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An arithmetic Yau—Zaslow formula

Jesse Pajwani® and Ambrus Pal

ABSTRACT

We prove an arithmetic refinement of the Yau—Zaslow formula by replacing the classical
Euler characteristic in Beauville’s argument by a motivic Euler characteristic, related
to the work of Levine. Our result implies similar formulas for other related invariants,
including a generalisation of a formula of Kharlamov and Rasdeaconu on counting real
rational curves on real K3 surfaces, and Saito’s determinant of cohomology.
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1. Introduction

Let X be a K3 surface over a field k£ that admits a complete linear system C consisting of curves
of genus g. Assume that the curves in C are geometrically integral and belong to a primitive
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AN ARITHMETIC YAU-ZASLOW FORMULA

divisor class. It is well known that C contains a finite number n, of rational curves. The starting
point for this paper is the Yau-Zaslow formula from [Bea99, YZ96].

THEOREM 1.1 (Complex Yau-Zaslow formula [Bea99, YZ96]). Let k=C. Then n, depends
only on g, not on the choice of K3 surface X or the choice of linear system of genus-g curves C.
Moreover, there is a generating series for ng in Z[[t]):

oo oo
1+ ngt!=[J@—")
g=1

n=1

Perhaps the historical significance of the above complex Yau—Zaslow formula is that it pre-
dicted certain genus-0 Gromov—Witten invariants; it counts the number of stable maps from
P! to a linear system |L| with ¢;(L)? =2g — 2. Curves in |L| have arithmetic genus g so we can
expect the number of rational curves to be finite, under the natural assumption that the rational
curves are precisely those with g nodes, which is generically the case by Chen’s theorem [Che02,
Theorem 1.1]. Beauville, whose work we follow closely in this paper, noted that under good
conditions these curves are precisely the ones whose compactified Jacobian has non-zero Euler
characteristic, and that the Euler characteristic is 1, so he proposed taking the Euler character-
istic of the relative compactified Jacobian over the linear system as another way to compute this
genus-0 Gromov-Witten invariant. There has been subsequent work (see, for example, [BLOO]
and [FGvS99)]), giving proofs in more general situations, while the state of the art is [KMPT10].
From the modern perspective, this equality between these genus-0 Gromov-Witten invariants
and the Fuler characteristic of the compactified Jacobian can be understood as a special case
of the MNOP conjecture relating the Gromov—Witten and Donaldson—Thomas theories, with
the latter simplifying to the Euler characteristic of the compactified Jacobian under good con-
ditions. In this paper, we are concerned with giving arithmetic refinements of both sides of
this equation with the aid of tools from motivic homotopy. It should be noted that another
refinement is provided by [G6t14] in a different setting. While we take a different approach to
these, recent papers such as [Vie25] and [EW23] compute refined Donaldson-Thomas invari-
ants for P3 and A3, respectively, using motivic homotopy, providing evidence that it should be
possible to refine this side in a general case. Similarly, in [KLS"23], the authors use a different
approach to compute refinements of genus-0 Gromov—Witten invariants using tools from motivic
homotopy.

For the Yau—Zaslow formula, Kharlamov and Rasdeaconu also proved a version of the Yau—
Zaslow formula over R in [KR15].

THEOREM 1.2 (Real Yau—Zaslow formula [KR15]). Let k =R. Let ny (respectively, n_) denote
the number of rational curves in C with Welschinger number + (respectively, —), and let
W(X,g):=ny —n_. Then W(X, g) is given by the coefficient of t9 in the power series

[Ta+Eey= - J[a-2)" ez,
i=1 Jj=1

where a is the compactly supported Euler characteristic of X(R), and b= (24 — a).

Recent papers show that for k any field of characteristic not 2, we can often refine results in
enumerative geometry over C to obtain an element of the Grothendieck-Witt ring of our base
field W(k), a ring that is widely studied for its number-theoretic properties. The element we
obtain is an arithmetic refinement in the sense that we may recover the integer obtained by
the classical count over C by applying a certain homomorphism out of this ring. Examples of
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such arithmetic refinements are an arithmetic refinement of the count of 27 lines on a smooth
cubic surface in [KW21], and an arithmetic refinement of the count of lines meeting four lines in
P3 in [SW21]. As a result of this paper, we obtain an arithmetic refinement of the Yau-Zaslow
formula over any characteristic 0 field. To do this, we use a motivic Euler characteristic xmet
taking values in W (k). The field of arithmetic curve counting has its origins in A'-homotopy
theory and x™°* is no different. The original definition of x™°* comes from the categorical Euler
characteristic in the stable motivic homotopy category over our base field. A theorem of Levine
and Raksit in [LR20] allows us to compute this Euler characteristic geometrically when our
varieties are smooth and projective. By [ABOT22, Theorem 2.13|, this extends uniquely to a
motivic measure on the ring of varieties, making it an excellent candidate for curve counting,
and since the motivic Euler characteristic can be defined geometrically, we may use geometric
techniques in our proofs.
To state our arithmetic Yau—Zaslow formula, we need some notation.

Notation 1.3. Let k be a characteristic 0 field, and let X and C be as above. Without loss of
generality, we may assume that k is finitely generated over Q, and let k"t denote the algebraic
closure of QQ in k. Suppose that the rational curves in C are nodal, which is generically the case
by Chen’s theorem [Che02, Theorem 1.1]. For C a curve, let S(C) be the set of singular points
of C. Let p € S(C) be a nodal point so that the tangents to C' at p are defined either over k(p)
or over a quadratic extension, and write a, for the element of k(p)*/(k(p)*)? such that the
tangents are defined over k(p)(,/ap). For ¢ a closed point of P9, write C; for the curve lying
over ¢ and G(X) for the set of closed points of C such that C, is rational. Let X (™) denote
the mth symmetric power of X. Let A(g) be the integer from Theorem 6.18. Let Algcom be the
group of order 2 characters of Galgeons that are unramified at all primes of £°°"* whose residue
characteristic p satisfies p > A(g) - [k : Q] + 1, and let Alg denote the image of A]g“mm under
the map Hom(Galgeonst, Z/27) — Hom(Galy, Z/27). Let J, denote the subset of elements g of
w\(k) such that rank(q) =0, sign(q) =0, and disc(q) € A’g“, which is an ideal by Definition 6.20.

For L/k a finite field extension, let Try :\/N\(L) —>W(k) be the trace transfer map defined
by taking a quadratic form g over L to Trr/; oq, where Try /. denote the Galois trace. Let

N W(L) - W(k) be Rost’s norm transfer map from [Ros03, Corollary 5]. Let J be the ideal
of W(k)[[t]] such that t9[¢] € J if and only if [¢] € J,. Finally, define

B (0= 3 Tua( [T 0+ Nugyuen (2] - (20,11) € Wb
qeG(X) peS(Cy)

THEOREM 1.4 (Arithmetic Yau-Zaslow formula). The element BF°"(X) is given by ((—1)9)

multiplied by the coefficient of t9 in the power series

[T 3 o (X (- )%em e W) e/

d=1m=0

Because the ideal J, is sufficiently small and because we compute x™°'(X (m)) modulo J in
Corollary 8.21, we recover both the complex Yau-Zaslow formula of [Bea99] and the real Yau-
Zaslow formula of [KR15] by taking the rank and signature of the above formula, respectively.
We also obtain a Yau—Zaslow type formula by taking the discriminant of the above equation,
modulo a finite error term in A’;. Our proof closely follows the steps laid out in Beauville’s
original proof (see [Bea99]) of the classical Yau-Zaslow formula, in that there are four main
steps:
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(i) the computation of the motivic Euler characteristic of compactified Jacobians of curves,
which captures both the number of rational curves on the surface as well as arithmetic
information about their singularities;

(ii) applying a Fubini theorem, which says that the motivic Euler characteristic of the compact-
ified Jacobian of the whole linear system is expressible in data that solely depend on the
rational curves;

(iii) applying a Batyrev-Kontsevich type theorem to relate the motivic Euler characteristic of
the compactified Jacobians to the motivic Euler characteristic of certain Hilbert schemes;
and

(iv) applying a Gottsche formula to compute the motivic Euler characteristic of these Hilbert
schemes in terms of the Euler characteristic of the surface.

CONTENTS 1.5. The next three sections are dedicated to proving properties of the motivic Euler
characteristic. In §2, we define our motivic Euler characteristic, before showing its relationship
to other invarants, including Levine’s categorical Euler characteristic from [Lev20] and Saito’s
determinant of cohomology from [Sai94]. In §3, we show a Galois-descent-type result for the
motivic Euler characteristic. Section 4 is concerned with changing the base field, and showing that
the motivic Euler characteristic is compatible with the natural transfer maps on the Grothendieck
ring of varieties and the Grothendieck—Witt ring, respectively, by using the results from §3.
Sections 59 are concerned with the proof strategy laid out above. In §5, we prove our version
of a Fubini theorem by using an argument of Saito from [Sai94]. The Fubini theorem that we
obtain is not perfect: as well as information directly related to the motivic Euler characteristic
of the singular curves, we also need to take into account the monodromy action around these
curves. The monodromy action gives rise to a Saito € factor for computing the discriminant of the
motivic Euler characteristic. We therefore compute these Saito factors, and show that for a given
g, these € factors lie in A’; , o in particular there are only finitely many possibilities. In §6, we
use a stratification of compactified Jacobians of curves in terms of their partial normalisations in
order to directly compute their motivic Euler characteristics, and then we can apply the Fubini
theorem to obtain an expression for the whole compactified Jacobian. Section 7 is concerned with
a Batyrev—Kontsevich type theorem, allowing us to relate the motivic Euler characteristic of the
compactified Jacobian of the linear system to the Hilbert scheme of points of the K3 surface. We
prove this over real closed fields by using a model-theoretic argument to reduce to the real case,
which follows by [KR15, Proposition 3.1]. For the rank and discriminant, we adapt Batyrev’s
original p-adic integration argument from [Bat99]. In § 8, we derive a motivic Gottsche formula,
which allows us to compute the motivic Euler characteristic of these Hilbert schemes in terms
of the motivic Euler characterstic of the underlying K3 surface by showing that we can apply
a result of de Cataldo and Migliorini from [dCMO02]. Finally, in §9, we put these steps together
to arrive at the arithmetic Yau—Zaslow formula, Theorem 1.4. We then show that Theorem 1.4
recovers the complex Yau—Zaslow formula of [Bea99] and the real Yau—Zaslow formula of [KR15],
and we deduce a new formula for discriminants in Corollary 9.11.

1.1 Notation and conventions

We fix the following conventions for this paper.

— We let k denote the base field for our Yau—Zaslow formula. For this paper, we will often
restrict to char(k) =0, and we will always restrict to char(k) # 2.

— Fields denoted by F will be finite fields that normally arise through looking at the reduction
of a model of our variety.
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— The symbol ¢ will always denote a prime number different from char(k) and char(TF).

— If k is a field, a variety over k will mean a reduced separated scheme of finite type over
Spec(k). We will not require varieties to be irreducible. We will consider the empty scheme
() = Spec({0}) to be a variety over k.

— All orderings on fields will be assumed to be total orderings that are compatible with the
operations on fields. A real closed field will mean a field equipped with an ordering such
that no algebraic extension of the field can be equipped with an ordering.

— A Calabi—Yau variety will always mean a smooth projective variety with a trivial canonical
bundle. In particular, a K3 surface is a two-dimensional, simply connected, Calabi—Yau
variety.

— A morphism of varieties will always denote a finitely presented morphism f: X — Y that is
compatible with the structure maps to the base.

We also fix the following notation for the whole paper.

k> The multiplicative group of k.

k A fixed separable closure of k.

Galy The absolute Galois group Gal(k/k) of k.

W(k) The Grothendieck-Witt ring of £ (see Definition 2.1). This is written as GW (k)

in some other literature in enriched enumerative geometry.
Ko(Varg) | The Grothendieck ring of varieties over k (see Definition 2.8).

g A fixed positive integer.
C A linear system of curves of genus g lying on the K3 surface.
G,k The split one-dimensional affine torus, Spec(k[z, z71]).

We should note that a choice of separable closure does not affect the results in this paper, since
all results are isomorphism invariant.

2. The motivic Euler characteristic and related invariants

In this section, we first recall the definition of the motivic Euler characteristic from [ABO™22]
that forms the basis for our arithmetic curve counting before showing how it relates to three
different invariants, namely, the complex compactly supported Euler characteristic, the real
compactly supported Euler characteristic, and the determinant of the f-adic cohomology.

DEFINITION 2.1. Let k be a field whose characteristic is different from 2. For every a € k, let
(a) denote the quadratic form of rank 1 such that (a)(a) = aa? for any « € k. For every pair ¢, ¢’
of quadratic forms, let ¢ ® ¢/, ¢ ® ¢’ denote the orthogonal direct sum and the tensor product of
q and ¢/, respectively. The Grothendieck-Witt ring W (k) of quadratic forms over k is the ring
generated by symbols [g], where ¢ is any quadratic form over k, subject to the relations [q] = [¢],
when ¢ and ¢’ are isomorphic, the relations [¢ & ¢'] =[q] + [¢'] and [¢® ¢'] =[q] - [¢], when ¢, ¢
are any pair of quadratic forms over k, and the relation [(0)] = 0.

Define H := (1) + (—1). The Witt ring, denoted by W(k), is the quotient W(k)/(]l—]l) We say
that an element g € \/N\(k) is hyperbolic if it lies in the ideal generated by H, which is the same
as the abelian subgroup consisting of elements of the form nH for n € Z.

For a non-degenerate quadratic form g, the rank of ¢ is the dimension of the underlying
vector space, denoted by rank(q). It extends uniquely to a ring homomorphism rank : W (k) — Z.
Write I for the kernel of this homomorphism. The subset T' C W(l{:) of torsion elements is also
an ideal, and we let J=1?NT.
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DEFINITION 2.2. Let X be a smooth, irreducible projective variety over k of dimension n. Let
H3r(X/k) denote the de Rham cohomology of X over k. Then the composition of the cup-
product square a— aUa and the trace map Tr: Hj, (X/k) — k defines a quadratic form on
the vector space Hg*R(X /k), which we may see is non-degenerate using Poincaré duality. Let

[H2% (X /)] denote the class of this quadratic form in W(k:) and set

YIR(X) = [H2(X/k)] — (Z dim(H2:( X/k:))) ‘HeW(k),

>0

which we will call the de Rham Euler characteristic of X.

In this paper, we will often work with the de Rham Euler characteristic due to its compatibil-
ity with results of Saito from [Sai94]|. However, we may compare the de Rham Euler characteristic
to other Euler characteristics taking values in W (k).

DEFINITION 2.3. Fix X/k to be a smooth, irreducible projective variety of dimension n.
Following [LR20, Construction 1.2], we define the Hodge Euler characteristic of X as follows.
Consider the trace map Tr: H¥(X, le( /k) — k. We can define a cohomologically bounded
complex of k vector spaces Hdg(X/k) such that differentials are all zero and the vector space in
degree n is given by @j:H_n Hi(X, QJX/,C) The cup product composed with the trace map then
furnishes a non-degenerate symmetric bilinear form Tr on Hdg(X/k), as with the de Rham Euler
characteristic. This therefore defines a class in the Oth Grothendieck—Witt group of the exact
category of cohomologically bounded cochain complexes of k vector spaces in the sense of [Sch10,
§2.2]. Since cochain complexes of k vector spaces are always split, we can identify this group
with W(k‘) We will write x"98(X) to mean the element (Hdg(X/k), Tr) € W(k‘) constructed

above.

LEMMA 2.4. Let X/k be an irreducible smooth projective variety over k. Then we may identify
XH(X) = x"98(X) € W(k).

The following elegant proof was suggested to us by one of the referees of this paper. There
is an alternative, more complicated, proof of this statement based on an argument by Speyer
[Spel5], by closely studying the Hodge—-de Rham spectral sequence.

Proof. We proceed by considering X X A}g, where we parameterise A}C by a coordinate t. Let p; :
X Xy A,lg — X denote projection onto the first factor and let po : X Xy, A}C — A,lc denote projection
onto the second factor. Consider the de Rham complex (2% Ik d) on X. The fibrewise cup

product and the trace map furnish a quadratic form on Rpa.(p7€% Ik t-d) in the category of

cohomologically bounded cochain complexes of coherent sheaves on A,lg. This gives rise to an
element of the Oth Grothendieck—Witt group of this abelian category in the sense of [Sch10,
§2.2], which we denote by W(Cthoh(OA}c)). Since A} is a separated noetherian scheme, we

may argue, as in [Weil3, Theorem 8.2], to identify W(Cthoh(OAi)) :W(Al) KO[O] (A}),
where the Hermitian K-theory group K O([)O] (A}c) is as defined as in [PW19, §5]. Similarly, by
the same logic as the previous definition, we can identify W(Cthoh((’)SpeC(k))) = W(k), which

in turn we may identify with KO([)O](Spec(k:)) by the definition of KO, as in [PW19, §4].
Let i, : Spec(k) —>A}< be the inclusion at the points j=0,1. By the proper base-change
theorem, we have an equality in the Grothendieck—Witt ring of k,

W(Ch'Cob(Ospesty) 315 Rone (91825t d) = €D Hjn(X) -1 = X" () € Wik
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with cup product and trace form to k. Over t =0, the differential vanishes and so

W(CthOh(([)Spec(k))) = iSRPQ* (pi ig(/lw t d) = @ Hp<X7 Qq)[_p - q] = XHdg(X) € W(k)),
p,q

again with cup product and trace form to k, where we note that there is a potential even shift in
the grading in the second complex, but this does not affect the class in W(k). Since the Hermitian
K-theory groups are representable by a spectrum in the stable motivic homotopy category of k
by [PW19, Theorem 1.1], they are Al-invariant. Therefore, W(k‘) = KO([)O](SpeC(k:)) = KO([)O] (A}),

and 4, 4] induce identifications K OE[)O] (A}) = W(k) with 4§ = ¢]. In particular, there is an equality
in W(k): " . . .

XTHX) = ig(Rpa« (P12 15 - ) = 11 (Rp2w(p1Qx - d)) = x4 (X)),
as required. O

DEFINITION 2.5. In [Lev20, Remark 2.1 (2)], the categorical Euler characteristic x**(X) is
defined for an arbitrary algebraic variety X over k by using the infinite suspension spectrum
Y2 X, as an object of SH(k), the stable motivic homotopy category over k. Since XX is
dualisable, it gives us a canonical endomorphism of the unit object S:

X (X) € Endgp ) (Sk)-
By Morel’s theorem [Mor(02, Theorem 6.4.1], we can identify Endggz)(Sk) 2\/7\\7(16) when k has
characteristic 0, and Endgpx) (Sk) = W(k‘)[%] when k has positive odd characteristic.
One of the main theorems of [LR20] is the following.

THEOREM 2.6 (Theorem 1.3 of [LR20]). Let X be a smooth, projective variety over k. Then
there is an equality of Euler characteristics x°'(X) = x148(X).

COROLLARY 2.7. Let X be a smooth, projective variety over k. Then there is an equality of
Euler characteristics x°®(X) = x4®(X).

Proof. Combine the above theorem with Lemma 2.4. O
Assume that char(k) =0 for the rest of the paper, unless otherwise stated.

DEFINITION 2.8. Let k be any field. Let Ky(Varg) denote the Grothendieck ring of varieties
over k. This is the ring generated by symbols [X], where X is any variety over k, subject to the
relation [X]|=[X'] when X and X’ are isomorphic, the relation [X]=[X — X'] + [X'] when X’
is a closed subvariety in X, and [X x X'] = [X]-[X'] when X, X’ are any pair of varieties over k.
The 0 element of this ring is [()], and the multiplicative unit is [Spec(k)].

A motivic measure is a ring homomorphism out of Ky(Vary).

The above Euler characteristic does not give us a motivic measure; see Remark 2.10. However,
[ABO"22, Theorem 2.13] gives the following.

THEOREM 2.9. There is a unique ring homomorphism x™°*: Ky(Vary,) —>W(kz) such that for
every smooth, irreducible, projective variety X/k,

X (X]) = X (X) = x (X)),

A key ingredient in the proof of the above is Bittner’s presentation of the ring of varieties
[Bit04, Theorem 3.1], which tells us that the underlying abelian group of Ky(Varg) can be
generated by smooth projective varieties, subject to only a smooth blow-up excision relation. In
particular, the above theorem requires us to restrict to characteristic 0.
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Remark 2.10. We can show that the categorical Euler characteristic is not a motivic measure.
For example, consider PL. Let {00} denote the closed point at infinity. Then X \ {oo} = Al so
in Ko(Varg), [P!]=[A'] + [Spec(k)]. In [Lev20, Proposition 2.5], x°(P!) = (1) + (—1) is com-
puted, but since A! is clearly Al-contractible, we have x®*(A!) = x°8t(Spec(k)) = (1). Therefore,
XC(PL) # x 2 (Al) + x°8t(Spec(k)) whenever (—1)# (1), i.e. whenever —1 is not a square
in k.

For the rest of the paper, we will write x™°'(X) for x™°*([X]) for every variety X over k
and call this the motivic Euler characteristic of X. This is a slight abuse of notation, since ™t
depends on k. When the base field is ambiguous, we will write Xi;n‘)t; however, for the most part
we will omit the subscript for readability.

DEFINITION 2.11. Suppose that the dimension n of X is even. The composition of the cup prod-
uct and the trace map Tr: H3% (X /k) — k defines a non-degenerate quadratic form on HT (X/k).

Let [Hiz(X/k)] € W(k) denote the class of this quadratic form. Define integers b* and b~ by

b= dimy, Hig(X/k),
i<n
bt = (—1)! dimy, Hig(X/k).
i<n
LEMMA 2.12. Suppose that X has even dimension n. Then
X(X) =07 H o+ [Hip (X/k)).
If X has odd dimension, then y"®(X) = (b — Jdimy(Hz (X/k))) - H.

Proof. Suppose that n is even, and consider the quadratic form on H32}, (X/k). This decomposes as
an orthogonal direct sum of the middle term H7 (X/k) and of H%, (X/k) ® Hipn % (X/k), as the
integer i runs between 0 and n — 1. For every such i, the direct sum H%, (X/k) ® Hin *(X/k) is
a non-degenerate subspace of H3 (X/k) of rank 2 dim(H32j, (X /k)) and H3% (X /k) is an isotropic
subspace of dimension dim(H325 (X/k)). Therefore, the quadratic form HZ; (X/k) & Hin *(X/k)
is hyperbolic, and so is isomorphic to the orthogonal sum of dim(H3; (X/k)) copies of H, so the
claim is clear in the even case. The odd case follows by an identical argument. O

We are interested in recovering invariants related to quadratic forms from the Grothendieck—
Witt ring. The motivic Euler characteristic encodes classical invariants on varieties, the first
being the compactly supported Euler characteristic of the complex points.

DEFINITION 2.13. For every variety X over k, let e(X) denote the compactly supported Euler
characteristic of the base change X7 of X to k.

THEOREM 2.14. Let rank: W\(k) — Z be the rank homomorphism from Definition 2.1. We have
e(X) =rank(x™° (X)) for every algebraic variety X over k.

Remark 2.15. We may use any Weil cohomology theory to compute the compactly supported
Euler characteristic and we will get the same value; for example, we may work with ¢-adic
cohomology. Independence from the cohomology theory is underlined by Theorem 2.6, since
X™°'(X) only depends on (X)), an invariant that comes from the stable motivic homotopy
category. For f-adic cohomology, Laumon proved in [Lau81] that for any finite-type separated
scheme over an algebraically closed field and any prime ¢ different from the characteristic, the
f-adic Euler characteristic and the compactly supported ¢-adic Euler characteristic are equal.
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Proof of Theorem 2.14. For X a projective variety over C, this is proven in [Lev20, Remark 2.3
(1)]. The general case can be reduced to this case as follows. The assignment X — e(X) gives
rise to a ring homomorphism Ky (Vary) — Z. Since Ky(Vary) is generated by smooth projective
varieties by [Bit04, Theorem 3.1], it is enough prove the claim for X smooth and projective. Let
X be such a variety and let F' C k be a subfield that is finitely generated over Q such that X is
already defined over F, i.e. there is a smooth projective variety Y over F' whose base change to
k is X. Fix an embedding of F' into C, which exists since F' is countable. Using the naturality of
the categorical Euler characteristic with respect to base change, and the invariance of the rank
function on the Grothendieck—Witt ring under base change, we obtain that

rank(x™* (X)) = rank (@™ (Y x o k) = rank(x™(Y')) = rank(x ™" (Y x 5 C)).
By proper base change for our choice of Weil cohomology theory, we have
e(X)=eY xpk)=e(Y)=e(Y xpC).
Applying [Lev20, Remark 2.3 (1)] gives rank(x™°*(Y xr C)) =e(Y x g C), as required. O

As well as the complex points of our variety, the motivic Euler characteristic allows us to
recover information about the real points of our variety and natural generalisations of this.

DEFINITION 2.16. Assume that k is a real closed field. Then, by Sylvester’s law of inertia, every
non-degenerate quadratic form ¢ over k is isomorphic to a diagonal form
Hel)e -a)a(-1)a- - -&(-1),

N~ ~\~
m n

and m — n only depends on the isomorphism class of ¢q. This is called the signature of ¢ and we
write sign(q). It induces an isomorphism sign : W (k) — Z.

Now let k again be any field whose characteristic is not 2.

DEFINITION 2.17. The real spectrum Spr(k) of k is the set of all orderings of the field k£ [LamO05,
Definition 1.2, Chapter 8, §1]. Note that we may have Spr(k) = (); for example, if —1 is the sum
of squares in k. In particular, Spr(k) =0 if k£ has positive characteristic. Consider Spr(k) as a
topological space by equipping it with the Harrison topology, which may be a slight abuse of
notation if Spr(k)=0. The definition can be found in [Lam05, Chapter 8, § 6], which we recall
here for convenience. Let S C k be a finite subset and let < be a total ordering on the set S. Let
U(S, <) C Spr(k) be the set consisting of all orderings < on k such that < restricted to S is <.
The sets U(.S, <) form a sub-basis of the Harrison topology, which makes Spr(k) a compact and
totally disconnected topological space.

DEFINITION 2.18. For a topological space X and a ring A, let C(X, A) denote the ring of
continuous A-valued functions, where we give A the discrete topology. For < in Spr(k), let k<
denote the real closure of the ordered field (k, <). For every non-degenerate quadratic form ¢
over k, let sign(q) : Spr(k) — Z be the function sending each < in Spr(k) to the signature of the
base change of ¢ to k. This is continuous with respect to the Harrison topology, so we obtain
a ring homomorphism,

sign: W(k) — C(Spr(k), Z),

where we note that if Spr(k) =0, then C(Spr(k),Z) = {0}, so sign is the trivial homomorphism.
By slight abuse of notation, let sign: W (k) — C(Spr(k), Z) denote the composition of the quotient
map W (k) — W(k) with the map sign above.
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DEFINITION 2.19. Again assume that k is a real closed field, and let X be an algebraic variety
over k. Then X (k) is a semi-algebraic set over k, so its compactly supported Euler characteristic
X"(X(k)) € Z can be defined using real algebraic geometry (see, for example, [BCR98, §11.2,
pp. 266—67]). Now let k again be any field whose characteristic is not 2, and let X be as above.
We will write €(X) : Spr(k) — Z for the function that assigns each < in Spr(k) to the compactly
supported real Euler characteristic of X (k<).

THEOREM 2.20. For every algebraic variety X over k, we have sign(x™"(X)) = ¢(X).

Proof. 1If k has positive characteristic, this is trivial, since it has no real closures, so without loss
of generality, assume that k is characteristic 0. When k=R and X is projective, this is [Lev20,
Remark 2.3 (2)]. For k a general field, using the naturality of the motivic Euler characteristic
with respect to base change, we may assume without loss of generality that k is real closed by
passing to the real closure of (k, <) for every point < in Spr(k). Since the compactly supported
Euler characteristic over real closed fields is a motivic measure, we may reduce to the case where
X is smooth and projective, as in the proof of Theorem 2.14, so we can use the categorical Euler
characteristic instead.

As we have already remarked, for every quasi-projective variety X over k, the set X (k) has
the structure of a semi-algebraic set over k. Let So(X(k)) denote the simplicial set of semi-
algebraic singular simplezes of the semi-algebraic space X (k) of k-valued points of X as defined
in [Pal22, Definition 2.5]. The assignment X +— Se(X (k)) induces a functor S, from the category
of smooth quasi-projective varieties Sm/k to sSet, the category of simplicial sets. Let SH denote
the stable homotopy category of simplicial sets. The functor S, gives rise to a realisation functor
Rep : SH(k) — SH that for X € Sm/k sends the suspension spectrum X3°X to the suspension
spectrum %°°(S(X (k))). This induces a map o : Endgp()(Sk) — Endsu (Sy) = Z. We claim that
o is the signature map. It is enough to show that (—1) goes to —1. Using the naturality of the
constructions, we only need to check this for any real closed subfield L C k. By taking L to be the
algebraic closure of Q in k, assume without loss of generality that L is the real closure Q™! of
Q. Since R contains Q¥ we may use naturality again to reduce to the case k =R. In this case,
[Lev20, Remark 2.3 (2)] applies, since the forgetful map from the simplicial set of semi-algebraic
singular simplexes to the usual simplicial set of continuous singular simplexes is a homotopy
equivalence by [Pal22, Theorem 2.20(ii)]. O

Remark 2.21. By Pfister’s local-global principle (see [Lam05, § VIII, Theorems 3.2, 4.9, and
6.9]), the induced map

sign ® idzq1) - W(k)  Z[3] — C(Spr(k), Z[3])

is an isomorphism. Therefore, the invariants rank and sign compute the Grothendieck—Witt
ring up to torsion, so the motivic Euler characteristic recovers both the algebraically closed
Euler characteristic in the form of the rank as well as the real closed Euler characteristic in
the form of the signature. Conversely, the motivic Euler characteristic, up to torsion, can be
computed from these invariants. The full motivic Euler characteristic contains interesting torsion
information that cannot be recovered from these invariants. We turn our attention to some
torsion information about x™°! that also relates to a more classical invariant.

DEFINITION 2.22. Assume that k£ is a field whose characteristic is not 2. Then every non-
degenerate quadratic form ¢ is isomorphic to a diagonal form

(a1) @ (ag) @ - - @ (an).
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The discriminant disc(q) of the form ¢ above is defined as the class of the product
ay-as---a,ink*/E*2,

This is independent of the diagonalisation of ¢, since it is the determinant of the symmetric
matrix defining the bilinear form associated to ¢. It induces a homomorphism of the underlying
abelian groups

disc: W(k) = k% k"2,
We will freely use the identification k* /k*? = Hom(Galy, Z/27Z).
For X a variety over k, we would like to relate disc(xy™°*(X)) to other invariants on X.

DEFINITION 2.23. Let £ be a prime number different from the characteristic of k, let U be a
smooth scheme over k, and let F be a smooth f-adic sheaf on U. Following Saito in [Sai94], we
will consider the one-dimensional ¢-adic representation of Galg given by the determinant

det RFC(UE7 F) = ® det Hé(UE7 f)@(—1)1’ .

The above representation is called the determinant of cohomology of F, and for F = Qy, we will
call it the £-adic determinant of cohomology of X. This is a one-dimensional ¢-adic representation,
so we will view it as an element of the abelian group Hom(Galy, Q;). For F = Qy, we will write
dety(U) to mean det RI'.(Uz, Q).

Let X be a smooth proper variety over k of dimension n. As shown in [Sai94, Lemma 5],
Poincaré duality allows us to obtain the identity

det RT'(Xg, Q) = Qu(—3ne(X)) © £(X),

where k(X) is a character of order at most 2 of Galg, which is independent of ¢. Suppose
that n is odd. As in [Sai94, Lemma 5], the existence of a non-degenerate alternating form on
H?, (X%, Q) given by the cup product allows us to obtain that det(H%, (X%, Q) = Q¢(—j) where
j = 3dimg, (H% (X%, Qr)). In particular, £(X) =1 if dim(X) is odd.

THEOREM 2.24. For every smooth projective variety X over k of dimension n, we have
disc(x*™ (X)) = disc(x™F (X)) = (~1) V2 . o(X),

If n is odd, then e(X) is even, so n-e(X) is always a positive integer. For X a K3 sur-
face, this formula gives disc(x™°*(X)) = x(X). This result is essentially equivalent to a theorem
of Saito from [Sai94]. First, we are going to formulate this as Saito did. The main result of
Saito’s paper [Sai94] linking the determinant of cohomology with de Rham cohomology is the
following.

THEOREM 2.25 (Saito’s theorem [Sai94]). Assume that X has even dimension n. Then
R(X) = (1) WD disc([Higp (X/F))).
Proof. This is [Sai94, Theorem 2, p. 412]. O

Proof of Theorem 2.24. By Lemma 2.12, the result is trivial if dim(X) is odd, since we have
x®(X) = Je(X) - H. Therefore, suppose that dim(X) is even.

We can work with xR instead of &, by Theorem 2.6. For all ¢, ¢’ € w\(/@), we have that the
discriminant disc(q + ¢') = disc(q) - disc(¢’). Applying the map disc to both sides of the equation
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in Lemma 2.12 therefore gives
disc(x** (X)) = disc(x (X)) = disc(H)"" - disc([Hig (X/k)])
= (=1)" - disc([Hir (X/k)]),
where we use that b~ =b* mod 2. The claim follows by Theorem 2.25. U

mot

We want to extend Theorem 2.24 to all varieties by replacing Y& with x™°!, and we do this by
showing that the terms in Theorem 2.24 extend to motivic measures. Assume that char(k) = 0.

LEMMA 2.26. The (-adic determinant of cohomology dety: Ko(Vary) — Hom(Gal,, Q)) is a
homomorphism of abelian groups.

Proof. Let X be a variety over k, let j:U — X be an open immersion, and let i: Z — X be
the closed immersion, which is the complement of j. We claim that det,(X) = dety(U) - dets(Z).
Consider the short exact sequence of sheaves on X:

0= 71(Qr) = Q¢ — i (Q¢) — 0.

This short exact sequence gives rise to a distinguished triangle:
ReD(X, 31(Qe)) = ReD'(X7, Qo) = Rl (X, i4(Qe)) = ReI'(Xg, 51(Qe)) (1],
so taking the determinant gives
det R.I'( X7, Qp) = det R.I'( X, 1(Qp)) - det RI'( X4, 34 (Qy)).

Since ji is exact, we have det R.I'(U, Q;) = det R.I'( X7, j1(Q¢)), and the proper base change
theorem gives det R.I'(Zz, Q) = det R.I'( X7, i(Q¢)), as required. O

PROPOSITION 2.27. For each non-negative integer i, there is a unique homomorphism of abelian
groups b; : Ko(Vary) — 7 that extends the ith Betti number of smooth projective varieties.

Proof. Theorem 4.5 of [NS11] gives rise to a ring homomorphism P(—,t) : Ko(Vary) — Z][t] such
that if X is a smooth projective variety, P(X,t) = 20,(—1)%;(X)t’, where b;(X) denotes the

ith Betti number of X. Let ¢; : Z[t] — Z be the homomorphism of abelian groups given by taking
> aitt to (—1)iq;. Defining b; to be the composition of P(—,t) with ¢; gives the result. O

DEFINITION 2.28. Since b;(X) =0 for ¢ > 2n for every smooth and projective of dimension n,
every formal linear combination ZieN c;b; where ¢; € R is also well defined and gives rise to a
unique homomorphism of abelian groups Ky(Vary) — R. When X is smooth and projective of
dimension n, then

(=%, (=)™ (=14, (=1)**(2n—1i)
Z 5 b; = 5 bn-l-Z( 5 b; + b2n—i>

2
€N i<n
—1)"n —1)% —1){2n —i
_ 2) b"+z<( 2) bt )(2 )bi>
=5 (0 + Evian) = <G,

using Poincaré duality. This gives a unique homomorphism of abelian groups w : Ko(Varg) — R
extending the function w(X) = [e(X)n]/2 on smooth projective varieties over k, which we call
the total weight. Since [e(X)n]/2 is an integer for X smooth and projective, [Bit04, Theorem
3.1] tells us that w(X) is always an integer.
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THEOREM 2.29. For every algebraic variety X over k, we have
disc(x™"(X))(~1)"™) = dety(X) - Q(w(X)) € Hom(Galy, Q}).

Proof. The left-hand side lies in k* /k*2, which we identify with Hom(Galy, {£1}) so that we
may view it as a subgroup of Hom(Galy, Q,°). By Theorem 2.24, the relation holds when X is
smooth and projective. Since both sides of the equation are homomorphisms of abelian groups,
the general case follows from the presentation of Ky(Vary) from [Bit04, Theorem 3.1]. O

Remark 2.30. The above gives us an alternative way of characterising w(X) when k is finitely
generated over Q. In this case, the cyclotomic character has infinite order, so w(X) is the unique
integer such that dety(X) - Q¢(w(X)) is torsion. Theorem 2.29 then guarantees that this character
is 2-torsion, so can be identified with an element of k* /k*2, and we may recover disc(x™°'(X))
as (—1)*X) multiplied by this element. In particular, we may recover both disc(x™°*(X)) and
w(X) from dety(X).

COROLLARY 2.31. Assume that k is finitely generated over Q. Then, for every variety X over k,
we have that dety(X) is trivial if and only if both w(X) and disc(x®*(X)) are trivial.

Proof. By Theorem 2.29, it will be sufficient to show that w(X) vanishes when dety(X) vanishes.
Now assume the latter. By the observation in Definition 2.23, the composition of dety(X) and the
map Q, — Q/ given by squaring each element is the character Q¢(—2w(X)) when X is smooth
and projective. Therefore, since det, and w(—) are homomorphisms of abelian groups, this holds
for general varieties by [Bit04, Theorem 3.1]. Since the cyclotomic character has infinite order
when £k is finitely generated over Q, we obtain that —2w(X) =0, and hence w(X) = 0. O

Remark 2.32. Tt is often easier to prove results about the /-adic determinant of cohomology than
the motivic Euler characteristic. The remainder of this section is dedicated to showing that we can
deduce results about the motivic Euler characteristic from the ¢-adic determinant of cohomology.
To do this, we introduce the following terminology so that we obtain ring homomorphisms related
to the discriminant, the f-adic determinant of cohomology, and the total weight.

DEFINITION 2.33. We say that a pair (R, €) is an augmented ring if R is a commutative ring
with unity and € is a ring homomorphism R — Z such that the composition of the canonical ring
homomorphism Z — R and ¢ is an isomorphism. If, in addition, Ker(¢)? =0, then we say that
(R, €) is elementary.

Notation 2.34. Let W (k) denote the quotient of W(kz) by I?. Then rank: W(k) — Z furnishes
an augmentation e : W (k) — Z. Since Ker(¢)? = 0, the pair (W (k), €) is elementary. Moreover, we
can check that the discriminant function \/N\(k:) — Hom(Galy, Z/2Z) factors through W (k), and
when restricted to I/I?, it furnishes a group isomorphism Ker(e) 2 I/I? — Hom(Galy, Z/27).

Ezample 2.35. For every Z-module M, let E(M) denote the ring with underlying additive group
Z & M and multiplication (a, m) - (b, n) = (ab, an + bm). If we let € : E(M ) — Z be the projection
onto the first factor, then (E (M), €) is an elementary augmented ring. This construction is func-
torial; a group homomorphism E(M) — E(N) induces a ring homomorphism M — N respecting
the augmentations.

Remark 2.36. For (R,e) an augmented ring, we have a decomposition of the underly-
ing additive group R=7 @ Ker(e). When (R,¢€) is elementary, the above decomposition is
a natural isomorphism of augmented rings between R and E(Ker(e)). In particular, we
obtain a natural isomorphism W (k)= E(Hom(Galg, Z/27Z)). Write Egisc for the quotient map
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W(k) — E(Hom(Galy, Z/27)), and write x4¢ : Ko(Vary,) — E(Hom(Galy, Z/27)) to denote the
composition Egis. 0 x™°.
DEerFINITION 2.37. Let xy and x,, denote the maps
x¢ : Ko(Vary) — E(Hom(Galg, Q))) and  xu : Ko(Varg) — E(Z)
given by
[X]— (e(X),dety(X)) and [X]— (e(X),w(X)),

respectively. We will call y, and x, the augmented determinant of cohomology and the
augmented total weight, respectively.

PropPOSITION 2.38. The maps
x¢ : Ko(Vary) = E(Hom(Galg, Q))) and x : Ko(Varg) — E(Z)
are ring homomorphisms.

Proof. We may assume without loss of generality that k is finitely generated over Q. Define
s : E(Hom(Galy, Q;)) — E(Hom(Galy, Q;)) to be the ring homomorphism induced by the group
homomorphism Hom(Galg, Q,') — Hom(Galy, Q) induced by the squaring map Q; — Q. Let
c: E(Z) — E(Hom(Galy, Q;)) be the ring homomorphism induced by the unique group homo-
morphism Z — Hom(Galy, Q,°) such that the image of —1 is the cyclotomic character. Then
€O Xw = S0 Xy¢. Since c is injective, we obtain that y,, is a ring homomorphism if x, is. Since x,
is a group homomorphism, we only need that for any X, Y, we have

dety (X x Y) = dety(X)®) @ det, (V)2
Using the Kiinneth formula,
detg(X X Y) = ® det HCTL(XE X YE’ @Z)®(*1)"

=) ) (det Hi(X5, Q) ® HI(Yz, Q)"

n i+j=n
= (X) det HL(X7, Q)™ @ det HI (Y, Q)70 (X)
7.7

= ) det HL(X7, Q) * V") @ Q) det HY (Y, @)D",
L j

so the claim is now clear. O

PROPOSITION 2.39. Assume that k is finitely generated over Q. Let X,Y,Z be elements
of Ko(Vary) such that x¢(X)=x¢(Y)xe(Z). Then ™ (x)=x"(y) - x™*(z) mod I? and
Xuw(X) = Xw(Y)xw(2).
Proof. Since x¢(X) = x¢(Y)x¢(Z), we have e(X) =e(Y)e(Z ) This allows us to say the following:

Xe(X) = xe(Y) - xe(Z) = dete(X) = det (V)= @ dety (2)=),
X (X) = Xw(Y) - Xw(Z) <= w(X) =6(Z) Y) +e(Y)w(2),

XX = (V) -y (Z) mod 1P =
dise(x™* (X)) = dise(x " (Y))*#) - dise(x ()™,

using that all three augmented rings E(Hom(Galy, Q))), E(Z), and W (k) are elementary. By
Theorem 2.29, it is enough to show that x¢(X) = x¢(Y) - x¢(Z) implies xu(X) = xw(Y) - xw(Z).
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Let ¢ and s be the homomorphisms from the proof of Proposition 2.38. Since co x,, = s o x, and
c is injective, the latter is clear. O

The main reason why it is easier to work with the ¢-adic determinant of cohomology rather
than the determinant is that we may relate the ¢-adic determinant of cohomology to the zeta
functions of reductions of the variety over finite fields. For the purposes of this paper, it is often
helpful to have a formulation of the /-adic determinant of cohomology of a variety in terms of
(-functions of the reduction of the variety to finite fields.

Notation 2.40. Let F be a field finitely generated over Q. Let X and Y be two quasi-projective
varieties defined over F. Let U be a smooth connected scheme of finite type over Spec(Z) with
function field F' and choose models X', Y for X,Y over U, respectively.

Since U is of finite type over Spec(Z), if s is a closed point of U, then the residue field Fy of
s is finite. Write Fs» to be the unique extension of Fy of degree n. Consider the variety Xs/Fs.

Let ((Xs,t) :=exp( Zn21 #Xs(Fgn )t™).
By the proof of the Weil conjectures (see, for example, [Pool7, §7.5.7]), we have

¢(Xs,t) =] ] det(Id — t - Frobs| ;. 3 g,)

1

where Frobg denotes the geometric Frobenius at s acting on the compactly supported ¢-adic
cohomology, and ¢ is any prime different from the characteristic of F.

We claim that the f-adic determinant of cohomology of X is determined by the (-functions
of the reductions X;. In order to prove this, we first need some linear algebra.

Notation 2.41. Let V =@D,V; be a finite-dimensional graded vector space over a field L of
characteristic 0, let ¢: V' — V be an invertible L-linear map respecting the grading, and define

Tr(6) =D _(~1)'Tr(@lv,),  det(6) =] ] det(élv)) V"

Define e(V) := Tr(Idy ). Finally, define
¢(o,t) = [ det(Idy; —t- lv,) V"

LEMMA 2.42. We have
C(¢, 1) =det(¢)(—)*V) - u  where ue 1+ L[[t™1]].

Proof. Since ¢ is the direct sum of the restrictions @|y;, and the terms (¢, t), det(¢) and (—t)¢(V)
are all multiplicative with respect to direct sums, we may assume without loss of generality that
only one graded piece of V' is non-zero. Shifting the grading by j changes these terms by raising
them to the (—1)/th power, and the operation of raising to the (—1)7th power preserves power
series in L[[t~!]], so we may also assume that V = V;. Note that

det(Id — t - ¢) = (=) . det(p — ¢ 7Hd) = (=) Ve (171,

where ¢, denotes the characteristic polynomial of ¢, and so cs(t™1) =det(¢) + ¢~ 'u’ for some
polynomial u’ € L[t~*] C L[[t!]]. Since ¢ is invertible, we may relabel u” = (1/det¢)u’ and obtain

det(Id — ¢t - ¢) = (=)™ . det(¢) - (14 ¢t~ "),
which gives the result. O
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PRrROPOSITION 2.43. Let X be a quasi-projective variety over a finite field F and let £ be a prime
different from char(F). Then

C(X,t) = dety(Frobg) - (—)XX) ., wel4+Qt™Y),

where x(X) is the compactly supported Euler characteristic of X, Frobp € Gal(F/F) is the geo-
metric Frobenius, and dety(X) is the one-dimensional representation given by the determinant
of cohomology of X as in Definition 2.23.

Proof. Let V :=@p, Hé(XE, Qy) be the compactly supported ¢-adic cohomology of X, which is
a graded vector space over g, and let ¢ be the action of the geometric Frobenius Froby on V.
Then e(V) = x(X), ((¢,t) =((X,t), and det(¢) = dety(Froby), so the claim follows. O

THEOREM 2.44. Assume that for every closed point s of U, we have ((Xs,t) =((Ys,t). Then
there is an equality of Galp representations dety(X) = dety(Y").

Proof. Let s be a closed point of U. By the proper base change theorem for ¢-adic cohomology
and the previous lemma, if we pick Frobg € Galy to be a lift of the Frobenius of Fs, we may
obtain dety(X)(Frobg, ) from (X, t). Since ((Xs,t) =C((Vs,t), we see that dety(X)(Frobs) =
dety(Y')(Frobs). The Chebotarév density theorem then shows that we have an equality of Galg
representations dety(X) = det,(Y). O

We will often prove facts about the motivic Euler characteristic by proving results separately
for the rank, signature, and discriminant, then combining them to obtain an element in W(k)/J.
This is made possible by the following lemma.

LEMMA 2.45. Let [q] € W(k). Then [q] € J if and only if all of the discriminant, signature, and
rank vanish. In particular, if [q] is an element of W(k), we can reconstruct the class of [q] in
W(k)/J from rank([q]), sign([q]), and disc([q]).

Proof. This is clear by definition of J:=I>NT, since T is the intersection of ker(rank) and
ker(sign), and I? = ker(W (k) — W (k)), and q lies in this kernel if and only if rank(g) and disc(q)
both vanish. O

COROLLARY 2.46. There is an injective ring homomorphism
rank x sign X Egise : W (k)/J = Z x C(Spr(k), Z) x E(Hom(Galy, Z/27)).

Proof. This is essentially a restatement of the above lemma. O

3. Galois descent for the motivic Euler characteristic

In this section, we give a detailed account of a Galois-descent-type result for x™°'. Fix K/k
a finite Galois extension with Galois group Gal(K/k). If k has positive characteristic, assume
further that [K : k] is coprime to char(k).

DEFINITION 3.1. Let Varg gesc denote the category of pairs (X, ¢) of K-varieties X equipped
with descent data ¢. Explicitly, the descent data ¢ form a group homomorphism Gal(K/k) —
Aut(X/k) such that for all 7 € Gal(K/k), we have a commutative diagram

e e(7) X
Spec(K) —— Spec(K)
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where the vertical arrows denote the structure morphism X — Spec(K). A morphism in
Varg desc, f: (X, @) = (X', ¢') is a morphism of K-varieties f: X — X’ that is compatible with
the descent data in the sense that the obvious diagram commutes. We say that a morphism is an
open (respectively, closed) immersion if the underlying morphism of varieties is an open (respec-
tively, closed) immersion. This category also has a unit object with respect to the monoidal
structure induced by the product: namely, the variety Spec(K) equipped with the identity as
the structure morphism, with the only possible descent data. We will write (Spec(K),Id) for
this unit object. This allows us to form the Grothendieck ring of K varieties with descent data,
Ko(Vark desc), which is the ring generated by symbols [(X, ¢)], where (X, ¢) is a K variety with
descent data, subject to the relations:

(1) [(X,9)]=[(X', )] if (X, p) and (X', ') are isomorphic;

(2) [(X, )] =1, ¢lo)] + [(X\U, x\v)] for (U, pu) — (X, ¢) an open immersion, where the
descent data on X \ U are given by the restriction of the descent data on X; and

(3) (X, )][(X", )] =[(X xx X', ¢ x ¢)] for any pair of K varieties with descent data.

By Galois descent (see, for example, [Pool7, Corollary 4.4.6]), there is an equivalence of cat-
egories Varg desc = Vary. This equivalence of categories preserves the unit object in the category
since it sends (Spec(K), Id) to Spec(k), where (Spec(K), Id). If (X, ¢) is a K variety with descent
data, write desg (X, ) to mean the associated k variety, and similarly if Y/k is a variety, write
(Yk, ¢y) to mean the associated K variety with descent data.

This equivalence of categories preserves open and closed immersions (see [Pool7, Theorem
4.3.7]), so it induces an isomorphism Ko(Varg dgesc) = Ko(Vary) given on the level of quasi-
projective varieties by sending [(X, ¢)] + [descg /i (X, )], with inverse [X]— [(Xk, ¢x)]-

We would like to apply a Galois-descent-style result for the motivic Euler characteristic. In
order to do this, we need a Galois-descent result for quadratic forms.

DEFINITION 3.2. Let K be a finite Galois extension of k, let V be a vector space over K with
a semilinear Gal(K/k) action, and let ¢: V — K be a quadratic form. We say that ¢ is Galois
compatible if, for all 7 € Gal(K/k) and v € V, we have ¢(7(v)) = 7(¢q(v)).

Write ¢ : Gal(K/k) — Auty (V) for the group homomorphism defining this semilinear action.
We will write (¢, ) to denote the quadratic form on V along with the semilinear Gal(K/k)
action on V induced by ¢. Let W(K )4es¢ denote the ring generated by the symbols [(q, ¢)],
where [(q, ¢)] is a Galois-compatible quadratic form over K, subject to the relations:

(1) [(g,0)]=1(¢,¢")] if there is an isomorphism between the underlying vector spaces
of ¢,q that is compatible with the quadratic forms and the semilinear Gal(K/k)
actions;

(2) (g, ]+ (@ ) =[g@d, @), where ¢ © ¢ (respectively, ¢ @ ¢') represents the nat-
ural quadratic form (respectively, semilinear Gal(K/k) action) on V & V’; and

3) g, )l -[(d, )] =a®k ¢, o @K ¢')], where g ®k ¢ (respectively, ¢ @ ¢') represents the
natural quadratic form (respectively, semilinear Gal(K/k) action) on V @5 V'.

For a € k>, write (a) to mean the Galois-compatible quadratic form on K given by x + az?, and
write H := (1) + (—1) € W(K)dese,

THEOREM 3.3. There is an equivalence of categories between the category of non-degenerate
quadratic forms over k and the category of non-degenerate Galois-compatible quadratic forms
over K.
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Proof. This follows by Galois descent for vector spaces. If ¢: V — k is a quadratic form over k,
we obtain a Galois-compatible quadratic form over K,

qRIldg:VQp K— K,

where ¢ : Gal(K/k) — Auty(V @ K) is given by 7— 1d ® 7.

If (¢, p):V'— K is a Galois-compatible quadratic form over K, and v’ € V' Gal(E/k) then
for all 7€ Gal(K/k), we see that 7(¢'(v")) =¢' (t(v")) =¢'(v'), so ¢'(v") € k. Restricting to the
Galois-invariant subspace gives us a quadratic form over k:

! Gal(K /) .

q/ V// Gal(K/k)
We claim that ¢/|ycaan is non-degenerate. Let B: V' ®k V' — K be the underlying bilinear
form, and let v e V/GalK/K) Since B is non-degenerate, pick w €V’ such that B(v,w)=1.
Let w = ﬁ > reGal(k/k) T(w). Then o € V' Gal(K/k) and B'(v, ) =1, so B'|y/ e is non-
degenerate. Finally, note that the functors ¢+ ¢ ® Idx and ¢ +— ¢
which completes the proof. O

VrGal(x/k) are quasi-inverse,

COROLLARY 3.4. There is a canonical isomorphism W (K)3s¢ =W (k), given on the level of
quadratic forms by sending (q, ¢) to q|yca/ .

Proof. Immediate by the above. O

We claim that Galois descent for varieties is compatible with a Galois-descent result for the
Galois-compatible quadratic forms on their de Rham cohomology. This is made exact in the
following.

LEMMA 3.5. Let X be a smooth projective k variety. Then there is an isomorphism of graded
vector spaces with a semilinear Gal(K/k) action:

Hir(X/k) @ K= Hig(Xk/K).

Let Uy, denote the cup product on Hjy(X/k), and let Ug denote the cup product on
Hx(Xk/K). Let o, € Hjp (X /k) and A\, X' in K. Then, under this isomorphism,

(@@ AN Uk (& @N) = (U, o) @ AN
and Trx, (a®@ ) =\Trx(«a).
Proof. By the Kiinneth formula, there is an isomorphism of K vector spaces,
Hagr (X/k) ®, Hyr(Spec(K)/k) = Hag (XK / K),

which respects the cup product and the trace map. Moreover, we see that we can identify
H3i(Spec(K)/k) = K. The left-hand side of the above isomorphism has a canonical semilinear
action of Gal(K/k) on it, given by 7(x ® a) =z ® 7(a). The right-hand side has a left Gal(K/k)
action on it, induced by the right action on Xg. We claim that these two actions are the same,
which is enough to prove the theorem.

First, consider Spec(K) as a k variety. The Gal(K/k) action on Spec(K) gives us a left
action of Gal(K/k) on Hjy(K/k)= K, which corresponds to the standard action of Gal(K/k)
on K. For 7€ Gal(K/k), write 7 for the automorphism of Xg given by the commutative
diagram
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TOq

X —1 Spec(K)

| |

X — Spec(k)

where 7 is the morphism induced by the universal property of the fibre product. Write p*, ¢*, 7,
and 7* for the images of the morphisms p, ¢, 7 and 7 after applying the contravariant functor,
H}p(—/k). For x € Hj3(X) and y € K, we have that

pir)=2®1,
(y) =1y,
™ (y) =7(y).

Therefore, the map 7% : Hip (Xg /k) = Hig (XK /k) @ K is 2 @y— 2@ 7(y).

Note that Hjp (X /k) is the image of Hj (X /K) under the forgetful functor from K vector
spaces to k vector spaces, and the map 7* is the map on Hj; (Xx/K) induced by the semilinear
Gal(K/k) action. This gives that Hjg (X /k) = Hjz(X) ® K, as required. O

DEFINITION 3.6. For X/K asmooth projective variety over K of dimension n with descent data,

there is a natural Galois-compatible quadratic form on Hg?l (X/K) defined as follows. Note that

Hﬁjl(X/K) and HdQ;i_(QZH)(X/K) are canonically dual and both have a semilinear Gal(K/k)
action on them. If 2i 4+ 1 # n, then 2n — (2i + 1) # 2i + 1. Therefore, the canonical isomorphism
Hjﬁf(QZH)(X /K) = Hgﬁ“(X /K)V gives rise to a canonical Galois-compatible quadratic form
on HEQI(X/K)GBHgg_(zZH)(X) given by taking a pair («, f) to f(a). If 2i4+1=mn, then
H. (X/K) is canonically self-dual. Writing ¢ : Hx (X/K) — Hlz (X/K)Y, we obtain a Galois-
compatible quadratic form on H}(X/K) by taking a to ¢(a)(«), which is hyperbolic since n
is odd. This furnishes a Galois-compatible quadratic form on all of H EEH(X /K), and we will
write [H35T (X/K)] to be the corresponding element of W (K ). Note that if we forget the
descent data, the quadratic form is clearly hyperbolic.

COROLLARY 3.7. Let (X, ) be a K variety with descent data . Then there is a natural Galois-
compatible non-degenerate quadratic form on H3 (X /K) with Galois action induced by ¢ given
by the composition x — Trx(z U x).

Proof. Immediate, since (X, ¢) is given by the base change of descy /1 (X, ¢) to K. O

THEOREM 3.8. There is a unique ring homomorphism X?Ot’desc : Ko(Varg desc) — W\(K)desc such
that if (X, ¢) is a smooth projective variety, then

mot,desc * *
XX @)]) = [HER (X K)] — [HIE (X K)).
Proof. Define y™°%4¢5¢ to be the composition Ky (Varg desc) = Ko(Vary,) & w\(k) — W(K)desc.

The above corollary guarantees that this satisfies the desired property. Uniqueness is also
immediate by the above corollary, since if ¢ is any other morphism as above, then the composition

Ko(Varg) = Ko(Vark gese) = W(K)° = W(k)
is such that for a smooth projective variety X,

[X] = [HR (X/k)] = gdimy Hig™ (X/k) - H=x " (X),
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so the composition is equal to x™°'. As noted in Theorem 2.9, the morphism x™°' is unique with
respect to this property, so x™°%4¢¢ will also be unique. ]

Remark 3.9. An argument similar to the one above has been noted in [LR20, §8E].

4. The motivic Euler characteristic and transfer maps

Let L/k be a finite separable field extension. We can define various transfer maps between the
rings Ko(Vary) and Ko(Vary), given by base change, forgetting the base, and Weil restriction,
and analogously for W(L) and W(k) by base change, the trace transfer, and Rost’s norm transfer
from [Ros03]. In this section, we show that the motivic Euler characteristic is compatible with
these transfer maps.

DEFINITION 4.1. Let ¢ : k< L be a field extension. Then there is a natural ring homomorphism
tv: W(k) = W(L) given on the level of quadratic forms by sending a quadratic form ¢: V — k to
q®I1d:V ® L — L. Similarly, there is a ring homomorphism (Spec(¢))* : Ko(Vary) — Ko(Vary,),
given by sending a variety X to Xp.

LEMMA 4.2. The following diagram is commutative.

Ko(Vary) 2% Wk)

[—

mot

Ko(Vary) =2 W(L)

Proof. By [Bit04, Theorem 3.1], it is enough to prove this result for smooth projective vari-
eties, so we may use de Rham cohomology. Flat base change for de Rham cohomology gives
us an isomorphism Hjp (X1 /L) = Hjg (X/k) ®p L. Under this isomorphism, the cup product on
H}r (X1) is the extension of the cup product on Hjp, (X/k) via L-linearity, so it only remains to
examine what happens to the trace map.

Since X/k is smooth and projective, there is a canonical isomorphism Hgﬁ(X /k) =
H™(X, Q}/k) via the cycle class map. The trace map H"(X, Q}/k) — k is defined to be the
map given by the image of the identity under the isomorphism

Rpx ks BHomo, (Qx/p, Q) = H™ (X, % )"

induced by Grothendieck—Verdier duality (see [Har66, Chapter III, Corollary 11.2(f)]). In par-
ticular, we see that the trace map commutes with arbitrary base extension by [Har66, Corollary
11.2(c)], so the trace map Trx/y, is given by Try/, ®j Idy,, which gives us the result. O

We now focus on two other natural transfer maps, which are maps W(L)— W (k) for
quadratic forms and maps Ko(Vary) — Ko(Vary) for varieties.

DEFINITION 4.3. Let L/k be a finite separable field extension. Write Np i to be the norm map
L* — k™ and Trp,/;, to mean the trace map L — k. We have a natural homomorphism of abelian

groups Trp /. W(L) —>\/7\\7(k:), given on the level of quadratic forms by sending the quadratic
form ¢:V — L to the quadratic form Trp, 0q. This is a widely studied homomorphism in
quadratically enriched enumerative geometry, appearing, for example, in [KW21, p. 19].

Write disc(L/k) := disc(Trr,/4((1))). This is not misleading: for k= Q, this agrees with the
discriminant of the number field L. For w € W(k‘), we have rank(Try,/,(w)) = [L: k]rank(w), so
Try /i is not a ring homomorphism.
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Analogously to the above, if we have a variety X 2, Spec(L), we can consider X as a variety
over k with structure map X % Spec(L) — Spec(k). This induces a homomorphism of abelian
groups Ko(Vary) — Ko(Varg), though not a ring homomorphism.

As in Remark 2.36, identify /VV(k:)/IQ =W (k) with E(Hom(Galy, Z/27Z)). Let Eqgisc denote
the quotient map
Edise : W(k) — E(Hom(Galy, Z/27,)),
w +— (rank(w), disc(w)).

LEMMA 4.4. Let w € /VV(L), such that Egisc(w) = (o, 8). Then Trp,j,(w) satisfies
Eaise(Trpjp(w)) = ([L : Ko, disc(L/k)* Np/x(5))-

Proof. The statement about the rank is immediate, so we only need to show this for the
discriminant. Since both disc and Trp /. are abelian group homomorphisms, it is enough to

show the statement on generators of W(L), so assume that w=(f). Let mg be the matrix
defining the & linear map on L given by multiplication by S, so that det(mg)= Np,(8).
Let A be a symmetric matrix representing the symmetric k-bilinear form on L given by
(z,y) = Trp,(zy) for all z,y € L. Then A is a symmetric matrix such that det(A) = disc(L/k).
We obtain a matrix representing the quadratic form Try, /;.((3)), given by Amg. The result follows
since

disc(TrL/k(<5>)) =det(Amg) = det(A)det(mg) = disc(L/k)NL/k(ﬁ). 0

LEMMA 4.5. The following diagram is commutative.

Ky(Vary) —— Ko(Varg)

ez e

W(L) — 2% W(k)

Proof. We first note that we can reduce to the case where X/L is smooth, projective, and con-
nected, so that we may work with the de Rham Euler characteristic. Let X/L be a smooth
projective variety of dimension n. There is an isomorphism of k-vector spaces Hjy(X/L) =
H3r(X/E), and this isomorphism is compatible with cup products, so it only remains to check
what happens to the trace map Hgﬁ(X /k) — k. From here, the proof is largely an applica-
tion of [Har66, Chapter 3, Corollary 11.2], which we present here for the convenience of the
reader.

After applying the cycle class isomorphism H3p(X/k) = H™(X, Q% /k), we see that the trace
map H" (X, Q% /k) — k is the image of the identity under the isomorphism

Rpx s Homo, (Qx/p, Qx/i)’ = H'(X, O 1)

induced by Grothendieck—Verdier duality, and similarly if we replace £ by L as above. By
[Har66, Chapter 3, Corollary 11.2(e)], it is implied that the image of the identity under the
isomorphism

Rpy, i Homp (Q jx, Qp1,)° = H™(Spec(L), QZ/JC)V

is given by the standard trace map Trr, ;. Since pr; is étale, p!L/k :pz/k is the left adjoint of
Rpr i+, and since it is finite, Rpr  « = pr /i« Moreover, since p' is right adjoint to p., we have
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canonical isomorphisms p!X /k(Ok) =% / w[—n], and similarly when replacing & with L. Similarly,
we see that

Pk (k) =P /1P (k) = Py (051 () = Px /(D).
Using this, we have the following commutative diagram, in which all of the arrows are
isomorphisms.

RpX/kJ,*RHOmOX (p!X/k(k‘),p!X/k(k‘))o I pL/k,*RpX/L,*RHomOx (p!X/L(L),p!X/Lp!L/k(k?))O

~ ~

RHOHlk(RPX/k,*P!X/k(k), k)° pL/k,*RHomL(RPX/L,*p!)(/L(L)7 P!L/k(k))o

pL/k,* HomL(Hn(Xv Q}/L)a p'L/kk)
[

Homk:(pL/k,*Hn(Xa Q?{/L)? k)

Homy (H™(X, Q}/k), k)
Again by [Har66, Chapter 3, Corollary 11.2(e) and (f)], the isomorphism ® takes a morphism f €
Homy (H"(X, Q}/L),L) to Try o f € Homy (H"(X, Q}/L),k:). Consider the identity element
Id € Rpx i« RHomo (p!X/k(k),p!X/k(k))O. Going clockwise around the above diagram maps the
element Id to Try, oTrx,. However, going counterclockwise maps Id to Trx/, giving the
desired equality. O

We now turn our attention to the norm and Weil restriction transfer maps. This first requires
us to use the machinery of polynomial maps: while the transfer maps defined by the trace and
forgetful functor are group homomorphisms, the transfer maps that we obtain by looking at Weil
restrictions and norms have a different structure.

DEFINITION 4.6. Let B be an abelian group, let A an abelian monoid, and let P: A — B be a
function on the underlying sets. We say that P is a polynomial map of degree < —1 if P =0. For
n >0, we say that P is a polynomial map of degree <n if, for each x € A, the map

A,P:A— B,

A P(y)=P(y+z) — P(y)
is a polynomial map of degree <n — 1. We say that P is a polynomial map if it is a polynomial
map of degree <n for some n. Note that P is a polynomial map of degree <0 if and only if P
is constant.

Now suppose that A and B are commutative rings. A polynomial map is called multiplicative

if P(1)=1 and if for every z,y € A, we have P(zxy)= P(z)P(y). Note that a multiplicative
polynomial map of degree <1 is either identically 1 or a ring homomorphism.

Polynomial maps can be extended from monoids to rings by the following.

LEMMA 4.7 (Proposition 1.6 of [Jou00]). Let A be an abelian monoid, let f:A— B be a poly-
nomial map of degree <n, and let A be the group completion of A. Then there exists a unique
polynomial map of degree <n f:A— B that extends f.

The statement about the degree of the polynomial map is not in the statement of [Jou0o0,
Proposition 1.6]; however, it follows from the proof.
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For every finite separable extension K/I' of fields, let Ng/p: K — F' denote the norm map.
The following proposition also serves as a definition of the norm map.

PROPOSITION 4.8 (Corollary 5 of [Ros03]). Let F' be a field of characteristic # 2, and let K/F be
a finite separable field extension of degree n. Then there exists a unique multiplicative polynomial
map Ng/p: W(K) — W(F) of degree <n such that Ny ,r((b)) = (Ng /(b)) for all b€ k.

This rest of this section is dedicated to proving Theorem 4.22, which says that this norm
polynomial map computes the motivic Euler characteristic of the Weil restriction of a variety.
In order to prove this, we first need some smaller lemmas.

LEMMA 4.9. Suppose that f,g: A— B are polynomial maps of degree <n, <m, respectively.
Then f+g is a polynomial map of degree <max(n,m). Similarly, if m=1 and f,g are
multiplicative, then fg is a multiplicative polynomial map of degree <mn + 1.

Proof. We prove the first statement by induction on the degree of f. If deg(f) =0, then f is
constant, so Ay (f + g) = Az(g). Suppose that deg(f) =n. Then consider A,(f +g¢g): A— B. We
compute Ay (f+9)(y) =Az(f)(y) + Az(g9)(y). Since Az(f) and A,(g) are polynomial maps of
degree <n —1 and <m — 1, respectively, the result holds by induction.

For the second part of the lemma, we proceed by induction on the degree of the polynomial
map, with the case that f has degree <0 being trivial, since f is then identically 1. We compute

Ar(fo) ) =gz +y)f(z+y)—g(y)f(y)
=g@)f(x+y)+9)flz+y)—g)f(y)
=g()f(z+y) +9(y)(Azf(y))-

By induction, we have that g- (A, f) is a polynomial map of degree <n. Note that we have a
polynomial map y — g(z) f(z + y) of degree < n, since g(z) is constant, and f(x +y) =A,f + fis
a polynomial map of degree <n by the first part of the lemma. Therefore, A, (fg) is polynomial
of degree <n, so fg is polynomial of degree <n + 1. The fact that fg is multiplicative is
immediate. O

CoROLLARY 4.10. Let g¢i,...,gn: A— B be ring homomorphisms. Then g=1]]", ¢ is a
polynomial function of degree < n.

Proof. Proceed by induction on n, with the case n =1 being trivial, and the induction step
following by the second part of the above lemma. O

The next few results are dedicated to showing that the Weil restriction functor from L to k
gives rise to a polynomial map Ko(Vary) — Ko(Vary).

DEFINITION 4.11. Let L/k be a finite separable field extension. We let I}, :={¢c: L — k} be the
set of embeddings of L into k with ¢|p =idg. This set has a natural right action of the absolute
Galois group Galy, given by ¢-0 =01

If K/k is a finite separable field extension with L C K, we have a Gal, equivariant map
Ik — Iy, given by restriction, and the fibres of this map have cardinality [K : L]. From here, fix
L/k a finite field extension, let K be the Galois closure of L in k, and let G = Gal(K/k). If H
is the subgroup of G such that L =K', then I = G/H as a G set.

S5

DEFINITION 4.12. Let X be a quasi-projective variety over L. Define a K variety Indi(X

by setting IndX X := [I.c;, X., where X, is the pullback of X — Spec(L) along the inclusion
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Spec(K) % Spec(L). We give Ind¥ X a canonical semilinear G action. Let g € G. Define a right
G action on Indf X by g: X40, — X,, where this morphism is the pullback.

Xyoy ——— X,

! !

Spec(K) —— Spec(K)

This defines a semilinear action of G on Inde , which we call pg. This in turn gives
us a variety desK/k(Inde, vg) by Galois descent. By [Weil2, Theorem 1.3.2], the variety

desg /. (Ind¥ X, ¢g) is isomorphic to Resp /,(X).

LEMMA 4.13. The assignment X — Inde extends to a polynomial map of degree < n, denoted
Ind¥ : Ko(Varg) — Ko(Varg).

Proof. For each ¢ € Iy, note that g,:[X]+— [X xp, K] is a ring homomorphism. Applying
Corollary 4.10 gives us the result. O

In order to show that maps into Ky(Varg) are polynomial maps, it is helpful to note the
following, which is probably well known.

LEMMA 4.14. Let Y/k be a variety. Then the class [Y] in Ko(Vary) is trivial if and only if Y = {).

Proof. By naturality of Ky(Varg), it is enough to prove this in the case where k is algebraically
closed. Suppose that Y is a non-empty variety, and let dim(Y)=d. As in Proposition 2.27,
we have abelian group homomorphisms b; : Ko(Varg) — Z, which, if X/k is a smooth projec-
tive variety, has that b;(X) is the ith Betti number of X. The proof of [Bit04, Theorem 3.1]

shows that we may write [Y]=[X]+ S, where S € Ko(Vary) can be written in terms of classes
of smooth projective varieties of dimension < d. In particular, bag(Y) = bag(X) + bag(S). Since
S can be written in terms of smooth projective varieties of dimension <d, we see that
b2q(S) = 0. Moreover, since X is a smooth projective variety of dimension d, we see that

boq(X) = #mo(X) # 0. Therefore, byg(Y) #0, so [Y] # 0. O

LEMMA 4.15. There is a multiplicative polynomial map Ky(Vary) — Ko(Vary), given on smooth
quasi-projective varieties by [X| > [Resy,/,(X)].

Proof. By Lemma 4.7, we only need to define the polynomial map on the subset of Ky(Vary)
consisting of elements that are given by [X], where X is a smooth projective variety. As in
Definition 4.12, we note that des K/k(lndf X, ¢c). Therefore, as noted in Definition 3.1, it is
enough to define a map Ky(Vary) — Ko(Varg dqesc) such that for X/L a quasi-projective variety,
we have that [X]— [(Ind¥ X, pg)].

By Lemma 4.7, it is enough to show that the assignment Resy,/, : [X]+— [(Ind¥ X, o)) satis-
fies the conditions to be a polynomial map whenever X is projective. That is, we need to show
that for any projective varieties Yy, ..., Y,, we have Ay, Ay, ... Ay, Resy ,([X]) = 0. Consider
AyResp : [X] = [(IndE(XTIY), oq)] — [(Ind¥ X, pg)]. Note that Ind¥ X embeds as a closed
subvariety into IndX¥ (X 1Y) in a way that is compatible with the descent data on both vari-
eties. Therefore, we can write AyResy,/,([X]) = [(Xv, pc)], where (Xy, ) is the K variety
with descent data given by the complement of (Ind¥ (X), pg) in (IndX(X11Y), oc).

Therefore, AyResy,([X]) is represented by the class of an actual K variety with descent
data (Xy, pg) and so gives us a k variety desg/,(Xy, pg). Iterating this process, if Yo, ..., Y,
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are L varieties, we can write

Ay, Ay, ... Ay, Resp /1 ([X]) = [(Xv,,...v,» a)];

where (Xy, _v,,¢q) is a K variety with descent data. We claim that [(Xy,  v,,¢q)]=0.
Note that [(Xy;,..v,,%c)] is identified with [desg/;((Xy;,....v,), )] under the isomorphism
Ko(Varg gesc) = Ko(Varg), so it is enough to show that [desg /i ((Xy,,...v,), ¢c)] = 0. Since this
is the class of a k variety, desg /i ((Xy,,....v, ), ¢c), this class vanishes if and only if the variety
desg/k((Xys,....v, ); pc) is the empty variety by Lemma 4.14.

We see that desg/,((Xy,,...v, ), ¢c) =0 if and only if desg /i ((Xy,,...v, ), ¢a) K is trivial as a
K variety. However, [desg /i ((Xy,,...v, ) ¥c) k] = [Ay, Ay, - .. Ay, Ind¥ (X)], which vanishes since

Ind¥ is a polynomial map of degree <n. In particular, [desg /i ((Xy,,...v,.), »c)] =0, and so
Ay,Ay, ... Ay, Resy,([X]) =0, as required. O

DEFINITION 4.16. Let g be a quadratic form over L, on a vector space, V. For ¢ € I, define ¢,
to be the quadratic form on V ®,, K given by ¢ ®r,, (1), where we embed L into K by ¢. It is
clear that f,: W(L) — W(K) given by [¢] — [q,] is a homomorphism. Define Ind¥ (¢) := ®,q, as
a quadratic form on K. Note that Ind% (¢) has underlying vector space &) ser, (V ®, K) and that
we may give this space a semilinear G action, where g € G acts by

g @A), = (v@g(N)g,

where (v ® \), means v @ A € V ®, K. We sce that Ind¥ (¢) is a Galois-compatible quadratic form
on @,¢;, (V ®, K) with respect to this Galois action. Write Ind% (¢) for the Galois-compatible
quadratic form on @), ¢, (V @, K), and let N, ;,(q) be the associated quadratic form over k that

results from applying the equivalence of categories in Theorem 3.3 to Indf—f (q).
By the above work, it is clear that rank(Np,/.(q)) = rank(q)!&H,

Remark 4.17. A priori, it is not clear that Ny, /k(q), as defined above, is equivalent to the norm
as in Proposition 4.8. The following lemma shows that this is not something to be concerned
about, and that the maps are the same.

LeEMMA 4.18. Let ¢= (a) for a € L. Then [Ny (q)] = (N /() € W(k)

Proof. Note that g,({(e)) = (¢(v)). Similarly, we see that Q),c; k is the subspace of Q) ,c;, L ®, K
fixed by G. In particular, Nz /((a))(1®...®1)=]],¢;, t(a) = Np x(a), which gives us that
Npk({@)) = (Npi(a)), as required. O

COROLLARY 4.19. The map Ny (q) from Proposition 4.8 and the map Np.(q) from
Definition 4.16 agree.

Proof. This is immediate by the above lemma and Proposition 4.8. OJ

Remark 4.20. Since Ny, :W(L) —>{7V\(l<:) is a polynomial map, we obtain a polynomial map
Ind% W(L) — W(K)desc by composing with the isomorphism in Corollary 3.4.

COROLLARY 4.21. Let w € W(L) with Egise(w) = (v, 8) € E((L*)/(L*)?). Then,
Euaise(Np i (w)) = (24 Ny 1(8)).

Proof. We know that Eqisc © N ; is a polynomial map of degree <n, so we can reduce to the
case where w is a quadratic form, and the result will follow by Lemma 4.7. This is then a
straightforward computation, similar to the lemma above. OJ
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THEOREM 4.22. The following diagram is commutative.

Ko(Varz) £ W(L)

lResL/k J’NL/k
mot

Ko(Vark) L) W(k‘)

In particular, if X/L is a variety such that Resy,/,(X) exists, then
X?Ot(ReSL/k(X» = NL/k(X%IOt(X))'

Proof. The composition of two multiplicative polynomial functions is again a multiplicative
polynomial function. Therefore, if for X a smooth projective variety over L, we have

X" (Resp g (X)) = Np g (X (X)),
then x™°" o Resy,/, and Ny, o x™" define the same polynomial function from Ko(Vary) to W (k)

by Lemma 4.7. Since Resy,/;,(X) = desK/k((Indf(X), ©a)), and Ny, (x7°(X)) is the image of

Ind¥ (Pt (X)9°°) under the isomorphism \/N\(k) —><7V\(K )y4es¢ the theorem follows if we can
show that the following diagram is commutative.

o~

mot

mot

Ko(Vary) —~— W(L)

J{Indf lf ndp
mot,desc

—

Ko(Varg gesc) —s W(K)dese
Therefore, we need to show that

XmOt’deSC(Indé(X) — H QL(XmOt(X)) e W(k?),
L
which is clear by naturality of the motivic Euler characteristic, the semilinear actions on both

sides, and the fact that Galois descent is compatible with the motivic Euler characteristic as in
Corollary 3.7. O

5. Fubini theorems

Historically, since the motivic Euler characteristic is a motivic measure, we might think of it
as a volume. Indeed, the motivic Gauss-Bonnet formula of [LR20] says that we may obtain
the motivic Euler characteristic as the integral of an Euler class across our space. Let X,Y be
varieties over k, and suppose that we have a morphism f: X — Y. For the purposes of this paper,
a Fubini theorem is a theorem that allows us to compute properties of x™°%(X) from the motivic
Euler characteristic x™°*(Y") as well as the motivic Euler characteristics of the fibres x™°*(X,).
For example, suppose that our base field is C, so that ™' is the compactly supported Euler
characteristic applied to the complex points. By the standard Fubini theorem, x.(Xy(C)) =0 for
all y implies that x.(X(C))=0. This section is concerned with proving certain Fubini theorems
for the motivic Euler characteristic modulo J. We first look at the situation where f: X —Y
satisfies that x™°'(X,)=0 for every closed point y of Y. The principle that ‘if an invariant
is zero on the fibres, then it is zero on the total space’ will be referred to as a naive Fubini
theorem. It does not tend to hold in our context, and we obtain a Fubini theorem for the
{-adic determinant of cohomology in Corollary 5.19, which does not satisfy this naive property.
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However, in Corollary 5.27, we show that we may bound the ramification of the character that
we obtain by looking at the f-adic determinant of cohomology of the total space, which allows us
to restrict the possibilities of this character to a finite set. We then turn to looking at a different
Fubini theorem, one for maps whose fibres are algebraic groups, where we can use the structure
of algebraic groups in order to prove a naive Fubini theorem for torsors in Corollary 5.31.

5.1 The Fubini theorem over real closed fields

The goal of this subsection is to prove the first part of our Fubini theorem.

THEOREM 5.1. Suppose that X and Y are varieties over k, and let f: X —Y be a morphism
such that for every y a closed point of Y, we have that x™°*(X,) is torsion. Then x™°"(X) is
torsion.

We call this the real closed Fubini theorem as, by Pfister’s local-global principle, we have
that x™°%(X) is torsion if and only if rank(x™°*(X)) = 0 and sign(x™°*(X)) = 0. This is therefore
is a true naive Fubini theorem. This holds if we can show the corresponding statement for the
rank and sign of motivic Euler characteristics. We first prove this statement for real closed fields
and their algebraic closures. Until specified otherwise, let k£ be either a real closed field or the
algebraic closure of a real closed field.

DEFINITION 5.2. Let SAS) be the category of semi-algebraic sets over k. Define Ky(SASk)
to be the ring generated by isomorphism classes of semi-algebraic sets over k subject to the
relations:

(1) [0] =0
(2) for U a closed semi-algebraic subset of X, we have [X]=[X \ U]+ [U]; and
3) XIY]=[X xY].

There are canonical homomorphisms K(Varg) — Ko(SASk), given by sending a variety X

to X (k) or to X (k).

Let X be a semi-algebraic set. Write H.(X; k) to mean the ith real closed singular cohomology
with compact support, and coefficients in k. Note that the semi-algebraic simplicial cohomology
is isomorphic to the sheaf cohomology with coefficients in the constant sheaf k. This is proven
in the non-compactly supported case in [KD82, Theorem 3.3]. This isomorphism extends to the
compactly supported case, using that the compactly supported cohomology is given by

H(X;k) :th*(X,X\V; k),
where V runs over all of the compact subsets of X. Since we have canonical isomorphisms
s*heaf(X7 X \ Vi E) = Hs*ing(Xv X \ Vi k),
this isomorphism carries over to the limit.

DEFINITION 5.3. Let X be a semi-algebraic set over k. Define the real closed Fuler characteristic
X(X) =322 (= 1) dimy (HE(X; k) € Z.

LEMMA 5.4. The real closed Euler characteristic x'¢, as defined above, furnishes a ring
homomorphism x*°: Ko(SASy) — Z.

Proof. We only need to show that the three relations defining Ky(SASy) are satisfied. The
relation that x*([0]) =0 is trivial. By [EP15, Theorem 4.1], we see that the sheaf cohomology
with compact support and coefficients in R satisfies the exactness and excision axioms. Therefore,
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for U an open subset of X, we have a long exact sequence
o HYU; k) = HYX; k) > HY(X\U; k) - H"" N (U k) —

This immediately tells us that x*(X) = x"(U) + x**(X \ U). Multiplicativity of x™ follows from
the Kiinneth formula [EP20, Theorem 3.40]. O

THEOREM 5.5. Let f: W — Z be a morphism of semi-algebraic sets over k. Suppose that for
each p € Z, the real closed Euler characteristic of the fibre x**(W,) = q. Then x"(W) = ¢x**(Z).

Proof. By [BCR98, Lemma 9.3.2], there exists a stratification of Z into constructible subsets
Z1,. .., Zn, such that for each i, we have an isomorphism f~!(Z;) = F; x W; for some F; fitting
into the commutative diagram

where the morphism F; x Z; — Z; is the canonical projection. This means that for p € Z;, there
is an isomorphism W), = F;, so x*°(F;) = x"(W,) = ¢. In Ko(SAS},) we have (W] =", [F](Zi],
so applying x™ and noting that x**(F;) = ¢, we obtain that x*(W) = gx"(Z). O

LEMMA 5.6. For X a k variety, we have an equality in W(k’)
XTHX) = 5 (¢ (X (R) + X" (X (R)))(L) + 5 (X X( ) = X (X (K))(=1).

(
Proof. By Theorem 2.14, we have that rank(x™°"(X))=e(X X (k)). Moreover, we have
that sign(x™"(X)) =e(X) =x*(X(k)) by Theorem 2.20. The result follows since if ¢ is any
element of W(k), we have that

q = 5 (vank(q) +sign(q))(1) + 3 (vank(q) —sign(q))(~1). O
THEOREM 5.7. Let X and Y be k varieties, and let f: X —Y be a morphism. For p a closed
point of Y let X, be the fibre of f over p. Then, if x{*°*(X,,) is trivial for all p, then so is x™°*(X).
Proof. By Lemma 5.6,
XPHX) = 3 (X (R)) + X (X (R)))L) + 5 (X (X (F)) — X" (X (K))) (1),

so it is enough to prove the result for x**(X(k)) and x ( ). First, suppose that k is a real
closed field. If p has residue field k, then ch( »(k)) =sign(x™*(X,)) =0 by assumption. If p
has residue field k, then X, (k)= @, so X" (Xp(k)) =0, and therefore x"(X,(k)) =0 for all p.
Theorem 5.5 gives that X“(X(k)) =0. Simﬂarly, X" (X (k)) = rank(x™°*(X,)), so Theorem 5.5
gives x™(X (k)) =0, as required.

If k is the algebraic closure of a real closed field, then ™ (X (k))=x"°%(X), so we again
apply Theorem 5.5 to X (k) and obtain x™°*(X) =0. O

We wish to extend the above result to our real closed Fubini theorem for any field of
characteristic 0. We first need the following lemma.

LEMMA 5.8. Let n be a non-negative integer. Then Spr(Q(t1,...,t,)) #0.
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Proof. We prove this by induction, with the case n =0 being trivial. Suppose that it is true for
n' <n, let K=Q(t1,...,tn—1), and let <€ Spr(K). As in [BCR98, Example 1.1.2], we may
define an order < on K(t,)=Q(t1,...,t,) as follows. Let p(t,) € K[t,] be non-zero. Then
p(ty) = agth + ...+ a,t™ for some non-negative integers k < m with a, # 0. Then say 0 < p(t,,) if
0 < ag. For a general element [p(t,)]/[q(tn)] of K(t,), we say that 0 < [p(t,)]/[q(tn)] if and only
if 0 < p(tn)q(tn). As in [BCRI8, Example 1.1.2], this defines a total order on K (t,) extending <,
as required. O

Now suppose that k is an arbitrary field of characteristic 0.

LEMMA 5.9. Let f: X —Y be a morphism such that for every y a closed point of Y, we have
rank(x***(X,)) = 0. Then rank(x™°*(X)) = 0.

Proof. This lemma follows by reducing to the case of Theorem 5.7, and so we need to reduce to
the case where k is the algebraic closure of a real closed field. We first reduce to the case where
our base field is the algebraic closure of a finitely generated extension of Q.

Since X,Y are varieties over k, we may assume that X,Y are defined over a field F' that
is finitely generated over Q. Let X and Y[ be varieties over F' such that X = Xy x g Spec(k)
and Y =Yy x  Spec(k). Pick an algebraic closure F of F, and for every finite extension F'/F,
pick compatible embeddings F’ < F. Let X := X x  Spec(F), and similarly for Y. Then, by
Lemma 4.2, we see that rank(x*°*(X)) = rank(x'2°(Xy)) = rank(x mOt( )). We claim that for
every 7 a closed point of Y, we have rank(x mOt(X ))=0. Let y €Y be the closed point of YV

lying under % under the morphism Y —Y. Let F, denote the residue field at y, and let n:=
[F, : F]. Note that X7 is defined over F,, and X X X Spec(F)) Spec(F). By Lemma 4.2, we see
that rank(x mOt(Xg)) =rank(y mOt(X ))- Lemma 4.5 then gives Y1 (X)) = Trp /p (X mOt(Xy)), S0
taking ranks, we see that 0 = n,, - rank(y2° ' (Xy)). Therefore, rank(x mOt(Xy)) 0, as required.
Therefore, it suffices to prove the statement for X -V, where X and Y are varieties over
F such that the fibres of the morphism have trivial motivic Euler characteristic. Let n denote
the transcendence degree of F'/Q. By Noether’s normalisation lemma (see, for example, [Lan02,
Chapter 8, Theorem 2.1]), the field F' is an finite extension of Q(¢1,...,%,). By Lemma 5.8,
we have Spr(Q(ti,...,t,)) #0. Pick <€ Spr(Q(ty,...,t,)), and let F™ be the real closure
of Q(t1,...,t,) with respect to this ordering. Then F is the algebraic closure of F*®?! so the
extension F F/Fral is a degree-2 field extension. We may therefore think of X,Y and the fibres
X y as varieties over Freal The result follows by Theorem 5.7. O

COROLLARY 5.10. Let k now be any characteristic 0 field. Let X and Y be varieties over k, and
let f: X =Y be a morphism. Let p be a closed point of Y, and let X, be the fibre of f over p.

If Y™°%(X,,) is torsion in W(k) for all p, then x™°*(X) is torsion.

Proof. By Pfister’s local-global principle, we see that x™°'(X,) is torsion if and only if we
have rank(x™**(X,)) =0 and x™°"(X;_,)=0 for all <€ Spr(k), and similarly for x™°*(X).
If Spr(k) =0, then the only conditions are on the rank, so the result follows by Lemma 5.9.
Suppose then that Spr(k) # 0. Let <€ Spr(k). Since x™°' commutes with base change, we have
XM (X}, ) =0 for all closed points y of Y. Theorem 5.7 gives x™°(X},_) =0, as required. [

5.2 The determinant of cohomology
Now suppose that k is an arbitrary field of characteristic 0. In this subsection, we show a

Fubini theorem for the f-adic determinant of cohomology that is not a naive Fubini theorem.
Let U be a smooth scheme over k and F be a smooth ¢-adic sheaf for ¢ # char(k). Consider the
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one-dimensional /-adic representation of Galy:

i

In order to prove our Fubini theorem, we make use of the following theorem, which is the main
theorem of [Sai%4].

THEOREM 5.11. Assume that there is a smooth projective variety X/k that contains U such
that D = X \ U is a divisor with simple normal crossings. Moreover, assume that the ramification
of F on D is tame. Finally, assume that F is defined on a model of U that is defined over a ring
of finite type over Z. Then we have

det RTc(Up, F) @ det RT(Uy, Q)™ = ¢ 11 1 (det F) @ Jp
as one-dimensional {-adic representations of Galy.

The first term on the right-hand side is the pullback of the determinant character det F of
mft(U)abtame t6 Galy by the pairing with the relative canonical class cx,u/k € CHo(X, D). In
this paper, we only need that c}’U Ik respects tensor products, and we will only ever consider
this in the case when det(F) is trivial, so this term will always vanish. We refer to the bottom
of [Sai94, p. 414] for the precise construction of ckU Ik We will, however, require the definition

of Jp,r, as set out in the paragraph before [Sai94, Theorem 1, p. 424], as well as the definition
on [Sai%4, p. 416], and also [Sai94, Proposition 2, p. 417]. We will recall these below for the
convenience of the reader.

DEFINITION 5.12. Let A denote a regular noetherian ring, let S = Spec(A), and suppose that S

is connected with function field k. Following [Sai94], define a Jacobi datum on S to be a triple

(T, x,n) such that:

(1) T =(T;)er is a finite family of finite étale covers T; — S;

(2) x=(xi)ier is a family of characters x; : g, (13) — Q" of the group of d;th roots of unity
for some integer d; invertible in A such that ug, ~7/d;Z on T;; and

(3) n=(n;)ics is a family of integers satisfying the norm condition below.

Write T; = [[ ¢, Tij, where each T;; is connected. Let the norm N7, /5(x;) denote the product
of the conjugates, and let the norm N7, g be given by

N, /s(xi) : pa, (T3) = Q¢
¢ [ [V, 5(0)).
J

By construction, each Ny, ,g(x;) factors through some pg (T;) such that di|d; and pq =7/d;Z
on S. Let d be a common multiple of all of the d;, and regard NTi/S(Xi) as a character on g
via the composition

Hd = [d; s
d
¢,
The norm condition for our Jacobi datum is that we require that [[;c; Ng,/5(xi)" =1, where
this product is considered as a product of characters of g on S.

If A’ is another ring equipped with a morphism f : Spec(A’) — Spec(A4), we may pull back
the Jacobi datum (T, x,n) on Spec(A) to Spec(A’) to obtain f*(T,x,n)= (f*T, f*x,n), where
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f*(T) = (f*T;) is given by the pullback of the finite étale covers T; — Spec(A) along the morphism
f, and f*x; is the composition x;: pq, (f*T;) = pq,(T;) = Q. We say that the Jacobi datum
(T, x',n’) on A" is defined on A if there exists a Jacobi datum (7, x,n) on A such that we may
obtain (77, x’,n’) by pulling back the Jacobi datum (7}, x,n) along the morphism Spec(A’) —
Spec(A). If s is a closed point of A with residue field x(s), we will say that the reduction
of (T, x,n) at s is the Jacobi datum on x(s) given by pulling back (7T, x,n) along the closed
immersion corresponding to s.

DEFINITION 5.13. Let I be a finite field of order ¢. Let x be a multiplicative character, i.e. a
group homomorphism x : F* — @X. Let ¥ be an additive character, i.e. a group homomorphism
P F —>@X. Define the Gauss sum

Gelo ) == 3 x L (@)(a).
a€lF>
DEFINITION 5.14. Let FF be a finite field of order ¢. Then, if we have a Jacobi datum (7', x, n) on
Spec(FF), we see that each T; =[]z, Spec(F;;) for some F;;/F a finite extension and I; a finite
index set. Define the Jacobi sum j, = jr.n for a Jacobi datum (7', x, n) on Spec(FF) by

Jx = H H (G]Fij (Yija Yo o TrIF,ij/F))m'

€l jeT;

Here, 9 is a non-trivial additive character of k, and if Fy; is of order g;; then ;; is a multiplicative
character of F; defined by

Xi(a) = xi(al® V%),
As mentioned on [Sai94, p. 417], we can consider characters on F* as characters of p,—1(IF).
Moreover, as characters of jig—1(F), we have [];.7 Xilrx = N1, /spec(s)(Xi). As mentioned on
a194, p. , |Del77, Proposition 4. tells us that the product j, 1s independent of our choice
[Sai94, p. 417], [Del77, Proposition 4.15] tell hat the product j, is independ f hoi
of vo, since [[;c; Nr, /r(xi)™ =

DEFINITION 5.15. As in [Sai94, Proposition 2], we can associate an f(-adic representation
Jirn) of Galg to each Jacobi datum (7', x,n) on a field k as follows. A Jacobi datum on
k is defined on a regular ring A of finite type over Z, since each of the T; are varieties over
k. The representation Jr, . is the pullback of the representation of m$!(Spec(A))*’ char-
acterised by the following condition: for each closed point s of Spec(A), the action of the
geometric Frobenius Frob, at s is given by the multiplication by the Jacobi sum j, (s) defined
by the reduction of the Jacobi datum (7', x,n) at s. By [Sai94, Proposition 2], this character
both exists and is unique. Say that Jp, ) is the associated (-adic character of the Jacobi
datum (7, x, n).

DEFINITION 5.16 (Saito [Sai94]). Let U and F be as in Theorem 5.11. We can define a Jacobi
datum on k associated to the ramification of F along D. Let D; be the irreducible components of
D with constant field k;. Let p be the f-adic representation of 71 (U, Z)®™¢ corresponding to F.
The kernel 7t (U, 7)t@™me — 7¢4(X, ) is the normal subgroup topologically generated by the local
monodromy groups Z'(1)p, along the D; where Z'(1) = Wm 14 with d invertible in k. Let p; be
the restriction of p to Z'(1)p, ~ Z’(l)k

Since we have a model of finite type over Z, Grothendieck’s monodromy theorem [Del72,
Théoreme de monodromie 1.2] tells us that the p; are quasi-unipotent. Therefore, the action of
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A (1) on the semi-simplification pi°® factors through a finite quotient. This means that we can
decompose

05~ @D T,y (i)
jel

Here, k;; is the finite extension of k; obtained by adjoining the d;;th roots of unity, x;; is a
character of g, (kij) of order d;j, and we define Try, i, to be the [k;;: k;] dimensional Z/(1)
representation

Try, (i) = € xijoo.
ocGal(ki; /k;)

For iel, let D =D; —J; £i Dj; and let ¢; be the compactly supported Euler characteristic
of (D} xy, Spec(k;)). Define our Jacobi datum (T, x,n) by I =11, Li, T = (ki;), x = (xi;) and
n = (n;;), with n;; = ¢; for i € I and j € I;. Define the term Jp 7 to be the f-adic representation

(T xm)-

DEFINITION 5.17. Let f:W —Y be a projective morphism of positive relative dimension.
Assume that there is a smooth and projective variety Z over k containing Y such that the
complement D = Z — Y is a divisor with simple normal crossings, that R’ f,Qy is smooth over Y,
and that the ramification along D is tame for all :. We define

2(dim(W)—dim(Y")) .
Jo
H D,Rl f* QZ
1=0

to be the Saito factor of f at D.

THEOREM 5.18. Let f: W — Y be a projective morphism of positive relative dimension. Assume
that there is a projective and smooth variety Z over k containing Y such that the complement
D=7 —Y is a divisor with simple normal crossings, that R’ f.Q, is smooth, and that the ram-
ification is tame for all i. Moreover, assume that Y _;(—1)‘rank(Rf.Q,) =0, &), det Rif*(@§_l)l
is trivial, and f is defined on a model over a ring of finite type over Z. Then,

2(dim(W)—dim(Y"))

_1Y)i+1
dety(W) = I1 Jgfml}*@{.
=0

Proof. By the Leray spectral sequence,

2(dim(W)—dim(Y)) ' |
detg(W) = [ det RTo(Yz, R £.Q0) V"
i=0
Since f is defined on a model over a ring of finite type over Z, the same is true for the sheaves
R f,Qy, so we apply Saito’s theorem (Theorem 5.11) to obtain

[ [(det RTc(Yg, R £.Q0) ") @ dety(Y) 2 (1 rankit /-G —

7

7

C;D/k < ®(det Rif*(@e)(—l)i> ® H Jg(gilf):&,
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using the bilinearity of the pairing CHy(X, D) x w¢t(U)2>tame 3 Gal,. By our assumptions on
the rank and determinants of R f,Qy, we see that

detz(Y)@_Zi(_l)ilr{‘mkRif*(@’Z =1,

Dk ( ®(det Rif*@é)(_l)i) =1,

7

where 1 denotes the trivial representation of Galy. Since the sheaves R!f,Q, vanish whenever
i > 2(dim(W) — dim(Y")), this gives the result. O

COROLLARY 5.19. Let f:W —Y be a projective morphism of positive relative dimension g.
Assume that there is a projective and smooth variety Z over k containing Y such that the
complement D=7 —Y is a divisor with simple normal crossings, that R'f.Q, is smooth, and
that the ramification along D is tame for all i. Moreover, assume that for every closed point
of Y the fibre, Wy, has x™°*(W,) =0 (mod J). Then the motivic Euler characteristic modulo .J
satisfies ™Y (W) = kw (mod J), where rkw is an element of W(k)/J such that rank(ky ) =0,
sign () =0, and disc(kw ) = deto(W) = 124, Jg(R f) (5:

Proof. The fact that rank(k¢) and sign(kc) both vanish is due to our real closed Fubini the-
orem, Corollary 5.10. Consider the condition x™°*(W,)=0 (mod J) for all y. Taking ranks
tells us that rank(x™°*(W,))=0 for all y, and applying proper base change tells us that
> (=1)rank(R f,Q;) = 0. Similarly, we see that dety(W,)=0 for all y, which is equivalent
to saying that ), det(R? f*Qg)(_l)i is trivial as well. The above theorem gives us the result. O

Remark 5.20. This Fubini theorem reduces our computation of x™°' (mod J) to Saito factors

associated to the boundary of our morphism, thought of as characters in Hom(Galy, @Z ). Since
disc(kw ) =dety(W) = Hzg Jg(le) 0, and disc(kp) is a character of order 2 by construction,

the Saito factor HQQ Jg(R f) Ql will also be a character of order 2. For the rest of this section,

we show that these characters of Galg naturally factor through the absolute Galois group of a
number field, and we can control the ramification of these characters.

DEFINITION 5.21. For k a field, let k"' denote the algebraic closure of its prime subfield in k.
In particular, if k is a field that is finitely generated over Q, the field k"t is a number field.

LEMMA 5.22. Let (T, x,n) be a Jacobi datum on k, a field of characteristic 0. Let d denote
the lowest common multiple of the d;, and let A := Spec(@kcon<t[ ]). Then there exists a Jacobi
datum (T", X', n") on Spec(A) such that the character Jp,, ) is given by the composition

Jopr x'nly ——
Galy — n{ (Spec(A)) S Qe

Proof. This follows instantly by the second half of the corollary on [Sai94, p. 418]. O
COROLLARY 5.23. The character J(t, ) factors as a composition Galy — Galgeonst — @X.

Proof. First, note that the character J(Txn) factors through the map Galy — 7¢*(Spec(A)),

which in turn factors as Galy — Galgeonst — 7! (Spec(A)). The map Galy, — Galgeonst is surjective
since k5t is algebraically closed in k by construction. O

DEFINITION 5.24. Since Galy — Galgeonss is surjective, the character Galgeonst Q" appearing

in the above corollary is unique. Call this character J(Cj?n;tn)
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COROLLARY 5.25. Let p be a prime number coprime to d; for every j, and let p be a prime of

keonst with residue characteristic p. Then the character J&‘Zr;tn) is unramified at p.

Proof. By construction, J&oust ) factors as Galjeons — 7 (Spec(A)) — Q. For p as above, we see

(Txn
that p € Spec(A). Therefore, the inertia group of p is in the kernel of the morphism Galyconse —
7t (Spec(A)). In particular, it is in the kernel of J&‘l‘;ftn), as required. O

COROLLARY 5.26. Suppose that we are now in the situation of Theorem 5.11, and let Jp 5 be
the (-adic character appearing in the theorem. Suppose that p is a prime number satisfying

p > rank(F) - [k Q] + 1,
and let p be a prime of k°°™* with residue characteristic p. Then Jl%‘)’r]‘?t is unramified at p.

Proof. By the above corollary, we only need to show that p does not divide any d;. The d;
appear through the decomposition of the semi-simplification of the monodromy representation
associated to F,

P =D Tri, (X)),
j

where x; is a representation on 4, (k;) and, moreover, dim(p®) = rank(F). Note that
dimTry, . (x;) = [kj 1 k] = [k(Ca,) : k] = [K°" (G, ) K™,
where (4, denotes a primitive d;th root of unity. We also see that

[k_const(cp) . Q] — [k_const (Cp) . k_const] . [kconst . QL
(£ (G) : Q] > [Q(Gp) : Q) =p — 1.

Putting this together gives that [k“"St((,) : kOS] > [kcfni:}:(@], and by the assumption on p, this

gives [k ((,) : k°°"Y] > rank(F). Suppose that p divides d; for some d;, seeking a contradiction.
Then,

dim(Try, /x(x;)) > KO (Ca,) K™Y > [K(G,) : k"] > rank(F) = dim(p™),
which is a contradiction, since Try (x;) is a factor in the direct-sum decomposition of p**. O

COROLLARY 5.27. Suppose that we are in the situation of Corollary 5.19. Then the character
disc(kw) factors as

const

Galy — Galpeonss —— {£1} C QJ,

and the character disc(k§™") is unramified at all primes of k°"** whose residue characteristic is
larger than rank(R! f,Qy) - [k°°"*: Q] + 1 for all i.

Proof. We see that disc(k{0™") is given by []; J g}%),;}*(@z. Each Jp grif. @, is unramified at primes

whose residue characteristic is larger than rank(R! £,Qy) - [£°°"*: Q] + 1, so if a prime has residue
characteristic larger than rank(R!f,Qy) - [k°°*: Q] + 1 for all 7, it will be unramified for all of
the characters Jp rif.q,, and so will be unramified for disc(rkw ). O

5.3 A naive Fubini theorem for algebraic groups

In the case that f: X — Y is a torsor under an algebraic group, we can achieve a stronger Fubini
theorem by using Lang’s theorem.
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THEOREM 5.28. Let G a connected algebraic group over k and let f: X — Y be such that for
every closed point y €Y with residue field x(y), the fibre X, over y is a torsor under G-
Then,

A"H(X) = 4G XN (Y) (mod ).

Proof. We prove this statement for the rank, signature, and discriminant. For the rank and
signature, this follows by Theorem 5.7, so it only remains to show this for the discriminant.
Without loss of generality, assume that k is finitely generated over Q. By Proposition 2.39, it is
enough to show a similar claim for the augmented determinant of cohomology. We can assume
that X — Y and G are defined on a ring of finite type over Z, denoted by A, and let X', ) denote
smooth projective models for X, Y over Spec(A). By Chebotarév’s density theorem, it is enough
to prove that for every s a closed point of Spec(A) such that the fibre of X over s is smooth,

dety(X)(Frobs) = dety(G)(Frobs) - dety(Y)(Froby).

Theorem 2.44 tells us that dety(X)(Frobg) is determined by the (-function of Xs. Write X, Y,
and Gy for the reductions of X', ), and G at s, respectively, and let IF; denote the residue field of s.
The result reduces to showing that ((Xs,t) =((Gs x Ys, t). Lang’s theorem [Lan56, Theorem 2]
gives us H* (Fs, G) =0, since Fy is finite. Therefore, the fibres of f,: X5 — Y; are all isomorphic
to a suitable base change of GG. Let p be a closed point of Yy with residue field F,, and let X,
be the fibre of X over p. Then X, = GF,. Counting the points of X gives an equality of zeta
functions ((Xs,t) = ((Ys Xy, G, t), as required. O

THEOREM 5.29. Let X be a positive-dimensional abelian variety over k. Then x™°*(X) = 0.

Proof. Since X is smooth and proper, we have y™°(X) = y®(X), so we may work with de
Rham cohomology. By [Mil86, Lemma 15.2], we see that Hjp (X) = @?20 N Hl: (X). Note that
rank (YR (X)) = 21220(—1)2(7) = 0. Choosing a basis of H}(X) and taking the wedge product
gives rise to a basis of Hls(X)= A" Hjg(X). With respect to this basis, the quadratic form
on Hi,(X) is clearly hyperbolic, so there is some m such that [H}(X)]=m-H. Applying
the previous lemma tells us that y®(X)=(b* +m)-H. Finally, note that rank(y®(X))=
2(b* 4 m). Since rank(y*® (X)) =0, this gives the result. O

Remark 5.30. Readers familiar with motivic homotopy theory should note that we may prove the
above theorem directly using the categorical Euler characteristic and the motivic Gauss—Bonnet
formula of [LR20]. Let px denote the structure morphism px : X — Spec(k). Since X is smooth
and projective, we have x™°'(X) = x“*(X) by Theorem 2.14. By [LR20, p. 3], we can define an
Euler class of the tangent bundle of X valued in the Hermitian K-theory spectrum of X, which
we call eBO(Ty /k)- Since X/k is an abelian variety, T’y is trivial, so this Euler class vanishes.
The motivic Gauss—Bonnet formula [LR20, Theorem 1.5] says that x°**(X) = px .(eB°(T" X/k))-
This is akin to the classical Gauss—Bonnet formula in that it says that the Euler characteristic
of a variety may be obtained by integrating the Euler class of the tangent bundle of the variety.
The theorem follows since eBO(Ty /k) s trivial.

COROLLARY 5.31. Let A be a connected commutative algebraic group over k whose maximal
proper quotient group variety has positive dimension. Then x™°'(A) € J.

Proof. There is a short exact sequence of algebraic groups,
0-G—->AL B,

where G is a connected linear algebraic group and B is the maximal proper quotient group
variety of X. The map n: A — B is a principal G-bundle, so by Theorem 5.28, we see that
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XO(A) = xMYNG) - x™°Y(B) (mod J). Since B is a positive-dimensional abelian variety,
Theorem 5.29 gives x™°*(B) =0, as required. O

6. The motivic Euler characteristic of compactified Jacobians of curves

6.1 The motivic Euler characteristics of compactified Jacobians of nodal curves

DEFINITION 6.1. Let G be a one-dimensional torus. The group of cocharacters is a Galg-module
that is isomorphic to Z as a group. Let x¢ : Galy — Aut(Z) = Z/2Z denote the homomorphism
corresponding to this group action. Since we can identify k* /k*? with Hom(Galy, Z/27), there

exists some a € kX /k*? corresponding to xg. We will write Gﬁ]k for the one-dimensional torus
whose cocharacter lattice has Galy, action corresponding to the class o € k*/k*2. A model for
(G[ma]k is given by the subscheme 22 — ay? =1 in Ai.

LEMMA 6.2. We have x™" (G, ) = H — [(2) @ (2a)] = [(~2)] — [(2a)].
Proof. Note that we have a smooth compactification of G[ma]k sitting inside PP, with complement
Spec(k(y/a)). Using the additivity of the motivic Euler characteristic, we obtain

XM (GLE) = XN (PE) — XM (Spec(k(Va))) = H — [Try ) i)-

Computing the trace form in the basis 1, /o gives [Try( /z)/,] = [(2) @ (2a)]. The final part of
the claim follows since H = (1) 4+ (—1) = (2) + (—2). O

DEFINITION 6.3. Following [AKS80, Definition 5.9], let f:Y — S be a finitely presented mor-
phism with integral geometric fibres. An Oy module [ is called relatively torsion free and rank
1 over S if I is locally finitely presented, S-flat, and the fibre Iy is a rank-1 torsion-free Oy,
module for every geometric point s of S.

For the rest of this subsection, let C denote a projective, geometrically integral curve over k.
As in [AKS80, Definition 5.11 and Theorem 8.1], rank-1 torsion-free sheaves on C' of degree n
are parameterised by the compactified Jacobian Pic"(C), which by [AK80, Theorem 8.1] is a
representable as an étale sheaf by a k scheme that we will also call Pic" (C). Similarly, by [AKS0,
Theorem 8.1], if C — P9 is a complete linear system of genus-g curves, then we may form the
relative compactified Jacobian Pic’ (C) — P9, whose fibres are the compactified Jacobians of the
fibres of C — P9.

Let C be a curve of genus g. The insight to prove the complex Yau-Zaslow formula is that
e(Pic?(C)) =0 unless C is rational, in which case, if C' is nodal this counts the appropriate
multiplicity of rational curves. Therefore, counting the number of rational curves can be done by
looking at the Euler characteristic of the compactified Jacobians of the linear system. Here, we
compute x™°(Pic’(C)) (mod .J) instead. We do this by first showing that if C' is not rational,
then x™°*(Pic?(C')) =0 (mod .J). For C a nodal and rational curve, we compute x™°*(Pic? (C))
by successively expressing ™ (Pic’(C')) (mod J) in terms of the motivic Euler characteristic
of the compactified Jacobian of the normalisation of C' at a singular point.

DEFINITION 6.4. A partial normalisation of C is a surjective map f: C’ — C of integral projec-
tive curves that induces isomorphism between the function fields of C’ and C. Two such partial
normalisations fi : C1 — C and f5 : Cy — C' are isomorphic if there is an isomorphism g : C7 — Cy
such that f; = f2 o g. Since every partial normalisation is dominated by the normalisation of C,
the set N(C') of isomorphism classes of partial normalisations is finite.
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There is a stratification of Pic (C') by locally closed subvarieties
Pic"(C)= ] Picj(0).
feN(O)
Here, the morphism f:C’ — C runs over all partial normalisations of C, and W;(C’) is such
that the k-valued points of Pic;(C) correspond exactly to those rank-1 sheaves £ on Cf such
that the endomorphism ring of £, as an O¢_-subalgebra of the sheaf of rational functions on C,
is f«(Ocz). Note that in the case where C"=C and f is the identity, then Picyy(C) = Pic™(C).
More generally, if f: C" — C' is a partial normalisation of the point p where the residue field x(p)
is a degree-d extension of k, then Picy(C) is the image of Pic"~(C") under f,.

LEMMA 6.5. For every partial normalisation f:C" — C, the stratum PTC?(C) is equipped with
the free action of the quotient group variety Pic’(C)/Ker(f*) over k, where f*:Pic®(C)—
Pic?(C") is the map induced by functoriality.

Proof. There is an action

Pic(C) x Pic"(C) — Pic"(C)
of Pic’(C) on Pic" (C), which at the level of represented functors is an action given by the rule
(£,G)+— L ® G. This action of Pic’(C) leaves the stratification invariant. By [Bea99, Lemma 2.1],

the stabiliser of any geometric point of the stratum ﬁ}t(C) is Pic?(C)/Ker(f*). The claim is
now clear. O

PROPOSITION 6.6. Assume that the geometric genus of C' is non-zero. Then x™°(Pic"(C)) lies
in J for any n.

Proof. Using the additivity of x™°', it is enough to show that x™°'(Pic;(C)) lies in J for every

partial normalisation f:C’ — C'. Let f: C — C denote the normalisation of C. There is a short
exact sequence of algebraic groups,

0— G5 Pic(C) L5 Picd(C) — 1,

where (G is a connected linear algebraic group and f* is induced by the pullback with respect
to f. By Lemma 6.5, the algebraic group Pic?(C)/Ker(f*) acts freely on Pic,(C). Since the genus

of C , which is the geometric genus of C, is positive, the dimension of the abelian variety Pico(é)
is also positive. Moreover, Ker(f*) C G as f factors through f. Therefore, x™*(Pic;(C)) € J by
Corollary 5.31. O

COROLLARY 6.7. Assume that the geometric genus of C' is at least 1. Then both det,(Pic" (C))
and e(Pic (C)) are trivial.

Proof. This follows by showing that x,(C)=0, where x, is the ring homomorphism from
Definition 2.38. Since x™°!(Pic"(C)) € J, this gives the result. O

We now turn to computing the motivic Euler characteristics of the compactified Jacobian of
nodal rational curves.

LEMMA 6.8. Let f:C’— C be a partial normalisation of C at the nodal point p of degree d.
The morphism f, : Pic _d(C’) — Pic (C) is a closed embedding.
Proof. See [Bea99, Lemma 3.1]. O
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Let Pic, (C) denote the image of the morphism f, above, and let Pic,, (C') be the complement
of Pic, (C) in Pic"(C).
Notation 6.9. In the remainder of this section, we assume that C'is semi-stable. Let S(C') denote
the set of nodes of C. For every p € S(C), let k(p) denote the residue field of p and let deg(p)
denote the degree of k(p) over k. Now let p be a node of C' and pick a k(p)-rational point p
of C whose set-theoretic image is exactly p. The formal completion of the base change of C' to
k(p) at p is isomorphic to the formal completion of 2% = a,y? at (0, 0) for some ay, € k(p)*. The
element «, is unique up to multiplication by an element of (k(p)*)?, so the isomorphism class
of the quadratic form (2a,) over k(p) is unique and only depends on p.

We have the following computation of the compactified Jacobians of normalisations, which
serves as an arithmetic generalisation of [KR15, Proposition 2.8].

PROPOSITION 6.10. Let f:C'— C be the partial normalisation of C at the nodal point p. The
pullback with respect to f induces a map

Pic, (C) — Pic"(C"),
which exhibits Pic, as a torsor under Resg(p)/k (Gﬁp]l(p)).

Proof. By naturality, we obtain Pic, (0) xkﬁzﬁ:(CE). Therefore, Pic, (C) is a variety, and
so is determined by Pic, (C)(k) along with its (right) action of Galg.
Let d:=[k(p) : k], and let ¢, ¢’ € C' be the preimages of p in C’. Let py, ..., pq be the points

of C(k) that lie over p and, similarly, let qi, ..., gq be the points ofg’(k) lying over ¢ and let

qi, .- .,q,; be the points of C’'(k) lying over ¢/, so that the map C’(k) — C(k) sends ¢; and ¢}
to p;. We also see that {p1,...,pq} is isomorphic as a right Galy set to Ti(p)-

We explicitly construct an action of Resy)/x (Gﬁpg(p)) on Pic, (C). That is, we construct a

map ¢ : Pic, (C) x} Resk(p)/k((G[%} )) — Pic, (C) that fits into the commutative diagram

m,k(p
. n Qyp ¢ . N
Pic, (C) x R’esk(p)/k(GEn,ll(p)) —— Pic, (C)
[ |
Pic, (C) » Pic"(C")

where pry is the projection onto the first factor and the unlabelled maps are those from the
statement. Our map ¢ is therefore given by a Galy equivariant map

Pic, (C) (k) x Resy () /u(Gloh ) (B) = Picy (C) (k).

Identify Resk(p)/k(ngp]l(p))(E) =~ () I*» | where the right action of Galy, on (k™ )*® is given by
M) o= (07 Ni)omrer, i g1 o =0

and
(Ai)y, o= (U_I(Ai)_l)a—lou if gi-o= q}'

Let F € Pic, (C)(k), and let G be the image of F in Pic" (C")(k). The data of F is given by G,
along with isomorphisms v; : G4, = G, for every i. By the proof of [KR15, Lemma 2.5], we can

canonically identify Isom(Gg,, Gy/) = k”~, so that 1, Vi € k™. There is a canonical Galy, action on
[ 1; Isom(Gg,, G4), which we can describe.

Let 0 € Galy, be such that p; - 0 =p;, and let 1; € Isom(Gg,, G4 ), be such that 1; = \; € ke
Then ¢; - 0 =0~ 1(\;) € Isom(Gg,.0, Gg'.o). There are now two cases.
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In the case when g; - 0 = g;, we have Isom(Gy,.o, Gg;.0) = Isom(Gy,, Gyy).

In the case when ¢; -0 = q;-, we have Isom(Gy, .o, Gy'-0) :Isom(gqg_, Gy, )- We can canonically
identify this with Isom(gqj, gq;), under the isomorphism A — A7,

Putting this together, we see that there is an isomorphism

H Isom Gy, Gq:) = Resy ) (Gt ) (F)

that is compatible with the Galy actions on each side. Explicitly, if we identify

Reskp)/k (Grnppy) (F) = (K)o,

and each Isom(Gg,, Gy) >~ %" this isomorphism is given by (A;); — (A;),, and the action of Galy,
is given by (\;); - 0'—(0'71()\1))0- 1oy, if gi- 0 =g¢; for some j, and (\;); - a—(ofl()\i)*l)g Loy,
if g-0= qJ for some j, which is exactly to say that [[; Isom(G,,, Gy, N (k )Ik(m Putting this
together, we can write every F € Pic, (C)(k) as a pair (G, (1)), where G € Pic"(C")(k) and

() € (B™) o,
Define the morphism

& PIc, (C)(F)  Resip (G ) () = Picy (O)(F)

as follows. Let (G, {t;}) € Pic, (C)(k), and let {\;} € Resk(p)/k((@ﬁf’,l(p))(%). Define
P((G, {i}), {Ai}) == (G, {Aihi})-

We can check that ¢ is Galois equivariant and so gives us a map of the underlying k& varieties,
i.e. a Resy(p) /i (Gq[z’}l(p)) action on Pic, (C') over Pic"(C”). This action is Galois equivariant and
acts freely and transitively on the fibres and so gives the result. O

COROLLARY 6.11. Let f: C" — C be a partial normalisation of C' at the nodal point p of degree d.
Then,

mot /. 1t _ﬂ—d mot /"
N (PR (C)) = P (C7) + (Niya((=2) — (20, (PIC"(C"))  (mod J).
Proof. Lemma 6.8 tells us that
mot /p: 1 mo 4ﬂ—d mot /p: 1
X (Pic™ (C)) = x™ (Pic” "(C")) + x™' (Pic, (C)).
The above proposition, along with Theorem 5.28 allows us to compute
X" (Pic (C)) = X (Resyp) /(G oy DX (P (C1)) - (mod ).
Finally, Theorem 4.22 and Lemma 6.2 allow us to see that
X" (Resy o)k (G L) ) = Nisgpye((—2) — (205)),

as required. O

Notation 6.12. The above corollary motivates the following definition. Let C' be a nodal curve
defined over k, and let p € S(C'). Define

=1+ Ny 6 ((—2) — (205)) € W (k).

COROLLARY 6.13. Assume that C' has geometric genus 0 and arithmetic genus g. Then, for any
integer n, there is an equality in W(k)/J:

POt (Pic”( H D,
peS(C)
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Proof. We prove the claim by induction on the cardinality of S(C). When S(C') is empty, then
C is smooth and genus 0 and hence Pic"(C) is isomorphic to Spec(k) for every n. Therefore,
the claim holds in this case, since the product over an empty index is 1. Assume that the claim
holds for every nodal curve C’ of geometric genus 0 such that |S(C”)| < |S(C)|. Let p' € S(C)
be a point of degree d, and let C’ be the normalisation of C' at p’, so that S(C') =S(C") U{p'}.
Then, by the previous corollary,

XOHPIE(C)) = XU P (C) + (N ((=2) — (20, )X (PI(C))  (mod J).
The induction hypothesis gives
XmOt(W_d(C,)) = Xmot(PiC”(C/)) = H cI)p (mod J)

peS(CY)
Therefore,
Xmot(PiC (C)) = < (Dp> 1 + Nk(p)/k<< > <204p>)) (mod J)
peS(C)
= < H <I>p> -®,  (mod J)
peES(C”)
= H ¢, (mod J),
peS(C)
as required. 0

COROLLARY 6.14. Suppose that k= C in the previous corollary. Then e(Pic?(C)) = 1.
Proof. This follows immediately, as rank(®,) =1 for every p. O

The above recovers [Bea99, Corollary 3.4]. Another corollary is the real closed case, which
generalises [KR15, Proposition 1.8] to all real closed fields. Now suppose that & is a real closed
field, and identify k> /k*? 2 {£1}.

COROLLARY 6.15. There is an equality sign(x™°*(Pic’(C))) = (—=1)", where r is the number of
points p € S(C) such that k(p) =k and o, =1, i.e. the number of singular points that are both
defined over k and have their tangent spaces defined over k.

Proof. Let p € S(C) be one of the singular points. If k(p) = k, then we see that the corresponding
factor at p is given by H — ((2) 4+ (2c,)), which is zero. Therefore, sign(®,) = 1. If k(p) = k, then

the singular point p is a k point. If oy, = —1, then the tangent spaces at p are not defined over £,
and H — ((2) + (2a,)) =0, so sign(®,) =1. If a,, =1, then H — ((2) + (2a,)) = (—1) — (1), and
we obtain

Nisp((=1) = (1)) = (=1) = (1),
which means that ®, = (—1) and so has sign —1. Putting this together gives us
Xmot(Ping(C)) — (_1)7”

where 7 is the number of singular points on C such that p and the tangent spaces to p are both
defined over k. O

COROLLARY 6.16. Let k be any field of characteristic 0. Then,
disc(x™*"(Pic’(C))) = (=1)* [ Nanlap) €& /E".
peS(C)
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Proof. We obtain this by applying disc to Corollary 6.13. By definition,
diSC(‘I)p) = diSC(l — Nk(p)/k(H — (<2> + <20ép>)) = dlSC(Nk(p)/k(H — (<2> + <20ép>))
Note that disc(H — ((2) + (2a))) = —a, so Corollary 4.21 gives us

disc( Ny (H = ((2) + (205))) = (—D)FOH N o (o).
Multiplying all the ®, terms gives us

aie( ] &)= IT UM Nigpuian =17 [T Nugulay)

peS(C) peS(C) peS(C)

as required. O

6.2 Motivic Euler characteristics of the compactified Jacobian of the linear system

Let X be a polarised K3 surface equipped with a degree-2¢g polarisation and let C be the asso-
ciated g-dimensional linear system of genus-g curves on X, as in §1. Let m:C — P9 be the
associated morphism given by the linear system. We now combine the above results with our
Fubini theorem to compute x™°(Pic? (C)).

DEFINITION 6.17. For g a closed point of Pi, write k(q) to mean the residue field at g. As a slight
abuse of notation, we also write ¢ : Spec(k(q)) — P{ to be the corresponding closed immersion,
and C, to mean the fibre of C 5 ]P’i over ¢q. Assume that the curves in C belong to a primitive
divisor class and are geometrically integral, which will hold if ¢ > 2 and X is of Picard rank 1 and
the curves in the linear system belong to a primitive divisor class. Assume that the rational curves
in C are all nodal, which is generically the case by Chen’s theorem [Che02, Theorem 1.1]. Let
G(X) be the set of closed points ¢ of P} such that Cy has geometric genus 0. We see that G(X) is
finite, since the set of geometric points lying above G(X) is finite by the argument presented in
[Bea99, Corollary 2.3|, which holds over any algebraically closed field of characteristic 0. By slight
abuse of notation, let G(X) also denote the reduced closed subscheme of P{ whose underlying
set of closed points is G(X). Let m,: Pic’(C) — P{ be the relative compactified Picard variety.
Let Y :=P{ \ G(X) and define W := 7Tg_1(Y). Write mg w : W — Y for the restriction of w, to W.

THEOREM 6.18. There exists an integer A(g) such that for any K3 surface as above,
dimg, H' (Pic” (Cy)z, Qu) < A(y),
for all closed points q of P9 and for all i.

Proof. Since this statement is only about the dimension of the cohomology groups, it is enough
to prove this statement after base changing to the algebraic closure of the field, so that k = k.
By [Huyl6, Chapter 5, §1], let M, denote the moduli stack of K3 surfaces equipped with
a polarisation of degree 2¢ (note that the construction in [Huyl6] makes sense over any alge-
braically closed field of characteristic 0). This is a Deligne-Mumford stack by [Huy16, Chapter 5,
Proposition 4.10], so there exists a k variety M,, equipped with an étale surjective morphism
M, — M,. Since M is the moduli stack representing polarised K3 surfaces over k, pulling back
the universal family along this morphism equips M, with a flat family X — M, of polarised K3
surfaces. Moreover, since My, — M, is surjective, every K3 surface equipped with a polarisation
of degree 2g appears as a fibre over some point in the family X — M,,.

Consider L € Picy/n, (My). This determines a linear system of divisors C, on X regarded as
an M, variety, which in turn comes with a map C, — P = ]P)% xzMg. Let g € IP’%/IQ (k), so that

q is given by a pair (¢, ¢), where a € My(k) and g € P9(k). Then the fibre of Cy — ]P’%/Ig over q
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is given by the fibre of C, — PY over ¢, and so in particular is an integral curve of arithmetic
genus g. Therefore, [AK80, Theorem 8.1] allows us to form the relative compactified Jacobian
11, :Piicg(Cg) —P{; . The fibres of this morphism have dimension 2g, since the fibres are the
relative compactiﬁe(gi Jacobians of the curves as above.

Consider the map II;, which is proper, and let i be a positive integer. Since the /-adic
sheaf Qy is locally constant, the derived pushforward Rng7*Qg is constructible by [Del77, § XIV,
Theorem 1]. If i < 2g, then since RiH%*@g is constructible, there exists a stratification U, ..., U
of IP%/I_Q such that Riﬂw@g is locally constant on UjZ Let AbJ (g9) denote the rank of RiH%*Qg on
U;f, and let A’(g) :=max;A% (g), which is finite since the stratification is finite. If i > 2g, then
R, .Qp =0, so set A(g) =0. Let A(g) :=max;A’(g). Precisely by construction, if f: U — ]P’%/Iq
is such that f*RI,,Qy is locally constant, then rank(f*R'IL, .Qy) < A(g).

Now suppose that X is our polarised K3 surface over k. Let C — P9 denote the linear system
on X, let ¢ € P9(k), and let C, denote the curve over g. We claim that dimg, H*(Pic’ (C,), Q) <
A(g).

By the definition of the moduli stack, X determines a point [X] € M, (k). Pick a € My (k)
lying over [X] under the morphism Mg (k) — M, (k), which exists since My — M, is étale and
surjective. Then the fibre of Pic’(C,) — P, over the point (a, ¢) is isomorphic to Pic’(C,) by
construction. ‘

Fix an integer ¢ and consider H® (ng(Cq), Q). This vanishes for i > 2g, so assume that i < 2g.
Consider (a, q) € IP’%,IQ (k). By construction, the fibre of II, over («, ¢) is Pic’(C,). Therefore, by
the proper base change theorem (see [AGV72, § XII, Theorem 5.1(iii)]), we see that

dim@z (Hz(mg(cq)’ Qf)) = rank((av Q>*RiH97*Q€) < A(g),
as required. O

Remark 6.19. In the case that C; is a nodal curve, we may use Proposition 6.10 and the
Leray-Serre spectral sequence to see that dimg, (H(Pic’(C,), Q) < (299), and if Cy is smooth,

H(Pic’(Cy), Qp) = (¥). Therefore, A(g) > (299)-

DEFINITION 6.20. Let A(g) be the constant from Theorem 6.18. For k" a number field, let
Algmm be the finite subgroup of Hom(Galg, Z/27Z) consisting of characters x such that y is
unramified at all primes p whose residue characteristic p satisfies p > A(g) - [k : Q] + 1. For k
a finitely generated field over Q, let A’g“ be the finite subgroup of Hom(Galy, Z/27) consisting of
elements in the image of A’;CO"SE under the map Hom(Galyeonst, Z/27) — Hom(Galy, Z/27). We
will also think of A’g“ as a subgroup of Hom(Galy, Q) using the inclusion Z/2Z — Q;.

The map W(k:) — E(Hom(Galy, (Z/ZZ)/A’;) given by [¢] — (rank(q), disc(g)) (mod A’g“) is a
ring homomorphism with kernel I, containing I 2 Let Jg:=1,NT. The homomorphisms rank

and sign clearly both factor through \/N\(k:) /Jg, so we can still recover these invariants after
passing to this quotient.

Remark 6.21. Let k, be the abelian extension of k corresponding to the fixed field of the
subgroup (), cax ker(x). The canonical map W(k)/J — W(ky)/J factors through J;. We can
therefore view J, as recovering a discriminant in k4. However, we may lose information about

sign by passing to \/N\(kg) /J. For example, if —1 is not a square in k, and if the character
corresponding to k(1/—1) lies in A’g“, then Spr(ky) =0, but this may not be the case for Spr(k).
However, we do not lose information about sign in the case that k is a real closed field.
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LEMMA 6.22. We have x™"(W)=0 (mod J,).

Proof. This proof is an application of Corollary 5.19 to this situation. We first show that this
situation satisfies the properties for this result.

Let i >0, and consider R'm,.Qy. Since 7, is proper, [AGV72, § XIV, Theorem 1] gives us
that Riwg7*Qg is constructible, so there exists a stratification Yf, R Y& of Y into locally closed
subvarieties such that Rr,Qy is locally constant on in for all j. Moreover, since 7, has relative
dimension 2g, this is the trivial sheaf whenever ¢ > 2¢g. Since the restriction of a locally constant
sheaf is locally constant and each stratification is finite, we may find a common stratification
Y1,...,Y, such that R'ﬂ'g w,«Qy is locally constant on Y; for all ¢ and for all j. Define a partition
of W by setting Wj == i (Y7), so xmOH W) = > XmOt( ;). It is therefore enough to show that
XN (W;) =0 (mod Jy) for each W.

By construction, for every i, Riﬂg,[/{/j’*@g is locally constant on each Y}, so they are smooth.
We would like to apply Corollary 5.19 to each morphism W; — Yj;. In order for this to hold,
we first need Y; to have a compactification Y; such that Y; \ Y; is a divisor with simple normal
crossings and the ramification of Riﬂg’wjv*(@g on Y;\Y; is tame. This follows immediately by
taking ?j/ to be the closure of Y; in P9, and blowing up ?j/ at ?j/ \'Y; in order to obtain that
the boundary is a divisor.

The fibres of x™°(W;) are given by Pic?(C) for C' a non-rational curve, and so their motivic
Euler characteristic lying in J by Proposition 6.6. Moreover, for all 4, rank(Riwgﬁwj?*Qg) < A(g)
by Theorem 6.18. Corollary 5.19 then gives that x™°'(W;) has rank 0, signature 0, and discrim-

inant given by H2g Jg) Ri f) .Q Corollary 5.27 gives us the required bound on the ramification of
this character, and so we see that x™*(W) € J,. O

DEFINITION 6.23. Define the following element of W(k)
B (X) = Y Ty /k< 11 qap) e W(k).
q€G(X) peS(Cq)

This element makes an appearance in our final arithmetic Yau—Zaslow formula. Note that
rank(®,) =1, so rank(B2°*(X)) = #G(X)(k). In particular, we see that B2°*(X) ‘counts’ the
number of rational curves in C, as well as providing arithmetic information about nodes of the
rational curves.

LEMMA 6.24. We have an equality modulo Jy:
BE(X) = ™ (PIY(C))  (mod J,).
Proof. Note that Pic’(C) =W II T, “1(G(X)), so by the additivity of ™!, we obtain
XM (PIc! (€)= X (W) + xi (g (G (X)),
and Lemma 6.22 gives x*°*(W) =0 (mod J, ) By additivity of the motivic Euler characteristic,

mot(ﬂ_g Z Xmot PlC ))

qeG(X)

X

Note that C; — Spec(k(q)) is a nodal curve of the geometric genus-0 curve over k(g), so applying
Corollary 6.13 gives

e @icl(C)) = [ @€ W(k(a))/ .

peS(Cy)
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Applying Lemma 4.5 gives

XRo (Pic”(Cy)) = Tryg) < H

B, ) <W(k)/
pGS(Cq)

so summing over ¢ € G(X) gives the result as required. O

7. The motivic Euler characteristic of Calabi—Yau varieties

Recall that X is a K3 surface admitting a g-dimensional linear system C of geometrically integral
curves of genus ¢ and that the curves in this linear system correspond to a primitive class in the
Néron—Severi group. The assumption that the curves in C are geometrically integral allows us
to apply [Muk84, Example 0.5] to show that the relative compactified Picard varieties Pic’ (C)
can be identified with connected components of the moduli space of simple sheaves on X. In
particular, Pic’(C) is nonsingular and has a trivial canonical bundle, by [Muk84, Theorem 0.1].
Note that if X has Picard rank 1 and g > 2, the assumption that the curves in C are geometrically
integral is automatically satisfied and C will be unique with these properties.

PROPOSITION 7.1 (Beauville, Proposition 1.3 of [Bea99]). There exists a birational morphism
from the relative compactified Picard variety Pic’(C) to X9

Remark 7.2. In [Bea99], the result is stated over C; however, the construction holds over any
field.

In [Bat99], it is shown that birational Calabi-Yau varieties have the same Betti numbers, and
so also the same complex Euler characteristic. This section is dedicated to proving the required
analogue of this theorem for the motivic Euler characteristic of the Calabi—Yau varieties that
we are considering.

THEOREM 7.3. In the situation as above, there is an equality of the motivic Euler characteristics
modulo J:

X" (Pic/C) = ™ot (X9 (mod J).

It is natural to conjecture that the above equality holds for the whole motivic Euler char-
acteristic, rather than just modulo J. Note that if this theorem holds for the whole motivic
Euler characteristic, then Theorems 2.14, 2.20, and 2.24 would imply Lemmas 7.4, 7.5, and 7.6,
respectively. We begin with a lemma that allows us to use the result of Batyrev and Kontsevich
in our context.

LEMMA 7.4. Let X and Y be two birational Calabi—Yau varieties over k. Then,

rank(x™°* (X)) = rank(x™°*(Y)).

Proof. Over C, the motivic Euler characteristic xy™°' is just the compactly supported topo-
logical Euler characteristic. The result follows by [Bat99, Theorem 1.1], which says that two
birational Calabi—Yau varieties over C have the same Betti numbers. Now suppose that k # C.
As in Theorem 2.14, there exists a finitely generated field L such that X is defined over L,
and therefore by enlarging L, the varieties X and Y are both defined over some L. Since
L has finite transcendence degree over Q, we can embed L into C. The result holds for X¢,
i.e. rank(x™°'(X)) = rank(x™°*(Y)). Since the motivic Euler characteristic commutes with base
change and base changing preserves the rank, this gives the result. O
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We now wish to prove a lemma that allows us to use [KR15, Proposition 3.1] over any real
closed field.

LEMMA 7.5. For every real closure k. of k, we have an equality of real closed Euler characteristics

X(PIC)y. (k<)) = X (X1 (k<))

Proof. First, since Pic’(—) and (=) are representable functors, they commute with base change,
so Pic’(Cp,_) = (Pic’C)y_, and similarly (X)), 2 (X )9l Tt therefore suffices to show this
statement in the case that k is a real closed field. For k =R, the first equality follows by [KR15,
Proposition 3.1], which says that our birational map ¢ : Pic’C(R) --» X[9/(R) defined in [Bea99,
Proposition 1.3] gives rise to a diffeomorphism ¢ between these two real manifolds, which in
turn tells us that they have the same Euler characteristic. We claim that we can choose ¢ to be
semi-algebraic, so that ¢ is a Nash diffeomorphism in the sense of [BCR98, Definition 2.9.9].

We first claim that if Y/R is a smooth projective variety, then there exists a Nash diffeomor-
phism from Y (R) to a closed, bounded Nash submanifold of RY for some N. It is enough to show
this in the special case when X is a projective space. In this case, this is [BCR98, Theorem 3.4.4,
p. 72]. In particular, Pic’C(R) (respectively, X19/(R)) is Nash diffeomorphic to closed, bounded
Nash submanifolds of R, which we will call M (respectively, M'). By [Shi83, Theorem 2], since
M, M’ are closed bounded Nash submanifolds of RY, there is a diffeomorphism between them
if and only if there is a Nash diffeomorphism between them by [Shi83, Theorem 2]. In particu-
lar, since Pic/C(R) and X 9] are diffeomorphic, M and M’ are diffeomorphic, and so are Nash
diffeomorphic. This in turn gives that Pic9C(R) and X9 are Nash diffeomorphic, which proves
the claim.

To prove the statement in general, let k£ be a general real closed field. Note that if K is a real
closed field containing k and X/k is a variety, then the motivic Euler characteristic of the base
change Y™ (X ) = X' (X) € Z & Z, where we identify W (k) = Z & Z by sending n(1) +m(—1)
to (n,m). Therefore, by base changing to an extension of k containing R, it suffices to prove
the statement when k is a real closed field containing R. We proceed by parameterising the K3
surfaces using moduli spaces over k. First, let Q" denote the real closure of Q. For d > 0, define
Hilb? := Hilb;@lﬁiﬁ. Let H? denote the open subvariety of Hilb? from [Huy16, Proposition 2.1].

@rcal
It is defined by the universal property that a morphism 7" — Hilb? factors through H¢ if and
only if the pullback of the universal family f: Zp — T satisfies the following.

(1) The morphism f is a smooth family and all the fibres are K3 surfaces.

(2) If we have p: Zp — P%+1 is a projection, then p*O(1) = L3 ® f*Lg for L € Pic(Zr) and
Lo € Pic(T).

(3) The line bundle L is primitive on each geometric fibre.

(4) For all fibres Z; of f: Zp — T, the restriction map gives isomorphisms:
HO(PY,), O(1)) = HY(Z,, LY).

Now let X be a K3 surface over k with a polarisation given by an ample line bundle L such that
deg(L) =d. Then the discussion before [Huy16, Proposition 2.1] tells us that we can view X as a
projective subvariety of IP’de, with Hilbert polynomial 9dt? + 2. By the definition of the Hilbert
scheme, this corresponds to a morphism Spec(k) — Hilb? such that the pullback of the universal
family is isomorphic to X. By the properties that H? has, this morphism factors through H,
so we obtain a morphism Spec(k) — H¢. Therefore, every K3 surface over k with an ample line
bundle L is the pullback of the universal family of a morphism f:Spec(k) — H? for some d.
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We will abuse notation slightly and write (X, L) € Hom(Spec(k), H%) to mean the K3 surface
and line bundle specified by the morphism. This choice of (X, L) specifies a birational map
¢x.1: Pic’(C) — X1, as defined in [Bea99, Proposition 1.3]. Consider the following statement.

For d € Z~¢ and (X, L) € Hom(Spec(k), H?), there exists a Nash diffeomorphism
bix.p)  Pic’ (C) (k) — XW)(k).

This can be written as a first-order formula, and we have seen that this formula is true for £ = R.
Therefore, by the model completeness of real closed fields, it is true for every real closed field
k containing R. The existence of such a Nash diffeomorphism means that these semi-algebraic
sets have the same real closed Euler characteristic, as required. ]

LEMMA 7.6. Let X and Y be two birational Calabi-Yau varieties. Then dety(X) = det,(Y).

Proof. This lemma essentially follows from the proof of [Bat99, Theorem 1.1]. We recall the
argument here for convenience. Assume without loss of generality that k is finitely generated
over Q, since we can take k to be the smallest field over which both X and Y are defined. Let S
be an integral scheme of finite type over Spec(Z) whose function field is k. We may also assume
that both X and Y have smooth projective models over S, denoted by & and ), respectively.
For every closed point s of S, let Fs, X, and ) denote the residue field of s, and the fibre
of X and Y over s, respectively. Let Fs» denote the unique extension of F; with Galois group
Z/nZ. As noted on p. 7 in the proof of [Bat99, Theorem 1.1], since X5 and Vs are birational and
Calabi—Yau, we have |Xs(Fsn)| =|Vs(Fsn)| for every s and n. This in turn gives us an equality
of zeta functions ((Xs,t) = ((Vs, t) for every s. Theorem 2.44 then gives the result. O

Proof of Theorem 7.3. Example 0.5 of [Muk84] says that Pic’(C) is Calabi-Yau, Example 0.4 of
[Muk84] says that X 9] is also Calabi-Yau, and Proposition 7.1 says that these two varieties are
birational. We can therefore apply Lemmas 7.4 and 7.6 to obtain that x™°¢(Pic’C) and x™°t (X))
have the same rank and ¢-adic determinant of cohomology. Moreover, since they are birational,
they also have the same dimension and hence the same total weight, so by Proposition 2.39, we
have disc(x™°(Pic?C)) = disc(x™°(X9)). Finally, by Lemma 7.5, we see that Pic’C and X!
have the same signature. Therefore, by Lemma 2.45, they differ only by an element of J. O

8. The motivic Gottsche formula

In this section, we prove a refinement of the Gottsche formula for the classical Euler characteris-
tic, which is [G6t90, Theorem 0.1, p. 193]. This formula allows us to compute the motivic Euler
characteristic of X9 modulo J.

Notation 8.1. Let X be a smooth geometrically irreducible projective surface over k, let X (™)
denote its nth symmetric product, and let X be the Hilbert scheme of zero-dimensional sub-
schemes of X of length n. Let P(n) denote the set of partitions of n. The elements of P(n) are
sequences m = (my, ma, . .., m,) of non-negative integers such that 1mq + 2mg + - - - +rm, =n.
The length I(m) of the partition m is defined as I(m)=m1 +mg +-- -+ m,.

Notation 8.2. Let Chow(k) denote the category of rational Chow motives over k, and for every
smooth projective variety X and idempotent correspondence a from X to X over k, let (X, «)
denote the object of Chow(k) corresponding to this pair. For every object A of Chow(k) and
integer n, let A(n) denote the nth Tate twist of A, and denote direct sums and tensor products
in the category Chow(k) by the usual symbols for sums and products, respectively. For X as
above, let M (X) denote (X, Ay), where Ax is the diagonal cycle on X x X.
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THEOREM 8.3 (de Cataldo-Migliorini). There is an isomorphism of Chow motives with rational
coefficients:

MXMy(—n)y= 3T MX))M (X)) M (X)) (=1(m)) in Chow (k).

Proof. The claim follows immediately from [dCMO02, Theorem 6.2.5], and from [dCM02, Remark
6.2.2], where the authors have mentioned that their result holds over any base field. O

DEFINITION 8.4. Define Ky(Chow(k)) to be the Grothendieck ring of rational Chow motives,
i.e. the ring generated by isomorphism classes of Chow motives over k subject to the obvi-
ous addition and multiplication relations coming from the direct sum and tensor product. Let
Ko(Varg)©ho% denote the subring of Ko(Chow(k)) generated by classes of the form [M(X)(j)],
where X/k is a smooth projective variety and j is an integer.

COROLLARY 8.5. There is an equality in Ko(Varg)Chov:

r

M (=)= Y [T (X (=ma)).

Proof. As noted in [dCMO02, Remark 6.2.4], this follows immediately by Theorem 8.3 and the
definition of Ky (Vark)ChOW, where we absorb the Tate twists into the appropriate terms to obtain
the formula in the form shown above. O

LEMMA 8.6. There is a ring homomorphism M : Ko (Vary) — Ko(Vary)°2V C Ko(Chow(k)) such
that if X/k is a smooth projective variety, M ([X]) = [M(X)].

Proof. We first check that this is a well-defined homomorphism of abelian groups. By [Bit04,
Theorem 3.1], the ring Ko(Vary) is generated as an abelian group by the classes of smooth
projective varieties, subject to a single blow-up relation, given by

[Blz(X)] + [Z] = [X] + [E],

for any smooth projective variety X and smooth closed subvariety Z, where Blz(X) is the blow
up of X along Z with exceptional divisor E. This same blow-up relation is satisfied in the
category of Chow motives by the corollary on [Man68, p. 463]. This assignment therefore gives
us a well-defined homomorphism of abelian groups, and the fact that it is a ring homomorphism
follows instantly by the Kiinneth formula. O

In this section, we construct a ring homomorphism YV : Ky (Vary)Chow —>{7-V\(k) /J such
that x©h% o M(X) = x™°(X) in /VV(k)/J and examine how it applies to Tate twists. We
construct Y% by constructing versions of the complex Euler characteristic, the real Euler
characteristic, and the discriminant for elements of Ko(Vary)“"*" and then examining how they
behave under Tate twists. We then appeal to Lemma 2.45 to recover an element of W(kz) In
Corollary 8.18, we apply x“"" to Theorem 8.3 in order to obtain a formula for the motivic
Euler characteristic of X" modulo J.

DEFINITION 8.7. Let M be a Chow motive over a field k. We will abuse notation slightly and

use the same notation as for varieties. Let e: Ko(Chow(k)) — Z denote the Euler characteristic
of M, ie. e(M):=>,(-1)'dim(H} 4.(M)).

(2
When £ is a real closed field, we may define its real Euler characteristic as

e(M) :=Tr(cM),
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where ¢M: H . ..(M) — H3 (M) is complex conjugation, and Tr denotes graded trace as in
Notation 2.41. Similarly to in Definition 2.18, the above data furnish a ring homomorphism
x'ea: Ko(Chow(k)) — C(Spr(k), Z).

We can also define the /-adic determinant of cohomology det,(M) to be the one-dimensional
¢-adic representation [[;(det(H}_,4.(M))V"). Similarly to Definition 2.37, there is a ring
homomorphism x; : Ko(Chow(k)) — F(Hom(Gal,, Q")) given by M — (e(M), dety(M)).
LEMMA 8.8. The compactly supported Euler characteristic e: Ko(Vary) — Z, the real closed
compactly supported Euler characteristic " : Ko(Vary) — C(Spr(k), Z), and the {-adic deter-

minant of cohomology det,: Ko(Vary) — Hom(Galg, Q) all factor through the map M :
Ky(Var) — Ko(Chow(k)) from the previous lemma.

Proof. This is clear since all of these invariants for smooth projective varieties can be read off from
the Galois representation on the underlying cohomology ring for our Weil cohomology theories.
This means that e(M (X)) =e(X), x***(M (X)) = x**(X), and det,(M (X)) = det,(X). O

Remark 8.9. The reason why the above lemma only applies to these invariants, rather than
the whole motivic Euler characteristic, is that the definition of the motivic Euler characteristic
using de Rham cohomology in Definition 2.2 makes essential use of Poincaré duality as well as
the cohomology groups.

We now study how these homomorphisms out of Ky(Chow(k)) behave under Tate twists.

Notation 8.10. Let G be a group, and let p: G — G L1 (V) an L-linear representation on a finite-
dimensional graded vector space over the field L. Moreover, suppose that V =@, V; is graded,
and that p respects the grading. Let x : G — L* be a one-dimensional representation. Define the
twisted representation p(x):G — GLL(V) by the formula

(Vg € G), p(x)(9) = x(g)ldv - p(g)-

We can compute the character and the determinant of the representation p(x) in terms of
these invariants of p and Y.

LEMMA 8.11. We have

Tr(p(x)(9)) =x(9) - Tr(p(g)) and  det((p(x)(9))) = x(9)*") - det(p(g)),

where Tr and det denote the graded versions as in Notation 2.41.

Proof. We may view x(g) € L* as a scalar, and p(x)(g) = x(g) - p(g). Shifting the grading mul-
tiplies the trace by —1 and raises the determinant to the power of —1, so it is enough to prove
an ungraded version for V = V4. This then follows immediately. O

PROPOSITION 8.12. The functions e, x*** and det, out of Ko(Chow(k)) satisfy the following
formulae under Tate twists.

(i) We have that e(M(j)) =e(M).

(ii) When k is real closed e(M(j)) = (—1)7e(M) and so X" (M (5)) = (—1)x**(M).
(iii) We have detg(M(j)) =dete(M) - Qp(j - e(M)).
Proof. The first part is immediate, since the dimension of the Betti realisation does not change
under the Tate twist.

For the second part, it suffices to prove the statement when k is real closed and we are looking
at the real closed Euler characteristic e. Define x : Galy — E by sending the non-trivial element
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of Gal, to —1 €k . We may identify the vector spaces H{ (M (7)) = Hfop;(M), and under
this identification, we see that ¢M() = (—1)7¢M. In particular,
e(M(j)) = Te(MV) = (=1) (M) = (~ 1) e(M),

as required.
For the statement about dety(M (5)), let g € Galy. Write p™ for the representation of Galy
on Hj ..(M). We may identify the vector spaces H; ,y.(M(j)) = H} 4. (M), and under

this identification, we see that p™)(g) = x(4) - p™(g), where x denotes the f-adic cyclotomic

character on Galg. By definition, det,(M)(g) = det(p™ (g)), so Lemma 8.11 gives the result. [

The goal is to use these invariants to define a map x“"" that extends the motivic Euler
characteristic to Chow motives. While we can define the /-adic determinant of cohomology for a
general Chow motive, it is unclear how to define the discriminant in an analogous way. However,
for elements of K (Vark)ChOW, we can define the discriminant as follows.

DEFINITION 8.13. Suppose that k/Q is finitely generated, and let M be a rational Chow motive
over k such that M = M(X)(j) for some variety X/k. Then Hj .. (M) = HZ (X7, Qo) - Qe(5)
for each i. Putting this together gives
detp(M) =dety(X) - Qo7 - e(X)).
Multiplying again by Q(w(X) — j-e(X)) gives
dety(M) - Qp(w(X) — j-e(X)) =detp(X) - Qo(w(X)).

Theorem 2.29 implies that the above representation is a 2-torsion character whose class in k* /k*2
is (—1)*Xdisc(x™°(X)). As in Remark 2.30, define w(M):=w(X) —j-e(X), so that w(M)
is the unique integer such that dety(M)- Qg(w(M)) is torsion. For such Chow motives, define
disc(M) to be the element of k* /k*? such that

disc(M) - (=1)*M) .= dety(M) - Qg (w(M)).
We may also argue as in Remark 2.36 to obtain a ring homomorphism
xise s Ko (Varg,) bV — E(Hom(Galy, Z/27))

given by M > (e(M), disc(M)).
If k£ is any field of characteristic 0, since k is a union of its finitely generated subfields, we
have that Ko(Vary) " =lim . Ko(Varg)o"v.

For k an arbitrary field of characteristic 0, define x5¢ : K (Vary, )iV — E(Hom(Galy, Z/2Z))
to be the inductive limit of all of the x}i5¢: Ko (Vary, )"V — E(Hom(Galy, Z/27Z)), where the
fields L run over all finitely generated subfields of k. When the base field is clear, we will simply
write ydise,

LEMMA 8.14. For X/k a smooth projective variety, the discriminant disc(M(X)(j))=
((=1)7 D) - disc(x™4(X)).

Proof. This follows by the above definition, noting that (—1)*(M(X)()) = (—1)w(X) . (_1)7-e(M),
O

THEOREM 8.15. The homomorphism
e x U s B¢ Ko (Vary, ) MY — Z x C(Spr(k), Z) x E(Hom(Galy, Z/27.))
factors through the inclusion W(k‘)/JL) Z x C(Spr(k),Z) x E(Hom(Galy,Z/27Z)) from

Lemma 2.45.
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Proof. Tt is enough to show that for X a variety and j an integer, there exists some
g€ W(k)/J such that e(M(X)(j)) = rank(g), x"*'(M(X)(j)) = sign(g) and x=<(M(X)(j)) =
Egisc(q). Proposition 8.12 and Lemma 8.14 tell us that taking ¢ = ((—1)7) - x™°*(X) gives us the
result. O

DEFINITION 8.16. In light of the above, define Y% : Ko(Vary, )PV — W(k)/J to be the unique
homomorphism such that the following diagram is commutative.

KO (Val‘k ) Chow
%XChOW eXXrealXXdisc
W(k)/J < 7 x C(Spr(k), Z) x E(Hom(Galy, Z/27))

rank Xsign X Fqisc

COROLLARY 8.17. For X/k a variety and j an integer, we have

X (M(X) () = (=1)) )™ (X) € W(k)/J.
Proof. Note that the twist by j map (j): Ko(Varg)°™% — Ko(Vary,)“PV given by sending
M(X)(7) to M(X)(i+ j) is a homomorphism of the underlying additive abelian group. Similarly,

the map W(k)/J — W(k)/J given by multiplication by ((—1)7) is a homomorphism on the
underlying abelian group. Therefore, the compositions

YOV o () 0 M : Ko(Varg) — W(k)/J
and
({(=1)7)-) 0 ™+ Ko(Vary) — W(k)/J

are both homomorphisms of abelian groups. It therefore suffices that these homomorphisms
are equal on generators of the abelian group Ky(Varg). Through [Bit04, Theorem 3.1], we can
check this only for X/k, a smooth projective variety. This is then immediate by the proof of
Theorem 8.15. O

COROLLARY 8.18 (Motivic Gottsche formula). We have

Y e (i ae = T (3 ) e ) i (W06
n=1 0

d=1 “m=

Proof. Fix n to be a positive integer. Applying the ring homomorphism x“"" to the formula in
Corollary 8.5 gives

T

XM (X (=n)) =D [T e (x0m))(=ma))) € W(k) /.

(m1,ms,...;,m,)€B(n) i=1

By Corollary 8.17, we may rewrite this as

o= (The ).

(my,ma,...,m)eP(n) ~i=1

We claim that the right-hand side of this is the coefficient of ¢ in the power series
o0 oo
IT (3 e x)-amem).
d=1 >m=0
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Relabeling the indices m by mg in order to keep track of where they appear in the product, the
above series becomes

11 ( > x“1°t<X<md>><<1>md>tmdd).
d=1 “mg4=0

Expanding the product and looking at the coefficient of ¢"* in the above power series, we see that
the t" term is given by

> (Do),

{(m1,....m,.):Y_dmg=n} “d=1

As noted in Notation 8.2, we may identify P(n) with {(m1,...,m,): >  dmg=n}, which gives
us that the coefficient of t" is exactly given by

> (TDem o)

(m1,ma,....,m,)EP(n) ~d=1

Putting all of this together, Y™ (X[)((—=1)") e W(k:)/J is equal to the coefficient of ¢ in the
generating series

(e 9]

11 ( XmOt(X(m))((—l)mﬁmd) € (W(k)/J)[[H],
m=0

d=1
which gives the theorem. O

We now show that we can recover the rank, sign, and discriminant of x™°*(X (™)) to extract
other Gottsche formulae based on this.

LEMMA 8.19. Let X be a K3 surface. Then
e(XM) = <

Ifk is a real closed field, then we may write x™°*(X ) = bH + a(%1) for some non-negative integers
a,b. Moreover,

e(X)—i—m—l)‘

15

. mo m a+m—25—1\(b+j—1
() s = 3 (T (P,

ol

7=0
where the sign is (—1)™ if sign(x™°"(X)) is negative, and 1 if sign(x™°*(X)) is positive.

Proof. Since X is a K3 surface, the odd Betti numbers vanish, so Hig(X/k) =0 if i is odd.
Therefore, x™°(X)=[H3%(X/k)] is an actual quadratic form, so x™°(X)=bH + a(+1) for
some a,b>0. For the rank, we may use Theorem 2.14 to reduce this to a statement about
symmetric powers of CW complexes. The main result of [Mac62] then gives the result.

Suppose that k is a real closed field, and consider the complex Hs*ing(X (m)(E), k), along with
the action of o, the non-trivial element of Galg. Moreover, ¢ is diagonalisable, so pick a basis
of eigenvectors for H:mg(X (m) (%), k), denoted by vy, ... ,Ve(x)- As noted in the second part
of [Lev20, Remark 1.3], we apply the Lefschetz trace formula to compute Trace(o) =¢(X) =
e(X(k)). B

Let ¢ be a quadratic form on Hj  (X(k),k) such that ¢ is diagonal with respect to

V1, .., Ue(x), and such that o(v;) = ¢q(v;)v;. This means that we obtain e(X)=rank(q) and
€(X)=sign(q). By the Kiinneth formula, we can identify Hs*ing(X(m) (k), k)=S™(H*, (X (k),k)),

sign
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where S™ denotes the symmetric product, and where the action of o on the left-hand side is
given by S™(o) on the right-hand side. Therefore, the quadratic form we obtain from looking
at the action of o on both sides is the same and is given by S™(q), the symmetric power of the
form ¢. Recall that ¢ = bH + a(+1), where a,b>0 and the £+ comes from whether the 1 or —1
eigenspace of o on Hs*ign(X (k), k) is larger. For now, suppose that the —1 eigenspace is larger,
as this is the more difficult case.
We see that S™(q) = @i, S*(bH)S™ *(a(—1)). By [McG05, Proposition 4.12], we see that
if i is odd, then sign(S™ %(bH)) =0, and sign(S*(bH)) = (b+§._1) if i =27 is even. We calculate
m—2j, o ym—2j a+m—25—1
smi(at-1)) = (-1 (T H

Applying sign then gives

(S () = (S v [}

m—2j 7

ol

§=0
The argument for the case when the 1 eigenspace is larger is similar. O

LEMMA 8.20. Let X be a K3 surface. Then,

deto(X™) = det (X)),

Proof. Since X is a K3 surface, we have Hét(X , Q) =0 for all i odd. Therefore,
dety(X) = det(RI'(X%, Q) = det(H" (X7, Qp)).
Note that H*(Xém),Qg) = S™(H*(X3,Qy)). Since X(m) s proper, the compactly supported

cohomology agrees with the normal cohomology, so dety(X) is the determinant of the Galois
representation H* (Xém), Qy). Therefore, for all o € Galy, we have

m+e(X)—1)

deto(X™) (o) = det (X)W

since for T': V' — V| the determinant of the symmetric power,

det(S™(T)) = det(T) (""" )

COROLLARY 8.21. Let X be a K3 surface, and let

wm:(e(X)—i—m—l)

m

Then x™°*(X (™) is the unique element of \/N\(kz)/ J satisfying the following properties.
(1) The rank is given by rank(x™(X (™)) =w,,.
(2) The signature is given by

L5)

. mo (m)\y a+m—2j—1\(b+j—1
s ) =y (T 0,

SIE

Jj=0

for any choice of k. € Spr(k), where a is given by [sign(x™°"(X)y_)|, b= 3(wm — a) and the
sign at the front is equal to 1 if sign(x™°"(X)x_) is positive, and (—1)™ if sign(x™*(X)x.)
is negative.

(3) The discriminant is disc(x™°t(X (™)) = disc(x™°t(X))%.
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Proof. Uniqueness is immediate due to the definition of J. The first two equalities follow by the
previous two lemmas. For the final equality, Lemma 8.20 applied to the ¢-adic cohomology gives
dety(X (™) = dety(X)®n, and the result follows by Remark 2.30 and Theorem 2.29. O

Remark 8.22. Applying the rank homomorphism to the equation in Corollary 8.18 and using
Theorem 2.14 recovers Gottsche’s formula for Euler characteristics:

1 —l—ie(X[”])t" H <1 + Z (m“ )tmd> = ﬁ (1 —tH =X in Z[[t]).

d=1 d=1

Assume that £ is real closed, so that Spr(k) is a single point and C(Spr(k),Z) = Z.

COROLLARY 8.23 (Real closed Gottsche formula). We have

e}

1+ Z X[n n ﬁ ¢ (1—t%)~" b in Z|[[t]],

=1 J=1

where a = ¢(X) and b= 3(e(X) — €(X)).

Proof. First, suppose that a >0, so that Y9®(X) = bH + a(1), where both a, b> 0. Then, taking
sign of both sides of the equation in Corollary 8.18 and using Corollary 8.21, we obtain

e 5

I (e (30757 ))

d=1

x ) o
“TTa+H - J[a-2)"

i=1 j=1

Relabelling ¢t = —t, we obtain

o0

1+Z (xthyer H( +(=0)) - JTa-e)7"
i=1 j=1
as required. It remains to show the case when a <0. Let @ = —a and b= $(e(X) —a), so that

b=b — a. Taking sign gives
844
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S = o 3] a+m—2j—1\ (b+j—1
Ze(x[n])(_l)ntnznz(z( e )( . >>tmd
n=1 d=1m—=0  j—0 J J

12

:ﬁ i ( <a+m—2j—1>t(m_2j)d<l§+j—1>t2jd)
, m—2j J
d=1m=0 " j=0

Using that (1 —t%) = (1 —2¢)- (14 t%)~!, we can rewrite

oo _ N o0 _ -
H a th)—b) _ ((1 + td)a . (1 _ t2d)—b—a)‘
d=1 d=1
Rewriting @ = —a and b=b—a gives
o0 . ~ oo o0
[T(+eHr- - =T[ (1 +)" H (1— %),
d=1 =1 j=1
Putting everything together and relabelling ¢ for —t gives the result. O

In the case that k£ =R, this exactly recovers the real Géttsche formula of [KR15, Theorem 1.2].
Let k again be an arbitrary field of characteristic 0. Identify W(k)/I? = E(k*/k*?) as in

Remark 2.36. Write x%¢ for the composition Ky(Vary) X—M>W(k) —>W(k:)/[2, so that after
this identification y35¢(X) = (e(X), disc(x™°*(X)).

THEOREM 8.24. There is an equality in the ring E(k* /k*?)[[t]]:

L S0P = T (0 (1 dise(y ™ (X)) ) )
n=1 d=1

Proof. Note that by Corollary 8.21,
e ) = (DT ey )T ) = (MO T it ()

m m
Applying the homomorphism Y3 to Corollary 8.18 gives

1+ Z XdiSC(X[n})(l’ (_1))ntn _ H Z (m + 652() - 1> (1’ diSC(XmOt(X)) . (17 _1)mtmd
n=1

d=1m=0

(1, disc(x"™ (X)) - D

m=0

8

m

(" ey

a
Il
—

(1, disc(x™°H (X)) (1 — (1, —1)t4)—X),

8

d=1
Relabelling t = (1, —1)t gives
1 D et = T dise(a™ (X)) (1 #4) =9,
n=1 d=1
as required. ]
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9. The arithmetic Yau—Zaslow formula

Recall that X is a K3 surface admitting a complete g-dimensional linear system C of geometrically
integral curves of genus g and that the curves in this linear system correspond to a primitive
divisor class. Suppose that the rational curves in C are all nodal, which is generically the case
by Chen’s theorem [Che02, Theorem 1.1].

LEMMA 9.1. The motivic Euler characteristic x™°(Pic’(C)) (mod J) is given by ((—1)9)
multiplied by the coefficient of t9 in the generating series

IT > amet(x ™) ((—)mpemd e (W(k)/J)[[t).

d=1m=0
Proof. By Theorem 7.3, we have that x™°"(Pic?(C))=x""(XW) (mod J), so applying
Corollary 8.18 gives us the result. O

COROLLARY 9.2. The element BF°*(X) from Definition 6.23 only depends on X and g modulo
Jg, and not on C itself.

Proof. Lemma 6.24 gives that BR'(X) = y™°(Pic’(C)) (mod J,), so the result holds by the
above lemma. O

The above corollary allows us to write BJ**'(X) := Bg"**(X). Our calculation of Pic’(C) only
holds modulo J,, so we need the following definition.

DEFINITION 9.3. Let J denote the subset of w\(k)[[t]] given by power series of the form
Z;’io aiti, where each a; € J;, where J; is the ideal from Definition 6.20. Since each .J; is an

ideal of W(k) with J; C Ji11, we see that J is an ideal of W(kz)[[t]]

THEOREM 9.4 (Arithmetic Yau-Zaslow formula). Let X,C be as above. Then ((—1)9)By°*(X)
is given by the coefficient of t9 in the power series

IT > xmetxmy(—1ymyemd e W(k)[[6))/ T

d=1m=0
Proof. Apply Lemma 6.24 to the result of Theorem 9.1. O

Remark 9.5. Consider the rank of BJ'*(X):
1"ank(BI;Ot (X)) =rank z Try(q)/k ( H <I>p> :
9€G(X) PES(Cy)

Note that rank(Tryq)/x(w)) = [k(q) : kJrank(q), so since @, has rank 1, this gives

rank(BI (X)) = 7 [k(g): K] = #G(X)(R).

qeG(X)

That is, applying rank to B‘gnOt (X)) recovers the number of rational curves in C after base changing
to the algebraic closure. Applying Remark 8.22 to the right-hand side of the above theorem
therefore recovers the complex Yau-Zaslow formula of [Bea99] when working over C.
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DEFINITION 9.6. Assume that k is real closed. Let C' be a semi-stable curve over k. Following
[KR15], we call (—1)° the Welschinger number W (C) of C, where s is the number of zero-
dimensional semi-algebraic connected components of C (k). We set

W(X,C):= Z W(C,) €
qeG(X)(k)

LEMMA 9.7. For g the dimension of C, we have

W(X,C) = (—1)%sign(BE°*(X)).
Proof. By Corollary 6.15, the signature sign(Hpes(Cq) ®,) = (1), where cc, denotes the num-
ber of points in S(Cy) such that both p and the tangent spaces at p are defined over k. Let
s¢, denote the number of points in S(C,) which are defined over k, whose tangent spaces are
not defined over k, and let nc, denote the number of complex points in S(Cy). Note that
sc, +cc, +2nc, =g, so (—1)° = (=1)9W (C,). Therefore,

sign(BE'(X)) = Y (~1)W(Cy) = (~1)'W(X,C),
q€G(X)(k)

as required. O

COROLLARY 9.8 (Real closed arithmetic Yau-Zaslow formula). The number W(X, C) depends
only on g and X so we can write W(X, g). Moreover, W(X, g) is given by the coefficient of t9 in
the power series

[T+ H — )" e Z[[t]],
i=1 j=1
where a = e(X (k)) and b= e(X (k) — e(X (k)).

Proof. Applying sign to the power series in Theorem 9.4, and using the Gottsche formula 8.23,
gives that (—1)9%sign(BR°'(X)) = W(X, C) is the coefficient of t7 in the power series

ﬁ (1+( H — $29)70, O
=1 7j=1

Remark 9.9. The above corollary generalises the main theorem of Kharlamov—Rasdeaconu from
[KR15] to all real closed fields.

We now turn to the discriminant. Let £ be an arbitrary field of characteristic 0. Define the
integer ry := rank(BJ*(X)), and let D°*(X) := disc(B*' (X)) € k* /k*2.

LEMMA 9.10. There is an equality in Hom(Galg, Z/2Z)/Alg€:
DmOt( H disc(k H Ny /i (p)-

g€G(X) pGS(w; Yq)

Proof. By Lemma 4.4 and Corollary 4.21, we obtain

disc(By'(X) = ][ disc(k(q)/k) - (—1)k@)H] I Newywlon),
qeG(X) peS(my ' (q))

which gives the result since 3 cq(x)lk(q) 1 k] =rg. O

This allows us to obtain the following Yau-Zaslow formula for discriminants.
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COROLLARY 9.11. Suppose that k is finitely generated over Q. Then the pair (ry, Dy*'(X)),
viewed as an element of E((k* /kzxz)/A'gf), is given by the coefficient of t9 in the generating series

[e.e]

[T dise(x™ (X)) (1 = t9) =) € B((k* /k%)/A5)[[H]-

d=1
Proof. Theorem 7.3 gives x3¢(Pic?(C)) = xd¢(X9). By the previous lemma, this is
rq, DM°Y(X)). Applying Theorem 8.24 gives the result. O
(rg, Dy pplying g

Remark 9.12. In particular, the above formula implies that Dp**(X) € kX /k*? (mod A’g“) is
always either 1 or disc(x™"(X)).
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