
Ergod. Th. & Dynam. Sys. (2002), 22, 1215–1232 c© 2002 Cambridge University Press
DOI: 10.1017/S0143385702000639 Printed in the United Kingdom

A generalized Lefschetz fixed point theorem and
symbolic dynamics in delay equations

BERNHARD LANI-WAYDA† and ROMAN SRZEDNICKI‡

† Mathematisches Institut der Universität Giessen, Arndtstrasse 2, 35392 Giessen,
Germany

(e-mail: Bernhard.Lani-Wayda@math.uni-giessen.de)
‡ Institute of Mathematics, Jagiellonian University, ul. Reymonta 4, 30-059 Kraków,

Poland
(e-mail: Roman.Srzednicki@im.uj.edu.pl)

(Received 15 April 2000 and accepted in revised form 19 October 2001)

Abstract. We prove a generalized version of the Lefschetz fixed point theorem, and use it
to obtain a variety of periodic and aperiodic solutions for differential delay equations; in
particular, of the type ẋ(t) = f (x(t − 1)). Here f : R → R is odd and two-periodic,
and we obtain both strictly periodic solutions and solutions periodic modulo a multiple of
two. The qualitative behavior of solutions can be coded by symbol sequences containing
the sequence of levels about which these solutions oscillate.

1. Introduction and main result
The existence of infinitely many periodic orbits in a dynamical system is an expression
of complicated dynamical behavior. Classical results of this type for ordinary differential
equations are due to Poincaré, Birkhoff and Šil’nikov [1, 11, 13].

In the present paper, we study scalar delay equations of the type

ẋ(t) = f (x(t − 1)), (f )

and we use an appropriate version of the Lefschetz fixed point theorem to obtain a rich
variety of qualitatively different periodic and aperiodic solutions. The nonlinearities
f : R → R considered here are sine-like in the sense that they are periodic (the period is
normalized to two), and between one zero z of f and the zero z + 2 there is exactly one
more zero.

Such equations are used as models for the phase shift between oscillators which are
supposed to synchronize; see [19]. In this interpretation, a constant solution corresponds
to perfect synchronization, and oscillations around some constant level correspond to a still
roughly synchronized operation, but with variations in the phase shift. Finally, solutions
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wandering between different levels correspond to so-called ‘cycle slippings’, i.e. an at least
temporarily total loss of synchronization.

In connection with periodic nonlinearities f , say, with period T > 0, a special kind
of solution is of interest: so-called periodic solutions of the second kind. A solution
y : R → R of equation (f ) is called a periodic solution of the second kind if there exist
k ∈ Z and ω > 0 (called a generalized period) such that y(t+ω) = y(t)+ k ·T for t ∈ R.
Thus, periodic solutions of the second kind are periodic modulo a multiple of the period of
the nonlinearity f .

An early mathematical study of sine-like equations of type (f ) as a model for frequency
generators was given in [7], where periodic solutions of the second kind were obtained
from the Schauder fixed point theorem.

Bifurcation of periodic solutions of ẋ(t) = −α sin(x(t − 1)) for α > π/2 was studied
numerically in [5], and solutions wandering up and down between different levels in an
irregular manner were observed to be typical for larger values of α.

Later, in [10], existence of such ‘wandering’ solutions following arbitrarily prescribed
symbol sequences was established for a piecewise linear function −α · š with period two,
and for small perturbations of the corresponding equation (−αš), with α = (9/e)(log(9)
− 1). The function š is defined by

š(x) := x for |x| ≤ 0.5, š(x) := −x + 1 for x ∈ (0.5, 1.5),

and by two-periodic continuation to all of R. Thus, š is a piecewise linear version
of the function x 
→ (1/π) sin(πx). We briefly describe the class of admissible,
that is sufficiently ‘small’, perturbations of this particular nonlinearity. (Note that š is
not differentiable at the points of 1/2 + Z, so we cannot directly talk about C1-small
perturbations.) In the sequel, for a Banach space X we denote by BC1(X,R) the space
of bounded C1-functions X → R with bounded derivative and by C we denote the
space of continuous maps [−1, 0] → R (both spaces are endowed with the usual norm).
First, we consider perturbed equations of the form ẋ(t) = g(x(t−1)) with g ∈ BC1(R,R).
Roughly speaking, a two-periodic function g is in the admissible class if:
(a) g is close enough to −αš in the C0-norm; and
(b) g is also close enough to −αš in the C1-norm, except for a small neighborhood of

the set 1/2 + Z, where −αš is not differentiable.
More precisely, there exist numbers θ1, θ2 > 0 such that every g ∈ BC1(R,R) is
admissible if it satisfies the following conditions:
(i) g(x + 2) = g(x) (x ∈ R);
(ii) ‖g′‖C0 < α + 1;
(iii) ‖g − (−αš)‖C0 < θ1;
(iv) ‖[g − (−αš)]|R\[1/2+(−θ2,θ2)+Z]‖C1 < θ1.
(Compare [10], Theorem 4.15 and Remark 4.9; we have obviously |(−αš)′(x)| ≤ α for
x ∈ R \ [1/2 + Z].)

Second, we mention more general perturbed equations. Any g ∈ BC1(R,R) defines
a functional ĝ : C → R, which is in BC1(C,R), by ĝ(ψ) := g(ψ(−1)). As usual, we
denote by xt the segment of x at time t , that is, xt (θ) = x(t + θ), θ ∈ [−1, 0]. With this
notation, the equations ẋ(t) = g(x(t − 1)) and ẋ(t) = ĝ(xt ) are equivalent. We say that a
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functional F : C → R is two-periodic if F(ψ + 2) = F(ψ) for all ψ ∈ C, where ψ + 2 is
the function [−1, 0] � t 
→ ψ(t) + 2. If now g ∈ BC1(R,R) satisfies conditions (i)–(iv)
above, and if F ∈ BC1(C,R) is two-periodic and sufficiently close to the functional ĝ in
the C1-norm, then the equation

ẋ(t) = F(xt ) (F )

is also an admissible perturbation of the piecewise linear example. Such equations generate
a semiflow �F : R+

0 × C → C, (t, ψ) 
→ x
ψ
t , where xψ : [−1,∞) → R denotes the

solution of equation (F ) with initial segment xψ

0 = ψ .
From now on we shall refer to the above class of equations which are sufficiently

small perturbations of (−αš) by the symbol F . We will be interested in solutions of such
equations which follow a prescribed level sequence; this notion is defined precisely below.

Definition. Assume that I ⊂ R is an interval, that y ∈ C0(I,R), and that k ∈ Z. Let J ⊂ I

be a subinterval.
(a) We say that y oscillates about k on J if y(J ) ∩ Z = {k}.
(b) Now let k, l ∈ Z with k �= l. We say that y wanders from k to l on J if there exist

subintervals Jk, Jkl, Jl of J with J = Jk ∪ Jkl ∪ Jl , with Jk ≤ Jkl ≤ Jl , and such
that y oscillates about k on Jk , y oscillates about l on Jl , and

y(Jkl) ∩ Z = {m ∈ Z : min{k, l} < m < max{k, l}}.
(c) Given a sequence l = (. . . , l−1, l0, l1, . . . ) ∈ ZZ, we say that y ∈ C0(R,R) follows

the level sequence l if there exist intervals Jj (j ∈ Z) such that supj∈Z(sup Jj −
inf Jj ) < ∞,

⋃
j∈Z Jj = R, inf Jj < inf Jj+1, sup Jj < sup Jj+1 (j ∈ Z), and y

wanders from lj to lj+1 on Jj (j ∈ Z).

One central result of [10] was, roughly speaking, that for every equation from the class
F and for every level sequence l = (. . . , l−1, l0, l1, l2, . . . ) with l0 = −1, |lk+1 − lk| = 2
(k ∈ Z), there exists a solution defined on all of R which follows this sequence in the sense
of the above definition. The method of proof, a version of the Smale horseshoe method
in combination with compactness arguments, did not yield uniqueness of the solution
following a prescribed level sequence.

Consider now the case of a periodic level sequence l, say, with period K ∈ N. In this
case, the construction from [10] does not necessarily give periodic time intervals Jj

(in the above notation), and, as already remarked, the solution following the periodic level
sequence is not necessarily unique. For these reasons, using only the results from [10] one
cannot argue that the solution following the periodic sequence l must be periodic.

In the present work we shall use statements from [10], which describe the dynamics in
terms of return maps, and a generalized Lefschetz fixed point theorem, in order to obtain
both strictly periodic solutions and periodic solutions of the second kind. We also obtain
aperiodic solutions following prescribed level sequences.

Our method does not provide the geometric information that the initial values of the
solutions obtained are located on graphs of Lipschitz maps, as was the case in [10].
However, the technique of our work is a new alternative, and we obtain additional
information on periodic solutions.
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Let us remark that the periodic solutions obtained by Furumochi for equations of the
type (f ) are of the second kind, and such that within one period they always move up
an integer multiple of the period of f . Also, the periodic solutions of the second kind
obtained in [17], as a consequence of transverse heteroclinic connections in sine-like delay
equations, always move up within each period.

In contrast to these results, in the present paper we obtain periodic solutions of the
second kind moving up and down in accordance with any prescribed level sequence.
Also, this seems to be the first application of Lefschetz-type theorems in the context of
delay equations. Our main result is the following.

THEOREM 1.1. For every functional differential equation from the class F and for every
level sequence l = (. . . , l−1, l0, l1, l2, . . . ) with l0 = −1, |lk+1 − lk| = 2 (k ∈ Z), there
exists a solution y which follows this sequence. If l is such that the sequence {sn} defined
by sn := ln+1 − ln (n ∈ Z) is periodic with minimal period K ∈ N, then there exists
a periodic solution y of the second kind following l. If, in this case, P is the minimal
generalized period of y, then y satisfies y(t + P) = y(t)+ lK − l0 (t ∈ R).

In §2, we prove a fixed point theorem for compositions of maps (Theorem 2.1). We also
formulate a particular case of this theorem (Corollary 2.1) which directly generalizes the
Lefschetz theorem, and which may be of interest away from the context of the present
paper. In §3, we apply Theorem 2.1 to obtain a result on the existence of chaotic dynamics
in the sense of semiconjugacy with a subshift of finite type (Theorem 3.1). In §4, we
describe the relevant properties of return maps associated with the delay equations under
consideration. Combining these tools, we prove the main theorem in §5.

2. A fixed point theorem
In this section we establish a fixed point theorem which later yields a result on the existence
of chaotic dynamics. Actually, our result is a minor modification of Theorem 2 in [16]
where compact pairs of spaces were considered. Taking into account other possible
applications, we formulate the result in a slightly more general setting than necessary for
the rest of the paper.

Let (X,A) be a topological pair. In the case A �= ∅, we denote by X/A the quotient
space obtained by the collapsing of A to a point; that point in X/A is denoted by [A].
If A = ∅, then X/A denotes the disjoint union of X and a point ∗ outside of X and we put
and [A] := ∗. In both cases, [x] denotes the equivalence class of x ∈ X in X/A.

We state the basic definitions related to the Lefschetz number (cf. [3, 8] for a detailed
exposition). Let V be a vector space over Q. For an endomorphism φ : V → V define the
generalized kernel of φ by

gkerφ :=
∞⋃
n=1

φ−n(0).

φ induces an endomorphism φ̃ : V/gkerφ → V/gkerφ. The map φ is called admissible
if V/gkerφ has finite dimension. If φ is admissible then the generalized trace of φ is
defined by

Trφ := tr φ̃,

where tr denotes the ordinary trace.
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Now let V = {Vn}n∈Z be a graded vector space over Q, and let φ = {φn}n∈Z be an
endomorphism, where φn : Vn → Vn. The map φ is called admissible provided φn is
admissible for every n and gkerφn = Vn for all except finitely many n. For an admissible
endomorphism φ, define its generalized Lefschetz number by

'(φ) :=
∞∑
n=0

(−1)n Trφn.

By H ∗ (respectively H̃ ∗) we denote the Alexander–Spanier (respectively the reduced
Alexander–Spanier) cohomology functor with coefficients in Q. A continuous map
f : (X,A) → (X,A) is called a Lefschetz map provided H ∗(f ) : H ∗(X,A) → H ∗(X,A)

is admissible. Slightly abusing notation, for such a map we define its generalized Lefschetz
number by

'(f ) := '(H ∗(f )).

If f : X → X is a Lefschetz map then H̃ ∗(f ) : H̃ ∗(X) → H̃ ∗(X) is admissible, and we
define

'̃(f ) := '(H̃ ∗(f )).

Now let f : X → X′ be a continuous map between topological spaces X and X′.
Assume that (C,E) is a pair of subsets of X, and that (C′, E′) is a pair of subsets of X′.
We associate to f the map f #

(C,E),(C ′,E′) : C/E → C′/E′ (denoted for brevity by f #)
defined as

f #([x]) :=
{
[f (x)] if x ∈ C \ E, f (x) ∈ C′ \ E′,
[E′] if x ∈ E or f (x) ∈ (X′ \ C′) ∪ E′.

For the case (C,E) = (C′, E′), the above map f # was introduced in [12] in order to
define index pairs in the discrete time Conley index theory. Below we provide a sufficient
condition for the continuity of f #. It was used in [15] in a slightly more restrictive context.

PROPOSITION 2.1. Let (C,E) and (C′, E′) be pairs of closed sets in X and X′,
respectively. If

f (E) ∩ C′ ⊂ E′, C′ ∩ f (C) \ C′ ⊂ E′,

then the induced map f # : C/E → C′/E′ is continuous.

Proof. Let x ∈ C. If f (x) ∈ C′ \ E′, then necessarily x ∈ C \ E and f (x) /∈ f (C) \ C′.
Let W be an open neighborhood of f (x) in X′ \ E′ such that

W ∩ f (C) \ C′ = ∅,
and let U be an open neighborhood of x in C \ E such that f (U) ⊂ W . Define
V := W ∩ C′. Then V is an open neighborhood of f (x) in C′ \ E′. It follows that
f (U) ⊂ V . Indeed, if z ∈ U and f (z) ∈ f (C) \ C′ then f (z) /∈ W , which is impossible.
Since C/E \ [E] is homeomorphic to C \ E and the same holds for the second pair, f # is
continuous at [x].

Assume now that f (x) ∈ E′ ∪ (X′ \ C′), hence f #([x]) = [E′]. Let N be an open
neighborhood of [E′] in C′/E′. It follows that

N = {[y] ∈ C′/E′ : y ∈ C′ \G}
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for some closed subset G ⊂ C′ such that G ∩ E′ = ∅. Since C′ is closed, the set X′ \ G

is an open neighborhood of E′ in X′. Further, f (E) ⊂ X′ \G, because f (E) ∩ C′ ⊂ E′.
Thus, the set

M = {[x] ∈ C/E : f (x) ∈ X′ \G}
is an open set in C/E (actually: a neighborhood of [E]), and (f #)−1(N) = M . ✷

Now we establish the main result of this section. Let k be a positive integer. We write
Zk for Z modulo k. For j ∈ Zk , let Xj be a topological space, let (Cj ,Ej ) be a pair of
subsets of Xj , and let fj : Cj → Xj+1 be a continuous map.

THEOREM 2.1. Assume that for every j ∈ Zk , Xj is a normed space, Cj and Ej are
closed in Xj , and f #

j := (fj )
#
(Cj ,Ej ),(Cj+1,Ej+1)

is continuous. Moreover, assume that C0

and E0 are absolute neighborhood retracts (ANRs), fj0 is compact and Xj0+1 is complete
(i.e. a Banach space) for some j0 ∈ Zk . Then f #

k−1 ◦ · · · ◦ f #
0 is a Lefschetz map, and if

'̃(f #
k−1 ◦ · · · ◦ f #

0 ) �= 0 then there exist x0 ∈ C0 \E0 and xj ∈ Cj , j = 1, . . . , k − 1,
such that

fj (xj ) = xj+1.

In particular, x0 is a fixed point of fk−1 ◦ · · · ◦ f0.

Proof. (The proof follows the proof of Theorem 2 in [16], with minor changes.) Put

ej : Ej � x → (x, 1) ∈ Xj × S1,

where S1 is the unit circle in the complex plane. Define the adjunction

Mj := Cj ∪ej (Xj × S1) := (Cj × 1 ∪ (Xj × S1)× 0)/ ∼,

where ∼ is the minimal equivalence relation which identifies (x, 1) ∈ Ej × 1 with
((x, 1), 0) ∈ (Xj × S1) × 0. For z ∈ Cj or z ∈ Xj × S1 and l ∈ {0, 1}, let [z, l]
denote the equivalence class of (z, l) in the relation ∼. We define the following subsets of
the adjunction Mj :

C∗
j := {[x, 1] ∈ Mj : x ∈ Cj },

D∗
j := {[z, 0] ∈ Mj : z ∈ Xj × S1},

E∗
j := {[x, 1] ∈ Mj : x ∈ Ej } = C∗

j ∩D∗
j .

Obviously, all the above sets are closed in Mj . By the Tietze–Dugundji Theorem (see [6]),
there exists a continuous map 1j : Xj → Xj+1 such that 1j |Cj = fj and 1j(Xj ) ⊂
Convfj (Cj ), where Conv denotes the closed convex hull. In particular, 1j0 is compact by
the Mazur theorem (since Xj0+1 is a Banach space). Let φj : Xj → [0, 1] be a Urysohn
Lemma function such that φ−1(0) = Ej . Define gj : Mj → Mj+1 by

gj ([x, 1]) :=
{
[fj (x), 1] if x ∈ Cj \Ej , fj (x) ∈ Cj+1 \ Ej+1,

[(fj (x), 1), 0] if x ∈ Ej or fj (x) ∈ (Xj+1 \ Cj+1) ∪ Ej+1,

gj ([(x, α), 0]) := [(1j(x), α exp(πiφj (x)/k)), 0].
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One can check that
(gk−1 ◦ · · · ◦ g0)([x, l]) = [x, l]

if and only if

x ∈ C0, l = 1, (fk−1 ◦ · · · ◦ f0)(x) = x, (fj ◦ · · · ◦ f0)(x) ∈ Cj+1.

In order to prove the theorem we have to show the existence of a fixed point of gk−1◦· · ·◦g0

in C∗
0 \ E∗

0 . To this purpose it suffices to prove that:
(I) gj is continuous for every j ∈ Zk;
(II) M0 and D∗

0 are ANRs;
(III) the map gk−1 ◦ · · · ◦ g0 : (M0,D

∗
0 ) → (M0,D

∗
0 ) is compact; and

(IV) '(gk−1 ◦ · · · ◦ g0) = '̃(f #
k−1 ◦ · · · ◦ f #

0 ).
Indeed, if (I)–(IV) hold, the required assertion follows by a fixed point theorem of Bowszyc
(see [3, Theorem (4.5)]).

Ad (I). The restriction gj |D∗
j

is continuous, hence it suffices to prove that gj |C∗
j

is
continuous. Let [x, 1] ∈ C∗

j . If gj ([x, 1]) ∈ C∗
j+1 \ E∗

j+1, then x ∈ Cj \ Ej by the
definition of gj . Since for every i ∈ Zk the map [y] 
→ [y, 1] is a homeomorphism
Ci/Ei \ [Ei] → C∗

i \E∗
i and C∗

i \E∗
i is open in Mi , the continuity of gj at [x, 1] follows

from the continuity of f #
j at [x].

Assume now that gj ([x, 1]) ∈ E∗
j+1. Let Z be an open neighborhood of gj ([x, 1])

in Mj+1. Then, for some open neighborhood U of fj (x) in Cj+1, and some open
neighborhood V of (fj (x), 1) in Xj+1 × S1,

Z = {[y, 1] ∈ Mj+1 : y ∈ U} ∪ {[z, 0] ∈ Mj+1 : z ∈ V }.
Let U ′ and V ′ be open subsets of Xj+1 such that U = U ′ ∩ Cj+1, fj (x) ∈ V ′ and
V ′ × {1} ⊂ V . There exists a neighborhood W of x ∈ Cj such that fj (W) ∈ U ′ ∩ V ′.
It follows that gj ([y, 1]) ⊂ Z for every y ∈ W , hence gj is continuous at [x, 1].

Finally, let gj ([x, 1]) ∈ Mj+1 \C∗
j+1. It follows that fj (x) ∈ Xj+1 \Cj+1. Let Z be a

neighborhood of gj ([x, 1]) in Mj+1. One can assume that Z := {[z, 0] ∈ Mj+1 : z ∈ V }
for some open set V ⊂ Xj+1 × S1 such that

V ∩ Cj+1 × {1} = ∅.
Let V ′ be an open neighborhood of fj+1(x) such that V ′ × {1} ⊂ V , and let N be a
neighborhood of x in Cj such that fj (N) ⊂ V ′. Then gj ([y, 1]) ∈ Z for every y ∈ N ,
hence the continuity of gj follows.

Ad (II). This follows from [2, Theorem (IV.6.1)].
Ad (III). It suffices to prove that gj0 is compact. We have already proved that 1j0 is

compact, hence gj0 |D∗
j0

is compact. Since Cj0+1 is closed in Xj0+1 and fj0 is compact,

gj0 |C∗
j0

is also compact and the result follows.

Ad (IV). Since the map

Cj/Ej \ [Ej ] � [x] 
→ [x, 1] ∈ Mj \D∗
j

is a homeomorphism for every j ∈ Zk , by the strong excision property (see [14,
Theorem 6.6.5]) the maps

H ∗(gk−1 ◦ · · · ◦ g0) : H ∗(M0,D
∗
0 ) → H ∗(M0,D

∗
0 ),

H ∗(f #
k−1 ◦ · · · ◦ f #

0 ) : H ∗(C0/E0, [E0]) → H ∗(C0/E0, [E0])
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are conjugate. The latter map is conjugate to H̃ ∗(f #
k−1 ◦ · · · ◦ f #

0 ). The result follows by
properties of the generalized Lefschetz number (see [3, Lemma (2.2)]). ✷

In the case k = 1 the above result is a direct generalization of the Lefschetz fixed point
theorem.

COROLLARY 2.1. Let X be a Banach space, let (C,E) be a pair of closed ANRs in X,
and let f : C → X be a compact continuous map. Assume that the induced map
f # : C/E → C/E is continuous. Then f # is a Lefschetz map, and if

'̃(f #) �= 0,

then there exists an x0 ∈ C \ E such that f (x0) = x0.

3. Chaotic dynamics
Let 4r := {1, . . . , r}Z denote the set of bi-infinite sequences with symbols 1, . . . , r , and
let σ : 4r → 4r be the shift map, i.e. σ({sn}n∈Z)k := sk+1. The space 4r is compact in
the cartesian product topology, and σ is continuous in that topology. The map σ (or, more
formally, the pair (4r, σ )) is called the full shift on r symbols. Let A = (Aij )i,j=1,...,r be
a square matrix, all entries of which are equal to 0 or 1. Define

4A := {{sn}n∈Z ∈ 4r : Asnsn+1 = 1 for all n ∈ Z}.
Denote σA : 4A → 4A the restriction of σ . σA is called the subshift of finite type generated
by the matrix A. The matrix A is called irreducible if Ak has all non-zero entries for
some positive integer k (cf. [18]). In that case the corresponding subshift σA generates a
dynamical system on 4A which is chaotic in Devaney’s sense (see [4]). In particular, the
set of periodic points of σA is dense in 4A.

For a map f : D → X, where D ⊂ X, and a subset T of D invariant under f ,
let traj(f, T ) be the space of trajectories in T , i.e. sequences {xn}n∈Z in T Z such that
f (xn) = xn+1 for every n ∈ Z. f induces the map f Z : traj(f, T ) → traj(f, T ), which is
equal to the shift

f Z(. . . , x−1, x0, x1, . . . ) = (. . . , x0, x1, x2, . . . ).

As a corollary of Theorem 2.1 we obtain the following statement on the existence of chaotic
dynamics.

THEOREM 3.1. Let X be a Banach space, for p = 1, . . . , r let (Cp,Ep) be a pair of
closed ANRs in X, and let Cp ∩ Cq = ∅ provided p �= q . Assume that for some n and
every p

H̃ n(Cp/Ep) = Q, H̃ i(Cp/Ep) = 0 for all i �= n.

Let f : ⋃r
p=1 Cp → X be a compact continuous map and let A = (Aij )i,j=1,...,r be an

irreducible matrix. If, for every p and q such that Apq = 1, the induced map

f #
pq := f #

(Cp,Ep),(Cq,Eq )
: Cp/Ep → Cq/Eq

is continuous, and the homomorphism H̃ ∗(f #
pq) : H̃ ∗(Cq/Eq) → H̃ ∗(Cp/Ep) is an

isomorphism, then there exists a compact set T ⊂ C1 ∪ · · · ∪ Cr invariant with respect
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to f , and a continuous surjective map φ : traj(f, T ) → 4A such that σA ◦ φ = φ ◦ f Z.
Moreover, the counterimage of each K-periodic sequence in 4A contains at least one
K-periodic trajectory of f .

Proof. Let s ∈ 4A be a K-periodic sequence. In particular, sK = s0. It follows that
H̃ (f #

sK−1s0
◦ · · · ◦ f #

s0s1
) is an isomorphism, hence its Lefschetz number is non-zero since

the reduced cohomologies of Cs0/Es0 are one-dimensional. By Theorem 2.1, there exists
a sequence

(xs
0, . . . , x

s
K−1) ∈ Cs0 × · · · × CsK−1

such that f (xs
K−1) = xs

0 and f (xs
i ) = xs

i+1 for i = 0, . . . ,K − 2. Put

T := {xs
i ∈ X : i = 0, . . . ,K − 1, s is a K-periodic sequence in 4A, K ∈ N}.

As the closure of an invariant set, T is also an invariant subset of X. Further, T is compact
since it is contained in f (

⋃r
i=1 Cp). Note that traj(f, T ) is a closed (hence compact)

subset of T Z. Let the map φ : traj(f, T ) → 4A be defined by φ({xn}) = {sn} if and only
if xn ∈ Csn for every n ∈ Z. The map φ is continuous and contains the set of periodic
sequences of σA in its image. Since the latter set is dense in 4A, we see that φ is surjective
and the result is proved. ✷

4. Sine-like delay equations and return maps
In [10, Theorem 5.4] it is shown that equation (−αš) with α = (9/e)(log(9)−1) possesses
a heteroclinic solution x : R → R joining the equilibrium −1 to the equilibrium +1.
The linearized equation at both equilibria is

v̇(t) = αv(t − 1), (v)

and has precisely one eigenvalue λ in the right half plane, which is real. The eigenvalues
with negative real parts occur in complex conjugate pairs, and there is a decomposition of
the state space C invariant under equation (v),

C = S̃ ⊕ S2 ⊕ R · exp(λ·),
where S̃ is infinite dimensional, S2 is the two-dimensional space corresponding to the
leading pair µ, µ̄ of stable eigenvalues, and exp(λ·) means the corresponding function on
[−1, 0]. Thus, in particular, the local unstable manifold at −1 is one dimensional, and its
global continuation finally hits the stable manifold of +1. The global unstable manifold of
−1 coincides with the orbit of the heteroclinic solution x.

Let us now describe the construction of a return map χ on a codimension-one surface
of section. We cannot repeat all the details from [10], but we give the most relevant ideas.
The construction is sketched here only for the unperturbed equation, to avoid technical
complications. We denote the projection onto the ith factor in a product by pri .

Let µ be the leading stable eigenvalue of the linearized equation (v), with $(µ) > 0.
There is an isomorphism

S̃ × C × R → C = S̃ ⊕ S2 ⊕ R · exp(λ·),
(x̃, w, z) 
→ x̃ + w exp(µ·)+ w̄ exp(µ̄·)+ z · exp(λ·).

https://doi.org/10.1017/S0143385702000639 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385702000639


1224 B. Lani-Wayda and R. Srzednicki

We denote the inverse isomorphism by ι : C → S̃ ×C ×R. The map χ consists of a local
and a global part.

The local part. In the coordinates given by ι, the local dynamics at the equilibrium −1
is given by a semigroup of linear operators T (t) : S̃×C×R → S̃×C×R (t ≥ 0), which
has the form

T (t)(x̃, w, z) = (T̃ (t)x̃, exp(µt)w, exp(λt)z),

where {T̃ (t)}t≥0 denotes a semigroup of linear operators on S̃ satisfying |T̃ (t)| ≤
K exp(γ t), with constants K > 0 and γ < &(µ) < 0. The relation between the
semigroup and the local dynamics at −1 is as follows: consider ψ ∈ C such that
the solution xψ with initial segment x

ψ

0 = ψ stays in the region around −1 in which
the unperturbed equation (−αš) is linear for all times t in an interval [−1, t̄], where t̄ > 0.
Set (x̃, w, z) := ι(ψ − (−1)) ∈ S̃ × C × R. Then for all t ∈ [0, t̄] one has

x
ψ
t = −1 + ι−1T (t)(x̃, w, z) = −1 + ι−1(T̃ (t)x̃, exp(µt)w, exp(λt)z).

For a suitably chosen number z0 > 0, and for ψ = −1 + ι−1(x̃, w, z) such that
0 < |z| ≤ z0, the time until the third component of the solution reaches z0 in absolute
value is given by

τ (z) := 1

λ
log

(
z0

|z|
)
.

Using the time map τ , one defines a ‘local’ map

T0 : S̃ × C × [−z0, z0] \ {0} → S̃ × C × {−z0, z0}
by

T0(x̃, w, z) := T (τ(z))(x̃, w, z) = (T̃ (τ (z))x̃, exp(µτ(z)w), sign(z) · z0)

(cf. the corresponding construction in R3 in [9, p. 320]).
The global part. With an appropriately chosen number R > 0, one defines surfaces

of section at the equilibria −1 and +1 by the equations |pr2ι(ψ − (−1))| = R and
|pr2ι(ψ − 1)| = R, respectively. The heteroclinic solution x hits the surface at +1 at
some time t+ > 0, i.e. |pr2ι(xt+ − 1)| = R (see also Figure 1, which is explained in more
detail below). Moreover, the parametrization of x is chosen such that there exists t− < −1
with pr3 ι(xt− − (−1)) = z0. From the implicit function theorem, one obtains solutions
starting from initial values ψ close to xt− which also hit the surface of section at +1 after
a unique time τ̃ (ψ) close to t+ − t−. With the semiflow � : R+

0 × C → C, we thus have
|pr2ι[�(τ̃ (ψ),ψ) − 1]| = R for such ψ . The fact that x(t) is in the region of linearity of
š at −1 for t ≤ t− implies that x(t) = −1 + c · exp(λt) for these t , with a constant c > 0.
Hence we have pr1 ι[xt− − (−1)] = 0, pr2 ι[xt− − (−1)] = 0, and pr3 ι[xt− − (−1)] = z0.
Now for (ỹ, w) ∈ S̃ × C close to 0, and with ψ := −1 + ι−1(ỹ, w, z0), we can define a
‘global’ map T1 by setting

T1(ỹ, w, z0) := ι[�(τ̃(ψ),ψ) − 1] ∈ S̃ × C × R.

(Then, of course, |pr2ιT1(ỹ, w, z0)| = R.) Further, T1 is extended to points with third
component equal to −z0 by setting

T1(ỹ, w,−z0) := −T1(−ỹ,−w, z0).
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FIGURE 1. The left-hand side shows a simplified image of the heteroclinic trajectories connecting the constant
solutions −3, −1, and +1, and the surfaces of sections around those solutions. The right-hand side shows the
reduction (mod 2) of neighborhoods of the constant solutions with the sets Ci,j and χ(Ci,j ) (case I1 ∩ I−1 = ∅).

(For the case of perturbed equations which may not be odd, the corresponding definition is
more complicated.) The map χ is essentially obtained as a composition of T1 with T0, in
appropriate coordinates. Consider (x̃, w, z) ∈ S̃ × C × R such that 0 < |z| < z0, and that
|w| = R. If |z| is small enough then pr1 T0(x̃, w, z) and pr2 T0(x̃, w, z) are close to zero,
and

(x ′, w′, z′) := (T1 ◦ T0)(x̃, w, z)

is well defined. Moreover, there exist unique θ, θ ′ ∈ [0, 2π) with w = R exp(iθ) and
w′ = pr2(T1 ◦ T0)(x̃, w, z) = R exp(iθ ′). The map χ is now defined by sending (x̃, θ, z)

to (x ′, θ ′, z′) ∈ S̃ × R × R.
As already remarked, the construction of such maps χ is possible not only for equation

(−αš), but for all nonlinearities from the class F . We do not denote the dependence of
χ on the nonlinearity; all such maps χ have in common the properties (1)–(5) which are
listed below, and which will allow us to apply Theorem 3.1.
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From now on we write S for the space S̃×R, with the max-norm. Next, we give a more
detailed description of the domain of χ . In [10], closed balls I−1, I1 ⊂ S and intervals
Ji,j = [ai,j , bi,j ] are defined for i, j ∈ {−1, 1} which satisfy the following conditions:
(a) either I1 = I−1 or dist(I1, I−1) > 0;
(b) ai,−1 < bi,−1 < 0 < ai,1 < bi,1 for i = ±1; and
(c) J1,j = J−1,j (j = ±1) in case I−1 = I1.
For i, j ∈ {−1, 1}, we set

Ci,j := Ii × Ji,j , Ei,j := Ii × {ai,j , bi,j }, E :=
⋃

i,j∈{−1,1}
Ci,j .

The map χ is defined on an open neighborhood of E in S × R and is of class C1.
We do not reproduce the detailed definitions of the sets Ci,j from [10], but we give an

indication of how they are constructed. Ignoring the first component in the decomposition
ι(C) = S̃ ×C×R, one can visualize the essential part of the dynamics of the unperturbed
equation (−αš) in a three-dimensional picture, see Figure 1. The figure is simplified by
identification modulo 2, which turns the heteroclinic connections into a pair of homoclinic
loops, as can be seen in the right-hand side of Figure 1. In this three-dimensional
projection, the surface of the section defined by |pr2ι(ψ − (−1))| = 1 is a cylinder surface
which has the unstable direction as its axis.

The upper and lower homoclinic solutions hit this surface at some points ψ+ and
ψ−, respectively. The coordinates given by the map ι of these points have the form
ι(ψ± − (−1)) = (x̃±, R exp(i�±), 0). We may regard (x̃±,�±, 0) as (generalized)
cylinder coordinates of the points ψ±. Now the sets I±1 are defined as the products
Ĩ± × [�± − δ,�± + δ], where Ĩ± is a small closed ball around x̃± in S̃, and δ > 0
is a suitably chosen small number. In this sense, I±1 is a neighborhood of the first two
cylinder coordinates of ψ± in S̃ × R.

Next, for i, j = −1, 1, the intervals Ji,j = [ai,j , bi,j ] must be chosen such that:
(i) bi,−1 < 0 < ai,1, i = −1, 1;
(ii) the time spent by points with cylinder coordinates ξ = (x̃, ϕ) ∈ Ii and z ∈ Ji,j in the

region around −1, where the equation is linear and long enough (to make the part in
S̃ decay strongly enough);

(iii) if ξ ∈ Ii , and if z varies between ai,j and bi,j , then the image point χ(ξ, z) (which is
obtained following the upper or lower homoclinic orbit) has a second component that
varies over all intervals Ji,j , in a strictly monotonic fashion.

The precise details are given in [10], §3. Property (iii) can be achieved using the
behavior of the local map T0, and a transversality type condition requiring that, in the
decomposition S̃ × C×R, the derivative D2T1(0, 0, z0) sends the space C to a space with
non-zero projection to the third coordinate. This condition follows from a corresponding
condition on the variational equation along the heteroclinic solution x, which is shown to
hold in [10], Lemma 5.3.

Remark. Whether I1 = I−1 or not depends on whether �+ = �− or not. In the example
from [10], §5, the symmetries implied �+ = �−+π , so that dist(I1, I−1) > 0, which has
to be regarded as the typical case. Since the case I−1 = I1 may occur in other examples,
we decided to include it.
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FIGURE 2. A schematic diagram of the sets Ci,j and their images under χ . Horizontal sides of the rectangles
represent the sets Ei,j and χ(Ei,j ).

The reader should note that the sets labeled Ci,j in Figure 1 really consist of points
of the form (R exp(i�), z) coming from points with generalized cylinder coordinates
(x̃,�, z) ∈ Ci,j . The actual sets Ci,j are shown in Figure 2. Moreover, the flow lines
in Figure 1 indicate the motion of the corresponding segments −1 + ι−1(x̃, R exp(i�), z)

under the semiflow in C.

For the remaining part of the paper, the following properties of the map χ are relevant.

(1) The set χ(E) is compact.
(2) To every trajectory {(ξn, zn)}n∈Z of χ in E, there corresponds a unique solution

y : R → R of the underlying equation, which follows the level sequence l = {ln}n∈Z
defined by l0 = −1, ln+1 = ln + 2 sign(zn).

(3) For all (ξ, z) ∈ E one has the implications

z > 0 (⇒ pr1 χ(ξ, z) ∈ I1, z < 0 (⇒ pr1 χ(ξ, z) ∈ I−1.
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(4) With B := maxi,j=−1,1{|ai,j |, |bi,j |} one has for i, j = −1, 1 and ξ ∈ Ii

|pr2χ(ξ, ai,j )| > B, |pr2χ(ξ, bi,j )| > B.

(5) sign pr2 χ(ξ, ai,j ) = −sign pr2 χ(ξ, bi,j ) for x ∈ Ii , i, j = −1, 1.
These properties are in fact weaker than the properties shown in [10], Lemma 3.2 and

Theorem 2.4.
In the following result we list some properties of the pairs (Ci,j , Ei,j ), and of the

corresponding maps induced by χ . This prepares the application of Theorem 3.1 in the
proof of Theorem 1.1 in the last section.

PROPOSITION 4.1. For i, j ∈ {−1, 1}, (Ci,j , Ei,j ) is a pair of closed ANRs in the Banach
space S × R, and

H̃ 1(Ci,j /Ei,j ) = Q, H̃ k(Ci,j /Ei,j ) = 0 for all k �= 1.

Moreover, for i, j, i ′, j ′ ∈ {−1, 1} the induced map χ#
(i,j),(i′,j ′) : Ci,j /Ei,j → Ci′,j ′/Ei′,j ′

is equal to the constant map [Ei′,j ′ ] provided i ′ �= j and I1 ∩ I−1 = ∅, and it is continuous
and H̃ ∗(χ#

(i,j),(i′,j ′)) is an isomorphism in the opposite case.

Proof. Since Ci,j /Ei,j has the homotopy type of the one-dimensional sphere, its
cohomologies have the required value. It follows directly from the definition that
χ#
(i,j),(i′,j ′) is constant in the case i ′ �= j and I1 disjoint from I−1 since property (3) is

satisfied.
Assume now that i ′ = j or I1 = I−1. In order to simplify notation let C, E, a, b, I , and

J denote, respectively, Ci,j , Ei,j , ai,j , bi,j , Ii , and Ji,j . We apply a similar convention to
the symbols with primes, i.e. Ci′,j ′ is denoted by C′, ai′,j ′ by a′, etc.

Using Proposition 2.1 we show that χ# : C/E → C′/E′ is continuous. Indeed,
χ(E)∩C′ = ∅ by property (4) and χ(C)\C′ is contained in I ′×((−∞, a)∪(b,∞)) by (3),
hence the intersection of its closure with C′ must be contained in E′. Let r : S×R → S×R

be defined by

r(ξ, z) :=


(ξ, z) if z ∈ J ′,
(ξ, a′) if z ≤ a′,
(ξ, b′) if z ≥ b′.

By property (3) the image of the pair (C,E) under the map r ◦ χ is contained in (C′, E′).
In the following diagram, the vertical arrows are induced by the quotient maps:

(C,E)
r◦χ ��

��

(C′, E′)

��
(C/E, [E]) χ#

�� (C′/E′, [E′])

Since χ# = (r ◦ χ)#, the diagram commutes. By the strong excision property,
the vertical arrows induce isomorphisms in the Alexander–Spanier cohomologies;
hence, in order to prove that H̃ ∗(χ#) is an isomorphism, it suffices to prove that
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H ∗(r ◦ χ) : H ∗(C′, E′) → H ∗(C,E) is an isomorphism. Let ξ0 be a point in I and let
e : J → C be given by z 
→ (ξ0, z). Define a map ψ as the composition

ψ : (J, {a, b}) e−−−−→ (C,E)
r◦χ−−−−→ (C′, E′)

pr2−−−−→ (J ′, {a′, b′}).
The first and third arrows induce isomorphisms. Indeed, pr2 ◦e and e ◦ pr2 are equal and,
respectively, homotopic to the identity. It suffices to prove that ψ induces an isomorphism.
By property (5), ψ is homotopic to the linear homeomorphism (J, {a, b}) → (J ′, {a′, b′}),
hence the result follows. ✷

5. Proof of Theorem 1.1
We will apply Theorem 3.1 to the sets and maps introduced in Section 4. To this aim, we
should slightly change the notation: the symbol −1 replaces 2 in the shift on two symbols,
i.e. 42 is now defined as {1,−1}Z and (1, 1), (1,−1), (−1, 1), and (−1,−1) now replace
1, 2, 3, and 4, respectively, in the shift on four symbols 44.

Define a matrix

A :=


1 1 0 0
0 0 1 1
1 1 0 0
0 0 1 1

 .

A is irreducible since all entries in A2 are equal to 1. The sequence {(in, jn)}n∈Z ∈ 44

belongs to 4A if and only if in+1 = jn.

LEMMA 5.1. The map

ω : 4A � {(in, jn)}n∈Z→ {jn}n∈Z ∈ 42

is continuous with respect to the product topologies and surjective, and the counterimage
of each K-periodic sequence in 42 contains a K-periodic sequence of 4A.

Proof. (Continuity is clear) Let s := {sn} ∈ 42. Define t := {tn} ∈ 4A by tn := (sn−1, sn).
Then s = ω(t), and if s is K-periodic, then t is also K-periodic. ✷

By combining property (1), Theorem 3.1, Proposition 4.1, and, in addition, Lemma 5.1
if I1 ∩ I−1 = ∅, we obtain the following assertion.

PROPOSITION 5.1. For every sequence {sn} ∈ 42 there exists a trajectory {(ξn, zn)}n∈Z
of χ in E such that sign(zn) = sn for each n ∈ Z. Moreover, if the sequence {sn}
is K-periodic then the corresponding trajectory {(ξn, zn)} can also be chosen to be
K-periodic.

Now we are ready to prove the main result of this paper.

Proof of Theorem 1.1. Let a level sequence l = (. . . , l−1, l0, l1, . . . ) with l0 = −1 and
with |ln+1 − ln| = 2 (n ∈ Z) be given. Define sn := sign(ln+1 − ln) for n ∈ Z. Applying
Proposition 5.1, we obtain a trajectory {(ξn, zn)}n∈Z such that sign(zn) = sn (n ∈ Z).
From property (2) of χ we obtain a corresponding solution y : R → R following the level
sequence as described in property (2), and it is obvious that this sequence coincides with l.
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Now if l is such that the associated sequence {sn} has a minimal period K ∈ N, then
Proposition 5.1 shows that the trajectory {(ξn, zn)}n∈Z can be chosen to be K-periodic.
Let y : R → R be the corresponding solution. If ξn = (x̃n, θn) ∈ S̃ × R (n ∈ Z),
there exists a sequence of times tn ∈ R (n ∈ Z) with t0 = 0 such that ytn =
ln + ι−1(x̃n, R exp(iθn), zn) (n ∈ Z), and the sequence {τn}n∈Z defined by τn := tn+1 − tn

is also K-periodic, and τn > 1 for all n ∈ Z (see [10, Proposition 4.12 and Lemma 3.2]).
Now (ξn+K, zn+K) = (ξn, zn) (n ∈ Z) implies that ytn+K = ytn + (ln+K − ln) (n ∈ Z);

with K-periodicity of the sequence {sn} we conclude ytn+K = ytn + lK − l0 (n ∈ Z).
Since the differential equation is autonomous with the two-periodic right-hand side, and
since lK − l0 ∈ 2Z, for n ∈ Z the function yn := y(tn + ·) + lK − l0 is also a solution of
the equation, and yn

0 = ytn+K . Forward uniqueness of solutions implies that, for n ∈ Z and
t ≥ 0, one has y(tn + t)+ lK − l0 = yn(t) = y(tn+K + t).

Now let s ∈ R. Since the differences τn satisfy τn > 1 for n ∈ Z, there exist j ∈ Z and
t ≥ 0 such that tj + t = s. With P := tK − t0, periodicity of the sequence {τn} implies
P = tj+K − tj . We obtain

y(s + P) = y(tj + t + P) = y(tj + t + tj+K − tj ) = y(t + tj+K)

= y(tj + t)+ lK − l0 = y(s)+ lK − l0.

Hence, y is a periodic solution of the second kind, with generalized period P . It remains
to be shown that P is minimal with this property. In the proof of that fact we will use the
following property of the solution y and the sequence of times {tn}n∈Z:

ytn([−1, 0]) ∩ Z = {ln} (n ∈ Z) (∗)

(see the beginning of the proof of Claim (4.12.3) in [10]).
Assume that y has a generalized period P̃ with P̃ ∈ (0, P ). Since P = tK − t0 = tK ,

there exists a unique n ∈ {0, . . . ,K − 1} such that P̃ ∈ [tn, tn+1). We have that y wanders
from ln to ln+1 on [tn − 1, tn+1]; cf. [10, Claim (4.12.3)] and (∗). Further, by the definition
of generalized period and by (∗), there exists m ∈ Z with yP̃ = y0 + 2m, which implies
yP̃ ([−1, 0])∩ Z = {−1 + 2m}. Together, we obtain that 2m− 1 ∈ {ln, ln+1}.

Case 1. 2m− 1 = ln. Then y wanders
• from ln−1 to ln on [tn−1 − 1, P̃ ];
• from ln to ln+1 on [P̃ − 1, tn+1];
• from ln+1 to ln+2 on [tn+1 − 1, tn+2];
and so on. Hence y(P̃ + ·) follows the level sequence (ln+j )j∈Z. On the other hand, the
facts that y(P̃ + ·) = y + 2m and that y follows l together imply that y(P̃ + ·) follows the
level sequence (lj + 2m)j∈Z. Thus we have ln+j = lj + 2m (j ∈ Z), which implies that
sn+j = ln+1+j − ln+j = lj+1 − lj = sj (j ∈ Z), so that n is a period of the sequence (sj ).
This contradicts the minimality of K as a period of (sj ).

Case 2. 2m−1 = ln+1. Then an argument analogous to the first case yields that (sj ) has
period n+ 1, which is again a contradiction in the case n+ 1 < K . In the case n+ 1 = K

we have

yP̃ ([−1, 0]) ∩ Z = 2m− 1 = ln+1 = lK = ytK ([−1, 0]) ∩ Z = yP ([−1, 0]) ∩ Z.
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Recalling that y wanders from ln to ln+1 = lK on [tn − 1, tn+1] = [tn − 1, tK ], one obtains
that y([P̃ − 1, P ]) ∩ Z = {lK }. Since both P and P̃ are generalized periods of y, there
exists m̃ ∈ Z with yP = yP̃ + 2m̃, and together with the last equality one sees that m̃ = 0.
It follows from forward uniqueness of solutions that y(t+ (P − P̃ )) = y(t) for t ≥ P̃ , and
so y([P̃ ,∞)) ∩ Z = {lK }. This contradicts the facts that y follows the sequence l and that
|lk+1 − lk| = 2 (k ∈ Z).

Thus we have obtained a contradiction in all cases, and P must be the minimal
generalized period of y. ✷

6. Concluding remarks
(1) In the dynamics of delay equations as considered here, one can find not only one but

many different sets E as above; in the case of a heteroclinic connection (which exists,
for example, for the piecewise linear example (−αš)), even a countably infinite set
of such regions. We did not include these technical details in the main theorem.

(2) The properties (1)–(5) of the map χ , which made the application of Theorem 3.1
possible, are considerably weaker than the corresponding conditions from [10].
Hence there is hope that the method of our paper may find further applications,
although at this point only the presented application is available.
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