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PROBLEMS AND SOLUTIONS

PROBLEMS

013.1. A Necessary and Sufficient Condition for the Equivalence of Affine
Unbiased Estimatorgroposed by Geert Dhaen@onsider the standard linear
regression modey = XB + u, where X has full column rankShow that the
OLS residuals are zero if and only if all affine unbiased estimatogadincide

01.3.2. Conditional and Unconditional Correlatedness and Heteroskedastic-
ity, proposed by Stanislav Anatolyelvor jointly stationary scalar processgs
andz, define(, to be theos-field generated by, z,_,, z_»,... and lete, have
conditional mean zero relative 1, i.e.,, E[g]Q;] = 0. Show that

(a) Itis possible thaE[e e _41]/Q;] # 0 almost everywhere blE[e.e_,] = 0. That
is, an unconditionally uncorrelated process may be conditionally serially correlated

(b) It is possible thatE[e e_1|Q;] is almost surely constant biE[e?|Q,] is not
constant on a set of positive measure or vice vefsamt is a process may be
conditionally homoskedastic in covariance but conditionally heteroskedastic in
variance or vice versa

(c) When E[g.e_41/Q] and E[€?|(,] are measurable with respect to thefield
generated by some scalar random variailan which both are monotonjgt is
possible thaE[e e _1|Q;] is increasing buE[e?|(,] is decreasing iif; or vice
versa That is the direction of conditional heteroskedasticity in variance and that
in covariance may be opposite

SOLUTIONS

00.3.1. Sampling Distribution of OLS under a Logit ModeBelution® pro-
posed by Badi HBaltagi

(a) From the logit model with8 = 1, we get

Ve Ug Probability

0 —AMX) 1-A(x)
1 1- A(x) A(Xp)

with E(u,) = 0 and varfu,) = A(x)[1 — A(x)]. Now Bois = S X Vi /2 X2 =
(y1 + 2y,)/5. Therefore
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Vi Yo Bos Probability

0 0 O V(1 + o1+ ed)
0 1 04 e¥(1+el+e?)
1 0 02 e/(1+el+e?)
1 1 06 e¥(1+e(l+e?)

It is easy to verify thaE(SBys) = (e + 262 + 393)4(5(1 +e)(1+ e?)) = 0.4985
(b) The OLS fitted values are given lfy = x; B,s and the residuals bg, =

Yo — %

91 Y2 0y 0, 02 Probability

0 0 0 0 0 Y1+ e+ e?)
04 08 -04 02 02 e¥(1+e(1+e?)
02 04 08 —-04 08 e/f((1+e(l+e?)
06 12 04 —02 02 e¥(1L+el+e?)

The MSE of the OLS regression is given By = > 02/(n — 1) = > 02,
because the sample sine= 2. Hencevar(Bqs) = s¥> x andE[var(Bos)] =
E(s¥5) = (4e + e® + e3)/(25(1 + e)(1 + e?)) = 0.0492 But Bois = (y; +
2y,)/5 = [A(t) + 2A(2) + uy + 2u,]/5 with E(Bos) = [A(1) + 2A(2)]/5 and
var(Bos) = var[(u;, + 2u,)/5] = [var(u,) + 4var(u,)]/25 = e/(25(1 + €)2) +
4e?/(25(1 + e?)?) = 0.02466 Hence on averagethe estimated variance of
Bois is almost double the true vgB,s).

NOTE

1. An alternative solution has been proposed by Xing Ming

00.3.2. A Second-Degree Matrix EquatienSolution* proposed by Go6tz Tren-
kler. Obviously X = | andX = —I solve the equatioXAX ' = A for all A. We
now show that there are no other solutioBf00singA = g €/, whereg is the
ith unit vector we see thaX = (x;) must be a diagonal matrix with elements
Xij = +1. Assume that fof # k we havex; = 1 andx, = —1 and letu; anduy
be nonzero eigenvectofs.g., unit vectorg belonging to the eigenvalueg = 1
andx = —1, respectivelyThen Xu; ug X’ = u;(—ui) = —u;ug. On the other
hand we must haviu; u; X’ = u;u;. This is a contradictionThusx; = 1 for
alli orx; = —1 for alli.

We note that the requirement théthas to be nonsingular is superfluous

NOTE

1. Excellent solutions have been independently proposed by Xing Méteve Lawford and
Karim Abadir and Heinz Neudeckgthe poser of the problenin the last two proofsSteve Law-
ford, Karim Abadir and Heinz Neudecker noted that vectoriziKgX' = A one obtains
((X® X) — lI)a= 0, wherea = vecA; choosinga in turn equal to a set of linearly independent
vectors impliesX @ X = |. The proofs then proceeded as in the preceding discussion
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