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Abstract. We prove a generalized version of the Lefschetz fixed point theorem, and use it
to obtain a variety of periodic and aperiodic solutions for differential delay equations; in
particular, of the type x(tf) = f(x(t — 1)). Here f : R — R is odd and two-periodic,
and we obtain both strictly periodic solutions and solutions periodic modulo a multiple of
two. The qualitative behavior of solutions can be coded by symbol sequences containing
the sequence of levels about which these solutions oscillate.

1. Introduction and main result
The existence of infinitely many periodic orbits in a dynamical system is an expression
of complicated dynamical behavior. Classical results of this type for ordinary differential
equations are due to Poincaré, Birkhoff and Sil’nikov [1, 11, 13].

In the present paper, we study scalar delay equations of the type

x(0) = f(x@—1)), (f)

and we use an appropriate version of the Lefschetz fixed point theorem to obtain a rich
variety of qualitatively different periodic and aperiodic solutions. The nonlinearities
f : R — R considered here are sine-like in the sense that they are periodic (the period is
normalized to two), and between one zero z of f and the zero z + 2 there is exactly one
more Zero.

Such equations are used as models for the phase shift between oscillators which are
supposed to synchronize; see [19]. In this interpretation, a constant solution corresponds
to perfect synchronization, and oscillations around some constant level correspond to a still
roughly synchronized operation, but with variations in the phase shift. Finally, solutions
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wandering between different levels correspond to so-called ‘cycle slippings’, i.e. an at least
temporarily total loss of synchronization.

In connection with periodic nonlinearities f, say, with period 7 > 0, a special kind
of solution is of interest: so-called periodic solutions of the second kind. A solution
y : R — R of equation ( f) is called a periodic solution of the second kind if there exist
k € Z and w > 0 (called a generalized period) such that y(t + w) = y(t) + k- T fort € R.
Thus, periodic solutions of the second kind are periodic modulo a multiple of the period of
the nonlinearity f.

An early mathematical study of sine-like equations of type ( f) as a model for frequency
generators was given in [7], where periodic solutions of the second kind were obtained
from the Schauder fixed point theorem.

Bifurcation of periodic solutions of x(f) = —a sin(x(t — 1)) for « > 7 /2 was studied
numerically in [5], and solutions wandering up and down between different levels in an
irregular manner were observed to be typical for larger values of «.

Later, in [10], existence of such ‘wandering’ solutions following arbitrarily prescribed
symbol sequences was established for a piecewise linear function —« - § with period two,
and for small perturbations of the corresponding equation (—as), with o = (9/¢)(log(9)
— 1). The function § is defined by

S(x):=xfor|x| <0.5, §(x):=—x+1forx € (0.5,1.5),

and by two-periodic continuation to all of R. Thus, § is a piecewise linear version
of the function x +— (1/7)sin(rx). We briefly describe the class of admissible,
that is sufficiently ‘small’, perturbations of this particular nonlinearity. (Note that s is
not differentiable at the points of 1/2 + Z, so we cannot directly talk about C'-small
perturbations.) In the sequel, for a Banach space X we denote by BC!(X, R) the space
of bounded C'-functions X — R with bounded derivative and by C we denote the
space of continuous maps [—1, 0] — R (both spaces are endowed with the usual norm).
First, we consider perturbed equations of the form x (1) = g(x(¢—1)) with g € BC IR, R).
Roughly speaking, a two-periodic function g is in the admissible class if:
(a) g is close enough to —as5 in the C°-norm; and
(b) g is also close enough to —a§ in the C!-norm, except for a small neighborhood of
the set 1/2 4+ Z, where —as is not differentiable.

More precisely, there exist numbers 61,6, > 0 such that every g € BC IR, R) is
admissible if it satisfies the following conditions:
B gx+2)=gk) (x eR);
() lg'llco <a+1;
(i) llg — (—=a$)lco < 013
iv) g = (—aH)]IR\[1/24(=62,00)+21 c1 < O1.
(Compare [10], Theorem 4.15 and Remark 4.9; we have obviously |(—as)'(x)| < « for
x e R\ [1/24+7Z].)

Second, we mention more general perturbed equations. Any ¢ € BC!(R, R) defines
a functional ¢ : C — R, which is in BC'(C,R), by g(¥) := g(¥(—1)). As usual, we
denote by x; the segment of x at time ¢, that is, x;(0) = x(t + 6), 8 € [—1, 0]. With this
notation, the equations x(¢) = g(x(t — 1)) and x(¢r) = g(x;) are equivalent. We say that a
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functional F' : C — R is two-periodic if F (¢ +2) = F(¢) forall ¢ € C, where ¢ + 2 is
the function [—1,0] 3 7 — ¥ (r) + 2. If now g € BC' (R, R) satisfies conditions (i)—(iv)
above, and if F € BC! (C, R) is two-periodic and sufficiently close to the functional g in
the C!-norm, then the equation
x(t) = F(xr) (F)
is also an admissible perturbation of the piecewise linear example. Such equations generate
a semiflow O : RS‘ xC—> C, (t,¢¥) — x,w, where x¥ : [—1, o0) — R denotes the
solution of equation (F') with initial segment x(‘)p = .
From now on we shall refer to the above class of equations which are sufficiently
small perturbations of (—as) by the symbol F. We will be interested in solutions of such
equations which follow a prescribed level sequence; this notion is defined precisely below.

Definition. Assume that I C Ris an interval, that y € CO(I, R),andthatk € Z. Let J C I

be a subinterval.

(a) We say that y oscillates about k on J if y(J) N Z = {k}.

(b) Now let k,l € Z with k # 1. We say that y wanders from k to | on J if there exist
subintervals Ji, Ji, J; of J with J = J U Jig U Jp, with Ji < Ji < Jj, and such
that y oscillates about k on Ji, y oscillates about / on J;, and

y(Ji) NZ = {m € Z : min{k, I} < m < max{k, [}}.

(c) Givenasequencel = (...,I_1,lp,l1,...) € 7%, we say that y € CO%R, R) follows
the level sequence 1 if there exist intervals J; (j € Z) such that sup;.z(sup J; —
infJ;) < oo, UjeZ Ji =R,infJ; <infJjy1,supJ; <supJjy1 (j € Z),and y
wanders from /; to/j11 on J; (j € Z).

One central result of [10] was, roughly speaking, that for every equation from the class
JF and for every level sequencel = (...,l1_1,lp,l1,lp,...) withlyp = —1, |l[k+1 — lx| =2
(k € Z), there exists a solution defined on all of R which follows this sequence in the sense
of the above definition. The method of proof, a version of the Smale horseshoe method
in combination with compactness arguments, did not yield uniqueness of the solution
following a prescribed level sequence.

Consider now the case of a periodic level sequence 1, say, with period K € N. In this
case, the construction from [10] does not necessarily give periodic time intervals J;
(in the above notation), and, as already remarked, the solution following the periodic level
sequence is not necessarily unique. For these reasons, using only the results from [10] one
cannot argue that the solution following the periodic sequence 1 must be periodic.

In the present work we shall use statements from [10], which describe the dynamics in
terms of return maps, and a generalized Lefschetz fixed point theorem, in order to obtain
both strictly periodic solutions and periodic solutions of the second kind. We also obtain
aperiodic solutions following prescribed level sequences.

Our method does not provide the geometric information that the initial values of the
solutions obtained are located on graphs of Lipschitz maps, as was the case in [10].
However, the technique of our work is a new alternative, and we obtain additional
information on periodic solutions.
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Let us remark that the periodic solutions obtained by Furumochi for equations of the
type (f) are of the second kind, and such that within one period they always move up
an integer multiple of the period of f. Also, the periodic solutions of the second kind
obtained in [17], as a consequence of transverse heteroclinic connections in sine-like delay
equations, always move up within each period.

In contrast to these results, in the present paper we obtain periodic solutions of the

second kind moving up and down in accordance with any prescribed level sequence.
Also, this seems to be the first application of Lefschetz-type theorems in the context of
delay equations. Our main result is the following.
THEOREM 1.1. For every functional differential equation from the class F and for every
level sequencel = (...,1_1,1o, 11,1, ...) withly = —1, |lx+1 — Ix]| = 2 (k € Z), there
exists a solution y which follows this sequence. If 1 is such that the sequence {s,} defined
by s, = Ilyy1 — I, (n € Z) is periodic with minimal period K € N, then there exists
a periodic solution y of the second kind following 1. If, in this case, P is the minimal
generalized period of y, then y satisfies y(t + P) = y(t) +1x — lp (t € R).

In §2, we prove a fixed point theorem for compositions of maps (Theorem 2.1). We also
formulate a particular case of this theorem (Corollary 2.1) which directly generalizes the
Lefschetz theorem, and which may be of interest away from the context of the present
paper. In §3, we apply Theorem 2.1 to obtain a result on the existence of chaotic dynamics
in the sense of semiconjugacy with a subshift of finite type (Theorem 3.1). In §4, we
describe the relevant properties of return maps associated with the delay equations under
consideration. Combining these tools, we prove the main theorem in §5.

2. A fixed point theorem

In this section we establish a fixed point theorem which later yields a result on the existence
of chaotic dynamics. Actually, our result is a minor modification of Theorem 2 in [16]
where compact pairs of spaces were considered. Taking into account other possible
applications, we formulate the result in a slightly more general setting than necessary for
the rest of the paper.

Let (X, A) be a topological pair. In the case A # {J, we denote by X/A the quotient
space obtained by the collapsing of A to a point; that point in X /A is denoted by [A].
If A =0, then X/A denotes the disjoint union of X and a point * outside of X and we put
and [A] := . In both cases, [x] denotes the equivalence class of x € X in X/A.

We state the basic definitions related to the Lefschetz number (cf. [3, 8] for a detailed
exposition). Let V be a vector space over Q. For an endomorphism ¢ : V — V define the
generalized kernel of ¢ by

gkerg == _J ¢7"(0).
n=1

¢ induces an endomorphism ¢ : V/gker¢ — V/gker¢. The map ¢ is called admissible
if V/gker¢ has finite dimension. If ¢ is admissible then the generalized trace of ¢ is
defined by

Tre := tro,

where tr denotes the ordinary trace.
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Now let V = {V,},c7z be a graded vector space over QQ, and let ¢ = {¢,},c7 be an
endomorphism, where ¢, : V,, — V,,. The map ¢ is called admissible provided ¢, is
admissible for every n and gker ¢, = V,, for all except finitely many n. For an admissible
endomorphism ¢, define its generalized Lefschetz number by

A@) =Y (=1)" Tro,.
n=0

By H* (respectively H *) we denote the Alexander—Spanier (respectively the reduced
Alexander—Spanier) cohomology functor with coefficients in Q. A continuous map
f (X, A) —> (X, A)iscalled a Lefschetz map provided H*(f) : H*(X, A) - H*(X, A)
is admissible. Slightly abusing notation, for such a map we define its generalized Lefschetz
number by

A(f) = AH™(f)).

If f: X — X is a Lefschetz map then ﬁ*(f) : ﬁ*(X) — ﬁ*(X) is admissible, and we
define

A(f) == ACH*(f)).

Now let f : X — X’ be a continuous map between topological spaces X and X’.
Assume that (C, E) is a pair of subsets of X, and that (C’, E’) is a pair of subsets of X’.
We associate to f the map f(#C,E),(C’,E/) : C/E — C'/E’' (denoted for brevity by f#)
defined as

[f(x)] ifxeC\E, f(x)eC'\E,

# .
Flxh = :[E’] ifxe Eor f(x) e (X'\C)UE'.

For the case (C, E) = (C’, E'), the above map f# was introduced in [12] in order to
define index pairs in the discrete time Conley index theory. Below we provide a sufficient
condition for the continuity of f*. It was used in [15] in a slightly more restrictive context.

PROPOSITION 2.1. Let (C, E) and (C', E") be pairs of closed sets in X and X/,
respectively. If

f(EyYNC' CE, C'nfC)\C' CE,
then the induced map f*: C/E — C’/E’ is continuous.

Proof. Letx € C. If f(x) € C'\ E’, then necessarily x € C \ E and f(x) ¢ f(C)\ C'.
Let W be an open neighborhood of f(x) in X’ \ E’ such that

Wnf(C)\C =9,

and let U be an open neighborhood of x in C \ E such that f(U) C W. Define
V := WNC'. Then V is an open neighborhood of f(x) in C' \ E’. Tt follows that
f(U) C V.Indeed,if z € U and f(z) € f(C)\ C’ then f(z) ¢ W, which is impossible.
Since C/E \ [E] is homeomorphic to C \ E and the same holds for the second pair, f* is
continuous at [x].

Assume now that f(x) € E' U (X’ \ C), hence f#([x]) = [E’]. Let N be an open
neighborhood of [E] in C’/E’. Tt follows that

N={lyleC'/E':yeC'\G}
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for some closed subset G C C’ such that G N E’ = . Since C’ is closed, the set X' \ G
is an open neighborhood of E’ in X’. Further, f(E) C X'\ G, because f(E)NC’ C E'.
Thus, the set

M={[x]€C/E: f(x) e X'\ G}

is an open set in C/E (actually: a neighborhood of [E]), and (f*)~!(N) = M. m|

Now we establish the main result of this section. Let k be a positive integer. We write
Zy for Z modulo k. For j € Zy, let X; be a topological space, let (C;, E;) be a pair of
subsets of X ;, and let f; : C; — X ;41 be a continuous map.

THEOREM 2.1. Assume that for every j € Zi, X is a normed space, C;j and E; are
closed in X, and ff = (fj)?cjij)v(C_/+]ij+l) is continuous. Moreover, assume that Cy
and Eq are absolute neighborhood retracts (ANRs), fj, is compact and X j 1 is complete
(i.e. a Banach space) for some jo € Zy. Then flil 0---0 f(# is a Lefschetz map, and if
AfE oo f#) # 0 then there exist xo € Co\ Eg and xj € Cj, j = 1,...,.k — 1,
such that

fi(xj) =xjq1.
In particular, xg is a fixed point of fr—10---0 fo.
Proof. (The proof follows the proof of Theorem 2 in [16], with minor changes.) Put
ej:Ej>x— (x,1) € X; x St
where S! is the unit circle in the complex plane. Define the adjunction
Mj:=CjU; (Xj xS :=(C; x 1U(X; x ") x 0)/ ~,

where ~ is the minimal equivalence relation which identifies (x,1) € E; x 1 with
((x,1),0) € (X; x S) x 0. Forz € Cjorz € X; x S and ! € {0, 1}, let [z,]
denote the equivalence class of (z, /) in the relation ~. We define the following subsets of
the adjunction M;:

Cri={lx.11e Mj : x € Cj},
D% :={[z.0]€ Mj:z€ X; x '},
E;" ={lx,1leMj:x e E;}= C;‘ N D;"

Obviously, all the above sets are closed in M ;. By the Tietze-Dugundji Theorem (see [6]),
there exists a continuous map W; : X; — Xy such that Wj|c;, = fj and ¥;(X;) C
Conv f;(C}), where Conv denotes the closed convex hull. In particular, ¥, is compact by
the Mazur theorem (since X j,+1 is a Banach space). Let ¢; : X; — [0, 1] be a Urysohn
Lemma function such that ¢~ (0) = E;. Defineg; : M; — Mjy1 by

[fj(x), 1] ifxeCj\Ej,fj(x)eCj+1\E.j+1,
[(fj(x),1),0] ifxeEjorfj(x) e (Xj1\Cjyr1)UEj4,
gi([(x,),0]) ;== [(V;(x), aexp(migj(x)/k)),0].

gj([x, 1] = :
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One can check that
(8k—10-+-0go)([x,1]) = [x,]]
if and only if

x€Co, =1, (fi-10---0fo)x)=x, (fjo---0 fo)x)e€ CCjt1.
In order to prove the theorem we have to show the existence of a fixed point of gy_j0- - -0go
in Cg \ Ej. To this purpose it suffices to prove that:
(I)  g; is continuous for every j € Zy;
(I) My and Dj are ANRs;
(IIT) the map gx—1 0 --- 0 go : (Mo, D§) — (Mo, Dgj) is compact; and
(IV) A(ge10---080) = A(ff 00 f).
Indeed, if (I)-(IV) hold, the required assertion follows by a fixed point theorem of Bowszyc
(see [3, Theorem (4.5)]).

Ad (I). The restriction g;| D* is continuous, hence it suffices to prove that g j|c}{‘ is
continuous. Let [x, 1] € C;‘. If g;j([x,1]) € C;‘H \ E7+1’ then x € C; \ E; by the
definition of g;. Since for every i € Z; the map [y] — [y, 1] is a homeomorphism
Ci/Ei \|E;] — C}\ Ef and C} \ E] is open in M;, the continuity of g; at [x, 1] follows
from the continuity of f ]# at [x].

Assume now that g;([x, 1]) € E;’.‘H. Let Z be an open neighborhood of g;([x, 1])
in Mj;1. Then, for some open neighborhood U of fj(x) in Cj;i, and some open
neighborhood V of (fj(x),1)in X1 x st

Z={ly,11eMjy1:yecU}U{[z,0le Mj;1:z€ V}.
Let U’ and V' be open subsets of X4 such that U = U’ N Cjyq, fj(x) € V' and
V' x {1} C V. There exists a neighborhood W of x € C; such that f;(W) e U' N V',
It follows that g ([y, 11) C Z for every y € W, hence g; is continuous at [x, 1].

Finally, let g;([x, 1]) € M4 \C;‘H. It follows that f(x) € Xj 11\ Cj+1. Let Zbe a
neighborhood of g;([x, 1]) in M. One can assume that Z := {[z,0] € M4 : z € V}
for some openset V C X411 x S! such that

VNCjy x {1} =40.
Let V’ be an open neighborhood of fi+1(x) such that V/ x {1} C V, and let N be a
neighborhood of x in C; such that f;(N) C V’. Then g;([y, 1]) € Z forevery y € N,
hence the continuity of g; follows.

Ad (II). This follows from [2, Theorem (IV.6.1)].

Ad (III). It suffices to prove that g, is compact. We have already proved that W, is
compact, hence g | D7 is compact. Since Cj;4 is closed in X j,+1 and fj, is compact,
gio |C;50 is also compact and the result follows.

Ad (IV). Since the map

Ci/E;\[Ej]l>[x] > [x,1] € M; \Dj
is a homeomorphism for every j € Zg, by the strong excision property (see [14,
Theorem 6.6.5]) the maps
H*(gk—10---0g0) : H*(My, Dy) — H*(My, Dg),

H*(ff o+ o f) : H*(Co/Eo, [Eol) = H*(Co/Eq, [Eol)
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are conjugate. The latter map is conjugate to H *( f,f_l 0---0 f(f ). The result follows by
properties of the generalized Lefschetz number (see [3, Lemma (2.2)]). O

In the case k = 1 the above result is a direct generalization of the Lefschetz fixed point
theorem.

COROLLARY 2.1. Let X be a Banach space, let (C, E) be a pair of closed ANRs in X,
and let f : C — X be a compact continuous map. Assume that the induced map
f*:C/E — C/E is continuous. Then f* is a Lefschetz map, and if

A #0,

then there exists an xo € C \ E such that f(xg) = xo.

3. Chaotic dynamics

Let =, := {1, ..., r}% denote the set of bi-infinite sequences with symbols 1, ..., r, and
leto : ¥, — X, be the shift map, i.e. o ({s,},e7)k := Sk+1. The space X, is compact in
the cartesian product topology, and o is continuous in that topology. The map o (or, more
formally, the pair (X,, 0)) is called the full shift on r symbols. Let A = (A;j);, j=1,...,r be
a square matrix, all entries of which are equal to 0 or 1. Define

Ya = {sulrez € Iy : Agys,,, = L foralln € Z}.

Denote oy : ¥4 — X4 therestriction of 0. o4 is called the subshift of finite type generated
by the matrix A. The matrix A is called irreducible if A* has all non-zero entries for
some positive integer k (cf. [18]). In that case the corresponding subshift o4 generates a
dynamical system on ¥4 which is chaotic in Devaney’s sense (see [4]). In particular, the
set of periodic points of 4 is dense in X 4.

Foramap f : D — X, where D C X, and a subset T of D invariant under f,
let traj( f, T) be the space of trajectories in T, i.e. sequences {x},cz in TZ such that
f(xn) = xp41 forevery n € Z. f induces the map f% : traj(f, T) — traj(f, T), which is
equal to the shift

Fl( X1, X0y Xy o) = (oo X0 X1y X2, 2 ).
As acorollary of Theorem 2.1 we obtain the following statement on the existence of chaotic

dynamics.

THEOREM 3.1. Let X be a Banach space, for p = 1,...,r let (Cp, E,) be a pair of
closed ANRs in X, and let C, N Cy = @ provided p # q. Assume that for some n and

every p
H"(C,/Ey) =Q, H(C,/Ep) =0 foralli#n.

Let f : U;=1 Cp — X be a compact continuous map and let A = (A;j); j=1
irreducible matrix. If, for every p and q such that A,y = 1, the induced map

# . o# .
fpg = f(C,,,E,,),(C,,,E,,) CCp/Ep = Cy/Eq

is continuous, and the homomorphism ﬁ*(flfq) : ﬁ*(Cq/Eq) — ﬁ*(Cp/Ep) is an
isomorphism, then there exists a compact set T C C1 U --- U C, invariant with respect

.....

https://doi.org/10.1017/50143385702000639 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000639

Lefschetz fixed point theorem and delay equations 1223

to f, and a continuous surjective map ¢ : traj(f, T) — X4 such thatopo¢p = ¢ o fZ.
Moreover, the counterimage of each K -periodic sequence in ¥4 contains at least one
K -periodic trajectory of f.

Proof. Let s € ¥4 be a K-periodic sequence. In particular, sx = sg. It follows that
H(f¥ oo f# )isanisomorphism, hence its Lefschetz number is non-zero since
the reduced cohomologies of Cy,/Ey, are one-dimensional. By Theorem 2.1, there exists
a sequence

N N
(xXgs - s Xg_1) € Csg X -+ - X Cype

such that f(xy _;) = xpand f(x;) = x; | fori =0,..., K — 2. Put

T := {xf' €eX:i=0,...,K—1, sisa K-periodic sequence in X4, K € N}.

As the closure of an invariant set, T is also an invariant subset of X. Further, T is compact
since it is contained in f(|J;_, C,). Note that traj(f, T') is a closed (hence compact)
subset of 7Z. Let the map ¢ : traj(f, T) — X4 be defined by ¢ ({x,}) = {s,} if and only
if x, € C;, for every n € Z. The map ¢ is continuous and contains the set of periodic
sequences of o4 in its image. Since the latter set is dense in X 4, we see that ¢ is surjective
and the result is proved. O

4. Sine-like delay equations and return maps

In [10, Theorem 5.4] it is shown that equation (—as) with @ = (9/¢)(log(9) — 1) possesses
a heteroclinic solution x : R — R joining the equilibrium —1 to the equilibrium +1.
The linearized equation at both equilibria is

v(t) = av(t — 1), (v)

and has precisely one eigenvalue X in the right half plane, which is real. The eigenvalues
with negative real parts occur in complex conjugate pairs, and there is a decomposition of
the state space C invariant under equation (v),

C=SoS5 DR -exp(r),

where § is infinite dimensional, S, is the two-dimensional space corresponding to the
leading pair u, it of stable eigenvalues, and exp(A-) means the corresponding function on
[—1, 0]. Thus, in particular, the local unstable manifold at —1 is one dimensional, and its
global continuation finally hits the stable manifold of 41. The global unstable manifold of
—1 coincides with the orbit of the heteroclinic solution x.

Let us now describe the construction of a return map x on a codimension-one surface
of section. We cannot repeat all the details from [10], but we give the most relevant ideas.
The construction is sketched here only for the unperturbed equation, to avoid technical
complications. We denote the projection onto the ith factor in a product by pr;.

Let wu be the leading stable eigenvalue of the linearized equation (v), with J(w) > 0.
There is an isomorphism

SxCxR— C:S‘@SZ@R-exp()v),
(X, w,z) = X +wexp(u-) + wexp(i) + z - exp(r-).
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We denote the inverse isomorphism by ¢ : C — S x C x R. The map x consists of a local
and a global part.

The local part. In the coordinates given by ¢, the local dynamics at the equilibrium —1
is given by a semigroup of linear operators T'(r) : S x C x R — § x C x R (r > 0), which
has the form

T, w,2) = (T(1F, exp(un)w, exp(r1)z),

where {f"(t)},zo denotes a semigroup of linear operators on S satisfying |7~"(t)| <
K exp(yt), with constants K > 0 and y < 9(u) < 0. The relation between the
semigroup and the local dynamics at —1 is as follows: consider v € C such that
the solution x¥ with initial segment xg’ = 1 stays in the region around —1 in which
the unperturbed equation (—as) is linear for all times 7 in an interval [—1, 7], where 7 > 0.

Set (X, w,z) :=1(y — (=1)) € S x C x R. Then for all ¢ € [0, 7] one has

=1+ CITOGE w2 = — 1+ CNT(O)F, exput)w, exp(M)z).
For a suitably chosen number zg > 0, and for v = —1 + L’l(i, w, z) such that

0 < |z| < zo, the time until the third component of the solution reaches zg in absolute

value is given by
1 20
7(z) = —log| — ).
@ = 1oe ()

Using the time map t, one defines a ‘local” map
To: § x C x [—z20, 20] \ {0} > § x C x {—z0. 20}

by
To(F, w, 2) := T(t(2))(F, w, 2) = (T (t(2))%, exp(ut(z)w), sign(z) - z0)

(cf. the corresponding construction in R3 in [9, p. 320]).

The global part. With an appropriately chosen number R > 0, one defines surfaces
of section at the equilibria —1 and +1 by the equations |pryt(¢y — (—1))] = R and
|prot (¥ — 1)| = R, respectively. The heteroclinic solution x hits the surface at +1 at
some time t4 > 0, i.e. [pryt(x,, — 1)| = R (see also Figure 1, which is explained in more
detail below). Moreover, the parametrization of x is chosen such that there exists 7_ < —1
with pr3 ¢(x,_ — (—1)) = zo. From the implicit function theorem, one obtains solutions
starting from initial values ¥ close to x,_ which also hit the surface of section at +1 after
a unique time 7 (¥) close to 4 — z_. With the semiflow ® : R(‘)" x C — C, we thus have
[pryt[P (T (), ¥) — 11| = R for such y. The fact that x(¢) is in the region of linearity of

s at —1 fort < t_ implies that x(¢) = —1 + ¢ - exp(At) for these ¢, with a constant ¢ > 0.
Hence we have pr; ([x;_ — (=1)] = 0, pry t[x;_ — (=1)] = 0, and pr3 ([x;_ — (—1)] = zo.
Now for (¥, w) € § x C close to 0, and with ¢ := —1 + ! (¥, w, zp), we can define a

‘global’ map 77 by setting
Ti(5, w, 20) = PEW), ¥) =11 € § x Cx R.

(Then, of course, |pryt71(y, w, zo)| = R.) Further, 77 is extended to points with third
component equal to —zq by setting

7’1(&7 w, _ZO) = _7-1(_&’ —w, ZO)'
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FIGURE 1. The left-hand side shows a simplified image of the heteroclinic trajectories connecting the constant
solutions —3, —1, and +1, and the surfaces of sections around those solutions. The right-hand side shows the
reduction (mod 2) of neighborhoods of the constant solutions with the sets C;, ; and x (C;, ;) (case [1 N1 = ¥).

(For the case of perturbed equations which may not be odd, the corresponding definition is
more complicated.) The map yx is essentially obtained as a composition of 77 with 7p, in
appropriate coordinates. Consider (¥, w, z) € S x C x R such that 0 < |z| < zo, and that
|lw| = R. If |z| is small enough then pr; 7o(¥, w, z) and pr, 7o(X, w, z) are close to zero,
and

', w', 2) == (T1 0 T0) (X, w, 2)

is well defined. Moreover, there exist unique 6,60’ € [0, 27) with w = Rexp(if) and
w' = pry (7] 0o To)(X, w, z) = Rexp(i6). The map yx is now defined by sending (%, 6, z)
to(x',0',z7) e Sx R x R.

As already remarked, the construction of such maps yx is possible not only for equation
(—as), but for all nonlinearities from the class F. We do not denote the dependence of
x on the nonlinearity; all such maps x have in common the properties (1)—(5) which are
listed below, and which will allow us to apply Theorem 3.1.
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From now on we write S for the space S x R, with the max-norm. Next, we give a more
detailed description of the domain of x. In [10], closed balls /_j, I} C S and intervals
Ji,j =lai j, bi,j] are defined for i, j € {—1, 1} which satisfy the following conditions:

(a) either Iy = I ordist({y, I—1) > 0;

(b) ai—1<bi—1 <0<aj <b;fori ==l1;and
(© Ji,j=J-1,j(j==xl)incase 1 = 1.
Fori, j € {—1, 1}, we set

Cij:=1xJij, Eij=1I x{aj,bij}, A:= U Ci -
i,je{—1,1}

The map x is defined on an open neighborhood of A in § x R and is of class C!.

We do not reproduce the detailed definitions of the sets C; ; from [10], but we give an
indication of how they are constructed. Ignoring the first component in the decomposition
1(C) = § x C x R, one can visualize the essential part of the dynamics of the unperturbed
equation (—as) in a three-dimensional picture, see Figure 1. The figure is simplified by
identification modulo 2, which turns the heteroclinic connections into a pair of homoclinic
loops, as can be seen in the right-hand side of Figure 1. In this three-dimensional
projection, the surface of the section defined by |pr,t(y — (—1))| = 1 is a cylinder surface
which has the unstable direction as its axis.

The upper and lower homoclinic solutions hit this surface at some points ¥ and
Y_, respectively. The coordinates given by the map ¢ of these points have the form
(e — (=1)) = (X&, Rexp(i®1),0). We may regard (x+, O+, 0) as (generalized)
cylinder coordinates of the points {¥1. Now the sets I are defined as the products
I; X [®4 — 8§, D+ + 5], where fi is a small closed ball around X4 in S‘, and § > 0
is a suitably chosen small number. In this sense, /1] is a neighborhood of the first two
cylinder coordinates of ¥+ in § x R.

Next, fori, j = —1, 1, the intervals J; ; = [a; j, b;, j] must be chosen such that:

i) bi-1<0<ai1,i=-1,1;

(ii)  the time spent by points with cylinder coordinates § = (X, ¢) € I; and z € J; j in the
region around — 1, where the equation is linear and long enough (to make the part in
S decay strongly enough);

(iii) if & € I;, and if z varies between a; ; and b; ;, then the image point x (§, z) (which is
obtained following the upper or lower homoclinic orbit) has a second component that
varies over all intervals J; ;, in a strictly monotonic fashion.

The precise details are given in [10], §3. Property (iii) can be achieved using the
behavior of the local map 7y, and a transversality type condition requiring that, in the
decomposition S x C x R, the derivative D,7,(0, 0, zo) sends the space C to a space with
non-zero projection to the third coordinate. This condition follows from a corresponding
condition on the variational equation along the heteroclinic solution x, which is shown to
hold in [10], Lemma 5.3.

Remark. Whether I} = I_1 or not depends on whether & = ®_ or not. In the example
from [10], §5, the symmetries implied & = ®_ + 7, so that dist(/1, /_1) > 0, which has
to be regarded as the typical case. Since the case /_| = I} may occur in other examples,
we decided to include it.
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FIGURE 2. A schematic diagram of the sets C; ; and their images under x. Horizontal sides of the rectangles
represent the sets E; ; and x (E;, ;).

The reader should note that the sets labeled C; ; in Figure 1 really consist of points
of the form (Rexp(i®),z) coming from points with generalized cylinder coordinates
(X, ®,z) € C; ;. The actual sets C; ; are shown in Figure 2. Moreover, the flow lines
in Figure 1 indicate the motion of the corresponding segments —1 + (~! (X, R exp(i ®), 7)
under the semiflow in C.

For the remaining part of the paper, the following properties of the map y are relevant.
(1) The set x (A) is compact.

(2) To every trajectory {(&,, zn)}nez of x in A, there corresponds a unique solution
y : R — R of the underlying equation, which follows the level sequencel = {I,,},¢7
defined by lp = —1, l,+1 = I, + 2sign(zy).

(3) Forall (¢, z) € A one has the implications

2>0=pr x(,20€l, z<0=pr x(z2) €l.
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(4)  With B :=max; j—_1,1{lai |, |b; jl} one hasfori, j = —1,1and & € I;
lprox (6, aij)| > B, |pryx(§,bij)| > B.

(5) signpr, x(§,a;;) = —signpry x (&, b; ;) forx € I;,i, j =—1, L.

These properties are in fact weaker than the properties shown in [10], Lemma 3.2 and
Theorem 2.4.

In the following result we list some properties of the pairs (C; j, E; j), and of the
corresponding maps induced by x. This prepares the application of Theorem 3.1 in the
proof of Theorem 1.1 in the last section.

PROPOSITION 4.1. Fori, j € {—1,1}, (C; ;, E; ;) is a pair of closed ANRs in the Banach
space S x R, and

H'(Ci;/Eij)=Q, HNCij/Eij)=0 forallk# 1.

Moreover, fori, j,i’, j’ € {—1, 1} the induced map XZ. ALK Cij/Eij— Cy j/Ep j
is equal to the constant map [Ej /] provided i’ # j and Iy N1_y = @, and it is continuous

and ﬁ*()((*; Y j,)) is an isomorphism in the opposite case.

Proof. Since C; ;j/E;; has the homotopy type of the one-dimensional sphere, its
cohomologies have the required value. It follows directly from the definition that
X:t’,j),([’,j’) is constant in the case i’ # j and I; disjoint from /_; since property (3) is
satisfied.

Assume now thati’ = j or I} = I_1. In order to simplify notation let C, E, a, b, I, and
J denote, respectively, C; ;, E; j, a; j, bi j, 1;, and J; ;. We apply a similar convention to
the symbols with primes, i.e. C/ j is denoted by C’, a;r_j» by a’, etc.

Using Proposition 2.1 we show that x* : C/E — C’/E’ is continuous. Indeed,
x (EYNC’ = @ by property (4) and x (C)\C’ is contained in I’ x ((—o00, a)U(b, 00)) by (3),
hence the intersection of its closure with C’ must be containedin E’. Letr : SxR — SxR
be defined by

¢.2) ifzeld,
r§,2)=41¢.a) ifz=<d,
&) ifz=b.

By property (3) the image of the pair (C, E) under the map r o x is contained in (C’, E’).
In the following diagram, the vertical arrows are induced by the quotient maps:

rox

(Cs E) E——— (C/7 E/)

N

(C/E,[E) —"— (C'/E, [E"])
Since x* = (r o x)*, the diagram commutes. By the strong excision property,

the vertical arrows induce isomorphisms in the Alexander—Spanier cohomologies;
hence, in order to prove that H*(x*) is an isomorphism, it suffices to prove that
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H*(roy): H*(C', E') - H*(C, E) is an isomorphism. Let & be a point in I and let
e:J — C begiven by z — (&, z). Define a map ¢ as the composition

¥ U da. b)) —— (C.E) —%5 (C.E') —> (J'.{a'.b'}).
The first and third arrows induce isomorphisms. Indeed, pr, oe and e o pr, are equal and,
respectively, homotopic to the identity. It suffices to prove that ¢ induces an isomorphism.
By property (5), ¥ is homotopic to the linear homeomorphism (J, {a, b}) — (J', {a’, b'}),
hence the result follows. O

5. Proof of Theorem 1.1
We will apply Theorem 3.1 to the sets and maps introduced in Section 4. To this aim, we
should slightly change the notation: the symbol —1 replaces 2 in the shift on two symbols,
i.e. ¥, is now defined as {1, —1}% and (1, 1), (1, —=1), (=1, 1), and (—1, —1) now replace
1, 2, 3, and 4, respectively, in the shift on four symbols X4.

Define a matrix

1

0
A=

1

0

S = O =
—_ O = O
—_ 0 = O

A is irreducible since all entries in A2 are equal to 1. The sequence {(in, ju)}iez € X4
belongs to X4 if and only if ij,41 = ji,.

LEMMA 5.1. The map

@ : XA 3 {(ins jn)tnez = {nlnez € 22

is continuous with respect to the product topologies and surjective, and the counterimage
of each K -periodic sequence in Xy contains a K -periodic sequence of X 4.

Proof. (Continuity is clear) Let s := {s,} € X. Definet := {t,} € X4 by t, := (sp—1, Sn).
Then s = w(¢), and if s is K-periodic, then 7 is also K -periodic. O

By combining property (1), Theorem 3.1, Proposition 4.1, and, in addition, Lemma 5.1
if Iy N I_; = @, we obtain the following assertion.

PROPOSITION 5.1. For every sequence {s,} € Xy there exists a trajectory {(§,, zn)}nez
of x in A such that sign(z,) = s, for each n € 7Z. Moreover, if the sequence {sy}
is K-periodic then the corresponding trajectory {(&,,z,)} can also be chosen to be
K -periodic.
Now we are ready to prove the main result of this paper.

Proof of Theorem 1.1. Let a level sequencel = (...,[_1,1p,I1,...) with [p = —1 and
with |l,+1 — I,| = 2 (n € Z) be given. Define s,, := sign(l,+1 — ) for n € Z. Applying
Proposition 5.1, we obtain a trajectory {(&,, z,)},ecz such that sign(z,) = s, (n € Z).

From property (2) of x we obtain a corresponding solution y : R — R following the level
sequence as described in property (2), and it is obvious that this sequence coincides with L.
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Now if 1 is such that the associated sequence {s,} has a minimal period K € N, then
Proposition 5.1 shows that the trajectory {(£,, z,)}nez can be chosen to be K-periodic.
Let y : R — R be the corresponding solution. If &, = (x,,6,) € SxR (n € 7)),
there exists a sequence of times f, € R (n € Z) with fp = 0 such that y;, =
I+ Y%, R exp(i6,), zn) (n € Z), and the sequence {1, },c7 defined by t, :=t,11 — 1,
is also K -periodic, and 7, > 1 for all n € Z (see [10, Proposition 4.12 and Lemma 3.2]).

Now (§n+k» Zn+k) = (§n, 2n) (n € Z) implies that y;, . = yi, + (p+x — 1) (n € Z);
with K-periodicity of the sequence {s,} we conclude y;, ., = y;, +Ix —lp (n € Z).
Since the differential equation is autonomous with the two-periodic right-hand side, and
since lx — lg € 2Z, for n € Z the function y” := y(t, + -) + Ix — lp is also a solution of
the equation, and y; = yy, . Forward uniqueness of solutions implies that, for n € Z and
t >0,onehas y(t, +1t) +Ix —lo = y"(t) = y(tyt+k +1).

Now let s € R. Since the differences t, satisfy 7, > 1 forn € Z, there exist j € Z and
t > Osuchthatt; +¢ = 5. With P := tx — o, periodicity of the sequence {z,,} implies
P =tj g —tj. We obtain

ys+P)=ytj+t+P)=y@j+1+tjtx —1;) =y +1j1k)
=yt +1)+ixk —lo=y@6) +ix — .

Hence, y is a periodic solution of the second kind, with generalized period P. It remains
to be shown that P is minimal with this property. In the proof of that fact we will use the
following property of the solution y and the sequence of times {t,},c7:

Vi, (=LODNZ ={l,} (neZ) ()

(see the beginning of the proof of Claim (4.12.3) in [10]).

Assume that y has a generalized period P with P ¢ (0, P). Since P = tx — tg = tg,
there exists a unique n € {0, ..., K — 1} such that Pc [t:, th+1). We have that y wanders
from [, to [, 41 on [t, — 1, ty4+1]; cf. [10, Claim (4.12.3)] and (x). Further, by the definition
of generalized period and by (x), there exists m € Z with y5 = yo + 2m, which implies
yp([—1,0]) N Z = {—1 + 2m}. Together, we obtain that 2m — 1 € {l, [n+1}.

Case 1. 2m — 1 = I,. Then y wanders
° from I, to I, on [ty_1 — 1, P];

° from [, to [, 4+1 on [P—1, tht1l;

° from [, 41 to [,42 on [t41 — 1, t42];

and so on. Hence y(I3 + -) follows the level sequence (/) jez. On the other hand, the
facts that y(P + ) = y + 2m and that y follows 1 together imply that y(P + -) follows the
level sequence (I; + 2m) jez. Thus we have [, ; = I; +2m (j € Z), which implies that
Sntj =lp14j—lyj =1j11—1j = s; (j € Z), so that n is a period of the sequence (s;).
This contradicts the minimality of K as a period of (s;).

Case 2. 2m —1 = [,11. Then an argument analogous to the first case yields that (s;) has
period n + 1, which is again a contradiction in the casen + 1 < K. Inthecasen +1 = K
we have

yp(l=1L,ODNZ =2m — 1 =lpp1 =g =y (—1,0D NZ = yp([—1,0D) N Z.
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Recalling that y wanders from [, to [,41 = Ig on [t, — 1, t,41] = [t, — 1, tx ], one obtains
that y([I3 — 1, P))NZ = {Ik}. Since both P and P are generalized periods of y, there
exists m € Z with yp = y5 + 2m, and together with the last equality one sees that /n = 0.
It follows from forward uniqueness of solutions that y(r + (P — P)) = y(¢) fort > P, and
o) y([};, o0)) N Z = {lk}. This contradicts the facts that y follows the sequence 1 and that
llkt1 — Ikl =2 (k € Z).

Thus we have obtained a contradiction in all cases, and P must be the minimal
generalized period of y. O

6. Concluding remarks

(1) In the dynamics of delay equations as considered here, one can find not only one but
many different sets A as above; in the case of a heteroclinic connection (which exists,
for example, for the piecewise linear example (—as)), even a countably infinite set
of such regions. We did not include these technical details in the main theorem.

(2) The properties (1)—(5) of the map y, which made the application of Theorem 3.1
possible, are considerably weaker than the corresponding conditions from [10].
Hence there is hope that the method of our paper may find further applications,
although at this point only the presented application is available.
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