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Abstract

The sequential stochastic assignment problem (SSAP) allocates distinct workers with
deterministic values to sequentially arriving tasks with stochastic parameters to maximize
the expected total reward. In this paper we study an extension of the SSAP, in which the
worker values are considered to be random variables, taking on new values upon each
task arrival. Several SSAP models with different assumptions on the distribution of the
worker values and closed-form expressions for optimal assignment policies are presented.
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1. Introduction

Consider the sequential stochastic assignment problem (SSAP) introduced in [6], where n

workers are available to perform n independent and identically distributed (i.i.d.) sequentially
arriving tasks so as to maximize the expected total reward. A random variable Xj denotes the
value of the j th task that arrives during time period j , with a fixed value (or success rate) pi

associated with worker i. If the ith worker is assigned to the j th task with observed value xj ,
the worker becomes unavailable for future assignments, and the expected reward due to this
assignment is given by pixj . The objective is to assign these n workers to n tasks so as to
maximize the expected total reward. It was shown in [6] that there exists numbers

−∞ = a0,n ≤ a1,n ≤ a2,n ≤ · · · ≤ an,n = +∞
such that the optimal choice in the initial stage is to assign the ith best available worker (i.e. that
with the ith highest success rate) if the random variable X1 falls within the ith highest interval.
Similarly, n − j + 1 intervals are defined for the j th stage and the optimal choice in the j th
stage is to assign the ith best available worker if the random variable Xj falls within the ith
highest interval. The optimal expected total reward obtained from assigning all the n tasks to
workers is

∑n
i=1 piai,n+1, and, hence, ai,n+1 is the expected value of the quantity assigned to

the ith best worker. Moreover, the ai,n are independent of the worker values and depend on
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the task values’ distribution function. Specifically, these breakpoints are computed recursively
from

ai,n+1 =
∫ ai,n

ai−1,n

u dG(u) + ai−1,nG(ai−1,n) + ai,n(1 − G(ai,n)) (1)

for i = 1, 2, . . . , n, with a0,n = −∞ and an,n = +∞, where G is the cumulative distribution
function of task values [6].

The SSAP has applications in several areas, and various extensions to the problem have been
discussed in the literature. For example, Nikolaev et al. [10] studied a variation of the SSAP
in aviation security screening systems where sequentially arriving passengers are assigned to
the available screening devices, while Su and Zenios [12] addressed the problem of allocating
sequentially arriving kidneys to patients on a waiting list. Another application of the SSAP is
the asset selling problem [3], where one needs to choose the best offers out of a sequence of
bids from potential buyers. Moreover, Albright [1] analyzed a problem where i.i.d. tasks arrive
sequentially at random times according to a renewal process and must be assigned to a fixed
set of workers. The same problem is studied in [2], where various arrival time distributions are
considered. An extension of the SSAP with tasks arriving according to a Poisson process while
having random deadlines is presented in [11]. A variation of the SSAP in which the number
of tasks is unknown until after the final arrival and follows a given probability distribution is
considered in [9]. Several extensions of the problem with various assumptions on the number of
tasks and workers, and dependency between task values is studied in [7]. Asymptotic behavior
of a special case of the SSAP, where worker values are only allowed to be 0 or 1, is analyzed
in [4], and an optimal policy has been established as the number of arriving tasks approaches
∞. A generalization of this problem is studied in [5], where workers are allowed to take on
any value. Also, Baharian and Jacobson [5] considered this model under the assumption of
incomplete information, where task distributions are unobservable to the decision maker, and
presented a stationary optimal policy to achieve the long-run expected reward per task. The
assumption of fixed known success rates is relaxed in [8] and it is assumed that the workers
success rates are random, but do not change over different time intervals.

The existing SSAP literature assumes the worker values to be either deterministic or fixed
over different time intervals. In this paper we study an extension of the SSAP in which the
success rates are random variables, taking on new values upon each task arrival. For example,
consider the asset selling problem, where a sequence of bids (tasks) arrive from potential
buyers, and a set of items (workers) are available to be sold to these buyers so as to maximize
the expected total profit. A time-dependent random price is associated with each item. Each
item price is dependent on the economic conditions upon the arrival of the offer and, hence,
takes on a new value upon each task arrival, since economic conditions vary from time to time.
This can be modeled as a set of distribution functions, governed by a Markov chain, which
generate item prices. Markov chain transitions represent the variations in economic conditions
(equivalently, switching from one price distribution to another). Specifically, let Zj denote the
state of the Markov chain with state space S = {1, 2, . . . , r} at time period j . Then Zj = k

implies that item prices upon the arrival of offer j are derived from the distribution function
Fk , which corresponds to the economic conditions at time j .

The remainder of this paper is organized as follows. In Section 2 we present mathematical
models of three classes of SSAPs with random success rates, providing closed-form expressions
for optimal assignment policies so as to maximize the expected total reward. In Section 3 we
present concluding comments and future research directions.
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2. Model description

In this paper we study various versions of the SSAP, where worker success rates are no
longer assumed to be fixed or deterministic. Specifically, three models are introduced which
analyze this problem from different aspects.

I. The distribution function of worker values are identical or distinct.

II. The worker values in a given time period are dependent on those in the preceding time
periods (or within the same time period).

III. The worker values are deterministic, but assumed to be functions of time (possibly
deteriorating with time). Worker values are observable to the decision maker (i.e. the
person who makes the assignments) and take on new values upon each task arrival.

2.1. Model I

Incorporating the randomness of worker values into the problem, in this subsection we
discuss three distinct models. In model I.1 we assume that the sequence of arriving tasks is
i.i.d., while the success rate of worker i through time, {pk(i)}nk=1, forms a sequence of dependent
random variables for any arbitrarily fixed i = 1, 2, . . . , n (note that we assume that the workers
are re-numbered at each stage such that at stage j , the set of remaining workers success rates
is denoted by {pj (i)}, i = 1, 2, . . . , n − j + 1). Moreover, the set of worker success rates is
assumed to be exchangeable (i.e. identically distributed, but not necessarily i.i.d.), given the
past values. In the following theorem we present the optimal assignment policy to maximize
the expected total reward for this model.

Theorem 1. The optimal decision at each time period in model I.1 is to assign the best available
worker to the current task. The resulting optimal expected total reward is then given by
Eφ∗ [Rn] = E[X]∑n

k=1E[Mp(k)], where Mp(k) := maxi=1,...,n−k+1 pk(i), Rn is the total
reward over the last n time periods, and φ∗ is the optimal assignment policy.

Proof. The proof is by induction on n. Starting from n = 2, the optimal conditional expected
total reward after observing the first task and worker values is given by

Eφ∗ [R2 | X1, P1]
= max{E[p1(1)X1 + p2(2)X2 | X1, P1], E[p1(2)X1 + p2(1)X2 | X1, P1]}
= max{p1(1)X1 + E[p2(2)X2 | P1], p1(2)X1 + E[p2(1)X2 | P1]}
= max{p1(1)X1 + E[p2(2) | P1]E[X], p1(2)X1 + E[p2(1) | P1]E[X]}
= max

i=1,2
{p1(i)X1 + E[Mp(2) | P1]E[X]}

= Mp(1)X1 + E[Mp(2) | P1]E[X], (2)

where the second equality follows since σ(P2X2, P1) is independent of σ(X1), and the third
equality follows since σ(X2) is independent of σ(P1, P2). It can be deduced from (2) that
the optimal decision upon the arrival of the first task is to assign it to the best available
worker, since E[Mp(2) | P1]E[X] is independent of i. Now suppose that the statement of
Theorem 1 holds for some n ≥ 2, where the optimal conditional expected total reward is given
by Eφ∗ [Rn | X1, P1] = Mp(1)X1 + E[X]∑n

k=2E[Mp(k) | P1], with φ∗ denoting the optimal
assignment policy over the last n stages. To prove the claim, note that the optimal conditional
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expected total reward for the case with n + 1 workers, after observing the first task and worker
values, is given by

Eφ∗ [Rn+1 | X1, P1]
= max

i=1,...,n+1
{p1(i)X1 + Eφ∗ [Rn+1\{i} | X1, P1]}

= max
i=1,...,n+1

{p1(i)X1 + Eφ∗ [Eφ∗ [Rn+1\{i} | X2, P2] | X1, P1]}

= max
i=1,...,n+1

{
p1(i)X1 + Eφ∗

[
Mp(2)X2 + E[X]

n+1∑
k=3

E[Mp(k) | P2]
∣∣∣∣ X1, P1

]}

= max
i=1,...,n+1

{
p1(i)X1 + E[X]E[Mp(2) | P1] + E[X]

n+1∑
k=3

E[Mp(k) | P1]
}

= max
i=1,...,n+1

{
p1(i)X1 + E[X]

n+1∑
k=2

E[Mp(k) | P1]
}

= Mp(1)X1 + E[X]
n+1∑
k=2

E[Mp(k) | P1]}, (3)

where the third equality follows from the induction assumption. It follows from (3) that it
is optimal to assign the best available worker to the first arriving task and that Eφ∗ [Rn+1] =
E[X]∑n+1

k=1E[Mp(k)]. �
In model I.2 we analyze the case where i.i.d. sequentially arriving tasks are assigned to a set

of workers, with {pk(i)}nk=1 forming a martingale for arbitrarily fixed i = 1, 2, . . . , n. Worker
success rates at a given time period are no longer assumed to be i.i.d. In fact, any kind of
dependency is allowed. However, it is assumed that the worker values (although being random
variables) have a fixed order throughout the problem (note that this assumption only holds for
models I.2 and I.3 defined below). Specifically, suppose that the order of success rates observed
in P1 is assumed to be fixed throughout the problem. For simplicity, once this order is revealed
at the beginning of assignments, the workers are re-labeled such that p1(i) would correspond
to the worker with the ith smallest value. In the following theorem we detail how to tackle this
problem in order to obtain the optimal expected total reward.

Theorem 2. The optimal decision in model I.2 is to assign the ith best worker to the first task
with valueX1 if it falls within the ith highest interval formed by the {ai,n}n−1

i=1 , as calculated in (1).
The resulting optimal expected total reward is then given by Eφ∗ [Rn] = ∑n

i=1 ai,n+1E[p1(i)].
Proof. The proof is by induction on n. Starting from n = 2, the optimal conditional expected

total reward after observing the first task and worker values is given by

Eφ∗ [R2 | X1, P1]
= max{E[p1(1)X1 + p2(2)X2 | X1, P1], E[p1(2)X1 + p2(1)X2 | X1, P1]}
= max{p1(1)X1 + E[p2(2)X2 | P1], p1(2)X1 + E[p2(1)X2 | P1]}
= max{p1(1)X1 + E[p2(2) | P1]E[X], p1(2)X1 + E[p2(1) | P1]E[X]}
= max{p1(1)X1 + p1(2)E[X], p1(2)X1 + p1(1)E[X]}
= p1(1)(X1 ∧ E[X]) + p1(2)(X1 ∨ E[X]), (4)
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where the second equality follows since σ(P2X2, P1) is independent of σ(X1). The third
equality follows since σ(X2) is independent of σ(P1, P2), while the fourth equality is a direct
result of the martingale property. Let ‘∨’ and ‘∧’ denote the maximum and the minimum,
respectively. Note that, according to (4), the optimal action to take upon the arrival of the first
task is to compare its value with a1,2 := E[X] and assign it to the worker with value p1(1) if
X1 = X1 ∧ E[X] and to p1(2) otherwise. As a consequence of (4), it follows that

Eφ∗ [R2 | P1] = p1(1)E[X1 ∧ E[X]] + p1(2)E[X1 ∨ E[X]] = p1(1)a1,3 + p1(2)a2,3.

Now suppose that the statement of Theorem 2 holds for some n ≥ 2, where the optimal ass-
ignment policy over the last n stages is denoted by φ∗ and Eφ∗ [Rn | P1] = ∑n

j=1ai,n+1p1(j).
To prove the claim, note that the optimal conditional expected total reward, upon the arrival of
first task, for the case with n + 1 workers is given by

Eφ∗ [Rn+1 | X1, P1]
= max

i=1,...,n+1
{p1(i)X1 + Eφ∗ [Rn+1\{i} | X1, P1]}

= max
i=1,...,n+1

{p1(i)X1 + Eφ∗ [Rn+1\{i} | P1]}
= max

i=1,...,n+1
{p1(i)X1 + Eφ∗ [Eφ∗ [Rn+1\{i} | P2] | P1]}

= max
i=1,...,n+1

{
p1(i)X1 + Eφ∗

[ i−1∑
j=1

aj,n+1p2(j) +
n∑

k=i

ak,n+1p2(k + 1)

∣∣∣∣ P1

]}

= max
i=1,...,n+1

{
p1(i)X1 +

i−1∑
j=1

aj,n+1p1(j) +
n∑

k=i

ak,n+1p1(k + 1)

}
,

where the fourth equality is a result of the induction assumption and the assumption that the
order of worker success rates is fixed (i.e. p2(l) is an increasing function of l). The last equality
follows from the martingale property. Recall that {p1(l)}n+1

l=1 is an increasing sequence of size
n+1, and that {am,n+1}nm=1 is an increasing sequence of size n. According to Hardy’s theorem,
the optimal decision upon the arrival of the first task with value X1 is to match X1 with the ith
best worker if it falls within the ith highest interval formed by {am,n+1}nm=1. Therefore,

Eφ∗ [Rn+1 | P1] =
n+1∑
i=1

ai,n+2p1(i),

since {ai,n+2}n+1
i=1 is the set of ordered values of X1 and {am,n+1}nm=1 (see (1)). �

Remark 1. In a similar fashion, model I.2 and the result of Theorem 2 can be extended to the
case of incomplete information, where the actual worker values are unobservable to the decision
maker; however, the decision maker knows the order of these values, which is assumed to be
fixed throughout the problem. Specifically, the optimal assignment policy and the optimal
expected total reward in this case is the same as that presented in Theorem 2.

In model I.3 we generalize model I.2 to the case where the sequence of arriving tasks is no
longer i.i.d., while keeping all the other assumptions of model I.2. To obtain the optimal policy
for this model, a set of breakpoints must be calculated upon the arrival of each task, and the
value of that task is compared with these breakpoints to determine the index of the worker to
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assign to the task. These breakpoints are computed in a recursive manner, as the breakpoints
{ai,n} computed in (1) that characterize the optimal policy of Theorem 2. However, the set of
breakpoints upon the arrival of task j (for any arbitrarily fixed j ) are random variables, the
values of which are realized upon observing the value of Xj . These breakpoints, which make
up the optimal assignment policy for model I.3, are computed as follows. Recall that n indicates
the total number of tasks to arrive. For any r ∈ {1, 2, . . . , n + 1}, define the random variable
A

(n)
m,r as

A(n)
m,r =

⎧⎪⎨
⎪⎩

−∞, m = 0,

E[Ã(n)
m,r | Fr−1], 1 ≤ m ≤ n − r + 1,

+∞, m > n − r + 1,

(5)

where Ã
(n)
m,r = (Xr ∨ A

(n)
m−1,r+1) ∧ A

(n)
m,r+1. In the following theorem we present the optimal

assignment policy with a threshold structure for model I.3 with random success rates, where
the threshold values are computed iteratively via (5).

Theorem 3. The optimal decision in model I.3 at time period r for r = 1, 2, . . . , n is to assign
the ith best worker to the rth task with value Xr if it falls within the ith highest interval formed
by the {A(n)

m,r+1}n−r
m=1, as computed in (5). The resulting optimal expected total reward is then

given by Eφ∗ [Rn | X1, P1] = ∑n
i=1 p1(i)Ã

(n)
i,1 .

Proof. The proof is by induction on n. Starting from n = 2, the optimal conditional expected
total reward after observing the first task and worker values is given by

Eφ∗ [R2 | X1, P1]
= max{E[p1(1)X1 + p2(2)X2 | X1, P1], E[p1(2)X1 + p2(1)X2 | X1, P1]}
= max{p1(1)X1 + E[p2(2)X2 | X1, P1], p1(2)X1 + E[p2(1)X2 | X1, P1]}
= max{p1(1)X1 + E[p2(2) | P1]E[X2 | X1], p1(2)X1 + E[p2(1) | P1]E[X2 | X1]}
= max{p1(1)X1 + p1(2)E[X2 | X1], p1(2)X1 + p1(1)E[X2 | X1]}
= p1(1)(X1 ∧ A

(2)
1,2) + p1(2)(X1 ∨ A

(2)
1,2)

= p1(1)Ã
(2)
1,1 + p1(2)Ã

(2)
2,1, (6)

where the fourth equality is a direct result of the martingale property. Note that the optimal
action to take upon the arrival of the first task with value X1 is to compare its value with A

(2)
1,2

and assign it to the first worker if X1 = X1 ∧A
(2)
1,2 and to the second worker otherwise. The last

equality in (6) implies that Ã
(2)
m,1 is the expected value of the task assigned to the mth smallest

worker, upon the arrival (and observing the value) of X1, when there are a total of n = 2 tasks
to arrive. Now suppose that the statement of Theorem 2 holds for some n ≥ 2 and that the
optimal assignment policy over the last n stages is denoted by φ∗. To prove the claim, note that
the optimal conditional expected total reward for the case with n + 1 workers, after observing
the first task and worker values, is given by

Eφ∗ [Rn+1 | X1, P1]
= max

i=1,...,n+1
{p1(i)X1 + Eφ∗ [Rn+1\{i} | X1, P1]}

= max
i=1,...,n+1

{p1(i)X1 + Eφ∗ [Eφ∗ [Rn+1\{i} | X2, P2] | X1, P1]}

= max
i=1,...,n+1

{
p1(i)X1 + Eφ∗

[ i−1∑
j=1

p2(j)Ã
(n+1)
j,2 +

n∑
k=i

p2(k + 1)Ã
(n+1)
k,2

∣∣∣∣ X1, P1

]}
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= max
i=1,...,n+1

{
p1(i)X1 +

i−1∑
j=1

p1(j)A
(n+1)
j,2 +

n∑
k=i

p1(k + 1)A
(n+1)
k,2

}

=
n+1∑
i=1

p1(i)Ã
(n+1)
i,1 , (7)

where the last equality follows since {Ã(n+1)
m,1 }n+1

m=1 is the set of ordered values of

{X1, A
(n+1)
k,2 for all k = 1, 2, . . . , n},

by definition. Note that {p1(l)}n+1
l=1 is an increasing sequence of size n+1, and that {A(n+1)

m,2 }nm=1
is an increasing sequence of size n. Therefore, according to Hardy’s theorem, the optimal
decision upon the arrival of the first task with value X1 is to match it with the ith best worker if
it falls within the ith highest interval formed by {A(n+1)

m,2 }nm=1. The last equality in (7) implies
that Ã

(n+1)
m,1 is the expected value of the task assigned to the mth smallest worker, upon the

arrival (and observing the value) of X1, when there are a total of n + 1 tasks to arrive. �

2.2. Model II

Models II and III relax the assumptions that the workers success rates are either identically
distributed or have a fixed order. In model II we assume that the workers form two classes: one
class includes the workers with a zero success rate and the other class includes a set of identical
workers with nonzero success rates. Assume that there are n i.i.d. sequentially arriving tasks
(and, hence, n remaining time periods), while m (≤ n) identical workers (i.e. with the same
success rate) with nonzero values are available to be assigned to these tasks. In model II.1 we
consider the m worker values to be deterministic and time dependent. Specifically, if the j th task
with value Xj arrives at time tj then the nonzero worker values at that time are given by p(tj ).
As a result, once a task arrives, the decision maker must decide whether to accept the task
(i.e. assign it to one of the available workers with a nonzero value) or to reject it (i.e. assign it to
a worker with value 0). Let V (l)

j (x) be the maximum conditional expected total reward obtained
over the last n − j + 1 time periods (specifically, time periods j, j + 1, . . . , n), when there are
l workers with nonzero values available upon the arrival of the j th task with value Xj = x.
Moreover, define V

(l)
j := E[V (l)

j (X)] for any j = 1, 2, . . . , n and l = 1, 2, . . . , n − j + 1. In
the following theorem we present the optimal assignment policy for model II.1, which has a
threshold structure.

Theorem 4. There exist thresholds y(m)(t), y(m−1)(t), . . . , y(1)(t) such that if the j th task
arrives at time tj and l workers are available for assignment at that time, then the optimal
decision is to accept the j th task with value Xj if and only if

Xj ≥ y(l)(tj ), (8)

where

y(l)(tj ) := V
(l)
j+1 − V

(l−1)
j+1

p(tj )
.

Moreover, for any fixed l=1, 2, . . . , m, {V (l)
j }n−l+1

j=1 is computed recursively from {V (l−1)

j̃
}n−l+2
j̃=1

by

V
(l)
n−l+1 = p(tn−l+1)E[X] + V

(l−1)
n−l+2, (9)
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and
V

(l)
j = p(tj )E[X ∨ y(l)(tj )] + V

(l−1)
j+1 for j = 1, 2, . . . , n − l, (10)

with V
(0)
j := 0 for all j .

Proof. To prove (9), note that at time period n− l +1, l tasks have yet to arrive (specifically,
with values Xn−l+1, Xn−l+2, . . . , Xn), and considering that l workers are available to be
assigned to these arriving tasks, the best decision upon the arrival of each of these l tasks
is to accept the task and assign it to one of the available workers upon its arrival. Therefore,
once the task with value Xn−l+1 = x arrives, it is assigned to a worker of value p(tn−l+1), and
l − 1 tasks (specifically, with values Xn−l+2, Xn−l+3, . . . , Xn) remain to be assigned to l − 1
identical remaining workers. In other words,

V
(l)
n−l+1(x) = p(tn−l+1)x + V

(l−1)
n−l+2,

and (9) follows. Proving (10) follows along the same lines; however, the number of remaining
tasks in this case is not equal to the number of available workers. Therefore, upon the arrival
of the j th task with value Xj at time tj , the decision maker must decide whether to accept the
task or discard it. In mathematical form, this is shown by

V
(l)
j (x) = max{p(tj )x + V

(l−1)
j+1 , V

(l)
j+1} = p(tj )(x ∨ y(l)(tj )) + V

(l−1)
j+1 ,

which results in (8) and (10). Specifically, the j th task with value Xj = x is accepted if

p(tj )x + V
(l−1)
j+1 ≥ V

(l)
j+1, which is equivalent to (8). Also, (10) follows since

V
(l)
j = E[V (l)

j (X)] = p(tj )E[X ∨ y(l)(tj )] + V
(l−1)
j+1 . �

Observe that in order to obtain the optimal threshold values for a problem with m available
workers in model II.1, the threshold values for problems with l = 1, 2, . . . , m − 1 available
workers must be computed in advance. Moreover, the threshold values computed in (8) are
functions of arrival times, task distributions, the number of available workers, and worker
values, as opposed to the models studied in the previous sections where the thresholds depend
only on arrival times and task distributions.

Under the same setting and assumptions, model II.2 extends the results of model II.1 to
the case where the nonzero identical worker values are random variables with time dependent
probability density functions (PDFs) (i.e. p(tj ) ∼ fj ). Specifically, the worker values at time
period j only become observable upon the arrival of task j with value Xj . Moreover, task
and worker values are no longer assumed to be independent. The following corollary is a
generalization of the results of Theorem 4 to the case with random worker values.

Corollary 1. There exist thresholds ỹ(m)(t), ỹ(m−1)(t), . . . , ỹ(1)(t) such that if the j th task
arrives at time tj and l workers with random values are available for assignment at that time,
then the optimal decision is to accept the j th task with value Xj if and only if

Wj ≥ ỹ(l)(tj ),

where Wj := p(tj )Xj and ỹ(l)(tj ) := V
(l)
j+1 − V

(l−1)
j+1 . Moreover, for any fixed l = 1, 2, . . . , m,

{V (l)
j }n−l+1

j=1 is computed recursively from {V (l−1)

j̃
}n−l+2
j̃=1

by

V
(l)
n−l+1 = E[Wn−l+1] + V

(l−1)
n−l+2,
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and
V

(l)
j = E[Wj ∨ ỹ(l)(tj )] + V

(l−1)
j+1 for j = 1, 2, . . . , n − l,

with V
(0)
j := 0 for all j .

Proof. The proof is an extension of that of Theorem 4 and is therefore omitted. �
2.3. Model III

In Subsection 2.2 we studied the SSAP with random worker values, where the workers form
two distinct classes based on their success rates: one class includes workers with a success
rate of 0 and the other class consists of identical workers with the same success rate. In this
subsection we extend this problem to the case where workers are allowed to form two or more
classes with nonzero success rates and worker values at a given time are derived from distinct
distribution functions. Specifically, in model III.1 we study an SSAP with n = 2, where two
tasks arrive sequentially to be assigned to two workers, with random values α and β. Worker
values at time period j are denoted by αj ∼ fα and βj ∼ fβ , where fα and fβ are distinct
PDFs. As assumed in the previous sections, αj and βj are unobservable until the arrival of the
j th task, and take on new values with each task arrival. The goal, as in previous sections, is
to assign the arriving tasks to the workers with values α and β so as to maximize the expected
total reward. A difficulty in performing assignments in model III.1 arises since both the task
and worker values are random. Moreover, worker values are not assumed to be identically
distributed anymore, and, hence, no fixed ranking of worker values exists in advance. Recall
from (1) that a1,2 := E[X], a1,3 := E[X ∧ a1,2], and a2,3 := E[X ∨ a1,2]. For an arbitrary
random variable γ , let a

(γ )

i,n denote the breakpoint ai,n defined by Equation (1) of [6], under the
assumption that the sequentially arriving task values are given by γX (instead of X). In the
following theorem we present the optimal assignment policy for model III.1.

Theorem 5. The optimal decision for model III.1 upon the arrival of the first task is to assign
it to the worker with value β if and only if

W
(β−α)
1 ≥ a

(β−α)
1,2 , (11)

where W(γ ) := γX for any random variable γ . The optimal expected total reward obtained
under this policy is given by

V (α,β) := V
(2)
1 = 2 a

(α)
1,2 + a

(β−α)
2,3 . (12)

Proof. Observe that

V
(2)
1 (x) = max{α1x + E[W(β)], β1x + E[W(α)]},

and, hence, it is optimal to choose the worker with value β upon the arrival of the first task if and
only if β1x+E[W(α)] ≥ α1x + E[W(β)], which is equivalent to (11). To compute the expected
total reward, let F denote the cumulative distribution function of W(β−α), with F̄ := 1 − F ,
and note that

V
(2)
1 = F(a

(β−α)
1,2 )E[W(α) + E[W(β)] | W(β−α) ≤ a

(β−α)
1,2 ]]

+ F̄ (a
(β−α)
1,2 )E[W(β) + E[W(α)] | W(β−α) > a

(β−α)
1,2 ]

= F(a
(β−α)
1,2 )E[W(β)] + F̄ (a

(β−α)
1,2 )E[W(α)] + F(a

(β−α)
1,2 )E[W(α) | W(β−α) ≤ a

(β−α)
1,2 ]

+ F̄ (a
(β−α)
1,2 )E[W(β−α) | W(β−α) > a

(β−α)
1,2 ]

+ F̄ (a
(β−α)
1,2 )E[W(α) | W(β−α) > a

(β−α)
1,2 ]
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= F(a
(β−α)
1,2 )a

(β−α)
1,2 + E[W(α)] + F(a

(β−α)
1,2 )E[W(α) | W(β−α) ≤ a

(β−α)
1,2 ]

+ F̄ (a
(β−α)
1,2 )E[W(α) | W(β−α) > a

(β−α)
1,2 ]

+ F̄ (a
(β−α)
1,2 )E[W(β−α) | W(β−α) > a

(β−α)
1,2 ]

= 2E[W(α)] + F(a
(β−α)
1,2 )a

(β−α)
1,2 + F̄ (a

(β−α)
1,2 )E[W(β−α) | W(β−α) > a

(β−α)
1,2 ]

= 2E[W(α)] + E[W(β−α) ∨ a
(β−α)
1,2 ]

= 2a
(α)
1,2 + a

(β−α)
2,3 . �

Now consider the following SSAP (labeled S1). Two tasks arrive sequentially to be assigned
to the following two workers: a worker with a random success rate of β − α and a worker with
value 0. To obtain the maximum expected total reward, X1 is matched with β − α if and only
if W

(β−α)
1 ≥ E[W(β−α)], which is similar to (11). This motivates us to break model III.1 into

two separate SSAPs. The first SSAP is S1, and the second SSAP (labeled S2) is a problem with
two tasks and two identical workers with random success rate α. Suppose that the stream of
arriving tasks is the same for S1 and S2. Specifically, when the first task with value X1 = x1
arrives, it is automatically assigned to the worker with success rate α in S2 (since workers are
identical). For S1, X1 = x1 is matched with β − α if (11) is satisfied; otherwise, it is assigned
to the worker with success rate 0 (i.e. rejected). When the second task with value X2 = x2 is
observed, it is again assigned to the worker with value α in S2. For S1, X2 = x2 is matched
with the last remaining worker (with value β − α or 0, depending on the decision made at
time period 1). The optimal expected total reward is equal to E[W(β−α) ∨ E[W(β−α)]] and
2E[W(α)] for S1 and S2, respectively. Therefore, solving S1 and S2 simultaneously yields an
overall optimal expected total reward equal to that of model III.1, as denoted in (12). In other
words, one can break model III.1 into two simpler SSAPs, S1 and S2 (recall that the optimal
assignment policy for S1 is the same as that of model III.1).

Model III.2 extends this setting to a problem of size n = 3, where three tasks arrive
sequentially to be assigned to two workers with random success rates α and β, and one worker
with fixed value 0 (assigning a task to this worker is equivalent to rejecting that task). We
define a new set of breakpoints as follows, which characterize the optimal assignment policy
for model III.2 in Theorem 6 below:

ã
(α)
1,3 := a

(β)
1,3 − a

(β−α)
1,3 , ã

(β)
1,3 := a

(α)
1,3 − a

(α−β)
1,3 , ã

(α−β)
2,3 := a

(α)
2,3 − a

(β)
2,3 .

Theorem 6. Upon the arrival of X1 in model III.2, it is optimal to assign the first task with
value X1 to the worker with success rate l ∈ {α, β, 0}, if event Cl happens, where

Cα := {W(α) > ã
(α)
1,3 , W(α−β) > ã

(α−β)
2,3 },

Cβ := {W(β) > ã
(β)
1,3 , W(α−β) ≤ ã

(α−β)
2,3 },

C0 := {W(α) ≤ ã
(α)
1,3 , W(β) ≤ ã

(β)
1,3 },

and the resulting optimal expected total reward is given by

V
(3)
1 = (E[W(α) | Cα] + V (0,β))P {Cα} + (E[W(β) | Cβ ] + V (0,α))P {Cβ} + V (α,β)P {C0}.
Proof. Observe that if we opt to assign the first task with value X1 = x to the worker

with success rate α, then we are left with two workers (with success rates β and 0) and two
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arriving tasks. The optimal expected total reward for this problem over the last two remaining
time periods is a

(β)
2,3 = E[W(β) ∨ E[W(β)]]. Comparing this value with the expression in (12)

reveals that it is equal to V (0,β). A similar argument can be made for the other two cases where
X1 is assigned to worker β or to the worker with value 0. It follows that

V
(3)
1 (x) = max{αx + V (0,β), βx + V (0,α), V (α,β)}.

It is optimal to reject the first task with value X1 (i.e. to assign it to the worker with value 0)
if V (α,β) ≥ αx + V (0,β) and V (α,β) ≥ βx + V (0,α), which are equivalent to the occurrence of
the event C0. To see why this is the case, note that an argument analogous to that presented in
Theorem 5 leads to

V (α,β) = 2a
(β)
1,2 + a

(α−β)
2,3 ,

where 2a
(β)
1,2 = a

(β)
1,3 + a

(β)
2,3 and a

(α−β)
2,3 = −a

(β−α)
1,3 . Therefore, V (α,β) ≥ αx + V (0,β) is

equivalent to W(α) ≤ ã
(α)
1,3 . In a similar fashion, it is proven that V (α,β) ≥ βx + V (0,α) is the

same as W(β) ≤ ã
(β)
1,3 .

It is optimal to assign the first task with value X1 to the worker with value α if

αx + V (0,β) ≥ V (α,β), αx + V (0,β) ≥ βx + V (0,α),

or, equivalently,

αx ≥ V (α,β) − V (0,β), (α − β)x ≥ V (0,α) − V (0,β). (13)

From the argument made for the first case (i.e. rejecting X1), it follows that V (α,β) =
a

(β)
1,3 + a

(β)
2,3 − a

(β−α)
1,3 . Therefore, the first inequality in (13) simplifies to

αx ≥ V (α,β) − V (0,β) = (a
(β)
1,3 + a

(β)
2,3 − a

(β−α)
1,3 ) − a

(β)
2,3 = a

(β)
1,3 − a

(β−α)
1,3 = ã

(α)
1,3 , (14)

and the second inequality in (13) is re-written as

(α − β)x ≥ V (0,α) − V (0,β) = a
(α)
2,3 − a

(β)
2,3 = ã

(α−β)
2,3 . (15)

Note that (14) and (15) are equivalent to the event Cα , which implies that it is optimal to pick
the worker with value α upon the arrival of the first task if the event Cα occurs. The rest of the
proof follows along the same lines. �

Unlike model III.1 and judging from the optimal policy presented in Theorem 6, model III.2
cannot be solved by breaking the problem down into a set of smaller SSAPs. Specifically,
the points characterizing the events Cα , Cβ , and C0 are functions of the breakpoints defined
by Equation (1) of [6], and computing these points involves solving stochastic sequential
assignment problems for task values given by αX, βX, and (α − β)X. However, ã

(α)
1,3 , ã

(β)
1,3 ,

and ã
(α−β)
2,3 are not equal to the {ai,n} calculated for SSAPs of a smaller size. Another issue that

differentiates the optimal policy of this problem from that of a SSAP with deterministic success
rates is that the ordering of the points ã

(α)
1,3 , ã

(β)
1,3 , and ã

(α−β)
2,3 is dependent on the specific task and

worker value distributions, and, hence, varies from one problem to another, as opposed to the
sequence {ai,n} that depends only on the task distributions and is proven to be a nondecreasing
function of i. We can solve problems of size n ≥ 3 using a similar approach to that demonstrated
by Theorem 6; however, no specific pattern can be found which relates the optimal breakpoints
of a problem of size n to that of a problem of size n + 1. Therefore, the problem can also
be modeled as a Markov decision process and solved numerically using backward optimality
equations.

https://doi.org/10.1017/jpr.2016.64 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2016.64


Sequential stochastic assignment problem 1063

3. Conclusion

The existing SSAP literature studies variations of the problem under the general assumption
that worker values are deterministic and fixed numbers. In this paper we extended the SSAP
model to the case where worker success rates are observable random variables, taking on new
values upon each task arrival. Various models of the SSAP with random success rates are studied
with different assumptions regarding the success rates’distribution and their dependency on one
another. Optimal assignment policies that maximize the expected total reward are presented for
each model. These models are categorized into three classes as follows: (i) an exchangeable
set of success rates at a given time period, with worker success rates at a given time being
dependent on that of preceeding time periods; (ii) time-dependent random success rates which
form two distinct worker classes (based on their values), with one class containing workers
with value 0; and (iii) time-dependent random success rates with distinct generic distributions,
forming two or more than two worker classes.

Further research is required to address a more general version of the SSAP with random
success rates. One challenge is to study this problem for task arrival times that are no longer
deterministic; e.g. tasks arriving according to a Poisson process. Another research direction
is the case where worker values are updated at each task arrival according to the realized task
value (i.e. worker and task values are dependent on one another). Studying this problem under
risk sensitive objective functions, such as the threshold criteria, is another possible extension.
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