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ABSTRACT

We study the basic locus of Shimura varieties associated to the group of spinor simil-
itudes of a quadratic space over Q with level structure given by the stabilizer of a
vertex lattice. We give a description of the underlying reduced scheme of the asso-
ciated Rapoport—Zink space, generalizing results of Howard—Pappas and Oki, in the
case of self-dual, and almost self-dual, level structure.

Contents
1 Introduction 2363
1.1 Mainresults . . . . . . . .. oL 2364
2 Collection of background on quadratic lattice and vertex lattices 2368
2.1 Notation on quadratic lattices . . . . . . . ... ... ... ... .. 2368
2.2 An explicit classification of quadratic spaces over F' . . . . . .. .. .. 2369
2.3 An explicit classification of quadratic spaces over F' . . . . . . .. ... 2370
3 Relative positions of vertex lattices 2371
3.1 The p-admissible set . . . . . .. .. .. L o 2371
3.2 Relative position of vertex lattices . . . . . ... ... ... .. ..... 2372
4 Affine Deligne—Lusztig varieties and special lattices 2378
4.1 Clifford algebra and GSpin local Shimura datum . . . . . ... ... .. 2378
4.2 Affine Deligne-Lusztig varieties . . . . . . . . . ... ... 2380
4.3 The crucial proposition . . . . . . . . ... L Lo 2382
5 Deligne—Lusztig varieties 2385
5.1 The variety Sy and Ry . . . . . . . . . . 2385
5.2 Deligne-Lusztig varieties . . . . . . . .. ... L L oL 2388
5.3 Dimension of Deligne-Lusztig varieties . . . . . . . .. .. ... ... .. 2393
6 Rapoport—Zink spaces for spinor similitudes 2397
6.1 Integral models of Shimura varieties . . . . . .. ... ... ... .... 2397
6.2 Rapoport—Zink spaces for spinor similitudes . . . . . . .. ... ... .. 2400
7 The Bruhat—Tits stratification 2402
7.1 The k-points of N7, . . . . . . . . . . .. 2402

Received 18 July 2025, accepted in final form 13 May 2026, published online 7 October 2026.

2020 Mathematics Subject Classification 11G18 (primary).

Keywords: Shimura varieties; Rapoport—Zink space; spinor group.

© The Author(s), 2026. This is an Open Access article, distributed under the terms of the Creative Commons
Attribution licence (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribu-
tion, and reproduction in any medium, provided the original article is properly cited. Compositio Mathematica is
© Foundation Compositio Mathematica.

https://doi.org/10.1017/S0010437X26103571 Published online by Cambridge University Press


https://www.cambridge.org/core/journals/compositio-mathematica
https://doi.org/10.1017/S0010437X26103571
https://orcid.org/0000-0001-9273-2687
https://orcid.org/0000-0002-4166-2073
https://ams.org/msc
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1017/S0010437X26103571

ON THE BASIC LOCUS OF GSPIN SHIMURA VARIETIES WITH VERTEX STABILIZER LEVEL

7.2 Special cycleson N, . . . . . . .. 2404
7.3 k-points of Zr(A) and Yr(A) . . . ..o 2405
7.4 Orthogonal local models . . . . . ... ... ... ... ... ....... 2408
7.5 Description of Zr(A) and Yr(A) . . . . . ... oo 2413
7.6 The Bruhat-Tits stratification . . . . . .. ... .. ... ... ..... 2417
Acknowledgements 2419
References 2419

1. Introduction

This paper is concerned with the study of the basic locus of certain Shimura varieties. Specifically,
we consider Shimura varieties associated to the group of spinor similitudes of a quadratic space
over Q whose level structure at an odd prime p is given by the stabilizer of a vertex lattice. In
this setting, good integral models were constructed in [KP18, KPZ26], and our main result gives
a decomposition of the basic locus in its special fiber into a union of classical Deligne—Lusztig
varieties, generalizing work of Howard and Pappas [HP17] and Oki [Oki20b] in the special case
of self-dual, and almost self-dual, level structure.

To give some background, the basic locus of Shimura varieties is a generalization of the
supersingular locus in the special fiber of modular curves. Its study has a long history and has
led to many important arithmetic applications. For example, the computation of intersection
numbers of cycles in the basic locus forms a crucial input to various arithmetic intersection
problems, such as the Kudla-Rapoport conjecture; we refer to [LZ22a, HLS'23, LZ22b] and
[LZ18] for applications along these lines. The description of the basic locus is also an essential
ingredient for proving ‘arithmetic level raising’-type results, which in turn are important pieces
for the proof of cases of the Beilinson-Bloch—Kato conjecture and the Iwasawa main conjecture;
see, for example, [LT20, Zho23, LTX 22, LTX24]. Moreover, as another striking application, the
cycle classes coming from the basic locus often serve as natural candidates to prove cases of the
Tate conjecture; see [TX19, HTX17].

In many of the above applications, a key point is to have an explicit description of the basic
locus in terms of more familiar arithmetic objects, such as Deligne-Lusztig varieties. Such a
description was first discovered by Vollaard [Vol10] and Vollaard and Wedhorn [VW11] in the
case of Shimura varieties for the general unitary group GU(n —1,1) at an inert prime with
hyperspecial level. The situation was later clarified by [GHN19], who gave a group-theoretic
criterion of when the basic locus is a union of classical Deligne—Lusztig varieties, but only after
perfection. For many arithmetic applications, it is crucial to have this description before taking
perfection, and moreover to have a more explicit description of the isomorphism with the Deligne—
Lusztig variety. In the case of Shimura varieties associated to unitary groups such as those
considered in [VW11, Chol8], this is achieved by leveraging the interpretation of the integral
models as a moduli space of abelian varieties with extra structure. See also [RTW14, Wul6,
HLS25] for ramified unitary cases.

The Shimura varieties associated to spinor similitude groups that we consider in this paper
no longer admit such a moduli interpretation, and so this causes difficulties when trying to prove
the corresponding result in this setting. Howard and Pappas [HP17]| were able to overcome this
in the case of hyperspecial level, but a crucial result they used concerning the triviality of torsors
for reductive group schemes (cf. [Nis82, Theorem 5.2]) breaks down in our setting. We are thus
required to introduce some new methods along the way, which we hope can be applied in more
general non-moduli-theoretic settings to study problems of this kind.
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1.1 Main results

We now discuss our main theorems in more detail. We aim to characterize the irreducible com-
ponents of the basic locus as the reduced subscheme of certain special cycles and establish
isomorphisms between them and certain generalized Deligne—Lusztig varieties without passing
to perfection. As in previous works, we approach this problem by investigating the correspond-
ing Rapoport—Zink (RZ) space. The analogous results for the Shimura variety are then deduced
from this via the Rapoport—Zink uniformization; cf. Proposition 6.6.

Let p be an odd prime and let V' be a vector space over Q, equipped with a symmetric
bilinear form (, ). We call a Z,-lattice L CV a vertex lattice of type ¢ if pLY C L C LY with
[LY:L]=t.! Here,

LY ={xeL®z, Q| (z,y) €Ly, Vyc L}

is the dual lattice. We use n to denote the rank of L and assume n > 3. From now on, we will
fix a vertex lattice L over Z, of type h.

We let G = GSpin(V') be the group of spinor similitudes attached to V and G the parahoric
of G corresponding to L.? Let @p be the completion of the maximal unramified extension of @Q,,
Zp its ring of integers and k the residue field of Zp. Let u be the cocharacter of G defined as in
§4.1 and be G (@p) a representative of the basic element in the neutral acceptable set B(G, ).
Then, according to [HP17, HK19, PR24b], we have a corresponding RZ space N, which is a
formal scheme defined over Spfzp. The choice of L gives rise to a choice of the framing object
X (see §6.2.1), and hence the level structure of Np.

1.1.1 Special cycles. In the global setting, one can define special cycles on GSpin Shimura
varieties which are of great arithmetic interest. As a local analogue of Shimura variety, we can
also define special cycles on Np. Let V be the Q,-vector space given by taking the ®-invariants

Vg of VQ , where @ is the Frobenius given via twisting by the basic element b. Then, by

considering V as a space of quasi-endomorphisms of the framing object X, we may define, for
any lattice L C V, formal subschemes Z(LL) and V(L) of N, (see §7.2.1); we call these Z-cycles
and Y-cycles, respectively.

We have a natural decomposition of N7, into a disjoint union | |,., N, éﬁ), where £ is related
to the degree of the universal quasi-isogeny. We use N yeq (respectively N, gzed) to denote the
reduced locus of Ny, (respectively N, g)). The first main result of the current work is the following
description of N L(tged in terms of the reduced locus of special cycles. To describe the results, we

let V=" (respectively VS") denote the set of vertex lattices in V of type t > h (respectively ¢ < h),
and for A € V2" U VSt we write ty for the type of A.

THEOREM 1.1.

(i) We have that N ég) is connected.
(ii) We have the following bijections:

~ h
NL(O)(k) I_I/\/}Sl)(k) — {special lattices M C Vg :M C M} if h=0 orn,

~ h
NL(O)(k) — {special lattices M C Vy : M C MY} otherwise.

'Our convention for vertex lattices is dual to the one in [HP17).
*Note that G is not necessarily a maximal parahoric, cf. [PZ22, Remark 2.5.2].
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Here, M is a special lattice if [M + ®(M): M] <1 when h#0,n and [M +®(M): M]=1
when h =0, n.

(iii) We have a decomposition

0 _ (f YO AV
NL,red - < U Zred ) ( U red A )
Aey=h Agysr
Moreover, if we use tyax (respectively tnin) to denote the maximal type (respectively
minimal type) of a vertex lattice, then Zﬁf()i(/\tmax) and yfle(Atvmin) are irreducible gener-
alized Deligne—Lusztig varieties of dimensions (tmax +h)/2—1 and n — (tymin +h)/2 — 1,
respectively.
When h =0 or n (L is self-dual or p-modular), this was proved in [HP17].3 Note that in these
cases, we have Y(A) =0 (respectively Z(A) =0) when h =0 (respectively h =n) so that there is
only a single family of Deligne—Lusztig varieties appearing.

Now we give more details. First, for a vertex lattice A CV of type tx with quadratic form
q( ), we set

Vavi=A/pAY and Vj:=AY/A

with quadratic form induced from ¢() and p-q( ), respectively. Note that dimp, VAv =n —t)
and dimp, V) =14. Set

QA Z:VA ®[E‘pk:>/\% /AZ,,’
QA\/ = VAv ®Fp k%Azp/pA\Z/ ,

with Frobenius operator induced by ®.
For a quadratic space Q over k, we let OGr(i,Q) be the orthogonal Grassmannian that
[A]

parametrizes i-dimensional isotropic subspaces of €. Let S~ be the reduced closed subscheme
of OGr((tpn — h)/2,,) whose k-points are described as follows:

S (k) = {7/6 OGr(tA —h

= {special lattices M C Vi, 1Az CMC MY CAY )

)<k> | dimg(¥ + B(#)) < dimg(#) + 1}

Similarly, let RKL} be the reduced closed subscheme of OGr((h —tp)/2, Qav) with k-points

R (k) = {7/ € OGr<h_2tA, QAV) (k) | dimg (¥ + ®(¥)) < dimy(¥) + 1}
= {special lattices M C V@p :pA%p cpMY CcMC AZP}-
We drop the superscript when there is no confusion about the implicit A.
THEOREM 1.2. For A € V2", we have the following isomorphism between k-schemes:
ZIH(M) =Sy,
Similarly, for A € VS", we have

YO (AY) = Ry.

3Strictly speaking, [HP17] only deals with h =0; the case h =n can be reduced to this, for example by using the
duality isomorphism Proposition 7.5.
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Here, Sy and Ry are irreducible of dimension (tpx + h)/2 —1 andn — (tp + h)/2 — 1, respectively.
Moreover, Sy and Ry are unions of certain generalized Deligne—Lusztig varieties.

We refer to Theorem 5.6 for the details about the identification between Sj and gen-
eralized Deligne—Lusztig varieties. In fact, we only need to prove the first statement con-
cerning Sp in the above theorem, since the second statement will follow from the first as
follows.

Let L! denote the quadratic lattice (L") with quadratic form ¢( )z: =p- ¢(). Note that if L is
a vertex lattice of type h, then L* is a vertex lattice of type n — h. In particular, one can consider
the corresponding RZ space N« and the corresponding special cycles on Np:. Let 7 = ,/p and set
E =Qp2(7). Then, we may identify the corresponding space of quasi-endormorphisms V* with
the subspace 7V C V. Thus, for A CV a vertex lattice of type t, Af :=7A is a vertex lattice in
V¥ of type n — t, and we have the associated special cycle Z:(Af) of N7:. Here, the subscript is
used to emphasize that we regard Z7:(Af) as a Z-cycle of Np:.

Motivated by some group-theoretic considerations and the unitary case considered in [Chol8],
we have the following (see Proposition 7.5).

PRroPOSITION 1.3. There is a natural isomorphism

T 1 ‘N ;NLu
such that, for any non-degenerate lattice A C'V, Y 1+ induces an isomorphism

Vi(AY) = Zp: (AF).

Similarly, one can show that there is a natural isomorphism between RKL} and S/[&_h].

Combining this with the above proposition, one can deduce the description of the Y-cycles
on Ny, from the description of the Z-cycles on Np:.

We believe that Proposition 1.3 should be of independent interest and have further applica-
tions. For example, it should be useful for formulating the general Kudla—Rapoport conjecture
for the RZ space considered here (cf. [Cho22]). It also manifests a particular symmetry that
should play a vital role in many arithmetic geometry problems (cf. [Zha25, CHZ23]).

In our setting, the formulation of this duality isomorphism is complicated by the lack of a
moduli interpretation. It should be possible to show the existence of Yy, 1+ by showing that N7,
and N represent the same v-sheaf following the method in [PR26]. However, it seems difficult
to prove the compatibility with special cycles in this approach. Instead, we use a more direct
approach for which the compatibility with special cycles follows essentially from the construction.
A key observation to make this work is that, in the construction of N7, we need to use the local
Hodge embedding given by the composition

GSpin(V) — GL(C(V')) — Resg g, GL(C(V)g) — GL(W).

Here, C'(V) is the Clifford algebra associated to V, C(V)g its base change to E and W is the
Qp-vector space underlying C(V)g, with the last map being induced by the forgetful functor
from F-vector spaces to Q,-vector spaces. It is interesting to note that this enlarged Hodge
embedding also appears in relation to the notion of very good Hodge embedding in the sense of
[KPZ26, Definition 5.2.5], which is needed to apply the deformation-theoretic results of [KP18]
and [KPZ26] for our proof of Theorem 1.2.

For the reader’s convenience, we summarize all the main results in Theorem 7.25.
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In the following table, we list some previously studied cases and some polarization,
endomorphism and level (PEL)-type Shimura varieties that our results specialize to.

PEL-type special cases and previously studied cases Isometry class of L
Modular curve with level To(pN) (ptN) L=Hf &M\
Shimura curve over a ramified prime [KRO00, § 2] L=H, S\
Product of modular curve with level I'o(pN) (ptN) L=H oAJ
Product of Shimura curve over a ramified prime L=H, ©A,
Hilbert modular surface with Iwahori level [Sta97] L=H; &AS
Hilbert modular surface over a ramified prime [BG99] L=H3d M\

Siegel threefold with paramodular level [Yull], [Wan20, §7] L=H oA
Quaternionic unitary Shimura variety [Oki22], [Wan20, § 5] L=H; &\
GU(2,2) Shimura variety over a ramified prime [Oki23] L=H;O A\
Hyperspecial GSpin Shimura variety [HP17] L=H,

GSpin Shimura variety with almost self-dual level [Oki20b] L=H, 10\

Here, H; denotes a self-dual quadratic lattice over Z, of rank <. When 7 is even, H;r denotes the
quadratic lattice that contains a rank i/2 totally isotropic sublattice and H, denotes the one
which does not contain such sublattice. Similarly, A; denotes a p-modular quadratic lattice over
Z,. When i is even, A} (respectively A;) is the one which contains (does not contain) a totally
isotropic sublattice of rank /2. See § 2 for background about quadratic lattices.

1.1.2  Proof strategy and organization of the paper. We now discuss the proof of the main
theorem. The starting point is to obtain an explicit description of N (k). In the unitary case,
one can describe the k-points of the RZ space as a set of lattices satisfying certain properties
via Dieudonné theory. In our non-moduli setting, we use a more indirect approach by leveraging
the relation between RZ spaces and affine Deligne-Lusztig varieties. More precisely, we iden-
tify WV, L(e)(k) with the k-points of a relevant affine Deligne-Lusztig variety parametrized by the
corresponding (parahoric) p-admissible set Adm(u)s. The description of the k-points then boils
down to obtaining an explicit description of Adm(u)s in terms of relative positions of lattices.

The key to showing the decomposition in part (iii) of Theorem 1.1 is Proposition 4.8, which
is an analogue of the ‘crucial lemma’ in many previously studied cases. More precisely, we show
that, given a special lattice M of type h, then either A C M for a vertex lattice A CV of type
>h or AV C MY for a vertex lattice A CV of type <h. In fact, this notion of special lattice
also applies to the lattices used to describe the k-points of many other RZ spaces, including
the unramified /ramified unitary RZ spaces with maximal parahoric level structures. Since our
argument is a general argument that works for any special lattices, it can be applied to obtain
the crucial lemmas for these cases too (see [HLS25] for an application in the ramified unitary
case with vertex level).

The geometric properties of Zr(i)i(A) and yr(fg(AV), including dimension and irreducibility,
can often be reduced to those of a generalized Deligne—Lusztig variety once we can prove the

isomorphism Zr(f()i(A) = S\ (equivalently yr(f&(AV) = Ry)) as in Theorem 1.2. First, we construct

a morphism Wz 5 (see Proposition 7.12) from Zr(f()i(A) to Sp that induces a bijection on k-
points. When L is a self-dual lattice, [HP17] proves Uz 5 is an isomorphism using a result of
Nisnevich [Nis82, Theorem 5.2] on a special case of a conjecture of Grothendieck. The analogue
of this result is not known for parahorics, so instead we use a different method inspired by an
alternative proof in the unitary case (see [LTX"22]). The idea is to show that, in addition to
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being a bijection on k-points, ¥z z also induces isomorphisms on tangent spaces at closed points.
In order to carry this out, we need to have an explicit description of the tangent space to the
Shimura variety at closed points in the special fiber. This seems difficult to prove in general,
since the Hodge embedding has a very large dimension. Nevertheless, it turns out that using the
deformation-theoretic methods developed in [KP18] and [KPZ26] (in particular, the notion of
very good Hodge embedding mentioned above), we can obtain such a description, at least over
the smooth locus of the Shimura variety. Applying the argument for this smooth locus shows
that the restriction of Uz A to an open dense subspace Z_ ;(A) is an isomorphism. An abstract
argument using the normality of S then implies that ¥z A is an isomorphism.

We now explain the organization of the paper. Section 2 contains mainly background and
recollections on quadratic spaces and vertex lattices. In § 3, we describe the admissible set in our
setting in terms of relative positions of lattices, which is then used in §4 to study the k-points
of the relevant affine Deligne-Lusztig variety. In § 5, we introduce the varieties Sy and R, and
relate them to classical Deligne-Lusztig varieties. In § 6, we introduce integral models of GSpin
Shimura varieties and the associated RZ space, and recall the deformation-theoretic results from
[KP18] and [KPZ26] needed in the following. Finally, in §7, we introduce special cycles on the
RZ space, and prove the relationship with the varieties Sy and Rp using the approach outlined
above. In the last subsection § 7.6, we summarize the main results and give the application to
the basic locus of Shimura varieties.

2. Collection of background on quadratic lattice and vertex lattices

In this section, we collect some results about quadratic lattices and vertex lattices that will be
needed later.

2.1 Notation on quadratic lattices

2.1.1. Let p be an odd prime and F' be a local field over Q,. We use Of to denote the ring
of integers of I’ and kp its residue field. Let F denote the completion of the maximal unramified
extension F''" of F', W = O, its ring of integers and k the residue field of W. We always fix a
uniformizer 7 of F. We let V' be a quadratic space over F' of dimension n with non-degenerate
symmetric form (, ) and quadratic form ¢().

We define the determinant of V' to be

det(V) = det((aci, wj)lgi,jgn) S FX/(FX)Q,
where {z1,...,2,} is a basis of V, and the discriminant of V' to be
disc(V) = (=1)C) - det (V) € F*/(F*)2.

Let val(V) =val(det(V)) € Z/2Z and x=(-/m)p: F*/(F*)*>—= {£1,0} be the quadratic
residue symbol. Thus, x(a) =0 if val(a) is odd and x(a) is identified with the image of a /mv2(*)
under the isomorphism O /(05)? 2 {+} if val(«) is even. Define

x(V):=x(disc(V)) € {£1,0}, x'(V):=x(rdisc(V)) € {£1,0}.
Then, disc(V) is determined by x(V) and x/(V). Note that only one of x(V) and x/'(V) is

nontrivial.
Let {vi,...,v,} be an orthogonal basis of V. We define the Hasse invariant of V' to be
V)= ]I (a(w),a(v;)re{£1}.
1<i<j<n
2368
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Here, (, )p is the Hilbert symbol. It is well known that quadratic spaces over F' are classified by
its dimension, discriminant and Hasse invariant.

For a quadratic lattice LCV of rank n, we define x(L)=x(V),x (L)=x'(V) and
e(L)=¢(V).

2.2 An explicit classification of quadratic spaces over F

In this subsection, we discuss all the possible isomorphism classes of vertex lattices.

2.2.1. Let V be a quadratic space over F'. Consider the following decomposition of V:

V:W)@Vanzspan}?‘{el’flv R 7€r7fr}@van7

) =0, (e, fj) = dij, Van is anisotropic and & denotes the orthogonal sum.
< 4, since any quadratic space over F' of dimension at least 5 contains an

where (e;,e;) = (fi, f;
Note that dimp(Va,)
isotropic vector.

Let L CV be a lattice. We let LY = {x € L®o, F | (x,y) € O, Yy € L} denote the dual lat-
tice. We say that L is a vertex lattice if we have 7L C L C LY. If L is a vertex lattice, its type
t=1t(L) is defined to be the dimension of the kp-vector space LY /L. Note that our convention
of vertex lattice is different with the one used in [HP17]. The dual lattice of a vertex lattice in
[HP17] is our vertex lattice.

We will describe all the possible V,, and the vertex lattices in V,y following [HP17, §5.1].

2.2.2. If dim(V,,) =1, then it is isomorphic to F' with the quadratic form q(x) = dxz? for
some d € F*/(F*)2. So there are four cases. Then, V contains a self-dual lattice if and only if
val(d) is even. If we write d = ur"®(@) then x (V') = x(u). The vertex lattice in V,y is Spang, {z}
for val(g(z)) =0 (respectively 1) if val(d) is even (respectively odd).

If dim(V,y,) =2, then we can identify V,, with a quadratic extension E/F whose quadratic
form is given by ¢(x) =d-Nm(z) for some d € E*/Nm(E*). Without loss of generality, we can
choose d such that val(d) =0 or 1 when E is unramified and d € (O;)? or d € O} \ (OF)? when
FE is ramified. If F is an unramified extension, then the vertex lattice in V,,, has moment matrix
Diag(uid, uad) such that x(—ujug) = —1. If F is a ramified extension, then the vertex lattice in
Van has moment matrix Diag(d, —dm).

If dim(Vay,) = 3, there are exactly four anisotropic quadratic spaces over F' of dimension 3.
Let B denote the quaternion division algebra over F' and & denote the main involution of B.
Then the subspace of elements B’ ={x € B:2+ 2z =0} is a three-dimensional quadratic space
with quadratic form given by the reduced norm on B?. More explicitly,

(B Nrd) 5 (F3, —uz? — w23 + una?) (2.1)

for any nonsquare u € O. Now the four possible V,, of dimension 3 are the spaces (By, d - Nrd)
with d € F* /(F*)2. Again, we assume val(d) =0 or 1 without loss of generality. Then, according
0 (2.1), when val(d) is even, a vertex lattice has moment matrix given by Diag(—ud, —dm, udn).
When val(d) is odd, a vertex lattice has moment matrix given by Diag(—ud, —m~'d, ur~'d). In
particular, Vj, can never contain self-dual lattices when dim(V,y,) = 3.

If dim(Vay) =4, then V = B with quadratic form given by the reduced norm. In this case,
a vertex lattice has Diag(u1, ug, usm, usm) as moment matrix, where u; € O and x(—ujug) =

X(—usuyg) = —1.
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2.2.3. Combining the above discussion, we summarize all the possible vertex lattices of
maximal type and minimal type up to isomorphism in the following proposition. We set

HE = a self-dual lattice of rank n with x(H;F) = +1.
We also use the same notation to denote the corresponding moment matrix. We set

A :=a m-modular lattice with moment matrix 7 - HF.

PROPOSITION 2.1. Let V' be a quadratic space over F' of rank n. Let Apax CV and Apin CV
be the vertex lattices of maximal and minimal type. Then Ay CV and Apin CV are of the
following forms.

(i) If dim(V,,) =0, then
Apox = A;‘; and Apin = H;'
(ii) If dim(Van) =1, then
{Amax — A, OHY and A= HY,
Apax = A% and Apin=H | ©Af.
(iii) If dim(Vin) =2, then
Apax = AZ_2 ©H, and Annw=H,,
Amax = A, and A= 7“: s DA,
Amax =AY O HY® and Apin=H) A
(iv) If dim(V,,) =3, then
{Amax =M, OHX and  Awin=H O A;,
Apax =A% ®Hy  and Apin=H, ©A
(v) If dim(Va,) =4, then
Amax =A; s @ Hy and Apin=H, ,&A;.
Here, if HX", & A} CV, then

xox1 if t is even,
x(V) = s
0 if t is odd,

e 0 if t is even,
X'(V) =x(=n)""- .
xox1 if tis odd,

X1 if t is even,
V)= 2.2
W {x((—l)(”‘”(”‘””)x() if t is odd. (2:2)

2.3 An explicit classification of quadratic spaces over F'

2.3.1. Note that Of = (O )2. In partlcular if V = FE with ¢(x) = Nm(z), where E/F is an

unramified quadratic extensmn then V =V ®p F becomes isotropic. Combining this with the
discussion in the previous section, we have the following classification of quadratic spaces over F.
Let V =V, & Va, be a quadratic space over F', where

%:<el>"'7enaf17"'afn>
with (e;, ej) = (fi, fj) =0, (e, fj) = di; and Van is anisotropic. Then Vi, is of the following form:
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(1) Van=0;
(2a) Van = Fu, with (u, u) =1;

C

3. Relative positions of vertex lattices

3.1 The p-admissible set

3.1.1. Let G be a reductive group over F. We set I' = Gal(F/F) and let o € ' denote a lift
of the Frobenius of k over kp. Let S be a maximal F-split torus of G' and T its centralizer (ct.
[Tit79, 1.10] for the existence of S). By Steinberg’s theorem, G is quasi-split over F and T is
a maximal torus of GG. The relative Weyl group over F and the Iwahori Weyl group of G are
defined as

Wo=N(F)/T(F), W=N(F)/To(Op),

where IV is the normalizer of T" and 7y is the connected Néron model for T'. We have the following
exact sequence.

0——=X.(T); W Wo 0 (3.1)

Here, I = Gal(F/F") denotes the inertia subgroup of the absolute Galois group of F, and X, (T);
represents the group of coinvariants of the cocharacter lattice X, (7T") under the action of I. For
an element \ € X, (T);, we write t* for the corresponding element in W; such elements are called
translation elements.

Let B(G, F) (respectively B(G, F)) be the (extended) Bruhat-Tits building for G over F
(respectively F ), and fix a C B(G, F) a o-stable alcove; this determines an Iwahori group scheme
7 defined over F'. Fix also a special vertex s € B(G, F ) lying in the closure of a, which determines

a splitting of the exact sequence (3.1) and gives an identification
A:=X.(T); @2, R=AG, S, F),

where A(G, S, F) € B(G, F) is the apartment corresponding to S. This identification determines
a chamber CT C X, (T); ®z R, namely the one containing a. We write B for the corresponding
Borel subgroup defined over F. .

Let S denote the set of simple reflections about the walls of a. We let W, denote the affine
Weyl group; it is the subgroup of W generated by the reflections in S. Then we have an exact
sequence

00— X, (Tie)s W, Wo 0 (3.2)

where T is the preimage of 7" in the simply connected cover of the derived group of G. The
group (W,,S) has the structure of a Coxeter group, and hence we have a notion of length and
Bruhat order. The Iwahori Weyl group and affine Weyl group are related by the following exact
sequence.

0 W, w m1(G)r—=0

The choice of a induces a splitting of this exact sequence and 71(G); can be identified with the
subgroup {2 C W consisting of elements which map a to itself. The length function £ and Bruhat
order extend to W via the splitting.
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[HR17], there is a reduced root system ¥ such that
Wa = QV(2) » W(),
where QV(X) and W( ) denote the coroot lattice and Weyl group of X, respectively. The root

system 3. is known as the échelonnage root system
denote the set of dominant elements with respect to B. For p € X (T)}F,

3.1.2. Let X.(T)}
we have the p-admissible set, which is defined as follows

Adm(p) :={w e W |w < t*" for some u' € Wopu}.

This set has a minimal element 7, which is the unique length-zero element of Adm()
Let J CS be a subset. We write Wj; C W for the subgroup generated by the reflections in J

If W 7 is finite, then J determines a facet §; lying in the closure of a and hence corresponds to
a parahoric group scheme G5. The corresponding parahoric p-admissible set

Adm(); C WAW /W,

is defined to be the image of Adm(u) under the map W —W J\W/ W;. We also set

Adm(u)‘] = WJ Adm(,u)WJ C /M\;

3.2 Relative position of vertex lattices
Let V' be a quadratic space over F. We now specialize to the case G=SO(V). We

3.2.1.
let V=V RF F. Then we can write V = 170 D Van, where

‘V/b:<617~'76n7f17‘~7fn>

0;; and Vn is of the following form:

(el?ej) (f,“f]):(), (elafj)

<<<

an—Fu with (u, u) =1,

ith
(1)
2a)
(2b) Van = Fu, with (u, u) =;
(3) Van = Fu @ Fo, with (u,u) ==, (v,v) =1.
The local Dynkin diagram is of type D,, in case (1), type B, in case (2) and type C-B,, in case
(3); here we use the notation of Tits’ table [Tit79, §4]
Let Lay C Van denote the O z-submodule
0 in case (1),
Opu in case (2),

Lon=
Opu+Opv  in case (3).

For s=0,...,n, we let Lés) C V, be the O z-module given by
6naf17~-'afn)

S
9 = Spano, (s - Tess oo

and set
L =LY oL, cV.
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Then, L®) is a vertex lattice of type

(s) 2s in case (1) and (2a),
s):=
2s+1 in case (2b) and (3).

We also set
L' = Spang_(me1, ez, ..., e, 7 1, fn) © Lan,
L' = Spang (me1, ..., Ten—1,€ns f1, - - fn—1, Tfn) © Lan,
which are vertex lattices of type t(0) and ¢(n), respectively.

3.2.2. We take S to be the maximal F-split torus of SO(V) given by G c SO(V) such
that, for t = (t1,...,t,) € G, we have

t: Vi Vis given by e; — tiei, fi '_>tz'_1fi'

Let v: Gy, — G, be the cocharacter ¢+ (t,1,...,1) and let p:G,, — SO(V) denote the com-
position of v and the above inclusion. Then p is a minuscule cocharacter of SO(V). We then
have the associated p-admissible set Adm(u) and its parahoric analogues. Our goal is to give
a more explicit description of the set Adm(u)s, where J corresponds to a vertex lattice in V.
For this, we use the description of the building of SO(V) in [Gar97, §20.3]; we translate the
necessary results to our setting. We first describe the base alcove, and facets corresponding to
vertex lattices.

In each case, we have X,(T); ®zR= X,(S)®zR, which we identify with A(G,S, F) by
sending 0 to the vertex x(?) corresponding to the stabilizer of L(®). We let ey, . . . , €, denote the
standard basis for Z".

Case (1). We have S =T and X, (T'); = X.(S), which we identify with Z" so that the roots are
given by de; £ €;, 1 <7 <j<n. We take the n roots
€ —€+1,1<i<n—1 and e€,-1+¢€,

as simple roots.
The base alcove in R™ is given by

a={(at,...,an) ER"|a; >aa > - >=*a,,a1 +az < 1}.

Let
x©=(0,...,0, ¥©=(1,0...,0),

s

O =3"%9 fr1<s<n—1
X ;2 orl<s<n ,
X(n):(%v"'a%)7 xl(n):(%w"v%v_%)a

which lie in the closure of a, with x(©) a special vertex. The points x(9, x'(® x(") x/(") and
x(8) for 2< s <n —2 are zero-dimensional facets, while xM and x(»Y lie on one-dimensional
facets given by the line segments between x(9), x'(©) and x(™), x'(™ | respectively. The parahoric
corresponding to x(*), 0 < s <n, is the connected stabilizer of L(®); similarly, x(°) corresponds
to L'©® and x'(™ corresponds to L',

Case (2). We have S =T and X, (T); = X.(S), which we identify with Z" so that the roots are
given by +e; £€j,1<i<j<n, £e,1 <1 <n. We take the n roots
Ei—€i+1,1<i<n—1 and €n

as simple roots.
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We first assume we are in case (2a). The base alcove in R" is given by
a={(a,...,an) €ER"|a; >a2> -+ >a,>0,a1 +az <1}

Let
x9=(0,...,0), x¥@=(1,0...,0),
S
x(S):;;Z for 1 <s<n,
1=

which lie in the closure of a, with x(© a special vertex. The points x(©), X0 x(5) 2 <5< n, are
zero-dimensional facets, while x(!) lies on the one-dimensional facet given by the line segment
between x(© and x'(9). The parahoric corresponding to x(*), 0 < s < n, is the connected stabilizer
of L), and similarly x'(®) corresponds to L'(¥).

Now assume we are in case (2b); in this case, the point x(®) =(0,...,0) is not a special
vertex. The base alcove in R" is given by

a={(a1,...,a,) ER"|E>a1>a2> > an,an_1+ay, >0}
Let
° e
X(S):;Q for1<s<n—1,
xW=1, . L) XMW=, 1 -,

which lie in the closure of a, with x(™ a special vertex. The points x(™, x'™ x() 1 < s<n—2,
are zero-dimensional facets, while x("~1) lies on the one-dimensional facet given by the line
segment between x(™ and x'("™.

Case (3). In this case, we have T'= S5 x (ResF//me)Nm:l, where E//F is a degree-2 ramified
extension, and hence X, (T'); = X.(S) ® Z/2Z. The échelonnage root system is of type C), (cf.
[Tit79, Example 1.16]), so we fix an identification X, (S)=Z" so that the roots are given by
te £e€,1<i<j<n, £2¢,i=1,...,n. We take the n roots

ei—ei+1,1<i<n—1 and 26n

as simple roots.
The base alcove in R is given by

{a={(a1,...,an) | §>a1>-->a, >0}
Let

S
©=S3"% foro<s<
X = SN,
Z 5 for s<n
=1
which lie in the closure of a; these are all zero-dimensional facets. The parahoric corresponding
to x(®) is the connected stabilizer of L().
Remark 3.1.

(i) From the description above, we see that the parahoric corresponding to the lattices
LMW, L= in case (1), LY in case (2a) and L(™~2) in case (2b) are not maximal parahorics.

(ii) In case (2), the automorphism

9(@1,...,an)l—>(%,...,%)—(an,...,al)
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of Z™ maps the alcove in case (2a) to case (2b), and is equivariant for the actions of the
respective Iwahori Weyl groups. This automorphism is induced by the isomorphism of group
schemes SO(V') & SO(V(”)), where V(™) is the quadratic space whose underlying vector space
is V, but with quadratic form given by =(, ).

3.2.3.  The relative Weyl group Wy has the following description:
Wo o {((Z/QZ)" X Sp)° in case (1),
(Z)272)" xSy, in case (2) and (3).
Here, ((Z/27)" x Sy,)° denotes the kernel of the homomorphism
(Z)2Z)" % S, — Z)2Z

((z1, .+, 2n),0) — Z Z.
i=1

In case (1), (2a) and (3), the groups (Z/27Z)" = {£1}" and S,, act on Z" via factorwise
multiplication and permutation of coordinates. In case (2b), they act via the same linear
transformations, but centered at x(™). Thus, we see in each case that the W-orbit of x(*) in
A(G, S, F)=R" is given by

Wx'®) = {(a1,...,an) €Z[1/2]"| exactly s of the a; are in & + Z}. (3.3)
For y=(a1,...,a,) € Wx(®), define
Lo(y) = SpanOF(ﬂ(aﬂel, o mlenle, W(*aﬂfl, . ,ﬂ(*a"]fn) W
and set L(y) = Lo(y) © Lan. Then, in each case, the parahoric associated to y is the connected

stabilizer of L(y), and the association y+— L(y) induces a W-equivariant bijection between the
W-orbit of x(*) and the W-orbit of L(®). Here, W acts on vertex lattices of the form L(y) via

v

w: L(y) = wL(y), where w € N(F) is a lift of w, noting that wL(y) does not depend on the
choice of lift w.

3.2.4. Under the identification

X.(T); = {Z" in case (1) and (2),

Z"™ x ZJ2Z  in case (3),

the element p corresponds to the element (1,0, ..., 0). In particular, its image in X, (7T); ®z R =

R™ is €7.
LEMMA 3.2. Let s€{0,...,n} and let y € Wx() with dimy,(L(y) + L) /L&) =1.
(i) We have
y:x(s):tei, i=1,...,n
or

y:x(s)i%ejj:%ei, 1<j<s, s+1<i<n.

(ii) Let J (8) 'S be the subset of simple reflections corresponding to the facet containing x%).
Then there exists w € Adm(p)”"” such that wz(®) =y.

Proof. Using the automorphism 6 from Remark 3.1(ii), case (2b) can be reduced to case (2a).
So, we may assume we are in case (1), (2a) or (3), and hence that x(©) is a special point.
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(i) Let y = (a1, ..., an). Then, using the description of L(y) above, we see that exactly one
of the integers

[a1] —1,...,Jas| =1, [ass1], .-, [an], [—a1], ..., [—an]

is equal to 1, and the others are all <0.

Now, let use write x,(:) for the kth coordinate in x(*). Suppose first that [a;] — 1 =1 for some

ie{l,...,s}, thena; = % or a; =2.If a; = 2, then, since y € Wx(s), thereexists j€ {s+1,...,n}
with a; € § + Z. But then either [a;] > 0 or [—a;] > 0, which is a contradiction, and hence a; = 3.
Suppose there exists k£ i with ag ;éx,(:). If £ <s, then we must have ap =0 or 1, otherwise
[ai] >0 or [—ai| > 0. Then, as before, there exists j€ {s+1,...,n} with a; € % + Z. Thus,
upon replacing k by j, we may assume k > s+ 1. In this case, we have [a;] >0 or [—ax| <0,
which is a contradiction. Therefore, y = x() + ¢;.

Now, suppose [a;] =1 for some i € {s+1,...,n}. Then, a; = % ora;=1.1faq; = % then, since
y € Wx(®)| there exists j € {1,..., s} such that a; € Z and, since [a;] — 1, [—a;] <0, we must
have aj =0 or 1. The same argument as in the previous paragraph shows that ay :x](:) for
k+1i,j, and hence y =x() + %ej + %ei. If a; =1, then similarly we have ay = x,(:) for k #14, and
hence y =x0) +¢;.

The cases when [—a;] =1forie{l,...,s}andi€{s+1,...,n} can be handled analogously
to the previous two cases. When [—a;] =1 for i€ {1,..., s}, we have y =x(®) —¢;, and when
[—a;]=1forie{s+1,...,n}, we have y =x) —¢; or y =x0) :t%ej - %ei.

(ii) It suffices to consider the two cases from (i). Let y = x(*) & ¢;. Then there is u € W with
u(er) = £e;. Set A =wu(p). Then t*x(®) =5 and we have t* € Adm(y), so the result follows in this
case.

Now let y = x(8) 4+ %ej + %ei, 1<j<s,s+1<17<n;note that this case occurs only if 1 < s <
n—1. Let u € WJ<S> be the element which switches the jth and sth coordinates, and switches
the ith and (s + 1)th coordinates. Then, upon replacing y by u(y), we may assume y = x5 +
%63 + %654_1.

Let wT €8S, C ﬁ//g denote the reflection switching ¢; and ¢;, and let w™ € Wo be the com-
position of w' with multiplication by —1 in the sth and (s+ 1)th factors; thus, w™ :es+>
—€s+1, €541 —€s. Let Ag, Asy1 € Xu(T')1 be the Wo conjugates of p whose images in R™ are
€s, €s+1, Tespectively. .

We define a pair (u/, \) € Wy x X,(T) as follows:

( s+1» )‘s—i-l) if Y= x(s) + %68 4 %Es—i-l,
(w;5+1’ _)\S""l) if y= X(s) + %65 - %654—17
(e =As) iy =x1 = g6+ e,
( S+ —As) if y= x(®) — %Es - %684-11
and we set w=u/t* € W. Then, we have w(x(*)) =y. Moreover, we have w < " in the Bruhat

order, since a and t*a lie on different sides of the hyperplane corresponding to the reflection w’.
Since A € Wy (u) it follows that ¢}, and hence w, lie in Adm(s). O

LEMMA 3.3. Let s€{0,...,n} and assume t(s)#0,dim V. Then the element 7, € Adm(u)
satisfies Tux(s) =x09),
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Proof. Again, using Remark 3.1, we may assume we are in case (1), (2a) or (3). We compute
that 7, : Z" — 7" has the following form:

(1-aj,ag,...,an—1,—ay,) in case (1),
w:(ay,az,...,ap—1,an) =< (1 —ay,az,...,a5-1,0n) in case (2a),
(a1,a9, ..., Qn_1,0p) in case (3).
It is then clear that 7, fixes x(*) if ¢(s) #0,dim V. O

Remark 3.4. The assumption t(s) #0,dim V' is equivalent to the condition that x(®) is not a
hyperspecial vertex for Gy .

3.2.5.  We now prove the main result of this subsection, which gives an explicit description
of Adm(p) s+ in terms of relative positions of lattices in V.

LEMMA 3.5. Let s€{0,1,...,n—1} and LC V be a vertex lattice of type t(s). Then there
exists g € G(F) such that gL(®) = L.

Proof. By the classification of quadratic lattices over local fields, every vertex lattice L can be
written as Ly @ Lo, where Ly is unimodular and L =71 Ly. Similarly, we can write L®) as
Lgs) @Lgs). Since L1 = L(ls) and Lo = L(QS), we can find a g as desired. O

PROPOSITION 3.6. Let L, L be vertex lattices of type t = t(s) with t(s) # 0, dim V. The following
two conditions are equivalent:

(i) dimg(L+L")/L<1;
(i) there exists g € G(F),w € Adm(u) e, such that

gL®) =L, gwL® =1/

v

where w € N(F) is a lift of w.

Proof. (i) = (ii): For simplicity, we write Gg for the parahoric G.,. By Lemma 3.5, there
exists ¢,¢ € G(F) such that gL(® =L and ¢’L®) = I’. By the Bruhat decomposition, upon
right multiplying g and ¢’ by G$(O}), we may assume g’ = g’ for some w' € W.
If dim(w'L®) + L)) /L) < 1, then by Lemmas 3.2 and 3.3, there exists w € Adm ()" such
that wL(®) = w'L() and the result follows since Adm(z)”*” is the preimage of Adm(u) ) in w.
(ii) = (i): It suffices to show, for w € Adm(p) e, dim(L®) +wL)/LE) <1, We first
consider w =t 1) for wy € WO. Then wq(p) is of the form +¢;, and hence L' is of the form

1 1
L'= <€17 SR ei*lvﬂ-i €i5 €41y ---,En, f17 .- 'afifbﬂ-:': fiv fi+17 sy fn) @Lana

which satisfies dimy (L + L")/L < 1.

Let Flgo denote the Witt-vector affine partial flag variety over k associated to the parahoric
Gs (see [BS17], [ZhulT]). For g € Flg. (k) :G(ﬁ‘)/g;?(Oﬁ), we associate to it the vertex lattice
gL®) of type t(s) (this association is not a bijection in case (3) as the parahoric is not equal to
the stabilizer group in this case). The orbits of the positive loop group L*Gg on Flg. x Flg. are

indexed by WJ(S)\WN// W 7, and the closure relations are given by the Bruhat order.
Now, for (g, ¢") € Flgo x Flg. (k), the condition that
dim(gL® + ¢'L)) /gL <1
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defines a closed subscheme of Flg. x Flgo. Indeed, it is the preimage of the quasi-minuscule
Schubert variety in the Witt-vector affine Grassmannian Gr(L(®)) for GL(L(®)) under the natural
map Flgo — Gr(L®)) induced by the locally closed immersion G2 — GL(L(®)). Since the elements
Lo () WO € W, are the maximal elements of Adm(p) s, it follows that for any w € Adm(u) je,
we have dim(L(®) +wL(®)) /L) < 1. O

4. Affine Deligne—Lusztig varieties and special lattices

4.1 Clifford algebra and GSpin local Shimura datum

4.1.1. We now specialize to the case F'=Q), so let V be a quadratic space over Q, of
dimension n. For a Qp-algebra R, the tensor product Vg =V ®q, R is a quadratic space over R;
let C(Vr) =C(V) ®q, R denote the Clifford algebra of V. Then C(Vg) is a semisimple algebra
over R of rank 29™% V' and is equipped with a Z/2Z-grading C(Vg) = CT(Vg) ® C~(VR). We
define G = GSpin(V') to be the group scheme over Q, with R-points

G(R)={geCT(Vg)*:gVrg ' =Vg, g*g € R*}.

We use g e v =gvg~! to denote the conjugation action of G on V. Then there is a short exact
sequence of group schemes
g—rge

1—- G, —-G— SO(V)—1

over Q,. When V is clear in the context, we simply denote C(Vg) as Ckg.

4.1.2. Let {x1,...,z,} be a basis of Vg, with moment matrix
0 1
10
*
*

Given this choice of basis, we define a cocharacter u: G,, — G by
p(t) =t~ wrws + wown, (4.1)

where we regard the right-hand side of the above as an element in C' (V@p).

We remark that the reflex field of p is always Q,. Indeed, when V' has a split subspace of
rank 2, then we can choose {1, z2} to be the basis of this subspace and p is even defined over
Qp. Now we assume V' does not have a split subspace of rank 2. Then V' contains a subspace

generated by {v1, v2} with moment matrix (§ 9) or (5 p?/), where x(—v) = —1. Assume {v, v2}
has moment matrix (é g) Let oo € Q;Q such that o® = —v. Then we may choose z1 = vy + v
and 22 = —1/2v(awv; — v2) so that the moment matrix of {z1, 22} is (9 }). Therefore, in terms

of vy, v9, we have

u(t) =t (v + v) <;V1(Ow1 — U2)> + ;—Vl(avl —v9)(awvy + v2).

Let 7 denote the nontrivial element in Gal(Q,2/Q)) such that 7(a) = —a.
Although p is only defined over Qp2, we claim that

7opu(t) =t (—awy +v9) (;Vl(—avl - v2)> + ;—Vl(—avl —vg)(—aw; + v2)
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lies in the G(Q,)-conjugacy class of u. Indeed, note that the moment matrix of {—awv; +
vg, —awy — va} is still (§ }). Therefore, we can find h € O(V)(Qy) so that p(u) =hop(r - p) o h™*
by Witt’s theorem, where p denotes the morphism from G to SO(V). If det(h) = —1, we can
consider 1’ € O(V)(Qp) such that h’(acg) = —x3 and fixes z; for i #3. Then hW'h e SO( )(Qp)
and p(u) = (W'h)op(r - w)o (h'h)~L. Therefore, we can assume h lies in SO(V)(Q,) without
loss of generality. Now let geG(Qp) be a lifting of h. Since ker(p) =G,, is central and
p(go(T-p)og™t)=p(u), we have go (7-u(t)) o g~ = u(t) ot™ for some m € Z. Since

(go(r-u(t)og Ngo(r-u(t)og ) =t
is equal to

(u(t) 0 £™) (u(t) 0 ™) = £2m1,

we have m =0 and our claim is proved.
The case {v1, v2} has moment matrix ( poy) and is the same, so we omit the details.

4.1.3. Recall that @p denotes the completion of the maximal unramified extension of Q,,
and we let o € Aut(Q,/Q,) be the Frobenius element. For an element b€ G(Q)), we consider
the following isocrystals:

(VQP7(I):bO‘7) and (C@P,F:boa).

Here, ® and F are related by ®z = F oz o F~1. According to [Kot85], we can associate to every
be G(Qp) its Newton cocharacter

vp:D—G,

which is characterized by the following condition. For any representation p: G — GL(N) on a
Qp-vector space N, we require that the decomposition

N(@p: @ Ns/t

s/teQ

induced by p o vy is identified with the slope decomposition of the isocrystal (NN, B, p(b) o). We
call an element of b e G(Qp) basic if vy, factors through the center of G.

Let B(G) denote the set of o-conjugacy classes of G(Q,). Given u, Kottwitz introduced a
subset B(G, ) C B(G) in [Kot97]:

B(G, p) ={[b] € B(G); s([b]) = (1), 7 < i},

where k([b]) € m1(G)r is the Kottwitz invariant of b, x(u) is the image of p in 71 (G)r, v(b) is
the dominant Newton cocharacter of [b] and u° is the Galois average of u. We refer the reader
to [Kot97] and [Hel6] for details. From now on, b will always denote the unique basic element
of B(G, ).

Later on, we will need to consider V := Vv g which will be regarded as the space of special

endomorphisms of the framing object of the GSpln RZ space in later sections (see §7.2). The
following description of V is a generalization of [HP17, Proposition 4.2.5]. We also determine the
vertex lattices of maximal and minimal types in V. The description of a general vertex lattice
follows from this easily.

To simplify the notation, we use U, (respectively U, ) to denote the split (respectively
non-split) non-degenerate quadratic space over [F,, of dimension n.
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PROPOSITION 4.1. Assume V' is a quadratic space over Q, with Frobenius ® as in §2. Then the
Qp-quadratic space
. o . _
V':VQP ={zeVy : Pz=u}

has the same dimension and discriminant as V', and has Hasse invariant ¢(V) = —e(V).
More precisely, if we let Apax CV (respectively Anin) denote the vertex lattice in V of
maximal (respectively minimal) type, then we have the following.

(i) If dim(Van) =0, then
Amax=A, @ Hy and Apin=H, ,®A;.
(ii) If dim(Vian) =1, then
Amax =Ny O HY, Amin=H, 25O, if V=(Hp)g,,
{ Amax =05 0Ny, Amn=H, | OA* i V= (H;il S A>1<)Qp'
(iii) If dim(Vin) =2, then
Ammax = Ay, Amin =H, 2 &Ny iV =(Hy)g,,
Amax =Ny @ Hy',  Awin=Hy, iV =(H, 2&A;)q,,
Amax =032 O HY' s Awin = H' O A iV = (Hp2 © A g,
(iv) If dim(Van) =3, then
{AmaXZA:_l@HX, Anin = HY, if V=(H,%&A;)q,
Ao = A1 O AT, Auin =H, ©AY iV =(H,, ©AY)g,.
(v) If dim(V,,) =4, then
Apax =AF  and Ay = H,F.

Proof. If V contains a self-dual lattice, then this is implied by [HP17, Proposition 4.2.5].

Now we assume V does not contain a self-dual lattice. In particular, since n > 3, we may
assume V' has a basis {z1,...,z,} with diagonal moment matrix such that ¢(z1)=u1p and
q(x2) = ug, where uy, ug € Z;. Then we can choose b= xox; so that b> = —usuip € pZ;. We can
check that, for ® =bo o, we have

Pexi=—x1, Pexos=—x9, Pex;=z; for3<i<n.
Choose n € Z; \ Z,; such that o(n) = —n and n? =4, where § € ZX \ (Z)?. Set
vl =nT1, Vo=nTo, v;=x; for3<Li<n.
Then we can easily check that ® e v; =v; for any i € {1,...,n}. Hence, {v1,...,v,} is a set of
basis vectors of V. Moreover, we have
q(v1) =6q(z1), q(v2) =0dq(x2).

Therefore, we have xo(V) = —x0(V) and x1(V) = —x1(V). In particular, V and V have the same
discriminant. Moreover, one can check that e(V) = —¢(V) by (2.2).
Then, applying Proposition 2.1, the proposition follows. O

4.2 Affine Deligne—Lusztig varieties

42.1. Let G=GSpin(V) and p be as above. We now fix a vertex lattice L CV of type h.
This determines a parahoric group scheme G° of G. We fix S a maximal Q,-split torus of G
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which is in good relative position with respect to G°, so that L corresponds to a facet f in the
apartment A(G, S, @p) corresponding to S, and we fix an alcove a C A(G, S, Qp) whose closure
contains f. Then L corresponds to a subset J CS of the set of simple reflections in a. We then
have the associated admissible set Adm(u) ;.

Recall that we have fixed an element b € G(Q,) whose image [0] € B(G) is the unique basic
element of B(G, p). We let K =G°(Zp), and we set

X 0k0) ={g KeG@/K g e U Kot)x],
weAdm(u) ;s

where k is the residue field of Z,. Then X (17, b) (k) arises as the k-points of a closed subscheme
X (u?,b) i of the Witt-vector affine Grassmannian constructed in [Zhul7, BS17], and X (u?, b) x
is locally of perfectly finite type. By [Hel6, Theorem A], we have X (u?,b)x (k) # 0.

DEFINITION 4.2. A special lattice M C V@ of type h is a Zp—lattice such that

pMVcMéMV
and
{[M+<1>(M):M]:1 if h=0,n,
[M+®(M): M]<1 if h#0,n.

h
Here, the notation M C M means that M"Y /M is an h-dimensional vector space over the residue
field IF,,.

4.2.2. For any g € X(u°,b)k(k), we define the following vertex lattices:
Ly=0c"'(b"'g)eL and L,:=gelL.
We have
(Ly)=(bb'g)e L=L.

In addition, note that L, and L; determine each other. Indeed, if Ly =Ly for a different ¢/,
then one can directly check Ly = Ly, and vice versa.

PROPOSITION 4.3. The map g+ L, induces a bijection between p”\ X (u°,b)k (k) and
{special lattices of type h in VQP} if h=0,n,
two copies of {special lattices of type h in VQp} if h#0,n.

Proof. The case h=0,n is [HP17, Proposition 6.2.2]. So we assume h # 0, n from now on.
First, we check L, is indeed a special lattice. We have

[Lg+ ®(Lg) : Lg] = [Lg + L;; Lyl =[ge L+ o '(b7lg)eL:o (b7 g) e L]
=[(o" (g7 b)g) e L+ L:L].
Note that the map G — SO(V') induces a bijection
Adm(p); = Adm(y')

where p’ is the cocharacter of SO(V') induced by u, and Adm(y) j+ is the corresponding admissi-
ble set of SO(V'). Thus, since g 'bo(g) € Ko(w)K, w € Adm(u) s, we have [Ly + ®(Ly): L] <1
by Proposition 3.6.

2381

https://doi.org/10.1017/S0010437X26103571 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26103571

Q. HE aND R. ZHOU

Now we show that the map g+ L, is surjective. Let L' be any special lattice. Then, by
Proposition 3.6, there exists g € G(Q,) and w € Adm(u); such that

(®(L),L')=(ge L, g e L).

It follows that g~'bo(g)o(w™!) fixes L, and hence lies in pZK. Since x([b]) = k(W) = r(u) €
71 (G)r, it follows that g~ 1bo(g)o(w™!) € K, and hence g € X (u°, b) k (k).

The stabilizer of L in G(Qp) is p” K U dp” K, where the induced actions of § € G(F) on LV /L
and L/pLY have determinant —1 (see [PZ22, §2.5]). Hence, the map g — L, is a two-to-one
map. O

4.3 The crucial proposition
4.3.1. Let M C V@ denote a special lattice of type h. Let

Si(M) =M +®(M) + - - -+ d(M).

From now on, we always assume c (respectively d) is the smallest non-negative integer such that
Se(M) (respectively Sy(MVY)) is ®-invariant (c and d are finite by a standard argument). It is
not hard to show that

1 1 1
M CS1(M)CSa(M)---CSe(M)=S5ct1(M). (4.2)
In addition, M is ®-invariant if and only if MV is ®-invariant by the following lemma.
LEMMA 4.4. [M +®(M): M]=[M" +®(M"): MV].

Proof. First of all, note that [MY + ®(MY): MY]=[M : M N ®(M)]. Since S.(M) is P-invariant,
we have [S¢(M): M| =[S.(M):®(M)]. Hence, we have [M : M N®(M)|=[P(M): M N d(M)].
Since [®(M) + M : M| =[®(M): ®(M) N M], the proof is finished. O

We also remark that the equality [S.(M): M]=[S.(M): ®(M)] combined with (4.2) implies
that [M +®(M): M]=[M + ®(M) : &(M)], which further implies that
1 1 1
(M) C S1(M)C Sa(M)---CS(M).

LEMMA 4.5. We have:

(i) Se(M) C(Niez, @' (p~' M) and Sg(M") C Niczss O (p~ I MY);

(ii) if ®(M)C M"Y and ¢ <d, then

Se(M)c (] ®/(MY);
1€2L>0

(iii) if ®(pM") C M and d < c, then
Sa(pMY)C ] ®'(M).

1€2L>0

Proof. For (i), we only prove the statement for S.(M) since the proof for Sy(M") is literally the
same.
First, note that

d(M)cCp M.
Hence,

Se(M) CptS._1(M).

2382

https://doi.org/10.1017/S0010437X26103571 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26103571

ON THE BASIC LOCUS OF GSPIN SHIMURA VARIETIES WITH VERTEX STABILIZER LEVEL

Since S¢(M) is ®-invariant, we have
Se(M)C [ p '@ (Se1(M)).
i€Z30
Note that
Se(M) Cp~ ' @(Se1(M)) Np ™' Se1 (M) =p~ @ (Se—2(M)).

Here, for the last equality, we use the fact that

O(So1 (M) # Ser (M),

D(Sea(M)) C B(So—1 (M) 1 Somy (M)
and

[Se-1(M) : Sea(M)] = [2(Sc—1(M)) : @(Se—2(M))] = 1.
Since S¢.(M) is ®-invariant,
S.(M)CptS._o(M).

Then, by an induction argument, we have S.(M) C p~1M. Since S.(M) is ®-invariant, we have
Se(M)cp™' (| ®M)cpt (] (M)
€T30 0<i<f
for any f € Zxo.
Parts (ii) and (iii) are essentially the same as (i) once we observe that the assumption
c<d (respectively d<c) implies that ®(S._1(MY))NSc_1(MY)=®(S._2(M")) (respectively
D(Sg—1(M)) N Se—1(M) = (Sc—2(M))). O

The following is a first classification of special lattices.
PROPOSITION 4.6. Assume M is a special lattice. We have either ®(M) C MY or ®(pM") C M.
Proof. It ®(M)¢ MY, then ®(M)+ MY =M+ ®(M"). Moreover, if ®(pM")¢ M, then
p M 4+ p (M) =d(MY) +p M =®(M) +p M =p~' M, which is a contradiction. O

Remark 4.7. One can check that the conditions ®(M) C M"Y and ®(pM") C M actually corre-
spond to the conditions for cutting out Kudla—Rapoport (KR) strata. See § 7.4 and Lemma 7.17
for more details. See also Remark 5.7.

The main result of this subsection is the following crucial proposition.
PROPOSITION 4.8. Assume M is a special lattice. Then, one of the following will happen:

(i) p(Se(M))Y CcpMY C M CS.(M)C (S.(M))¥ C MV. In particular, S.(M) is a vertex lattice
of type t < h;

(i) pMY CpSg(MY) C Sy(MV)V C M C MY C Sy(MV). In particular, Sq(M")V is a vertex
lattice of type t > h.

More precisely, we have the following.

(a) If ®(pM") ¢ M, then M satisfies (i).

(b) If ®(M) ¢ MY, then M satisfies (ii).

(c) If ®(pM") C M and ®(M) C MY, then M satisfies (i) if ¢ < d.

(d) If (pMY) C M and ®(M) C MV, then M satisfies (ii) if d < c.
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Proof. (a) Assume ®(M") ¢ p~'M. Since M C S.(M), it suffices to show S.(M) C S.(M)V.

<1
Since M C M +®(M), ®(pMY)Z M and ®(pMY)C ®(M), we have M + P(M)=M +
®(pM"). In fact, an inductive argument shows that

S.(M)=M +®(pM") +---+®(pM"). (4.3)
Equivalently,
So(M)Y =MYn ( N qﬂ'(le)) (4.4)
1<i<e

According to Lemma 4.5, we have

Se(pM¥)c () ®(MY)cM¥n ( N @i(p—lM)),
0<i<e 1<i<e
McMYN ( N @i(p_lM))
1<i<e
Therefore,

(

4.3)
S.(M) C

4.5 .
M—i—Sc(pMV)(C)Mvﬂ( ﬂ cIﬂ(p—lM)> (‘*é)sc(M)V.

1<i<e

(b) Now we assume ®(M) ¢ M. By construction, we have Sq(MY)V Cc M Cc MY C Sy(MY).
Therefore, we only need to show pSy(MY) C Sq(MV)V.

<1
Since MV C MY +®(M") and ®(M) ¢ MV, we have MV + ®(M")=M" + &(M). In fact,
an inductive argument shows that

Sq(MYV)y=M" 4+ ®(M) + - - -+ d4(M). (4.6)
Equivalently,

Sy(MY)Y =MnN ( <I>Z’(MV)> : (4.7)

According to Lemma 4.5, we have

Sa(pM)C [ ®(M)cMn (
0<i<d

pMVcMm< N qﬂ‘(MV)>.

1<i<d

(4.8)

Therefore,

4.6 4.8 .
de(MV)(C)pMV—i—Sd(pM)(C)Mﬂ ( ﬂ <I>1(MV)> 4D Sy(MYYY.
1<i<d

(c) Assuming ®(M) C M"Y and ¢ < d, we will show that M satisfies (i) (a stronger statement
than (c)). Note that M + ®(M) C M". Inductively, we see that S.(M) C S.—1(M"). Since S.(M)
is ®-invariant, we have Sc(M) C Nogic, ®H(MV) C (S.(M))V by Lemma 4.5. Hence, we have

M C S.(M)C (Se(M))Y Cc M.
Since pMY C M C MV, we have
p(S.(M))Y CcpMY C M C S.(M) C (S.(M))" c M.
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(d) Assuming ®(pM") C M and d < ¢, we will show that M satisfies (ii). Note that pM" +
®(pM") C M. Inductively, we see that Sq(pM") C Sq_1(M). Since Sq(pM") is ®-invariant, we
have Sy(pM") C(Nogicq @ (M) Cp~'(Sa(pM"))" by Lemma 4.5. Hence, we have

va Cde(Mv) C Sd(Mv)V Cc M.
Since pMY C M C MV, we have
pMY CpSag(MY) C Sg(MY)Y c M C MY C Sy(MY). O

5. Deligne—Lusztig varieties

We let V' be a quadratic space over Q, and let G = GSpin(V), b, 1 be as in the last section. In
particular, we have an associated quadratic space V given by Proposition 4.1. We fix LCV a
vertex lattice of type h. Let V2"(V) (respectively VS"(V)) denote the set of vertex lattices in V
of type t > h (respectively ¢ < h). If the quadratic space is clear in the context, then we simply
denote it as V2" (respectively V<), In this section, we attach to a vertex lattice A € V(V)="
(respectively A € V(V)S") a k-scheme Sy (respectively Ry ) parametrizing certain special lattices.
Then we relate Sy and Rp with certain Deligne-Lusztig varieties and study their geometry.

5.1 The variety Sp and Rp

5.1.1. First, we can associate to a vertex lattice certain quadratic spaces defined over F, as
follows. Let A CV be a vertex lattice of type ty and rank n over O with quadratic form (, ).
We set

Va=AY/A and Vjv:i=A/pA"Y
with quadratic form induced from p(, ) and (, ), respectively. Note that dimp V) =t5 and

dimp, VAv =n —tx.
Set

Qpr =V OF, klh/\% /AZP’
Qpv = Vv AF, k= AZP /pA\Z/p,

with its Frobenius operator Id ® o = ®.

5.1.2.  For a quadratic space € over k, we let OGr(7, 2) be the orthogonal Grassmannian
that parametrizes i-dimensional isotropic subspaces of . For A € V=" let Sy be the reduced
closed subscheme of OGr((ta — h)/2,,) whose k-points are described as follows:

—h
2 9
= {special lattices M C Vg, 1Az CMC MY C A% }.

Sa(k) = {7/ € OGr(tA QA> (k) | dimg(¥ + ®(¥)) < dimy(¥) + 1}

Similarly, for A € VS", let Ry be the reduced closed subscheme of OGr(h —t5/2, Q4v) with
k-points

Ry (k) = {7/ € o&«(h _2“, QAV) (k) | dimg (¥ + () < dimy(¥) + 1}

= {special lattices M C Vo :pA% cpMY CcMcC Ay}

2385

https://doi.org/10.1017/S0010437X26103571 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26103571

Q. HE aND R. ZHOU

Note that when h =0, Sj has two connected components (see [HP17, Proposition 5.3.2]). In this
case, we write Sy as Sy = SX U S} . Note that the definition of Sy and R also depends on the
fixed h. We will denote it as Sj[xh} and RKL] if we want to emphasize the h here.

Moreover, for certain V and h, V=" (respectively VS") might only contain vertex lattices of
type h so that Sy (respectively Rp) is simply a point. For example, when h =2 and €(V) = —1,
V<P s the set of vertex lattices of type 2 since there is no self-dual lattice in V by €(V) = —1.

For a quadratic lattice A, we use A® to denote the same lattice with quadratic form
q()=p-q()a. We use A* to denote (AV)®),

LEMMA 5.1. Assume A is a vertex lattice of type tpo < h in V¥ so that A* C'V is a vertex lattice
of type txs =n —tpx > n — h. Then we have

R 2 gl

Proof. Note that we have the following natural identification of quadratic spaces that preserves
the quadratic forms:

A/pAY = (p~tA)/AY = (p_1A>(P)/(AV)(p) — (Aﬁ)V/Aﬁ.

This identification induces an identification of

OGr(h - tA,QAv) and o&(W, QM>,

2

which restricts to an identification between RKL} and SX[h. U

Because of the above lemma, we will focus on Sy from now on. First, we consider a strati-
fication of Sy. Assume A C A’ and ¢(A’) > h, then we may regard Sy as a closed subscheme of
Sy as follows. Let 7 : A% /Ay — A\Z/ / A’Z be the natural quotient map. Then, for ¥’ € Sy/, one

P 2 P P

can check that 7=(7") € Sy. Now let

S3=5\ |J Sa
ACN

By construction, we have

Sa=J Sk
AcCN

5.1.3.  We need to consider the following natural decomposition of Sy later:
Sa =S5 US|\ USE, (5.1)
where S} is the open subvariety of Sy whose k-points are

S5 (k) = {isotropic subspace ¥ € Sx(k) | ®(¥) ¢ ¥*}
= {isotropic subspace ¥ € Sy | ¥ + ®(¥') is not totally isotropic},

Sj\ is the subvariety of Sj such that
Si(k)={7 € Sp(k) |V + ®(7) is totally isotropic and ¥ # &(7)}
and Sf\’ is the subvariety of Sp such that
Sa(k)={7 € Sa(k) | 2(¥)=7}.
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Let F(Tt—h)/Q—i = ﬂézo () and F(Tt—h)/2+z‘ = 22:0 ®Y(7) for i > 0. Let S be the subvariety
of S} such that
SR (k) = {7 € Sp(k) | F| is totally isotropic for all i}.

Assume A’ is another vertex lattice that contains A and set Qpryn = N /A ®p, k. Let Sy p
denote the subvariety of Sj such that

Sna(k)={7 €Sa |V CQprja}-
The subvariety of the form Sy will naturally show up later. Note that if ¥ € Sxs A, then
QY ) C Uy /A for any 7> 0. In fact, since 1),/ is already totally isotropic, any subspace of

it is automatically totally isotropic. So we can simply define Si: A as a subvariety of the usual
Grassmannian Gr((ta — h)/2, €, /5) such that

Syra(k) = {7/ e Gr(tA;h, QA,/A> (k) | dimp (¥ + ®(#)) < dimy(¥) + 1}.

Since, for each 7 € SQ(k), Fi(7) will eventually stabilize to the base change of some rational
subspace of 25, we have the following decomposition:

5.1.4.  We will need the following description of tangent spaces of S} in §7.

PROPOSITION 5.2. Assume z = [¥] € S} (k), and let T,Sx denote the tangent space of Sy at z.
Then we have

T.Sy = Hom(¥ +&(¥)/(¥), 0 /(¥ +B(F))).

Proof. Let ¥ € T.Sx, which we consider as an element of Si (k[e]) with “/7®;€[€] k=7 here k[e]

is the ring of dual numbers. Then ¥ + ®(¥) is finite free of rank (5 —h)/24 1 over k[e] and
lifts ¥ + ®(7), hence gives us an element of the tangent space of the usual Grassmannian
Gr((ta —h)/2+1,Q4) at the point ¥ 4 &(¥). It follows that we obtain a map of vector spaces

T.Sn — Homy (¥ + @(¥), Qp /(¥ + D(¥))). (5.2)
Note that since e? =0, we have ®(¥) = ®(¥) ®y, kle]. Thus, (5.2) factors through a map
T.Sx — Homy (¥ + () /®(¥), Qa /(¥ + @(¥))). (5.3)

We claim that this map is injective. Let v be an element of TSy, which we identify with a
homomorphism A: % — Qa /% by considering ¥ as a k[e]-point of Gr((tpn — h)/2, Q). Then, A
factors through 7' /% N ®(¥), and its image v under (5.3) is given by composing with the natural
isomorphism ¥'/7 N®(¥) =¥ 4+ &(¥)/®(¥) and the projection Qp /¥ — Qp /(¥ + (V). We
will show that X is determined by ~.

Let ve€? be a generator of the one-dimensional vector space ¥ /7 N®(¥V)=¥ +
O(7)/®(¥) and fix a lifting 7: ¥ + &(¥)/®(¥) — Qa/V of v. Then ¥ 4+ ®(¥) is gener-
ated by ¥ and ®(v), and for any ue ¥, we have A\(u)=c,P(v)+v(u) for some ¢, € k. By
assumption, ¥ + ®(¥') is not isotropic, and hence (®(v), v) # 0. Since Y is isotropic, we have
(u+eX(u),v+eX(v)) =0 for all u € ¥, or equivalently

(1, €, ®(v) +3(v)) + (cu®(v) +7(u),v) =0.
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Taking u = v, we find that ¢, = —(v,5(v))/(®(v), v), and for general u € ¥, we have

(u, c,®(v) +3(v)) + (F(u), v)
(@(v),v) '

Cy = —

This shows that (5.3) is injective. By Theorem 5.6, we have dimy Sx = (tA +h)/2 —1 and
hence
_tath
2

1.

dimy, ToSa > dimy, Homy (¥ + (%) /(¥), Qa /(¥ +B(¥)))

It follows that (5.3) is an isomorphism. O

5.2 Deligne—Lusztig varieties

We relate the Sy and Rp introduced in the last subsection with certain Deligne-Lusztig varieties
in this subsection. It suffices to study Sx by Lemma 5.1. Recall that Sy = S} U ij U Sf{). We will
relate S and S}\ with certain Deligne-Lusztig varieties.

5.2.1 The even-dimensional orthogonal case. Let A CV be a vertex lattice of even type
t =2d > h. In particular, according to Proposition 4.1, h is also even. Recall that Q = Vi ®r, k

is a quadratic space over k, and we fix a basis {ei,...,eq, f1,..., fa} of Qa such that
Spang{e1,...,eq} and Span,{fi,..., fa} are totally isotropic, (e;, f;) = d; ;. If V) is split, then
we may choose this basis so that Frobenius & fixes ey, ..., eq, fi, ..., fqg. If Vi is non-split, then
o fixes e1,...,eq-1, f1,- .., fa_1 but interchanges e; < fj.

Consider the isotropic flags .#; and .%, in Q defined by

ﬂii :Spank{el, ceey 61‘} for 1 <i< d— 17
ﬁ; = Spang{e1,...,eq_1,€q},
ﬁ; = Spank{el, R % fd}

Hence, when V), is split, we have ®(Z)& =.Z;F. When V} is non-split, we have ®(.%#)f = .ZF.
The stabilizers of ®(.#)F are the same, which we denote as B C H =SO(25). Then B is a
®$-stable Borel subgroup containing 7', where 7' is a maximal ®-stable torus 7' C SO(24).
We use A* ={s1,...,84-2,t7,t"} to denote the set of corresponding simple reflections in
the Weyl group W = N(T') /T, where:
(i) s; interchanges e; <+ e;4+1 and f; <> fi+1, and fixes the other basis elements;
(ii) t* interchanges eq_1 <> eq and fq_1 <> fy, and fixes the other basis elements;

(iii) ¢~ interchanges eq—1 <> fq and fq—1 <> eq, and fixes the other basis elements.

For 0<r<(t—h)/2—1, let

I = {81,...,8d,2,r} if h<2,
' {81,y 80—n)/2—1—r> S(t—h) /2415 - - - » Sd—2, t T, 17} if h>2,

and P, be the corresponding parabolic subgroup. Here, when r = (¢t — h)/2 — 1, we mean I, is
empty and P, = B.
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For 1<r<(t—h)/2 (r<d-—1 when h=0), let

wE=1Tsy_ 954, if h=0,
wp=1"t"s4 9 S(t—h)/2—r+1 if h=2, (5.4)
Wy = S(4—pyj2 - Sd—at tTSa_2 - Su_pyja—rp1 if h>2,

{“%’»i =58y 21 Se-nyj2rpr 1 R=2, (5.5)

Wy = S(1—hy/2 """ S(t—h)/2—r+1 if h>2.

Here, we interpret wfc as tT when h =0 and wy as t tT =tTt~ when h = 2. Moreover, we define
wo and wf)t as the identity. In addition, note that w'ljE =t* if h=2 and w) = S(t—h)/2 When
h>2.

5.2.2 The odd-dimensional orthogonal case. In this subsection, we let A CV be a vertex
lattice of odd type t=2d+ 1> h. In particular, according to Proposition 4.1, h is also odd.
Let Qp =VA ®p, k be the associated quadratic space over k. Since Vj is of odd dimension,
we can choose a basis {e1,...,eq, fi,..., fa,€2q+1} of Qx such that Spang{ei,...,eq} and
Spang{fi,..., fa} are totally isotropic, (e;, fj) =i j, (€2d+1,€2d+1) =1, eaq41 is orthogonal to
all the other basis vectors and & fixes all the basis vectors.

Consider the isotropic flags .%, in 25 defined by

F; =Span{e1,...,e;} for1<i<d.

The stabilizer of %, is denoted as B C H =S0(Q2y). Hence, B is a ®-stable Borel subgroup
containing 7', where T is a maximal ®-stable torus 7' C SO(§2,).

We use A*={s1,...,84} to denote the set of corresponding simple reflections in the Weyl
group W = N(T)/T, where:

(i) for i=1,...,d—1, s; interchanges e; <> e;+1 and f;<> fit1, and fixes the other basis
elements;

(ii) sq interchanges eq <> fg, sends esg11 to —eaqy1 and fixes the other basis elements.

For0<r<(t—h)/2—1, let

I =81,y S(t—h)/2—1—r> S(t—h)/241s - - - » Sd—2, Sd—1, Sd }

and P, be the corresponding parabolic subgroup. Here, when r >d — 1, we mean [, is empty
and P. = B.
For 1<r<(t—h)/2, let

Sy if h=1,

w, — 54 S 1 (5.6)
S(t—h)/2 " " Sd—18dSd—1"" " S(t—h)/2—r+1 i h>1,

Wy = S(1—hy/2 " S(t—h)j2—r41  if B> 1. (5.7)

Here, we interpret wi as sq when h =1 and wq as sq_15454—1 when h = 3. Moreover, we define
wo as the identity. In addition, note that w} = s(t — h)/2 when h > 1.

5.2.3 Special linear case. Assume A C A’ is a pair of vertex lattices in V of types t,t/,
respectively. Set Vi, /p = A'/A CAY /A =Vy and Qy//p = Vj/ /5 @, k. Note that, since A’ C A",
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2ps/A is an isotropic subspace of V. Moreover, each rational isotropic subspace of {2, is realized
in this way.
Let {e1,...,eq—p)y/2} be a basis of 2,/ such that ®(e;) = e;. Consider the standard flag
t—t

F; =Span{e1,...,e;} for 1<i< 5

The stabilizer of .7, is a ®-stable Borel subgroup B C H =SL(€4//), which contains a
maximal ®-stable torus 7' C SL(Q4//4).
We use {s1,...,5—¢)/2—1} to denote the set of corresponding simple reflections in the Weyl
group W = N(T)/T, where s; exchanges e; and e;41.
For 0<r<(t—h)/2and 0<s< (h—1t')/2, let
I'r,s = {Sla < S(t—=h)/2—1—1> S(t—h) /24145 -+ 5 s(t—t’)/Z}

and P, s be the corresponding parabolic subgroup.
For0<r<(t—h)/2—1and 1<s<(h—1)/2+1, let

W s = (S(t—ny/2 "+ S(t—hyj2+s—1)(St—n)/2-1 " " S(t—h)/2—r) ?f r#0, (5.8)
S(t—h)/2 """ S(t—h)/2+s—1 if r=0.

Then w, s sends €(t—h)/2—r YO €t—_n)/241s €(t—h)/2—i YO €(t—n)/2—i-1 fog<ig<r—1, €(t—h)/2+i tO
€(t—h)/24i+1 I 1 ST < s — 1, ey_p) /245 10 €1—p) 2 and fixes all the other e;. Moreover, we set wp o
as the identity.

5.2.4 Deligne—Lusztig varieties. In general, for any subset I C A*, we let Wy C W be the
subgroup generated by simple reflections in I and P; be the corresponding parabolic subgroup.
The Bruhat decomposition implies that we have a bijection

inv : Pr(k)\G(k)/ Py (k) = WA\W/ W

DEFINITION 5.3. For w € W \W/Wg ), we define the Deligne-Lusztig variety Xp, (w) to be the
locally closed reduced subscheme of G/ P; whose k-points are

Xp,(w) ={gP € G/Pr:inv(g, ®(g)) = w}.
First, we collect two theorems that will be used later.

THEOREM 5.4 [RR85, Theorem 3]. Let k be a field of arbitrary characteristic. Let G be a
reductive group over k and P a parabolic subgroup. Then any Schubert variety X in G/P is
normal. Moreover, the linear system on X given by an ample line bundle on G/P embeds X as
a projectively normal variety.

THEOREM 5.5 [BR06, Theorem 2]. Let I C S and let we W. Then Xp,(w) is irreducible if and
only if Wrw is not contained in a proper ®-stable standard parabolic subgroup of W'.

THEOREM 5.6. For a vertex lattice A of type t > h, we have

Sy =S5 US|\ USy,
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where
t/2—1 t/2—1
< | | Xp(w; )>u< | | Xp(w; )> if h=0,
S@Q =0 =0
AT (t—h)/2
Xp,(w)= || Xp(w) if h>0,
=1
() if h<1,
(t—h)/2 (t—h)/2
g o )i uxne = (L xew)u( [ xew) =z,
A: 1= 1=
(t—h)/2 1 '
Xp(w)= || Xp(w)) if h>2,
\ =1
g )0 if h=0,
| XR (1) if h#0.

Moreover, ift = h, then Sy is a point. Ift > h, then it is an irreducible normal variety of dimension
(t+h)/2—1. For a vertex lattice A of type t < h, similar results hold for Ry by Lemma 5.1.

Proof. By Lemma 5.1, it suffices to study Sx. The case h =0 is [HP14, Lemma 3.7]. So we assume
h > 0. To simplify notation, we let m = (t — h)/2.
First, we prove

Xpo(l)UXpo(wl) if h=1,
Sh = Xpo(l)UXpo(t+)UXPO(t_)UXpo(wl) if h=2,
Xpo(l)UXpo(S(t_h)/Q)UXpo(wl) if h>2.

We assume t is even first and let d =¢/2. Recall that we have
t—h t—h
Sa(k) = {isotropic subspace ¥ C Qy : dimg(¥) = 5 dimg (¥ + ®(7)) < - + 1}.

In order to relate Sy and Deligne-Lusztig varieties in the flag variety H/Py, we consider the
map g — g-%_p)/2- This reduces the problem to a description of [w] € Wi, \W/Wg(y, such that

Hw(e1),...,w(em)U{er,....,em} — {e1, ..., em}| < 1.

It suffices to show that such a double coset is represented by w;, w) or 1.
Assume h>2 first. If {w(e1),...,w(em)}={e1,...,em}, then [w]=1 in Wi \W/ W,

obviously.

Now we assume {w(ey),...,w(em)} #{e1,...,em}. Assume w(e;) €{e1,...,en} for some
1< j <m.In particular, w(e;) € {e1,...,en} fori#j. If j <m, then we can replace w by another
element as follows. Let wj,, € Wi, be the element that switches e; and e,,. Then wwjy,(en) =
w(e;) and wwjm (eg) € {e1, . .., en} for £ <m. Now we can find wq, wo € Wy, such that wiwwjm,ws
sends e,, to w(e;) and fixes e, for £ <m. Since [wiwwjmws] = [w] € Wi, \W/Wj,, we assume
w(em) €{e1,...,en}t and w(ep) = e, for £ <m from now on.

If w(em) = fm, then w(f,) = e, In this case, we claim [w] = [w;]. Note that w(ey) and w(fy)
lie in {em+1,---,€d fm+1,---, fa} for £>m. So we can obviously find wy,ws € Wi, such that

wiwws € [w], where wy switches e, with f,,, and e; with f; and fixes all the other elements.
Therefore, we have [w] = [w;].
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If w(em) # fm, we claim that [w] = [s;,]. In this case, w(e,,) = e or f; for £ >m. We can find
w' € Wy, such that w'w sends e, to €41 and fixes e; for 1 <i<m — 1. Assume w(eg) = e, or
w(fx) = em. Note that, since w(en,) # fm, we have k>m. Let w” be the element in Wy, that
switches e,,+1 and ey, (respectively f) if w(er) = e, (respectively w( fx) = €y,). Then w'ww” fixes
e; for 1<i<m —1 and switches e, and e, 1. Now it is clear that we can find wy, we € Wy,
such that wiw'ww”we = $y,. Since [wyw' ww"ws] = [w], we are done.

When h =2, Iy =1{s1,...,84_2}. In particular, one can check that [t*]# [¢t~]. If [w]#1, we
claim that [w] = [t*] or [w] = [t7] or [w] = [t~ ¢T]. Since the proof is essentially the same as before,
we leave the details to the reader.

Now we assume ¢ is odd, so that h is also odd. When A =1 and [w] # 1, a similar argument
as before shows that [w] = [t~]. When h > 1, we have t* € Iy. Then, a similar argument as before
shows that for [w] # 1, we have [w] = [s;,] or [w] = [w;].

Now we show Xp (w1) and Xp (w)]) (respectively Xp, (w")UXp, (w;") when h=
2) parametrizes ¥ €Sy and Sh, respectively. Assume g€ Xp (w1), then ®(g)=gpowiph,
where po,py € Po. Let g’ =gpo. Then ¢'Fy_pyjo=9F1—ny2=" and ®(g')=gwipypo. So
D(9")F (t—nyj2 = g w1 F (1—p)j2- Since w1.F(y_pyj2 + F(1—py2 is not totally isotropic, we know
YV +@(V) =g Fu_ny2 + g'wi1F_p)/2 is not totally isotropic. Hence, we know Xp,(wq) C Sy.
Similarly, since w} . _p) /2 + F(t—n)/2 (respectively w’liff(t,h) 12+ F(1—n)2) is totally isotropic
when h > 2 (respectively when h=2), the same argument as before shows that Xp, (w}]) C Sk
(respectively Xp, (wit) c S}).

The decomposition of Xp, (w;) and Xp, (w]) into finer DL varieties follows from the same
proof of [RTW14, Proposition 5.5] (see also [HP14, Proposition 3.8]), so we omit the details
here.*

Now, Sy is irreducible of dimension (¢+h)/2—1. When t=~h, we can see that Sy is a
point by definition. So we assume ¢ > h. Combining Gortz’s local model diagram [GY10, §5.2]
with Theorem 5.4, we obtain the normality of Sj. By Theorem 5.5 and Proposition 5.12,
XP_ny2 (W) 2) is irreducible of dimension (¢ + h)/2 — 1. Since Xp,_,,,,(w(—p)/2) is an open
dense subscheme of Sy, we know Sy is irreducible of dimension (¢ + h)/2 — 1.

Remark 5.7. Later on, we will identify a special lattice M containing A with a point M /A € Sy.
Under this identification, M/A € S| exactly when M satisfies the condition ®(M)C MV in
Proposition 4.6. A comparison with §7.4.1 shows that this implies that M lies in two types of
KR strata. See §5.3 and Remark 7.12 of [HLS25] for a similar phenomenon in the unitary RZ
space over ramified primes.

Remark 5.8. The decomposition of Sj in Theorem 5.6 is based on the behavior of the filtration:
F—pyj2—i = Ni—o ‘() induced by ¥. By modifying [RTW14, Proposition 5.5], one can obtain
a decomposition of SR into finer DeligneLusztig varieties by considering a longer filtration: FJ,
where F(thh)/in = ﬂZ:o ®Y(¥) and F(thh)/ZJri = Zé:o ®!(¥) for i > 0. Note that ¥ 4+ &(¥) is
not totally isotropic for any ¥ € S{(k), so F§=F, in this case. See [HLS25, §5] for such a
decomposition via a different approach to the one given here.

By a similar argument as above, the map ¥ +— Fy induces the following isomorphism.

“In fact, the statement of [RTW14, (5.4)] needs to be rephrased a little bit. The claim N (Xp,_, (wy)) =
Xp, (wj) Y Xp; (wj+1) there should be changed to = restricts to an isomorphism on Xp,(w;)lH
Xp;(wjy1).
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PROPOSITION 5.9. Assume A is a vertex lattice with h < t(A). Then we have

SR = U SN A
ACA’,
t(A)<h
where
0 if h<1,
Spr A |_| Xp, (wps) ifh>1
’ 0<r< st
0<s< h—t'

5.2.5. In fact, we have a further decomposition of Xp,_, (w;) and Xp,  (w; ). When we want
to emphasize that the parabolic subgroup P; (respectively w;) is associated to Q,, we denote it
as Py ; (respectively wy ;). When the i in Py ; (respectively wy ;) is the largest possible value,
we simply denote it as Py (respectively wa). We define Pp o+ and w as similarly.

PROPOSITION 5.10. Assume A is a vertex Iattice such that A C A’. Let Py ; denote the parabolic
subgroup of SO(y/) defined as before and wy, denote the Weyl element of SO(£2y/) induced
from w;. Then we have the following:

(1) Xpy (wag) =, ,

(11) XPA,A/,T‘S (’IU»,«’S) = |_| A&AlCAQ&AI ‘)(13/\1,/\2 (w/\l,/\z)'
t(Az)<h<t(Ar)

Xp,, (war);

Proof. For (i), note that a k-point of Xp, . (w;) (respectively Xp, ,(w})) corresponds to a flag of
isotropic subspaces Fi;_p)/a—; C - - C Fy_p) 2 such that Fi,_p/a_; = ®(F(4_p)/2—;)- In particular,
F4_h)/2—; 1s the base change of a rational subspace that corresponds to a vertex lattice A’ such

that A C A’. Now we regard Fy_p)/2—; C -+ C Fy_p)/2 as a flag in the subspace {2x,. This gives
the decomposition.
(ii) is similar and we omit the details. O

5.3 Dimension of Deligne—Lusztig varieties
We compute the dimension of the relevant Deligne—Lusztig varieties in this subsection.
PROPOSITION 5.11 [HoelO, Lemma 2.1.3]. Assume [ =®(I). We have dim Xp, (w) = £;(w) —
¢(wr), where wr is the longest element in Wy and {;(w) is the maximal length of an element in
W]U)W[.
Moreover, if w is the representative of the double coset WrwW with minimal length, then
dim Xp, (w) = L1 (w) — l(wr) =l(w) + (Wr) — b(Winwrw-1)-

Here, to make sense of wlw™!, we identify I with the corresponding set of simple reflections
{Si | xS I}.
PROPOSITION 5.12. Assume A C A’ are vertex lattices of types t > h and t' < h, respectively.
Then we have:

(i) dim Xp(wa)=(t+h)/2-1;

(i) dim X (w))=(t+h)/2—2;
(111) dim XA7A/ (’LUA7A/) = (t - t/)/2
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Proof. We use Proposition 5.11 to calculate the dimension. We only give the details for the case
h is even, since the case h is odd is completely analogous. First of all, wa, w), and wp o are the
minimal representatives of the corresponding double cosets by Lemma 5.15.

We prove (i) first. Recall that

In=Tu—nyj2 = {80-n)j241>- - > Sa—2,t, 1" }.

We claim that w1, AwX1 = Ip. Assuming this, (i) follows from Proposition 5.11 and the fact that
l(wp) = (t —h)/2 by Lemma 5.14.

Now we show the claim. Let wp =wiws, where wy=su_p)/2 - Sq—2tTt"sq_2 - s4_p)/2
and wg = S(;_p)/2—1 -+ - $1. Since wy commutes with an element in Wi, it suffices to show that
wllAwfl = Ip. One can check that

., t—h
Wi ep-nyj2 = fu-ny wi-ed=fa, wiei=e, wi-fi=f; forigF——.d.

For s; € Wi, , we have i > (t — h)/2 + 1. Since w’ fixes ¢; and f; for (t —h)/2+1<i<d—1, we
clearly have s;w; = wss; for 1 <7 < d — 2. Similarly, a direct calculation shows that ttw; = wtT.
The claim is proved.

To prove (i), note that w)Izwl ' NIy = {50—nyj242,---,t*,t}. Moreover, w) is clearly
reduced to ¢(w)) = (t — h)/2. Then, according to Proposition 5.11 and Lemma 5.16, we have

t+h
dim Xy (1)) = £(wh) + 6W1,) = U0Wy uginr,) = ) +h—2= 0 =2,

w

For (iii), the corresponding I is empty. So dim Xy ar(wp ar) =(waa) = (t — 1) /2. O

5.3.1.  We compute the length of the Weyl element by the combinatorial method, as in
[BB05], which we briefly recall here. From now on, we set e_; := f; for 1 <i<d, sq_1:=t" and
sq =1~ for convenience. We use the bijections

{61,...,6d}—){1,...,d},

eird+1—i (5.9)
and
{e_gy...,e_1}—>{—d,...,—1},
e_i>—d—1+1i (5.10)
to identify {e_4,...,e_-1,€1,...,eq} with {—d,...,—1,1,...,d}. We denote the latter set as
[£d].

Under these bijections, we may and will identify W as a subgroup of Si14. When €2 is of odd
dimension, we denote the corresponding subgroup of Syy as Sf. When (2 is of even dimension,
we denote the corresponding subgroup of Syy as Scll) . More precisely,

oce€SP Sy ifandonlyif o(—i)=—0c(i) for all i € [+d]

and
sP et {0 €85 :neg(ca(1),...,0(d)) =0(mod2)}.
Here, neg(o(1),...,0(d)) is the number of negative entries.
Let o € SP. Since o(—i)=—o(i) for all i € [£d], to determine o it suffices to describe the
action of o € Sﬁ] on {1,...,d}. As a result, we can write
o=[o(1),...,0(d)], (5.11)
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which is called window notation in [BB05]. For example,
Saci=1,...,i—1,i+1,4,i+2,....d
for1<i<d-—1, and
sa=[-2,-1,3,....d

when s; € S(?.

5.3.2. In order to determine the length of o € W, we define the set of inversions of o. We
define the invariant function on Sf to be

Invg (o) :=Invi(c) Ulnvy(o)
={(i,j) €{1l,...,d}*:i<j, o(i) >0(j)}
U{(i,5)€{1,...,d}*:i<j, o(=i)>0o(j)}.
We define the invariant function on S C’? to be
Invp (o) =1Inv} (o) UInv, (o)
={(i,j) €{1,...,d}*:i<j, o(i) > 0o(j)}
U{(,5) €{1,...,d}y*:i<j, o(—i)>a(j)}

When the underlying group is clear, we will drop the subscript and simply write it as Inv(o).
Let inv(o) = |Inv(o)|. Then inv(s;) =1 for 1 <7 < d. Moreover, one can directly check that for
any o € W, we have inv(s;o) =inv(o) £ 1.

PROPOSITION 5.13. Given o € W, we have {(w) = inv(w).

Proof. This is [BB05, Proposition 8.1.1] for SZ and [BB05, Proposition 8.2.1] for SZ. O

5.3.3.  Now we are ready to compute ¢(w,) by computing inv(w).

LEMMA 5.14. We have {(w,) =r + h — 1. In particular, for a vertex lattice Ay of type t =2d or
2d+ 1, L(wa,) = lwag|nj2)—1) = (t+h)/2—1.

Proof. First, assume h and hence t are even. Note that wy - e_p)/2—r11= ft—n)/2 = €—dtn/2
wy-e;=ej_q for (t—h)/2—r+1<i<(t—h)/2, w, eq= fg=e_q and w, fixes all the other e;.
By the identification (5.9) and (5.10),

we=[-1,2,... h/2,h/242,... h/2+ 7, —(h/2+1),h/2+71+1,...,d] (5.12)

under the notation (5.11). Here, [h/2+4 1]+ [h/2+2], [h/2+r —1]—[h/24+ 7], [h/2+ 7]~
[—(h/2+1)]. Then

Invt(w)={(i,h/2+7):ic{l,...,h/2+7r—1}}

and
Inv (w) ={(i,h/2+7r):ie{l,...,h/2}}.

Hence, ((w) =inv(w) = (h/2+r—1)+ (h/2)=r+h—1.
Now we assume h and hence ¢ are odd. For h>1, we have w-eq_py/2—rp1=f(1—ny/2=
€—dt(t—h)/2> W-ei=e;—1 for (t—h)/2—r+1<i<(t—h)/2/2 and w, fixes all the other e;. By
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the identification (5.9) and (5.10),

w—[1,...,h_1,h_1—1—2,...,h_1—|—r,—h+1,h+1 r,...,d].
2 2 2 2 2
Then
Invt(w)={(i,(h—1)/2+7r):i€e{l,...,(h—1)/2+r—1}}
and
Inv(w)—{(i,h;:l—Fr) :z'e{1,...,}H2—1}U{h;1+r,h;1+r))}.
Hence, {(w) =inv(w)=((h—1)/2+r—-1)+ ((h—1)/24+1)=r+h—1. O
LEMMA 5.15.

(i) First, w, and w| are the minimal representative elements in the double cosets Wy w, W,
and WL- w;W]T,.

(ii) Second, wy s is the minimal representative element in the double coset Wi, o we W, |

Proof. The expressions of w,. and w, s given in (5.5), (5.7) and (5.8) are clearly reduced. One
can check that the expressions of w, given in (5.4) and (5.6) are also reduced by comparing the
length of w, given in Lemma 5.14 and the number of letters in the word expression of w;,.

To show that an element w is a minimal representative element in WywW7, it suffices to show
that ¢(s;w) > £(w) and £(ws;) > ¢(w) for any i € I. This is clearly the case for w] in W w,. W
and wys in Wi w, Wi, . For w,, one can show this by checking that multiplying with s; for
i € I, will increase the number of inversions of (5.12). O

5.3.4. The following is a well-known fact. We sketch a proof for completeness.
LEMMA 5.16. Let A be a vertex lattice of type t > h. Let In = I(;_p) 2. We have

h(h ey
5 <2 — 1) if h is even,

~ 1)\ 2
<(h2 )) if h is odd.

g(wIA) =

Proof. First, we assume h and ¢ are even. Using Proposition 5.13, one can check that
wr=[(-DM>7 =2, ... —h/2,h/2+1,...,d]
is the longest element in W with ¢(wr) =h/2(h/2 —1). More precisely, we have
Inv(w;) =Inv' (w;) UInv™ (wy)
and
v (wr) =TInv™ (wr) = {(i,7) € {1,...,d}*:i<j,j <h/2}.
Now we assume h and ¢ are odd. Using Proposition 5.13 again, one can check that
wr=[-1,...,—(h—=1)/2,(h—=1)/2+1,...,d]
is the longest element in W; with £(w;) = ((h — 1)/2)%. More precisely, we have
Inv " (wy) ={(i,5) € {1,...,d}*:i<4,5<(h—1)/2},
v (wr) ={(i,§) €{1,...,d}*:i<j,j<(h—1)/2}. O
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6. Rapoport—Zink spaces for spinor similitudes

6.1 Integral models of Shimura varieties

6.1.1. Let V be a quadratic space over QQ, of dimension n and fix L C V' a vertex lattice
of type h. Then L corresponds to a point x’ € B(SO(V),Q,). We set G = GSpin(V). We let
x € B(G,Qp) be a point lifting x’ and let G be the Bruhat-Tits stabilizer group scheme of G
corresponding to x. We obtain a local model triple (G, i, G), where p is the cocharacter defined
in §4.1.2. We let Mloi denote the associated local model. By definition, MlOZ is the unique, up
to unique isomorphism, flat Z,-scheme with generic fiber G/P, and reduced special fiber which
represents the v-sheaf Mg , over Spd(Z,) defined in [SW20]. By [HPR20], this is isomorphic to
the local model constructed by Pappas and Zhu [PZ13].

LEMMA 6.1.
(i) First, m(G) =7 and I acts trivially on Z.
(ii) Let E'=Qu(y/p). Then G splits over E.
Proof. We have the following exact sequence.
11— Wl(Gder) ——m(G) —— X*(Gab) —1

Now G is simply connected, and G = G,,. It follows that 71(G) = Z with trivial I action
and hence we obtain (i).

We can choose a basis of V' such that the form (, ) is given by Diag(uy, . . ., u,). The extension
E is the unique Z /27 x 7./2Z extension of Q, and hence contains /u; for each i. It follows that
there is a basis of Vg such that the form (, )g is given by Diag(1l,...,1). Thus, SO(V) and
hence G splits over E. O

Part (i) implies that G has connected special fiber, and hence is equal to the parahoric group
scheme G° associated to x; see [HROS].

6.1.2. We fix a choice of basis {ei,...,e,} for L so that the form (,) is given
by Diag(ui,...,u,) with 1=vp(u1)="---=vp(up) and 0=vp(up+1)="---=vp(uy). Let E=
Qp2(y/p) and I'=Gal(E£/Q,). Then the image of x in B(SO(V), E) is a hyperspecial vertex
(cf. the proofs of [PR24a, Proposition 2.7 and Proposition 2.8]), and hence corresponds to a
self-dual lattice L in V. In the basis {e1, ..., e,} above, L is given by

L= Spang (Vur el ..., \/un ten).
PROPOSITION 6.2.
(i) The morphism (G, u) — (GL(C(VEg), piq)) extends to a good integral local Hodge embedding
t:(Gy 1) = (GL(C(L)), pa);
see [KPZ26, Definition 3.4.4]. Explicitly, we have closed immersions
G —GL(C(L)), MgS, — Gr(C(L),d)
which extend G — GL(V') and the natural map G/P, — Gr(C(L), d) g, respectively.

(ii) The integral local Hodge embedding v: (G, i) — (GL(C(L)), pq) is very good at all points
of Mg’%(k) in the sense of [KPZ26, Definition 5.2.5].

Proof. This can be deduced from the proof [KPZ26, Theorem 6.1.1]; we recall the argument
for the convenience of the reader. Let G’ be hyperspecial parahoric of Gg corresponding to the
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image of = in B(G, E), and set G= Resp,/z, G'- Then we obtain morphisms
G—G— GL(C(L));

the first is a closed immersion by [KZ, Proposition 2.4.10] and the second is a closed immersion
by [PYO06, 1.3] and the fact that Weil restriction preserves closed immersions.
Similarly, we have closed immersions

Mgs, — Mg, — Gr(C(L)), d),

where g is the conjugacy class of cocharacters of G induced by p and Mlocﬁ is the local model
associated to the local model triple (G 1, Q) The fact that these are closed immersions follows
from [KPZ26, Proposition 3.3.7] and [KPZ26, Proposition 3.3.14]; we thus obtain (i).

For (ii), note that G can be cut out inside G < GL(C(L)) by a set of endomorphisms. It
follows that (G, u) — (GL(C(L)), p1q) is very good at all points of Mloc (k) by [KPZ26, Corollary
5.3.4] and [KPZ26, Proposition 5.3.10]; cf. [KPZ26, Proof of Theorem 6.1.1]. O

6.1.3. Now let Vg be a rational quadratic space of signature (n —2,2) with n >3, and we
let @ denote the associated quadratic form. As in the local setting, we associate to Vg the
Clifford algebra C(Vg) which is endowed with a Z/2Z-grading C(Vg) =C (Vo))" & C(Vg)~ and
a canonical involution ¢+ ¢*. We let G = GSpin(Vg) be the group of spinor similitudes whose
points valued in a QQ-algebra R are given by

G(R)={geCT(VR)* | gVrg ' = Vg, g*g € R*}.

We let X be the space of oriented negative 2-planes in Vg ®g R. As explained in [HP17, §7.1.2],
we can realize X as a G(R)-conjugacy class of homomorphisms A : S — Gg, where S is the Deligne
torus Resc/r Gy, and the pair (G, X) forms a Shimura datum with reflex field Q. We let 1 = ,u,:l
denote the inverse of the Hodge cocharacter uj associated to h. Then, the conjugacy class of u
coincides with that of the cocharacter constructed in §4.1.2.

Let F be a totally real field with degree r =[E, Q,] and p be a place of F above p such that
F, =F, where E is the local field we chose in §6.1.1. Let V& be the quadratic space over F
induced from Vg. Let G = Resy /oGSpin(Vr). We have a natural embedding ¢q : G — G.

Fix LCV:=Vg, a vertex lattice of type h and let G be the corresponding parahoric of

G; we set K, =G(Zy,). We let Lc VE be the self-dual Opg-lattice constructed in §6.1.2 and

C (E) C C(VE) the associated integral Clifford algebra. The canonical involution ¢+ ¢* preserves
the integral structure C'(L), and hence we obtain a decomposition

c()y=cL)yrec(L).

6.1.4. Fix an element ¢ € C(L)* N C(Vr) with c= —c*; for example, we may choose e, f
elements of an orthogonal O, -basis for L NVy with Q(e), Q(f) € Ok, and set c=ecf. We
define a Q-linear alternating form

:C(Vp) x C(Vrp) —Q
by the formula
bl y) = Tre (05 o Trd (wey™),

where Trd : Vy — F is the reduced trace and dpq is the difference of the extension F /Q. Then,
C(L) is a self-dual lattice in C(Vg) for the base change of this form to Qp. We then obtain a
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Hodge embedding
(G7 X) — (GSP(C(VF)a w)v Si)

where ST is the Siegel double space.

6.1.5. Let A’} be the ring of prime-to-p adeles and fix KP C G(Aiﬁ) a compact open subgroup.
Setting K = K,K? C G(Ay), we obtain the associated Shimura variety Shk (G, X) over Q whose
complex points are given by

Shi (G, X)(C) = G(Q@Q\X x G(Af)/K

Let K}, C GSp(C(Vr))(Qp) be the stabilizer of C(L). Then, for K’? a sufficiently small compact
open subgroup of GSp(C (VF))(AI;) and setting K’ =K/ K, we obtain a closed immersion of
Shimura varieties

Shi (G, X) — Shi (GSp(C(Vr)), S¥).

The Zp-lattice C (L) € C(Vg) gives rise to a moduli interpretation of the Shimura variety
Shi (GSp(C(Vk)), ST) as a moduli space of polarized abelian varieties up to prime-to-p isogeny,
and hence to an integral model k (GSp(C(Vr)), S*) over Zpy; see [KP18, §4]. Note that since
C(L) is self-dual, the polarization has degree coprime to p. We define ./« (G, X) to be the
normalization of the Zariski closure of Shi (G, X) inside %%/ (GSp(C(Vk)), S*) (by the main
result of [Xu26], the normalization is not necessary). For notational simplicity, we will simply

denote .7k (G, X) and Sk (GSp(C(Vk)), S*) as . and .

6.1.6. For a module M over a ring R, we let M® denote the direct sum of all R-modules
obtained from M by taking duals, tensor products, symmetric and exterior products. We set
C(L)z, == C(L)NC(Vr), which we regard as a Z,)-module, and we fix a set of tensors t, €

C(E)%( , whose stabilizer is Gz, ; here, Gz, is the Zariski closure of G in GL(C(E)Z(p)). We let
A — Sk be the pullback of the universal abelian variety on .%k:.

Let zg € Sk (k). We let A, be the corresponding abelian variety over k and ¥, its p-divisible
group. Then, as explained in [Zho20, §6.6], we obtain Frobenius-invariant tensors tq.0 4, € D%,
where D :=D(¥,,) is the contravariant Dieudonné module associated to ¥,,. The t, 0., are
obtained via the p-adic comparison isomorphism from corresponding tensors in t, p 7 € 7, pAg@,
where T € .7k (K) is a lift of zg for some K/ Qp finite; the 4,04, are independent of the choice
of . Moreover, we have a Zp—linear isomorphism

which takes to to ta04,; here, Dz :Homz(p)(C(E)Z(p),Z(p)). Under this identification, the
Frobenius on D is given by ¢ = b0 for some by, € G(@p) which is p-admissible (i.e. by, €
G(Zy)o(w)G(Zy) for some w € Adm(p)g). We obtain a map

5 S (k) = B(G, )

sending x to [b;] € B(G, p) which induces the Newton stratification on (G, X). For [b] €
B(G, p1), 57 1([b]) is the set of k-points of a locally closed subscheme of .7 ® k, which we denote

by ﬂI[(b]. By [KMS22, Theorem 1], if [b] is the unique basic element of B(G, pt), then YI[(b] is
non-empty and closed.
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6.2 Rapoport—Zink spaces for spinor similitudes

6.2.1. We keep the notation of the previous subsection, so that Vg is a rational quadratic
space of signature (n —2,2), and L CV :=Vp, a vertex lattice with corresponding parahoric G.
We have a Shimura datum (G, X) associated to the group G = GSpin(Vp) and we let p=p; '
denote the inverse of the Hodge cocharacter. We obtain a local Shimura pair (G, u) with p of
the form given in §4.1, and we let be G (Qp) be a representative of the unique basic conjugacy
class in B(G, ). Let xg € 7l ](k) and by, € G(Qp) the element giving the Frobenius on ID(¥,,)
as in §6.1.6, so that by, € [b]. Upon replacing b by a o-conjugate, we may assume b= b, .

We recall the construction of RZ spaces associated to the local Shimura datum (G, b, ) in
[HK19, PR24b]. First, we define a symplectic RZ space associated to #k/ (GSp(C(Vx)), ST).
We set X=¢, . Then, we have an isomorphism D —ID)( ) taking to to tx o :=ta04, such
that the Frobenius on D(X) is given by bo, and X 1s equipped with a principal polarization
Ay X=XV,

We let Nilp 7, denote the category of Zp—schemes S such that p is Zariski locally nilpotent
in Og. The symplectic RZ space N, o) i the following functor: for each S in Nilp; , NC(Z)(S )
is the set of isomorphism classes of triples (X, A, p) where:

(i) X is a p-divisible group over S;
(ii) A: X — XV is a principal polarization; and
(iii) p: X % S/pS — X xgS/pS is a quasi-isogeny such that Zariski locally on S/pS, we have

p’oXop=c(p)- Ax,
for some c(p) € Q.

6.2.2. Let %, 5”}? denote the p-adic completion of .7k ®z, Zp, Sk @z, Zp, respectively.
As in [RZ96, Theorem 6.21], there is a uniformization morphism

O: N —)yK/.

Then, we define Y to be the following fiber product.

NY - ’ NC(Z)

@{ l@ (6.1)
Tk —— Fio

The Dieudonné isocrystal of the universal p-divisible group over (N} ®; k)perf is equipped with
two families of Frobenius-invariant tensors. One of them is the famlly of tensors induced from
(tx,o) via the universal quasi-isogeny p, which we denote as t3,. Another family of tensors is the
one induced by pullback along ©°, which we denote as ug, , := ©°*(t4,0,00(y)) for any geometric
point y € N7 (k).

According to [HK19, Lemma 5.8], the condition t;, , = ug, , holds over a union of connected
components of N7.

DEFINITION 6.3. We define NV, as the union of connected components of N7, where t5, , = us, .

The following proposition is [HK19, Proposition 5.10]. Note that Axiom A of [HK19] is
satisfied by [Zho20, Proposition 7.8 and Proposition 6.5], since b is basic.
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ProprosITION 6.4 [HK19, Proposition 5.10]. We have a natural bijection
s N (k) =5 X (4, b (k).

6.2.3. Let y € Ni(k) with corresponding triple (Xy, Ay, py). Via the framing quasi-isogeny
py, y determines a Zjy-lattice
My :=D(Xy)(Zy) C Dy,

and a Z,-submodule M, =V M,=F~'(pM,). Then, M,= gDy for g=¢(y) € X(u7,b)K
(recall we have fixed a tensor-preserving isomorphism D, = ]D)(X))p For S an object of Nilp 5
and X a p-divisible group over S, we let D(X) denote the gontravarlant Dieudonné crystal assop—
ciated to X; see [Mes72, dJ95] for the construction and properties of this functor. Let N Ly
denote the formal neighborhood of y € N7 (k) and 2 the universal p-divisible group on N, Ly-
We recall the description of A, and 2 given in [KP18, KPZ26].

Upon fixing a representative of g in G(Q,), multiplication by g induces a tensor-preserving

identification DZ = M,, and hence allows us to identify Mlgo‘; 5 asa subscheme of Gr(M,, d).

The filtration on M y := M, /pM, is then given by the image of M, ; and corresponds to a point
x € MIOC o(K).

For any complete local ring S with maximal ideal n and residue field &, let /W(S) CW(S)
denote Zink’s subring W (S)=W (k) ® W(n), where W(n) C W(S) consists of Witt vectors

loc

(w;)i>1 such that w; tends to 0 n-adically. Let R be the complete local ring of M G at ©
and m its maximal ideal. We set N := M, ®; W(R) and let N7 C N denote the preimage of the
universal filtration on M, ®y, R coming from the embedding Mk’i 5 Gr(M,, d). The follow-

ing proposition summarizes the main results from [KP18, §§3 and 4] that we will need in the
next section.

PROPOSITION 6.5.

(i) There is an identification
NL,y = Spr (62)

such that, if we consider 2 asa p-divisible group over Spf R, there is a /W(R)—linear bijection
v:D(Z)(W(R)) =N
which identifies Fil'D(2)(W (R)) with Ny.
(ii) Let a = (m?,p). Then the identification
D(2)(W(R/a)) = M, ®; W(R/a)

induced by < is equal to the canonical identification arising from the crystal structure
on D(Z"), where we consider R/a— k as being equipped with the trivial divided power
structure.

Proof. Part (i) follows from [KP18, §§3 and 4] (cf. [KPZ26]) and the global construction of the

RZ space N7. More precisely, the closed 1mme£§ion of formal schemes N, Hﬁ/ﬁ}\( induces an
identification of formal neighborhoods N7, = kv, where 3’ € YK(k:) is the image of y, and

v corresponds to the pullback of the universal p-divisible group 27 on YK e
In [KP18, §3], it is shown that we can upgrade the pair (N, N1) to a versal display over

/W(R), and hence gives rise to a p-divisible group over R such that the induced closed immersion
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to the universal deformation space of ¢, identifies Spf R with ﬁl\(,y/. This proves (i). Note that
the constructions in [KP18] can be applied by Proposition 6.2 (see [KPZ26]).

For part (ii), let 3: ID)(Q/”\)(/V[?(R/a)) =My ®;, W(R/a) denote the identification arising from
the crystal structure. The composition

yo Bt M, @, W(R/a)— M, ®; W(R/a)

lifts the identity on M. We have two different display structures on these modules; on the left, we
have the trivial display structure coming from base change k — R/a, and on the right, the display
structure arises from the base change R — R/a. We write ®1, &1 o for the corresponding ‘inverse
Verschiebung’ morphisms for these display structures Let My 1 C M, ®z (R/ a) denote the
preimage of M, ; under the projection M, ®z, (R/a) — M,,. Then ®; and ®( extend to
p-semilinear morphisms

(i)l, &91’0 : MyJ — My ®ZP /W(R/Cl),

and we have &1 = @170 by [KP18, Lemma 3.1.12]. It follows from the uniqueness part of [Zin02,
Theorem 3] that o 87! is the identity. O

6.2.4. We conclude this section by recalling the Rapoport—Zink uniformization of the basic
locus. Let V@ denote the unique positive-definite quadratic space over Q with

/ ): G(VQZ) if £#p,
—e(Vo,) if L=p.

We set I:= GSpin(V{)). Recall that we have fixed b € G(Q,) corresponding to the basic element
of B(G, ) and Y” denotes the basic locus of Sk ® k. We let (YK)/[M denote the formal
completion of .#} along the closed subscheme .7} 25

PROPOSITION 6.6. There exists an isomorphism of formal Z -schemes

Q)N x GAL)/KP 5 (Fic) .

Proof. This follows from the argument of [HP17, Theorem 3.3.2 and 7.2.4]; cf. [Oki20a, Theorem
6.1], [HZZ25, §5). 0

7. The Bruhat—Tits stratification
7.1 The k-points of N7,

7.1.1.  We keep the notation of the previous subsection, so that Vg is a quadratic space
over Q of signature (n —2,2) and L CV =Vj, is a vertex lattice of type h. Then, we have the
RZ space N, associated to (G, b, ) and L, where b=b,, corresponds to the Frobenius on the
framing object X =%,,.

Recall that L is a self-dual lattice in Vg corresponding to the image of x in B(G, E), which
we regard as a Z,-lattice of rank 4n. We also let V =L ®z, @p. Then we have the corresponding

Clifford algebra C (E) and GSpin group G = Resg /0,GSpin(VE). Note that we have a natural

embedding i : G — G which induces a basic element b=1(b) of G. It also induces a Hodge
cocharacter i =10 u of G.
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7.1.2. First, we consider a decomposition of N7, following [HP17]. Since we construct N,
as a closed formal subscheme of the Siegel RZ space, the universal p-divisible group 2 has a
polarization \: 2" — 27V. The universal quasi-isogeny preserves the polarizations A and Ax up
to scaling. More precisely, Zariski locally on N, we have p¥ o Ao p = c¢(p) - Ax for some c(p) € Q;f
(see §6.2.1). For each £ € Z, let N, I-Eg) C N, be the open and closed formal subscheme on which
ord,(c(p)) =¥, so that

NL=|_|./\/’£€). (7.1)

LeZ

We let J, denote the o-centralizer group scheme over Q,, i.e. for any Qp-algebra R, we have

Jo(R) ={g € G(R®g, Qp): g~ 'bo(g) =b}.

Then J, = GSpin(V) and we have an action of J,(Qp) on Nz, (see [HP17, §2.3.7]). Moreover,
each g € J,(Qp) induces an isomorphism

g: N S Al (@)

where 7, is the spinor similitude 7y : J,(Q,) — Q). In particular, p% acts on N7, and
(0 1
PPN 2N D,

. . L ¢ . .
Since 7, is surjective, we know N, £ ) are isomorphic for each /.

7.1.3. Recall by Proposition 6.4 that there is a natural bijection
p Ni(k) = X (n7, b) (k), (7.2)
and we have Zp—submodules
My=gD; C Dy, My=F ' (pM,)=po'(b"'9)D; C Dy ,
where g = ¢(y). Using the inclusion Ly CEndg (D@p), we define ip—lattices
L,={x¢€ V@p caMy 1 C My},
L,={xe Va, - xM, C My},

Note that the action of p” on N, (k) rescales the lattices M, and M, 1, and therefore the three
lattices defined above depend only on the image of y in p”\ N (k).

LEMMA 7.1.
Ly ={xeVy |2C(Ly ) CC(Ly )},
L\Z/p = {a; € V@p ‘ %%C(sz) C C(LZP)}'

Equivalently, we have

LZP = {ZE € VQp | .’L‘D(sz) C D(sz)}, (73)
L\Z/p ={zeVy, |TaD(Ly ) C D(Ly )}- (7.4)
Proof. We fix a choice of basis {ey, ..., e,} for Ly so that the symmetric bilinear form (,)is
given by Diag(ui, ..., u,) with 1 =vp(u1) = =vp(up) and 0 =vp(upt1) =- - - = vp(uy). Then,
{é1,....ént={7ter,..., 7 ten, €nt1,...,€n} is an Op @z, Zy-basis of Ly .
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We clearly have L; C {z € Vo, |£L'C(EZP) C C(zi,,)}' Now we assume x€V; such that
xC’(EZ ) C C’(Ei ). In particular, we have z-1=z¢€ C(EZ ). Write =3, agep. Since

e1,...,e, are linearly independent, we have z € C (EZ ) if and only if ay € Zp. Therefore, x € L .
To prove the second claim, we choose {p~lei,...,p ten,eni1,...,en} as a basis of L\Zf .

~ - P

Then %L\Z/p = Spanzp{%_lel, oo ey, Tengt, ..., Ten} C Ly . So L%p ClzeVy, |mzC(Ly ) C

C(EZP)}' Now we assume ==Y, ; agey and %a:C(Ezp) C C’(Ezp). In particular, 7z -1 =7z €
C’(EZ ). Then Tay € %_121; for £ < h and Tay € Zp for £ > h. Hence, we have ay Ep_lzp for £ < h
and ay € ip for £ > h. Therefore, x € L% . O

7.1.4.

PROPOSITION 7.2. For every y € Np(k), the lattice L, is special and satisfies ®(L,)= L;,.
Moreover, y+— L, establishes the following bijection:

~ h
NIEO)(k:) I_I/\/']-El)(k:) — {special lattices M i VQP :MC MV} if h=0 orn,
NL(O)(k) 5 {special lattices M C V©p M C MV} otherwise.

Proof. The case h=0 or n is covered in [HP17], so we assume h#0 and n. Let y € Nz (k).
Recall that we have a bijection ¢ as in (7.2) that sends a point y € N(k) to the unique ¢(y) €
X (7, b))k (k) such that My =g- Dy . Moreover, VD; = F~lpg- Dy =po~t(b71g)- D; . Now
P\ X (1%, b) i (k) is identified with two copies of special lattices in Vi, by Proposition 4.3.

We claim that N, éo) is identified with one of the copies under this identification. Write the
stabilizer of L in G(Qp) as K UJK, as in the proof of Proposition 4.3. Then it suffices to find
an element j in J,(Q,) NIp~K, since j\(J\fL(O) u/\/él)) will be identified with the set of special

lattices and d also induces an isomorphism between N, éo) and N, IEI). To find such j, note that we
have a surjection of J,(Q)) to m(SO(V)); = Z/2Z, which we regard as the stabilizer of the base
alcove of SO(V'). Then an inverse image of the nontrivial element of Z/2Z will work. O

7.2 Special cycles on N,
7.2.1. Recall that V:Vg CV:= 175, where ® =bo. We let 7 =,/p€E and consider

7V CV. Then, as in [HP17, §4.3], we may consider V as a subspace of End(X)q; this is the
space of special quasi-endomorphisms. Let 2 denote the universal p-divisible group over N,
and we let A/, denote the special fiber of N/;,. We have the universal quasi-isogeny

p:XXSpf(k)NLH% X,/\/’LNL-
DEFINITION 7.3. Let L C 'V be a non-degenerate lattice.

(i) We define Z,(L) to be the closed formal subscheme of N7, where pozop~! € End(Z)g
lifts to an integral endomorphism of 2", for all z € L.

(ii) We define Yy, (L) to be the closed formal subscheme of N7, where po7 oz op~t € End(2)g
lifts to an element of End(2"), for all x € L.

Note that both the framing object X and the universal p-divisible group 2" carry actions of
Op, and that the universal quasi-isogeny p is Opg-linear. In particular, we have Z (L) C Yr(L),
which is analogous to the unitary case [Cho22].

2404

https://doi.org/10.1017/S0010437X26103571 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26103571

ON THE BASIC LOCUS OF GSPIN SHIMURA VARIETIES WITH VERTEX STABILIZER LEVEL

7.2.2.  We now introduce a duality isomorphism which will allow us to reduce the study of
Y-cycles to that of Z-cycles.

DEFINITION 7.4. For a quadratic lattice L, we use L) to denote the lattice L with quadratic
form p- q( )1, where (), is the quadratic form of L. Now, for a vertex lattice L C V of type h, we
let L := (LY)®). Moreover, we set V= L @z Q. In particular, ¥V C V (respectively 7LY C V)
is a specific realization of V! (respectively L#) in V.

PROPOSITION 7.5. There is a natural isomorphism
Ypo: N N

such that, for any non-degenerate lattice . C Vy, T, 1+ induces an isomorphism
V(L) = Zp:(7L).

Proof. We use G, to denote the parahoric group scheme corresponding to L. Since we have a
perfect pairing between L and LY, Gy, is isomorphic to the stabilizer G;v of LY. Moreover, we
have Grv = G since the quadratic form of Lf only differs with the quadratic form of LY by a
scalar p. In particular, we have G* := GSpin(V*) = GSpin(V) =G.

In fact, we can choose an isomorphism ¢:G = G* and choose (G*, ¢(b), ¢ opu) as a local
Shimura datum of Np:. Moreover, we choose a basis {e1,...,e,} of L as in §6.1.2 so that
{p~ter,...,p ten, ens1, ... en} is a basis of LY. Then, we can identify 7LV with Lf, which
induces an identification

L=L¢ and O(I)Z0C(LH).

Under this identification, LY = L can be regarded as the same endomorphisms of C'(L) = C(L#)
via Lemma 7.1. Moreover, we may define alternating forms ¢ and ¢ on C(L) and C(L#) as in
§6.1.4 such that ¥ and 1! are the same under this identification. For example, if we choose ¢ as
in §6.1.4 to define 1, then we can choose ¢(c) to define t)*.

Using these identifications, we have X = X# € \V, o) (k), where X! is the framing object of Nps.
TL,Lli
In particular, we can choose the same ¢ and © as in (6.1) to construct Nz so that N, = Np: in

NC(Z)' Moreover, by the identification 7LY = (Lv)(p), we regard 7L and L) as the same special

endomorphisms of X = X? for any L. C V and L® ¢ V(») = Vf. Then the proposition follows from
the definition of Z and Y-cycles. O

7.3 k-points of Z1(A) and Y (A)

7.3.1.  We now study the k-points of special cycles on Np,. In what follows, for notational
simplicity we will often omit the subscript L in Z(A) and YV (A). For a lattice L C 'V, we use
ZO)(L) and Y (L) to denote the special cycles on NL(O) (respectively N,—EO) I_INS)) if h#£0,n
(respectively h =0, n).

Recall that V=(V) (respectively VS(V)) denote the set of vertex lattices in V of type t > h
(respectively t < h). If the quadratic space is clear in the context, we simply denote it as V="
(respectively V<),

PROPOSITION 7.6.
(i) For A€ V>" we have

ZO)(A)(k) = {special lattices M CVy : Ay CMC MY C AY } = Sa(k).
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(ii) For A € V=" we have
VO(AY) (k) == {special lattices M C Vg :pAy CpMY C M C Ay } = Ra(k).
Proof. Recall that previously we have defined
Ly=0t(b1g)e Ly and Ly=ge Ly .
We claim that
(Ly: L;) - (Lg, L;)-

First, when g =1 and y is the point corresponding to g =1, the claim follows from (7.3) and the
definition of Lg/. Applying 0_1(13_1 g)e to both sides, we have L, = L,. Similarly, applying ge to
both sides, we obtain Lj = L.

Now, for y € N7 (k), we have y € Z() (A)(k) if and only if A preserves both lattices M, 1 C M,,
which is equivalent to A C L, N L;,. However, since A is ®-invariant, A C L, N Lj, is equivalent to
A C L. Therefore,

ZO)(A) (k) = {special lattices LyCVi:AC Ly}
= {special lattices L, C Vz: A C L, C Ly C AV}

The description for YO (AY)(k) follows from the same argument once we replace (7.3)
by (7.4).
Finally, we can easily verify the following identifications by definition of Sy and Rj:

{special lattices M C Vo, : AZ, CMcM'YC A\Z/p} 5 Sa(k),
M — M/AZ,,;
{special lattices M C Vo, :pA\Z/p CpMYCMC AZP} 5 Ra(K),
pMV%pMV/pA%p. Ol

7.3.2.  The following two propositions explain the intersection behavior between special
cycles associated to different choices of vertex lattice A.

PROPOSITION 7.7. Assume A and A’ are both vertex lattices in V.
(i) If A A, then ZO(A) (k) c ZO(A) (k).
(ii) We have
Z(O)(A +AN)(k) ifA+AN€ y=h

0 otherwise.

ZO(A) (k) N 2O (W) (k) = {

Proof.

(i) Follows directly from Proposition 7.6. According to Proposition 7.6, we have
ZO(A) (k) N 2O (A')(k) = {special lattices L, C Vi»: A+ A C L, C LY C (A+A')V}.
In particular, if A + A’ is not a vertex lattice, then we obtain an empty set. O

PROPOSITION 7.8. Assume A and A’ are both vertex lattices in V.
(i) If Ac A, then YO ((A)V) (k) c YO (AV)(k).
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(ii) We have

O(AV 4+ (A)V) (k) if AN epsh
y(o)(AV)(k)ﬂy(o)((A’)V)(kz): y ( +( ) )( ) 1 + ' S
0 otherwise.
7.3.3. Let NV Irea denote the reduced k-scheme underlying N, éo). Similarly, let ngg(l\) and
yr(f(}(Av) be the reduced k-scheme underlying Z(®(A) and Y (A )

The following is one of our main results, which states that N red 18 @ union of two types of

strata given by Zr(ec)i( A) and y e d(AV) respectively.

THEOREM 7.9. Assume h # 0,n. We have

Ma=( U 28m)u( U »an).
Aeyzh Agysh

h
Proof. Proposition 7.2 identifies the NL( ) q (k) with special lattices M C Vi, such that M C MY.

Proposition 4.8 combined with Proposition 7.6 implies that a point z € N, éog (k) lies either in
Zia()(k) for a A€ V2" or in Y (AY)(k) for a A€ VI, 0

The following shows that N, L(Or)e 4 is connected as in many previously studied cases.
PROPOSITION 7.10. We have that N]—Eor)ed is connected.

Proof. The case h=0,n is [HP17, Proposition 5.1.5]. So we assume h # 0, n. We say two vertex
lattices A, A’ C 'V are adjacent if A C A’ or A’ C A. We write A ~ A’ if A and A’ are adjacent. The
proof of [HP17, Proposition 5.1.5] shows that any A with type ¢y > h (respectively ¢y < h) can
be connected with a fixed vertex lattice Aj, with type h via adjacent vertex lattices with type at
least h (respectively at most h). In particular, (J,, cy=n Z r(ec)l (A¢) (respectively [y, cy<n yred(AV))
is connected by Proposition 7.7 (respectively Proposition 7.8). Moreover, Zfe()i(Ah) is the worst

point associated to A, and Zr(e(;( ) C y(e(;(Av) if pAY C Ay,. In particular,

I

zone( U zmo)n( U s8w)).

AeV2h AeVzh

So NV, é r) -q 1s connected. O

7.3.4.  Given Theorem 7.9, to understand j\/’£ ) o> it suffices to describe Zr(e()i( A)and Y ed(AV)

It turns out that Z(O)( A) and yr (Av) are isomorphic to Sy and Rp introduced in §5.2.4,
respectively. The rest of the paper is devoted to the proof of this statement.

First, we will construct a proper morphism from ng(}(A) and yfgg (AY) to Sy and Ry, respec-
tively. We will need the following proposition, whose proof is the same as the proof of [HP17,
Proposition 6.1.2].

PROPOSITION 7.11. Assume A is a vertex lattice of type t > h (respectively t < h). Then ngc)l(A)
(respectively y( )(Av)) is projective.
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PROPOSITION 7.12. There are natural proper morphisms between k-schemes
Uzp: Z29(A) = 5,

and 0
Uy 2 : V(M) = Ry

inducing the bijections from Proposition 7.6 on k-points.

Proof. We consider the case of Z(A); the case of Y(A) is completely analogous.

Let R be a reduced k-algebra of finite type and y € ZI(SC)I(A)(R) corresponding to a triple
(Xy, Ay, py) asin §6.2.1. Let R be a p-torsion free, p-adically complete and separated Zp—algebra
which is equipped with an isomorphism R/pR = R and a lift (also denoted as o) of the Frobenius
o on R. We set M, :=D(X,)(R) and let M, ; C M, denote the preimage of the filtration on
D(X,)(R). Using the quasi-isogeny p, : X x R — X,,, we may consider M, as an R-submodule
of Dy @y R[1/p]. We define

,Cy = {33 eV ®q, R[l/p] | :c/\/ly@ C Myyl},
which is an R-submodule of V' ®g, R[1/p]. Then we claim that
A®z, RCL,CA ®z R,

and the image £, of £, in AY ®z R/A®z, R=AY/A®F, R is a locally free direct summand
of rank (tpo —h)/2. Indeed, since R is reduced, it suffices by [Lan02, Exercise X.16] to check
this on k-points. For R — k corresponding to x € Z(A)(k), it follows from Lemma 7.1 that the
specialization of £, is the sublattice L, C V, and hence its image in AY/A ®z, k lies in S(A).
Thus, £, is an element of S (R), and it is easy to see that it does not depend on the choice of
R. Indeed, since R is reduced, £, is determined by its restriction along all R — k. We obtain a

morphism Zr(gg (A) — S as desired.
Finally, Zr(gc)l(A) is projective over k by Proposition 7.11 and Sy is projective over k as a
generalized Deligne—Lusztig variety. The properness of the morphism follows. O

7.4 Orthogonal local models

Our goal in the rest of the paper is to show that the morphisms in Proposition 7.12 are
isomorphisms. In order to do this, we will give a description of the tangent space of Zr(gi(A) at cer-
tain k-points generalizing [LZ18, Corollary 4.2.7]. We begin with some preparations concerning
orthogonal local models.

We keep the notation of the previous subsection, so that L C V is a vertex lattice of type h
and G is the parahoric of G = GSpin(V') corresponding to L. We recall the some properties of
the local models Mloi from [AGL'22] that we will need.

We let FLg denote the Witt-vector partial affine flag variety for G constructed in [BS17],
[Zhul7]. We write M for the geometric special fiber of I\\/JIIO‘;L Then, by [AGL*22, Theorem 7.23],
M can be identified with the canonical deperfection Ag") of the p-admissible locus inside FLg.
In particular, M has a stratification indexed by w € Adm(u)x whose closure relations are given
by the Bruhat order on W. We write M for the strata corresponding to w € Adm(u) k.

On the level of k-points, we may identify M (k) with a subset of G(@p)/g( 7 ) corresponding

to the elements of hi, where h € G(Z,) and w € Adm(u) k. Let 11°¢ : Mloc — Gr(C’( L), d) denote

the map of local models constructed in Proposition 6.2. Then, for g € G (Qp) /G(Zy) lying in the
image of M(k), the filtration on C(L L) corresponding to its image in Gr(C (L), d)(k) is induced
by the reduction mod p of gC(L) c C(L).
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7.4.1. Let Adm(p)E™ C Adm(u)k denote the subset of maximal elements for the Bruhat

order; explicitly these are given by & W N tWe) Tn what follows, we give an explicit description of
Adm(p) B, together with a distinguished subset Zx C Adm(u) g ; this subset corresponds to the
KR-strata whose closure contains the Z-cycles (see §7.5.1). We identify X, (7%) with Z", with
standard basis €1, . .., €,. Then, = ¢; and the Weyl orbit Wy(p) is the set {£e; |i=1,...,n}.
We write

2s in case (1) and (2a),
2s+1 in case (2b) and (3).

Here, we label the cases as in §3.2.1.
Case (1) (Type Dy,).
({te} if s=0,
{tFe e} if s=1,
Adm(p)g™ = ¢ {t7%,t“"}  1<s<n-—1,
{t’enfl,tie"} if s=n-—1,
{7} if s=n.

We set
{t=} f0<s<n—1,
Zrg = {tF} if s=n—1,

0 if s=n.

Case (2a) (Type By,).

{t+} if s=0,
{trer ¢} if s=1,
{t7¢,tr} ifl<s<n—1,
{t=} if s=n.

Adm(p)p =

We set
Zy — {{tes“} if 0<s<n,

0 if s=n.

Case (2b) (Type By,).

{t} if s=0,

(e e} ifl<s<n— 1,
{tFen ¢t} if s=n—1,
{t==} if s=n.

Adm(p) s =

We set
{tn1} if0<s<n—1,
Zg = {tt} if s=n—1,

0 if s=n.
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Case (3) (Type C — By,).

{t} it s=0,
Adm(p) g™ = ¢ {t7¢, t+} if 1<s<n—1,
{t==} if s=n.

We set

{t=t} i 0<s<n,
Zi =
0 if s=n.

7.4.2. We set Mz =], ez, M". Let M* denote the smooth locus of M.
LEMMA 7.13.
(i) Each M™ is an orbit for the action of G on M.
(ii) We have (J, ¢z, M®™ C M, where M*™ is the smooth locus of M.
Proof.

(i) By [AGL"22, Lemma 3.15], M may be identified with a certain union of Schubert vari-
eties in the partial affine flag variety FLg for an equicharacteristic group G over k[[t]]
which is equipped with an identification Qk 2~ Gp.. The action of the positive loop group
L*G on M factors through G, (cf. [AGL*22, Theorem 3.16]), and the corresponding
action of Qk can be identified with the action of G, under the isomorphism gkggk
above.

(ii) The smooth locus of M is open dense, and is a union of Gg-orbits. Thus, M™ contains all
the strata M" corresponding to w € Adm(p)R**. O

7.4.3.  For notational simplicity, we write V for Ve, L for Ly and D for Dy .Letze MY (k)

for some w € Zg. This corresponds to a subspace Dy C D := D / plu), and we let Dy C D denote
the preimage of D;. By Lemma 7.1, we have

L={veV|vDc D}

We equip L := L / pL with the structure of a (possibly degenerate) quadratic space over k and set
Ly:= {ve 1% | vDy C D1} This is equipped with an action of G, via the e action which preserves
the quadratic form.

LEMMA 7.14.
(i) We show that dim(L + L1)/L=1.

(ii) In addition, the one-dimensional isotropic line L1 in L spanned by the image of pf/l does
not lie in the radical of L.

Proof. We write V= ‘70 @ Yv/an and choose a basis e ...ey,, f1,..., fn for Vo as in §2.3. Then,

E:Span(pel, ey PCsy Es1y .t 7e’n7f17 .. 'afn)@[u/an

with s as above.
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Let g € G(Q)/G(Z,) be the image of 2 under the map M (k) — G(Q)/G(Z,). Then D; = gD,

v

and hence L; = gelL.
We write g =" Wk with ke G (Zp) and t*W € Zj. Then, k induces an automorphism of L
which preserves the associated quadratic form. Thus we may replace L by k1. L1 and assume
g=1"". Then (i) is clear.
For (ii), we have the following description of rad(L). We let L' be the radical of the quadratic
space Lan / pf/an. Then we have
!

rad(f) :Span(ZT@b s 717657717 cee 7?5) @f

where, for v € f), we wrote ¥ for its image in L.
From the description of Zk above, we see that the image of pL; in L is generated by either
€sy1 or fouq1. The result follows. O

7.4.4. The group G, acts on L, and so we have a map of Lie algebras
Lie Qk — Endk (f), h— E

We write k[e] for the ring of dual numbers k[t]/t?> over k. Then we can identify LieGj with
elements of G (kle]) lifting the identity. Thus, for h € Lie Gy, we obtain an automorphism of fk[e]

given by 1+ he. We write 2 for the set of isotropic rank-1 k[e]-submodules of fkk] lifting L1,

i.e. 7 is the tangent space of OGr(L, 1) at L;. Then Lie Gy acts on Z and we have a canonical
isomorphism

¢:@—>Homk(f1,ff/zl)a

where fiﬁdenotes the orthogonal complement of EJ in L. Here, ¢ is defined as follows. For F € &
and m € Ly, we write F' = (m 4+ ve) for some v € L well-defined up to addition by an element of
L;. Since F is isotropic, we have (m,v) =0, and we define ¢(F')(m) = v.

LEMMA 7.15. The map
© : Lie Gy — Homy (L1, T /T1)

given by h+— ¢((1+ Eﬁ)fl,k[e}) is a surjective homomorphism of vector spaces.

Proof. Note that © is induced by the map h+ (m+ hm mod L) for h € Lie Gy. Here, as above,

h € End(L) is the image of h; it is an endomorphism of L which preserves fll. Since the map
Lie Gy — Endy (L), h+ h, is a morphism of vector spaces, it follows that © is a morphism of
vector spaces.

To see that © is surjective, it suffices to show that Im(©) contains a basis for

Homk(fl,ff/fl). As in Lemma 7.14, we may assume L; = (€541) or (f,,1). We consider the

case L1 = (€s11); the other case is analogous. A basis of the vector space Homk(fl,fi' /L1) is
then given by the maps which send €541 to the images of

]TSD'"7]T€sa€s+2a"-a€naf17"'afsaferQ?"'afn

in ZlL.
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For i < j, let U4; +; denote the root subgroup of G' corresponding to the root +e; & ¢;. We
fix an isomorphism u+; +; : G — Ux; +j so that

u;,—j(w)e=eo+xdivej,  wi—j(x) fe=fo+xdinf;,
u—;j(w)ec=ec+xdjoe;,  u—ij(@)fe=fo+zbjfs,
u;,j(w)eq = ep + i f, w; j(x) fo = fo+ wdyey,
u—j—j(w)eg=er+xdi0fi,  u—i—j(x)fo= fo+xdje,

for 1 </<n.

Now let £>s+1. The image of usy1,¢(Op) (respectively ugy1,0(Op)) modulo p gives a
unipotent subgroup of Gy isomorphic to G, over k and the corresponding element of Lie G, maps
€511 to & (respectively f,).

Now let £ < s+ 1. In this case, the image of us1,_¢(pOF) (respectively usy1,¢(OF)) modulo
p gives a unipotent subgroup of Gy isomorphic to G, over k and the corresponding element of
Lie Gy, maps €541 to pe, (respectively f,).

Thus, the image of © contains a basis for Homy (L, ff /L1) and hence © is surjective. [

7.4.5. We continue to assume x € M (k) for some w € Zk, and let v €T, M; thus, v
corresponds to an element v € M(k[e]) extending x. We write m, € L for a generator of the
one-dimensional line given by the image of L;. Via the embedding 11°¢, we obtain a submodule
D1y C Dyjq. Note that Dyq is equipped with an action of Ly, and we set

Zl,’u = {m S Zk:[s] | mﬁLU C ﬁl,v}-
PROPOSITION 7.16.
(i) First, L1, is an isotropic rank-1 k[e]-submodule in Ly lifting Ly, i.e. L1, € .
(ii) Then, the association v+ ¢(L1,) defines an isomorphism
T, M — Homy (L1, Ly /).

Proof. Note that since w € Zg C Adm(u)g*, we have T, M =T, M"™. We consider x as an ele-
ment of M (k[e]) via e — 0. Then, we have L, 1 = f1,k; ®y, k[e], which is isotropic and free of rank
1 over k[e]/e?. By Lemma 7.13(2), M™ is an orbit of the action of Gj. Therefore, there exists
g € Gi(k[e]) such that

g=1 modwv and gx=w.

2

Then we have Ly, =g e L, 1, which is therefore isotropic and free of rank 1 over k[e]/€*, and

hence we obtain (i).

For (ii), note that the association T, M — & defined in (i) is equivariant for the action of
Lie G,. We define a map Lie Gy — T, M by considering the action of Lie G on x. Then, we have
the following commutative diagram, where the diagonal map is given by h+ (1 + EE)ZM[E].

Lie Qk

|\

It follows that the composition
LieGy, > T, M — 9 2 Homy (L1, fi‘/fl)

is equal to the map ©, and hence T, M —>ff /L is surjective.
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By Lemma 7.13, we have
dim T, M = dim Mg§*®
= (1, 2p)
2n—2 in case (1)
=<{2n—1 1in case (2)

2n in case (3)
=dim Iy /I
Here, p is the half-sum of positive roots, and the last equality follows from Lemma 7.14. Thus,
ToM— ff‘ /L1 is an isomorphism by comparing dimensions. O

7.5 Description of Z1(A) and Yr(A)

7.5.1.  We now apply the above to compare Z (0)(1\) to the Deligne-Lusztig variety Sx. This
will immediately imply the corresponding description of Y(©) (A) via the duality isomorphism in
§7.2.2.

By construction, there is a morphism N7, — 5/”;\( where we recall that 5/”;{ denotes th/e\com—
pletion of Sk ® Zp along its special fiber. Pulling back the local model diagram from .7k (see
[KP18, Theorem 0.4], [KPZ26, Theorem 1.1.2]), we obtain the following local model diagram for
N, where 7 is a G-torsor and q is gA—equivariant.

N
i i,
loc

g,,Upr
fiber. This induces a stratification on N7, yeq indexed by Adm(u)g; in particular, we obtain a

map

loc

Here, G (respectively I\Aﬂg ) denotes the completion of G (respectively M ) along its special

TKR 2NL(/€) — Adm(,u)K.

We have the following description of the map mxgr. Let y € N, Lred(k), and let L; C V denote

the associated special lattice. Then Ly =g e L for some g € X (u°, b), so that g~ 'bo(g) € Go ()G
for some w € Adm(p) . Then we have T r(y) = w.

LEMMA 7.17. We have Lj & L, if and only if nxr(y) € Z.

Proof. Tt suffices to show that, for w € Adm(u)x, we have wl, ¢ LV if and only if w € Zg. Recall
that

-i: Spa‘n(pela -+ P€s; €541, .-, En, fla SR fn) @Eana
ZV = Span(elv cee 7€n7p_1f1’ s 7p_1fs> fs+17 e 7f7l> @Iu’&na

so that LY/L is spanned by ei,...,es,p  f1,...,p 'fs. Thus, we have wl ¢ LV if
and only if dim(L+wL)/L=1 and the image of wL in p 'L/L is not contained
in Span(ei,...,es,p ' f1,...,p fs) mod L. By inspecting the possibilities for wz®) in

Lemma 3.2, we find that this occurs if and only if wz(® =2() +¢ for i=s+1,...,n, or
equivalently w € Zg. O
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7.5.2. Let \I/gyA:Z(O)(A)red%SA denote the morphism of schemes constructed in
Proposition 7.12. Let S§ C Sy denote the subscheme consisting of subspaces ¥ C 2y with

O(¥V)L VY (equivalently, ¥ + ®(¥) is not totally isotropic). We write Z°(A) C ZESQ(A) for the
preimage of S} under the map induced by .

LEMMA 7.18. Assume Sy (respectively Zr(gg(A)) has positive dimension. Then S} (respectively
Z9(A)) is a Zariski open and dense subscheme of Sy (respectively 2z (A)).

re

Proof. Since the morphism Zq (A)(O) — S is a universal homeomorphism, it suffices to prove
this for Sy. By Theorem 5.6, we have

ST = Xp, (1)U Xp, (tTF) if h=0,
5y SA=Xp, (1) UXR(S(t-n)/2) if h=1,
SAgXpo(l)UXPO(t+)UXpO(t_)UXPO(w1) if h=2,
SAgXpo(l)UXPO(S(t_h)/Q)UXPO(wl) if h>2.

Then, under this isomorphism, we find that
o~ ] SA if h=0,
XPO(wl) if h>0,

which is open and dense in Sy. O

7.5.3. Now let y € Z°(A)(k). Recall that we have the associated Z,-submodules
M,1, M, C Dy,
(see §7.1.3) and Ly, Ly C Vy, where M, =D(¥,), My =VD(¥,) and we have
Ly=®Ly={veVy :vM, C My}

There is a unique g € X (1, b) such that gD = My; then Ly, =g e L and hence ®L, is a vertex
lattice of type h in V.

We set My = M, /pM,. We also set ﬁy =®L,/pPL,, which is a possibly degenerate
quadratic space over k, and let Ey,l denote the one-dimensional subspace given by the image
of p(Ly + ®L,). Since y € Z°(A), ®L, 1 does not lie in the radical of the quadratic space ®L,.

Now let u € TyNp, i, which we consider as a point of N, (k[e]) lifting y. By the Grothendieck—
Messing theory, u corresponds to a filtration M, ; on M, ® kle] lifting the image of M, 1, and
we set

DLy, ={ve®L,|vM,1 C My}

As in §7.4.4, we let 2, denote the set of rank-1 k[e] submodules of ®L, @ kle] lifting L, 1,
and

—_ 7J_ [
¢y : @y — Homk(@Ly,l, (I)L%l/(I)Ly,l)

is the map characterized by F = (m + ¢y(F)(m)e) for F € Z,. The following key proposition
gives a description of the tangent spaces of N, Lred and its Bruhat-Tits strata.

PROPOSITION 7.19 (Cf. [LZ18, Corollary 4.2.7]). (i) We have ®L1,, € 9, and the map
J— 7J_ J—
@y : TyNL,k — Homk(CI)LyJ, @Ly,l/q)l’y,l)

given by u ¢, (®Ly,,) is an isomorphism.
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(ii) Then, ©, restricts to an isomorphism
T, Z(A)g — Homy, (®Ly 1, (®Ly 1, A)* /L, 1)
where A denotes the image of A in ﬁy. In particular, we have
dimTyZ(A)y=(t+h)/2—-1
where t is the type of A.

7.5.4.  We will need the following preparatory lemmas. For R a Z,-algebra, we have a mor-
phism Lp — L r — Endgr(Dgr), where we consider L as a Z,-module by restriction of structure
from Op, and we recall that D = Homzp(C(z), Zyp)r- For an element § € Ly, we let ker(§) C Dp
denote the kernel of the endomorphism corresponding to &.

LEMMA 7.20. Let £ € Lr be the generator of an isotropic line in Lr and assume there exists
¢ € L such that (¢,&) =1. Then, for any v € Lg, left multiplication by v preserves ker(§) C Dg
if and only if v is orthogonal to &.

Proof. Under our assumptions, this follows using a similar proof to [LZ18, Lemma 4.1.2]; we
recall the argument for the convenience of the reader.

We let im¢(§) C C(L)g denote the image . Then, by duality, it suffices to show that v
preserves im¢ () if and only if v is orthogonal to &.

If v is orthogonal to &, then v€ = —&v, so v preserves im¢ (). Conversely, assume £ preserves
imc(§); then, our assumption that (¢,€) =1 implies that Lg = ¢ @ R¢. Upon replacing ¢ by
¢ —q(¢)&/2, we may assume that ( is isotropic. Then, in C'(L) we have

2=¢q(C+§)=C+&C (7.5)
Suppose A preserves im¢(€), A € R. Then, in C(E), we have
0=¢(A0)¢
= A2 = )¢
—2)\¢.

Here, the first equality follows from the fact that ££ =0 and A preserves im¢(€), the second
follows from (7.5) and the third follows from ¢(§) =0. Thus, A = 0; hence, no non-zero multiple
of ¢ preserves im¢(§).

Now write v =v1 + A with v; € €, A € R. Then, v; preserves im¢ (€) by the first part of the
proof, and hence \( preserves im¢c(€). Thus, A=0 and v =1y as desired. ]

LEMMA 7.21. Let x € MY (k),w € Zk and v € Ty M, and let & be a generator of Ly ,,. We have
ker(€) = D1 .

Proof. We have Dy, =gDy1:=gD1 ®k7k[e] and L1, =geL,1:=geLyj;®k[e] for some
g € G(k[e]). Thus, it suffices to show that D1 =ker({1), where & is a generator of the isotropic
line L; j. By definition of L; j, we have an inclusion Dy C ker(&;). Note that

dimker(&;) = § dim D = D .
Thus we have equality by a dimension count. O

Proof of Proposition 7.19. As above, the identification M, = D induced by ge X (17, b) gives
rise to an embedding Mé?‘; — Gr(My, d) such that M, corresponds to some z € I\\/Jllg‘”‘;(k) We

fix an identification N Ly =Spf R as in Proposition 6.5, where R is the complete local ring of

2415

https://doi.org/10.1017/S0010437X26103571 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26103571

Q. HE aND R. ZHOU

Mlgoi at x. This induces an isomorphism
TyN Lk= T.M,
and we write v € T, M for the image of u. Then, by Proposition 6.5(ii), the filtration on M, ® k[e]

corresponding to u is equal to the filtration corresponding to v under the embedding Mlgo‘; —

Gr(My,d). Thus, ELU € 2, by Proposition 7.16(i), and we have the following commutative
diagram, where the vertical maps are isomorphisms.

by BT ST+ &7

| |

T, M 9 —— - Homy(Ly, Iy /T)

Part (i) follows from this.

For part (ii), let u€ T,Nz . Then, by the Grothendieck-Messing theory, u € T,Z(A);, if
and only if A preserves Mi,. Under the identifications above and by Lemma 7.21, we have
M, =ker(€), where ¢ is a generator of ®L;,. By Lemma 7.20 and the identifications above,

u € TyZ(A)y, if and only if A is orthogonal to ® Ly ,, or equivalently ©,(u) has image in A" Note
that the assumptions of Lemma 7.20 are satisfied since ﬁ%l does not lie in the radical of ﬁy.
Then, in particular part (ii) follows from the fact that <ﬁy71,ﬂ)L is isomorphic to AY/®L,,
which has dimension ¢ — h. O

. 0
7.5.5.  We apply the above to describe the strata Z(ec)l(A).

T

PROPOSITION 7.22. Let x € Z7(A)(k) and let z=Vz x(x) € S; (k). The map ¥z x induces an
isomorphism of tangent spaces

T2, J(A)=T.S}.
Proof. First, note that the inclusion
T2 4(N) CT,2°(A)g
is in fact an isomorphism. Indeed, we have
dim T, 2, (A) > dim 27 ,(A) =dim Sy = (t+ h)/2 — 1 =dim T, Z7 ().

Here, the first equality follows since Wz A is a universal homeomorphism, the second equality is
Theorem 5.6 and the last equality is Proposition 7.19(ii). The equality T, 2, (A) =T, Z°(A)j
then follows by a dimension count.

Now let ¥ C Q) denote the image of L, so that ¥ corresponds to the point z € S} (k). Recall,
by Proposition 5.2, that we have an isomorphism

7,55 = Homy (¥ + ®(¥)/B(¥), Q0 /(¥ + B(¥))).

Iinduces isomorphisms

BL,1 = (V +3(1))/3(V),

Now, multiplication by p~

(PLat, ) /@Lon =00 /(V + (V)),

where the second isomorphism follows from the isomorphism (®L, 1, A)* = pAY /p® L. It follows
that we have an isomorphism

Homy (¥ + ®(¥)/(¥), Qa /(¥ + ®(¥))) = Homy,(®Ly 1, (PLy 1, A)F /L1 ).
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It follows from the definitions that the following diagram commutes.

T 27(A)g T.S}

|

Homk(“l/ + (13(7/)/(1)(7/), QA/(/f/ + (I)("//))) HHomk(ﬁw, <Em71,K>J‘/ﬁm’1)

Here, the top arrow is induced by Wz 5 and the vertical arrows are the isomorphisms given by
Propositions 7.19 and 5.2. Since the bottom arrow is an isomorphism, so is the top arrow and
the result follows. O

THEOREM 7.23. The map ¥z j : Zr(gc)l (A) — Sp is an isomorphism.

Proof. Let W7, : 2 4(A) — S} denote the restriction of Wz x. We first show that U3 , is an
isomorphism. Indeed, it is a proper morphism and induces a bijection on k-points. Moreover, by
Proposition 7.22, ¥ , induces an isomorphism of tangent spaces at closed points. Thus, ¥ , is
a closed immersion, hence an isomorphism since both schemes are reduced. It follows that b ZA
is a birational morphism.

Now, Wz A itself is also proper and induces a bijection on closed points. Thus, ¥z A is
a finite birational morphism and S is normal by Theorem 5.6. It follows that ¥z A is an
isomorphism. O

THEOREM 7.24. The map Uy 5 : V')(AY) = Ry is an isomorphism.

Proof. Recall that V() denotes the quadratic space (V,p(,)) and L* the lattice LY considered
as a lattice in V), see Definition 7.4. Then, we have the associated RZ space Np:, which is
equipped with an isomorphism Y : A, 22 A by the discussion in §6.2.1. For A € V<" we have
Af € 27— (V1). Then, we claim that the following diagram is commutative, where the top map
is induced by the duality morphism Y and the bottom map is given by Lemma 5.1.

yg?ﬁed(Av) - Zéoﬁ),red (Aﬁ)

‘I/y,Al l\Pz,A

Ra St

Indeed, since all schemes are reduced, it suffices to check this on k-points. Assume M is a

special lattice corresponding to a k-point of yg)ge 4 Via Propositions 7.2 and 7.6. In particular,

AY ¢ MY. By the proof of Propositions 7.5 and 7.2, Y(M) = 7M. Note that A*=7AY C YT(M).
So T(M) € ng(;)red(k) indeed. Moreover, Wy A(M) =pM" /pAY and Wz (Y (M)) = M*? /A The
claim follows from the fact that the map sending Wy o (M) =pM" /pAY to M*/AF is exactly the

map given by Lemma 5.1. O

7.6 The Bruhat—Tits stratification

In this last subsection, we summarize the main results.

Recall that L C V is a vertex lattice of type h and we use V=" (respectively VS ) to denote
the set of vertex lattices in V of rank n and type ¢t > h (respectively < h). We refer the reader
to §5.2 for notations about Deligne—Lusztig varieties.

Recall that we have a natural decomposition

N = |_| N‘(f)7

el

2417

https://doi.org/10.1017/S0010437X26103571 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26103571

Q. HE aND R. ZHOU

where N, ££) C Nz, is the open and closed formal subscheme on which ord,(c(p)) = .
THEOREM 7.25.
(i) For each { € Z, we have
£)
M= (U Zw)u( U vha)
Aey=h Aeysh

(i) For A € V2" and A € V<P, respectively, we have

v:z0(A)28, and WYY (AY) 2Ry,

where S\ and Ry are irreducible normal generalized Deligne—Lusztig varieties of dimension
(ta +h)/2—1 and n — (tpo + h)/2 — 1, respectively.
(iii) Assume A € V=", Let
fa(8) = Z() Uz,
V<f
Then:
() Z,4(8) = Zrg(A) =Unew Za(N);
(i) Tz fozl(A) 5 Sp induces the isomorphism
a(A) 253 = 57 USY,

where
Xp (wi) U Xp, (wy) if h=0,
o0 XPA(’LUA) Ifhzl,
Xp(wyp) if h=2,
Xp, (wp) if h>2,
(0 if h=0,
ot @ lfh: ].,
SA - I+ I— . o
XPA(wA ) UXPA(wA ) if h_27
\XPA(’LU;\) if h > 2.

(iv) Assume A € V2", Let
2am=28wn (U v5a)
Agysh

Then:

(a) Z04(A) =S =U acar, Sara;
HAD<h

() ZOM) N YOUN)Y) 2 Sha 2 acaicarcn Xia, o, (W, 4,)-
tH(A2)<h<t(AY)

(v) Let L* be L with quadratic form q()r: =pq()rv. We have a natural isomorphism Yp, 1 :
N, = N7s so that it induces an isomorphism

V(M) = 210 (A%,

Wthh becomes
h] ~ aln—h
R[q } = S[w ]
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in Lemma 5.1 under the isomorphisms V. Then, similar results of (iii) and (iv) for yfle (AY)
follow via the above isomorphisms.

Proof.

(i) This is Theorem 7.9.

(ii) Follows from Theorems 7.23 and 7.24 when ¢ = 0. The isomorphism between N, éo) and N L(é)
induces an isomorphism between ng(i and Zr(f()i so that the general case follows from the

case when £ = 0. The irreducibility, normality and dimension of Sy and Rj are Theorem 5.6.
(iii) Follows from Theorem 5.6 and Proposition 5.10.
(iv) Follows from Propositions 5.9 and 5.10 and the definitions of Z° (A) and S3.
(v) Follows from Proposition 7.5 and the proof of Theorem 7.24. O
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