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Projective hyperbolicity and fixed points
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Abstract. Generalizing a three-dimensional result of Doering, we prove that a robustly
transitive vector field defined on a compact manifold of any dimension greater than three
admits no fixed point.

1. Introduction

In this paper, we shall denote by M a smooth compact boundaryless Riemannian manifold
of dimension n > 3 and by XI(M) the set of C!-vector fields defined on M. We shall
denote by X an element of x!(M), by ¢ the flow associated to the vector field X and
by D, X (respectively T;¢;) the differential of X (respectively the differential of the flow
map ¢;) at the point z. Recall that, for any real ¢ and any point x € M, the point ¢;(x)
is the image of the point x by the time ¢ of the flow ¢. The vector field X is transitive
if it admits an orbit dense in the whole manifold and X is robustly transitive if there is
a C'-neighborhood I/ > X of transitive vector fields. More generally, an invariant set
A C M is transitive (for the vector field X) if it contains a point whose positive orbit is
dense in A. Such a set is robustly transitive if there are a neighborhood U C x ! (M) of X
and a neighborhood U C A such that both following assumptions hold:

° A is the maximal invariant set in U for the vector field X:

° for any vector field Y € U, the maximal invariant set in U is transitive.

Basic examples of transitive flows are given by irrational flows on tori; however,
these flows are not robustly transitive. Examples of robustly transitive flows, such as
geodesic flows on surfaces with —1 curvature and suspensions of robustly transitive
diffeomorphisms, are also known, but none of them admit a fixed point. However, some
attractors, such as the Lorenz attractor, are known to be robustly transitive attractors and to
contain a hyperbolic singularity. Of course, the preceding definition for robustly transitive
vector fields is not compatible with the existence of attractors (because the existence of
an attractor would forbid the density of any orbit in the whole manifold). However, the
existence of such robustly transitive attractors raised the following question: is there any
robustly transitive vector field admitting a fixed point?

The answer has been known to be negative in the three-dimensional case since Doering
published the following theorem in [1], based on a result of Maifié for diffeomorphisms
(see [2]).
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THEOREM. (Doering) Any robustly transitive vector field on a three-dimensional manifold
is Anosov.

THEOREM. (Maiié) Any robustly transitive diffeomorphism on a two-dimensional
manifold is Anosov.

This last result does not hold in higher dimensions (see Shub’s counterexample in
dimension four in [3] and Mafié’s counterexample in dimension three in [4]). The aim
of our study was therefore to get a better understanding of what the dynamics around a
fixed point could be like for a robustly transitive vector field in the n-dimensional case,
with n > 4. We thus obtained the following main result.

THEOREM 1. If X € x'(M) is a robustly transitive vector field, then X admits no fixed
point.

As we shall see, the first part of our proof (see Proposition 2.1) can be regarded as a
good generalization for Doering’s result in higher dimensions. The key notion is a form
of projective hyperbolicity which, as we shall prove, is satisfied by any robustly transitive
vector field (Proposition 2.1), but also turns out to be incompatible with the existence of a
fixed point (Proposition 2.2).

We recently learned that Li et al have found another proof for Theorem 1 (see [5]), by
generalizing the notions of linear Poincaré flow and of dominated splitting of the normal
bundle in order to include the points of Sing(X) in their study.

2. Definitions
Consider X € x'(M). A fixed point z € M is hyperbolic if the following assumption
holds:

for all A € Spec(T;¢1), |A]| # 1.

This enables us to distinguish three different classes of hyperbolic fixed points for vector
fields: the sources (the norms of all eigenvalues of T, ¢; are all strictly larger than 1), the
sinks (the norms of all eigenvalues of T,¢; are all strictly smaller than 1) and the saddles
(only some of the eigenvalues have norm strictly larger than 1, while the others have norm
strictly smaller than 1). Note that a transitive vector field cannot admit a sink nor a source
(for the existence of such fixed points would forbid the existence of an orbit dense in the
whole manifold M).

Consider a regular point p € M. By assumption, X (p) # 0; hence, we can define a
subspace N, = X ( p)T in the tangent space T,M. We thus obtain the so-called normal
bundle N C T M defined over the set of regular points M \ Sing(X). Define now the linear
Poincaré flow. For any real ¢ and any regular point p, we define the time ¢ of the linear
Poincaré flow by

Pi(p) = 7N, ) © Tp@tin, : Np = N, (p),

where 7N, ) Tp(pyM — Ny (p) is the projection along the direction of the flow
X (¢:(p)). This diffeomorphism coincides with the differential of the Poincaré application
defined from a hypersurface of M whose tangent space at the point p is N,, to a

hypersurface of M whose tangent space at the point ¢;(p) is Ny, (); hence the name.
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By definition, the normal bundle N is invariant by the linear Poincaré flow. Note that the
above-defined linear Poincaré flow depends on the considered metric.

The C!-vector field X, being defined on a compact manifold, exhibits a constant K > 0
such that

K= max ||Tcell.
xeM, te[—1,1]

As composing a linear application by an orthogonal projection only decreases the norm of
the considered application, we get the following remark.

Remark 2.1. Forall p € M \ Sing(X),and allt € [—1, 1], || Pr(p)|| < K.

Definition 2.1. A splitting of the normal bundle N (of dimension n—1) over an invariant set
A C M\ Sing(X) is a pair (N*, N*) of non-trivial subbundles defined over A, of constant
dimensions (i € [1,...,n — 2], j =n — 1 — i), such that, for any point p € A, we have
Np = Nj, @ Nj. Such a splitting is invariant by the linear Poincaré flow if, for any time ¢
and any point p € A, the following property holds:

Pt(p)(N;) = N;t(P)’
Pi(p)(Np) =Ny ()

We are now ready to introduce the notion of projective hyperbolicity announced in the
introduction.

Definition 2.2. A splitting N = N® @& N of the normal bundle over an invariant set

A C M \ Sing(X) is said to be dominated for the linear Poincaré flow, and then denoted

N* < N", if the following two assumptions hold:

(1) itis an invariant splitting for the linear Poincaré flow;

(2) there exist two constants C > 1 and T > 0 such that, for any point p € A, for any
pair of non-zero vectors (v*, v*) € N; X N;;:

P (p)v°] _ (1)’ |P(p)v"|

forallt > T,
[v¥] C [v¥]

or, which is strictly equivalent, there exists an integer £ such that, for any point p € A
and any pair of non-zero vectors (v*, v") € Ny, x N, the following inequality holds:

| P (p)v®] l [P (p)v"]
[v9] 2 v

forallt > £.

In this case, the splitting is an ¢-dominated splitting, denoted by N* <, N*.

Remark 2.2. Note that the notion of domination of an invariant splitting of the normal
bundle over an invariant set of regular points for the linear Poincaré flow does not depend
on the considered norm, as long as it is equivalent to the one induced by the Riemannian
metric.

In [6, Lemma 1.4], Bonatti e al proved in the diffeomorphism case that, whenever a
dominated splitting of the tangent bundle exists over an invariant set A, it can be extended
over the (invariant) closed set A. The same reasoning holds for vector fields.
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Remark 2.3. Let A C M\ Sing(X) be an invariant set such that the normal bundle admits a
dominated splitting over A for the linear Poincaré flow. Then the normal bundle admits
a dominated splitting over A \ Sing(X) for the linear Poincaré flow.

LEMMA 2.1. Assume N* @ N" is a dominated splitting of the normal bundle for the linear
Poincaré flow over M \ Sing(X). Then there exists a constant { > 0 such that, for any
point p € M \ Sing(X), for any pair of unitary vectors (v*, v") € N, x Ny,

v —v"| > ¢.

In other words, the angle between the subbundles N° and N" is uniformly bounded by
below.

Proof. Fix £ > 0 such that N® @ N* is an £-dominated splitting of the normal bundle for
the linear Poincaré flow over M \ Sing(X). By definition, for any point p € M \ Sing(X),
for any pair of unitary vectors (v*, v") € N, x Np,

[Pe(p)v*| 1

1 1
P(p)ve] 2 2

Assume by contradiction that there exists a sequence of points (x,),eny € (M \
Sing(X))N and a sequence of pairs of unitary vectors (v,, v;) € Ny X Ny such that
vy —vh| —+> 0. This assertion, put together with equation (1), is in contradiction with

n—-—+00

Remark 2.1. O

Consider a dominated splitting N = N* @ N over an invariant set A C M \ Sing(X).
Then, for any point p € A, since any vector v € N, admits by assumption a unique
splitting v = v® @ v* with (v*, v") € N; X N;;, we can define a norm on the normal
bundle over A as follows:

[v]" = max{|v*], [v"]}.
As a direct corollary of the previous lemma (together with the triangular inequality),

we know that, for any point p € A and for any vector v € N,, {|v|" < |[v] < 2|v[,
we have the following.

COROLLARY 2.1. The norm | |" associated to the dominated splitting N* & N" over A is
equivalent to the norm induced by the Riemannian metric on the normal bundle over A.

We shall now prove Theorem 1 in two steps.

PROPOSITION 2.1. If X is a robustly transitive vector field, then the normal bundle N
admits a dominated splitting for the linear Poincaré flow over M \ Sing(X).

PROPOSITION 2.2. Assume that X is a robustly transitive vector field such that Sing(X)
is non-empty. Then there exist arbitrarily C'-close vector fields Y such that their normal

bundle admits no dominated splitting for their associated linear Poincaré flow over
M \ Sing(Y).

Notice that, given a robustly transitive vector field X, any vector field ¥ C!-
sufficiently close to X is also robustly transitive by definition. Thus, Proposition 2.1 and
Proposition 2.2 lead to the announced Theorem 1.

https://doi.org/10.1017/50143385705000581 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385705000581

Projective hyperbolicity and fixed points 927

3. Robust transitivity and dominated splitting

Bonatti, Dfaz and Pujals proved [6, Theorem 2] that any C!-robustly transitive
diffeomorphism admits a dominated splitting of the tangent bundle. Their proof, based
on the highly-technical notion of transitions, can be reinterpreted in terms of vector fields,
but this requires tricky technical arguments, essentially due to the fact that their notion of
transitions fails to be purely algebraic. More recently, new arguments developed in [7]
enabled us to prove the following statement (see [7, Corollary 2.22]).

PROPOSITION 3.1. Recall that M is a compact manifold. Consider X € x'(M).
Then for any € > 0 there are two integers £ and n such that, for any periodic point x
of period p(x) > n:

(1) either there is an l-dominated splitting of the normal bundle for the linear Poincaré
flow P over the orbit of x;

(2)  or, for any neighborhood U of the orbit of x, there exists a C' e-perturbation Y of
X coinciding with X outside U and along the orbit of x, and such that the linear
Poincaré flow P ; @) (x) (associated to the vector field Y ) has all eigenvalues real and

with the same modulus; furthermore, this modulus can be chosen different from 1,

and thus the orbit of x is a source or a sink for Y.

Let us show how to deduce Proposition 2.1 from the previous statement.

Proof of Proposition 2.1. Since the existence of a source or a sink for a vector field
arbitrarily C'-close to X is incompatible with the assumption of X being robustly
transitive, we deduce from the previous proposition that, for any robustly transitive vector
fields, there exists an £-dominated splitting of the normal bundle for the linear Poincaré
flow over the set of periodic points with large periods. This set being dense in M for a
residual subset in the space of robustly transitive vector fields, we deduce from Remark 2.3
that Proposition 2.1 holds. a

The following stronger statement is also proved in [7, Corollary 2.23].

PROPOSITION 3.2. Consider X € x'(M). Assume that K is a compact invariant set
which is robustly transitive. Then the normal bundle admits a dominated splitting over
K \ Sing(X) for the linear Poincaré flow of X.

4. Dominated splitting and fixed points

Any vector field Y € x!(M) admitting a fixed point can be arbitrarily C'-closely

approximated by a vector field Z € x'(M) admitting a hyperbolic fixed point (see [8]).

Moreover, if a vector field Z € x'(M) admits a hyperbolic fixed point, there is a vector

field W e x!'(M) arbitrarily C'-close to Z admitting a hyperbolic fixed point p in the

neighborhood of which the vector field W is linear, hence equal to D, W. This leads us to

the following remark.

° If X € x!(M) admits a fixed point, there is a vector field Y € x'(M), arbitrarily
C'-close to X, which admits a hyperbolic fixed point in the neighborhood of which
Y is linear.
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Notice that, since any robustly transitive vector field X admits a neighborhood U C
x (M) of transitive vector fields, then any vector field ¥ € i/ also admits I/ as
neighborhood of transitive vector fields, hence:
° any vector field Y € U is a robustly transitive vector field.

Thanks to both preceding remarks, we get the following lemma.

LEMMA 4.1. If X € x'(M) is robustly transitive and admits a fixed point, then X can
be arbitrarily closely C'-approximated by a robustly transitive vector field Y € x'(M)
admitting a hyperbolic fixed point in the neighborhood of which Y is linear.

Definition 4.1. Consider X € x!(M) and p a hyperbolic fixed point. Assume there exist
smooth local coordinates around p such that X is linear equal to D, X in these coordinates.
We shall then say that p is a linear hyperbolic fixed point for X.

Since a robustly transitive vector field Y cannot admit hyperbolic sinks or sources,
its hyperbolic fixed points are necessarily saddles.
Proposition 2.2 is therefore a straightforward corollary of the following proposition.

PROPOSITION 4.1. If Y € x' (M) admits a linear hyperbolic fixed point of saddle-type,
then there is no dominated splitting of the normal fiber (defined over the set of regular
points) for the linear Poincaré flow associated to Y.

As a matter of fact, our reasoning shall imply the following slightly stronger statement.

Remark 4.1. Assume A C M \ Sing(X) is an invariant set such that the normal bundle
admits a dominated splitting for the linear Poincaré flow over A. Then any linear
hyperbolic fixed point of saddle-type p satisfies the following property:

p & Int(A U {p}).

This remark, together with Proposition 3.2 implies the following corollary.

COROLLARY 4.1. Consider X € Xl(M). Assume that A is an invariant set which
is robustly transitive. Then, any linear hyperbolic fixed point p satisfies the following
property:

p & Int(A U {p}).

The rest of this paper will be devoted to the proof of Proposition 4.1. The key tool in the
proof of Proposition 4.1 (hence in the proof of Proposition 2.2) is a property concerning
the exponential growth of the norm of vectors of the normal bundle whenever this normal
bundle admits a dominated splitting for the linear Poincaré flow. More precisely, this
property is to be seen as a weakened version of a property satisfied in a more restrictive
case (hyperbolic case). We first present this never-ending growth property in the hyperbolic
case. We then state (and prove) the weakened version satisfied under the assumption of
existence of a dominated splitting of the normal bundle (see Lemma 4.4), which we shall
use to prove Proposition 4.1.
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4.1. The never-ending growth property in the hyperbolic case. All the propositions of
this section are classical results that we only state for pedagogical purposes. In particular,
we shall not use the proofs written in this section in the rest of the paper: the reader should
therefore feel free to skip any part of this section.

Let us first state the definition of a hyperbolic set of saddle-type.

Definition 4.2. Consider a vector field X € x'(M) and a compact invariant set K C
M \ Sing(X). The set K is of hyperbolic saddle-type if there exist a splitting of the normal
bundle N = N*® @ N"" invariant by the linear Poincaré flow over A and two positive
constants C > 1, ¢ < 1 suchthatforall p € K,and allz > O:

. forall v’ € Ny, |P(p)v*| < Cc'[v*;

. forall v € Nj*, |P_i(p)v*| < Cc'v"|.

Remark 4.2. Since the normal bundle over a compact hyperbolic set of saddle-type K
admits by definition a dominated splitting N*° < N** for the linear Poincaré flow,
Lemma 2.1 states that there exists ¢ > 0 such that, for any point p € K and any pair
of unitary vectors (v, w) € N*¥ x N"*,

[lv —w| > ¢.

We shall make use of the norm | - |” defined as follows: for all x € M \ Sing(X), for all
v=v"@v" e NP N,
lv]” = max([v°], [v")).

(Recall that, thanks to Corollary 2.1, this norm is equivalent to the one induced by the
Riemannian metric.)

What we call the never-ending growth property is the following: recall that, by
definition of a hyperbolic system, we need to wait for a characteristic time to such that
Cc™ = 1 for the exponential growth of the norm of vectors of N*% (respectively of N**)
to become negative (respectively positive) under the action of the linear Poincaré flow.
If after this time the exponential growth of a vector v € N reaches a positive critical value,
then the asymptotical exponential growth of this vector is known: it is strictly positive
(and uniformly bounded away from zero). In other words, once the exponential growth of
such a vector reaches a critical level (after a characteristic time), it is positive for ever after
some time. More precisely, we have the following.

LEMMA 4.2. Consider X € x'(M) and let K be a compact invariant hyperbolic set of
saddle-type, characterized by the positive constants C > 1 and ¢ € 10, 1[.

For any time ty > 0 such that Cc™ < 1, there exists a positive time t| such that, for any
point p € K and for any vector v € Np, if

1 /1Pl 1
Do Evl o Ly ey,
fo [v)/ fo

1 P/ 1
—1In | Prol > ——Inc.
t [v]/ 2

then, for any time t > ty,
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Before proving this lemma, let us give an analogous statement independent of the
considered norm | - | provided it is equivalent to the one induced by the Riemannian metric
(and hence equivalent to the norm | - |").

LEMMA 4.3. Consider X € x'(M). Let K be a compact invariant hyperbolic set of
saddle-type, characterized by the positive constants C > 1 and ¢ € 10, 1[ and let | - |
denote a norm equivalent to the one induced by the Riemannian metric on the tangent
bundle.

There exists € > 0 such that, for any time ty > 0 verifying Cc™® < 1, there exists a
positive time t such that, for any point p € K and for any vector v € N, if

1 /P 1
—1n<M> > Z (e + In(CcY),
to |v] to

1 | Pyv| 1 €
—In| — ) > —=Inc— -.
t |v] 2 t

Let us first explain how to deduce this statement from Lemma 4.2.

then, for any time t > 1y,

Proof. As we assume the norm | - | to be equivalent to the one induced by the Riemannian
metric, it is equivalent to the norm | - |/
C > 1 such that for any point p € K, for any vector v € N,

used in Lemma 4.2. Thus, there exists a constant

1
—|v| < v < Clv|.
C|| [v] [v]

Fixe =2InC > 0.
Then, for any point p € K, for any vector v € N, for any time tp > T, if we assume

lln<|Pro<P)v|

1
7> > —(€ —i—ln(Cc’O)),
fo [v] fo

by definition of the constants € and C, we have

1 P, ! 1
“In M > — In(Cch).
10 [v] 10

Lemma 4.2 then states that there exists #{ > 0 such that for any time ¢ > 11,

1 P, ! 1
—1In M 2__1110
: ol 2

This implies that for any time ¢ > £,

1 P 1
_ln M 2__11*10_5. O
P o] 2 P

We can now turn to the proof of Lemma 4.2.
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Proof of Lemma 4.2. We shall prove that the announced statement holds for #; =
max{4tg, to —InC/Inc}.
Consider p € K andv =v* +v" € N' @ N,".

Notice, first, that
1 P s 1 P, s
D in(1Pa@V’ 1Y 1y (1P|
fo [v|’ fo [v°]

1
< —In(Cc") < 0;
]

thus, any vector satisfying the assumption

1 <|P10(P)U|/

—In
[v)/

1 1
0 ) > 5 In(Cc') 2)

necessarily verifies the equation

| Py (p)v]" = | Py (p)v"|.
Equation (2) thus becomes

1 m('P'o(”)”"'

1
— In(Cc").
fo [v)/ )>fo nce)

This equation, together with the inequality | Py, (p)v*| > 1/(Cc')[v"| implies that

1 [v*] InC
—1In >2(Inc+ — ). 3)
to [v]’ 10

Moreover, since ¢t > —InC/Inc implies that (Cc') < 1, we can write for any
t > —InC/Inc,

| Pt (910 (P)) © Py (p)V*|

< CC! [Py (p)v']

< Cc'| Py (p)v"|

<(C)|P (@1 (D)) 0 Proy(p)v"|
<Py () 0 Py (p)v”].

Hence, for any ¢ > 1,
|P,(p)v|" = | P (p)v"]. 4)
Equations (3) and (4) then imply that, for any ¢ > ¢,

L (1P (p)l 1 (P (p)v"| [v"]
S AL ) = S A
t [v] t | ol

InC to 1 “
>—n——1nc+—0—ln V"]

t tfy [v|/

InC /7 InC
>—n——1nc+—02(lnc+n—>

t t )

fo

> (—1+27)lnc

1
> ——=Inc>0 O
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4.2. Weaker property in the case of dominated splitting of the normal bundle for the
linear Poincaré flow. The existence of a dominated splitting N = N°® @ N of the
normal bundle for the linear Poincaré flow does not imply that the norm of vectors
in N*¥ (respectively, in N*) decreases exponentially (respectively, increases exponentially)
under the action of the linear Poincaré flow. We only know that the norm of vectors
in N decreases exponentially more than the norm of vectors in N*. Of course, we will
not be able to recover the property of never-ending growth as stated in Lemma 4.3 in
this case. However, a slightly less restrictive property remains true: if the exponential
growth (after a characteristic time) of the norm of such a vector under the action of the
linear Poincaré flow reaches a critical value, then the exponential growth of this vector
is asymptotically bounded away from the exponential growth of vectors of N°® (instead of
being asymptotically bounded away from zero). In particular, it is impossible for a vector
v € N to have almost the exponential growth of a vector u € N}, during an arbitrarily long
time (let us say from time O to time ) and then (starting at time ¢) almost the exponential
growth of a vector w € N (;t » during an arbitrarily long time. The following lemma states
this fact more precisely.

LEMMA 4.4. Let X be a C'-vector field such that the normal bundle N admits a
dominated splitting for the linear Poincaré flow. Then there exist two constants € > 0
and T > 0 such that, for any pair (r, p) € 1T, +00[?, for any real t > r, for any regular
point x, and for any vector v € Ny, one of these inequalities holds:

1mcigm><lmmawmwn—e )
r [v] r *

1 ln(le(wz(X)) o Pr(x)v
14 | P (x)v]

1
>>;mm&@unmmm+e ©)

In the last statement and in the following proof, we denote by m the usual conorm of a
linear map, that is,
| P (x)v]

m(Pr(x)|Nu) =
: veN“, v£0  |v]

Proof. Recall that the existence of dominated splitting of the normal bundle for the linear
Poincaré flow does not depend on the considered norm, provided it is equivalent to the one
induced by the Riemannian metric (see Remark 2.2). Moreover, it is easy to check that if
there exists a norm, equivalent to the one induced by the Riemannian metric, such that the
announced result holds, then it also holds for any norm equivalent to the one induced by
the Riemannian metric. Thus, it is sufficient to do the proof with the norm | - | defined as
follows: for all x € M \ Sing(X), and all v = v* & v* € N} @ N¥,

vl" = max(Jv*], [v"]).

(Recall that, thanks to Corollary 2.1, this norm is equivalent to the one induced by the
Riemannian metric.)

Denote by C and Ty the constants associated to the domination N* < N for the
norm | |". Let us prove that € = In(C) and T = Ty are the announced constants.
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CLAIM 4.1. Ifinequality (5) is not verified for r > T, then
1P ()v]" = | P (x)v"]. @)

Proof. By contradiction, if (7) did not hold, we would get

L (1Puly 1 (1P o
r ol r V]
1
< (1A g ),

which, together with the negation of inequality (5),
1 ( | P ()0l
Zn 222

1
; > > —In(m(P (x)|n0)) — €,
[v] r

,
would clearly contradicts the domination assumption N¥ < N¥. O

Thus, if inequality (5) does not hold, we get for any ¢ > r, | P;(x)v| = | P, (x)v"|, and
forany p > 0, | P4, (x)v|" = | Pryp(x)v*|. Inequality (6) is therefore verified for the norm
|'|', since for any p > T,

L <|Pp+t(x)v|’> _ 1 <|P,+p(x>v”|)
—Inl —— | =—-In| ————
P\ IRl ) o\ R
1 /
> —Inm(Py (s, )

1
> —In(|Py(x)ns ) +e.
0 @ (x)

(The last inequality comes from the domination assumption N < N*.) a

4.3.  Proof of Proposition 4.1. 'We now need only prove that, if the vector field X is
linear in the neighborhood of a hyperbolic fixed point of saddle-type, then there exists a
vector in the normal bundle contradicting Lemma 4.4.

We shall henceforth restrict our study to a local neighborhood ¢/ of a hyperbolic fixed
point p of saddle-type (we can therefore assume that we are working in an open set of R"),
such that X is linear, hence equal to D, X on . Since p is a hyperbolic saddle, we are
entitled to consider two eigenvalues A* and A* of D, X such that:

° Re(A*) = min{Re(X), A € Spec(D,X)} < 0;

° Re(A*) = max{Re(A), A € Spec(D,X)} > 0.

Let us denote by E* (respectively by E") the eigenspace of D,X associated to A*
(respectively to A*). Let IT denote the intersection of U/ with the vector space E* & EY,
necessarily invariant since X is linear. We shall denote by j the dimension of the vector
space E¥, and by k the dimension of the vector space E¥; thus, dim(IT) = j + k.

We shall restrict our study to IT. Consider four constants 8, 1, 6, ¢ > 0 and let us define
two sets U* and U" as follows:

° US={x e (Il — E), d(x, E*) <§, Angle(X (x), E®) < 0};
° U' ={x el —E"), d(x, E") <n, Angle(X(x), E*) < ¢}.
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Es

FIGURE 1. Dynamics around a hyperbolic saddle.

We can choose 6 and ¢ small enough, so that U* N U* = @. If § is chosen small enough,
we can moreover assume that for all y € U¥, there exists 7 > 0, there exists ¢, (y) € U".
Consider a sequence of points (x,), € Il converging to p (see Figure 1). Let us define
two sequences of points (y,), and (z,), : Y corresponds to the (chronological) entrance
point of the flowline of x,, in U*, and z,, to the (chronological) exit point of the flowline of
x,, from U". We thus write:
° foralln, y, = ¢, (xy) € U®, 7y = max;so{ep—c(x,) € U}
° foralln, z, = ¢1q (xs) € U", T'n = maxy~ofer (x,) € U}
Let us denote by r, (respectively p,) the length of time that x, spends in U*®
(respectively in U*):
o rp=maxrsofer(yn) € U
o  pp=max,-of{p_p(zs) € U"}.
It is easy to check that

lim, 00 7, = 400 and lim, o y; =0,

lim,,—, 00 pn = 400 and lim, . 2, =0,
where y, =y, @y € E*@ E"andz, =z, ® 2z € E* ® E”. (Indeed, for any v > 0
the point p does not belong to the closure of the set {¢;(x), t > 0, x € U® and x* > v}.
The convergence of the sequence (x,), to p therefore implies the convergence of (y;),

to 0, hence that (r;,), tends to +00.)
Define, for any point y € U’, a (k + [ — 1)-plane Fy included in IT as follows:

Fy=((X(»W"NE)@®E) NI,
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Let us consider, for any point y € U?, the projection w(y) : Ny N I1 — Fy parallel to
the vector field X (y). By definition of U*, for any point y € U*®, Angle(X (y), E®) < 6.
Therefore, up to a choice of # small enough,

there exists € > 0, forall y € U*, Angle(Ny, NII, F(y)) < €.

This means that 77 (y) and 77 (y) ™! have (uniformly) bounded norms:

1

there exists C > 1,forall y € U”, ral <=l <C,

with

lim C — 1.
6—0

Thus, for any w € 7t(y,,)’1 (E"), we know that |w| has an exponential growth almost
equal to the exponential growth of vectors of E* (that is, almost maximal) during a time 7;,.

Indeed, for any point y € U®, and any time r > 0 such that (for all p € [0, r],
¢,(y) € U*), we can write: forall w € n(yn)’l(E“), there exists v* € E,

|P-(Mw| _ |P(y) o (y)v"]

[w] |l =1 (y)vH|
_ LIPO) om” (v
~C |vt|
>i|Ty¢ron’1(y)v“|
T c? vt
> exp(k“r).

C3

Hence,

1 |P-(y)w| 1 3
~In (—y> > — In(| Tygriee|l) — = In(C)
r |w]| r r

1 3
> - In(|| - () vu oy D) — - In(C).

Thus, there exists an integer N1 > 0 such that, for any integer n > Nj, any vector
w € n(yn)’lE“ satisfies inequality (5). Moreover, the space E* (hence the space
P (yn) E") has dimension /.

Considering the time-reversed flow and the projection 7/ (z) parallel to X defined, for
any z € U", from N(z) N TII to (X()* N EY) & ES, we get, by a similar method,
the existence of an integer N» > 0, such that, for any integer n > N>, any vector
w' € 7(z,) " N(E®) satisfies the inequality (6). However, the space E* (thus the space
7t(z,1)/’1 E*) has dimension k.

Since the space N, N IT has only dimension k 4+ [ — 1, we infer that, for any integer
n 2= sup(N1, N»), there exists a vector

w € (P_gy—r/(zn) 0 7(za) ' ES) N (x(yn) 'E*) C Ny, NTI

which simultaneously satisfies neither inequality (5) nor (6), which contradicts
Lemma 4.4.
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