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In this article, we study the order statistics from heterogenous negative binomial
random variables. Sufficient conditions are provided for comparing the extreme order
statistics according to the usual stochastic order. For the special case of geometric
distribution, a sufficient condition is established for comparing order statistics in the
sense of multivariate stochastic order. Applications in the Poisson—-Gamma shock
model and redundant systems have been described as well.

1. INTRODUCTION

The negative binomial distribution is one of the most fundamental distributions in
statistics and has found widely applications in engineering, game theory, regression,
population selection, and reliability theory. It is also closely related to many well-
known distributions such as geometric, binomial, Poisson and Gamma distributions.

In the literature, order statistics from binomial random variables have received
much attention due to their interesting applications. Weiss [15] discussed the oper-
ation of systems with redundant and failure-independent elements that perform a
given task repetitively at discrete intervals, which could be modeled as a special case
of negative binomial distribution: geometric distribution. This model has also been
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mentioned by Lundberg [6] to study the aircraft wing fatigue failure. Margolin and
Winokur [9] studied the order statistics from geometric distribution in the context of
inverse sampling. Young [16] derived the recurrence relations for probability generat-
ing functions and moments of distributions of order statistics from negative binomial
distributions. Young [17] further discussed order statistics from negative binomial
distributions under a slippage configuration. Recently, Jeske and Blessinger [4] ana-
lyzed the maximum order statistics from heterogeneous geometric distributions and
gave approximation formulas for expected value and variance of the maximum order
statistics for the large sample size. They pointed out that the maximum order statis-
tics could be used in the real-world engineering models, such as wireless broadcast
transmission systems.

Although order statistics from negative binomial random variables have many
interesting applications due to the complicated distribution forms of discrete order
statistics, less attention has been paid to the heterogenous effect on the distribution
properties of order statistics compared to the continuous random variables; see Kochar
and Xu [5] and Mao and Hu [8] and references therein. The purpose of this research
is to further study this topic. First, we give the following two examples to illustrate
the possible applications of this research.

Poisson—Gamma Shock Model. Assume that a system suffers shocks from n
different sources. A shock from source i arrives according to a Poisson process
with random parameter A;, which has the Gamma distribution with parameter
(o, Bi) fori =1, ..., n. The system fails when the number of shocks from any
source exceeds some threshold number. Hence, the safety of the system could
be monitored by recording the maximum number of shocks from different
sources. Let X (7), . . ., X,,(¢) be the number of shocks from n different sources
during a time period ¢. Then we are interested in the following statistic:

Xn:n(t) = max{Xl ®,... ’Xn(t)}'

It is well known that

P(xi(t)=x)=<“"+;_l) (5“2) (1-%) x=0.1...,

for i =1,...,n. Hence, X;(¢) is negative binomial with parameters k; = o;
and p; = Bi/(Bi +1).

Redundant Systems. Suppose a system consists of n operating positions with
position i having k; components for i = 1, ..., n. The system operates at dis-
crete times (say daily) and performs a given task repetitively. For each position,
only one operates during a cycle. The operating element at position i in the
system has the same probability p; of failure in a cycle. When a component in
a given position fails, it remains inoperative and one of the remaining compo-
nents in that position becomes operational on the next cycle. Such system has
been discussed in Young [16]. Now, let us consider two systems. System 1 fails
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at cycle k if one position has failed at the first time at cycle k. System 2 fails at
cycle [ if all positions have failed at cycle I. It is easy to see that the lifetime of
system 1 can be modeled as minimum order statistics from negative binomial
distributions whereas the lifetime of system 2 can be modeled as maximum
order statistics from negative binomial distributions. If each position has only
one component, system failure is defined to be failure at cycle k when r or
more positions have failed at cycle k for the first time. Hence, the system’s
life can be modeled as the order statistics from geometric distributions. Such
system has been considered by Weiss [15].

Let X be a negative binomial with parameter (k, p) € (0,+00) x (0,1). If kis a
positive integer, then

k —1
P(X =x) = ( o )pk(l )

is the probability that k 4 x independent trials are required to get k successes when
p is the probability of success at each trial. It has been shown in Patil [11] that

PX <r)=B@p;k.r+ 1) =Lk, r+1), r=0,1,...,

where
1

4
/ um—l(l _u)n—l du
B(m,n) Jo

is the incomplete beta function and B(-; k, r + 1) denotes the distribution function of
a beta distribution with parameter (k,r + 1).

Let X,...,X, be a sequence of independent negative binomial random vari-
ables with respective parameters (ki,py),. .., (k,,py) and let Yi,...,Y, be another
sequence of independent negative binomial random variables with respective param-
eters (kf,p7),...,(k},p:). In Section 3 it will be shown that if k; =k = k for
i=1,...,n,then

I,(m,n) =

p
@1,....p0) = (PT, . -,P:) = Xun =t Yine

For the smallest order statistics from negative binomial random variables with k; =
k* = k for each i, it holds that if k > 1, then

p * *
d-=p1,....;,1=p,) = —Pl,---,l —Pn) = Xi.n <&t Y1,
and if k € (0, 1], then

(log(1 = pD),....log(1 = py)) =y (log(1 —p1),...,log(1 —p,)) = Vi <g Xin-

In Section 3 we also consider the case of p; = p} = p for each i and prove that

w
(kl’ e sle) Zw [z] (k*’ cee ,k:) = Xn:n >t Yn:n [Xlzn Sst Yl:n]o
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For the special case of geometric distributions, it is shown in Section 4 that,

(n(1 = p1),....In(1 = p))=y(n(l = p}),...,In(1 = p;))
implies
(Xlzm e an:n) >t (Y]:na B Yn:n),

which delivers a parallel result to Theorem 3.4 of Proschan and Sethuraman [12]. The
definitions of the stochastic orders and majorization orders used in this section will
be recalled in Section 2.

Throughout the article, the terms “increasing” and “decreasing” mean ‘“nonde-
creasing” and “nonincreasing,” respectively.

2. PRELIMINARIES

In this section we recall some stochastic orders and majorization orders, which will
be used in the sequel.

Assume random variables X and Y have distribution functions F and G,
respectively, and survival functions F = 1 — F and G = 1 — G, respectively.

DEFINITION 21_ X is sa_id to be greater than Y in the usual stochastic order, denoted
byX >4 Y,if F(x) > G(x) for all x.

The usual stochastic order has the following multivariate version.

DEFINITION 2.2: The random vector X = (Xi,...,X,) is said to be greater than
another random vectorY = (Y1,...,Y,), denoted by X >4 Y, according to the multi-

variate usual stochastic order if E[¢(X)] > E[¢ (Y)] for all increasing functions ¢.

It is known that the multivariate stochastic order implies the componentwise
stochastic order. For more details on the univariate and multivariate stochastic orders,
please refer to the excellent book by Shaked and Shanthikumar [14].

The concepts of majorization orders will also be used in our discussion. Let
X1y < X@) < -+ < X be the increasing arrangement of the components of the vector
X = (X1,X2,...,%,).

DEFINITION 2.3: For real vectors x,y € R", x is said to be
e majorized by y, denoted by x < y,if Y i Xo) = Yoy Yy and Zé:l X >
Z{:Iy(,-)forj =1,...,n—1;
o weakly supermajorized by y, denoted by x < y, if Zﬁ:l X@ = 211::1 ya for
j=1,...,n

. v'vealily submajorized by y, denoted by x <y y, if Yi_;Xq) < D _i_;ya) for
j=1,...,n
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Another interesting weaker order related to the majorization order is the p-order.

DEFINITION 2.4: A vector x in R = [0,00)" is said to be p-smaller than another

p
vectory in R, denoted by x <y, if

J J
Hx(i)ZHy(i), j=1,...,n
i=1 i=1

or, equivalently,

(@), ... In(x)) < ()., InG)).

For extensive and comprehensive details on the theory of majorization orders and
their applications, please refer to the excellent book by Marshall and Olkin [10].

3. MAIN RESULTS

Before we state and prove the main results of this section, we need the following three
lemmas.

LEMMA 3.1 (Marshall and Olkin [10, p. 57]): Let D € R" be a symmetric set and let
¢ : D — R be continuously differentiable. Then ¢ is Schur-convex on D if and only
if ¢ is symmetric on D and

) <a¢<x> - a¢(x)> -

3)6,' 8Xj -

foralli #jandx € D.

LEMMA 3.2 (Marshall and Olkin [10, p. 59]): A real-valued function ¢ defined on R"
satisfies

x=y[zly = ¢(x) = ()
if and only if ¢ is increasing [decreasing] and Schur-convex on R".
LEMMA 3.3:
(a) Fork > 0 and r > 0, we have

e—ks(l _ e—S)r

0(s) = —
1 Jo w1 —w) du

is increasing in s € R..
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(b) Fork > 1 andr > 0,
e*(r“rl)s(l _ e*.?)kfl

Uh(s) =
2 Jl w1 = wydu

is increasing in s € Ry. If k € (0,1] and r > 0, then £,(s) is decreasing in
NS R+.

PROOF:

(a) Assume that a random variable Z has the survival function given by

_ 1 e
H) = ——— =101 —w)" du, Ry.
(s) B(k,r—}—l)/o u = ( u) du, seR,

Itis easy to see that its hazard rate function can be represented as ¢ (s). Hence,
it is enough for us to prove that Z has the increasing hazard rate property; that
is, H(s) is log-concave in s. Note that the density function of Z is

1
h =——ks1_ —sr, cR..
() B(k,r+1)e (I—-e™) seRy
Since
log h(s) = rlog(l — e™*) — ks — log B(k,r + 1)
i_s concave in s € R, it follows from Barlow and Proschan ([1], p. 77) that
H(s) is log-concave in s € R.
(b) It follows by a argument similar to part (a) by using the property that the

log-concavity [log-convexity] of a density function implies the log-concavity
[log-convexity] of the corresponding survival function (see Sengupta and

Nanda [13]).
(13D -
THEOREM 3.4: Let Xi,...,X, be a sequence of independent negative binomial ran-
dom variables with respective parameters (k,p1),...,(k,p,) and let Y,...,Y, be

another sequence of independent negative binomial random variables with respective
parameters (k,py), ..., (k,p}), where k > 0. Then,

P
(Pl,- . -,pn) = (PT, v ,Pf,) == Xn:n Zst Yn:n~

ProOOF: The distribution function of X,,.,, can be written as

Fun(r) = [ [ kr+ 1), r=0.1,....
i=1
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Similarly, the distribution function of Y,,., can be written as

Gun(r) = [ [ Irkor + 1), r=0,1,....

i=1

Now, making the transform
Si * SF
pi=e’, p; =¢!

according to Lemma 3.2, it is enough for us to prove that
V() =W(st,....5) = ]_[/ W1 —u) du
i=1 70

is increasing and Schur-concave in's = (s1,...,s,) € R". The increasing property is
obvious. Note that
oW (s ksi(1 — ey
()le(s) es[e ) ,
as; Jo uN (1 —w)" du

and fori # j,

1 (8\11(5) - 8\11(5)) M-y eRsi(1 — e%)"
\I—’(S) aSi aS/

e e [ (=) du

Now, using Lemma 3.3(a), it follows that

i 5 (aqf(s) _0W(s)

Si N

) <0, Vi#]
Hence, by Lemma 3.1, W(s) is Schur-concave. So, the proof is complete. |

Remark: Under the special case k; = --- =k, = 1, it has been shown in Mao and
Hu [8] that

p
(Pl,--~,Pn) > (PTa---,P:) = Xnn =5t Yone

They also showed that the other order statistics might not hold under the above
condition.

Next, we will provide a sufficient condition for comparing the smallest order

statistics.
THEOREM 3.5: Let X3, ...,X, be a sequence of independent negative binomial ran-
dom variables with respective parameters (k,p1),...,(k,p,) and let Y1,...,Y, be

another sequence of independent negative binomial random variables with respective
parameters (k,py), ..., (k,p}).

(a) If k > 1, then

p
(1—P1,~~,1—Pn) = (1—PT»~~,1 —P::) = X1 <&t Y1
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(b) If k € (0, 1], then

(n(l = p1),...,In(1 = p,)) >y (n(l = p}),....In(1 = py))
=>Xl:n >t Yl:n'

PrOOF: We give the proof of part (a) only; the proof of part (b) is similar. The survival
function of X;., can be written as

n

Fium =[]l -f&r+D]. r=0.1....

i=1
Similarly, the survival function of Y;., can be written as

n

G =[]l =Lz r+D].  r=01....

i=1

Now, making the transform
pi=1—¢%, pr=1-—¢"

according to Lemma 3.2, it is enough for us to prove that
noopl
\D(s)z\ll(sl,...,sn)zl_[/ A = w) du
i=1 7 1=e"

is increasing and Schur-concave in s = (sy,...,s,) € R". The increasing property is
obvious. Note that

W (s (r+1)s; 1 — ¢ k—1
® _ A=t
as; Jiw WA — )" du
and fori # j,
1 (8\1’(8) 3\1’(5)) _ e(rJrl)s,-(l _ es,-)kfl e(rJrl)s,v(l _ es,-)kfl
W(s) as; s, fll,gn W11 — u)" du fll,eff uk=1(1 — )" du’

Now, using Lemmas 3.3(b) and 3.1, it follows that

NI O TO)
(s,—s])< o5, o

) <0, Vi#J
that is, W(s) is Schur-concave. Hence, the proof is complete. [ |

The following result is a direct consequence of Theorem 3.5(b) by applying
Theorem 2 in Ma [7].
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FIGURE 1. The distribution functions of X;.3 from negative binomial random vari-
ables with parameters (p;, p2,p3) = (0.1,0.4,0.6) and (ky, k>, k3) = (10, 10, 10) and
of ;.3 from negative binomial random variables with (p;, p2, p3) = (0.4,0.4,0.4) and
(ki,ky, k3) = (10, 10, 10).

COROLLARY 3.6: Let X, ..., X, be a sequence of independent negative binomial ran-
dom variables with respective parameters (k,p1),...,(k,p,) and let Yy,...,Y, be
another sequence of independent and identically distributed (iid) negative binomial
random variables with common parameters (k,p). If k € (0, 1], then

n
l_[(l _pi) :>Xr:n =t Yr:m r = 1,...,n.
i=1

One may wonder whether Corollary 3.6 is also true for the negative binomial
random variables for k; > 1,i = 1,. .., n. Unfortunately, the following example gives
a negative answer.

ExampLE 3.7: Let X1, X», and X3 be independent negative binomial random variables
with parameters (py, p2, p3) = (0.1,0.4,0.6) and (ky, k2, k3) = (10, 10, 10). Then

Now, assume that Y1, Y>, and Y3 be are i.i.d. negative binomial random variables with
parameters p = 0.4 and k£ = 10. Then we plot the distribution functions of X5.3 and
Y>3 in Figure 1 by Mathematica 7. It is seen that there is a crossing for both functions.
Hence, Corollary 3.6 is not true for the general negative binomial case.

The following interesting result reveals how the variability between the numbers
of components affects the lifetimes of redundant systems described in the section 1.

https://doi.org/10.1017/50269964811000118 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964811000118

444 M. Xu andT. Hu

THEOREM 3.8: Let Xi,...,X, be a sequence of independent negative binomial ran-
dom variables with respective parameters (ki,p),...,(k,,p) and let Yy,...,Y, be
other sequence of independent negative binomial random variables with respective
parameters (ki,p), ..., (k:,p), where k; > 0 and k! > 0 for each i. Then

(a) (kl’ cee skn)zw(k*, cee ,k:) = X =t Youns
(b) (ki k) = (ko KD) = Xi <a Vi

PROOF:

(a) The distribution function of X,,., can be rewritten as

Fn:n(r):HB(p§k[,V+1), r=0,1,....

i=1

Similarly, the distribution function of Y., can be written as

Gun(r) = [[B@:kir+ 1), r=01,....

i=1

Now, it is enough for us to prove
[[Bw:kr+ 1) <[ [ Bk r+ D),
i=1 i=1

which can be equivalently expressed as

Y [=InB@;k,r + D] = Y [~ InB@p; k', r+ D],

i=1 i=1

It has been proved in Das Gupta and Sarkar [2] (see also Finner and Roter
[3]) that B(p;k;,r + 1) is log-concave in k; for k; > 0 and r > 0. Because
B(p; ki, v + 1) is decreasing in k;, it follows from Lemma 3.2 that

ki, oo k) Zw (KT, k)

implies that

n

> [=B@piki,r+ D1 = > [-WBp:ki,r+ D], r=0,1,....

i=1 i=1
Hence, the required result follows.

(b) The survival function of Xj., can be expressed as

Fia(r) =[]B@:kr+1), r=0,1,...,
i=1
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where I_B(p; ki,r +1) =1 — B(p;; ki, v + 1). Similarly, the survival function of
Y,., can be rewritten as

Gin(r+1) = l_[B(p;k;“,r—l— D, r=01,....
i=1

Hence, it is sufficient to prove that
Z[— InB(p; ki, r + 1)] > Z[— InB(p;k,r+ 1], r=0,1,....
i=1 i=1

Corollary 4.6 of Finner and Roter [3] shows Ehat B(p; ki,r + 1) is log-concave
in k; for k; > 0 and r > 0. Observing that B(p; k;, ¥ + 1) is increasing in k;,
and using Lemma 3.2 again, it follows that

kiveeooke) = (K. D) = > [=InB(pikir + 1]

i=1
> [-Wn Bk, r+ D],
i=1

Hence, the proof is complete.

4. GEOMETRIC DISTRIBUTION

In this section we develop a parallel result to Theorem 3.4 of Proschan and Sethuraman
[12] for the geometric distribution.

THEOREM 4.1: Let Xy, ...,X, be a sequence of independent geometric random vari-
ables with respective parameters py, . . .,p, and let Yy, ..., Y, be another sequence of
independent geometric random variables with respective parameters p, . . ., p;. Then

(In(1 = p1),...,In(1 = py)) =y (In(1 = p}),....In(1 = py))
implies

(Xlzm cee ,Xn:n) >t (Yltn’ cee Yn:n)-

PRrROOF: First let us prove the case of n = 2. According to Theorem 4.13 of Barlow
and Proschan [1, p. 148], it is sufficient to verify three conditions:

(@) Xi2 >« Y123
(b) [X221X12 =11 >4 [X22|X12 =1l for v’ > r;
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©) [X221X12 = 7] =g [Y22lY12 =r]forr =0,1,....
Note that the survival function of X., is
PXi2 =k =0 —p)'d—p)f, k=0,1,....

Hence, (a) follows immediately from the assumption.
The conditional distribution of [X,|Xj., = r], forr =0, 1,... is given by

Yoo, PXia=r,X0=5)
PXin=r)

PXor <x|Xin=r) =

_ PXi=rXo=n+3_,  PXia=r1X0=5)
PXi2=r1) ’

As proved in Margolin and Winokur [9], Xj., has a geometric distribution with
parameter 1 — (1 — p;)(1 — p»). Hence,

PX=n=[1-0-p)d-p)IA—-pHA—-p)], r=0,1,....
Note that for s > r,
PXio=rXo0=5)=PXi2=rXm =X <Xp)
+PXin =r,X00 =5,X1 > Xp)
=PXi=rXo=5)+PX =5,X2=7)
=pip2(1 —p)" (1 = p2)" + pip2(1 = p1)*(1 = p2)".
Now, after some simplifications,

X
Y PXia=rXa=25)=pi(1—p) (1 =p)™*" +po(1 = p)™*' (1 = po)’
s=r+1

—pi(1=p)" (A = p)™ —pa(1 = p)*™' (1 = py)".

So,

_nd —p2) 4 p(1 = pp)
pL+p2—pip2 '

It is easy to see that P(X».» < x|X;., = r) is decreasing in r. Hence, (b) follows.
To prove (c), observe that

PX2y <xXin=r)=1

(In(1 = p1),....,In(1 = p,)) =y (In(1 = p7),....In(1 — p}))
implies

w
@15 5pn) = PFs D)
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see Theorem 5.A.2 in Marshall and Olkin [10]. It is sufficient to prove that for
fixed (x,r),

Api,p2) = PXon <x|Xin =)

is increasing and Schur-concave with respect to (p;, p») by Lemma 3.2. Now, taking
the derivative with respect p, after collecting terms, we have

0A(P1,p2) _

% x—r+ Dpa(p1 +p2 —pip) (1 —p)*™"
1

(1 +p2—pip2)?

+p2(1 = p) (1 = p2) — pa(1 — p2)* "

Hence,
0A(p1,p2) A1)
Bpl 8p2

(1 +p2—pip2)* |: } = A1+ Ay,

where
Ay =& —r+ D +p2—pip)p2(d —p)™" —pi(1 —p)"'],
Ay =1 =p) " pi+p2—p3l = (= p) " Upi +p2 = pil.
Using Lemma 3.1, it is enough to prove that

IA(p1,p2) 3A(P1,P2):| <0
ap1 ap2 -

1 —Pz)[ 4.1)

Without loss of generality, assume that p; > p,. It is easy to see that A; <O.
Additionally,

(1 =p)lp1 +p2 —pal < (1 = p)lp1 +p2 — P21,

which implies A, < 0. This means that (4.1) holds. Thus, the required result follows

immediately.
For the case of n > 3, one may easily follow the similar arguments used in
Theorem 3.4 of Proschan and Sethuraman [12] to prove it. [ |

The following result is a direct consequence of Theorem 4.1.

COROLLARY 4.2: LetXy,...,X, be asequence ofindependent geometric random vari-
ables with respective parameters py, . ..,p, and let Y1, ..., Y, be another sequence of
i.i.d. geometric random variables with a common parameter p. Then

n

1_[(1 - pt) = X, - Xnn) =5t Yoo, Vo).

i=1

Corollary 3.6 for k = 1 is also a direct consequence of Corollary 4.2.
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