by using the following equality, which can be derived from the given
definitions,

-~ -~ o~ A2 o~ o~ o~ o~ o~ o~
=T +8*=T2+8 +27.5. + 27145 +27,_S,. (11.183)
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Note that this equality contains the following,
J1-S=7.5 + 7S +7_5,. (11.184)
More generally, for two arbitrary angular momenta 71 and 7o,
T To= T+ Jip o + Ty (11.185)

These expressions are very useful in practice and should be kept in mind when
performing calculations involving two angular momenta.
Returning to the previous problem, we suggest writing

lcsj, my+ 3) = alji.my)|[+) + blji, my + 1)|-), (11.186)

and a similar relationship for composite states with m = m| — % The possible values

. . ~2
of j are j; + % and j; — %, according to the triangle law. We now apply the operator J

written in the form (11.183) to the last expression, to obtain, using (fZ) = R2S(S+1) =

i = .
Fljomi+ 3 =1+ 0]jm+ 1)
=12jG + 1>[a|jl,m1>|+> + bljt, m1 + 1>|—>}
= hza[(jl(jl + 1)+ 3+ 2m- ) Ljim) )

+2Cjm Cy _1lj1.m1 + 1)|—)}

2° 2

+ hzb[(jl(jl + 1)+ 3+ 20m + D) L, my +1)1-)

+2Cj1m1C;,_;|j1M1)|+>}. (11.187)

We regroup the terms containing | jim)|+) and those containing | jim + 1)|—), which
must be cancelled separately. This condition leads to the system of equations

[j(j +D—jGi+D—3— ml] a=2C; _1Cjymb =0, (11.188)

~2Cy _ Cjmya + [j(j )= jiGi+ D=3 +m+ l]b =0. (11.189)

It is easy to show that the determinant of this system is zero if and only if j takes the
values j; + % or j; — %, as is expected from the triangle relation. If we take j = j; + %
and substitute it into Eq. (11.188), we obtain the quotient a/b. If we now impose the
normalization condition a” 4+ b*> = 1, and taking a positive, we get

: 1 —
a= (DML, Jhom (11.190)
24 +1 2j1+1

This process is repeated until the four possible states are constructed. The final results
are shown in Table 11.1. If we take the case j; = 1/2 in the table, we recover the C-G
coefficients for the coupling studied in the previous example.
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Table 11.1 Clebsch—Gordan coefficients for the coupling of an arbitrary angular momentum j to a spin

1,/2 angular momentum.

(1'1 %mlmzljm)

1 1
J my = 5 mypy = )
, 1/2 . 1/2
P+l Jl+m+% / Jl—m+% /
J1+ 5 2j1+1 2j1+1
.1 . j1—m+% 172 j1+m+% 172
J1— > 2j1+1 2j1+1

Exercise E11.5. Scalar nature of the singlet spin state
Show that the entangled state of two spin-1/2 particles,

W)y = U+ =) +2a] =) +)] (11.191)

1
(14 1221)"
is a scalar (i.e., invariant against rotation) if and only if A = —1, which is the antisym-
metric combination upon particle exchange. The importance of entangled states will
become clear in Section 14.5.

Solution. Let us consider a new basis | «) and | 8), whose axes are oriented at angles
0, ¢ with respect to the original basis | +), | —). The matrix describing this rotation
has the form given by Eq. (8.167) (with the substitution L — § = ho/2); we can write
it in the form
Fo( @ b _ > b sinb iy
= ( b —a ) a = cosf”, = Te . (11.192)

Therefore, | a) = T|+) = al+) + b*|-), | B) = T|=) =b | +) —al-), or inverting,
I+) = ale) + b*(B), |—) = bla)—alB). 1

We substitute these results into the expression for |W); with N, = (1+ | A |2)7 /2
and rearrange to obtain

(W) = N [I4)]=) + A=) +)] = N(1 + 1) [abla)|a) — ab®|B)|B)]

N [(| b2 —va) 18)|ar) — (a2 “Alb |2) |a>|ﬂ)] : (11.193)
For A = —1 this expression reduces to (a> + |b|? = 1):
1
Uy | = — o) — |a s 11.194
W) 1 ﬁ[lﬂ)l ) — la)|B)] ( )
which has exactly the initial form of |W) with A = —1. This invariance shows that in
(11.191) with A = —1 (but only with this value), the orientation of the axes defining

the states |[4+) and |—) is arbitrary. In other words, the vector |¥)_; in Eq. (11.194)
contains no information about a preferred direction. This means that |¥)_; is a scalar
with respect to rotation.
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Problems
]

P11.1 Determine the relationship between the angular momentum defined in two
different inertial reference systems when:

a) the systems are at relative rest, with origins separated by a distance a,
b) the systems move with constant relative velocity v.

P11.2 Prove that

(h-L,r]1=-ikhxr), [A-L,pl=-ikhxp), [A-L,L]=—ihhxL).
(11.195)

In the preceding expressions, i is a constant unit vector in any direction.
P11.3 Show that the total orbital momentum of a two-particle system can be
expressed in terms of the center-of-mass and relative coordinates in the form

L=RxP+rxp, (11.196)
where
. <131 ﬁz) mimy
r=ri—ry, p=m|———], m= ———,
mp mjp m) +myp
r r A~ N
R=TUEMT s by Me=mitm. (11197

M

P11.4 Show that any function that depends only on r is an eigenfunction of L. and
I:z, with both eigenvalues equal to zero, and that any function g(z,r) is an
eigenfunction of the z component with zero eigenvalue. Determine the eigen-
function of L, corresponding to zero eigenvalue and angular momentum 1.

P11.5 Calculate the expectation value of the operator %(I: <L y +L yl: x)and its square,
in an eigenstate of L? and iz.

P11.6 Determine the expression for the eigenfunctions of iz and iz in momentum
space.

P11.7 Prove that there is no solution to the eigenvalue problem p, R(r) = « R(r) that
satisfies the condition lim,_,or R(r) = 0. What can be concluded from here?

P11.8 Consider an eigenfunction v, (r) of a radial Hamiltonian and show that

v = eiaﬁi/hwnlm(r) (11.198)

is an eigenfunction of the Hamiltonian with the same angular momentum [,
independent of the value of @ and the orientation of the n axis. Is it also an
eigenstate of I:Z?

P11.9 Construct the matrices representing the angular-momentum operators for j =
1 and j = 3/2.

P11.10 Since S; are the components of a vector, they are transformed under rotation
according to the laws of vectors. For example, under rotation around the z-axis
by an angle 6, which performs the transformation S— g,

3; = S, cosf + S'y sin 6, 3’; = -8, sinf + S'y cos ), 3’; =S.. (11.199)
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P11

P11

P11

P11

P11

P11

P11

P11

P11

a1

A2

13

14

15

.16

A7

.18

.19

Use the commutation rules for Sx, S'y, and S‘Z to show that the transformed
components S/, 3; and S‘; satisfy exactly the same rules.

If 0 is a constant unit vector with direction cosines /, m, n with respect to the
x-, y- and z-axes, respectively, show that

bn =106 = < l+”l,m l__‘,;“ ) . (a6’ =L (11.200)
Confirm that the eigenvalues of 6, are +1. What does this mean?

The spin projection of an electron on a certain z-axis is 4/2. Determine the
probability that the projection of this spin on a certain z’-axis have the value
h/2 or —h/2, as well as the average value of this projection.

Consider an ion with spin 1, characterized by the Hamiltonian

A=DS2+E (Sf + Sf) , (11.201)

with D and E constant, D > E. Determine the energy levels.
Consider a system of angular momentum 1 represented by the state vector

y=—o| 4 |. (11.202)

What is the probability that a measurement of L, returns the value zero?
Calculate directly the Clebsch—Gordan coefficients for the coupling of angular
momenta 1/2 and 1. Compare your results with those in Table 11.1.

An orbital angular momentum L couples with a spin Sto produce a state of
total angular momentum J . Find out what angles between the vectors L and
S are allowed by quantum rules.

Is it possible for one photon to spontaneously decay into two photons? And
into three photons? Explain your answers.

The deuteron has spin 1. What are the possible states of spin and total angu-
lar momentum of a system of two deuterons when their total orbital angular
momentum is L?

Consider a spin 1/2 particle confined by a central potential.

a) Determine the wave functions that are simultaneously eigenfunctions of
the operators I:z , f2 and J, = L.+ §..

b) When an interaction term of the form y L - § with y small is added to the
Hamiltonian, what are the eigenfunctions of the system?
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