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Abstract. We apply coupling techniques in order to prove that the transfer operators
associated with random topological Markov chains and non-stationary shift spaces with
the big images and preimages property have a spectral gap.

1. Introduction

In this note we give a further contribution to thermodynamical formalism for random
countable Markov chains by applying coupling techniques and methods from optimal
transport in order to circumvent problems arising from the randomized setting. In case of a
random topological Markov chain with finitely many states, it was shown by Bogenschiitz
and Gundlach [2] and Kifer [13] that the method of convex cones can be adapted to the
random setting in order to obtain exponential convergence to the eigenfunction of the
Ruelle operator. However, even in case of deterministic topological Markov chains with
countably many states, these cone techniques are not applicable and have to be replaced by
proving quasi-compactness of Ruelle’s operator using the method developed by Doeblin
and Fortet [7], Tulcea and Marinescu [20] and Hennion [12], which is, at least so far,
unavailable in the setting of random dynamical systems. In fact, basic examples without
measurable families of invariant functions as in [8, Proposition 1] suggest that there might
be no randomized version of the Doeblin—Fortet method. Therefore, we employ coupling
techniques from the theory of Markov operators and optimal transport. It is worth noting
that this approach does not require a Lasota—Yorke condition (as, e.g., by Buzzi in [4]).

In here, the setting with respect to random topological Markov chains follows closely
the one in [18], which we sketch now, postponing the details to §3. A random topological
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Markov chain is a random bundle transformation, that is, a commuting diagram (or fibred
) .

system)
X
0

QL——=Q

where 6 is an ergodic automorphism of the abstract probability space (€2, P) and = is
onto and measurable. In case of a random topological Markov chain, X is a subset of
NN x © and each fibre X, := 7! ({w}) has the following topological Markov structure:
for almost every (a.e.) w, there is an associated alphabet le and a matrix A, = (al?; :
i€ le jE€ 7/91&)), called the (random) transition matrix. Then a pair uv € le X %lw is
called w-admissible if o}, = 1. Moreover, (xo, X1, X2, .. .) € X,, if and only if x; € %l,w
and x;x;j41 18 0% w-admissible foralli =0, 1, . . .. Note that X, comes with a natural, non-
random topology defined through the shift metric on sequence spaces as defined below.
With respect to this topology, T,, is uniformly expanding, and X,, is closed in N but in
general neither compact nor locally compact.

Now assume that ¢ : X — R is a measurable function such that ¢, :=¢|x, : X, = R
is locally Holder continuous almost surely (a.s.). The Ruelle operator associated to ¢ is
then defined by, for a.e. w and x € Xy,

Lo(Hx)= Y D1y,

YEXw: T (y)=x

where f : X, — R isin a suitable function space such that .Z, is well-defined. In [18], the
notion of (random) big images and preimages was introduced in order to have a sufficient
condition for a random Ruelle’s theorem at hand. This condition, inspired by the one of
Sarig in [16], requires that there exist subsets 2p; and 2y, of positive measure in the base
Q and a finite subset .# of N such that:

(1) forfw e Qpjand u € ”/ﬂwl, there exists b € . such that ub is w-admissible;

(2) forfw e Qppandu € ”/ﬂelw, there exists b € .# such that bu is w-admissible.

The basic example for a system with this property is a random topological Markov chain
such that all entries of A,, are equal to one for w in a subset Q* of Q of positive measure.
In this situation, one might think of (X, T') as a random topological Markov chain that is
a full shift with positive probability.

The main result of [18, Theorem 4.7] is the following version of Ruelle’s theorem under
the assumptions of local Holder continuity of ¢,, and big images and preimages: there exist
arandom variable {A,}, a random function {4} and a random measure {/t.,}, such that for
almost every w € @, Z,(hy) = Aohow, (ZLo)*(Uow) = Aoty and, for all f, € L' (iy),

=0, (1)

lim H (Ao - - - hgno1) LL(fO) — hé)”a)/fw dug
n—>00 L (pgn )

where .£)) 1= Lyu-1, - - - £,,. However, the rate of convergence remained open. The main
results in here, Theorems 4.1 and 4.2, give answer to this in two ways. In Theorem 4.1,
the following generalization of the results on exponential decay by Bogenschiitz and
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Gundlach [2] and Kifer [13] is obtained. There exists s € (0, 1) such that for a fibrewise
Lipschitz continuous function f = {f,},n € N, and a.e. w € €,

0"w

<19 - Ouls™, 2)
L

H ()\w T )”gﬂ—lw)ilgal}(f)/hé‘”(w) - /f dﬂw

where || |7 refers to the Lipschitz norm of the restriction f|y,. Note that (2) gives rise to
an interpretation as a spectral gap: the operator might be written as a sum of a projection
to a one-dimensional space and an operator that decays eventually exponentially fast, even
though the waiting time to decay depends on the fibre X,. Neither the proofs in [2]
and [13] nor the method used in here provide control of the random variables associated
with O, (s™). However, as shown in Theorem 4.2, this is possible in case that .Z,(1) = 1
a.s. In there, the constants associated with exponential decay along returns to Qp, are
explicitly given. For illustration, these results are applied to random matrices, where it is
possible to specify the associated constants under additional assumptions. Furthermore,
the results are applied to decay of correlations and are used to show that the y-mixing
coefficients of the associated process have exponential decay. As a further application, it
is shown that the random measure given by A, d i, is an equilibrium state.

The article’s structure is as follows. Section 2 contains the main lemma, Lemma 2.1,
which is proven in the context of non-stationary shift spaces as introduced in [1, 9] in
order to reveal the pathwise nature of the lemma. Namely, for a sequence of operators
(%) such that each % maps Holder functions defined on a Polish space ¥y to Holder
functions on X1, it is shown that the dual operators eventually contract the Vasershtein
distance. In particular, in a strict sense, the lemma is not related to spectral theory since
even the spectra of the operators are not defined. In this situation, the technique of Birkhoff
cones was applied by Fisher in [9] in order to characterize unique ergodicity of adic
transformations through a Perron—-Frobenius theorem for products of transition matrices
given by a non-stationary shift space. However, this technique seems to be unavailable
due to the lack of compactness of X. In here, the proof relies on an argument by Hairer
and Mattingly in [11] and is based on the Monge—Kantorovich duality, optimal transport
and the construction of the coupling in step (2) of the proof of Lemma 2.1. Even though
coupling methods are known in the theory of dynamical systems and were used e.g. by
Kuzmin in order to show subexponential decay for the Gauss map, and by Bressaud et al
in [3] to obtain decay of correlations, and the Vasershtein metric was used by Galatolo
and Pacifico in [10] to obtain exponential decay of a return map of a Lorenz-like flow, it
seems that the combination through ideas from optimal transport were not known in this
context. As an application of this main lemma, it is shown in Corollary 2.1 under very
mild conditions on the non-stationary shift space that invariant measures are unique and
that the Ruelle operators converge.

In §3, random topological Markov chains with the big images and big preimages
(b.i.p.) property are introduced. Moreover, the main lemma is adapted and applied to
random topological Markov chains: the ergodicity of 6 allows us to control the parameters
in Lemma 2.1 through successive returns to certain subsets of Qp,. In particular, if
Z,(1) =1 as., then this gives rise to a contraction of the Vasershtein metric in
Corollaries 3.1 and 3.2. Section 4 contains two versions of Ruelle’s theorem, Theorems 4.1
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and 4.2, for random topological Markov chains and their applications to random matrices,
equilibrium states and asymptotic independence. For example, it is shown that the so-
called 1-mixing coefficients decay exponentially fast and that there is an exponential
decay of correlations of Holder functions against functions in L' Finally, in §5,
Theorems 4.1 and 4.2 are proven by combining the results of §3 with the existence of
{rAo} and {u,,} given by [18, Theorem 4.7].

2. Non-stationary shift spaces, Vasershtein distances and the main lemma

We now introduce the notion of non-stationary shift spaces and prove the main lemma
in this context in order to reveal its pathwise character. In here, the notation is adapted
to that for random topological Markov chains and therefore differs from the definition
in [1, 9] essentially by not explicitly using Bratteli diagrams. So assume that for each
n € Ng := N U {0} there is a subset 7/"1 C N and a matrix A, = (Ol;'j, i€ V/nl, jE€ ”//HIH),
with entries &, € {0, 1} such that Zie%% aj; > 0and Zje%! a;.’lfl > Oforalli € #,
with n € Ng and n € N, respectively. This gives rise to a sequence of shift spaces

T o= {(x0, x1,...) " =1Vi=0,1,...}

XiXit1

and an action T:%, — X,41, for neNy, of the shift map T defined by

T (x0, X1, X2, . ..) := (x1, X2, . ..). In this situation, we will refer to ((X,), T) as a non-
stationary shift. If ¥, = %, for all n, m € Ny, then we will refer to (Xg, T) as a stationary
shift.

In order to define a system of neighbourhoods in analogy to stationary shifts, a finite
worda = (xo, X1, . .., xk—1) € N¥ of length k will be called n-admissible if x; € #,!,; and
oz;l;fﬂ =1,fori =0, ...,k — 1. We will refer to Vﬂnk as the set of n-admissible words of
length k and to, for @ = (ag, a1, . .., ax—1) € V/nk,

lal, =lao, a1, ..., ak—1]n ={x€Xy:xi=a;,i=0,1,...,k—1}

as a cylinder set. As in case of a stationary shift, it follows that X, is a Polish space with
respect to the topology generated by these cylinder sets and that, for r € (0, 1), the metric
d, defined by

dr((XO’ X1, X2, .. .), (yo, Vi, Y2, - - )) = rmin{i:xi;ﬁy,—}

is compatible with this topology. Also note that, for @ = (ag, ay, ..., ar—1) € V/nk , the
restriction Tk|[a],, [al, — T* ([aln) C Zg4n is a homeomorphism. The inverse of this
map will be denoted by 7,, and it can be seen easily that

Ty Tk([a],,) — [aln, (xox1...)— (agay ... ar—1x0X1 - ..).

Topological transitivity, mixing and the b.i.p. property. Incontrast to stationary shift
spaces, the notions of topological transitivity etc. require an additional condition which
guarantees that each element a € ”//nl occurs infinitely often. That is, we refer to ((X,), T)
as topologically transitive if for all a € 7/11, be 7/,{; for some k1, kp € Ny, there exists a

sequence (n; : [ € N) with n; /" oo such that b € Wklﬂl and

[ale, N T ([blk+n;) #9 foralll e N.
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Furthermore, we will refer to ((¥,), T) as topologically mixing if ((X,),T) is
topologically transitive and if, for all a € Wk%, be Vﬂklz for some ki, k» € Ny, there exists
Ngp such that

[al, NT"([blksn) #B foralln > Nap s.t. be #L,.

Finally, we will say that ((X,), T') has big preimages (b.p.) if ((X,), T) is topologically
mixing and there exists a finite subset .# of N and an infinite subset .#” C N such that for
all n € # and for each a € 7/”1, there exists b € .4 N 7/"1_1 with ba € ”//nz_l.

Hoélder continuity and the Ruelle operator. For f: %X, - Randk € N,

Vi(f) =sup{l f(x) = fF()] : x, y € [aln, a € #,)

is called the kth variation of f. We refer to f as a locally (r, m)-Holder continuous
function with Holder parameter r € (0, 1) and Holder index m € N if there exists k > 0
such that Vi (f) < xrk for all k > m. If « is minimal, then « will be referred to as the
Holder constant of index m of f. Furthermore, if f is locally (r, m)-Ho6lder continuous
and || f|leco < 00, then we will refer to f as an r-Holder continuous function. Note that
Il flloo < 0o and local Holder continuity imply local Holder continuity of index 1. If we
consider X, equipped with the metric d,, then we will also refer to an r-Holder continuous
function as a Lipschitz continuous function. In order to recover the usual definition of
local Holder continuity, it suffices to fix a metric d,= on X,: the above Holder condition
is equivalent to | f(x) — f(y)| < kdy+(x, y)*, for all x, y with d(x, y) < (r*)* and s =
log r/log r*.

Now assume that (¢, : X, — R) is a sequence of locally (r, [)-Holder continuous
functions with Holder constant «;,, > 0. As in the stationary case, the estimate

n—1
Su(@) == pirko T
i=0
for Birkhoff sums holds. Namely, for n <m — [, and x, y € [a]x with a € #]", we have
that
n—1
100k () = Supr (M| <D keiyir™ ™ <™ " log Biyn
i=0
k+n .
for Byt :=exp Z Kktn—il" . 3)

i=1
This estimate allows us to identify the relevant function spaces for the following sequence
of operators. Assume that (¢ : k € Ng) has Holder index 2. The kth Ruelle operator with
respect to the potential ¢y is defined by, for x € X34 and f : £ — R in a suitable space,
L(HE) =Y V().
Ty=x
For k e N, set £ :== L1 pn_1 00 ZLy1 0 2 and note that ,an maps functions with
domain %, to functions with domain ¥, and that

L= Y, SO py= )" 5O (g, (x)).

T7(y)=x Ve
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PROPOSITION 2.1. If £.(1) =1 and (@) is locally (r, 2)-Holder for all k € Ny, then
;" maps r-Holder continuous functions defined on Xy to r-Holder continuous functions
defined on Xyyy,. In particular, for a Holder continuous function f : Xy — R, we have
1L (oo < I flloo and the Holder constant of index 1 of £}'(f) is smaller than or
equal to k ;" + || f lloo (Bi+n — 1), with k ¢ referring to the Holder constant of index n + 1

of f.
Proof. The estimate (3) gives rise to, for x, y € X, with d, (x, y) <r,
1L () (x) = L (H )]
< Y SOOI f(,(0) = fmO)

ve?ﬂk”
+ Z eSn‘Pk(Tv(x))|f(-L—U(y))(1 _ eSn‘Pk(Tv(y))_sn(Pk(fu(x)))|
ve”//k”
| f lloo (Bktn — 1)
< sup (xfdr(rv(xx () + f;’"—*”wnwk(rv(y)) — Sper(ty(x)]
ve! 0g Bitn

= (Kfrn + | flloo(Bkn — 1)) dr-(x, y),
where the second step relies on |1 —exp(x)| <exp(]x|) — 1 and the monotonicity of

(exp(x) — 1)/x for x > 0. Futhermore, [.£]'(f)llco < I flloo follows from the fact that
£ maps positive functions to positive functions and .£" (1) = 1. O

Before analysing the action of the dual of .#}" on Borel probability measures, we
now fix the systems under consideration. That is, we say that ((X,), T, (¢,)) satisfies
property (H*) if ((X,), T) satisfies the b.p. property, %, (1) =1 for all n € Ny, and the
potentials ¢, are locally (r, 2)-Holder continuous for all n € Ng\#" and locally (r, 1)-
Holder continuous for all n € 7.

2.1. Vasershtein distances and the coupling construction. ~Assume that Y is a Polish
space and that u, v are Borel probability measures on Y. We then refer to

O, v):={me PY?: i (m) = p, my (m) = v}

as the couplings of 1 and v, where 22 (Y?) is the set of Borel probability measures on ¥>
and 7r; are the canonical projections. Now assume that d is a metric compatible with the
topology of Y. The Vasershtein distance of i and v is then defined by

W, v) = inf{/d(x, y)ydm:m € Il(w, v)}.

As is well-known (see, e.g., [21]), the Vasershtein distance is compatible with weak
convergence and, by the Monge—Kantorovich duality,

W (e, v):sup{/fd,u—/fdv:D(f)g1}, 4

where D(f) :=sup{|f(x) — f(¥)|/d(x, y) :x, y € Y} refers to the Lipschitz constant of
f. Note that D(f) is obtained, in contrast to the Holder constant defined above, by taking
the supremum over all pairs (x, y).
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The following proposition is the principal result of this section and is obtained by
adapting the asymptotic coupling method in [11, §2.1] to the non-stationary setting.
Namely, as a corollary of Lemma 2.1, the operator defined by

[razerw = [2ran

maps Borel probability measures on X, to Borel probability measures on X;. By
applying an asymptotic coupling method and the Monge—Kantorovich duality, it is shown
below that .£]"* acts as a contraction with respect to the Vasershtein distance. In order to
shed light on the approach via the coupling construction, the involved constants are subject
to a careful analysis in order to obtain effective bounds with respect to this method.

The associated constants are defined as follows. Let 8 € (0, 1), let r be the Holder
parameter of {¢y : kK € Ng}, and let Bi be as in (3). For k € Ny, define

o = Bi/B, di(x,y):=min{l, axd,(x, y)},

giving rise to the Vasershtein distances Wy and Lipschitz constants Dy with respect to the
metric dy on Xi. Also choose n; € N with

ng > |—logayg/logr] +1,

where 7] refers to the biggest integer smaller than or equal to + € R. Furthermore, for
each k € Ny, choose an element o in V/kl and define

m=min(fn > 1:k+ne X, (AxArrr - Acgn—2do = 1Vj € Z0HL, D,

which is finite by the topological mixing property. Now assume that x € X, . By the
b.p. property, there is j(x) € _# such that x € T'([j (x)lx4m;—1). Moreover, since ¢ is a
finite set, there exists a finite subset % C V/km"*l such that foreach j € _# N Wkl-i-mk—l’
there exists an element u = (oxug . .. j) € %. Hence, for each x € Xy, , there exists
u(x) € % with x € T" ([u(x)]x). In particular, it follows that
Cr:= inf 5@ > qnf inf S5m0 5 0, (5)
XEXktmy UEW, yelulk

And finally, for k € Ny, set

f = max{,B, = ran) Cropn, } €, 1). (6)
Bk—i—nk

LEMMA 2.1. Assume that ((X,), T, (¢n)) satisfies (H*) and that r is the Holder

parameter of ¢x. Furthermore, assume that for each k € Ny, fx: Zx — R is r-Holder

continuous and that [ and vy are Borel probability measures on Xy. With I =

Ng + Mpyn, we then have that:

(1) Dy (L (f0)) = Die(fio):

@ Dyt (LE () = ti - Delfo);

(B) Wi((L* (Mrang)s (L) Wkang)) < Wiy (kngs Vidng)s

@) Wil (i) (L k) = 1 - Wt (i Viers,):

Proof. The proof of assertions (2) and (4) consists of three main steps. We derive first
a local contraction of (.Z}")*, then a concentration of (.Z}")*-images of Dirac-measures
close to the diagonal, and finally extend the results to arbitrary measures. The remaining,
easier assertions then are proved using a simplified version of the second step.
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Step 1: Local contraction of .  For a Lipschitz continuous function f;, we clearly have
that

D(fi)/ou 2 dr(x, y) < 1/ok

D(fi) 2 dr(x, y) = 1/ay.

In particular, Dy ( fr) < D(fr) < o Dy ( fr), which proves that f; is Lipschitz continuous
on X with respect to the metric dy. We now aiming for an estimate of |.Z) (f)(x) —
Z2()(»)]. Using Z;(c) = ¢, we may assume without loss of generality that inf{ f; (x) :
x € ¥} = 0. Hence, we may assume that || fi|loo < Dx(fx). Combining r**a,, < 1 with
Proposition 2.1 then gives that, for x, y € Xy, withd,(x, y) <r,

1L (i) = L (f)l _ DUrtdr &, y) | ficlloo(Bine — 1)

| fe@) — fr)/di(x, y) < {

O‘k+nkdr (x,y) a ak—i—nkdr (x,y) Ok+ny
- Di(fi)(axr™ + Bign, — 1)
- Oftny
Dy (f)B
- (D (fi) k+nk)_ 7
Qtny

By the choice of at,,, the right-hand side of (7) is smaller than or equal to 8 - Di (fx).

Step 2: Concentration near the diagonal. We now construct a coupling Qy y €
I"I((.,Sf,f")*(éx), (.Zklk)*(Sy)) with a uniform lower bound on a neighbourhood of the
diagonal by considering inverse branches starting in .%#° and passing through the
cylinder [0]tn; := [Ok4n; Jk+n,. Namely, the coupling is defined through the following
decomposition. For x € x4y, and v = (viv2) € V/klk with v; € #;" and v; € %nlkn:"" ,
define

¢ () =Ty, © T™ (x) - inf({e PO s y e 33 Yy,
¢152)(x) = Sl WK)oT(x) _ ¢l()1)(x)’
Observe that the indicator in the definition of ¢,(,])(x) is equal to one if and only if v, =

u(x) and that ¢fj:zt(x)(x) = ¢$L(},) (y) for all x, y € ¥¢4y,. In order to obtain a bound on

c/)l(,l)(x) for vo = u(x), note that it follows from (5) that

oV (x) > Cryn, inf es”k(‘/”‘)"”’l(y)Z—Can sup e (RO (), 3
S (YT Bitny yelolisn,

This gives rise to a probability measure QO y on X X X by

. (e))
Qx’y = Z ¢v1u(x) (x)(s(rvlu(x)(x)sfulu()')(y))

n
l)]GWkk

1 2 2
5 Yo AP @8 M8,
1- ZvleWknk ¢v1u(x)(x) v,weWklk

As can be verified easily, Q , is a coupling of (g{k)*(ax) and (gfkl")*(éx). By
construction, we have that dy(t,(x), 7,(y)) < r" oy <1 for all v e ”//k"" and x, y€
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[0]k+n, - Hence, by (8) and .Z* (1) =1,

d C
Qx,y({(z, Z/) : dk(Z, Z/) < r”kak}) > k+ny )
k+ng

We will now employ this estimate in order to obtain uniform contraction of D(f). In
order to do so, let Ay :={(x/, y') € Tp x Zg 1 d(x’, y') <r™ay}. For x, y € Tiqy,, we
then have

Wi (L) (80), (L)*(8y)) < / A (x', y)dQyry (X', )

<r"fay Qx,y(Ak) +1- Qx,y(Ak)
=1-(01- rnkak)Qx,y(Ak)
(=) Gy

<1 =5 < 1.
Bk+nk

Hence, by the Monge—Kantorovich duality,

1L (o) — LE o) = ‘ / fe d(LPy*(8,) — / fe d( LY )| < Di(fi) - sk

Step 3: Contraction of the Lipschitz constant and extension to arbitrary measures. By
the above,

l l = =
1L (N (x) = LK H D) sk Di(f) 1 diyy (x, y) =1
di, (x, ) B Di(f) i disy (x, y) < 1.
Hence, for t; = max{g, si}, we have Bka (.,?kl" ()<t Di( f), which proves assertion
(2) of the lemma. By the Monge—Kantorovich duality, this implies that

Wi (L5 (80), (L) (8y)) < el (x, ¥).

Since pj+y, and vgyy, are probability measures on Xy, there exists a coupling Q
in TT(wk41 . V41, ), referred to as optimal transport, such that Wiy, (s, Vi) =
Jditi, (x, y) dQ(x, y). Moreover, let Py € H((Ei’”,fk)*(Bx), (f,fk)*((sy)) refer to an
optimal transport of (.,%klk )*(8x) and (.,fklk )*(8y). Using a construction similar to the one in
Step 2, it is then possible to show the following. For ¢ > 0 there exists § > 0 and a coupling
P v € n((,sf,fk)*(ax/), (Xkl")*(cSy/)) constructed from P, , in a continuous way, such that

‘/ak dPx’y - /Ek dng/’y/

In particular, (x, y) — Wk((ﬁkl")*(éx), (kal’()*((Sy)) is continuous and there exists a
locally continuous family { Py | : x, y € Ej4y, } that approximates the Vasershtein distance
up to e. For QFf defined by dQ°%(x, y) := P)‘f’y dQ(x, ), it is then easy to see that

<eg forallx’,y :d.(x,x),d-(y,y) <8.
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0° € (LX) (st (L) (W) Hence,
WL (uacsn) (LY ) < / ( / @ dP;y> d0(x, y)
< f We((Z*62), (L) (6,) dQ(x., y) +e

stk/3k+zk<x, WO, y) + 6
= e Wi, (Wit » Vi) + €-

Since ¢ > 0 is arbitrary, assertion (4) follows.

Step 4: Proof of assertions (1) and (3) of Lemma 2.1.  The proof uses a simplified version
of the arguments above. As in Step 2, we have

Wi((Z)*(80), (L) (8y) < /zk(x,, Y)dQx (', y) < 1.

The assertions then follow by the same argument as in Step 3. O

As a consequence of the above lemma, we obtain the following result on the
convergence of .Z" and the unicity of the invariant measures for non-stationary shift spaces
with property (H*). In here, we refer to a sequence of probability measures (uy) as an
invariant sequence if fk* (g+1) = ug for all k € Np.

COROLLARY 2.1. Assume that ((Z,,), T, (¢,)) satisfies (H*), that there exists an invariant
sequence (i) of probability measures, and that ny might be chosen such that ty in (6) is
uniformly bounded away from 1. Then the sequence () is unique and moreover, for a
Lipschitz function f : Xy — R, we have that

|

Proof. By hypothesis, ¢ :=sup, t, <1. Lemma 2.1 then gives that, for kK € Ny and the
sequence inductively defined by po =k and pj+1 = pj +1p,,

5 . 9)
o0

a%("f—[fduk

Wi (L p)s (LY ) W, (s vp)) < 1.

Hence, if (ux) and (vx) are invariant sequences of probability measures, then
Wi (e, vk) = 0. That is, the sequence (uy) is unique. Now assume that f is Lipschitz
and that, without loss of generality, D (f) < 1. We then have by the Monge—Kantorovich
duality and using the same argument as above that, forx € ¥,

L) - [ fdu

= ‘ / £ 60 - f FaL ™ ()
< WG 60 (LD T ) <1

Hence, |} f — [ f dprlls — 0 along a subsequence. However, since % (1) = 1, we
have that | 2% (f)lloo < || flleo for all k, which proves the assertion. O
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With respect to the corollary and its the proof, it is worth noting that the corollary is
applicable in many situations since (n) might grow arbitrarily fast. However, this implies
also that the speed of convergence in (9) could be arbitrarily slow. For more specific
applications of the main lemma, one might consider situations with several uniform
bounds. For example, if J# has a positive density and the mixing times my, the Holder
constants of (¢;) and the Cy, in (5) are uniformly bounded (e.g. by a condition establishing
some type of almost stationarity of (¢) restricted to %), then the main lemma would
imply exponential speed of convergence to the limit in (9). However, for random countable
topological Markov chains, it is shown below that the analogues of these conditions are
automatically satisfied due to the ergodicity of 8. Or, from an abstract point of view, the
ergodicity of 6 establishes a sufficient level of stationarity.

3. Random countable topological Markov chains

In this section, the details of the construction of random countable topological Markov
chains and Holder potentials are given. Note that the main difference to the definitions and
arguments for non-stationary shift spaces rely in the underlying measurable structure. For
the definition of a random countable topological Markov chain, assume that € is an ergodic
automorphism (i.e. ergodic, bimeasurable, invertible and probability preserving) of the
probability space (2, &, P), that {le : w € 2} is a measurable family of subsets of N and
that, fora.e.w € 2, A, = (alf”j, ie ”‘//wl ES %]w) is a matrix with entries alf”j € {0, 1} such

: 0] 07w ; 1
that  — A, is measurable and Z/'G%'w afy >0, Zje%]_lw af; > 0foralli € #,,. For

the random shift space

Xy = {(x0, x1,..):0%? =1Vi=0,1,...),

XiXi+1

the (random) shift map T, :X, — Xp, is defined by T, : (xo, X1, Xx2,...)—
(x1, x2, .. .). This gives rise to a globally defined map 7 : X — X, with X := {(w, x) : x €
Xp}and T (w, x) = (Bw, Tyx). The quintuple (X, T, 2, P, 0), sometimes abbreviated by
(X, T), then is referred to as a random countable topological Markov chain.

A finite word a = (xq, x1, ..., X,—1) € N" of length n is called w-admissible if
X; € 7/91,.60 and agz;‘jﬂ =1, fori=0,...,n— 1. Moreover, #,' denotes the set of w-
admissible words of length n and, for a = (ag, ay, . .., a,—1) € N?,

l[al, =[ag, a1, ..., apn-1]w:={x€Xy:xi=a;,i=0,1,...,n—1}

is called a cylinder set. As can be verified easily, X,, is a closed subset of N with respect
to the topology generated by cylinder sets, and hence X, is a Polish space. As in case
of non-stationary shift spaces, the shift metric d, is compatible with this topology for all
r € (0, 1). As above, T} :== Tpn-1,, 0 - - - 0 Tp,, o T, is a homeomorphism from [a],, onto
Tyn-1,([an—11gn-1,) Whose inverse will be denoted by

7, : T, ([aly) — [alw, (x0x1...) > (axoxy...).
The set of those w € ©2 where the cylinder is non-empty will be denoted by €2,, that is,
Q={w:laly #0={w:a e W)}

The set #" refers to the set of words a of length n with P(2,) > 0.
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For the definition of random probability measures, we will adapt the definition in [5] to
our setting. This adaption relies on the fact that the measurable structure of {(x, w) : x €
X, o € 2} is induced by the product structure of NN x Q. That is, we refer to u = {ie)
as a random probability measure if @ is a map

M:‘%XQ_)[()? 1]’ (Bya))'_),ua)(B)a
where 2 refers to the Borel o-algebra of the countable full shift NI, such that:

(1) forevery B € &, w+— uu,(B) is measurable;
(2) for P-ae. w € Q, B+ ly(B) is a probability measure with support X,,,.

The b.i.p. property.  With the notion of cylinders at hand, we now give the definitions of
topologically mixing and big images and preimages. We say that (X, T) is (fibrewise)
topologically mixing if for all a, b€ #'!, there exists an N-valued random variable
Nap = Ngp(w) such that, for n > Nyp(w), a < V/wl and 0"w € Qp, we have that [a], N
(T [blore # 0.

Morever, assume that there exist Qp; C €2 and Qy,, C 2 of positive measure and a finite
subset .# of N such that:
(1) foreachw € Qpjanda € 7//01_lw, there exists b € . with ab € ”//92_,w;
(2) foreachw € Qppanda € ”//wl there exists b € . with ba € 7//82_,w.
If, in addition, (X, T) is topologically mixing, then (X, T') is said to have the (relative) big
images and big preimages property or (relative) b.i.p. property. Note that this definition is
equivalent to one in [18].

Holder and Lipschitz continuity.  In order to define fibrewise Holder continuity, the nth
variation of a function f : X — R, (w, x) — f,(x) is defined by

V() =supll fo(x) — foW)| i xi=yi, i=0,1,...,n— 1}
We refer to f as a (fibrewise) locally (r, k)-Hdlder continuous function with parameter
r € (0, 1) and index k € N U {0} if there exists a random variable x = x (w) > 0 such that
f log k dP < oo and V,°(f) < k(w)r" for all n > k. Furthermore, we will refer to a locally
Holder continuous function with || fi,lleo < 00 a.s. as a (fibrewise) Holder continuous
function. Note that a Holder continuous function is Lipschitz with respect to d,. Therefore,
we refer to
Do,(f) :==sup{(f(x) = f(¥))/dr(x, y) :x, y € Xo}

as the (relative) Lipschitz constant of f. In complete analogy to non-stationary shift
spaces, there is the following estimate for Birkhoff sums S, f,, := ZZ;I foke © TX (see
also [18, p. 80]). For n <m, x,y €[al, with a € #)", and a locally (r, m —n + 1)-

Holder continuous function f, we have
0

1Sn fur(¥) = Su fo W <777 Y~ k(0" w)r.
k=1
It follows from an application of the ergodic theorem that limy_, oo k! log k(8" ¥w) =0
a.s. Hence, the radius of convergence of the power series on the right-hand side is equal
to 1 and, in particular, it follows from r < 1 that the right-hand side is finite a.s. (see,
e.g., [6]). However, if also f k dP < 00, e.g. if condition (H) below holds, then monotone
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convergence and f-invariance of P imply that

o0 o
f ZK(Q”_kw)rk dP(w) = Zrk/K dP = 1 r /K dP < oo.
—r
k=1 k=1

In particular, for a given locally H6lder continuous function ¢ with index less than or equal
to (m — n + 1), we hence have that

(Bonw) ™' < (Bongy) ™" < 5100509000 < (Bpa )™ " < Bpny,

oo
/ log B, dP < 0o where B, := exp Z K(Q*ka))rk. (10)
k=1

After these considerations, we are now in position to give the definition of the systems

under consideration. That is, we consider (X, T, 2, P, 8) with the b.i.p. property and a

potential function ¢ satisfying the following assumptions (H) and (S) on Holder continuity

and summability, respectively.

(H) The potential ¢ is locally Holder continuous with index 2, and the associated random
variable « satisfies [« dP < co. Furthermore, V{?(¢) < oo forae. we 61 (i U
Qbp)-

S [llog Zy-1,(1)| dP(w) < oo. A

If Z,(1) = 1 a.s., then the above condition (H) can be replaced by (H) below, which differs

only by integrability of the Holder constant.

(H) The potential ¢ is locally Holder continuous with index 2, and V{*(¢) < oo for a.e.
w €671 (Qi U Qup).

Note that by definition of local Holder continuity, condition (H) implies that the associated

random variable « satisfies [ logk dP <oo. The reason behind that slightly more

general integrability condition stems from the random variable A in Theorem 4.1 (see also

equation (2)). If %, (1) = 1, then automatically, > = 1 a.s. However, if .Z,(1) #1 on a

set of positive measure, then the first step in the construction of A is the construction of

the pressure Pg (@) (as defined below), which depends on the almost subadditive ergodic

theorem and therefore requires that log B,, is integrable (see [6, 18]).

3.1. Contraction of Vasershtein distances. In order to apply Lemma 2.1, we now adapt
the relevant variables and deduce their finiteness from the structure of (X, T), where we
assume that (X, T') satisfies the b.i.p. property. For g € (0, 1), r given by the Holder
continuity of {¢, : v € 2} and B, as in (10), define
Ay = Bou/B, du(x,y) :=min{l, aud,(x, y)},
and let n,, be an N-valued random variable such that P-a.s.,
ne > |—loga,/logr] + 1.
Furthermore, assume that o, is an N-valued random variable such that o,, € Wa} (e.g. set
0, = min(le)). Note that, since (X, T) is topologically mixing and 6 is ergodic,
me :=min({n > 1:0"® € Qup, (AwAgw  Agn-1,)o,j = 1Vj € FNH 0 D
is a.s. finite. Moreover, the big preimage property gives rise to the following argument. For
each x € Xgmw (), there exists u(x) = (ug . . . ty,—1) € #™« such that ug = 0, Uy, —1 €
& and x € T,* ([u(x)],). By choosing u(x) minimal according to the lexicographic order,
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we obtain a finite and measurable family {u(x) : x € Xgmo(4)}. In particular,

Cw = lnf eSmw(Pa)(Tu(x)x) >0
xeXgme ()

(I = r"eay)Cono (w)

and ¢, ::max{ﬂ, 1- } €(0,1) P-as. (11

Byno (w)
For w € 2, we refer to W, as the Vasershtein distance with respect to the metric d,, and to
D, (f) as the Lipschitz constant with respect to d,,. In the context of random topological
Markov chains, Lemma 2.1 is as follows.

LEMMA 3.1. Assume that (I:I) holds, that f ={f,} is Holder continuous with respect
to the same parameter as ¢, and that u = {l,} and v = {v,} are random probability
measures. For a.e. w € Q, with k,, := ny + mgne (), we then have that:

(1) Doy (Z5° (1) < Du(f);

2 Dgho()(Zo” () < tw - Do(f);

() Wo((ZL")* (koo @), (L) (Vgro () < Wono (@) (Homo ), Vero ()5

“4) Ww((fk‘”)*(ﬂgkm (w))» (gk‘”)*(‘)@kw (w))) =t Woko (o) (Mekw(w)» Vekm(w))~

Remark 1. The pathwise character of Lemma 2.1 admits in contrast to spectral theoretic
methods like in [7, 12, 20] an immediate application in a fibred setting. Moreover, it
is worth noting that a recent result of Zhang in [22] establishes a fibrewise Monge—
Kantorovich duality, which would allow, even though not necessary for the proof, choosing
the couplings O,y and Q in step (3) in a measurable way.

As an application of Lemma 3.1, that is, through construction of n,, and m,,, we obtain
the key observation of this note, giving rise to exponential decay of the Vasershtein distance
W with respect to the initial shift metric d,.. For completeness, the dual statement on decay
of Lipschitz constants also is included.

COROLLARY 3.1. Assume that (X, T, ¢) satisfies the b.i.p. property, that (IA{) holds
and that %,,(1) =1 a.s. Then there exist constants t € (0, 1), ¢ € (0, o0) and random
sequences (ky(w) :n € N) and (I,,(w) : n € N) such that:
(1)  for random probability measures (1, v and n € N, with ult = (£2)* (erw),
kn (@) kn ()
W(Mg—l::(m)(w)! V@—kc:,)(w)(w)) S ZBa) : th(Mw» Va))y
W(len(w)’ Vif(w)) <c- [nW(ﬂeln(w)(w), Vgln(w)(w))§
(2) for a fibrewise Lipschitz continuous function f andn € N,
kn
DLy 0y () = 2By 1" D fy-tan )
D(Ly(f) <c-1"D(fo).
If B, is uniformly bounded, then the above are satisfied for ¢ := 2 ess-sup,cq (By).

Proof. We begin with the construction of (I, (w)). In order to apply Lemma 3.1, choose 8 =
1/2and C > 0 and B > 1 such that P(Q2p,c) > 0, where Qp c :={weQ: B, < B, C, >
C}. Note that this implies that «,, = 2 B,,. For

ne :=min({n e N:0"(w) € Qp.c, n > |—log Qu,)/logr| + 1}),
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it follows that t :=1 — C/2B > t,, for P-a.e. w. The sequence [,(w) is now defined as
follows. For n = 0, set lo(w) := n,, and define [, by

(@) :=1l—1(w) + Myl (@) (@) + ngrm-1,0) (@)*

where [*(n — 1, w) = -1 () + My, ;@) (@) Hence, 6@ (@) € Qp.c and, in particular,
Qin @) () < 2B :=c. In order to obtain (/,(w)), we adapt the above to negative powers of
0. That is, with Qp ¢ :={0"* : w € Qp ¢}, define

fy:=min({n e N:07"(w) € Qp.c, n > |—1og Qag-n(m))/logr] + 1}),
Mo =min({n:0"w e Qp.c, n=mgn)) forwelsc,
k()(a)) = ﬁw + 1719—?[(0 ()° kn ((1)) = kn—l (0)) + ﬁg_kn—l(‘“)(w) + n&/i@*k*(n—l,w)(w),

with  k*(n — 1, 0) = ky—1 () + 71«

n—1() ()
The assertions of the corollary follow from Lemma 3.1 and «,d > dy,>d. O

For the statement of the corollary, the exponential decay was formulated with respect
to the sequences (k,) and (I,) since this approach allows us to explicitly construct the
involved constants, which might be useful for questions concerning stochastic stability
(as, e.g., in [17]). However, a slight modification of the construction allows us to obtain a
more classical formulation of exponential decay. For ease of exposition, the result contains
only the statement with respect to the Vasershtein distance.

COROLLARY 3.2. There exists s € (0, 1) and a positive random variable c, such that, for
each pair of random probability measures |, v and n € N, we have

W (g1 () Vo-n(e)) = € =" Wlheo, Vo) and  W(pg, ve) < cg, - 5" W (kor (@), Vor(w))-
Proof. Similar to the proof of Corollary 3.1, choose B, C, M such that
Qpcm:={weQ:By,<B,C,>C,my, <M, Bymo,, < B}

has positive measure. Furthermore, set K := |—log (2B)/log r] + 1 and let n}’ refer to
the kth entrance time to Qg ¢, m, that is,

ng :=min({ny e N:30<n; <--- <ngst. 0"(w) e Qpcmfori=1,...,k}.
Since 1 > k for all k € N, it follows that for a.e. w € , ngmo () := nﬁﬂ( —my, > K.

Hence, Lemma 3.1 is applicable to each transition from i (w) to lx41(w), where [ (w) is
defined by I (w) := nz"MJrK)k + m, . For s =1 — C/2B as in the proof above, it

”?MH()& w
follows from the comparability of d and d,, that for a.e. w,

[ —Mgy [ —Nygy
W((gef{n((:v()a))m )*Mglk(w)w, (gglr(n({f)()w)m )*vglk(‘”)a)) =< 2BSkW(M01k(w)w, VOIk(‘”)a))'
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In order to obtain a rate with respect to  as in the statement of the corollary, choose k such
that [ <n < lx41. By applying the ergodic theorem twice, it follows that

1

I k - 1
—logskz—k—logs ko9
n nly

lo
(M + K)P(Q2B,c,m)
Moreover, note that substituting k£ with k + 1 does not change the limit. Hence, for each
t € (0, 1) with logr > (log s)/((M + K)P(2p.c.m)), there is a random variable ¢* such
that

gs.

W (LY ) tgrar, (L2 “)*Vorw) < cht" W (1onw, Vorw).

The remaining assertion follows from the same arguments by considering the (M + K)th
entrances to Qp ¢,y with respect to 61 instead of 6. O

4. The random version of Ruelle’s theorem
We now apply the above results in order to obtain exponential decay in Ruelle’s theorem.
We first recall the basic results from [18] for (X, T, 2, P, 0) with the b.i.p. property and
conditions (H) and (S). For a given a € #1 and a measurable family {&, € [a], : w € R},
the nth local preimage function is defined by

Z(a) = L") (Eone) forall w e Qu NO" ().

The relative Gurevi¢ pressure Pg(¢p) is then defined as follows. Due to the restriction
on w and n in the definition of the local preimage function, the classical definition of
pressure has to be modified as a limit along a subsequence given by returns with respect
to the base. More precisely, for Q' C  of positive measure and w € €, define J,(Q') :=
{neN:0"we Q'}. For N € Nsuch that Q* := {w € Q, : Nyu(w) < N} is a set of positive
measure, the Gurevic pressure of (X, T, ¢) is then defined by
. M 1 w

Pc(p) := n~>oo,1rltIEr.l]w(Q*) " log Z(a). 12)
By [6, Theorem 3.2], the above limit exists, is finite, P-a.s. constant for w € 2, and
independent of the choices of ¢ and N. Combining [18, Theorem 4.1] with Corollaries 3.1
and 3.2 above then allows us to obtain the main result of this note. In order to state the
theorems, we define the following random Lipschitz norm with respect to d,, where r is
given by the Holder parameter of ¢. For w € Q2 and f,, : X, - R with D, (f) < oo, set

”fw”cli) = Dy(fo) + |l follco-

Furthermore, for the statement of the theorems, let ¢, ¢} be as in Corollaries 3.1 and 3.2
and, for a given random variable A : Q — (0, 00), define Ay (w) := ]_[f‘;(} Agi (g9)-

THEOREM 4.1. Assume that (X, T, @) satisfies the b.i.p. property and (H) and (S) hold.

Then there exist a random variable A : 2 — R with f log Ay, dP = PG (@), a measurable

Sfamily of functions {h,, : @ € 2} and a random probability measure {1, : @ € 2} such that

the following hold.

(1) Forae we R, hy: X, — Risastrictly positive function satisfying Z,he = Aohow
and fhw dig =1.

(2) {loghy} is Holder continuous with Holder constant of index 1 bounded by B, — 1
and the same Holder parameter as ¢.
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(3) Forae weQ Li(ow) = rolto-

(4)  The probability measure given by h, du,, dP is T -invariant and ergodic.

(5) {iw) is the unique random probability measure with £ ((ow) = rolte a.s.
Furthermore, {hy} is, up to scalar multiplication, the unique positive, measurable
and non-trivial function with £,h, = Ayhge a.s.

(6) Thereexistst € (0, 1), a positive random variable K and a random sequence (I,,(w) :
n € N) such that for each fibrewise Lipschitz continuous function f ={f,}, n € N
and a.e. w € 2,

H 2 (f) / fdu
A] (a))h(.)/n () @

(7)  There exists s € (0, 1) such that for each fibrewise Lipschitz continuous function f =
{fol,neNandae weQ,

Z0(f) /
die
‘ Ap(@)hon () fdu

The proof of the theorem makes use of a normalized version of Ruelle’s operator, which
is necessary in order to obtain contraction of the Vasershtein metric. That is, with {h,} and
A as in the theorem, let .Z,, refer to the Ruelle operator with respect to the potential

gn
<cKo-1"If17-
L

<C$Kw ST

P (x) 1= @o(x) +10g hyy (x) —10g hoo (T (x)) — log Ay .
As an application of Corollaries 3.1 and 3.2 we obtain the following theorem.
THEOREM 4.2. Assume that (X, T, ¢) satisfies the b.i.p. property and (H) and (S)
hold. Then there exist a random probability measure {v,, : w € Q}, constants t € (0, 1),

¢ € (0, 00) and random sequences (k,(w) : n € N) and (I,,(w) : n € N) such that for each
fibrewise Lipschitz continuous function f = {f,}, n € Nand a.e. v € Q,

oln ¢
H-:Zf,"‘”(f)‘ f fdve|  <2¢-1"Dy(f) and
L

w

<4B, - tnDQ*kn((U)(w) (f)
L

kn
Hf /E,io()w)(w)(f) - /f dngkn(w)(w)
Furthermore, {v,, : @ € Q} is the unique measure with ,Zi:‘(vgw) = V.

Remark 2. Note that the second estimate in Theorem 4.2 also could be reformulated in
terms of %, through identity (15). Namely, it immediately follows from the proof that
a.s., for each Lipschitz continuous function { f,,},

Lynw) ) /fd
A0 (@) g Hom@|

where s and K are given by Theorem 4.1. Moreover, there exists a random sequence
(kn(w) : n € N) such that, with ¢ as in Theorem 4.1 and using «(w) := 2B,,,

Ly ()
H fk © /fdﬂe "'l(a))
Ak, O (@) hg—kn (1)

w
9—71
< Kgniwy - S"ILNG T,

w

9~ kn
<ZB K@ l\l‘l(w) tn”f“ (w)
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Remark 3. The advantage in stating the exponential decay of correlations with respect
to subsequences is that the constants are explicitly given, which could give rise to
a refined analysis of stochastic stability of randomly perturbed intermittent maps as
studied, e.g. in [17]. Since the contraction in (6) and (7) of Theorem 4.1 stems from
returns to a set with bounded parameters, ¢ can be chosen to be any value bigger than
ess-inf(2B,,), even though the choice affects the sequences (k,) and (/,), which are
essentially defined through consecutive visits to Qpp and a subset of Q2 with bounded
parameters. Furthermore, observe that the random variable K, does not depend on
the construction of (k,) and (/,). Namely, K, depends only on B, and {h]}, that is,
Ky, =2|1/hyllco - max{||hylloolll/hpllcc — 1, By — 1, 1} as shown in (18) below.

Remark 4. We remark that there is an error in the proof of [18, Theorem 4.1], which
states that £ (ip) = Awite and that Py, (s)/ Py, (s) = A, converges a.s. The proof of
the first statement is correct and follows the lines of the proof of [6, Proposition 6.3].
However, since convergence in the narrow topology does not imply weak convergence
almost surely, the proof of the second statement is not correct (see also the corrigendum
in [19]). However, combining X, = f Z»(1) dpge, with (7) in Theorem 4.1 implies that
there exists a positive random variable L such that, for a.e. w,

1L (1) /.22 0(1) = Aplloo < Los™,

which is a significantly stronger statement than the convergence of P, (s)/ Py (s) to Ay,.

4.1. Application to random positive matrices.  For illustration, we give an application
of Theorem 4.1 to products of random positive matrices. Observe that a positive matrix
always can be considered as a Ruelle operator with respect to a potential that is constant
on cylinders of length 2. Or in other words, the potential is locally Holder continuous with
index 2 and xk =0, B=1. As in [18], we consider random matrices A = {A,, : w € 2}
with A, = (pl?"j, i€ V/wl, S 7/910) and p;; > 0 a.s. We then refer to A as a summable
random matrix with the b.i.p. property if:

(1) the signum of A defines a random topological Markov chain with the b.i.p. property;
(2) forae. we 61 (iU Qpp), we have

sup{p{’/piy i € Wy j. k€ Wy, pl # 0} < oo

(3) the random variable w +— SUP ey [log > iy pf"j| isin LY(P).

As in [18], it follows that Theorem 4.1 is applicable and that the resulting eigenfunction
and conformal measure are in fact vectors. Hence, for each summable random matrix A
with the b.i.p. property, there exist a positive random variable A and strictly positive random
vectors h = {h® e Rle™! : w e Q} and u = {u® € R%~1 : » € Q} such that, for a.e. w €
Q, we have (h®)' A, = Ay (h9?), Auu9® = Ayou®. By applying (7) of Theorem 4.1 to the
ith unit vector e¢; := (§;; : j € le), we obtain
M — y? < o* L
e i M2
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with §;; referring to Kronecker’s § function and (-);; to the coordinate (i, j) of a matrix.
As can be seen easily, the above estimate implies exponential convergence of A, (@)~ Al
in the sup-norm for matrices, that is,

AR (@) AL — 1 (B ) |loo < € Koy (sup hi’-"w)s".
J

Let A be the random matrix with constants (Aw)i,j = (Aw)i,jh?)/(kwhg‘”). Since the
matrix corresponds to Ruelle’s operator with a potential that is constant on cylinders of
length 2, we have that B, = 1 for all € Q2. By Theorem 4.2, it follows that there exists a
positive random vector {v*} with Zi ! vf” =1 a.s. such that, foralln € N,

Al “kn 9~ kn
sup (AL — vl <4 sup AR @ <,
iet)), ie%gkn( g
. gl (9)
]Eyﬂel"(w) et}

To obtain control on the sequences /,, and k,, and the parameter ¢, we have to impose further
conditions on A,,. For example, if (Aw)oj >C > 0forallw € G_I(pr) and j € ”//010) then
t =1 — C/2. Moreover, by setting r < 1/2, it follows that | —log oy, /log r| = 0. By the
proof of Corollary 3.1, the above is satisfied for the following sequences (/,,) and (k;): for
w € 2, setlj(w) :=min{n > 2: 6" (w) € Qyp} and by induction, for n € N,

Ly (@) := ly—1 (@) + 1 (8"=1@) (w)).

Due to contraction only along passages from 6! (Qpp) to Qpp, there is a slight asymmetry
in the construction of (k,). Set ko(w) :=min{n > 1: 67" (w) € Qpp} and u(w) := min{n >
2:07"(w) € Qpp}. Then (k,) is defined by, forn € N,

K (@) 1= u(@ 519 (w)) + ky—1 ().

For example, if Qp, = 2, then (I,) and (k,) are the sequence (2n : n € N). In this case,
an argument as in Subsection 4.3 below allows us to substitute for (2n : n € N) with the
sequence (n :n € N).

These results are related to [15, Problem 5.7]. Suppose that A is a (random) positive
matrix such that conditions (1) and (2) above are satisfied and that the transpose is almost
surely a stochastic matrix, that is, 1 - A, = 1. Observe that this implies that condition (3)
is satisfied, that A, = 1 a.s. and that &, is almost surely equal to the function 1. Hence,
A=A and, by the above, the iterates of A are contractions of the Vasershtein metric along
subsequences, which then implies exponential decay. However, this contraction property
is a milder condition than §* = 0 in [15], which essentially means eventual contraction of
the bounded variation norm.

4.2. Application to decay of correlations. For (X, T) with the b.i.p. property, (H) and
Z,(1) =1 as., Theorem 4.2 also allows us to deduce the pathwise exponential decay of
correlations using the fundamental identity

/fw + 80nw © Tar,l dity = /Zﬁ(fw) - gonew dlhone,

for ae. weQ, f Lipschitz and g with f|g9nw|d/_,bgr1w<00. Now assume
that ffa, duey=0. Then Theorem 4.2 implies that ||$(f)”(w)(fw) diuwlleoc and
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II%kf,E:')(?@w( So—tn@y) dg—kn@y, lloo converge to 0 exponentially fast. Hence, for f = { f,,}

Lipschitz continuous with [ f due, =0 as. and g = {g,} with [|g|due, < 00 as., we
obtain the following estimates for the decay of correlations:

’/f-goT;"““) dite

<2c- tan(f)'/|g| dl’l’elﬂ(w)wQ

kn
‘ff -go Te_,fnw(l))w dﬂg—kn(w)w <4B, - angfkn(w>w(f)/|g| didg.

4.3. Application to \r-mixing coefficients.  As a corollary of Theorem 4.2, we obtain a

mixing property by specifying the yr-mixing coefficients known from probability theory.

In case of a random topological Markov chain, these are defined by

Moo, ([a] N T (A)) = gt ([al) pone(A)
Mgk ([a]) phonew(A)

Y () :=sup

3

where the supremum is taken with respect to all k€N, a e 7/012 k, and A C Xgn,

measurable such that g« ([a]), gnw(A) > 0. Observe that, fora € #* with P(Q,) > 0
and w 0
f;)(x) = lgk(Qa)(a))eskwefkwofu(x)’

the estimate (10) implies that f” is Lipschitz continuous and, in particular, that
2

Mo (To-k,([a]))

Now assume that (X, T) satisfies the b.i.p. property, (ﬁ) and .Z,(1) =1 a.s. Then {1}
is a random invariant measure and Theorem 4.2 implies that, for n € N and A C Xy,
measurable,

g+ ([a] VT, 51 (A)) = gty () ginio ) (A)]

/ [0 TP dpg, — / TP )} VRN S duw‘

Do(f7) = Mgk ([al).

= ' / (L@ (£2) — g, (@) 1a digin@ | < 2¢Hginw,(A) Do (£2)

2633)
< 0w
T o (T, ([al)

In particular, if @ € Qp;, then 14, (Ty-«,([a])) is bounded from below. Hence, there exists
Q' C Qp; of positive measure and C > 0 such that, for all w € &/,

Y, (w) < Ct". (13)

1" g, ([a]) gin @) (A).

Furthermore, recall that the random sequence [, is constructed through not necessarily
first returns as follows. Let Qp ¢ be as in the proof Corollary 3.1, that is, B, and C,
(see (11)) are uniformly bounded on 25 ¢. The sequence (/,) then has to be chosen such
that 6% (@) () € Q B.c for all n € N and such that the difference between two consecutive
elements of (/,;) is bounded from below by the random variable L(w) 1= m + ngmo ()
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(see Lemma 3.1), that is,
In(®) = ln—1(@) > LO" ) (w)).

In the following, (/) is specified in case of a random full shift, B,, is uniformly bounded
from above and ¢,,|[o,,] is uniformly bounded from below. Under these conditions, K :=
ess-sup{m,, + ngme ()} < oo and, in particular, (13) holds for (/,) = (Kn + k : n € N), for
each k=0, ..., K — 1. Hence, we have that, for all v € Q' and with C:= C/tandf :=
X/t and for alln > K,

Yn(w) < CI".

4.4. Application to equilibrium states. Under the assumptions of Theorem 4.1, it was
shown in [6] that a variational principle holds. That is,

Pg(p) = sup{h,(,r,)(T) + /(p dmgy, dP:m € //lg(T)},

where hf,? (T) refers to the fibre entropy as defined in [14] and .# (T') refers to the random
invariant probability measures, that is, to those random probability measures m = {m,,}
such that mg, o T, I = myg, a.s. For the random probability measure v = {v,,} defined by
dvy, = hy ding,, with {h,} and {u,} given by Theorem 4.1, it then follows that

PG () = h(T) + f 0 dv,, dP,
that is, {v,} is an equilibrium state. In order to prove this assertion, recall from [14] that

) (T) =~ lim > my(la)) log me([a).
aEW}
By the Gibbs property in [18, Remark 4.2] (as in (14) below), there exists a subset € of
positive measure of Qp; and F > 0 such that u,([al,) = FEl exp(Sp¢w(x))/Ap(w) for
all n e N with 0"w € Q', a € # and x € [a],. For dv, = h, du,, we hence have by
invariance of {v,,}, Holder continuity of %, and Birkhoff’s theorem that

1
(1) — ; __
M= lim = > vo(laly) log vy ([al,)
aeWp
. 1
= lim ——/ log hyy + Sp@e — log Ay (w) dv,,
n—00,0"we’ n ”
1 n—1
= 1 - log he, d log Age,, — Tk d
neoo?gl’}weﬂ/n(/)‘(w 08 flo Va)+kz_(:)<0g ot /;(w Voto © fo Vw))

= PG(go) — /(pw d\)w dP
Hence, {v,,} is an equilibrium state for (X, T).
5. Proofs of Theorems 4.1 and 4.2

This section is exclusively devoted to the proofs of Theorems 4.1 and 4.2. Observe that
parts (3) and (4) of Theorem 4.1 are as in [18, Theorem 4.2] and hence we assume that A

https://doi.org/10.1017/etds.2015.61 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2015.61

992 M. Stadlbauer

and {u,} are given. However, in order to control the regularity of {A,}, we employ a very
similar construction to the one in [6].

Step 1: Construction of h,,. Forw € Q and k e N, let f, x := Ak(é?’kw)’],,%k,kw(l). By

the same argument as in the proof of Proposition 2.1, we have, for x, y € [a],, for some
ae€W), that

L5 (DG (B, — Dy (x, )
A0~ *w)

It follows from this and [ log B,, dP < oo that log f,  is locally Holder continuous with

index 1 with Holder constant bounded by B, — 1. Moreover, by [18, Remark 4.2],

the measure {u,} satisfies the following Gibbs property: for a.e. w € Qp;, k € N and

ae 7/0"_% and x € [alg-x,,

Ifw,k(x) - fw,k(y)l =

= fok(y)(Bo — Ddr(x, y).

(A0 w)) LS040 < B (E) ™ gk, ([alp-ry), (14)

where E, :=minyc s o (Ty-1,([bly-1,)) is strictly positive by finiteness of .#. By
summing over all cylinders, we obtain that f, x(x) < By, (E,)~! for ae. w € Qp; and
k € N. Moreover, [18, Corollary 4.1] shows that there exists 2* C 2 of positive measure
such that f, «(x) is bounded from below whenever 0 *w e Q*. Hence, the random
function (h,,) defined by
he(x):= liminf  fi,x(x)
k—00,0 ke

is bounded from above and below.

Step 2: Properties of h,. Observe that Fatou’s lemma implies that %, (hy) < Aphge-
Hence, for w € Q and n € N with 8" w € Qp;, we have

/hw d/'Lw = /An(w)_ljg(hw) d/'LG”w = /hﬂ’lw dl/‘@"a) = B@"w(EQ”w)_l-

By ergodicity of 6, it follows that fha, dig §ess-infwegbiBw(Ew)_l. By the same
arguments as in [6], it then follows again from ergodicity that .Z,,(f,) = Aw fow- It also
follows from the above estimates that {log 4} is locally Holder continuous with index 1
and Holder constant B, — 1, and that ||/4]co < Bw(Ea,)_1 for a.e. w € Qp;. In order to

show that h,, is bounded from below, note that finiteness of .# and local Holder continuity
imply that, for a.e. ® € Qp; and x € X,

)‘Q’lwhw(x) = g@"w(he’la))(x) z 6?22<y€[iar]lf | e<p91w(y)h91a)(y)> > 0.
0w

Hence, infh, > 0 for a.e. w € Qp;. Combining these upper and lower bounds with
positivity of .Z,, gives that 0 < inf &, < sup A, < oo for a.e. w € Q. This proves (1) and
(2) of Theorem 4.1.

Step 3: Normalizing the operator. Step 2 implies that log A, (x) is locally Holder with
index 1 and, in particular, that log hg (T, (x)) is locally Holder with index 2. Moreover,
since K, (x) is bounded from above and below, V| (log hg, o Ty) < 00 a.s. In particular,
the normalized potential defined by

Po(X) := Po(x) +10g h(x) — log hgo (T (x)) — log Aw
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satisfies property (H). Furthermore, we have

for a.e. w, all n € N and each bounded and continuous function f : X, — R. In particular,
.,S,Zw(l) =1 and, for {v,} defined by dv, := h,, du,,, we have jj(vgw) =v,. Now let
t € (0, 1), c > 0and (/,(w)) be given by Corollary 3.1. For a fibrewise Lipschitz function
S with D(f) <1, neN and x € Xy, (), the Monge-Kantorovich duality and (1) in
Corollary 3.1 then imply that

L (fHx) — / fdv,

= ‘ f fd(ZLlmy*8,) — / £ d( LY (vginy,)
< WL (8x), (LY (Vginy,)) < ct"W By, Vi)
=c~l”/d(x,y) dvy(y) <ct". (16)

Hence, ||j0{," f)— ff dvyllco < ct". Combining this with (2) of Corollary 3.1 then
proves the first inequality in Theorem 4.2, and the second follows by the same arguments.
Finally, the uniqueness of {v,} clearly follows from (1) in Corollary 3.1. This proves
Theorem 4.2.

Step 4: Transferring the results. By (15), we have
D [, = 2o - [rman (7
An(@)hgn(w) Ho @ w.

Hence, parts (6) and (7) in Theorem 4.1 can be proved through estimating D,,(f/h). By

dividing the supremum below into x, y according to d(x, y) =1 or d(x, y) < | and then

applying locally Holder continuity with index 1 of log /4 in the second case, it follows that

Do (f/h) < 111/ hollooDo(f) + | follooD(1/ he)

he he(y) — 1
s||1/hw||oo<Dw<f>+||fw||oo sup Lo/ o) ')
x,y€X0 d(x,y)

IA

1
l follL||— max{l, 170l 0o -1, B, — 1}
hw o0  lloo

= follLKw/2. (18)
Combining the estimate with (17) and Theorem 4.2 proves (6) of Theorem 4.1. We will
proceed with the proof of (7). In order to do so, note that Corollary 3.2 implies, using (16),
that

* N * N
< 8" Wby, vonw) < c,s",

P — / fdve

ZHHE) = Z2HD)
where f satisfies D(f) < 1. Combining (17) with the estimate on D(f/h) proves (7).

<cps"W (S, dy) = C;k)snd(x7 »),

Step 5: Uniqueness. Hence, in order to prove Theorem 4.1, it remains to deduce the
uniqueness of {h,} and {{1,}. So assume that {ug)} with i = 1, 2 are random probability
measures with .2} (;ng)) = X(a))ug). Then {h, d ug)} are both ., -invariant and hence
equal by uniqueness from Theorem 4.2. The uniqueness of {h,, d Mi?} follows from the

same arguments. Hence, also Theorem 4.1 is proved. O
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