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Abstract

We study the basic locus of Shimura varieties associated to the group of spinor simil-
itudes of a quadratic space over Q with level structure given by the stabilizer of a
vertex lattice. We give a description of the underlying reduced scheme of the asso-
ciated Rapoport–Zink space, generalizing results of Howard–Pappas and Oki, in the
case of self-dual, and almost self-dual, level structure.
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1. Introduction

This paper is concerned with the study of the basic locus of certain Shimura varieties. Specifically,
we consider Shimura varieties associated to the group of spinor similitudes of a quadratic space
over Q whose level structure at an odd prime p is given by the stabilizer of a vertex lattice. In
this setting, good integral models were constructed in [KP18, KPZ26], and our main result gives
a decomposition of the basic locus in its special fiber into a union of classical Deligne–Lusztig
varieties, generalizing work of Howard and Pappas [HP17] and Oki [Oki20b] in the special case
of self-dual, and almost self-dual, level structure.

To give some background, the basic locus of Shimura varieties is a generalization of the
supersingular locus in the special fiber of modular curves. Its study has a long history and has
led to many important arithmetic applications. For example, the computation of intersection
numbers of cycles in the basic locus forms a crucial input to various arithmetic intersection
problems, such as the Kudla–Rapoport conjecture; we refer to [LZ22a, HLS+23, LZ22b] and
[LZ18] for applications along these lines. The description of the basic locus is also an essential
ingredient for proving ‘arithmetic level raising’-type results, which in turn are important pieces
for the proof of cases of the Beilinson–Bloch–Kato conjecture and the Iwasawa main conjecture;
see, for example, [LT20, Zho23, LTX+22, LTX24]. Moreover, as another striking application, the
cycle classes coming from the basic locus often serve as natural candidates to prove cases of the
Tate conjecture; see [TX19, HTX17].

In many of the above applications, a key point is to have an explicit description of the basic
locus in terms of more familiar arithmetic objects, such as Deligne–Lusztig varieties. Such a
description was first discovered by Vollaard [Vol10] and Vollaard and Wedhorn [VW11] in the
case of Shimura varieties for the general unitary group GU(n− 1, 1) at an inert prime with
hyperspecial level. The situation was later clarified by [GHN19], who gave a group-theoretic
criterion of when the basic locus is a union of classical Deligne–Lusztig varieties, but only after
perfection. For many arithmetic applications, it is crucial to have this description before taking
perfection, and moreover to have a more explicit description of the isomorphism with the Deligne–
Lusztig variety. In the case of Shimura varieties associated to unitary groups such as those
considered in [VW11, Cho18], this is achieved by leveraging the interpretation of the integral
models as a moduli space of abelian varieties with extra structure. See also [RTW14, Wu16,
HLS25] for ramified unitary cases.

The Shimura varieties associated to spinor similitude groups that we consider in this paper
no longer admit such a moduli interpretation, and so this causes difficulties when trying to prove
the corresponding result in this setting. Howard and Pappas [HP17] were able to overcome this
in the case of hyperspecial level, but a crucial result they used concerning the triviality of torsors
for reductive group schemes (cf. [Nis82, Theorem 5.2]) breaks down in our setting. We are thus
required to introduce some new methods along the way, which we hope can be applied in more
general non-moduli-theoretic settings to study problems of this kind.
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1.1 Main results

We now discuss our main theorems in more detail. We aim to characterize the irreducible com-
ponents of the basic locus as the reduced subscheme of certain special cycles and establish
isomorphisms between them and certain generalized Deligne–Lusztig varieties without passing
to perfection. As in previous works, we approach this problem by investigating the correspond-
ing Rapoport–Zink (RZ) space. The analogous results for the Shimura variety are then deduced
from this via the Rapoport–Zink uniformization; cf. Proposition 6.6.

Let p be an odd prime and let V be a vector space over Qp equipped with a symmetric
bilinear form ( , ). We call a Zp-lattice L⊂ V a vertex lattice of type t if pL∨ ⊂L⊂L∨ with
[L∨ :L] = t.1 Here,

L∨ = {x∈L⊗Zp
Qp | (x, y)∈Zp, ∀y ∈L}

is the dual lattice. We use n to denote the rank of L and assume n� 3. From now on, we will
fix a vertex lattice L over Zp of type h.

We let G=GSpin(V ) be the group of spinor similitudes attached to V and G the parahoric
of G corresponding to L.2 Let Q̆p be the completion of the maximal unramified extension of Qp,

Z̆p its ring of integers and k the residue field of Z̆p. Let μ be the cocharacter of G defined as in

§ 4.1 and b∈G(Q̆p) a representative of the basic element in the neutral acceptable set B(G, μ).
Then, according to [HP17, HK19, PR24b], we have a corresponding RZ space NL, which is a
formal scheme defined over SpfZ̆p. The choice of L gives rise to a choice of the framing object
X (see § 6.2.1), and hence the level structure of NL.

1.1.1 Special cycles. In the global setting, one can define special cycles on GSpin Shimura
varieties which are of great arithmetic interest. As a local analogue of Shimura variety, we can
also define special cycles on NL. Let V be the Qp-vector space given by taking the Φ-invariants
V Φ
Q̆p

of VQ̆p
, where Φ is the Frobenius given via twisting by the basic element b. Then, by

considering V as a space of quasi-endomorphisms of the framing object X, we may define, for
any lattice L⊂V, formal subschemes Z(L) and Y(L) of NL (see § 7.2.1); we call these Z-cycles
and Y-cycles, respectively.

We have a natural decomposition of NL into a disjoint union
⊔

�∈Z N
(�)
L , where � is related

to the degree of the universal quasi-isogeny. We use NL,red (respectively N (�)
L,red) to denote the

reduced locus of NL (respectively N (�)
L ). The first main result of the current work is the following

description of N (�)
L,red in terms of the reduced locus of special cycles. To describe the results, we

let V�h (respectively V�h) denote the set of vertex lattices in V of type t� h (respectively t� h),
and for Λ∈ V�h ∪ V�h, we write tΛ for the type of Λ.

Theorem 1.1.

(i) We have that N (�)
L is connected.

(ii) We have the following bijections:⎧⎨⎩N (0)
L (k)�N (1)

L (k)
∼→{special lattices M ⊂ VQ̆p

:M
h
⊂M∨} if h= 0 or n,

N (0)
L (k)

∼→{special lattices M ⊂ VQ̆p
:M

h
⊂M∨} otherwise.

1Our convention for vertex lattices is dual to the one in [HP17].
2Note that G is not necessarily a maximal parahoric, cf. [PZ22, Remark 2.5.2].
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Here, M is a special lattice if [M +Φ(M) :M ]� 1 when h 	= 0, n and [M +Φ(M) :M ] = 1
when h= 0, n.

(iii) We have a decomposition

N (�)
L,red =

( ⋃
Λ∈V�h

Z(�)
red(Λ)

)
∪
( ⋃

Λ∈V�h

Y(�)
red(Λ

∨)
)
.

Moreover, if we use tmax (respectively tmin) to denote the maximal type (respectively

minimal type) of a vertex lattice, then Z(�)
red(Λtmax

) and Y(�)
red(Λ

∨
tmin

) are irreducible gener-
alized Deligne–Lusztig varieties of dimensions (tmax + h)/2− 1 and n− (tmin + h)/2− 1,
respectively.

When h= 0 or n (L is self-dual or p-modular), this was proved in [HP17].3 Note that in these
cases, we have Y(Λ) = ∅ (respectively Z(Λ) = ∅) when h= 0 (respectively h= n) so that there is
only a single family of Deligne–Lusztig varieties appearing.

Now we give more details. First, for a vertex lattice Λ⊂V of type tΛ with quadratic form
q( ), we set

VΛ∨ := Λ/pΛ∨ and VΛ := Λ∨/Λ

with quadratic form induced from q( ) and p · q( ), respectively. Note that dimFp
VΛ∨ = n− tΛ

and dimFp
VΛ = tΛ. Set

ΩΛ := VΛ ⊗Fp
k

∼→Λ∨
Z̆p
/ΛZ̆p

,

ΩΛ∨ := VΛ∨ ⊗Fp
k

∼→ΛZ̆p
/pΛ∨

Z̆p
,

with Frobenius operator induced by Φ.
For a quadratic space Ω over k, we let OGr(i,Ω) be the orthogonal Grassmannian that

parametrizes i-dimensional isotropic subspaces of Ω. Let S
[h]
Λ be the reduced closed subscheme

of OGr((tΛ − h)/2,ΩΛ) whose k-points are described as follows:

S
[h]
Λ (k) =

{
V ∈OGr

(
tΛ − h

2
,ΩΛ

)
(k) | dimk(V +Φ(V ))� dimk(V ) + 1

}
∼→{special lattices M ⊂ VQ̆p

: ΛZ̆p
⊂M ⊂M∨ ⊂Λ∨

Z̆p
}.

Similarly, let R
[h]
Λ be the reduced closed subscheme of OGr((h− tΛ)/2,ΩΛ∨) with k-points

R
[h]
Λ (k) =

{
V ∈OGr

(
h− tΛ

2
,ΩΛ∨

)
(k) | dimk(V +Φ(V ))� dimk(V ) + 1

}
∼→{special lattices M ⊂ VQ̆p

: pΛ∨
Z̆p

⊂ pM∨ ⊂M ⊂ΛZ̆p
}.

We drop the superscript when there is no confusion about the implicit h.

Theorem 1.2. For Λ∈ V�h, we have the following isomorphism between k-schemes:

Z(�)
red(Λ)

∼= SΛ.

Similarly, for Λ∈ V�h, we have

Y(�)
red(Λ

∨)∼=RΛ.

3Strictly speaking, [HP17] only deals with h= 0; the case h= n can be reduced to this, for example by using the
duality isomorphism Proposition 7.5.

2365

https://doi.org/10.1017/S0010437X26103571 Published online by Cambridge University Press

https://doi.org/10.1017/S0010437X26103571


Q. He and R. Zhou

Here, SΛ and RΛ are irreducible of dimension (tΛ + h)/2− 1 and n− (tΛ + h)/2− 1, respectively.
Moreover, SΛ and RΛ are unions of certain generalized Deligne–Lusztig varieties.

We refer to Theorem 5.6 for the details about the identification between SΛ and gen-
eralized Deligne–Lusztig varieties. In fact, we only need to prove the first statement con-
cerning SΛ in the above theorem, since the second statement will follow from the first as
follows.

Let L� denote the quadratic lattice (L∨) with quadratic form q( )L� = p · q( ). Note that if L is
a vertex lattice of type h, then L� is a vertex lattice of type n− h. In particular, one can consider
the corresponding RZ space NL� and the corresponding special cycles on NL� . Let π̃=

√
p and set

E =Qp2(π̃). Then, we may identify the corresponding space of quasi-endormorphisms V� with
the subspace π̃V⊂VE . Thus, for Λ⊂V a vertex lattice of type t, Λ� := π̃Λ is a vertex lattice in
V� of type n− t, and we have the associated special cycle ZL�(Λ�) of NL� . Here, the subscript is
used to emphasize that we regard ZL�(Λ�) as a Z-cycle of NL� .

Motivated by some group-theoretic considerations and the unitary case considered in [Cho18],
we have the following (see Proposition 7.5).

Proposition 1.3. There is a natural isomorphism

ΥL,L� :NL
∼−→NL�

such that, for any non-degenerate lattice Λ⊂V, ΥL,L� induces an isomorphism

YL(Λ
∨) =ZL�(Λ�).

Similarly, one can show that there is a natural isomorphism between R
[h]
Λ and S

[n−h]
Λ� .

Combining this with the above proposition, one can deduce the description of the Y-cycles
on NL from the description of the Z-cycles on NL� .

We believe that Proposition 1.3 should be of independent interest and have further applica-
tions. For example, it should be useful for formulating the general Kudla–Rapoport conjecture
for the RZ space considered here (cf. [Cho22]). It also manifests a particular symmetry that
should play a vital role in many arithmetic geometry problems (cf. [Zha25, CHZ23]).

In our setting, the formulation of this duality isomorphism is complicated by the lack of a
moduli interpretation. It should be possible to show the existence of ΥL,L� by showing that NL

and NL� represent the same v-sheaf following the method in [PR26]. However, it seems difficult
to prove the compatibility with special cycles in this approach. Instead, we use a more direct
approach for which the compatibility with special cycles follows essentially from the construction.
A key observation to make this work is that, in the construction of NL, we need to use the local
Hodge embedding given by the composition

GSpin(V )→GL(C(V ))→ResE/Qp
GL(C(V )E)→GL(W ).

Here, C(V ) is the Clifford algebra associated to V , C(V )E its base change to E and W is the
Qp-vector space underlying C(V )E , with the last map being induced by the forgetful functor
from E-vector spaces to Qp-vector spaces. It is interesting to note that this enlarged Hodge
embedding also appears in relation to the notion of very good Hodge embedding in the sense of
[KPZ26, Definition 5.2.5], which is needed to apply the deformation-theoretic results of [KP18]
and [KPZ26] for our proof of Theorem 1.2.

For the reader’s convenience, we summarize all the main results in Theorem 7.25.
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In the following table, we list some previously studied cases and some polarization,
endomorphism and level (PEL)-type Shimura varieties that our results specialize to.

PEL-type special cases and previously studied cases Isometry class of L

Modular curve with level Γ0(pN) (p �N) L=H+
2 k Λ1

Shimura curve over a ramified prime [KR00, § 2] L=H−
2 k Λ1

Product of modular curve with level Γ0(pN) (p �N) L=H+
2 k Λ+

2

Product of Shimura curve over a ramified prime L=H−
2 k Λ−

2

Hilbert modular surface with Iwahori level [Sta97] L=H−
2 k Λ+

2

Hilbert modular surface over a ramified prime [BG99] L=H3 k Λ1

Siegel threefold with paramodular level [Yu11], [Wan20, § 7] L=H+
4 k Λ1

Quaternionic unitary Shimura variety [Oki22], [Wan20, § 5] L=H−
4 k Λ1

GU(2,2) Shimura variety over a ramified prime [Oki23] L=H5 k Λ1

Hyperspecial GSpin Shimura variety [HP17] L=Hn

GSpin Shimura variety with almost self-dual level [Oki20b] L=Hn−1 k Λ1

Here, Hi denotes a self-dual quadratic lattice over Zp of rank i. When i is even, H+
i denotes the

quadratic lattice that contains a rank i/2 totally isotropic sublattice and H−
i denotes the one

which does not contain such sublattice. Similarly, Λi denotes a p-modular quadratic lattice over
Zp. When i is even, Λ+

i (respectively Λ−
i ) is the one which contains (does not contain) a totally

isotropic sublattice of rank i/2. See § 2 for background about quadratic lattices.

1.1.2 Proof strategy and organization of the paper. We now discuss the proof of the main
theorem. The starting point is to obtain an explicit description of NL(k). In the unitary case,
one can describe the k-points of the RZ space as a set of lattices satisfying certain properties
via Dieudonné theory. In our non-moduli setting, we use a more indirect approach by leveraging
the relation between RZ spaces and affine Deligne–Lusztig varieties. More precisely, we iden-

tify N (�)
L (k) with the k-points of a relevant affine Deligne–Lusztig variety parametrized by the

corresponding (parahoric) μ-admissible set Adm(μ)J . The description of the k-points then boils
down to obtaining an explicit description of Adm(μ)J in terms of relative positions of lattices.

The key to showing the decomposition in part (iii) of Theorem 1.1 is Proposition 4.8, which
is an analogue of the ‘crucial lemma’ in many previously studied cases. More precisely, we show
that, given a special lattice M of type h, then either Λ⊂M for a vertex lattice Λ⊂V of type
� h or Λ∨ ⊂M∨ for a vertex lattice Λ⊂V of type � h. In fact, this notion of special lattice
also applies to the lattices used to describe the k-points of many other RZ spaces, including
the unramified/ramified unitary RZ spaces with maximal parahoric level structures. Since our
argument is a general argument that works for any special lattices, it can be applied to obtain
the crucial lemmas for these cases too (see [HLS25] for an application in the ramified unitary
case with vertex level).

The geometric properties of Z(�)
red(Λ) and Y(�)

red(Λ
∨), including dimension and irreducibility,

can often be reduced to those of a generalized Deligne–Lusztig variety once we can prove the

isomorphism Z(�)
red(Λ)

∼= SΛ (equivalently Y(�)
red(Λ

∨)∼=RΛ) as in Theorem 1.2. First, we construct

a morphism ΨZ,Λ (see Proposition 7.12) from Z(�)
red(Λ) to SΛ that induces a bijection on k-

points. When L is a self-dual lattice, [HP17] proves ΨZ,Λ is an isomorphism using a result of
Nisnevich [Nis82, Theorem 5.2] on a special case of a conjecture of Grothendieck. The analogue
of this result is not known for parahorics, so instead we use a different method inspired by an
alternative proof in the unitary case (see [LTX+22]). The idea is to show that, in addition to
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being a bijection on k-points, ΨZ,Λ also induces isomorphisms on tangent spaces at closed points.
In order to carry this out, we need to have an explicit description of the tangent space to the
Shimura variety at closed points in the special fiber. This seems difficult to prove in general,
since the Hodge embedding has a very large dimension. Nevertheless, it turns out that using the
deformation-theoretic methods developed in [KP18] and [KPZ26] (in particular, the notion of
very good Hodge embedding mentioned above), we can obtain such a description, at least over
the smooth locus of the Shimura variety. Applying the argument for this smooth locus shows
that the restriction of ΨZ,Λ to an open dense subspace Z◦

red(Λ) is an isomorphism. An abstract
argument using the normality of SΛ then implies that ΨZ,Λ is an isomorphism.

We now explain the organization of the paper. Section 2 contains mainly background and
recollections on quadratic spaces and vertex lattices. In § 3, we describe the admissible set in our
setting in terms of relative positions of lattices, which is then used in § 4 to study the k-points
of the relevant affine Deligne–Lusztig variety. In § 5, we introduce the varieties SΛ and RΛ and
relate them to classical Deligne–Lusztig varieties. In § 6, we introduce integral models of GSpin
Shimura varieties and the associated RZ space, and recall the deformation-theoretic results from
[KP18] and [KPZ26] needed in the following. Finally, in § 7, we introduce special cycles on the
RZ space, and prove the relationship with the varieties SΛ and RΛ using the approach outlined
above. In the last subsection § 7.6, we summarize the main results and give the application to
the basic locus of Shimura varieties.

2. Collection of background on quadratic lattice and vertex lattices

In this section, we collect some results about quadratic lattices and vertex lattices that will be
needed later.

2.1 Notation on quadratic lattices

2.1.1. Let p be an odd prime and F be a local field over Qp. We use OF to denote the ring

of integers of F and kF its residue field. Let F̆ denote the completion of the maximal unramified
extension F ur of F , W =OF̆ its ring of integers and k the residue field of W . We always fix a
uniformizer π of F . We let V be a quadratic space over F of dimension n with non-degenerate
symmetric form ( , ) and quadratic form q( ).

We define the determinant of V to be

det(V ) := det((xi, xj)1�i,j�n)∈ F×/(F×)2,

where {x1, . . . , xn} is a basis of V , and the discriminant of V to be

disc(V ) := (−1)(
n

2) · det(V )∈ F×/(F×)2.

Let val(V ) = val(det(V ))∈Z/2Z and χ= (·/π)F : F×/(F×)2 →{±1, 0} be the quadratic
residue symbol. Thus, χ(α) = 0 if val(α) is odd and χ(α) is identified with the image of α/πval(α)

under the isomorphism O×
F /(O

×
F )

2 ∼= {±} if val(α) is even. Define

χ(V ) := χ(disc(V ))∈ {±1, 0}, χ′(V ) := χ(π disc(V ))∈ {±1, 0}.
Then, disc(V ) is determined by χ(V ) and χ′(V ). Note that only one of χ(V ) and χ′(V ) is
nontrivial.

Let {v1, . . . , vn} be an orthogonal basis of V . We define the Hasse invariant of V to be

ε(V ) :=
∏

1�i<j�n

(q(vi), q(vj))F ∈ {±1}.
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Here, ( , )F is the Hilbert symbol. It is well known that quadratic spaces over F are classified by
its dimension, discriminant and Hasse invariant.

For a quadratic lattice L⊂ V of rank n, we define χ(L) = χ(V ), χ′(L) = χ′(V ) and
ε(L) = ε(V ).

2.2 An explicit classification of quadratic spaces over F

In this subsection, we discuss all the possible isomorphism classes of vertex lattices.

2.2.1. Let V be a quadratic space over F . Consider the following decomposition of V :

V = V0 k Van =SpanF {e1, f1, . . . , er, fr} k Van,

where (ei, ej) = (fi, fj) = 0, (ei, fj) = δij , Van is anisotropic and k denotes the orthogonal sum.
Note that dimF (Van)� 4, since any quadratic space over F of dimension at least 5 contains an
isotropic vector.

Let L⊂ V be a lattice. We let L∨ = {x∈L⊗OF
F | (x, y)∈OF , ∀y ∈L} denote the dual lat-

tice. We say that L is a vertex lattice if we have πL⊂L⊂L∨. If L is a vertex lattice, its type
t= t(L) is defined to be the dimension of the kF -vector space L∨/L. Note that our convention
of vertex lattice is different with the one used in [HP17]. The dual lattice of a vertex lattice in
[HP17] is our vertex lattice.

We will describe all the possible Van and the vertex lattices in Van following [HP17, § 5.1].

2.2.2. If dim(Van) = 1, then it is isomorphic to F with the quadratic form q(x) = dx2 for
some d∈ F×/(F×)2. So there are four cases. Then, V contains a self-dual lattice if and only if
val(d) is even. If we write d= uπval(d), then χ(V ) = χ(u). The vertex lattice in Van is SpanOF

{x}
for val(q(x)) = 0 (respectively 1) if val(d) is even (respectively odd).

If dim(Van) = 2, then we can identify Van with a quadratic extension E/F whose quadratic
form is given by q(x) = d ·Nm(x) for some d∈E×/Nm(E×). Without loss of generality, we can
choose d such that val(d) = 0 or 1 when E is unramified and d∈ (O×

F )
2 or d∈O×

F \ (O×
F )

2 when
E is ramified. If E is an unramified extension, then the vertex lattice in Van has moment matrix
Diag(u1d, u2d) such that χ(−u1u2) =−1. If E is a ramified extension, then the vertex lattice in
Van has moment matrix Diag(d,−dπ).

If dim(Van) = 3, there are exactly four anisotropic quadratic spaces over F of dimension 3.
Let B denote the quaternion division algebra over F and x̄ denote the main involution of B.
Then the subspace of elements B0 = {x∈B : x+ x̄= 0} is a three-dimensional quadratic space
with quadratic form given by the reduced norm on B0. More explicitly,

(B0,Nrd)
∼→ (F 3,−ux21 − πx22 + uπx23) (2.1)

for any nonsquare u∈O×
F . Now the four possible Van of dimension 3 are the spaces (B0, d ·Nrd)

with d∈ F×/(F×)2. Again, we assume val(d) = 0 or 1 without loss of generality. Then, according
to (2.1), when val(d) is even, a vertex lattice has moment matrix given by Diag(−ud,−dπ, udπ).
When val(d) is odd, a vertex lattice has moment matrix given by Diag(−ud,−π−1d, uπ−1d). In
particular, Van can never contain self-dual lattices when dim(Van) = 3.

If dim(Van) = 4, then V
∼→B with quadratic form given by the reduced norm. In this case,

a vertex lattice has Diag(u1, u2, u3π, u4π) as moment matrix, where ui ∈O×
F and χ(−u1u2) =

χ(−u3u4) =−1.
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2.2.3. Combining the above discussion, we summarize all the possible vertex lattices of
maximal type and minimal type up to isomorphism in the following proposition. We set

H±
n := a self-dual lattice of rank n with χ(H±

n ) =±1.

We also use the same notation to denote the corresponding moment matrix. We set

Λ±
n := a π-modular lattice with moment matrix π ·H±

n .

Proposition 2.1. Let V be a quadratic space over F of rank n. Let Λmax ⊂ V and Λmin ⊂ V
be the vertex lattices of maximal and minimal type. Then Λmax ⊂ V and Λmin ⊂ V are of the
following forms.

(i) If dim(Van) = 0, then

Λmax =Λ+
n and Λmin =H+

n .

(ii) If dim(Van) = 1, then {
Λmax =Λ+

n−1 kHχ
1 and Λmin =Hχ

n ,

Λmax =Λχ
n and Λmin =H+

n−1 k Λχ
1 .

(iii) If dim(Van) = 2, then⎧⎪⎨⎪⎩
Λmax =Λ+

n−2 kH−
2 and Λmin =H−

n ,

Λmax =Λ−
n and Λmin =H+

n−2 k Λ−
2 ,

Λmax =Λχ1

n−1 kHχ2

1 and Λmin =Hχ2

n−1 k Λχ1

1 .

(iv) If dim(Van) = 3, then{
Λmax =Λ−

n−1 kH−χ
1 and Λmin =H−χ

n−2 k Λ−
2 ,

Λmax =Λ−χ
n−2 kH−

2 and Λmin =H−
n−1 k Λ−χ

1 .

(v) If dim(Van) = 4, then

Λmax =Λ−
n−2 kH−

2 and Λmin =H−
n−2 k Λ−

2 .

Here, if Hχ0

n−t k Λχ1

t ⊂ V , then

χ(V ) =

{
χ0χ1 if t is even,

0 if t is odd,

χ′(V ) = χ(−1)n−1 ·
{
0 if t is even,

χ0χ1 if t is odd,

ε(V ) =

{
χ1 if t is even,

χ((−1)(n−1)(n−2)/2)χ0 if t is odd.
(2.2)

2.3 An explicit classification of quadratic spaces over F̆

2.3.1. Note that O×
F̆
= (O×

F̆
)2. In particular, if V =E with q(x) =Nm(x), where E/F is an

unramified quadratic extension, then V̆ = V ⊗F F̆ becomes isotropic. Combining this with the
discussion in the previous section, we have the following classification of quadratic spaces over F̆ .

Let V̆ = V̆0 k V̆an be a quadratic space over F̆ , where

V̆0 = 〈e1, . . . , en, f1, . . . , fn〉

with (ei, ej) = (fi, fj) = 0, (ei, fj) = δij and V̆an is anisotropic. Then V̆an is of the following form:
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(1) V̆an = 0;

(2a) V̆an = F̆ u, with (u, u) = 1;

(2b) V̆an = F̆ u, with (u, u) = π;

(3) V̆an = F̆ u⊕ F̆ v, with (u, u) = π, (v, v) = 1.

3. Relative positions of vertex lattices

3.1 The µ-admissible set

3.1.1. Let G be a reductive group over F . We set Γ=Gal(F̄ /F ) and let σ ∈ Γ denote a lift
of the Frobenius of k over kF . Let S be a maximal F̆ -split torus of G and T its centralizer (cf.
[Tit79, 1.10] for the existence of S). By Steinberg’s theorem, G is quasi-split over F̆ and T is
a maximal torus of G. The relative Weyl group over F̆ and the Iwahori Weyl group of G are
defined as

W̃0 =N(F̆ )/T (F̆ ), W̃ =N(F̆ )/T0(OF̆ ),

where N is the normalizer of T and T0 is the connected Néron model for T . We have the following
exact sequence.

0 ��X∗(T )I �� W̃ �� W̃0
�� 0 (3.1)

Here, I =Gal(F̄ /F ur) denotes the inertia subgroup of the absolute Galois group of F , andX∗(T )I
represents the group of coinvariants of the cocharacter lattice X∗(T ) under the action of I. For

an element λ∈X∗(T )I , we write tλ for the corresponding element in W̃ ; such elements are called
translation elements.

Let B(G, F ) (respectively B(G, F̆ )) be the (extended) Bruhat–Tits building for G over F
(respectively F̆ ), and fix a⊂B(G, F ) a σ-stable alcove; this determines an Iwahori group scheme
I defined over F . Fix also a special vertex s∈B(G, F̆ ) lying in the closure of a, which determines
a splitting of the exact sequence (3.1) and gives an identification

A :=X∗(T )I ⊗Z R∼=A(G, S, F̆ ),

where A(G, S, F̆ )⊂B(G, F̆ ) is the apartment corresponding to S. This identification determines
a chamber C+ ⊂X∗(T )I ⊗Z R, namely the one containing a. We write B for the corresponding
Borel subgroup defined over F̆ .

Let S denote the set of simple reflections about the walls of a. We let W̃a denote the affine
Weyl group; it is the subgroup of W̃ generated by the reflections in S. Then we have an exact
sequence

0 ��X∗(Tsc)I �� W̃a
�� W̃0

�� 0 (3.2)

where Tsc is the preimage of T in the simply connected cover of the derived group of G. The
group (W̃a, S) has the structure of a Coxeter group, and hence we have a notion of length and
Bruhat order. The Iwahori Weyl group and affine Weyl group are related by the following exact
sequence.

0 �� W̃a
�� W̃ �� π1(G)I �� 0

The choice of a induces a splitting of this exact sequence and π1(G)I can be identified with the

subgroup Ω⊂ W̃ consisting of elements which map a to itself. The length function � and Bruhat
order extend to W̃ via the splitting.
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By [HR17], there is a reduced root system Σ such that

W̃a
∼=Q∨(Σ)� W̃ (Σ),

where Q∨(Σ) and W̃ (Σ) denote the coroot lattice and Weyl group of Σ, respectively. The root
system Σ is known as the échelonnage root system.

3.1.2. Let X∗(T )+I denote the set of dominant elements with respect to B. For μ∈X∗(T )+I ,
we have the μ-admissible set, which is defined as follows:

Adm(μ) := {w ∈ W̃ |w� tμ
′
for some μ′ ∈ W̃0μ}.

This set has a minimal element τμ, which is the unique length-zero element of Adm(μ).

Let J ⊂ S be a subset. We write W̃J ⊂ W̃ for the subgroup generated by the reflections in J .
If W̃J is finite, then J determines a facet fJ lying in the closure of a and hence corresponds to
a parahoric group scheme G◦

J . The corresponding parahoric μ-admissible set

Adm(μ)J ⊂ W̃J\W̃/W̃J

is defined to be the image of Adm(μ) under the map W̃ → W̃J\W̃/W̃J . We also set

Adm(μ)J := W̃J Adm(μ)W̃J ⊂ W̃ .

3.2 Relative position of vertex lattices

3.2.1. Let V be a quadratic space over F . We now specialize to the case G=SO(V ). We
let V̆ = V ⊗F F̆ . Then we can write V̆ = V̆0 k V̆an, where

V̆0 = 〈e1, . . . , en, f1, . . . , fn〉

with (ei, ej) = (fi, fj) = 0, (ei, fj) = δij and V̆an is of the following form:

(1) V̆an = 0;

(2a) V̆an = F̆ u, with (u, u) = 1;

(2b) V̆an = F̆ u, with (u, u) = π;

(3) V̆an = F̆ u⊕ F̆ v, with (u, u) = π, (v, v) = 1.

The local Dynkin diagram is of type Dn in case (1), type Bn in case (2) and type C-Bn in case
(3); here we use the notation of Tits’ table [Tit79, § 4].

Let Lan ⊂ V̆an denote the OF̆ -submodule

Lan =

⎧⎪⎨⎪⎩
0 in case (1),

OF̆u in case (2),

OF̆u+OF̆ v in case (3).

For s= 0, . . . , n, we let L
(s)
0 ⊂ V̆0 be the OF̆ -module given by

L
(s)
0 =SpanOF̆

(πe1, . . . , πes, es+1, . . . , en, f1, . . . , fn)

and set

L(s) =L
(s)
0 kLan ⊂ V̆ .
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Then, L(s) is a vertex lattice of type

t(s) :=

{
2s in case (1) and (2a),

2s+ 1 in case (2b) and (3).

We also set

L′(0) =SpanOF̆
(πe1, e2, . . . , en, π

−1f1, . . . , fn) kLan,

L′(n) =SpanOF̆
(πe1, . . . , πen−1, en, f1, . . . , fn−1, πfn) kLan,

which are vertex lattices of type t(0) and t(n), respectively.

3.2.2. We take S to be the maximal F̆ -split torus of SO(V̆ ) given by Gn
m ⊂ SO(V̆ ) such

that, for t= (t1, . . . , tn)∈Gn
m, we have

t : V̆ �→ V̆ is given by ei �→ tiei, fi �→ t−1
i fi.

Let ν :Gm →Gn
m be the cocharacter t �→ (t, 1, . . . , 1) and let μ :Gm → SO(V̆ ) denote the com-

position of ν and the above inclusion. Then μ is a minuscule cocharacter of SO(V̆ ). We then
have the associated μ-admissible set Adm(μ) and its parahoric analogues. Our goal is to give
a more explicit description of the set Adm(μ)J , where J corresponds to a vertex lattice in V̆ .
For this, we use the description of the building of SO(V̆ ) in [Gar97, § 20.3]; we translate the
necessary results to our setting. We first describe the base alcove, and facets corresponding to
vertex lattices.

In each case, we have X∗(T )I ⊗Z R∼=X∗(S)⊗Z R, which we identify with A(G, S, F̆ ) by
sending 0 to the vertex x(0) corresponding to the stabilizer of L(0). We let ε1, . . . , εn denote the
standard basis for Zn.

Case (1). We have S = T and X∗(T )I =X∗(S), which we identify with Zn so that the roots are
given by ±εi ± εj , 1� i < j � n. We take the n roots

εi − εi+1, 1� i� n− 1 and εn−1 + εn

as simple roots.
The base alcove in Rn is given by

a= {(a1, . . . , an)∈Rn | a1 >a2 > · · ·>±an, a1 + a2 < 1}.
Let

x(0) = (0, . . . , 0), x′(0) = (1, 0 . . . , 0),

x(s) =

s∑
i=1

εi
2

for 1� s� n− 1,

x(n) = (12 , . . . ,
1
2), x′(n) = (12 , . . . ,

1
2 ,−

1
2),

which lie in the closure of a, with x(0) a special vertex. The points x(0), x′(0), x(n), x′(n) and
x(s) for 2� s� n− 2 are zero-dimensional facets, while x(1) and x(n−1) lie on one-dimensional
facets given by the line segments between x(0), x′(0) and x(n), x′(n), respectively. The parahoric
corresponding to x(s), 0� s� n, is the connected stabilizer of L(s); similarly, x′(0) corresponds
to L′(0) and x′(n) corresponds to L′(n).

Case (2). We have S = T and X∗(T )I =X∗(S), which we identify with Zn so that the roots are
given by ±εi ± εj , 1� i < j � n, ±εi, 1� i� n. We take the n roots

εi − εi+1, 1� i� n− 1 and εn
as simple roots.
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We first assume we are in case (2a). The base alcove in Rn is given by

a= {(a1, . . . , an)∈Rn | a1 >a2 > · · ·>an > 0, a1 + a2 < 1}.
Let

x(0) = (0, . . . , 0), x′(0) = (1, 0 . . . , 0),

x(s) =

s∑
i=1

εi
2

for 1� s� n,

which lie in the closure of a, with x(0) a special vertex. The points x(0), x′(0), x(s), 2� s� n, are
zero-dimensional facets, while x(1) lies on the one-dimensional facet given by the line segment
between x(0) and x′(0). The parahoric corresponding to x(s), 0� s� n, is the connected stabilizer
of L(s), and similarly x′(0) corresponds to L′(0).

Now assume we are in case (2b); in this case, the point x(0) = (0, . . . , 0) is not a special
vertex. The base alcove in Rn is given by

a= {(a1, . . . , an)∈Rn | 1
2 >a1 >a2 > · · ·>an, an−1 + an > 0}.

Let

x(s) =

s∑
i=1

εi
2

for 1� s� n− 1,

x(n) = (12 , . . . ,
1
2 ,

1
2), x′(n) = (12 , . . . ,

1
2 ,−

1
2),

which lie in the closure of a, with x(n) a special vertex. The points x(n), x′(n), x(s), 1� s� n− 2,
are zero-dimensional facets, while x(n−1) lies on the one-dimensional facet given by the line
segment between x(n) and x′(n).

Case (3). In this case, we have T = S × (ResF̆ ′/F̆Gm)Nm=1, where F̆ ′/F̆ is a degree-2 ramified

extension, and hence X∗(T )I =X∗(S)⊕Z/2Z. The échelonnage root system is of type Cn (cf.
[Tit79, Example 1.16]), so we fix an identification X∗(S)∼=Zn so that the roots are given by
±εi ± εj , 1� i < j � n, ±2εi, i= 1, . . . , n. We take the n roots

εi − εi+1, 1� i� n− 1 and 2εn

as simple roots.
The base alcove in Rn is given by

{a= {(a1, . . . , an) | 12 >a1 > · · ·>an > 0}.
Let

x(s) =

s∑
i=1

εi
2

for 0� s� n,

which lie in the closure of a; these are all zero-dimensional facets. The parahoric corresponding
to x(s) is the connected stabilizer of L(s).

Remark 3.1.

(i) From the description above, we see that the parahoric corresponding to the lattices
L(1), L(n−1) in case (1), L(1) in case (2a) and L(n−2) in case (2b) are not maximal parahorics.

(ii) In case (2), the automorphism

θ(a1, . . . , an) �→ (12 , . . . ,
1
2)− (an, . . . , a1)
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of Zn maps the alcove in case (2a) to case (2b), and is equivariant for the actions of the
respective Iwahori Weyl groups. This automorphism is induced by the isomorphism of group
schemes SO(V )∼=SO(V (π)), where V (π) is the quadratic space whose underlying vector space
is V , but with quadratic form given by π( , ).

3.2.3. The relative Weyl group W0 has the following description:

W0
∼=
{
((Z/2Z)n � Sn)

◦ in case (1),

(Z/2Z)n � Sn in case (2) and (3).

Here, ((Z/2Z)n � Sn)
◦ denotes the kernel of the homomorphism

(Z/2Z)n � Sn →Z/2Z

((z1, . . . , zn), σ) �→
n∑

i=1

zi.

In case (1), (2a) and (3), the groups (Z/2Z)n ∼= {±1}n and Sn act on Zn via factorwise
multiplication and permutation of coordinates. In case (2b), they act via the same linear

transformations, but centered at x(n). Thus, we see in each case that the W̃ -orbit of x(s) in
A(G, S, F̆ )∼=Rn is given by

W̃x(s) = {(a1, . . . , an)∈Z[1/2]n | exactly s of the ai are in 1
2 +Z}. (3.3)

For y= (a1, . . . , an)∈ W̃x(s), define

L0(y) = SpanOF
(π�a1	e1, . . . , π�an	en, π�−a1	f1, . . . , π�−an	fn)⊂ V̆0

and set L(y) =L0(y) kLan. Then, in each case, the parahoric associated to y is the connected

stabilizer of L(y), and the association y �→L(y) induces a W̃ -equivariant bijection between the

W̃ -orbit of x(s) and the W̃ -orbit of L(s). Here, W̃ acts on vertex lattices of the form L(y) via
w :L(y) �→ ẇL(y), where ẇ ∈N(F̆ ) is a lift of w, noting that ẇL(y) does not depend on the
choice of lift ẇ.

3.2.4. Under the identification

X∗(T )I ∼=
{
Zn in case (1) and (2),

Zn ×Z/2Z in case (3),

the element μ corresponds to the element (1, 0, . . . , 0). In particular, its image in X∗(T )I ⊗Z R∼=
Rn is ε1.

Lemma 3.2. Let s∈ {0, . . . , n} and let y ∈ W̃x(s) with dimk(L(y) +L(s))/L(s) = 1.

(i) We have

y= x(s) ± εi, i= 1, . . . , n

or

y= x(s) ± 1
2εj ±

1
2εi, 1� j � s, s+ 1� i� n.

(ii) Let J (s) ⊂ S be the subset of simple reflections corresponding to the facet containing x(s).
Then there exists w ∈Adm(μ)J

(s)

such that wx(s) = y.

Proof. Using the automorphism θ from Remark 3.1(ii), case (2b) can be reduced to case (2a).
So, we may assume we are in case (1), (2a) or (3), and hence that x(0) is a special point.
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(i) Let y= (a1, . . . , an). Then, using the description of L(y) above, we see that exactly one
of the integers

�a1� − 1, . . . , �as� − 1, �as+1�, . . . , �an�, �−a1�, . . . , �−an�

is equal to 1, and the others are all � 0.

Now, let use write x
(s)
k for the kth coordinate in x(s). Suppose first that �ai� − 1 = 1 for some

i∈ {1, . . . , s}, then ai = 3
2 or ai = 2. If ai = 2, then, since y ∈ W̃x(s), there exists j ∈ {s+ 1, . . . , n}

with aj ∈ 1
2 +Z. But then either �aj�> 0 or �−aj�> 0, which is a contradiction, and hence ai =

3
2 .

Suppose there exists k 	= i with ak 	= x
(s)
k . If k� s, then we must have ak = 0 or 1, otherwise

�ak�> 0 or �−ak�> 0. Then, as before, there exists j ∈ {s+ 1, . . . , n} with aj ∈ 1
2 +Z. Thus,

upon replacing k by j, we may assume k > s+ 1. In this case, we have �ak�> 0 or �−ak�< 0,
which is a contradiction. Therefore, y= x(s) + εi.

Now, suppose �ai�= 1 for some i∈ {s+ 1, . . . , n}. Then, ai = 1
2 or ai = 1. If ai =

1
2 then, since

y ∈ W̃x(s), there exists j ∈ {1, . . . , s} such that aj ∈Z and, since �aj� − 1, �−aj�� 0, we must

have aj = 0 or 1. The same argument as in the previous paragraph shows that ak = x
(s)
k for

k 	= i, j, and hence y= x(s) ± 1
2εj +

1
2εi. If ai = 1, then similarly we have ak = x

(s)
k for k 	= i, and

hence y= x(s) + εi.
The cases when �−ai�= 1 for i∈ {1, . . . , s} and i∈ {s+ 1, . . . , n} can be handled analogously

to the previous two cases. When �−ai�= 1 for i∈ {1, . . . , s}, we have y= x(s) − εi, and when
�−ai�= 1 for i∈ {s+ 1, . . . , n}, we have y= x(s) − εi or y= x(s) ± 1

2εj −
1
2εi.

(ii) It suffices to consider the two cases from (i). Let y= x(s) ± εi. Then there is u∈ W̃0 with
u(ε1) =±εi. Set λ= u(μ). Then tλx(s) = y and we have tλ ∈Adm(μ), so the result follows in this
case.

Now let y= x(s) ± 1
2εj ±

1
2εi, 1� j � s, s+ 1� i� n; note that this case occurs only if 1� s�

n− 1. Let u∈ W̃J(s) be the element which switches the jth and sth coordinates, and switches
the ith and (s+ 1)th coordinates. Then, upon replacing y by u(y), we may assume y= x(s) ±
1
2εs ±

1
2εs+1.

Let w+ ∈ Sn ⊂ W̃0 denote the reflection switching εi and εj , and let w− ∈ W̃0 be the com-
position of w+ with multiplication by −1 in the sth and (s+ 1)th factors; thus, w− : εs �→
−εs+1, εs+1 �→ −εs. Let λs, λs+1 ∈X∗(T )I be the W̃0 conjugates of μ whose images in Rn are
εs, εs+1, respectively.

We define a pair (u′, λ)∈ W̃0 ×X∗(T )I as follows:

(u′, λ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(w+
s,s+1, λs+1) if y= x(s) + 1

2εs +
1
2εs+1,

(w−
s,s+1,−λs+1) if y= x(s) + 1

2εs −
1
2εs+1,

(w−
s,s+1,−λs) if y= x(s) − 1

2εs +
1
2εs+1,

(w+
s,s+1,−λs) if y= x(s) − 1

2εs −
1
2εs+1,

and we set w= u′tλ ∈ W̃ . Then, we have w(x(s)) = y. Moreover, we have w� tλ in the Bruhat
order, since a and tλa lie on different sides of the hyperplane corresponding to the reflection u′.
Since λ∈ W̃0(μ) it follows that t

λ, and hence w, lie in Adm(μ).

Lemma 3.3. Let s∈ {0, . . . , n} and assume t(s) 	= 0, dim V . Then the element τμ ∈Adm(μ)
satisfies τμx

(s) = x(s).
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Proof. Again, using Remark 3.1, we may assume we are in case (1), (2a) or (3). We compute
that τμ :Zn →Zn has the following form:

w : (a1, a2, . . . , an−1, an) �→

⎧⎪⎨⎪⎩
(1− a1, a2, . . . , an−1,−an) in case (1),

(1− a1, a2, . . . , an−1, an) in case (2a),

(a1, a2, . . . , an−1, an) in case (3).

It is then clear that τμ fixes x(s) if t(s) 	= 0, dim V .

Remark 3.4. The assumption t(s) 	= 0, dim V is equivalent to the condition that x(s) is not a
hyperspecial vertex for GQ̆p

.

3.2.5. We now prove the main result of this subsection, which gives an explicit description
of Adm(μ)J(s) in terms of relative positions of lattices in V̆ .

Lemma 3.5. Let s∈ {0, 1, . . . , n− 1} and L⊂ V̆ be a vertex lattice of type t(s). Then there
exists g ∈G(F̆ ) such that gL(s) =L.

Proof. By the classification of quadratic lattices over local fields, every vertex lattice L can be
written as L1 kL2, where L1 is unimodular and L∨

2 = π−1L2. Similarly, we can write L(s) as

L
(s)
1 kL

(s)
2 . Since L1

∼=L
(s)
1 and L2

∼=L
(s)
2 , we can find a g as desired.

Proposition 3.6. Let L, L′ be vertex lattices of type t= t(s) with t(s) 	= 0, dim V . The following
two conditions are equivalent:

(i) dimk(L+L′)/L� 1;

(ii) there exists g ∈G(F̆ ), w ∈Adm(μ)J(s) , such that

gL(s) =L, gẇL(s) =L′,

where ẇ ∈N(F̆ ) is a lift of w.

Proof. (i) ⇒ (ii): For simplicity, we write G◦
s for the parahoric G◦

J(s) . By Lemma 3.5, there

exists g, g′ ∈G(F̆ ) such that gL(s) =L and g′L(s) =L′. By the Bruhat decomposition, upon

right multiplying g and g′ by G◦
s (OF̆ ), we may assume g′ = gẇ′ for some w′ ∈ W̃ .

If dim(w′L(s) +L(s))/L(s) � 1, then by Lemmas 3.2 and 3.3, there exists w ∈Adm(μ)J
(s)

such

that wL(s) =w′L(s) and the result follows since Adm(μ)J
(s)

is the preimage of Adm(μ)J(s) in W̃ .
(ii) ⇒ (i): It suffices to show, for w ∈Adm(μ)J(s) , dim(L(s) +wL(s))/L(s) � 1. We first

consider w= tw0(μ) for w0 ∈ W̃0. Then w0(μ) is of the form ±εi, and hence L′ is of the form

L′ = 〈e1, . . . , ei−1, π
±1ei, ei+1, . . . , en, f1, . . . , fi−1, π

∓1fi, fi+1, . . . , fn〉 kLan,

which satisfies dimk(L+L′)/L� 1.
Let FlG◦

s
denote the Witt-vector affine partial flag variety over k associated to the parahoric

G◦
s (see [BS17], [Zhu17]). For g ∈FlG◦

s
(k) =G(F̆ )/G◦

s (OF̆ ), we associate to it the vertex lattice

gL(s) of type t(s) (this association is not a bijection in case (3) as the parahoric is not equal to
the stabilizer group in this case). The orbits of the positive loop group L+G◦

s on FlG◦
s
×FlG◦

s
are

indexed by W̃J(s)\W̃/W̃J(s) , and the closure relations are given by the Bruhat order.
Now, for (g, g′)∈FlG◦

s
× FlG◦

s
(k), the condition that

dim(gL(s) + g′L(s))/gL(s) � 1
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defines a closed subscheme of FlG◦
s
×FlG◦

s
. Indeed, it is the preimage of the quasi-minuscule

Schubert variety in the Witt-vector affine Grassmannian Gr(L(s)) for GL(L(s)) under the natural
map FlG◦

s
→Gr(L(s)) induced by the locally closed immersion G◦

s →GL(L(s)). Since the elements

tw0(μ), w0 ∈ W̃0 are the maximal elements of Adm(μ)J(s) , it follows that for any w ∈Adm(μ)J(s) ,

we have dim(L(s) +wL(s))/L(s) � 1.

4. Affine Deligne–Lusztig varieties and special lattices

4.1 Clifford algebra and GSpin local Shimura datum

4.1.1. We now specialize to the case F =Qp, so let V be a quadratic space over Qp of
dimension n. For a Qp-algebra R, the tensor product VR = V ⊗Qp

R is a quadratic space over R;
let C(VR) =C(V )⊗Qp

R denote the Clifford algebra of VR. Then C(VR) is a semisimple algebra
over R of rank 2dimQp V , and is equipped with a Z/2Z-grading C(VR) =C+(VR)⊕C−(VR). We
define G=GSpin(V ) to be the group scheme over Qp with R-points

G(R) = {g ∈C+(VR)
× : gVRg

−1 = VR, g
∗g ∈R×}.

We use g • v= gvg−1 to denote the conjugation action of G on V . Then there is a short exact
sequence of group schemes

1→Gm →G
g �→g•−→ SO(V )→ 1

over Qp. When V is clear in the context, we simply denote C(VR) as CR.

4.1.2. Let {x1, . . . , xn} be a basis of VQ̆p
with moment matrix⎛⎜⎜⎜⎜⎝

0 1
1 0

∗
. . .

∗

⎞⎟⎟⎟⎟⎠.
Given this choice of basis, we define a cocharacter μ :Gm →G by

μ(t) = t−1x1x2 + x2x1, (4.1)

where we regard the right-hand side of the above as an element in C(VQ̆p
).

We remark that the reflex field of μ is always Qp. Indeed, when V has a split subspace of
rank 2, then we can choose {x1, x2} to be the basis of this subspace and μ is even defined over
Qp. Now we assume V does not have a split subspace of rank 2. Then V contains a subspace

generated by {v1, v2} with moment matrix ( 1 0
0 ν ) or (

p 0
0 pν ), where χ(−ν) =−1. Assume {v1, v2}

has moment matrix ( 1 0
0 ν ). Let α∈Q×

p2 such that α2 =−ν. Then we may choose x1 = αv1 + v2
and x2 =−1/2ν(αv1 − v2) so that the moment matrix of {x1, x2} is ( 0 1

1 0). Therefore, in terms
of v1, v2, we have

μ(t) = t−1(αv1 + v2)

(
−1

2ν
(αv1 − v2)

)
+

−1

2ν
(αv1 − v2)(αv1 + v2).

Let τ denote the nontrivial element in Gal(Qp2/Qp) such that τ(α) =−α.
Although μ is only defined over Qp2 , we claim that

τ · μ(t) = t−1(−αv1 + v2)

(
−1

2ν
(−αv1 − v2)

)
+

−1

2ν
(−αv1 − v2)(−αv1 + v2)

2378

https://doi.org/10.1017/S0010437X26103571 Published online by Cambridge University Press

https://doi.org/10.1017/S0010437X26103571


On the basic locus of GSpin Shimura varieties with vertex stabilizer level

lies in the G(Q̄p)-conjugacy class of μ. Indeed, note that the moment matrix of {−αv1 +
v2,−αv1 − v2} is still ( 0 1

1 0). Therefore, we can find h∈O(V )(Q̄p) so that ρ(μ) = h ◦ ρ(τ · μ) ◦ h−1

by Witt’s theorem, where ρ denotes the morphism from G to SO(V ). If det(h) =−1, we can
consider h′ ∈O(V )(Q̄p) such that h′(x3) =−x3 and fixes xi for i 	= 3. Then h′h∈ SO(V )(Q̄p)
and ρ(μ) = (h′h) ◦ ρ(τ · μ) ◦ (h′h)−1. Therefore, we can assume h lies in SO(V )(Q̄p) without
loss of generality. Now let g ∈G(Q̄p) be a lifting of h. Since ker(ρ) =Gm is central and
ρ(g ◦ (τ · μ) ◦ g−1) = ρ(μ), we have g ◦ (τ · μ(t)) ◦ g−1 = μ(t) ◦ tm for some m∈Z. Since

(g ◦ (τ · μ(t)) ◦ g−1)(g ◦ (τ · μ(t)) ◦ g−1)∗ = t−1

is equal to

(μ(t) ◦ tm)(μ(t) ◦ tm)∗ = t2m−1,

we have m= 0 and our claim is proved.
The case {v1, v2} has moment matrix (

p 0
0 pν ) and is the same, so we omit the details.

4.1.3. Recall that Q̆p denotes the completion of the maximal unramified extension of Qp,

and we let σ ∈Aut(Q̆p/Qp) be the Frobenius element. For an element b∈G(Q̆p), we consider
the following isocrystals:

(VQ̆p
,Φ= b ◦ σ) and (CQ̆p

, F = b ◦ σ).

Here, Φ and F are related by Φx= F ◦ x ◦ F−1. According to [Kot85], we can associate to every
b∈G(Q̆p) its Newton cocharacter

νb :D→G,

which is characterized by the following condition. For any representation ρ :G→GL(N) on a
Qp-vector space N , we require that the decomposition

NQ̆p
=

⊕
s/t∈Q

N s/t

induced by ρ ◦ νb is identified with the slope decomposition of the isocrystal (NQ̆p
, ρ(b) ◦ σ). We

call an element of b∈G(Q̆p) basic if νb factors through the center of G.

Let B(G) denote the set of σ-conjugacy classes of G(Q̆p). Given μ, Kottwitz introduced a
subset B(G, μ)⊂B(G) in [Kot97]:

B(G, μ) = {[b]∈B(G); κ([b]) = κ(μ), ν̄b � μ
},

where κ([b])∈ π1(G)Γ is the Kottwitz invariant of b, κ(μ) is the image of μ in π1(G)Γ, ν̄(b) is
the dominant Newton cocharacter of [b] and μ
 is the Galois average of μ. We refer the reader
to [Kot97] and [He16] for details. From now on, b will always denote the unique basic element
of B(G, μ).

Later on, we will need to consider V := V Φ
Q̆p
, which will be regarded as the space of special

endomorphisms of the framing object of the GSpin RZ space in later sections (see § 7.2). The
following description of V is a generalization of [HP17, Proposition 4.2.5]. We also determine the
vertex lattices of maximal and minimal types in V. The description of a general vertex lattice
follows from this easily.

To simplify the notation, we use U+
n (respectively U−

n ) to denote the split (respectively
non-split) non-degenerate quadratic space over Fp of dimension n.
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Proposition 4.1. Assume V is a quadratic space over Qp with Frobenius Φ as in § 2. Then the
Qp-quadratic space

V := V Φ
Q̆p

= {x∈ VQ̆p
: Φx= x}

has the same dimension and discriminant as V , and has Hasse invariant ε(V) =−ε(V ).
More precisely, if we let Λmax ⊂V (respectively Λmin) denote the vertex lattice in V of

maximal (respectively minimal) type, then we have the following.

(i) If dim(Van) = 0, then

Λmax =Λ−
n−2 kH−

2 and Λmin =H−
n−2 k Λ−

2 .

(ii) If dim(Van) = 1, then{
Λmax =Λ−

n−1 kH−χ
1 , Λmin =H−χ

n−2 k Λ−
2 if V = (Hχ

n )Qp
,

Λmax =Λ−χ
n−2 k Λ−

2 , Λmin =H−
n−1 k Λ−χ

1 if V = (H+
n−1 k Λχ

1 )Qp
.

(iii) If dim(Van) = 2, then⎧⎪⎨⎪⎩
Λmax =Λ−

n , Λmin =H+
n−2 k Λ−

2 if V = (H−
n )Qp

,

Λmax =Λ+
n−2 kH−

2 , Λmin =H−
n if V = (H+

n−2 k Λ−
2 )Qp

,

Λmax =Λχ2

n−1 kHχ1

1 , Λmin =Hχ1

n−1 k Λχ2

1 if V = (Hχ2

n−1 k Λχ1

1 )Qp
.

(iv) If dim(Van) = 3, then{
Λmax =Λ+

n−1 kHχ
1 , Λmin =Hε

n if V = (H−χ
n−2 k Λ−

2 )Qp
,

Λmax =Λ+
n−1 k Λχ

1 , Λmin =H+
n−1 k Λχ

1 if V = (H−
n−1 k Λ−χ

1 )Qp
.

(v) If dim(Van) = 4, then

Λmax =Λ+
n and Λmin =H+

n .

Proof. If V contains a self-dual lattice, then this is implied by [HP17, Proposition 4.2.5].
Now we assume V does not contain a self-dual lattice. In particular, since n� 3, we may

assume V has a basis {x1, . . . , xn} with diagonal moment matrix such that q(x1) = u1p and
q(x2) = u2, where u1, u2 ∈Z×

p . Then we can choose b= x2x1 so that b2 =−u2u1p∈ pZ×
p . We can

check that, for Φ= b ◦ σ, we have

Φ • x1 =−x1, Φ • x2 =−x2, Φ • xi = xi for 3� i� n.

Choose η ∈Z×
p2 \Z×

p such that σ(η) =−η and η2 = δ, where δ ∈Z×
p \ (Z×

p )
2. Set

v1 = ηx1, v2 = ηx2, vi = xi for 3� i� n.

Then we can easily check that Φ • vi = vi for any i∈ {1, . . . , n}. Hence, {v1, . . . , vn} is a set of
basis vectors of V. Moreover, we have

q(v1) = δq(x1), q(v2) = δq(x2).

Therefore, we have χ0(V ) =−χ0(V) and χ1(V ) =−χ1(V). In particular, V and V have the same
discriminant. Moreover, one can check that ε(V ) =−ε(V) by (2.2).

Then, applying Proposition 2.1, the proposition follows.

4.2 Affine Deligne–Lusztig varieties

4.2.1. Let G=GSpin(V ) and μ be as above. We now fix a vertex lattice L⊂ V of type h.
This determines a parahoric group scheme G◦ of G. We fix S a maximal Q̆p-split torus of G
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which is in good relative position with respect to G◦, so that L corresponds to a facet f in the
apartment A(G, S, Q̆p) corresponding to S, and we fix an alcove a⊂A(G, S, Q̆p) whose closure
contains f. Then L corresponds to a subset J ⊂ S of the set of simple reflections in a. We then
have the associated admissible set Adm(μ)J .

Recall that we have fixed an element b∈G(Q̆p) whose image [b]∈B(G) is the unique basic
element of B(G, μ). We let K = G◦(Zp), and we set

X(μσ, b)K(k) :=

{
g ·K ∈G(Q̆p)/K | g−1bσ(g)∈

⋃
w∈Adm(μ)J

Kσ(ẇ)K

}
,

where k is the residue field of Z̆p. Then X(μσ, b)K(k) arises as the k-points of a closed subscheme
X(μσ, b)K of the Witt-vector affine Grassmannian constructed in [Zhu17, BS17], and X(μσ, b)K
is locally of perfectly finite type. By [He16, Theorem A], we have X(μσ, b)K(k) 	= ∅.

Definition 4.2. A special lattice M ⊂ VQ̆p
of type h is a Z̆p-lattice such that

pM∨ ⊂M
h
⊂M∨

and {
[M +Φ(M) :M ] = 1 if h= 0, n,

[M +Φ(M) :M ]� 1 if h 	= 0, n.

Here, the notationM
h
⊂M∨ means thatM∨/M is an h-dimensional vector space over the residue

field Fp.

4.2.2. For any g ∈X(μσ, b)K(k), we define the following vertex lattices:

Lg := σ−1(b−1g) •L and L′
g := g •L.

We have

Φ(Lg) = (bb−1g) •L=L′
g.

In addition, note that Lg and L′
g determine each other. Indeed, if Lg =Lg′ for a different g′,

then one can directly check L′
g =L′

g′ and vice versa.

Proposition 4.3. The map g �→Lg induces a bijection between pZ\X(μσ, b)K(k) and{
{special lattices of type h in VQ̆p

} if h= 0, n,

two copies of {special lattices of type h in VQ̆p
} if h 	= 0, n.

Proof. The case h= 0, n is [HP17, Proposition 6.2.2]. So we assume h 	= 0, n from now on.
First, we check Lg is indeed a special lattice. We have

[Lg +Φ(Lg) :Lg] = [Lg +L′
g :Lg] = [g •L+ σ−1(b−1g) •L : σ−1(b−1g) •L]

= [(σ−1(g−1b)g) •L+L :L].

Note that the map G→ SO(V ) induces a bijection

Adm(μ)J ∼=Adm(μ′)J ′ ,

where μ′ is the cocharacter of SO(V ) induced by μ, and Adm(μ′)J ′ is the corresponding admissi-
ble set of SO(V ). Thus, since g−1bσ(g)∈Kσ(ẇ)K, w ∈Adm(μ)J , we have [Lg +Φ(Lg) :Lg]� 1
by Proposition 3.6.
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Now we show that the map g �→Lg is surjective. Let L′ be any special lattice. Then, by

Proposition 3.6, there exists g ∈G(Q̆p) and w ∈Adm(μ)J such that

(Φ(L′), L′) = (g •L, gẇ−1 •L).
It follows that g−1bσ(g)σ(ẇ−1) fixes L, and hence lies in pZK. Since κ([b]) = κ(ẇ) = κ(μ)∈
π1(G)Γ, it follows that g

−1bσ(g)σ(ẇ−1)∈K, and hence g ∈X(μσ, b)K(k).
The stabilizer of L in G(Q̆p) is p

ZK � δpZK, where the induced actions of δ ∈G(F̆ ) on L∨/L
and L/pL∨ have determinant −1 (see [PZ22, § 2.5]). Hence, the map g→Lg is a two-to-one
map.

4.3 The crucial proposition

4.3.1. Let M ⊂ VQ̆p
denote a special lattice of type h. Let

Si(M) :=M +Φ(M) + · · ·+Φi(M).

From now on, we always assume c (respectively d) is the smallest non-negative integer such that
Sc(M) (respectively Sd(M

∨)) is Φ-invariant (c and d are finite by a standard argument). It is
not hard to show that

M
1
⊂ S1(M)

1
⊂ S2(M) · · ·

1
⊂ Sc(M) = Sc+1(M). (4.2)

In addition, M is Φ-invariant if and only if M∨ is Φ-invariant by the following lemma.

Lemma 4.4. [M +Φ(M) :M ] = [M∨ +Φ(M∨) :M∨].

Proof. First of all, note that [M∨ +Φ(M∨) :M∨] = [M :M ∩Φ(M)]. Since Sc(M) is Φ-invariant,
we have [Sc(M) :M ] = [Sc(M) : Φ(M)]. Hence, we have [M :M ∩Φ(M)] = [Φ(M) :M ∩Φ(M)].
Since [Φ(M) +M :M ] = [Φ(M) : Φ(M)∩M ], the proof is finished.

We also remark that the equality [Sc(M) :M ] = [Sc(M) : Φ(M)] combined with (4.2) implies
that [M +Φ(M) :M ] = [M +Φ(M) : Φ(M)], which further implies that

Φ(M)
1
⊂ S1(M)

1
⊂ S2(M) · · ·

1
⊂ Sc(M).

Lemma 4.5. We have:

(i) Sc(M)⊂
⋂

i∈Z�0
Φi(p−1M) and Sd(M

∨)⊂
⋂

i∈Z�0
Φi(p−1M∨);

(ii) if Φ(M)⊂M∨ and c� d, then

Sc(M)⊂
⋂

i∈Z�0

Φi(M∨);

(iii) if Φ(pM∨)⊂M and d� c, then

Sd(pM
∨)⊂

⋂
i∈Z�0

Φi(M).

Proof. For (i), we only prove the statement for Sc(M) since the proof for Sd(M
∨) is literally the

same.
First, note that

Φ(M)⊂ p−1M.

Hence,

Sc(M)⊂ p−1Sc−1(M).
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Since Sc(M) is Φ-invariant, we have

Sc(M)⊂
⋂

i∈Z�0

p−1Φi(Sc−1(M)).

Note that

Sc(M)⊂ p−1Φ(Sc−1(M))∩ p−1Sc−1(M) = p−1Φ(Sc−2(M)).

Here, for the last equality, we use the fact that

Φ(Sc−1(M)) 	= Sc−1(M),

Φ(Sc−2(M))⊂Φ(Sc−1(M))∩ Sc−1(M)

and

[Sc−1(M) : Sc−2(M)] = [Φ(Sc−1(M)) : Φ(Sc−2(M))] = 1.

Since Sc(M) is Φ-invariant,

Sc(M)⊂ p−1Sc−2(M).

Then, by an induction argument, we have Sc(M)⊂ p−1M . Since Sc(M) is Φ-invariant, we have

Sc(M)⊂ p−1
⋂

i∈Z�0

Φi(M)⊂ p−1
⋂

0�i�f

Φi(M)

for any f ∈Z�0.
Parts (ii) and (iii) are essentially the same as (i) once we observe that the assumption

c� d (respectively d� c) implies that Φ(Sc−1(M
∨))∩ Sc−1(M

∨) =Φ(Sc−2(M
∨)) (respectively

Φ(Sd−1(M))∩ Sc−1(M) =Φ(Sc−2(M))).

The following is a first classification of special lattices.

Proposition 4.6. AssumeM is a special lattice. We have either Φ(M)⊂M∨ or Φ(pM∨)⊂M .

Proof. If Φ(M) 	⊂M∨, then Φ(M) +M∨ =M∨ +Φ(M∨). Moreover, if Φ(pM∨) 	⊂M , then
p−1M + p−1Φ(M) =Φ(M∨) + p−1M =Φ(M) + p−1M = p−1M , which is a contradiction.

Remark 4.7. One can check that the conditions Φ(M)⊂M∨ and Φ(pM∨)⊂M actually corre-
spond to the conditions for cutting out Kudla–Rapoport (KR) strata. See § 7.4 and Lemma 7.17
for more details. See also Remark 5.7.

The main result of this subsection is the following crucial proposition.

Proposition 4.8. Assume M is a special lattice. Then, one of the following will happen:

(i) p(Sc(M))∨ ⊂ pM∨ ⊂M ⊂ Sc(M)⊂ (Sc(M))∨ ⊂M∨. In particular, Sc(M) is a vertex lattice
of type t� h;

(ii) pM∨ ⊂ pSd(M
∨)⊂ Sd(M

∨)∨ ⊂M ⊂M∨ ⊂ Sd(M
∨). In particular, Sd(M

∨)∨ is a vertex
lattice of type t� h.

More precisely, we have the following.

(a) If Φ(pM∨) 	⊂M , then M satisfies (i).

(b) If Φ(M) 	⊂M∨, then M satisfies (ii).

(c) If Φ(pM∨)⊂M and Φ(M)⊂M∨, then M satisfies (i) if c� d.

(d) If Φ(pM∨)⊂M and Φ(M)⊂M∨, then M satisfies (ii) if d� c.
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Proof. (a) Assume Φ(M∨) 	⊂ p−1M . Since M ⊂ Sc(M), it suffices to show Sc(M)⊂ Sc(M)∨.

Since M
�1
⊂ M +Φ(M), Φ(pM∨) 	⊂M and Φ(pM∨)⊂Φ(M), we have M +Φ(M) =M +

Φ(pM∨). In fact, an inductive argument shows that

Sc(M) =M +Φ(pM∨) + · · ·+Φc(pM∨). (4.3)

Equivalently,

Sc(M)∨ =M∨ ∩
( ⋂

1�i�c

Φi(p−1M)

)
. (4.4)

According to Lemma 4.5, we have

Sc(pM
∨)⊂

⋂
0�i�c

Φi(M∨)⊂M∨ ∩
( ⋂

1�i�c

Φi(p−1M)

)
,

M ⊂M∨ ∩
( ⋂

1�i�c

Φi(p−1M)

)
.

(4.5)

Therefore,

Sc(M)
(4.3)
⊂ M + Sc(pM

∨)
(4.5)
⊂ M∨ ∩

( ⋂
1�i�c

Φi(p−1M)

)
(4.4)
= Sc(M)∨.

(b) Now we assume Φ(M) 	⊂M∨. By construction, we have Sd(M
∨)∨ ⊂M ⊂M∨ ⊂ Sd(M

∨).
Therefore, we only need to show pSd(M

∨)⊂ Sd(M
∨)∨.

Since M∨ �1
⊂ M∨ +Φ(M∨) and Φ(M) 	⊂M∨, we have M∨ +Φ(M∨) =M∨ +Φ(M). In fact,

an inductive argument shows that

Sd(M
∨) =M∨ +Φ(M) + · · ·+Φd(M). (4.6)

Equivalently,

Sd(M
∨)∨ =M ∩

( ⋂
1�i�d

Φi(M∨)
)
. (4.7)

According to Lemma 4.5, we have

Sd(pM)⊂
⋂

0�i�d

Φi(M)⊂M ∩
( ⋂

1�i�d

Φi(M∨)
)
,

pM∨ ⊂M ∩
( ⋂

1�i�d

Φi(M∨)
)
.

(4.8)

Therefore,

pSd(M
∨)

(4.6)
⊂ pM∨ + Sd(pM)

(4.8)
⊂ M ∩

( ⋂
1�i�d

Φi(M∨)
)

(4.7)
= Sd(M

∨)∨.

(c) Assuming Φ(M)⊂M∨ and c� d, we will show that M satisfies (i) (a stronger statement
than (c)). Note thatM +Φ(M)⊂M∨. Inductively, we see that Sc(M)⊂ Sc−1(M

∨). Since Sc(M)
is Φ-invariant, we have Sc(M)⊂

⋂
0�i�c Φ

i(M∨)⊂ (Sc(M))∨ by Lemma 4.5. Hence, we have

M ⊂ Sc(M)⊂ (Sc(M))∨ ⊂M∨.

Since pM∨ ⊂M ⊂M∨, we have

p(Sc(M))∨ ⊂ pM∨ ⊂M ⊂ Sc(M)⊂ (Sc(M))∨ ⊂M∨.
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(d) Assuming Φ(pM∨)⊂M and d� c, we will show that M satisfies (ii). Note that pM∨ +
Φ(pM∨)⊂M . Inductively, we see that Sd(pM

∨)⊂ Sd−1(M). Since Sd(pM
∨) is Φ-invariant, we

have Sd(pM
∨)⊂

⋂
0�i�d Φ

i(M)⊂ p−1(Sd(pM
∨))∨ by Lemma 4.5. Hence, we have

pM∨ ⊂ pSd(M
∨)⊂ Sd(M

∨)∨ ⊂M.

Since pM∨ ⊂M ⊂M∨, we have

pM∨ ⊂ pSd(M
∨)⊂ Sd(M

∨)∨ ⊂M ⊂M∨ ⊂ Sd(M
∨).

5. Deligne–Lusztig varieties

We let V be a quadratic space over Qp and let G=GSpin(V ), b, μ be as in the last section. In
particular, we have an associated quadratic space V given by Proposition 4.1. We fix L⊂ V a
vertex lattice of type h. Let V�h(V) (respectively V�h(V)) denote the set of vertex lattices in V
of type t� h (respectively t� h). If the quadratic space is clear in the context, then we simply
denote it as V�h (respectively V�h). In this section, we attach to a vertex lattice Λ∈ V(V)�h

(respectively Λ∈ V(V)�h) a k-scheme SΛ (respectively RΛ) parametrizing certain special lattices.
Then we relate SΛ and RΛ with certain Deligne–Lusztig varieties and study their geometry.

5.1 The variety SΛ and RΛ

5.1.1. First, we can associate to a vertex lattice certain quadratic spaces defined over Fp as
follows. Let Λ⊂V be a vertex lattice of type tΛ and rank n over OF with quadratic form ( , ).
We set

VΛ := Λ∨/Λ and VΛ∨ := Λ/pΛ∨

with quadratic form induced from p( , ) and ( , ), respectively. Note that dimFp
VΛ = tΛ and

dimFp
VΛ∨ = n− tΛ.

Set

ΩΛ := VΛ ⊗Fp
k

∼→Λ∨
Z̆p
/ΛZ̆p

,

ΩΛ∨ := VΛ∨ ⊗Fp
k

∼→ΛZ̆p
/pΛ∨

Z̆p
,

with its Frobenius operator Id⊗ σ=Φ.

5.1.2. For a quadratic space Ω over k, we let OGr(i,Ω) be the orthogonal Grassmannian
that parametrizes i-dimensional isotropic subspaces of Ω. For Λ∈ V�h, let SΛ be the reduced
closed subscheme of OGr((tΛ − h)/2,ΩΛ) whose k-points are described as follows:

SΛ(k) =

{
V ∈OGr

(
tΛ − h

2
,ΩΛ

)
(k) | dimk(V +Φ(V ))� dimk(V ) + 1

}
∼→{special lattices M ⊂ VQ̆p

: ΛZ̆p
⊂M ⊂M∨ ⊂Λ∨

Z̆p
}.

Similarly, for Λ∈ V�h, let RΛ be the reduced closed subscheme of OGr(h− tΛ/2,ΩΛ∨) with
k-points

RΛ(k) =

{
V ∈OGr

(
h− tΛ

2
,ΩΛ∨

)
(k) | dimk(V +Φ(V ))� dimk(V ) + 1

}
∼→{special lattices M ⊂ VQ̆p

: pΛ∨
Z̆p

⊂ pM∨ ⊂M ⊂ΛZ̆p
}.
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Note that when h= 0, SΛ has two connected components (see [HP17, Proposition 5.3.2]). In this
case, we write SΛ as SΛ = S+

Λ ∪ S−
Λ . Note that the definition of SΛ and RΛ also depends on the

fixed h. We will denote it as S
[h]
Λ and R

[h]
Λ if we want to emphasize the h here.

Moreover, for certain V and h, V�h (respectively V�h) might only contain vertex lattices of
type h so that SΛ (respectively RΛ) is simply a point. For example, when h= 2 and ε(V) =−1,
V�h is the set of vertex lattices of type 2 since there is no self-dual lattice in V by ε(V) =−1.

For a quadratic lattice Λ, we use Λ(p) to denote the same lattice with quadratic form
q( ) = p · q( )Λ. We use Λ� to denote (Λ∨)(p).

Lemma 5.1. Assume Λ is a vertex lattice of type tΛ � h in V� so that Λ� ⊂V is a vertex lattice
of type tΛ� = n− tΛ � n− h. Then we have

R
[h]
Λ

∼= S
[n−h]
Λ� .

Proof. Note that we have the following natural identification of quadratic spaces that preserves
the quadratic forms:

Λ/pΛ∨ ∼= (p−1Λ)/Λ∨ ∼= (p−1Λ)(p)/(Λ∨)(p) = (Λ�)∨/Λ�.

This identification induces an identification of

OGr

(
h− tΛ

2
,ΩΛ∨

)
and OGr

(
tΛ� − (n− h)

2
,ΩΛ�

)
,

which restricts to an identification between R
[h]
Λ and Sn−h

Λ� .

Because of the above lemma, we will focus on SΛ from now on. First, we consider a strati-
fication of SΛ. Assume Λ⊂Λ′ and t(Λ′)� h, then we may regard SΛ′ as a closed subscheme of
SΛ as follows. Let π : Λ∨

Z̆p
/ΛZ̆p

→Λ∨
Z̆p
/Λ′

Z̆p
be the natural quotient map. Then, for V ′ ∈ SΛ′ , one

can check that π−1(V ′)∈ SΛ. Now let

S◦
Λ := SΛ \

⋃
Λ�Λ′

SΛ′ .

By construction, we have

SΛ =
⋃

Λ⊂Λ′

S◦
Λ′ .

5.1.3. We need to consider the following natural decomposition of SΛ later:

SΛ = S♥
Λ � S†

Λ � SΦ
Λ , (5.1)

where S♥
Λ is the open subvariety of SΛ whose k-points are

S♥
Λ(k) = {isotropic subspace V ∈ SΛ(k) |Φ(V ) 	⊂ V ⊥}

= {isotropic subspace V ∈ SΛ | V +Φ(V ) is not totally isotropic},

S†
Λ is the subvariety of SΛ such that

S†
Λ(k) = {V ∈ SΛ(k) | V +Φ(V ) is totally isotropic and V 	=Φ(V )}

and SΦ
Λ is the subvariety of SΛ such that

SΦ
Λ (k) = {V ∈ SΛ(k) |Φ(V ) = V }.
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Let F †
(t−h)/2−i

:=
⋂i

�=0 Φ
�(V ) and F †

(t−h)/2+i
:=

∑i
�=0 Φ

�(V ) for i� 0. Let S0
Λ be the subvariety

of S†
Λ such that

S0
Λ(k) = {V ∈ SΛ(k) | F †

i is totally isotropic for all i}.

Assume Λ′ is another vertex lattice that contains Λ and set ΩΛ′/Λ := Λ′/Λ⊗Fp
k. Let SΛ′,Λ

denote the subvariety of SΛ such that

SΛ′,Λ(k) = {V ∈ SΛ | V ⊂ΩΛ′/Λ}.
The subvariety of the form SΛ′,Λ will naturally show up later. Note that if V ∈ SΛ′,Λ, then
Φi(V )⊂ΩΛ′/Λ for any i� 0. In fact, since ΩΛ′/Λ is already totally isotropic, any subspace of
it is automatically totally isotropic. So we can simply define SΛ′,Λ as a subvariety of the usual
Grassmannian Gr((tΛ − h)/2,ΩΛ′/Λ) such that

SΛ′,Λ(k) =

{
V ∈Gr

(
tΛ − h

2
,ΩΛ′/Λ

)
(k) | dimk(V +Φ(V ))� dimk(V ) + 1

}
.

Since, for each V ∈ S0
Λ(k), F

†•(V ) will eventually stabilize to the base change of some rational
subspace of ΩΛ, we have the following decomposition:

S0
Λ =

⋃
Λ⊂Λ′,
t(Λ′)�h

SΛ′,Λ.

5.1.4. We will need the following description of tangent spaces of S♥
Λ in § 7.

Proposition 5.2. Assume z = [V ]∈ S♥
Λ(k), and let TzSΛ denote the tangent space of SΛ at z.

Then we have

TzSΛ ∼=Hom(V +Φ(V )/Φ(V ),ΩΛ/(V +Φ(V ))).

Proof. Let Ṽ ∈ TzSΛ, which we consider as an element of S♥
Λ(k[ε]) with Ṽ ⊗k[ε] k= V ; here k[ε]

is the ring of dual numbers. Then Ṽ +Φ(Ṽ ) is finite free of rank (tΛ − h)/2 + 1 over k[ε] and
lifts V +Φ(V ), hence gives us an element of the tangent space of the usual Grassmannian
Gr((tΛ − h)/2 + 1,ΩΛ) at the point V +Φ(V ). It follows that we obtain a map of vector spaces

TzSΛ →Homk(V +Φ(V ),ΩΛ/(V +Φ(V ))). (5.2)

Note that since εp = 0, we have Φ(Ṽ ) =Φ(V )⊗k k[ε]. Thus, (5.2) factors through a map

TzSΛ →Homk(V +Φ(V )/Φ(V ),ΩΛ/(V +Φ(V ))). (5.3)

We claim that this map is injective. Let Ṽ be an element of TzSΛ, which we identify with a
homomorphism λ : V →ΩΛ/V by considering Ṽ as a k[ε]-point of Gr((tΛ − h)/2,ΩΛ). Then, λ
factors through V /V ∩Φ(V ), and its image γ under (5.3) is given by composing with the natural
isomorphism V /V ∩Φ(V )∼= V +Φ(V )/Φ(V ) and the projection ΩΛ/V →ΩΛ/(V +Φ(V )). We
will show that λ is determined by γ.

Let v ∈ V be a generator of the one-dimensional vector space V /V ∩Φ(V )∼= V +
Φ(V )/Φ(V ) and fix a lifting γ̃ : V +Φ(V )/Φ(V )→ΩΛ/V of γ. Then V +Φ(V ) is gener-
ated by V and Φ(v), and for any u∈ V , we have λ(u) = cuΦ(v) + γ̃(u) for some cu ∈ k. By
assumption, V +Φ(V ) is not isotropic, and hence (Φ(v), v) 	= 0. Since Ṽ is isotropic, we have
(u+ ελ(u), v+ ελ(v)) = 0 for all u∈ V , or equivalently

(u, cvΦ(v) + γ̃(v)) + (cuΦ(v) + γ̃(u), v) = 0.
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Taking u= v, we find that cv =−(v, γ̃(v))/(Φ(v), v), and for general u∈ V , we have

cu =−(u, cvΦ(v) + γ̃(v)) + (γ̃(u), v)

(Φ(v), v)
.

This shows that (5.3) is injective. By Theorem 5.6, we have dimk SΛ = (tΛ + h)/2− 1 and
hence

dimk TzSΛ � dimk Homk(V +Φ(V )/Φ(V ),ΩΛ/(V +Φ(V ))) =
tΛ + h

2
− 1.

It follows that (5.3) is an isomorphism.

5.2 Deligne–Lusztig varieties

We relate the SΛ and RΛ introduced in the last subsection with certain Deligne–Lusztig varieties
in this subsection. It suffices to study SΛ by Lemma 5.1. Recall that SΛ = S♥

Λ � S†
Λ � SΦ

Λ . We will
relate S♥

Λ and S†
Λ with certain Deligne–Lusztig varieties.

5.2.1 The even-dimensional orthogonal case. Let Λ⊂V be a vertex lattice of even type
t= 2d� h. In particular, according to Proposition 4.1, h is also even. Recall that ΩΛ = VΛ ⊗Fp

k
is a quadratic space over k, and we fix a basis {e1, . . . , ed, f1, . . . , fd} of ΩΛ such that
Spank{e1, . . . , ed} and Spank{f1, . . . , fd} are totally isotropic, (ei, fj) = δi,j . If VΛ is split, then
we may choose this basis so that Frobenius Φ fixes e1, . . . , ed, f1, . . . , fd. If VΛ is non-split, then
Φ fixes e1, . . . , ed−1, f1, . . . , fd−1 but interchanges ed ↔ fd.

Consider the isotropic flags F+• and F−• in Ω defined by

F±
i =Spank{e1, . . . , ei} for 1� i� d− 1,

F+
d =Spank{e1, . . . , ed−1, ed},

F−
d =Spank{e1, . . . , ed−1, fd}.

Hence, when VΛ is split, we have Φ(F )±• =F±• . When VΛ is non-split, we have Φ(F )±• =F∓• .
The stabilizers of Φ(F )±• are the same, which we denote as B ⊂H =SO(ΩΛ). Then B is a
Φ-stable Borel subgroup containing T , where T is a maximal Φ-stable torus T ⊂ SO(ΩΛ).

We use Δ∗ = {s1, . . . , sd−2, t
+, t−} to denote the set of corresponding simple reflections in

the Weyl group W =N(T )/T , where:

(i) si interchanges ei ↔ ei+1 and fi ↔ fi+1, and fixes the other basis elements;

(ii) t+ interchanges ed−1 ↔ ed and fd−1 ↔ fd, and fixes the other basis elements;

(iii) t− interchanges ed−1 ↔ fd and fd−1 ↔ ed, and fixes the other basis elements.

For 0� r� (t− h)/2− 1, let

Ir :=

{
{s1, . . . , sd−2−r} if h� 2,

{s1, . . . , s(t−h)/2−1−r, s(t−h)/2+1, . . . , sd−2, t
+, t−} if h> 2,

and Pr be the corresponding parabolic subgroup. Here, when r= (t− h)/2− 1, we mean Ir is
empty and Pr =B.
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For 1� r� (t− h)/2 (r� d− 1 when h= 0), let⎧⎪⎨⎪⎩
w±
r = t∓sd−2 · · · sd−r if h= 0,

wr = t−t+sd−2 · · · s(t−h)/2−r+1 if h= 2,

wr = s(t−h)/2 · · · sd−2t
−t+sd−2 · · · s(t−h)/2−r+1 if h> 2,

(5.4)

{
w′±
r = t±s(t−h)/2−1 · · · s(t−h)/2−r+1 if h= 2,

w′
r = s(t−h)/2 · · · s(t−h)/2−r+1 if h> 2.

(5.5)

Here, we interpret w±
1 as t∓ when h= 0 and w1 as t−t+ = t+t− when h= 2. Moreover, we define

w0 and w±
0 as the identity. In addition, note that w′±

1 = t± if h= 2 and w′
1 = s(t−h)/2 when

h> 2.

5.2.2 The odd-dimensional orthogonal case. In this subsection, we let Λ⊂V be a vertex
lattice of odd type t= 2d+ 1� h. In particular, according to Proposition 4.1, h is also odd.
Let ΩΛ = VΛ ⊗Fp

k be the associated quadratic space over k. Since VΛ is of odd dimension,
we can choose a basis {e1, . . . , ed, f1, . . . , fd, e2d+1} of ΩΛ such that Spank{e1, . . . , ed} and
Spank{f1, . . . , fd} are totally isotropic, (ei, fj) = δi,j , (e2d+1, e2d+1) = 1, e2d+1 is orthogonal to
all the other basis vectors and Φ fixes all the basis vectors.

Consider the isotropic flags F• in ΩΛ defined by

Fi =Spank{e1, . . . , ei} for 1� i� d.

The stabilizer of F• is denoted as B ⊂H =SO(ΩΛ). Hence, B is a Φ-stable Borel subgroup
containing T , where T is a maximal Φ-stable torus T ⊂ SO(ΩΛ).

We use Δ∗ = {s1, . . . , sd} to denote the set of corresponding simple reflections in the Weyl
group W =N(T )/T , where:

(i) for i= 1, . . . , d− 1, si interchanges ei ↔ ei+1 and fi ↔ fi+1, and fixes the other basis
elements;

(ii) sd interchanges ed ↔ fd, sends e2d+1 to −e2d+1 and fixes the other basis elements.

For 0� r� (t− h)/2− 1, let

Ir := {s1, . . . , s(t−h)/2−1−r, s(t−h)/2+1, . . . , sd−2, sd−1, sd}

and Pr be the corresponding parabolic subgroup. Here, when r� d− 1, we mean Ir is empty
and Pr =B.

For 1� r� (t− h)/2, let

wr =

{
sd · · · sd−r+1 if h= 1,

s(t−h)/2 · · · sd−1sdsd−1 · · · s(t−h)/2−r+1 if h> 1,
(5.6)

w′
r = s(t−h)/2 · · · s(t−h)/2−r+1 if h> 1. (5.7)

Here, we interpret w1 as sd when h= 1 and w1 as sd−1sdsd−1 when h= 3. Moreover, we define
w0 as the identity. In addition, note that w′

1 = s(t− h)/2 when h> 1.

5.2.3 Special linear case. Assume Λ⊂Λ′ is a pair of vertex lattices in V of types t, t′,
respectively. Set VΛ′/Λ := Λ′/Λ⊂Λ∨/Λ= VΛ and ΩΛ′/Λ := VΛ′/Λ ⊗Fp

k. Note that, since Λ′ ⊂Λ′∨,
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ΩΛ′/Λ is an isotropic subspace of VΛ. Moreover, each rational isotropic subspace of ΩΛ is realized
in this way.

Let {e1, . . . , e(t−t′)/2} be a basis of ΩΛ′/Λ such that Φ(ei) = ei. Consider the standard flag

Fi =Spank{e1, . . . , ei} for 1� i� t− t′

2
.

The stabilizer of F• is a Φ-stable Borel subgroup B ⊂H =SL(ΩΛ′/Λ), which contains a
maximal Φ-stable torus T ⊂ SL(ΩΛ′/Λ).

We use {s1, . . . , s(t−t′)/2−1} to denote the set of corresponding simple reflections in the Weyl
group W =N(T )/T , where si exchanges ei and ei+1.

For 0� r� (t− h)/2 and 0� s� (h− t′)/2, let

Ir,s := {s1, . . . , s(t−h)/2−1−r, s(t−h)/2+1+s, . . . , s(t−t′)/2}

and Pr,s be the corresponding parabolic subgroup.
For 0� r� (t− h)/2− 1 and 1� s� (h− t′)/2 + 1, let

wr,s :=

{
(s(t−h)/2 · · · s(t−h)/2+s−1)(s(t−h)/2−1 · · · s(t−h)/2−r) if r 	= 0,

s(t−h)/2 · · · s(t−h)/2+s−1 if r= 0.
(5.8)

Then wr,s sends e(t−h)/2−r to e(t−h)/2+1, e(t−h)/2−i to e(t−h)/2−i−1 if 0� i� r− 1, e(t−h)/2+i to
e(t−h)/2+i+1 if 1� i� s− 1, e(t−h)/2+s to e(t−h)/2 and fixes all the other ei. Moreover, we set w0,0

as the identity.

5.2.4 Deligne–Lusztig varieties. In general, for any subset I ⊂Δ∗, we let WI ⊂W be the
subgroup generated by simple reflections in I and PI be the corresponding parabolic subgroup.
The Bruhat decomposition implies that we have a bijection

inv : PI(k)\G(k)/PΦ(I)(k)∼=WI\W/WΦ(I).

Definition 5.3. For w ∈WI\W/WΦ(I), we define the Deligne–Lusztig variety XPI
(w) to be the

locally closed reduced subscheme of G/PI whose k-points are

XPI
(w) = {gPI ∈G/PI : inv(g,Φ(g)) =w}.

First, we collect two theorems that will be used later.

Theorem 5.4 [RR85, Theorem 3]. Let k be a field of arbitrary characteristic. Let G be a
reductive group over k and P a parabolic subgroup. Then any Schubert variety X in G/P is
normal. Moreover, the linear system on X given by an ample line bundle on G/P embeds X as
a projectively normal variety.

Theorem 5.5 [BR06, Theorem 2]. Let I ⊂ S and let w ∈W . Then XPI
(w) is irreducible if and

only if WIw is not contained in a proper Φ-stable standard parabolic subgroup of W .

Theorem 5.6. For a vertex lattice Λ of type t� h, we have

SΛ = S♥
Λ � S†

Λ � SΦ
Λ ,
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where

S♥
Λ
∼=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

( t/2−1⊔
i=0

XPi
(w+

i )

)
�
( t/2−1⊔

i=0

XPi
(w−

i )

)
if h= 0,

XP0
(w1)∼=

(t−h)/2⊔
i=1

XPi
(wi) if h> 0,

S†
Λ
∼=

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∅ if h� 1,

XP0
(w′+

1 )�XP0
(w′−

1 )∼=
( (t−h)/2⊔

i=1

XPi
(w′+

i )

)
�
( (t−h)/2⊔

i=1

XPi
(w′−

i )

)
if h= 2,

XP0
(w′

1)
∼=

(t−h)/2⊔
i=1

XPi
(w′

i) if h> 2,

SΦ
Λ
∼=
{
∅ if h= 0,

XP0
(1) if h 	= 0.

Moreover, if t= h, then SΛ is a point. If t > h, then it is an irreducible normal variety of dimension
(t+ h)/2− 1. For a vertex lattice Λ of type t� h, similar results hold for RΛ by Lemma 5.1.

Proof. By Lemma 5.1, it suffices to study SΛ. The case h= 0 is [HP14, Lemma 3.7]. So we assume
h> 0. To simplify notation, we let m= (t− h)/2.

First, we prove

SΛ ∼=

⎧⎪⎨⎪⎩
XP0

(1)∪XP0
(w1) if h= 1,

XP0
(1)∪XP0

(t+)∪XP0
(t−)∪XP0

(w1) if h= 2,

XP0
(1)∪XP0

(s(t−h)/2)∪XP0
(w1) if h> 2.

We assume t is even first and let d= t/2. Recall that we have

SΛ(k) =

{
isotropic subspace V ⊂ΩΛ : dimk(V ) =

t− h

2
, dimk(V +Φ(V ))� t− h

2
+ 1

}
.

In order to relate SΛ and Deligne–Lusztig varieties in the flag variety H/P0, we consider the
map g �→ gF(t−h)/2. This reduces the problem to a description of [w]∈WI0\W/WΦ(I0) such that

|{w(e1), . . . , w(em)} ∪ {e1, . . . , em}| − |{e1, . . . , em}|� 1.

It suffices to show that such a double coset is represented by w1, w
′
1 or 1.

Assume h> 2 first. If {w(e1), . . . , w(em)}= {e1, . . . , em}, then [w] = 1 in WI0\W/WΦ(I0)

obviously.
Now we assume {w(e1), . . . , w(em)} 	= {e1, . . . , em}. Assume w(ej) 	∈ {e1, . . . , em} for some

1� j �m. In particular, w(ei)∈ {e1, . . . , em} for i 	= j. If j <m, then we can replace w by another
element as follows. Let wjm ∈WI0 be the element that switches ej and em. Then wwjm(em) =
w(ej) and wwjm(e�)∈ {e1, . . . , em} for � <m. Now we can find w1, w2 ∈WI0 such that w1wwjmw2

sends em to w(ej) and fixes e� for � <m. Since [w1wwjmw2] = [w]∈WI0\W/WI0 , we assume
w(em) 	∈ {e1, . . . , em} and w(e�) = e� for � <m from now on.

If w(em) = fm, then w(fm) = em. In this case, we claim [w] = [w1]. Note that w(e�) and w(f�)
lie in {em+1, . . . , ed, fm+1, . . . , fd} for � >m. So we can obviously find w1, w2 ∈WI0 such that
w1ww2 ∈ [w1], where w1 switches em with fm and ed with fd and fixes all the other elements.
Therefore, we have [w] = [w1].
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If w(em) 	= fm, we claim that [w] = [sm]. In this case, w(em) = e� or f� for � >m. We can find
w′ ∈WI0 such that w′w sends em to em+1 and fixes ei for 1� i�m− 1. Assume w(ek) = em or
w(fk) = em. Note that, since w(em) 	= fm, we have k >m. Let w′′ be the element in WI0 that
switches em+1 and ek (respectively fk) if w(ek) = em (respectively w(fk) = em). Then w′ww′′ fixes
ei for 1� i�m− 1 and switches em and em+1. Now it is clear that we can find w1, w2 ∈WI0

such that w1w
′ww′′w2 = sm. Since [w1w

′ww′′w2] = [w], we are done.
When h= 2, I0 = {s1, . . . , sd−2}. In particular, one can check that [t+] 	= [t−]. If [w] 	= 1, we

claim that [w] = [t+] or [w] = [t−] or [w] = [t−t+]. Since the proof is essentially the same as before,
we leave the details to the reader.

Now we assume t is odd, so that h is also odd. When h= 1 and [w] 	= 1, a similar argument
as before shows that [w] = [t−]. When h> 1, we have t± ∈ I0. Then, a similar argument as before
shows that for [w] 	= 1, we have [w] = [sm] or [w] = [w1].

Now we show XP0
(w1) and XP0

(w′
1) (respectively XP0

(w′+
1 )∪XP0

(w′−
1 ) when h=

2) parametrizes V ∈ S♥
Λ and S†

Λ, respectively. Assume g ∈XP0
(w1), then Φ(g) = gp0w1p

′
0,

where p0, p
′
0 ∈ P0. Let g′ = gp0. Then g′F(t−h)/2 = gF(t−h)/2 = V and Φ(g′) = g′w1p

′
0p0. So

Φ(g′)F(t−h)/2 = g′w1F(t−h)/2. Since w1F(t−h)/2 +F(t−h)/2 is not totally isotropic, we know
V +Φ(V ) = g′F(t−h)/2 + g′w1F(t−h)/2 is not totally isotropic. Hence, we know XP0

(w1)⊂ S♥
Λ.

Similarly, since w′
1F(t−h)/2 +F(t−h)/2 (respectively w′±

1 F(t−h)/2 +F(t−h)/2) is totally isotropic

when h> 2 (respectively when h= 2), the same argument as before shows that XP0
(w′

1)⊂ S†
Λ

(respectively XP0
(w′±

1 )⊂ S†
Λ).

The decomposition of XP0
(w1) and XP0

(w′
1) into finer DL varieties follows from the same

proof of [RTW14, Proposition 5.5] (see also [HP14, Proposition 3.8]), so we omit the details
here.4

Now, SΛ is irreducible of dimension (t+ h)/2− 1. When t= h, we can see that SΛ is a
point by definition. So we assume t > h. Combining Görtz’s local model diagram [GY10, § 5.2]
with Theorem 5.4, we obtain the normality of SΛ. By Theorem 5.5 and Proposition 5.12,
XP(t−h)/2

(w(t−h)/2) is irreducible of dimension (t+ h)/2− 1. Since XP(t−h)/2
(w(t−h)/2) is an open

dense subscheme of SΛ, we know SΛ is irreducible of dimension (t+ h)/2− 1.

Remark 5.7. Later on, we will identify a special latticeM containing Λ with a pointM/Λ∈ SΛ.
Under this identification, M/Λ∈ S†

Λ exactly when M satisfies the condition Φ(M)⊂M∨ in
Proposition 4.6. A comparison with § 7.4.1 shows that this implies that M lies in two types of
KR strata. See § 5.3 and Remark 7.12 of [HLS25] for a similar phenomenon in the unitary RZ
space over ramified primes.

Remark 5.8. The decomposition of SΛ in Theorem 5.6 is based on the behavior of the filtration:
F(t−h)/2−i :=

⋂i
�=0 Φ

�(V ) induced by V . By modifying [RTW14, Proposition 5.5], one can obtain

a decomposition of S†
Λ into finer Deligne–Lusztig varieties by considering a longer filtration: F †•,

where F †
(t−h)/2−i

:=
⋂i

�=0 Φ
�(V ) and F †

(t−h)/2+i
:=

∑i
�=0 Φ

�(V ) for i� 0. Note that V +Φ(V ) is

not totally isotropic for any V ∈ S♥
Λ(k), so F †• = F• in this case. See [HLS25, § 5] for such a

decomposition via a different approach to the one given here.

By a similar argument as above, the map V �→ F †• induces the following isomorphism.

4In fact, the statement of [RTW14, (5.4)] needs to be rephrased a little bit. The claim π−1(XPj−1(wj)) =
XPj (wj)

⊎
XPj (wj+1) there should be changed to π restricts to an isomorphism on XPj (wj)

⊎

XPj (wj+1).
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Proposition 5.9. Assume Λ is a vertex lattice with h� t(Λ). Then we have

S0
Λ =

⋃
Λ⊂Λ′,
t(Λ′)�h

SΛ′,Λ,

where

SΛ′,Λ
∼=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∅ if h� 1,⊔
0�r� t−h

2
,

0�s�h−t′
2

XPr,s
(wr,s) if h> 1.

5.2.5. In fact, we have a further decomposition of XPi−1
(wi) and XPr,s

(wr,s). When we want
to emphasize that the parabolic subgroup Pi (respectively wi) is associated to ΩΛ, we denote it
as PΛ,i (respectively wΛ,i). When the i in PΛ,i (respectively wΛ,i) is the largest possible value,
we simply denote it as PΛ (respectively wΛ). We define PΛ,Λ′ and wΛ,Λ′ similarly.

Proposition 5.10. Assume Λ′ is a vertex lattice such that Λ
i
⊂Λ′. Let PΛ′,i denote the parabolic

subgroup of SO(ΩΛ′) defined as before and wΛ′ denote the Weyl element of SO(ΩΛ′) induced
from wi. Then we have the following:

(i) XPΛ,i
(wΛ,i) =

⊔
Λ

i⊂Λ′ XPΛ′ (wΛ′);

(ii) XPΛ,Λ′,r,s(wr,s)∼=
⊔

Λ
r⊂Λ1⊂Λ2

s⊂Λ′

t(Λ2)�h�t(Λ1)

XPΛ1,Λ2
(wΛ1,Λ2

).

Proof. For (i), note that a k-point of XPΛ,i
(wi) (respectively XPΛ,i

(w′
i)) corresponds to a flag of

isotropic subspaces F(t−h)/2−i ⊂ · · · ⊂ F(t−h)/2 such that F(t−h)/2−i =Φ(F(t−h)/2−i). In particular,
F(t−h)/2−i is the base change of a rational subspace that corresponds to a vertex lattice Λ′ such

that Λ
i
⊂Λ′. Now we regard F(t−h)/2−i ⊂ · · · ⊂ F(t−h)/2 as a flag in the subspace ΩΛ′ . This gives

the decomposition.
(ii) is similar and we omit the details.

5.3 Dimension of Deligne–Lusztig varieties

We compute the dimension of the relevant Deligne–Lusztig varieties in this subsection.

Proposition 5.11 [Hoe10, Lemma 2.1.3]. Assume I =Φ(I). We have dimXPI
(w) = �I(w)−

�(wI), where wI is the longest element in WI and �I(w) is the maximal length of an element in
WIwWI .

Moreover, if w is the representative of the double coset WIwWI with minimal length, then

dimXPI
(w) = �I(w)− �(wI) = �(w) + �(WI)− �(WI∩wIw−1).

Here, to make sense of wIw−1, we identify I with the corresponding set of simple reflections
{si | i∈ I}.

Proposition 5.12. Assume Λ⊂Λ′ are vertex lattices of types t > h and t′ <h, respectively.
Then we have:

(i) dimXΛ(wΛ) = (t+ h)/2− 1;

(ii) dimXΛ(w
′
Λ) = (t+ h)/2− 2;

(iii) dimXΛ,Λ′(wΛ,Λ′) = (t− t′)/2.
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Proof. We use Proposition 5.11 to calculate the dimension. We only give the details for the case
h is even, since the case h is odd is completely analogous. First of all, wΛ, w

′
Λ and wΛ,Λ′ are the

minimal representatives of the corresponding double cosets by Lemma 5.15.
We prove (i) first. Recall that

IΛ = I(t−h)/2 = {s(t−h)/2+1, . . . , sd−2, t
+, t−}.

We claim that wΛIΛw
−1
Λ = IΛ. Assuming this, (i) follows from Proposition 5.11 and the fact that

�(wΛ) = (t− h)/2 by Lemma 5.14.
Now we show the claim. Let wΛ =w1w2, where w1 = s(t−h)/2 · · · sd−2t

+t−sd−2 · · · s(t−h)/2

and w2 = s(t−h)/2−1 · · · s1. Since w2 commutes with an element in WI , it suffices to show that

w1IΛw
−1
1 = IΛ. One can check that

w1 · e(t−h)/2 = f(t−h)/2, w1 · ed = fd, w1 · ei = ei, w1 · fi = fi for i 	= t− h

2
, d.

For si ∈WIΛ , we have i� (t− h)/2 + 1. Since w′ fixes ei and fi for (t− h)/2 + 1� i� d− 1, we
clearly have siw1 =w1si for 1� i� d− 2. Similarly, a direct calculation shows that t±w1 =w1t

∓.
The claim is proved.

To prove (ii), note that w′
ΛIΛw

′−1
Λ ∩ IΛ = {s(t−h)/2+2, . . . , t

+, t−}. Moreover, w′
Λ is clearly

reduced to �(w′
Λ) = (t− h)/2. Then, according to Proposition 5.11 and Lemma 5.16, we have

dimXΛ(w
′
Λ) = �(w′

Λ) + �(WIΛ)− �(Ww′
ΛIΛw

′−1
Λ ∩IΛ) = �(w′

Λ) + h− 2 =
t+ h

2
− 2.

For (iii), the corresponding I is empty. So dimXΛ,Λ′(wΛ,Λ′) = �(wΛ,Λ′) = (t− t′)/2.

5.3.1. We compute the length of the Weyl element by the combinatorial method, as in
[BB05], which we briefly recall here. From now on, we set e−i := fi for 1� i� d, sd−1 := t+ and
sd := t− for convenience. We use the bijections

{e1, . . . , ed}→ {1, . . . , d},
ei �→ d+ 1− i (5.9)

and

{e−d, . . . , e−1}→ {−d, . . . ,−1},
e−i �→ −d− 1 + i (5.10)

to identify {e−d, . . . , e−1, e1, . . . , ed} with {−d, . . . ,−1, 1, . . . , d}. We denote the latter set as
[±d].

Under these bijections, we may and will identify W as a subgroup of S[±d]. When Ω is of odd

dimension, we denote the corresponding subgroup of S2d as SB
d . When Ω is of even dimension,

we denote the corresponding subgroup of S2d as SD
d . More precisely,

σ ∈ SB
d ⊂ S[±d] if and only if σ(−i) =−σ(i) for all i∈ [±d]

and

SD
d

def
= {σ ∈ SB

d : neg(σ(1), . . . , σ(d))≡ 0(mod2)}.

Here, neg(σ(1), . . . , σ(d)) is the number of negative entries.
Let σ ∈ SB

d . Since σ(−i) =−σ(i) for all i∈ [±d], to determine σ it suffices to describe the
action of σ ∈ SB

[d] on {1, . . . , d}. As a result, we can write

σ= [σ(1), . . . , σ(d)], (5.11)
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which is called window notation in [BB05]. For example,

sd−i = [1, . . . , i− 1, i+ 1, i, i+ 2, . . . , d]

for 1� i� d− 1, and

sd = [−2,−1, 3, . . . , d]

when sd ∈ SD
d .

5.3.2. In order to determine the length of σ ∈W , we define the set of inversions of σ. We
define the invariant function on SB

d to be

InvB(σ) := Inv+B(σ)∪ Inv−B(σ)
:= {(i, j)∈ {1, . . . , d}2 : i < j, σ(i)>σ(j)}

∪ {(i, j)∈ {1, . . . , d}2 : i� j, σ(−i)>σ(j)}.

We define the invariant function on SD
d to be

InvD(σ) := Inv+D(σ)∪ Inv−D(σ)
:= {(i, j)∈ {1, . . . , d}2 : i < j, σ(i)>σ(j)}

∪ {(i, j)∈ {1, . . . , d}2 : i < j, σ(−i)>σ(j)}.

When the underlying group is clear, we will drop the subscript and simply write it as Inv(σ).
Let inv(σ) = |Inv(σ)|. Then inv(si) = 1 for 1� i� d. Moreover, one can directly check that for
any σ ∈W , we have inv(siσ) = inv(σ)± 1.

Proposition 5.13. Given σ ∈W , we have �(w) = inv(w).

Proof. This is [BB05, Proposition 8.1.1] for SB
d and [BB05, Proposition 8.2.1] for SD

d .

5.3.3. Now we are ready to compute �(wr) by computing inv(wr).

Lemma 5.14. We have �(wr) = r+ h− 1. In particular, for a vertex lattice Λt of type t= 2d or
2d+ 1, �(wΛt

) = �(wd−�h/2�−1) = (t+ h)/2− 1.

Proof. First, assume h and hence t are even. Note that wr · e(t−h)/2−r+1 = f(t−h)/2 = e−d+h/2,
wr · ei = ei−1 for (t− h)/2− r+ 1< i� (t− h)/2, wr · ed = fd = e−d and wr fixes all the other ei.
By the identification (5.9) and (5.10),

wr = [−1, 2, . . . , h/2, h/2 + 2, . . . , h/2 + r,−(h/2 + 1), h/2 + r+ 1, . . . , d] (5.12)

under the notation (5.11). Here, [h/2 + 1] �→ [h/2 + 2], [h/2 + r− 1] �→ [h/2 + r], [h/2 + r] �→
[−(h/2 + 1)]. Then

Inv+(w) = {(i, h/2 + r) : i∈ {1, . . . , h/2 + r− 1}}

and

Inv−(w) = {(i, h/2 + r) : i∈ {1, . . . , h/2}}.

Hence, �(w) = inv(w) = (h/2 + r− 1) + (h/2) = r+ h− 1.
Now we assume h and hence t are odd. For h> 1, we have w · e(t−h)/2−r+1 = f(t−h)/2 =

e−d+(t−h)/2, w · ei = ei−1 for (t− h)/2− r+ 1< i� (t− h)/2/2 and wr fixes all the other ei. By
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the identification (5.9) and (5.10),

w=

[
1, . . . ,

h− 1

2
,
h− 1

2
+ 2, . . . ,

h− 1

2
+ r,−h+ 1

2
,
h+ 1

2
+ r, . . . , d

]
.

Then

Inv+(w) = {(i, (h− 1)/2 + r) : i∈ {1, . . . , (h− 1)/2 + r− 1}}
and

Inv−(w) =
{(

i,
h− 1

2
+ r

)
: i∈

{
1, . . . ,

h+ 1

2

}
∪
{
h− 1

2
+ r,

h− 1

2
+ r))

}
.

Hence, �(w) = inv(w) = ((h− 1)/2 + r− 1) + ((h− 1)/2 + 1) = r+ h− 1.

Lemma 5.15.

(i) First, wr and w′
r are the minimal representative elements in the double cosets WIrwrWIr

and WIrw
′
rWIr .

(ii) Second, wr,s is the minimal representative element in the double coset WIr,swr,sWIr,s

Proof. The expressions of w′
r and wr,s given in (5.5), (5.7) and (5.8) are clearly reduced. One

can check that the expressions of wr given in (5.4) and (5.6) are also reduced by comparing the
length of wr given in Lemma 5.14 and the number of letters in the word expression of wr.

To show that an element w is a minimal representative element inWIwWI , it suffices to show
that �(siw)> �(w) and �(wsi)> �(w) for any i∈ I. This is clearly the case for w′

r in WIrw
′
rWIr

and wr,s in WIr,swr,sWIr,s . For wr, one can show this by checking that multiplying with si for
i∈ Ir will increase the number of inversions of (5.12).

5.3.4. The following is a well-known fact. We sketch a proof for completeness.

Lemma 5.16. Let Λ be a vertex lattice of type t� h. Let IΛ = I(t−h)/2. We have

�(wIΛ) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
h

2

(
h

2
− 1

)
if h is even,(

(h− 1)

2

)2

if h is odd.

Proof. First, we assume h and t are even. Using Proposition 5.13, one can check that

wI = [(−1)h/2−1,−2, . . . ,−h/2, h/2 + 1, . . . , d]

is the longest element in WI with �(wI) = h/2(h/2− 1). More precisely, we have

Inv(wI) = Inv+(wI)∪ Inv−(wI)

and

Inv+(wI) = Inv−(wI) = {(i, j)∈ {1, . . . , d}2 : i < j, j � h/2}.
Now we assume h and t are odd. Using Proposition 5.13 again, one can check that

wI = [−1, . . . ,−(h− 1)/2, (h− 1)/2 + 1, . . . , d]

is the longest element in WI with �(wI) = ((h− 1)/2)2. More precisely, we have

Inv+(wI) = {(i, j)∈ {1, . . . , d}2 : i < j, j � (h− 1)/2},
Inv−(wI) = {(i, j)∈ {1, . . . , d}2 : i� j, j � (h− 1)/2}.
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6. Rapoport–Zink spaces for spinor similitudes

6.1 Integral models of Shimura varieties

6.1.1. Let V be a quadratic space over Qp of dimension n and fix L⊂ V a vertex lattice
of type h. Then L corresponds to a point x′ ∈B(SO(V ),Qp). We set G=GSpin(V ). We let
x∈B(G,Qp) be a point lifting x′ and let G be the Bruhat–Tits stabilizer group scheme of G
corresponding to x. We obtain a local model triple (G, μ, G), where μ is the cocharacter defined
in § 4.1.2. We let Mloc

G,μ denote the associated local model. By definition, Mloc
G,μ is the unique, up

to unique isomorphism, flat Zp-scheme with generic fiber G/Pμ and reduced special fiber which
represents the v-sheaf Mv

G,μ over Spd(Zp) defined in [SW20]. By [HPR20], this is isomorphic to
the local model constructed by Pappas and Zhu [PZ13].

Lemma 6.1.

(i) First, π1(G) =Z and I acts trivially on Z.

(ii) Let E =Qp2(
√
p). Then G splits over E.

Proof. We have the following exact sequence.

1 �� π1(G
der) �� π1(G) ��X∗(Gab) �� 1

Now Gder is simply connected, and Gab ∼=Gm. It follows that π1(G)∼=Z with trivial I action
and hence we obtain (i).

We can choose a basis of V such that the form ( , ) is given by Diag(u1, . . . , un). The extension
E is the unique Z/2Z×Z/2Z extension of Qp and hence contains

√
ui for each i. It follows that

there is a basis of VE such that the form ( , )E is given by Diag(1, . . . , 1). Thus, SO(V ) and
hence G splits over E.

Part (i) implies that G has connected special fiber, and hence is equal to the parahoric group
scheme G◦ associated to x; see [HR08].

6.1.2. We fix a choice of basis {e1, . . . , en} for L so that the form ( , ) is given
by Diag(u1, . . . , un) with 1 = vp(u1) = · · ·= vp(uh) and 0 = vp(uh+1) = · · ·= vp(un). Let E =
Qp2(

√
p) and Γ=Gal(E/Qp). Then the image of x in B(SO(V ), E) is a hyperspecial vertex

(cf. the proofs of [PR24a, Proposition 2.7 and Proposition 2.8]), and hence corresponds to a
self-dual lattice L̃ in VE . In the basis {e1, . . . , en} above, L̃ is given by

L̃=SpanOE
〈√u1−1e1, . . . ,

√
un

−1en〉.

Proposition 6.2.

(i) The morphism (G, μ)→ (GL(C(VE), μd)) extends to a good integral local Hodge embedding

ι : (G, μ)→ (GL(C(L̃)), μd);

see [KPZ26, Definition 3.4.4]. Explicitly, we have closed immersions

G →GL(C(L̃)), Mloc
G,μ →Gr(C(L̃), d)

which extend G→GL(V ) and the natural map G/Pμ →Gr(C(L̃), d)E , respectively.

(ii) The integral local Hodge embedding ι : (G, μ)→ (GL(C(L̃)), μd) is very good at all points
of Mloc

G,μ(k) in the sense of [KPZ26, Definition 5.2.5].

Proof. This can be deduced from the proof [KPZ26, Theorem 6.1.1]; we recall the argument
for the convenience of the reader. Let G′ be hyperspecial parahoric of GE corresponding to the
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image of x in B(G, E), and set G̃ =ResOE/Zp
G′. Then we obtain morphisms

G → G̃ →GL(C(L̃));

the first is a closed immersion by [KZ, Proposition 2.4.10] and the second is a closed immersion
by [PY06, 1.3] and the fact that Weil restriction preserves closed immersions.

Similarly, we have closed immersions

Mloc
G,μ →Mloc

˜G,μ̃ →Gr(C(L̃)), d),

where μ̃ is the conjugacy class of cocharacters of G̃ induced by μ and Mloc
˜G,μ̃ is the local model

associated to the local model triple (G̃, μ̃, G̃). The fact that these are closed immersions follows
from [KPZ26, Proposition 3.3.7] and [KPZ26, Proposition 3.3.14]; we thus obtain (i).

For (ii), note that G can be cut out inside G̃ ↪→GL(C(L̃)) by a set of endomorphisms. It
follows that (G, μ)→ (GL(C(L̃)), μd) is very good at all points of Mloc

G,μ(k) by [KPZ26, Corollary
5.3.4] and [KPZ26, Proposition 5.3.10]; cf. [KPZ26, Proof of Theorem 6.1.1].

6.1.3. Now let VQ be a rational quadratic space of signature (n− 2, 2) with n� 3, and we
let Q denote the associated quadratic form. As in the local setting, we associate to VQ the
Clifford algebra C(VQ) which is endowed with a Z/2Z-grading C(VQ) =C(VQ)

+ ⊕C(VQ)
− and

a canonical involution c �→ c∗. We let G=GSpin(VQ) be the group of spinor similitudes whose
points valued in a Q-algebra R are given by

G(R) = {g ∈C+(VR)
× | gVRg−1 = VR, g

∗g ∈R×}.
We let X be the space of oriented negative 2-planes in VQ ⊗Q R. As explained in [HP17, § 7.1.2],
we can realize X as a G(R)-conjugacy class of homomorphisms h : S→GR, where S is the Deligne
torus ResC/R Gm and the pair (G, X) forms a Shimura datum with reflex field Q. We let μ= μ−1

h
denote the inverse of the Hodge cocharacter μh associated to h. Then, the conjugacy class of μ
coincides with that of the cocharacter constructed in § 4.1.2.

Let F be a totally real field with degree r= [E,Qp] and p be a place of F above p such that
Fp =E, where E is the local field we chose in § 6.1.1. Let VF be the quadratic space over F

induced from VQ. Let G̃ =ResF/QGSpin(VF). We have a natural embedding ιG : G ↪→ G̃.
Fix L⊂ V := VQp

a vertex lattice of type h and let G be the corresponding parahoric of

G; we set Kp = G(Zp). We let L̃⊂ VE be the self-dual OE-lattice constructed in § 6.1.2 and

C(L̃)⊂C(VE) the associated integral Clifford algebra. The canonical involution c �→ c∗ preserves
the integral structure C(L̃), and hence we obtain a decomposition

C(L̃)∼=C(L̃)+ ⊕C(L̃)−.

6.1.4. Fix an element c∈C(L̃)× ∩C(VF) with c=−c∗; for example, we may choose e, f
elements of an orthogonal OF(p)

-basis for L̃∩ VF with Q(e), Q(f)∈OK(p)
and set c= ef . We

define a Q-linear alternating form

ψ :C(VF)×C(VF)→Q

by the formula

ψ(x, y) =TrF/Q(δ
−1
F/QTrd(xcy

∗)),

where Trd : VF →F is the reduced trace and δF/Q is the difference of the extension F/Q. Then,

C(L̃) is a self-dual lattice in C(VE) for the base change of this form to Qp. We then obtain a
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Hodge embedding

(G, X)→ (GSp(C(VF), ψ), S
±)

where S± is the Siegel double space.

6.1.5. Let Ap
f be the ring of prime-to-p adeles and fix Kp ⊂G(Ap

f ) a compact open subgroup.
Setting K=KpK

p ⊂G(Af ), we obtain the associated Shimura variety ShK(G, X) over Q whose
complex points are given by

ShK(G, X)(C) =G(Q)\X ×G(Af )/K.

Let K′
p ⊂GSp(C(VF))(Qp) be the stabilizer of C(L̃). Then, for K

′p a sufficiently small compact
open subgroup of GSp(C(VF))(A

p
f ) and setting K′ =K′

pK
′p, we obtain a closed immersion of

Shimura varieties

ShK(G, X)→ ShK′(GSp(C(VF)), S
±).

The Zp-lattice C(L̃)⊂C(VE) gives rise to a moduli interpretation of the Shimura variety
ShK′(GSp(C(VF)), S

±) as a moduli space of polarized abelian varieties up to prime-to-p isogeny,
and hence to an integral model SK′(GSp(C(VF)), S

±) over Z(p); see [KP18, § 4]. Note that since
C(L̃) is self-dual, the polarization has degree coprime to p. We define SK(G, X) to be the
normalization of the Zariski closure of ShK(G, X) inside SK′(GSp(C(VF)), S

±) (by the main
result of [Xu26], the normalization is not necessary). For notational simplicity, we will simply
denote SK(G,X) and SK′(GSp(C(VF)), S

±) as SK and SK′ .

6.1.6. For a module M over a ring R, we let M⊗ denote the direct sum of all R-modules
obtained from M by taking duals, tensor products, symmetric and exterior products. We set
C(L̃)Z(p)

:=C(L̃)∩C(VF), which we regard as a Z(p)-module, and we fix a set of tensors tα ∈
C(L̃)⊗Z(p)

whose stabilizer is GZ(p)
; here, GZ(p)

is the Zariski closure of G in GL(C(L̃)Z(p)
). We let

A→SK be the pullback of the universal abelian variety on SK′ .
Let x0 ∈SK(k). We let Ax0

be the corresponding abelian variety over k and Gx0
its p-divisible

group. Then, as explained in [Zho20, § 6.6], we obtain Frobenius-invariant tensors tα,0,x0
∈D⊗,

where D :=D(Gx0
) is the contravariant Dieudonné module associated to Gx0

. The tα,0,x0
are

obtained via the p-adic comparison isomorphism from corresponding tensors in tα,p,x̃ ∈ TpA∨,⊗
x̃ ,

where x̃∈SK(K) is a lift of x0 for some K/Q̆p finite; the tα,0,x0
are independent of the choice

of x̃. Moreover, we have a Z̆p-linear isomorphism

DZ(p)
⊗Z(p)

Z̆p
∼=D

which takes tα to tα,0,x0
; here, DZ(p)

=HomZ(p)
(C(L̃)Z(p)

,Z(p)). Under this identification, the

Frobenius on D is given by ϕ= bx0
σ for some bx0

∈G(Q̆p) which is μ-admissible (i.e. bx0
∈

G(Z̆p)σ(ẇ)G(Z̆p) for some w ∈Adm(μ)G). We obtain a map

δ :SK(k)→B(G, μ)

sending x to [bx]∈B(G, μ) which induces the Newton stratification on SK(G, X). For [b]∈
B(G, μ), δ−1([b]) is the set of k-points of a locally closed subscheme of SK ⊗ k, which we denote

by S
[b]
K . By [KMS22, Theorem 1], if [b] is the unique basic element of B(G, μ), then S

[b]
K is

non-empty and closed.
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6.2 Rapoport–Zink spaces for spinor similitudes

6.2.1. We keep the notation of the previous subsection, so that VQ is a rational quadratic
space of signature (n− 2, 2), and L⊂ V := VQp

a vertex lattice with corresponding parahoric G.
We have a Shimura datum (G, X) associated to the group G=GSpin(VQ) and we let μ= μ−1

h
denote the inverse of the Hodge cocharacter. We obtain a local Shimura pair (G, μ) with μ of
the form given in § 4.1, and we let b∈G(Q̆p) be a representative of the unique basic conjugacy

class in B(G, μ). Let x0 ∈S
[b]
K (k) and bx0

∈G(Q̆p) the element giving the Frobenius on D(Gx0
)

as in § 6.1.6, so that bx0
∈ [b]. Upon replacing b by a σ-conjugate, we may assume b= bx0

.
We recall the construction of RZ spaces associated to the local Shimura datum (G, b, μ) in

[HK19, PR24b]. First, we define a symplectic RZ space associated to SK′(GSp(C(VF)), S
±).

We set X= Gx0
. Then, we have an isomorphism DZ̆p

∼=D(X) taking tα to tX,α := tα,0,x0
such

that the Frobenius on D(X) is given by bσ, and X is equipped with a principal polarization
λX :X→X∨.

We let Nilp Z̆p
denote the category of Z̆p-schemes S such that p is Zariski locally nilpotent

in OS . The symplectic RZ space NC(˜L) is the following functor: for each S in NilpZ̆p
, NC(˜L)(S)

is the set of isomorphism classes of triples (X, λ, ρ) where:

(i) X is a p-divisible group over S;

(ii) λ :X→X∨ is a principal polarization; and

(iii) ρ :X×k S/pS→X ×S S/pS is a quasi-isogeny such that Zariski locally on S/pS, we have

ρ∨ ◦ λ ◦ ρ= c(ρ) · λX,
for some c(ρ)∈Q×

p .

6.2.2. Let ŜK, ŜK′ denote the p-adic completion of SK ⊗Zp
Z̆p, SK′ ⊗Zp

Z̆p, respectively.
As in [RZ96, Theorem 6.21], there is a uniformization morphism

Θ :NC(˜L) → ŜK′ .

Then, we define N 

L to be the following fiber product.

N 

L NC(˜L)

ŜK ŜK′

Θ�
Θ

ι

(6.1)

The Dieudonné isocrystal of the universal p-divisible group over (N 

L ⊗Z̆p

k)perf is equipped with
two families of Frobenius-invariant tensors. One of them is the family of tensors induced from
(tX,α) via the universal quasi-isogeny ρ, which we denote as t
α. Another family of tensors is the
one induced by pullback along Θ
, which we denote as u
α,y :=Θ
∗(tα,0,Θ�(y)) for any geometric
point y ∈N 


L(k).
According to [HK19, Lemma 5.8], the condition t
α,y = u
α,y holds over a union of connected

components of N 

L.

Definition 6.3. We define NL as the union of connected components of N 

L, where t



α,y = u
α,y.

The following proposition is [HK19, Proposition 5.10]. Note that Axiom A of [HK19] is
satisfied by [Zho20, Proposition 7.8 and Proposition 6.5], since b is basic.
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Proposition 6.4 [HK19, Proposition 5.10]. We have a natural bijection

ϕ :NL(k)
∼−→X(μσ, b)K(k).

6.2.3. Let y ∈NL(k) with corresponding triple (Xy, λy, ρy). Via the framing quasi-isogeny

ρy, y determines a Z̆p-lattice

My :=D(Xy)(Z̆p)⊂DQ̆p

and a Z̆p-submodule My,1 = VMy = F−1(pMy). Then, My = gDZ̆p
for g=ϕ(y)∈X(μσ, b)K

(recall we have fixed a tensor-preserving isomorphism DZ̆p

∼=D(X)). For S an object of Nilp Z̆p

and X a p-divisible group over S, we let D(X) denote the contravariant Dieudonné crystal asso-
ciated to X; see [Mes72, dJ95] for the construction and properties of this functor. Let N̂L,y

denote the formal neighborhood of y ∈NL(k) and X̂ the universal p-divisible group on N̂L,y.

We recall the description of N̂L and X̂ given in [KP18, KPZ26].
Upon fixing a representative of g in G(Q̆p), multiplication by g induces a tensor-preserving

identification DZ̆p

∼=My, and hence allows us to identify Mloc
G,μ,Z̆p

as a subscheme of Gr(My, d).

The filtration on My :=My/pMy is then given by the image of My,1 and corresponds to a point
x∈Mloc

G,μ(k).
For any complete local ring S with maximal ideal n and residue field k, let Ŵ (S)⊂W (S)

denote Zink’s subring Ŵ (S) =W (k)⊕W(n), where W(n)⊂W (S) consists of Witt vectors
(wi)i�1 such that wi tends to 0 n-adically. Let R be the complete local ring of Mloc

G,μ,Z̆p
at x

and m its maximal ideal. We set N :=My ⊗Z̆p
Ŵ (R) and let N1 ⊂N denote the preimage of the

universal filtration on My ⊗Z̆p
R coming from the embedding Mloc

G,μ,Z̆p
→Gr(My, d). The follow-

ing proposition summarizes the main results from [KP18, §§ 3 and 4] that we will need in the
next section.

Proposition 6.5.

(i) There is an identification

N̂L,y
∼=Spf R (6.2)

such that, if we consider X̂ as a p-divisible group over Spf R, there is a Ŵ (R)-linear bijection

γ :D(X̂ )(Ŵ (R))∼=N

which identifies Fil1D(X̂ )(Ŵ (R)) with N1.

(ii) Let a= (m2, p). Then the identification

D(X̂ )(Ŵ (R/a))∼=My ⊗Z̆p
Ŵ (R/a)

induced by γ is equal to the canonical identification arising from the crystal structure
on D(X̂ ), where we consider R/a→ k as being equipped with the trivial divided power
structure.

Proof. Part (i) follows from [KP18, §§ 3 and 4] (cf. [KPZ26]) and the global construction of the

RZ space NL. More precisely, the closed immersion of formal schemes NL → ŜK induces an
identification of formal neighborhoods N̂L,y′ ∼= ŜK,y′ , where y′ ∈ ŜK(k) is the image of y, and

X̂ corresponds to the pullback of the universal p-divisible group X̂ ′ on ŜK,y′ .
In [KP18, § 3], it is shown that we can upgrade the pair (N,N1) to a versal display over

Ŵ (R), and hence gives rise to a p-divisible group over R such that the induced closed immersion
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to the universal deformation space of Gy′ identifies Spf R with ŜK,y′ . This proves (i). Note that
the constructions in [KP18] can be applied by Proposition 6.2 (see [KPZ26]).

For part (ii), let β :D(X̂ )(Ŵ (R/a))∼=My ⊗Z̆p
Ŵ (R/a) denote the identification arising from

the crystal structure. The composition

γ ◦ β−1 :My ⊗Z̆p
Ŵ (R/a)→My ⊗Z̆p

Ŵ (R/a)

lifts the identity onMy. We have two different display structures on these modules; on the left, we
have the trivial display structure coming from base change k→R/a, and on the right, the display
structure arises from the base change R→R/a. We write Φ1,Φ1,0 for the corresponding ‘inverse

Verschiebung’ morphisms for these display structures. Let M̂y,1 ⊂My ⊗Z̆p
Ŵ (R/a) denote the

preimage of My,1 under the projection My ⊗Z̆p
Ŵ (R/a)→My. Then Φ1 and Φ1,0 extend to

ϕ-semilinear morphisms

Φ̂1, Φ̂1,0 : M̂y,1 →My ⊗Z̆p
Ŵ (R/a),

and we have Φ̂1 = Φ̂1,0 by [KP18, Lemma 3.1.12]. It follows from the uniqueness part of [Zin02,
Theorem 3] that γ ◦ β−1 is the identity.

6.2.4. We conclude this section by recalling the Rapoport–Zink uniformization of the basic
locus. Let V ′

Q denote the unique positive-definite quadratic space over Q with

ε(V ′
Q�
) =

{
ε(VQ�

) if � 	= p,

−ε(VQ�
) if �= p.

We set I :=GSpin(V ′
Q). Recall that we have fixed b∈G(Q̆p) corresponding to the basic element

of B(G, μ) and S
[b]
K denotes the basic locus of SK ⊗ k. We let (ŜK)S [b]

K
denote the formal

completion of SK along the closed subscheme S
[b]
K .

Proposition 6.6. There exists an isomorphism of formal Z̆p-schemes

I(Q)\NL ×G(Ap
f )/K

p ∼−→ (ŜK)S [b]
K
.

Proof. This follows from the argument of [HP17, Theorem 3.3.2 and 7.2.4]; cf. [Oki20a, Theorem
6.1], [HZZ25, § 5].

7. The Bruhat–Tits stratification

7.1 The k-points of NL

7.1.1. We keep the notation of the previous subsection, so that VQ is a quadratic space
over Q of signature (n− 2, 2) and L⊂ V = VQp

is a vertex lattice of type h. Then, we have the
RZ space NL associated to (G, b, μ) and L, where b= bx0

corresponds to the Frobenius on the
framing object X= Gx0

.
Recall that L̃ is a self-dual lattice in VE corresponding to the image of x in B(G, E), which

we regard as a Zp-lattice of rank 4n. We also let Ṽ = L̃⊗Zp
Q̆p. Then we have the corresponding

Clifford algebra C(L̃) and GSpin group G̃=ResE/Qp
GSpin(VE). Note that we have a natural

embedding ιG :G ↪→ G̃ which induces a basic element b̃= ι(b) of G̃. It also induces a Hodge
cocharacter μ̃= ι ◦ μ of G̃.
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7.1.2. First, we consider a decomposition of NL following [HP17]. Since we construct NL

as a closed formal subscheme of the Siegel RZ space, the universal p-divisible group X has a
polarization λ :X →X ∨. The universal quasi-isogeny preserves the polarizations λ and λX up
to scaling. More precisely, Zariski locally on NL, we have ρ

∨ ◦ λ ◦ ρ= c(ρ) · λX for some c(ρ)∈Q×
p

(see § 6.2.1). For each �∈Z, let N (�)
L ⊂NL be the open and closed formal subscheme on which

ordp(c(ρ)) = �, so that

NL =
⊔
�∈Z

N (�)
L . (7.1)

We let Jb denote the σ-centralizer group scheme over Qp, i.e. for any Qp-algebra R, we have

Jb(R) = {g ∈G(R⊗Qp
Q̆p) : g

−1bσ(g) = b}.

Then Jb ∼=GSpin(V) and we have an action of Jb(Qp) on NL (see [HP17, § 2.3.7]). Moreover,
each g ∈ Jb(Qp) induces an isomorphism

g :N (�)
L →N (�+valp(ηb(g)))

L ,

where ηb is the spinor similitude ηb : Jb(Qp)→Q×
p . In particular, pZ acts on NL and

pZ\NL
∼=N (0)

L �N (1)
L .

Since ηb is surjective, we know N (�)
L are isomorphic for each �.

7.1.3. Recall by Proposition 6.4 that there is a natural bijection

ϕ :NL(k)
∼−→X(μσ, b)K(k), (7.2)

and we have Z̆p-submodules

My = gDZ̆p
⊂DQ̆p

, My,1 = F−1(pMy) = pσ−1(b−1g)DZ̆p
⊂DQ̆p

,

where g=ϕ(y). Using the inclusion LQ̆p
⊂EndQ̆p

(DQ̆p
), we define Z̆p-lattices

Ly = {x∈ VQ̆p
: xMy,1 ⊂My,1},

L′
y = {x∈ VQ̆p

: xMy ⊂My}.

Note that the action of pZ on NL(k) rescales the lattices My and My,1, and therefore the three
lattices defined above depend only on the image of y in pZ\NL(k).

Lemma 7.1.

LZ̆p
= {x∈ VQ̆p

| xC(L̃Z̆p
)⊂C(L̃Z̆p

)},
L∨
Z̆p

= {x∈ VQ̆p
| π̃xC(L̃Z̆p

)⊂C(L̃Z̆p
)}.

Equivalently, we have

LZ̆p
= {x∈ VQ̆p

| xD(L̃Z̆p
)⊂D(L̃Z̆p

)}, (7.3)

L∨
Z̆p

= {x∈ VQ̆p
| π̃xD(L̃Z̆p

)⊂D(L̃Z̆p
)}. (7.4)

Proof. We fix a choice of basis {e1, . . . , en} for LZ̆p
so that the symmetric bilinear form ( , ) is

given by Diag(u1, . . . , un) with 1 = vp(u1) = · · ·= vp(uh) and 0 = vp(uh+1) = · · ·= vp(un). Then,

{ẽ1, . . . , ẽn}= {π̃−1e1, . . . , π̃
−1eh, eh+1, . . . , en} is an OE ⊗Zp

Z̆p-basis of L̃Z̆p
.
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We clearly have LZ̆p
⊂ {x∈ VQ̆p

| xC(L̃Z̆p
)⊂C(L̃Z̆p

)}. Now we assume x∈ VZ̆p
such that

xC(L̃Z̆p
)⊂C(L̃Z̆p

). In particular, we have x · 1 = x∈C(L̃Z̆p
). Write x=

∑n
�=1 a�e�. Since

e1, . . . , en are linearly independent, we have x∈C(L̃Z̆p
) if and only if a� ∈ Z̆p. Therefore, x∈LZ̆p

.

To prove the second claim, we choose {p−1e1, . . . , p
−1eh, eh+1, . . . , en} as a basis of L∨

Z̆p
.

Then π̃L∨
Z̆p

=SpanZ̆p
{π̃−1e1, . . . , π̃

−1eh, π̃eh+1, . . . , π̃en} ⊂ L̃Z̆p
. So L∨

Z̆p
⊂ {x∈ VQ̆p

| π̃xC(L̃Z̆p
)⊂

C(L̃Z̆p
)}. Now we assume x=

∑n
�=1 a�e� and π̃xC(L̃Z̆p

)⊂C(L̃Z̆p
). In particular, π̃x · 1 = π̃x∈

C(L̃Z̆p
). Then π̃a� ∈ π̃−1Z̆p for �� h and π̃a� ∈ Z̆p for � > h. Hence, we have a� ∈ p−1Z̆p for �� h

and a� ∈ Z̆p for � > h. Therefore, x∈L∨
Z̆p
.

7.1.4.

Proposition 7.2. For every y ∈NL(k), the lattice Ly is special and satisfies Φ(Ly) =L′
y.

Moreover, y �→Ly establishes the following bijection:⎧⎨⎩N (0)
L (k)�N (1)

L (k)
∼→{special lattices M ⊂ VQ̆p

:M
h
⊂M∨} if h= 0 or n,

N (0)
L (k)

∼→{special lattices M ⊂ VQ̆p
:M

h
⊂M∨} otherwise.

Proof. The case h= 0 or n is covered in [HP17], so we assume h 	= 0 and n. Let y ∈NL(k).
Recall that we have a bijection ϕ as in (7.2) that sends a point y ∈NL(k) to the unique ϕ(y)∈
X(μσ, b))K(k) such that My = g ·DZ̆p

. Moreover, V DZ̆p
= F−1pg ·DZ̆p

= pσ−1(b−1g) ·DZ̆p
. Now

pZ\X(μσ, b)K(k) is identified with two copies of special lattices in VQ̆p
by Proposition 4.3.

We claim that N (0)
L is identified with one of the copies under this identification. Write the

stabilizer of L in G(Q̆p) as K � δK, as in the proof of Proposition 4.3. Then it suffices to find

an element j in Jb(Qp)∩ δpZK, since j\(N (0)
L �N (1)

L ) will be identified with the set of special

lattices and δ also induces an isomorphism between N (0)
L and N (1)

L . To find such j, note that we
have a surjection of Jb(Qp) to π1(SO(V ))I ∼=Z/2Z, which we regard as the stabilizer of the base
alcove of SO(V ). Then an inverse image of the nontrivial element of Z/2Z will work.

7.2 Special cycles on NL

7.2.1. Recall that V= V Φ
Q̆p

⊂ Ṽ := Ṽ Φ
Q̆p
, where Φ= bσ. We let π̃=

√
p∈E and consider

π̃V⊂ Ṽ. Then, as in [HP17, § 4.3], we may consider Ṽ as a subspace of End(X)Q; this is the
space of special quasi-endomorphisms. Let X denote the universal p-divisible group over NL

and we let NL denote the special fiber of NL. We have the universal quasi-isogeny

ρ :X×Spf(k) NL →X ×NL
NL.

Definition 7.3. Let L⊂V be a non-degenerate lattice.

(i) We define ZL(L) to be the closed formal subscheme of NL where ρ ◦ x ◦ ρ−1 ∈End(X )Q
lifts to an integral endomorphism of X , for all x∈L.

(ii) We define YL(L) to be the closed formal subscheme of NL where ρ ◦ π̃ ◦ x ◦ ρ−1 ∈End(X )Q
lifts to an element of End(X ), for all x∈L.

Note that both the framing object X and the universal p-divisible group X carry actions of
OE , and that the universal quasi-isogeny ρ is OE-linear. In particular, we have ZL(L)⊂YL(L),
which is analogous to the unitary case [Cho22].
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7.2.2. We now introduce a duality isomorphism which will allow us to reduce the study of
Y-cycles to that of Z-cycles.

Definition 7.4. For a quadratic lattice L, we use L(p) to denote the lattice L with quadratic
form p · q( )L, where q( )L is the quadratic form of L. Now, for a vertex lattice L⊂ V of type h, we
let L� := (L∨)(p). Moreover, we set V � =L� ⊗Z Q. In particular, π̃V ⊂ Ṽ (respectively π̃L∨ ⊂ Ṽ )
is a specific realization of V � (respectively L�) in Ṽ .

Proposition 7.5. There is a natural isomorphism

ΥL,L� :NL
∼−→NL�

such that, for any non-degenerate lattice L⊂VL, ΥL,L� induces an isomorphism

YL(L) =ZL�(π̃L).

Proof. We use GL to denote the parahoric group scheme corresponding to L. Since we have a
perfect pairing between L and L∨, GL is isomorphic to the stabilizer GL∨ of L∨. Moreover, we
have GL∨ ∼= GL� since the quadratic form of L� only differs with the quadratic form of L∨ by a
scalar p. In particular, we have G� :=GSpin(V �)∼=GSpin(V ) =G.

In fact, we can choose an isomorphism φ :G
∼−→G� and choose (G�, φ(b), φ ◦ μ) as a local

Shimura datum of NL� . Moreover, we choose a basis {e1, . . . , en} of L as in § 6.1.2 so that
{p−1e1, . . . , p

−1eh, eh+1, . . . , en} is a basis of L∨. Then, we can identify π̃L∨ with L�, which
induces an identification

L̃= L̃� and C(L̃)
ϕ
=C(L̃�).

Under this identification, π̃L∨ =L� can be regarded as the same endomorphisms of C(L̃) =C(L̃�)

via Lemma 7.1. Moreover, we may define alternating forms ψ and ψ� on C(L̃) and C(L̃�) as in
§ 6.1.4 such that ψ and ψ� are the same under this identification. For example, if we choose c as
in § 6.1.4 to define ψ, then we can choose φ(c) to define ψ�.

Using these identifications, we have X=X� ∈NC(˜L)(k), where X
� is the framing object of NL� .

In particular, we can choose the same ι and Θ as in (6.1) to construct NL� so that NL

ΥL,L�∼= NL� in
NC(˜L). Moreover, by the identification π̃L∨ = (L∨)(p), we regard π̃L and L(p) as the same special

endomorphisms of X=X� for any L⊂V and L(p) ⊂V(p) =V�. Then the proposition follows from
the definition of Z and Y-cycles.

7.3 k-points of ZL(Λ) and YL(Λ)

7.3.1. We now study the k-points of special cycles on NL. In what follows, for notational
simplicity we will often omit the subscript L in ZL(Λ) and YL(Λ). For a lattice L⊂V, we use

Z(0)(L) and Y(0)(L) to denote the special cycles on N (0)
L (respectively N (0)

L �N (1)
L ) if h 	= 0, n

(respectively h= 0, n).
Recall that V�h(V) (respectively V�h(V)) denote the set of vertex lattices in V of type t� h

(respectively t� h). If the quadratic space is clear in the context, we simply denote it as V�h

(respectively V�h).

Proposition 7.6.

(i) For Λ∈ V�h, we have

Z(0)(Λ)(k)∼= {special lattices M ⊂ VQ̆p
: ΛZ̆p

⊂M ⊂M∨ ⊂Λ∨
Z̆p
} ∼= SΛ(k).
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(ii) For Λ∈ V�h, we have

Y(0)(Λ∨)(k)∼= {special lattices M ⊂ VQ̆p
: pΛ∨

Z̆p
⊂ pM∨ ⊂M ⊂ΛZ̆p

} ∼=RΛ(k).

Proof. Recall that previously we have defined

Lg := σ−1(b̃−1g) •LZ̆p
and L′

g := g •LZ̆p
.

We claim that

(Ly, L
′
y) = (Lg, L

′
g).

First, when g= 1 and y is the point corresponding to g= 1, the claim follows from (7.3) and the
definition of L′

y. Applying σ
−1(b̃−1g)• to both sides, we have Ly =Lg. Similarly, applying g• to

both sides, we obtain L′
y =L′

g.

Now, for y ∈NL(k), we have y ∈Z(0)(Λ)(k) if and only if Λ preserves both latticesMy,1 ⊂My,
which is equivalent to Λ⊂Ly ∩L′

y. However, since Λ is Φ-invariant, Λ⊂Ly ∩L′
y is equivalent to

Λ⊂Ly. Therefore,

Z(0)(Λ)(k)∼= {special lattices Ly ⊂ VF̆ : Λ⊂Ly}
= {special lattices Ly ⊂ VF̆ : Λ⊂Ly ⊂L∨

y ⊂Λ∨}.

The description for Y(0)(Λ∨)(k) follows from the same argument once we replace (7.3)
by (7.4).

Finally, we can easily verify the following identifications by definition of SΛ and RΛ:

{special lattices M ⊂ VQ̆p
: ΛZ̆p

⊂M ⊂M∨ ⊂Λ∨
Z̆p
} ∼→ SΛ(k),

M �→M/ΛZ̆p
;

{special lattices M ⊂ VQ̆p
: pΛ∨

Z̆p
⊂ pM∨ ⊂M ⊂ΛZ̆p

} ∼→RΛ(k),

pM∨ �→ pM∨/pΛ∨
Z̆p
.

7.3.2. The following two propositions explain the intersection behavior between special
cycles associated to different choices of vertex lattice Λ.

Proposition 7.7. Assume Λ and Λ′ are both vertex lattices in V.

(i) If Λ⊂Λ′, then Z(0)(Λ′)(k)⊂Z(0)(Λ)(k).

(ii) We have

Z(0)(Λ)(k)∩Z(0)(Λ′)(k) =

{
Z(0)(Λ+Λ′)(k) if Λ+Λ′ ∈ V�h,

∅ otherwise.

Proof.

(i) Follows directly from Proposition 7.6. According to Proposition 7.6, we have

Z(0)(Λ)(k)∩Z(0)(Λ′)(k) = {special lattices Ly ⊂ VF̆ : Λ +Λ′ ⊂Ly ⊂L∨
y ⊂ (Λ+Λ′)∨}.

In particular, if Λ +Λ′ is not a vertex lattice, then we obtain an empty set.

Proposition 7.8. Assume Λ and Λ′ are both vertex lattices in V.

(i) If Λ⊂Λ′, then Y(0)((Λ′)∨)(k)⊂Y(0)(Λ∨)(k).
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(ii) We have

Y(0)(Λ∨)(k)∩Y(0)((Λ′)∨)(k) =

{
Y(0)(Λ∨ + (Λ′)∨)(k) if Λ+Λ′ ∈ V�h,

∅ otherwise.

7.3.3. Let N (0)
L,red denote the reduced k-scheme underlying N (0)

L . Similarly, let Z(0)
red(Λ) and

Y(0)
red(Λ

∨) be the reduced k-scheme underlying Z(0)(Λ) and Y(0)(Λ∨).
The following is one of our main results, which states that N (0)

L,red is a union of two types of

strata given by Z(0)
red(Λ) and Y(0)

red(Λ
∨), respectively.

Theorem 7.9. Assume h 	= 0, n. We have

N (0)
L,red =

( ⋃
Λ∈V�h

Z(0)
red(Λ)

)
∪
( ⋃

Λ∈V�h

Y(0)
red(Λ

∨)
)
.

Proof. Proposition 7.2 identifies the N (0)
L,red(k) with special lattices M ⊂ VQ̆p

such that M
h
⊂M∨.

Proposition 4.8 combined with Proposition 7.6 implies that a point z ∈N (0)
L,red(k) lies either in

Z(0)
red(Λ)(k) for a Λ∈ V�h or in Y(0)

red(Λ
∨)(k) for a Λ∈ V�h.

The following shows that N (0)
L,red is connected as in many previously studied cases.

Proposition 7.10. We have that N (0)
L,red is connected.

Proof. The case h= 0, n is [HP17, Proposition 5.1.5]. So we assume h 	= 0, n. We say two vertex
lattices Λ,Λ′ ⊂V are adjacent if Λ⊂Λ′ or Λ′ ⊂Λ. We write Λ∼Λ′ if Λ and Λ′ are adjacent. The
proof of [HP17, Proposition 5.1.5] shows that any Λ with type tΛ � h (respectively tΛ � h) can
be connected with a fixed vertex lattice Λh with type h via adjacent vertex lattices with type at

least h (respectively at most h). In particular,
⋃

Λt∈V�h Z(0)
red(Λt) (respectively

⋃
Λt∈V�h Y(0)

red(Λ
∨
t ))

is connected by Proposition 7.7 (respectively Proposition 7.8). Moreover, Z(0)
red(Λh) is the worst

point associated to Λh and Z(0)
red(Λh)⊂Y(0)

red(Λ
∨) if pΛ∨ ⊂Λh. In particular,

Z(0)
red(Λh)⊂

( ⋃
Λt∈V�h

Z(0)
red(Λt)

)
∩
( ⋃

Λt∈V�h

Y(0)
red(Λ

∨
t )

)
.

So N (0)
L,red is connected.

7.3.4. Given Theorem 7.9, to understandN (0)
L,red, it suffices to describe Z(0)

red(Λ) and Y(0)
red(Λ

∨).
It turns out that Z(0)

red(Λ) and Y(0)
red(Λ

∨) are isomorphic to SΛ and RΛ introduced in § 5.2.4,
respectively. The rest of the paper is devoted to the proof of this statement.

First, we will construct a proper morphism from Z(0)
red(Λ) and Y(0)

red(Λ
∨) to SΛ and RΛ, respec-

tively. We will need the following proposition, whose proof is the same as the proof of [HP17,
Proposition 6.1.2].

Proposition 7.11. Assume Λ is a vertex lattice of type t� h (respectively t� h). Then Z(0)
red(Λ)

(respectively Y(0)
red(Λ

∨)) is projective.
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Proposition 7.12. There are natural proper morphisms between k-schemes

ΨZ,Λ :Z(0)
red(Λ)→ SΛ

and
ΨY,Λ :Y(0)

red(Λ
∨)→RΛ

inducing the bijections from Proposition 7.6 on k-points.

Proof. We consider the case of Z(Λ); the case of Y(Λ) is completely analogous.

Let R be a reduced k-algebra of finite type and y ∈Z(0)
red(Λ)(R) corresponding to a triple

(Xy, λy, ρy) as in § 6.2.1. Let R be a p-torsion free, p-adically complete and separated Z̆p-algebra
which is equipped with an isomorphism R/pR∼=R and a lift (also denoted as σ) of the Frobenius
σ on R. We set My :=D(Xy)(R) and let My,1 ⊂My denote the preimage of the filtration on
D(Xy)(R). Using the quasi-isogeny ρy :X×k R→Xy, we may consider My as an R-submodule
of DZ̆p

⊗Z̆p
R[1/p]. We define

Ly = {x∈ V ⊗Qp
R[1/p] | xMy,1 ⊂My,1},

which is an R-submodule of V ⊗Qp
R[1/p]. Then we claim that

Λ⊗Zp
R⊂Ly ⊂Λ∨ ⊗Zp

R,
and the image Ly of Ly in Λ∨ ⊗Zp

R/Λ⊗Zp
R=Λ∨/Λ⊗Fp

R is a locally free direct summand
of rank (tΛ − h)/2. Indeed, since R is reduced, it suffices by [Lan02, Exercise X.16] to check
this on k-points. For R→ k corresponding to x∈Z(Λ)(k), it follows from Lemma 7.1 that the
specialization of Ly is the sublattice Lx ⊂ V̆ , and hence its image in Λ∨/Λ⊗Zp

k lies in S(Λ).
Thus, Ly is an element of SΛ(R), and it is easy to see that it does not depend on the choice of
R. Indeed, since R is reduced, Ly is determined by its restriction along all R→ k. We obtain a

morphism Z(0)
red(Λ)→ SΛ as desired.

Finally, Z(0)
red(Λ) is projective over k by Proposition 7.11 and SΛ is projective over k as a

generalized Deligne–Lusztig variety. The properness of the morphism follows.

7.4 Orthogonal local models

Our goal in the rest of the paper is to show that the morphisms in Proposition 7.12 are

isomorphisms. In order to do this, we will give a description of the tangent space of Z(0)
red(Λ) at cer-

tain k-points generalizing [LZ18, Corollary 4.2.7]. We begin with some preparations concerning
orthogonal local models.

We keep the notation of the previous subsection, so that L⊂ V is a vertex lattice of type h
and G is the parahoric of G=GSpin(V ) corresponding to L. We recall the some properties of
the local models Mloc

G,μ from [AGL+22] that we will need.
We let FLG denote the Witt-vector partial affine flag variety for G constructed in [BS17],

[Zhu17]. We write M for the geometric special fiber of Mloc
G,μ. Then, by [AGL+22, Theorem 7.23],

M can be identified with the canonical deperfection Acan
G,μ of the μ-admissible locus inside FLG .

In particular, M has a stratification indexed by w ∈Adm(μ)K whose closure relations are given

by the Bruhat order on W̃ . We write Mw for the strata corresponding to w ∈Adm(μ)K .
On the level of k-points, we may identify M(k) with a subset of G(Q̆p)/G(Z̆p) corresponding

to the elements of hẇ, where h∈ G(Z̆p) and w ∈Adm(μ)K . Let ιloc :Mloc
G,μ →Gr(C(L̃), d) denote

the map of local models constructed in Proposition 6.2. Then, for g ∈G(Q̆p)/G(Z̆p) lying in the

image of M(k), the filtration on C(L̃) corresponding to its image in Gr(C(L̃), d)(k) is induced
by the reduction mod p of gC(L̃)⊂C(L̃).
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7.4.1. Let Adm(μ)max
K ⊂Adm(μ)K denote the subset of maximal elements for the Bruhat

order; explicitly these are given by KW̃ ∩ tW0(μ). In what follows, we give an explicit description of
Adm(μ)max

K , together with a distinguished subset ZK ⊂Adm(μ)K ; this subset corresponds to the
KR-strata whose closure contains the Z-cycles (see § 7.5.1). We identify X∗(T ad) with Zn, with
standard basis ε1, . . . , εn. Then, μ= ε1 and the Weyl orbit W0(μ) is the set {±εi | i= 1, . . . , n}.
We write

h=

{
2s in case (1) and (2a),

2s+ 1 in case (2b) and (3).

Here, we label the cases as in § 3.2.1.

Case (1) (Type Dn).

Adm(μ)max
K =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

{tε1} if s= 0,

{t±ε1 , tε2} if s= 1,

{t−εs , tεs+1} 1< s< n− 1,

{t−εn−1 , t±εn} if s= n− 1,

{t−εn} if s= n.

We set

ZK =

⎧⎪⎨⎪⎩
{tεs+1} if 0� s < n− 1,

{t±εn} if s= n− 1,

∅ if s= n.

Case (2a) (Type Bn).

Adm(μ)max
K =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
{tε1} if s= 0,

{t±ε1 , tε2} if s= 1,

{t−εs , tεs+1} if 1< s� n− 1,

{t−εn} if s= n.

We set

ZK =

{
{tεs+1} if 0� s < n,

∅ if s= n.

Case (2b) (Type Bn).

Adm(μ)max
K =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
{tε1} if s= 0,

{t−εs , tεs+1} if 1� s < n− 1,

{t±εn , t−εn−1} if s= n− 1,

{t−εn} if s= n.

We set

ZK =

⎧⎪⎨⎪⎩
{tεs+1} if 0� s < n− 1,

{t±εn} if s= n− 1,

∅ if s= n.
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Case (3) (Type C −Bn).

Adm(μ)max
K =

⎧⎪⎨⎪⎩
{tε1} if s= 0,

{t−εs , tεs+1} if 1� s� n− 1,

{t−εn} if s= n.

We set

ZK =

{
{tεs+1} if 0� s < n,

∅ if s= n.

7.4.2. We set MZ =
⋃

w∈ZK
Mw. Let Msm denote the smooth locus of M.

Lemma 7.13.

(i) Each Mw is an orbit for the action of Gk on M.

(ii) We have
⋃

w∈ZK
Mw ⊂Msm, where Msm is the smooth locus of M.

Proof.

(i) By [AGL+22, Lemma 3.15], M may be identified with a certain union of Schubert vari-
eties in the partial affine flag variety FLG for an equicharacteristic group G over k[[t]]
which is equipped with an identification Gk

∼= Gk. The action of the positive loop group
L+G on M factors through Gk (cf. [AGL+22, Theorem 3.16]), and the corresponding
action of Gk can be identified with the action of Gk under the isomorphism Gk

∼= Gk

above.

(ii) The smooth locus of M is open dense, and is a union of Gk-orbits. Thus, Msm contains all
the strata Mw corresponding to w ∈Adm(μ)max

K .

7.4.3. For notational simplicity, we write V̆ for VQ̆p
, L̆ for LZ̆p

and D̆ forDZ̆p
. Let x∈Mw(k)

for some w ∈ZK . This corresponds to a subspace D1 ⊂D := D̆/pD̆, and we let D̆1 ⊂ D̆ denote
the preimage of D1. By Lemma 7.1, we have

L̆= {v ∈ V̆ | vD⊂D}.

We equip L := L̆/pL̆ with the structure of a (possibly degenerate) quadratic space over k and set
L̆1 := {v ∈ V̆ | vD̆1 ⊂ D̆1}. This is equipped with an action of Gk via the • action which preserves
the quadratic form.

Lemma 7.14.

(i) We show that dim(L̆+ L̆1)/L̆= 1.

(ii) In addition, the one-dimensional isotropic line L1 in L spanned by the image of pL̆1 does
not lie in the radical of L.

Proof. We write V̆ = V̆0 ⊕ V̆an and choose a basis e1 . . . en, f1, . . . , fn for V̆0 as in § 2.3. Then,

L̆=Span(pe1, . . . , pes, es+1, . . . , en, f1, . . . , fn)⊕ L̆an

with s as above.
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Let g ∈G(Q̆)/G(Z̆p) be the image of x under the map M(k)→G(Q̆)/G(Z̆p). Then D̆1 = gD̆,

and hence L̆1 = g • L̆.
We write g= ṫv(μ)k with k ∈ G(Z̆p) and tv(μ) ∈ZK . Then, k induces an automorphism of L

which preserves the associated quadratic form. Thus we may replace L̆1 by k−1 · L̆1 and assume
g= ṫv(μ). Then (i) is clear.

For (ii), we have the following description of rad(L). We let L
′
be the radical of the quadratic

space L̆an/pL̆an. Then we have

rad(L) = Span(pe1, . . . , pes, f1, . . . , fs)⊕L
′

where, for v ∈ L̆, we wrote v for its image in L.
From the description of ZK above, we see that the image of pL̆1 in L is generated by either

es+1 or f s+1. The result follows.

7.4.4. The group Gk acts on L, and so we have a map of Lie algebras

Lie Gk →Endk(L), h �→ h.

We write k[ε] for the ring of dual numbers k[t]/t2 over k. Then we can identify Lie Gk with
elements of Gk(k[ε]) lifting the identity. Thus, for h∈ Lie Gk, we obtain an automorphism of Lk[ε]

given by 1 + hε. We write D for the set of isotropic rank-1 k[ε]-submodules of Lk[ε] lifting L1,

i.e. D is the tangent space of OGr(L, 1) at L1. Then Lie Gk acts on D and we have a canonical
isomorphism

φ :D →Homk(L1, L
⊥
1 /L1),

where L
⊥
1 denotes the orthogonal complement of L1 in L. Here, φ is defined as follows. For F ∈D

and m∈L1, we write F = 〈m+ vε〉 for some v ∈L well-defined up to addition by an element of
L1. Since F is isotropic, we have (m, v) = 0, and we define φ(F )(m) = v.

Lemma 7.15. The map

Θ : Lie Gk →Homk(L1, L
⊥
1 /L1)

given by h �→ φ((1 + hε)L1,k[ε]) is a surjective homomorphism of vector spaces.

Proof. Note that Θ is induced by the map h �→ (m �→ hm mod L1) for h∈ Lie Gk. Here, as above,

h∈End(L) is the image of h; it is an endomorphism of L which preserves L
⊥
1 . Since the map

Lie Gk →Endk(L), h �→ h, is a morphism of vector spaces, it follows that Θ is a morphism of
vector spaces.

To see that Θ is surjective, it suffices to show that Im(Θ) contains a basis for

Homk(L1, L
⊥
1 /L1). As in Lemma 7.14, we may assume L1 = 〈es+1〉 or 〈f s+1〉. We consider the

case L1 = 〈es+1〉; the other case is analogous. A basis of the vector space Homk(L1, L
⊥
1 /L1) is

then given by the maps which send es+1 to the images of

pe1, . . . , pes, es+2, . . . , en, f1, . . . , f s, f s+2, . . . , fn

in L
⊥
1 .
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For i < j, let U±i,±j denote the root subgroup of G corresponding to the root ±εi ± εj . We
fix an isomorphism u±i,±j :Ga →U±i,±j so that

ui,−j(x)e� = e� + xδi�ej , ui,−j(x)f� = f� + xδi�fj ,

u−i,j(x)e� = e� + xδj�ei, u−i,j(x)f� = f� + xδj�fi,

ui,j(x)e� = e� + xδi�fj , ui,j(x)f� = f� + xδi�ej ,

u−i,−j(x)e� = e� + xδj�fi, u−i,−j(x)f� = f� + xδj�ei,

for 1� �� n.
Now let � > s+ 1. The image of us+1,−�(OF̆ ) (respectively us+1,�(OF̆ )) modulo p gives a

unipotent subgroup of Gk isomorphic to Ga over k and the corresponding element of Lie Gk maps
es+1 to e� (respectively f �).

Now let � < s+ 1. In this case, the image of us+1,−�(pOF ) (respectively us+1,�(OF )) modulo
p gives a unipotent subgroup of Gk isomorphic to Ga over k and the corresponding element of
Lie Gk maps es+1 to pe� (respectively f �).

Thus, the image of Θ contains a basis for Homk(L1, L
⊥
1 /L1) and hence Θ is surjective.

7.4.5. We continue to assume x∈Mw(k) for some w ∈ZK , and let v ∈ TxM; thus, v
corresponds to an element v ∈M(k[ε]) extending x. We write mx ∈L for a generator of the
one-dimensional line given by the image of L̆1. Via the embedding ιloc, we obtain a submodule
D1,v ⊂Dk[ε]. Note that Dk[ε] is equipped with an action of Lk[ε], and we set

L1,v = {m∈Lk[ε] |mD1,v ⊂D1,v}.

Proposition 7.16.

(i) First, L1,v is an isotropic rank-1 k[ε]-submodule in Lk[ε] lifting L1, i.e. L1,v ∈D .

(ii) Then, the association v �→ φ(L1,v) defines an isomorphism

TxM→Homk(L1, L
⊥
1 /L1).

Proof. Note that since w ∈ZK ⊂Adm(μ)max
K , we have TxM= TxMw. We consider x as an ele-

ment of Mx(k[ε]) via ε �→ 0. Then, we have Lx,1 =L1,k ⊗k k[ε], which is isotropic and free of rank
1 over k[ε]/ε2. By Lemma 7.13(2), Mw is an orbit of the action of Gk. Therefore, there exists
g ∈ Gk(k[ε]) such that

g≡ 1 mod v and gx= v.

Then we have L1,v = g •Lx,1, which is therefore isotropic and free of rank 1 over k[ε]/ε2, and
hence we obtain (i).

For (ii), note that the association TxM→D defined in (i) is equivariant for the action of
Lie Gk. We define a map Lie Gk → TxM by considering the action of Lie Gk on x. Then, we have
the following commutative diagram, where the diagonal map is given by h �→ (1 + hε)L1,k[ε].

Lie Gk

���
��

��
��

��

��
TxM �� D

It follows that the composition

Lie Gk → TxM→D
φ−→Homk(L1, L

⊥
1 /L1)

is equal to the map Θ, and hence TxM→L
⊥
1 /L1 is surjective.
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By Lemma 7.13, we have

dim TxM=dimMloc
G

= 〈μ, 2ρ〉

=

⎧⎪⎨⎪⎩
2n− 2 in case (1)

2n− 1 in case (2)

2n in case (3)

= dimL
⊥
1 /L1.

Here, ρ is the half-sum of positive roots, and the last equality follows from Lemma 7.14. Thus,

TxM→L
⊥
1 /L1 is an isomorphism by comparing dimensions.

7.5 Description of ZL(Λ) and YL(Λ)

7.5.1. We now apply the above to compare Z(0)(Λ) to the Deligne–Lusztig variety SΛ. This
will immediately imply the corresponding description of Y(0)(Λ) via the duality isomorphism in
§ 7.2.2.

By construction, there is a morphism NL → ŜK where we recall that ŜK denotes the com-
pletion of SK ⊗ Z̆p along its special fiber. Pulling back the local model diagram from ŜK (see
[KP18, Theorem 0.4], [KPZ26, Theorem 1.1.2]), we obtain the following local model diagram for
NL, where π is a Ĝ-torsor and q is Ĝ-equivariant.

ÑL

q

���
��

��
��

�
π

����
��
��
��
�

NL M̂loc
G,μ

Here, Ĝ (respectively M̂loc
G,μ) denotes the completion of G (respectively Mloc

G,μ,Z̆p
) along its special

fiber. This induces a stratification on NL,red indexed by Adm(μ)K ; in particular, we obtain a
map

πKR :NL(k)→Adm(μ)K .

We have the following description of the map πKR. Let y ∈NL,red(k), and let L′
y ⊂ V̆ denote

the associated special lattice. Then L′
y = g • L̆ for some g ∈X(μσ, b), so that g−1bσ(g)∈ Gσ(ẇ)G

for some w ∈Adm(μ)K . Then we have πKR(y) =w.

Lemma 7.17. We have L′
y �L∨

y if and only if πKR(y)∈ZK .

Proof. It suffices to show that, for w ∈Adm(μ)K , we have ẇL̆� L̆∨ if and only if w ∈ZK . Recall
that

L̆=Span(pe1, . . . , pes, es+1, . . . , en, f1, . . . , fn)⊕ L̆an,

L̆∨ =Span(e1, . . . , en, p
−1f1, . . . , p

−1fs, fs+1, · · · , fn)⊕ L̆an,

so that L̆∨/L̆ is spanned by e1, . . . , es, p
−1f1, . . . , p

−1fs. Thus, we have ẇL̆� L̆∨ if

and only if dim(L̆+ ẇL̆)/L̆= 1 and the image of ẇL̆ in p−1L̆/L̆ is not contained
in Span(e1, . . . , es, p

−1f1, . . . , p
−1fs) mod L̆. By inspecting the possibilities for ẇx(s) in

Lemma 3.2, we find that this occurs if and only if ẇx(s) = x(s) ± εi for i= s+ 1, . . . , n, or
equivalently w ∈ZK .

2413

https://doi.org/10.1017/S0010437X26103571 Published online by Cambridge University Press

https://doi.org/10.1017/S0010437X26103571


Q. He and R. Zhou

7.5.2. Let ΨZ,Λ :Z(0)(Λ)red → SΛ denote the morphism of schemes constructed in
Proposition 7.12. Let S♥

Λ ⊂ SΛ denote the subscheme consisting of subspaces V ⊂ΩΛ with

Φ(V )� V ∨ (equivalently, V +Φ(V ) is not totally isotropic). We write Z♥(Λ)⊂Z(0)
red(Λ) for the

preimage of S♥
Λ under the map induced by ψ.

Lemma 7.18. Assume SΛ (respectively Z(0)
red(Λ)) has positive dimension. Then S♥

Λ (respectively

Z♥(Λ)) is a Zariski open and dense subscheme of SΛ (respectively Z(0)
red(Λ)).

Proof. Since the morphism Zred(Λ)
(0) → SΛ is a universal homeomorphism, it suffices to prove

this for SΛ. By Theorem 5.6, we have

SΛ ∼=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
S±
Λ
∼=XP0

(1)∪XP0
(t∓) if h= 0,

SΛ ∼=XP0
(1)∪XP0

(s(t−h)/2) if h= 1,

SΛ ∼=XP0
(1)∪XP0

(t+)∪XP0
(t−)∪XP0

(w1) if h= 2,

SΛ ∼=XP0
(1)∪XP0

(s(t−h)/2)∪XP0
(w1) if h> 2.

Then, under this isomorphism, we find that

S♥
Λ
∼=
{
SΛ if h= 0,

XP0
(w1) if h> 0,

which is open and dense in SΛ.

7.5.3. Now let y ∈Z♥(Λ)(k). Recall that we have the associated Z̆p-submodules

My,1, My ⊂DQ̆p

(see § 7.1.3) and L′
y, Ly ⊂ VQ̆, where My

∼=D(Gy), My,1 = V D(Gy) and we have

L′
y =ΦLy = {v ∈ VQ̆p

: vMy ⊂My}.

There is a unique g ∈X(μσ, b) such that gD̆=My; then ΦLy = g • L̆ and hence ΦLy is a vertex

lattice of type h in V̆ .
We set My =My/pMy. We also set ΦLy =ΦLy/pΦLy, which is a possibly degenerate

quadratic space over k, and let ΦLy,1 denote the one-dimensional subspace given by the image
of p(Ly +ΦLy). Since y ∈Z◦(Λ), ΦLy,1 does not lie in the radical of the quadratic space ΦLy.

Now let u∈ TyNL,k, which we consider as a point of NL(k[ε]) lifting y. By the Grothendieck–
Messing theory, u corresponds to a filtration Mu,1 on My ⊗k k[ε] lifting the image of My,1, and
we set

ΦLu,1 = {v ∈ΦLy | vMu,1 ⊂Mu,1}.

As in § 7.4.4, we let Dy denote the set of rank-1 k[ε] submodules of ΦLy ⊗k k[ε] lifting ΦLy,1,
and

φy :Dy →Homk(ΦLy,1,ΦL
⊥
y,1/ΦLy,1)

is the map characterized by F = 〈m+ φy(F )(m)ε〉 for F ∈Dy. The following key proposition
gives a description of the tangent spaces of NL,red and its Bruhat–Tits strata.

Proposition 7.19 (Cf. [LZ18, Corollary 4.2.7]). (i) We have ΦL1,u ∈Dy, and the map

Θy : TyNL,k →Homk(ΦLy,1,ΦL
⊥
y,1/ΦLy,1)

given by u �→ φy(ΦL1,u) is an isomorphism.
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(ii) Then, Θy restricts to an isomorphism

TyZ(Λ)k →Homk(ΦLy,1, 〈ΦLy,1,Λ〉⊥/ΦLy,1)

where Λ denotes the image of Λ in ΦLy. In particular, we have

dim TyZ(Λ)k = (t+ h)/2− 1

where t is the type of Λ.

7.5.4. We will need the following preparatory lemmas. For R a Zp-algebra, we have a mor-

phism LR → L̃R →EndR(DR), where we consider L̃ as a Zp-module by restriction of structure

from OE , and we recall that DR =HomZp
(C(L̃),Zp)R. For an element ξ ∈LR, we let ker(ξ)⊂DR

denote the kernel of the endomorphism corresponding to ξ.

Lemma 7.20. Let ξ ∈LR be the generator of an isotropic line in LR and assume there exists
ζ ∈L such that (ζ, ξ) = 1. Then, for any v ∈LR, left multiplication by v preserves ker(ξ)⊂DR

if and only if v is orthogonal to ξ.

Proof. Under our assumptions, this follows using a similar proof to [LZ18, Lemma 4.1.2]; we
recall the argument for the convenience of the reader.

We let imC(ξ)⊂C(L̃)R denote the image ξ. Then, by duality, it suffices to show that v
preserves imC(ξ) if and only if v is orthogonal to ξ.

If v is orthogonal to ξ, then vξ =−ξv, so v preserves imC(ξ). Conversely, assume ξ preserves
imC(ξ); then, our assumption that (ζ, ξ) = 1 implies that LR = ξ⊥ ⊕Rζ. Upon replacing ζ by
ζ − q(ζ)ξ/2, we may assume that ζ is isotropic. Then, in C(L̃) we have

2 = q(ζ + ξ) = ζξ + ξζ. (7.5)

Suppose λζ preserves imC(ξ), λ∈R. Then, in C(L̃), we have

0 = ξ(λζ)ξ

= λ(2− ζξ)ξ

= 2λξ.

Here, the first equality follows from the fact that ξξ = 0 and λζ preserves imC(ξ), the second
follows from (7.5) and the third follows from q(ξ) = 0. Thus, λ= 0; hence, no non-zero multiple
of ζ preserves imC(ξ).

Now write v= v1 + λζ with v1 ∈ ξ⊥, λ∈R. Then, v1 preserves imC(ξ) by the first part of the
proof, and hence λζ preserves imC(ξ). Thus, λ= 0 and v= v1 as desired.

Lemma 7.21. Let x∈Mw(k), w ∈ZK and v ∈ TxM, and let ξ be a generator of L1,v. We have
ker(ξ) =D1,v.

Proof. We have D1,v = gDx,1 := gD1,k ⊗k k[ε] and L1,v = g •Lx,1 := g •L1,k ⊗k k[ε] for some
g ∈ G(k[ε]). Thus, it suffices to show that D1,k = ker(ξ1), where ξ1 is a generator of the isotropic
line L1,k. By definition of L1,k, we have an inclusion D1,k ⊂ ker(ξ1). Note that

dim ker(ξ1) =
1
2 dimD=D1,k.

Thus we have equality by a dimension count.

Proof of Proposition 7.19. As above, the identification My
∼= D̆ induced by g ∈X(μσ, b) gives

rise to an embedding Mloc
G,μ →Gr(My, d) such that My,1 corresponds to some x∈Mloc

G,μ(k). We

fix an identification N̂L,y
∼=Spf R as in Proposition 6.5, where R is the complete local ring of
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Mloc
G,μ at x. This induces an isomorphism

TyNL,k
∼= TxM,

and we write v ∈ TxM for the image of u. Then, by Proposition 6.5(ii), the filtration onMy ⊗ k[ε]
corresponding to u is equal to the filtration corresponding to v under the embedding Mloc

G,μ →
Gr(My, d). Thus, ΦL1,u ∈Dy by Proposition 7.16(i), and we have the following commutative
diagram, where the vertical maps are isomorphisms.

TyNL,k
��

��

Dy
φy ��

��

Homk(ΦLy,1,ΦL
⊥
y,1/ΦLy,1)

��

TxM �� D
φ �� Homk(L1, L

⊥
1 /L1)

Part (i) follows from this.
For part (ii), let u∈ TyNL,k. Then, by the Grothendieck–Messing theory, u∈ TyZ(Λ)k if

and only if Λ preserves M1,u. Under the identifications above and by Lemma 7.21, we have
M1,u = ker(ξ), where ξ is a generator of ΦL1,u. By Lemma 7.20 and the identifications above,

u∈ TyZ(Λ)k if and only if Λ is orthogonal to ΦL1,u, or equivalently Θy(u) has image in Λ
⊥
. Note

that the assumptions of Lemma 7.20 are satisfied since ΦLy,1 does not lie in the radical of ΦLy.
Then, in particular part (ii) follows from the fact that 〈ΦLy,1,Λ〉⊥ is isomorphic to Λ∨/ΦLy,
which has dimension t− h.

7.5.5. We apply the above to describe the strata Z(0)
red(Λ).

Proposition 7.22. Let x∈Z♥(Λ)(k) and let z =ΨZ,Λ(x)∈ S♥
Λ(k). The map ΨZ,Λ induces an

isomorphism of tangent spaces

TxZ♥
red(Λ)

∼= TzS
♥
Λ.

Proof. First, note that the inclusion

TxZ♥
red(Λ)⊂ TxZ♥(Λ)k

is in fact an isomorphism. Indeed, we have

dim TxZ♥
red(Λ)� dimZ♥

red(Λ) = dim S♥
Λ = (t+ h)/2− 1 = dim TxZ♥(Λ)k.

Here, the first equality follows since ΨZ,Λ is a universal homeomorphism, the second equality is
Theorem 5.6 and the last equality is Proposition 7.19(ii). The equality TxZ♥

red(Λ) = TxZ♥(Λ)k
then follows by a dimension count.

Now let V ⊂ΩΛ denote the image of Lx so that V corresponds to the point z ∈ S♥
Λ(k). Recall,

by Proposition 5.2, that we have an isomorphism

TzS
♥
Λ
∼=Homk(V +Φ(V )/Φ(V ),ΩΛ/(V +Φ(V ))).

Now, multiplication by p−1 induces isomorphisms

ΦLx,1
∼= (V +Φ(V ))/Φ(V ),

〈ΦLx,1,Λ〉⊥/ΦLx,1
∼=ΩΛ/(V +Φ(V )),

where the second isomorphism follows from the isomorphism 〈ΦLx,1,Λ〉⊥ ∼= pΛ∨/pΦLx. It follows
that we have an isomorphism

Homk(V +Φ(V )/Φ(V ),ΩΛ/(V +Φ(V )))∼=Homk(ΦLx,1, 〈ΦLx,1,Λ〉⊥/ΦLx,1).
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It follows from the definitions that the following diagram commutes.

TxZ♥(Λ)k ��

��

TzS
♥
Λ

��
Homk(V +Φ(V )/Φ(V ),ΩΛ/(V +Φ(V ))) �� Homk(ΦLx,1, 〈ΦLx,1,Λ〉⊥/ΦLx,1)

Here, the top arrow is induced by ΨZ,Λ and the vertical arrows are the isomorphisms given by
Propositions 7.19 and 5.2. Since the bottom arrow is an isomorphism, so is the top arrow and
the result follows.

Theorem 7.23. The map ΨZ,Λ :Z(0)
red(Λ)→ SΛ is an isomorphism.

Proof. Let Ψ♥
Z,Λ :Z♥

red(Λ)→ S♥
Λ denote the restriction of ΨZ,Λ. We first show that Ψ♥

Z,Λ is an
isomorphism. Indeed, it is a proper morphism and induces a bijection on k-points. Moreover, by
Proposition 7.22, Ψ♥

Z,Λ induces an isomorphism of tangent spaces at closed points. Thus, Ψ♥
Z,Λ is

a closed immersion, hence an isomorphism since both schemes are reduced. It follows that ΨZ,Λ

is a birational morphism.
Now, ΨZ,Λ itself is also proper and induces a bijection on closed points. Thus, ΨZ,Λ is

a finite birational morphism and SΛ is normal by Theorem 5.6. It follows that ΨZ,Λ is an
isomorphism.

Theorem 7.24. The map ΨY,Λ :Y(0)
red(Λ

∨)→RΛ is an isomorphism.

Proof. Recall that V (p) denotes the quadratic space (V, p( , )) and L� the lattice L∨ considered
as a lattice in V (p), see Definition 7.4. Then, we have the associated RZ space NL� , which is
equipped with an isomorphism Υ :NL

∼=NL� by the discussion in § 6.2.1. For Λ∈ V�h, we have
Λ� ∈ V�n−h(V�). Then, we claim that the following diagram is commutative, where the top map
is induced by the duality morphism Υ and the bottom map is given by Lemma 5.1.

Y(0)
L,red(Λ

∨)

ΨY,Λ

��

�� Z(0)
L�,red(Λ

�)

ΨZ,Λ

��
RΛ

�� SΛ�

Indeed, since all schemes are reduced, it suffices to check this on k-points. Assume M is a

special lattice corresponding to a k-point of Y(0)
L,red via Propositions 7.2 and 7.6. In particular,

Λ∨ ⊂M∨. By the proof of Propositions 7.5 and 7.2, Υ(M) = π̃M∨. Note that Λ� = π̃Λ∨ ⊂Υ(M).

So Υ(M)∈Z(0)
L�,red(k) indeed. Moreover, ΨY,Λ(M) = pM∨/pΛ∨ and ΨZ,Λ(Υ(M)) =M �/Λ�. The

claim follows from the fact that the map sending ΨY,Λ(M) = pM∨/pΛ∨ to M �/Λ� is exactly the
map given by Lemma 5.1.

7.6 The Bruhat–Tits stratification

In this last subsection, we summarize the main results.
Recall that L⊂ V is a vertex lattice of type h and we use V�h (respectively V�h ) to denote

the set of vertex lattices in V of rank n and type t� h (respectively � h). We refer the reader
to § 5.2 for notations about Deligne–Lusztig varieties.

Recall that we have a natural decomposition

NL =
⊔
�∈Z

N (�)
L ,
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where N (�)
L ⊂NL is the open and closed formal subscheme on which ordp(c(ρ)) = �.

Theorem 7.25.

(i) For each �∈Z, we have

N (�)
L,red =

( ⋃
Λ∈V�h

Z(�)
red(Λ)

)
∪
( ⋃

Λ∈V�h

Y(�)
red(Λ

∨)
)
.

(ii) For Λ∈ V�h and Λ∈ V�h, respectively, we have

Ψ :Z(�)
red(Λ)

∼= SΛ and Ψ :Y(�)
red(Λ

∨)∼=RΛ,

where SΛ and RΛ are irreducible normal generalized Deligne–Lusztig varieties of dimension
(tΛ + h)/2− 1 and n− (tΛ + h)/2− 1, respectively.

(iii) Assume Λ∈ V�h. Let

Z◦
red(Λ) :=Z(�)

red(Λ) \
⋃

Λ′∈V<t

Z(�)
red(Λ

′).

Then:
(i) Z(�)

red(Λ) =Z◦
red(Λ) =

⊔
Λ⊂Λ′ Z◦

red(Λ
′);

(ii) ΨZ,Λ :Z(�)
red(Λ)

∼→ SΛ induces the isomorphism

Z◦
red(Λ)

∼= S◦
Λ = S◦♥

Λ � S◦†
Λ ,

where

S◦♥
Λ =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
XPΛ

(w+
Λ )�XPΛ

(w−
Λ ) if h= 0,

XPΛ
(wΛ) if h= 1,

XP (wΛ) if h= 2,

XPΛ
(wΛ) if h> 2,

S◦†
Λ =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∅ if h= 0,

∅ if h= 1,

XPΛ
(w′+

Λ )∪XPΛ
(w′−

Λ ) if h= 2,

XPΛ
(w′

Λ) if h> 2.

(iv) Assume Λ∈ V�h. Let

Z0
red(Λ) :=Z(�)

red(Λ)∩
( ⋃

Λ∈V�h

Y(�)
red(Λ

∨)
)
.

Then:
(a) Z0

red(Λ)
∼= S0

Λ =
⋃

Λ⊂Λ′,
t(Λ′)�h

SΛ′,Λ;

(b) Z(�)
red(Λ)∩Y(�)

red((Λ
′)∨)∼= SΛ′,Λ

∼=
⊔

Λ⊂Λ1⊂Λ2⊂Λ′

t(Λ2)�h�t(Λ1)
XIΛ1,Λ2

(wΛ1,Λ2
).

(v) Let L� be L∨ with quadratic form q( )L� = pq( )L∨ . We have a natural isomorphism ΥL,L� :
NL

∼=NL� so that it induces an isomorphism

Y(�)
L,red(Λ

∨)∼=Z(�)
L�,red(Λ

�),

which becomes

R
[h]
Λ

∼= S
[n−h]
Λ�
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in Lemma 5.1 under the isomorphisms Ψ. Then, similar results of (iii) and (iv) for Y(�)
red(Λ

∨)
follow via the above isomorphisms.

Proof.

(i) This is Theorem 7.9.

(ii) Follows from Theorems 7.23 and 7.24 when �= 0. The isomorphism between N (0)
L and N (�)

L

induces an isomorphism between Z(0)
red and Z(�)

red so that the general case follows from the
case when �= 0. The irreducibility, normality and dimension of SΛ and RΛ are Theorem 5.6.

(iii) Follows from Theorem 5.6 and Proposition 5.10.

(iv) Follows from Propositions 5.9 and 5.10 and the definitions of Z0
red(Λ) and S

0
Λ.

(v) Follows from Proposition 7.5 and the proof of Theorem 7.24.
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Ann. Sci. Éc. Norm. Supér. (4) 49 (2016), 1125–1141.
HLS+23 Q. He, C. Li, Y. Shi and T. Yang, A proof of the Kudla–Rapoport conjecture for Krämer
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