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The concept of stochastic precedence between two real-valued random variables has often
emerged in different applied frameworks. In this paper, we analyze several aspects of
a more general, and completely natural, concept of stochastic precedence that also had
appeared in the literature. In particular, we study the relations with the notions of stochas-
tic ordering. Such a study leads us to introducing some special classes of bivariate copulas.
Motivations for our study can arise from different fields. In particular, we consider the
frame of Target-Based Approach in decisions under risk. This approach has been mainly
developed under the assumption of stochastic independence between “Prospects” and
“Targets”. Our analysis concerns the case of stochastic dependence.

1. INTRODUCTION

Let X7 and X5 be two real random variables defined on a same probability space (2, F,P).
We will denote by F’ the joint distribution function and by G, G2 their marginal distribution
functions, respectively. For the sake of notational simplicity, we will initially concentrate
our attention on the case when G, Gy belong to G, the class the probability distribution
functions on the real line, that are continuous and strictly increasing in the domain where
they are positive and smaller than one. As we shall see later, we can also consider more
general cases, but the present restriction allows us to simplify the formulation and the proofs
of our results. In order to account for some cases of interest with P(X; = X5) > 0, we will
not assume that the distribution function F' is absolutely continuous.

The random variable X7 is said to stochastically precede Xy if P(X; < X3) > 1/2, writ-
ten X; =sp Xo. The interest of this concept for applications has been pointed out several
times in the literature (see in particular [1,3,13]). We recall the reader’s attention on the
fact that stochastic precedence is not transitive, and then it does not define a partial order
(as, on the contrary, stochastic orderings do). However, it can be considered in some cases
as an interesting condition, possibly alternative to the usual stochastic ordering X1 =g Xo,
defined by the condition G1(t) > G2(t), Vt € R; see [19].

When X1, X, are independent the implication X; =g Xo = X1 =<, X2 holds (see [1]).
It is also easy to find several other examples of bivariate probability models where the
same implication holds. For instance the condition X; =<4 X5 even entails P(X; < X5) =1
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when X1, X, are comonotonic (see e.g., [15]), that is, when P(X, = G5 1 (G1(X1))) =1,
with G1,Gs € G. On the other hand, cases of stochastic dependence can be found where
the implication X; =g Xo = X1 =¢p X2 fails. A couple of examples will be presented in
Section 3; see also Proposition 7 in Section 2. On the other hand, the frame of words’
occurrences produces, in a natural way, examples in the same direction; see, for example, [7].
This circumstance leads to some paradoxes, especially in the context of economic decisions,
as it was early pointed out, for example since 1954 by Savage (see [16]).

In this paper, we analyze a generalized concept of stochastic precedence, that have been
considered in the literature (see in particular [21], see also [17]).

DEFINITION 1. For a given v € [0, 1], we say that X, stochastically precedes Xo at level v
if P(X1 < X3) > ~. This will be written X; =) X,.

Several arguments along the paper will be based on the concept of bivariate copula (see,
e.g., [10,15]) and the class of all bivariate copulas will be denoted by C. For a given bivariate
distribution function F' with margins G1, G, a connecting copula is any distribution function

C :[0,1]%> — [0,1] such that
F(Qfl,fg) = O(Gl(l‘l), G2($2)) (1)

It is well known (see, e.g., [15]) that the connecting copula is unique when G; and G
are continuous.
We will use the notation

A= {(x1,22) € R?: 2 < T2}, (2)

so that we write

P(X; < X,) :/

dF(xl,azg):/ Ta(xy,20) dF (21, 22). (3)
A

R2

For given G1,G2 € G and C' € C, we also set
77(07 Gla G2) = ]P)(Xl < X2)7 (4)

where X; and X, are random variables with distributions G; and G respectively, and
connecting copula C'. Thus the condition X, 5§g) X5 can also be written

77(07 G17 GQ) > -

Suppose now that X7, Xo satisfy the condition X; <¢ Xo. As a main purpose of this
paper we give a lower bound for the probability P(X; < X5) in terms of the stochastic
dependence between X; and Xs or, more precisely, in terms of conditions on the integral
f AN[0,1]2 dC. More specifically, we will analyze different aspects of the special classes of
bivariate copulas, defined as follows.

DEFINITION 2. For « € [0,1], we denote by L. the class of all copulas C € C such that
77(07 GlaGQ) > Y (5)

for all G1,G5 € G with G1 =< Ga.

Concerning the role of the concept of copula in our study, we point out the following
simple facts. Consider the random variables X = ¢(X;) and X} = ¢(X2) where ¢ : R — R
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is a strictly increasing function. Thus X =<4 X} if and only if X; <4 Xo, and X7 553) X4 if
and only if X7 jég) Xs. At the same time the pair (X7, X%) also admits the same connecting
copula of (X7, X2). See also Remark 2.1 below.

The arguments treated in this paper can reveal of interest in different applied fields.
Motivations for this study, in particular, had arisen for us in the field of Target-Based
Approach (TBA) to utility theory. A further source of interest has been the comparisons
among waiting times to occurrences of words in random sequences of letters from an alpha-
bet; see [7,8]. Apart from the general economic context that we already mentioned above,
further applications can arise for example, in the fields of reliability and in the comparison
of pools obtained by two opposite coalitions in political elections.

More precisely the structure of the paper is as follows. In Section 2, we analyze the
main aspects of the classes £, and present a related characterization. Some further basic
properties will be detailed in Section 3, where a few examples will be also presented. Finally,
in Section 4, we will briefly review Target-Based utilities, pointing out the relations with
our work, in the case of stochastic dependence between targets and prospects. Connections
with the field of times to words’ occurrences will be discussed in a subsequent note.

2. A CHARACTERIZATION OF THE CLASS L,

This section will be devoted to providing a characterization of the classes £, (see Theorems 5
and 6) along with related discussions. We start by detailing a few basic properties of the
quantities n(C, G1, G2), for G1,G4 € G and C € C. In view of the condition G1,G2 € G we
can use the change of variables u = G1(z1), v = Ga(x2). Thus we can rephrase formula (3)
according to the following result.

PROPOSITION 1. For given G1,G2 € G and C € C, one has
WC.G1LG) = [ 1a(G7(1),65" () dC(u,v) (6)
[0,1]2

The use of next Proposition is twofold: it will be applied both for characterizing the
classes £, and for establishing lower and upper bounds on the quantity n(C, G1, G2).

PROPOSITION 2. Let G1,GY,Ga,GS € G. Then
GQ jst GIZ = 77(07 le GQ) S T](Ca Gla Gl2)7 (7)
G1 =t Gll = U(C, Gl, GQ) > n(Ca Glla G2) (8)

PROOF: We only prove the implication (7), since the proof of (8) is analogous. By hypothesis,
and since G1, G}, € G, for each € (0,1), one has

Gy (x) < G ().

Therefore
(GTH(2),G5 M (2) € A= (G H(2), Gy M (2)) € A

Hence, the proof can be concluded by recalling (6). ]
From Proposition 2, in particular we get

n(C,G,G) <n(C,G',G) and n(C,G,G)<n(C,GG"), (9)

for any choice of G,G’,G"” € G such that G’ <y G = G".
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A basic fact in the analysis of the classes £, is that the quantities of the form n(C, G, G)
only depend on the copula C. More formally we state the following result.

PROPOSITION 3. For any pair of distribution functions G',G" € G, one has
n(C,G",G") =n(C,G",G"), (10)
PROOF: By recalling (6) one obtains
/ 14(G" " (u), G (v)) dC (u,v) = / 14(G"(u),G" " (v)) dC (u,v) (11)
[0,1]2 (0,1]2
because
14(G (), G~ (©)) = 1a(G" (), "1 (0)) = La(u,v),
so equality in (10) is proved. [
Remark 2.1. Notice that the following more general consequence of formula (6) also holds:
77(07 Gl17 G/2) = 77(Ca Glll7 G/2/)
whenever G (z) = G}(¢(x)), i = 1, 2, for some continuous and strictly increasing ¢ : R — R.

As a consequence of Proposition 3, for G € G, we can introduce the symbol
n(C) ==n(C,G,G), (12)

and, by letting G; = G2 = G in (6), write

n(C) = /AO[W ac. (13)

From Proposition 2 and from inequalities in (9), we obtain

PROPOSITION 4. For G1,Gy € G the following implication holds
G1 =5t Go = 1(C) <n(C,G1,Ga).

We then see that the quantity 7(C) characterizes the classes £, 0 < <1, in fact we
can state the following result.
THEOREM 5. For any given v € [0,1], C € L, if and only if n(C) > 7.
We thus have
Ly, ={CeC:n(C) =} (14)

and we can also write

n(C) = infeg{n(C, G1,Gs2) : Gy =4 Ga}. (15)

1,—2

In other words, the infimum in formula (15) is a minimum and it is attained when G| =

Ggeg.

Remark 2.2. Theorem 5 concerns the possible values of the probability P(X <Y) for a
fixed copula C' and for different pairs of marginal distributions G, Gy with G; =4 G2. In
an economical setting, a “dual” result is pointed out in the recent paper [11], where the
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range of possible values of P(X < Y) is concerned, for a fixed pair (G, G2) and for different
copulas C. For general results in this direction, from a mathematical viewpoint, see [20].

We notice furthermore that the definition of n(C, Gy, Gz2) can be extended to the case
when G1, G2 € D(R), the space of all distribution functions on R. The class G has however
a special role in the present setting, as it is shown by the following result.

THEOREM 6. Let C € C, G, H € D(R) with G <4 H, then n(C) <n(C,G, H).

PROOF: Consider two sequences (G,, : n € N), (H,, : n € N) such that G,,, H,, € G and G,, >
G, H, % H. By applying Theorem 2 in [18], we obtain that C(G,,, H,) = C(G, H).
Take the new sequence (H, :n € N) where H,(x) :=min{G,(z), H,(z)}. We notice
that H, € G, moreover G,, < H,, and H, - H. This implies C’(Gn,ﬁn) = C(G,H).
Now, using the standard characterization of weak convergence on separable spaces (see

[2] Theorem 6.3 p. 67),
1imsup/ dF, < / dF,
n—oo JB B

for any closed set B C R?, where F' = C(G, H) and F,, = C(G,,, H,,). Taking the closed set
A defined in (2) one has

n(C <hmsup/dF </dF—nCGH) (16)

n—oo

Remark 2.3. Theorem 6 shows that the minimum of n(C,G, H), for G,H € D(R), is
attained at (C,L,L), for any L € G. This result allows us to replace the class G with
D(R) in the expression of £, given in (15). We notice furthermore that one can have

n(C,G',G") #n(C,G",G") when G',G" are in D(R).

Concerning the classes £, we also define

B, :={CeC|n(C) =1}, (17)

so that

L= B

'>’Y

We now show that the classes B, with v € [0, 1], are all non-empty. Several natural
examples might be produced to this purpose. We fix attention on a simple example built

in terms of the random variables X7, XQ(W) defined as follows. On the probability space
([0,1], B]0,1], A), where A denotes the Lebesgue measure, we take

w+1-— if w e [0,7],
Xi(w)=w and X(w)= K 0,7] (18)
w—r ifwe (v,1].

As it happens for X, also the distribution of Xg” is uniform in [0, 1] for any ~ € [0, 1]

and the connecting copula of X7, Xéw,

by C,.

that is then uniquely determined, will be denoted
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FiGURE 1. (Color online) Copulas from the family C,, with v = 0.3, 0.5, 0.8, respectively.

PROPOSITION 7. For any v € (0,1], one has

(i) Cy € B,.
(ii) C5(u,v) = min{u, v, max{u — ,0} + max{v +~ —1,0}}.

PROOF: (i) First we notice that P(X; < Xg”) = ~. In fact
P(X; < XQ(’Y)) =PX1 <X14+1-7,X1 <) +PX1 < X1 =7, X1 >7) =7,

Whence, n(C,) = P(X; < XS’Y)) = ~, since both the distributions of X7, XgY) belong to G

(ii) For z1,z2 € [0, 1] we can write

(x1,29) :=P(X; < xl,Xéw < x9)
=P(Xi <21, Xi+1—-7y<uz, X5 <)
+P(X; <2, X1 <22+, X1 >9)
=P(X; <min{zy, 22 +v—1,7}) + P(v < Xy < min{xy, 22 +7})
= max{min{zy, 22 + v — 1,7},0} + max{min{x;, z5 + v} — 7,0}
= min{xy, r2, max{z; — 7,0} + max{xs + v —1,0}}.

FXhXé’Y)

Since both the marginal distributions of X; and XZ(’Y) are uniform, it follows that

C, (u,v) = min{u, v, max{u — 7,0} + max{v +~v—1,0}}.
]

The copulas C,, have also been considered for different purposes in the literature
(see, e.g., [9] and references therein). We point out that the identity 7(C,) =~ (for
v € (0,1]) could also have been obtained directly from formula (13). In this special case,

the computation of P(X; < X5) is however straightforward.
As an immediate consequence of Proposition 7 we have that L, is strictly con-

tained in £, for any 0 < v < ' < 1. We notice furthermore that Lo =C and £, = {C € C :

fAm[o’”Q dC =1} #0.
Graphs of C, for different values of v are provided in Figure 1.
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3. FURTHER PROPERTIES OF £, AND EXAMPLES

We start this section by analyzing further properties of the classes £, that can also shed
light on the relations between stochastic precedence and stochastic orderings. First we notice
that the previous Definition 2 has been formulated in terms of the usual stochastic ordering
=st- However, similar results can also be obtained for other important concepts of stochastic
ordering that have been considered in the literature (such as the hazard rate, the likelihood
ratio, and the mean residual life orderings, see [19]).

Let us fix, in fact, a stochastic ordering =<, different from =<g. Definition 2 can be
modified by replacing therein <y with =<, and this operation leads us to a new class of

copulas that we can denote by E»(Y*). More precisely, we set

L) ={CeC:n(C,G1,G2) >, VG1,G2 € G s.t. G1 =, Ga} (19)
or equivalently
L ={CecC:n"(C) =1}, (20)
where
n*(C) := Gl?gfeg{n(C, G1,G2) : Gy =, Ga}. (21)

For given v € (0,1), one might wonder about possible relations between £§y*) and L.
Actually one has the following result, which will be formulated for binary relations (not
necessarily stochastic orderings) over the space D(R).

PROPOSITION 8. Let <, be a relation satisfying

(a) for any G € D(R) one has G =, G;
(b) for any G1,Go € D(R) with G1 <, G2 one has G =g Ga.

Then L, = [,(7*),

PROOF: In view of (b), one has n(C) < n*(C). In fact, both the quantities n(C) and n*(C)
are obtained as an infimum of the same functional and, compared with 7, the quantity n*
is an infimum computed on a smaller set.

Due to (a), however, n(C) and n*(C') are both obtained, in (15) and (21) respectively,
as minima attained on a same point (G, ). We can then conclude that E(V*) =L,. [

Concerning Proposition 8 we notice that, for example, the hazard rate and the likelihood
ratio orderings, <, and =<, both satisfy conditions (a) and (b).

As far as applied problems are dealt with, it can be relevant to remark that imposing
stochastic orderings stronger than = does not necessarily increase the level of stochastic
precedence.

For the sake of notational simplicity we come back to considering the usual stochastic
ordering = and the classes L.

For what follows, it is now convenient also to consider the quantities £(C, G, G2) and
&(C) defined as follows:

f(C,Gl,GQ) = P(Xl :)(2)7 (22)
f(C) = f(C,G,G), (23)

where X; and X5 are random variables with distributions G, Gy € G, respectively, and
connecting copula C.

https://doi.org/10.1017/50269964815000029 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964815000029

336 E. De Santis, F. Fantozzi and F. Spizzichino

For a given bivariate model we have considered so far the quantities n(C) with C
denoting the connecting copula. In what follows, we point out the relations among 7(C),
n(a), n(C?), where C and C! denote the survival copula and the transposed copula of C,
respectively. The transposed copula C! is defined by

C'(u,v) = C(v,u), (24)

so that if C is the connecting copula of the pair (X7, X»), then C? is the copula of the pair
(X2, X1). Whence, if X; and X5 have the same distribution G € G, then

n(C") =P(Xy < Xy).

On the other hand, the notion of survival copula of the pair (X7, X2), which comes
out as natural when considering pairs of non-negative random variables, is defined by the
equation

~

Fx, x,(z1,22) = C (G1(21), Ga(22)) (25)

with G and G respectively denoting the marginal survival functions:

Gl(l‘l) = ]P)(Xl > $1>, ég(.’lﬁg) = P(Xg > $2).

The relationship between the survival copula C of (X1, X5) and the connecting copula
C' is given by (see [15])

~

Clu,v)=u+v—1+C(1 —u,1—0). (26)

The following result shows the relations tying the different quantities n(C), n(C), n(C").
The proof is easy and will be omitted.

PROPOSITION 9. Let C' € C. The following relation holds:
n(C) =n(C") =1-n(C) +&(C).
A basic property of the classes £, and By is given by the following result.

PROPOSITION 10. For vy € [0, 1], the classes L., LS =C\ L, and B, are convez.

Proor: We consider two bivariate copulas C,Cy € £, and a convex combination of them,
that is, take a € (0,1) and C' := aC4 + (1 — a)Cy. We show that C' € L., indeed

n(C’):/AdC(u,v):a/AdCl(u,v)+(1—o¢)/Ang(u,v):ozr](Cl)+(1—oz)77(C’2).

Since 7(Ch),n(Cs) are larger or equal than ~ then n(C') > v, whence £, is convex. Now one
can use the same argument in order to show that £ and B, are convex as well. ]

An immediate application of Proposition 10 concerns the case when, given a random
parameter O, all the connecting copulas of the conditional distributions of (X7, X») given
© belong to a same class £,. Proposition 10 in fact, guarantees that the copula of (X1, X5)
belongs to L as well.

Some aspects of the definitions and results given so far will be demonstrated here by
presenting a few examples. We notice that, as shown by Proposition 7, the condition =g
does not imply 5§g), with v € (0, 1). For the special case v = 1/2 we now present an example
of applied interest.

https://doi.org/10.1017/50269964815000029 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964815000029

STOCHASTIC ORDERINGS AND GENERALIZED STOCHASTIC PRECEDENCE 337

Ezample 1. Let X,Y be two non-negative random variables, where Y has an exponential
density fy (y) with failure rate A and where stochastic dependence between X and Y is
described by a “load-sharing” dynamic model as follows: conditionally on (Y =y), the
failure rate of X amounts to a =1 for ¢t < y and to § for ¢t > y. We assume 1 < A < <
1+ A. This position gives rise to a jointly absolutely continuous distribution for which we

can consider
—+oo

P(X >z|Y =y) = / fx,y(t,y)de,

T

fx,v denoting the joint density of X,Y. As to the survival function of X, for any fixed
value = > 0, we can argue as follows.

- +o0o
Fx(z)=P(X >x) = /0 P(X > z|Y =y)fy(y)dy

xT —+o0
= /0 P(X > z|Y =y) fy(y)dy +/ P(X > z|Y =y) fy(y)dy

x —+o00
= /0 P(X > ylY = y)P(X > 2|V =y, X > y)fy(y)dy +/ e " fy(y)dy

A A
— 1 - — —(1+N)z —pBx < — Az \ 0.
( 1+>\—ﬁ)e +1+)\_ﬂe <e ™, Vx>

We can then conclude that X =< Y. On the other hand, the same position gives also rise
toP(X <Y)=1/(1+X) <1/2.

Further examples in the same direction can for example, arise in the change-point
models studied in [6].

Next example shows that for three random variables T, X', X", the implication T =<
X' 24 X" =P(T < X") <P(T < X') can fail when the connecting copulas of (T, X’) and
(T, X" are different.

Ezample 2. Let Yi,...,Ys be i.i.d. random variables, with a continuous distribution and
defined on a same probability space, and set

T =min(Y7,Ys), X' = max(V7,Ys), X" = max(Y3,Ys,Ys).

Thus X' <o X", bt P(T < X')=1and P(T < X") < 1.

Remark 3.1. For some special types of copulas C', the computation of n(C, G1,G3) can be
carried out directly, in terms of probabilistic arguments, provided the distributions G1, G4
belong to some appropriate class. For such copulas, Proposition 2 can be used to directly
obtain inequalities for n(C, Hy, Hs) even if Hy, Hy do not belong to G, provided, for example,
that H1 jst Gl, G2 jst H2 and G17G2 € g

This circumstance in particular manifests for the models considered in the subsequent
examples. Next example will be devoted to bivariate Gaussian models, that is, to a relevant
case of symmetric copulas.

Ezample 3. Gaussian copulas.

The family of bivariate Gaussian copulas (see, e.g., [15]) is parameterized by the cor-
relation coefficient p € (—1,1). The corresponding copula C'(?) is absolutely continuous and
symmetric. Thus 7(C(?)) = 1/2 and it does not depend on p. For fixed pairs of distributions
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G1,G3, on the contrary, the quantity n(C®),G1,G5) does actually depend on p, besides
on G; and G5. This class provides the most direct instance of the situation outlined in
the above Remark 3.1. The value for n(C?), Gy, Gs) is in fact immediately obtained when
G1,Go are Gaussian. Let X7, X5 denote Gaussian random variables with connecting copula
C®) and parameters juy, pi2,07,03. Since the random variable Z = X; — X is distributed
according to N'(uy — pi2, 0% + 03 — 2poi02) we can write

P Gy Gy) =P(Z<0) = H2 — I . 27
n( 1,Go) =P(Z <0) <\/a—f+o§—2palag (27)

We recall that, when X; ~ N (u;,0?) for i = 1,2, the necessary and sufficient condition
for Xy =<4 Xo is u1 < po and o1 = o9 (see, e.g., [1]). In other words, for Gy, Gy Gaussian,

G1 = G2 means X =<, Xo and 01 = 02. By using formula (27), with oy = 02 = 0, we
have

oy/2(1—=p)

Thus G =2 G2 = n(C(p), G1,G9) > 1/2, as shown by Proposition 4 and Theorem 6. We
notice that n(C?), Gy, Gy) is an increasing function of p.
Proposition 2 can be extended to obtain, for example, that

U(O(p)7 Gla GQ) < U(O(p)7 Hla HQ)a

when Hy = G1 and Gy =y Ho, for G1,G2 € G and Hy, Hy ¢ G. We then can give inequal-
ities for n(C¥), Hy, Hs) in terms of (27), provided that Hy, H, are suitably comparable in
the <4 sense with Gaussian distributions.

In the cases when £(C') > 0, we should obviously distinguish between computations of
P(X; < X3) and P(X; < X3), where C is the connecting copula of X7, X5. A remarkable
case when this circumstance happens is considered in the following example.

Ezxample 4. Marshall-Olkin Models

n(CP), Gy, Go) = B (“2_“1> ' (28)

We consider the Marshall-Olkin copulas (see, e.g., [10,12,15]), namely those whose
expression is the following:

6(0‘1""2)(%1}) = UuUv min{u_a17 v_az}

for 0 < a; < 1,4 =1,2. We notice that the Marshall-Olkin copula has a singular part that
is concentrated on the curve u®* = v*2 (see also Figure 2). Actually the measure of such a

singular component is given by
102

o]+ ag —ajan
As for the computation of n(a(al’O‘?)) we use the expression in (13). By separately

considering the curve u® = v*2 and the domains where C(®1:®2) is absolutely continuous,
we obtain

N 1 _
n(c(a1,az)) — (1 _ (061 TA 0‘2)(0‘1 A a2)) .
2 — a1 N\ ag Q] — Q2

Consider now the copulas
Cle102) (y, p) = Gl (1 —y 1 —v) +u+v—1.

We will see that the value of n(C(®1*2) Gy, Gy) directly follows from probabilistic argu-
ments, provided G, G4 are exponential distributions with appropriate parameters. Let in
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02 0.4 0.6 038 1
u

FIGURE 2. (color online) Marshall-Olkin Copula (left) and graph of u®* = v®2 (right).
Special case a; = 0.4, as = 0.2.

fact V, W and Z be three random variables, independent and exponentially distributed
with parameters p; = 1/aq — 1, po = 1/ag — 1 and p = 1, respectively. The new random
variables

X12:V/\Z, XQZ:W/\Z,

have survival copula a(”‘l’“?), connecting copula C(@1:2) and exponential distributions
G(lal) and G(QOQ), with parameters 1/ca; and 1/as, respectively. We now proceed with the
computation of

77(0(0117@2)’ G§a1)7 Géaz)) =P(X; < X»).
We can write
g(c(al,a2)7G§a1)7Géﬂé2)) =P(X,=Xo)=P(Z<VAW)

- 1 - 102
Cpmitpet+l o tas—ara’

furthermore

l—a;)a

and finally we obtain
(6]

P(X; <X9)= —"—.
( b= 2) a1 + Qg — vy

Then

Clovan) glon) gleo)y @2
( 1 2 ) o1+ az —ojag

We now conclude this section with an example showing an extreme case in the direction
of Remark 3.1.
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FIGURE 3. (color online) Ordered statistic Copula K.

Ezample 5. Copulas of order statistics.

Let A, B be two i.i.d. random variables with distribution function G € G and denote by
X1, X5 their order statistics, namely X7 = min{A4, B}, X3 = max{A, B}. The distributions
of X1, X5 depend on G and are respectively given by

F921) = P(min{ X}, Xo} < 1) = 2G(21) — G(a1)?,
F{9 (25) = P(max{ X1, X5} < 23) = G(a2)?.

The connecting copula of (X1, X2), represented in Figure 3, is given by
K(u,v) = 21— (1—u)?)2 —(1 -1 —w)/?)?, ifv> (.1 — (1 —w)/2)2,
v otherwise.

We have, by definition,
n(K’ FI(G)7F2(G)> =1

)

and it does not depend on G. We notice, on the other hand, that the computation of
n(K) =n(K,G,G), with G € G, is to be carried out explicitly, since the pair (G,G) can

never appear as the pair of marginal distributions of order statistics. By recalling (6) one
obtains

14(u,v) m 1

K) = —————dvdu=2—- - < —.

! 0,12 2v/vvV1 —u 2 2
We can extend this example to the case when the connecting copula of A, B is a copula D
different from the product copula II, but still A and B are identically distributed according

to a distribution function G. In this case, the connecting copula K of X, X5 depends on
D, but again it does not depend on G (see [14] page 478).
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4. THE TARGET-BASED APPROACH TO DECISIONS UNDER RISK AND THE
CLASSES £,

In this section, we will look at the arguments of the previous sections in the perspective of
one-attribute decisions problems under risk and, more in particular, of the related TBA. In
such problems, a risky prospect (or lottery) X is nothing else than a real random variable
representing, say, the random amount of wealth obtained by an investor as the consequence
of an action or of an economic investment. The investor (or Decision Maker) I is supposed
to choose one out of many different actions by evaluating and comparing the different
probability distributions corresponding to any single prospect. This choice is implemented
on the basis of I'’s attitudes toward risk.

As very well known, in such a frame, the Ezpected Utility Principle first suggests that
I describe her /his own attitudes by means of a utility function U (U : R — R) and conse-
quently prescribes that any prospect X (with its probability distribution Fx) be evaluated
in terms of the expected-utility

Ewa»:/w@&um

R

In the same frame, the TBA is based on a different principle. The TBA assumes in
fact that the exclusive interest of the investor I, in the use of the amount of wealth X,
is concentrated on the possibility of “buying” a specific good (a house, a car, a block of
shares of a stock, etc.). The price of such good is a random variable T' (the target), with
a probability distribution Fp. Whence I is for first supposed to specify the target T as a
way to describe his/her own attitude with respect to risk. Then I will evaluate any single
prospect X in terms of the probability P(T" < X). The best prospect will be the one that
maximizes P(T" < X). Such an approach was proposed by Bordley, LiCalzi, and Castagnoli
(see [4,5]). Some related ideas were already around in the economic literature in the past
and other interesting developments appeared in the subsequent years, especially for what
concerns the multi-attribute setting. Generally T and X may in fact also be vectors.

Here we concentrate attention on the single-attribute case where (T, X) are pairs of real-
valued random variables. It is clear then that the objects of central interest in the TBA are,
for a fixed target T, the probabilities P(T" < X) and the analysis developed in the previous
sections can reveal of interest. We assume the existence of regular conditional distributions.
In particular, we assume that, for any prospect X, we can determine U;X)($) =P(T <
z|X = z), so that we can write

PGgXﬁi/ﬁmmd&@) (29)

Before continuing it is useful to look at the special case when X and T are stochastically
independent. We can thus write

P@gm:/

@W@Mﬂ@:/mumm@.
R R

We notice that, in such a case, P(T' < X)) can be seen as the expected value of a utility: by
considering U = Frp as the utility function, we have

BU(X)) = [ U@)aFx(@) = [ Pr()dFs(@) =BT < X).
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Under the condition of independence, any bounded and right-continuous utility function can
thus be seen as the distribution function of a target 7', and vice versa. Such an approach
gives rise to easily understandable and practically useful interpretations of several notions
of utility theory. TBA however becomes, in a sense, more general than the expected utility
approach by allowing for stochastic dependence between targets and prospects. In fact the
TBA considers more general decision rules, if we admit the possibility of some correlation
between the target and the prospects. If X and T are not independent, U(TX)(x) does not
coincide anymore with the distribution function Fr(z) and the integral in the r.h.s. of

Eq. (29) cannot be seen as the expected value of a utility, in that the function U;X)(x) may
turn out to be non-increasing. For further discussion see again [4,5].

We now briefly summarize the arguments of Sections 2 and 3 in the perspective of a
decision problem where, for a fixed target T, we aim to rank two different prospects with
marginal distributions Gx,,Gx, and with connecting copulas Cy, Cs, corresponding to the
pairs (T, X1) and (7, X3), respectively.

In the case of independence, a prospect Xs should be obviously preferred to a prospect
X if Xj =<4 Xo. In the case of dependence, on the contrary, this comparison is not sufficient
anymore. In fact the choice of a prospect X should be based not only on the corresponding
distribution F'x, but also on the connecting copula of the pair (7, X).

For fixed C, the quantity n(C,Gr,Gx) =P(T < X) is equal to the quantity n(C)
for all pairs such that Gr = Gx = G with G belonging to G (see Proposition 3). For
Gr # Gy, the implication T <y X = P(T < X) > ~ does not necessarily hold (see Proposi-
tion 7 Example 1). For two different prospects X1, X5, Proposition 2 guarantees that, when
Ch = Cy = O, the condition Gp =4 Gx, =<st Gx, implies P(T' < X;) =n(C,Gr,Gx,) <
n(C,Gr,Gx,) =P(T < X3). As shown by Example 2, when C; # Cs, we can have both
the conditions n(Cl,GT,GXI) > 77(C2aGT7GX2) and G =g GX1 =st G’X2 (G’X1 7é GXQ).
Concerning the quantities n(Cy,Gr,Gx,) and n(C2, Gr,Gx,), Theorems 5 and 6 show
that, for Gr <4 Gx, (i = 1,2),

P(T < X;) =n(Ci, Gr,Gx,) = n(C5).

Finally, let us consider the case when the only available information about C; and Cj is
that n(C;) > ; (i.e., that C; belongs to the class £.,). Then a rough and conservative choice
between X; and X suggests to select X; with the larger value of v;, provided Gx, =< Gx,
or that X7, Xs are nearly identically distributed.

All these apparently paradoxical results suggest that the criteria for selection of random
variables based only on stochastic orderings are not suitable enough for decision-making
problems, such as those described by the TBA, when dependance among variables is present.
We have shown, in fact, that the usual stochastic orderings can give results in disagreement
with the expected utility concepts expressed by TBA. Furthermore, we explicitly provided
examples in which the choice of a prospect which is “better” in the stochastic sense may
give worse results in the utility context.

In order to describe his preferences to the best, a DM adopting the Target-Based model
will then also need to take into account properties of dependence of the random variables
involved in his choices, trough the study of their connecting copulas. To this purpose a
deeper analysis of properties of asymmetry for copulas in the classes £, can be of interest.
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