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Abstract

We prove an arithmetic refinement of the Yau–Zaslow formula by replacing the classical
Euler characteristic in Beauville’s argument by a motivic Euler characteristic, related
to the work of Levine. Our result implies similar formulas for other related invariants,
including a generalisation of a formula of Kharlamov and Răsdeaconu on counting real
rational curves on real K3 surfaces, and Saito’s determinant of cohomology.
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1. Introduction

Let X be a K3 surface over a field k that admits a complete linear system C consisting of curves
of genus g. Assume that the curves in C are geometrically integral and belong to a primitive
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divisor class. It is well known that C contains a finite number ng of rational curves. The starting
point for this paper is the Yau–Zaslow formula from [Bea99, YZ96].

Theorem 1.1 (Complex Yau–Zaslow formula [Bea99, YZ96]). Let k=C. Then ng depends
only on g, not on the choice of K3 surface X or the choice of linear system of genus-g curves C.
Moreover, there is a generating series for ng in Z[[t]]:

1 +

∞∑
g=1

ngt
g =

∞∏
n=1

(1− tn)−24.

Perhaps the historical significance of the above complex Yau–Zaslow formula is that it pre-
dicted certain genus-0 Gromov–Witten invariants; it counts the number of stable maps from
P1 to a linear system |L| with c1(L)2 = 2g− 2. Curves in |L| have arithmetic genus g so we can
expect the number of rational curves to be finite, under the natural assumption that the rational
curves are precisely those with g nodes, which is generically the case by Chen’s theorem [Che02,
Theorem 1.1]. Beauville, whose work we follow closely in this paper, noted that under good
conditions these curves are precisely the ones whose compactified Jacobian has non-zero Euler
characteristic, and that the Euler characteristic is 1, so he proposed taking the Euler character-
istic of the relative compactified Jacobian over the linear system as another way to compute this
genus-0 Gromov–Witten invariant. There has been subsequent work (see, for example, [BL00]
and [FGvS99]), giving proofs in more general situations, while the state of the art is [KMP+10].
From the modern perspective, this equality between these genus-0 Gromov–Witten invariants
and the Euler characteristic of the compactified Jacobian can be understood as a special case
of the MNOP conjecture relating the Gromov–Witten and Donaldson–Thomas theories, with
the latter simplifying to the Euler characteristic of the compactified Jacobian under good con-
ditions. In this paper, we are concerned with giving arithmetic refinements of both sides of
this equation with the aid of tools from motivic homotopy. It should be noted that another
refinement is provided by [Göt14] in a different setting. While we take a different approach to
these, recent papers such as [Vie25] and [EW23] compute refined Donaldson–Thomas invari-
ants for P3 and A3, respectively, using motivic homotopy, providing evidence that it should be
possible to refine this side in a general case. Similarly, in [KLS+23], the authors use a different
approach to compute refinements of genus-0 Gromov–Witten invariants using tools from motivic
homotopy.

For the Yau–Zaslow formula, Kharlamov and Răsdeaconu also proved a version of the Yau–
Zaslow formula over R in [KR15].

Theorem 1.2 (Real Yau–Zaslow formula [KR15]). Let k=R. Let n+ (respectively, n−) denote
the number of rational curves in C with Welschinger number + (respectively, −), and let
W(X, g) := n+ − n−. Then W(X, g) is given by the coefficient of tg in the power series

∞∏
i=1

(1 + (−ti))−a ·
∞∏
j=1

(1− t2j)−b ∈Z[[t]],

where a is the compactly supported Euler characteristic of X(R), and b= 1
2(24− a).

Recent papers show that for k any field of characteristic not 2, we can often refine results in
enumerative geometry over C to obtain an element of the Grothendieck–Witt ring of our base
field Ŵ(k), a ring that is widely studied for its number-theoretic properties. The element we
obtain is an arithmetic refinement in the sense that we may recover the integer obtained by
the classical count over C by applying a certain homomorphism out of this ring. Examples of
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such arithmetic refinements are an arithmetic refinement of the count of 27 lines on a smooth
cubic surface in [KW21], and an arithmetic refinement of the count of lines meeting four lines in
P3 in [SW21]. As a result of this paper, we obtain an arithmetic refinement of the Yau–Zaslow
formula over any characteristic 0 field. To do this, we use a motivic Euler characteristic χmot

taking values in Ŵ(k). The field of arithmetic curve counting has its origins in A1-homotopy
theory and χmot is no different. The original definition of χmot comes from the categorical Euler
characteristic in the stable motivic homotopy category over our base field. A theorem of Levine
and Raksit in [LR20] allows us to compute this Euler characteristic geometrically when our
varieties are smooth and projective. By [ABO+22, Theorem 2.13], this extends uniquely to a
motivic measure on the ring of varieties, making it an excellent candidate for curve counting,
and since the motivic Euler characteristic can be defined geometrically, we may use geometric
techniques in our proofs.

To state our arithmetic Yau–Zaslow formula, we need some notation.

Notation 1.3. Let k be a characteristic 0 field, and let X and C be as above. Without loss of
generality, we may assume that k is finitely generated over Q, and let kconst denote the algebraic
closure of Q in k. Suppose that the rational curves in C are nodal, which is generically the case
by Chen’s theorem [Che02, Theorem 1.1]. For C a curve, let S(C) be the set of singular points
of C. Let p∈ S(C) be a nodal point so that the tangents to C at p are defined either over k(p)
or over a quadratic extension, and write αp for the element of k(p)×/(k(p)×)2 such that the
tangents are defined over k(p)(

√
αp). For q a closed point of Pg, write Cq for the curve lying

over q and G(X) for the set of closed points of C such that Cq is rational. Let X(m) denote
the mth symmetric power of X. Let Δ(g) be the integer from Theorem 6.18. Let Δkconst

g be the
group of order 2 characters of Galkconst that are unramified at all primes of kconst whose residue
characteristic p satisfies p >Δ(g) · [kconst :Q] + 1, and let Δk

g denote the image of Δkconst

g under
the map Hom(Galkconst ,Z/2Z)→Hom(Galk,Z/2Z). Let Jg denote the subset of elements q of

Ŵ(k) such that rank(q) = 0, sign(q) = 0, and disc(q)∈Δk
g , which is an ideal by Definition 6.20.

For L/k a finite field extension, let TrL/k : Ŵ(L)→ Ŵ(k) be the trace transfer map defined
by taking a quadratic form q over L to TrL/k ◦ q, where TrL/k denote the Galois trace. Let

NL/k : Ŵ(L)→ Ŵ(k) be Rost’s norm transfer map from [Ros03, Corollary 5]. Let J be the ideal

of Ŵ(k)[[t]] such that tg[q]∈J if and only if [q]∈ Jg. Finally, define

Bmot
C (X) :=

∑
q∈G(X)

Trk(q)/k

( ∏
p∈S(Cq)

(1 +Nk(p)/k(q)([〈−2〉]− [〈2αp〉]))
)
∈ Ŵ(k)/Jg.

Theorem 1.4 (Arithmetic Yau–Zaslow formula). The element Bmot
C (X) is given by 〈(−1)g〉

multiplied by the coefficient of tg in the power series

∞∏
d=1

∞∑
m=0

χmot(X(m))〈(−1)d〉tmd ∈ Ŵ(k)[[t]]/J .

Because the ideal Jg is sufficiently small and because we compute χmot(X(m)) modulo J in
Corollary 8.21, we recover both the complex Yau–Zaslow formula of [Bea99] and the real Yau–
Zaslow formula of [KR15] by taking the rank and signature of the above formula, respectively.
We also obtain a Yau–Zaslow type formula by taking the discriminant of the above equation,
modulo a finite error term in Δk

g . Our proof closely follows the steps laid out in Beauville’s
original proof (see [Bea99]) of the classical Yau–Zaslow formula, in that there are four main
steps:
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(i) the computation of the motivic Euler characteristic of compactified Jacobians of curves,
which captures both the number of rational curves on the surface as well as arithmetic
information about their singularities;

(ii) applying a Fubini theorem, which says that the motivic Euler characteristic of the compact-
ified Jacobian of the whole linear system is expressible in data that solely depend on the
rational curves;

(iii) applying a Batyrev-Kontsevich type theorem to relate the motivic Euler characteristic of
the compactified Jacobians to the motivic Euler characteristic of certain Hilbert schemes;
and

(iv) applying a Göttsche formula to compute the motivic Euler characteristic of these Hilbert
schemes in terms of the Euler characteristic of the surface.

Contents 1.5. The next three sections are dedicated to proving properties of the motivic Euler
characteristic. In § 2, we define our motivic Euler characteristic, before showing its relationship
to other invarants, including Levine’s categorical Euler characteristic from [Lev20] and Saito’s
determinant of cohomology from [Sai94]. In § 3, we show a Galois-descent-type result for the
motivic Euler characteristic. Section 4 is concerned with changing the base field, and showing that
the motivic Euler characteristic is compatible with the natural transfer maps on the Grothendieck
ring of varieties and the Grothendieck–Witt ring, respectively, by using the results from § 3.
Sections 5–9 are concerned with the proof strategy laid out above. In § 5, we prove our version
of a Fubini theorem by using an argument of Saito from [Sai94]. The Fubini theorem that we
obtain is not perfect: as well as information directly related to the motivic Euler characteristic
of the singular curves, we also need to take into account the monodromy action around these
curves. The monodromy action gives rise to a Saito ε factor for computing the discriminant of the
motivic Euler characteristic. We therefore compute these Saito factors, and show that for a given
g, these ε factors lie in Δk

g , so in particular there are only finitely many possibilities. In § 6, we
use a stratification of compactified Jacobians of curves in terms of their partial normalisations in
order to directly compute their motivic Euler characteristics, and then we can apply the Fubini
theorem to obtain an expression for the whole compactified Jacobian. Section 7 is concerned with
a Batyrev–Kontsevich type theorem, allowing us to relate the motivic Euler characteristic of the
compactified Jacobian of the linear system to the Hilbert scheme of points of the K3 surface. We
prove this over real closed fields by using a model-theoretic argument to reduce to the real case,
which follows by [KR15, Proposition 3.1]. For the rank and discriminant, we adapt Batyrev’s
original p-adic integration argument from [Bat99]. In § 8, we derive a motivic Göttsche formula,
which allows us to compute the motivic Euler characteristic of these Hilbert schemes in terms
of the motivic Euler characterstic of the underlying K3 surface by showing that we can apply
a result of de Cataldo and Migliorini from [dCM02]. Finally, in § 9, we put these steps together
to arrive at the arithmetic Yau–Zaslow formula, Theorem 1.4. We then show that Theorem 1.4
recovers the complex Yau–Zaslow formula of [Bea99] and the real Yau–Zaslow formula of [KR15],
and we deduce a new formula for discriminants in Corollary 9.11.

1.1 Notation and conventions

We fix the following conventions for this paper.

– We let k denote the base field for our Yau–Zaslow formula. For this paper, we will often
restrict to char(k) = 0, and we will always restrict to char(k) �= 2.

– Fields denoted by F will be finite fields that normally arise through looking at the reduction
of a model of our variety.
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– The symbol � will always denote a prime number different from char(k) and char(F).

– If k is a field, a variety over k will mean a reduced separated scheme of finite type over
Spec(k). We will not require varieties to be irreducible. We will consider the empty scheme
∅=Spec({0}) to be a variety over k.

– All orderings on fields will be assumed to be total orderings that are compatible with the
operations on fields. A real closed field will mean a field equipped with an ordering such
that no algebraic extension of the field can be equipped with an ordering.

– A Calabi–Yau variety will always mean a smooth projective variety with a trivial canonical
bundle. In particular, a K3 surface is a two-dimensional, simply connected, Calabi–Yau
variety.

– A morphism of varieties will always denote a finitely presented morphism f :X→ Y that is
compatible with the structure maps to the base.

We also fix the following notation for the whole paper.

k× The multiplicative group of k.

k A fixed separable closure of k.

Galk The absolute Galois group Gal(k/k) of k.

Ŵ(k) The Grothendieck–Witt ring of k (see Definition 2.1). This is written as GW(k)
in some other literature in enriched enumerative geometry.

K0(Vark) The Grothendieck ring of varieties over k (see Definition 2.8).
g A fixed positive integer.
C A linear system of curves of genus g lying on the K3 surface.
Gm,k The split one-dimensional affine torus, Spec(k[x, x−1]).

We should note that a choice of separable closure does not affect the results in this paper, since
all results are isomorphism invariant.

2. The motivic Euler characteristic and related invariants

In this section, we first recall the definition of the motivic Euler characteristic from [ABO+22]
that forms the basis for our arithmetic curve counting before showing how it relates to three
different invariants, namely, the complex compactly supported Euler characteristic, the real
compactly supported Euler characteristic, and the determinant of the �-adic cohomology.

Definition 2.1. Let k be a field whose characteristic is different from 2. For every a∈ k, let
〈a〉 denote the quadratic form of rank 1 such that 〈a〉(α) = aα2 for any α∈ k. For every pair q, q′

of quadratic forms, let q⊕ q′, q⊗ q′ denote the orthogonal direct sum and the tensor product of
q and q′, respectively. The Grothendieck–Witt ring Ŵ(k) of quadratic forms over k is the ring
generated by symbols [q], where q is any quadratic form over k, subject to the relations [q] = [q′],
when q and q′ are isomorphic, the relations [q⊕ q′] = [q] + [q′] and [q⊗ q′] = [q] · [q′], when q, q′
are any pair of quadratic forms over k, and the relation [〈0〉] = 0.

Define H := 〈1〉+ 〈−1〉. The Witt ring, denoted by W(k), is the quotient Ŵ(k)/(H). We say

that an element q ∈ Ŵ(k) is hyperbolic if it lies in the ideal generated by H, which is the same
as the abelian subgroup consisting of elements of the form nH for n∈Z.

For a non-degenerate quadratic form q, the rank of q is the dimension of the underlying
vector space, denoted by rank(q). It extends uniquely to a ring homomorphism rank : Ŵ(k)→Z.

Write I for the kernel of this homomorphism. The subset T ⊂ Ŵ(k) of torsion elements is also
an ideal, and we let J = I2 ∩ T .
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Definition 2.2. Let X be a smooth, irreducible projective variety over k of dimension n. Let
H∗

dR(X/k) denote the de Rham cohomology of X over k. Then the composition of the cup-
product square a �→ a∪ a and the trace map Tr :H∗

dR(X/k)→ k defines a quadratic form on
the vector space H2∗

dR(X/k), which we may see is non-degenerate using Poincaré duality. Let

[H2∗
dR(X/k)] denote the class of this quadratic form in Ŵ(k), and set

χdR(X) = [H2∗
dR(X/k)]−

1

2

(∑
i≥0

dim(H2i+1
dR (X/k))

)
·H∈ Ŵ(k),

which we will call the de Rham Euler characteristic of X.

In this paper, we will often work with the de Rham Euler characteristic due to its compatibil-
ity with results of Saito from [Sai94]. However, we may compare the de Rham Euler characteristic

to other Euler characteristics taking values in Ŵ(k).

Definition 2.3. Fix X/k to be a smooth, irreducible projective variety of dimension n.
Following [LR20, Construction 1.2], we define the Hodge Euler characteristic of X as follows.

Consider the trace map Tr :Hd(X,Ωd
X/k)→ k. We can define a cohomologically bounded

complex of k vector spaces Hdg(X/k) such that differentials are all zero and the vector space in
degree n is given by

⊕
j=i+nH

i(X,Ωj
X/k). The cup product composed with the trace map then

furnishes a non-degenerate symmetric bilinear form Tr on Hdg(X/k), as with the de Rham Euler
characteristic. This therefore defines a class in the 0th Grothendieck–Witt group of the exact
category of cohomologically bounded cochain complexes of k vector spaces in the sense of [Sch10,
§ 2.2]. Since cochain complexes of k vector spaces are always split, we can identify this group

with Ŵ(k). We will write χHdg(X) to mean the element (Hdg(X/k),Tr)∈ Ŵ(k) constructed
above.

Lemma 2.4. Let X/k be an irreducible smooth projective variety over k. Then we may identify

χdR(X) = χHdg(X)∈ Ŵ(k).

The following elegant proof was suggested to us by one of the referees of this paper. There
is an alternative, more complicated, proof of this statement based on an argument by Speyer
[Spe15], by closely studying the Hodge–de Rham spectral sequence.

Proof. We proceed by considering X ×k A
1
k, where we parameterise A1

k by a coordinate t. Let p1 :
X ×k A

1
k→X denote projection onto the first factor and let p2 :X ×k A

1
k→A1

k denote projection
onto the second factor. Consider the de Rham complex (Ω∗

X/k, d) on X. The fibrewise cup

product and the trace map furnish a quadratic form on Rp2∗(p∗1Ω∗
X/k, t · d) in the category of

cohomologically bounded cochain complexes of coherent sheaves on A1
k. This gives rise to an

element of the 0th Grothendieck–Witt group of this abelian category in the sense of [Sch10,

§ 2.2], which we denote by Ŵ(ChbCoh(OA1
k
)). Since A1

k is a separated noetherian scheme, we

may argue, as in [Wei13, Theorem 8.2], to identify Ŵ(ChbCoh(OA1
k
)) = Ŵ(A1

k) :=KO
[0]
0 (A1

k),

where the Hermitian K-theory group KO
[0]
0 (A1

k) is as defined as in [PW19, § 5]. Similarly, by

the same logic as the previous definition, we can identify Ŵ(ChbCoh(OSpec(k))) = Ŵ(k), which

in turn we may identify with KO
[0]
0 (Spec(k)) by the definition of KO, as in [PW19, § 4].

Let ij : Spec(k)→A1
K be the inclusion at the points j = 0, 1. By the proper base-change

theorem, we have an equality in the Grothendieck–Witt ring of k,

Ŵ(ChbCoh(OSpec(k)))� i∗1Rp2∗(p∗1Ω∗
X/k, t · d) =

⊕
n

Hn
dR(X)[−n] = χdR(X)∈ Ŵ(k),
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with cup product and trace form to k. Over t= 0, the differential vanishes and so

Ŵ(ChbCoh(OSpec(k)))� i∗0Rp2∗(p∗1Ω∗
X/k, t · d) =

⊕
p,q

Hp(X,Ωq)[−p− q] = χHdg(X)∈ Ŵ(k),

again with cup product and trace form to k, where we note that there is a potential even shift in
the grading in the second complex, but this does not affect the class in Ŵ(k). Since the Hermitian
K-theory groups are representable by a spectrum in the stable motivic homotopy category of k

by [PW19, Theorem 1.1], they are A1-invariant. Therefore, Ŵ(k) =KO
[0]
0 (Spec(k)) =KO

[0]
0 (A1

k),

and i∗0, i∗1 induce identifications KO
[0]
0 (A1

k) = Ŵ(k) with i∗0 = i∗1. In particular, there is an equality

in Ŵ(k):
χdR(X) = i∗0(Rp2∗(p

∗
1Ω

∗
X/k, t · d)) = i∗1(Rp2∗(p

∗
1Ω

∗
X/k, t · d)) = χHdg(X),

as required.

Definition 2.5. In [Lev20, Remark 2.1 (2)], the categorical Euler characteristic χcat(X) is
defined for an arbitrary algebraic variety X over k by using the infinite suspension spectrum
Σ∞
T X+ as an object of SH(k), the stable motivic homotopy category over k. Since Σ∞

T X+ is
dualisable, it gives us a canonical endomorphism of the unit object Sk:

χcat(X)∈EndSH(k)(Sk).

By Morel’s theorem [Mor02, Theorem 6.4.1], we can identify EndSH(k)(Sk)∼= Ŵ(k) when k has

characteristic 0, and EndSH(k)(Sk)∼= Ŵ(k)[1p ] when k has positive odd characteristic.

One of the main theorems of [LR20] is the following.

Theorem 2.6 (Theorem 1.3 of [LR20]). Let X be a smooth, projective variety over k. Then
there is an equality of Euler characteristics χcat(X) = χHdg(X).

Corollary 2.7. Let X be a smooth, projective variety over k. Then there is an equality of
Euler characteristics χcat(X) = χdR(X).

Proof. Combine the above theorem with Lemma 2.4.

Assume that char(k) = 0 for the rest of the paper, unless otherwise stated.

Definition 2.8. Let k be any field. Let K0(Vark) denote the Grothendieck ring of varieties
over k. This is the ring generated by symbols [X], where X is any variety over k, subject to the
relation [X] = [X ′] when X and X ′ are isomorphic, the relation [X] = [X −X ′] + [X ′] when X ′

is a closed subvariety in X, and [X ×X ′] = [X] · [X ′] when X,X ′ are any pair of varieties over k.
The 0 element of this ring is [∅], and the multiplicative unit is [Spec(k)].

A motivic measure is a ring homomorphism out of K0(Vark).

The above Euler characteristic does not give us a motivic measure; see Remark 2.10. However,
[ABO+22, Theorem 2.13] gives the following.

Theorem 2.9. There is a unique ring homomorphism χmot :K0(Vark)→ Ŵ(k) such that for
every smooth, irreducible, projective variety X/k,

χmot([X]) = χHdg(X) = χdR(X).

A key ingredient in the proof of the above is Bittner’s presentation of the ring of varieties
[Bit04, Theorem 3.1], which tells us that the underlying abelian group of K0(Vark) can be
generated by smooth projective varieties, subject to only a smooth blow-up excision relation. In
particular, the above theorem requires us to restrict to characteristic 0.
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Remark 2.10. We can show that the categorical Euler characteristic is not a motivic measure.
For example, consider P1. Let {∞} denote the closed point at infinity. Then X \ {∞}∼=A1, so
in K0(Vark), [P

1] = [A1] + [Spec(k)]. In [Lev20, Proposition 2.5], χcat(P1) = 〈1〉+ 〈−1〉 is com-
puted, but since A1 is clearly A1-contractible, we have χcat(A1) = χcat(Spec(k)) = 〈1〉. Therefore,
χcat(P1) �= χcat(A1) + χcat(Spec(k)) whenever 〈−1〉 �= 〈1〉, i.e. whenever −1 is not a square
in k.

For the rest of the paper, we will write χmot(X) for χmot([X]) for every variety X over k
and call this the motivic Euler characteristic of X. This is a slight abuse of notation, since χmot

depends on k. When the base field is ambiguous, we will write χmot
k ; however, for the most part

we will omit the subscript for readability.

Definition 2.11. Suppose that the dimension n of X is even. The composition of the cup prod-
uct and the trace map Tr :H2n

dR(X/k)→ k defines a non-degenerate quadratic form onHn
dR(X/k).

Let [Hn
dR(X/k)]∈ Ŵ(k) denote the class of this quadratic form. Define integers b+ and b− by

b− :=
∑
i<n

dimk H
i
dR(X/k),

b+ :=
∑
i<n

(−1)i dimk H
i
dR(X/k).

Lemma 2.12. Suppose that X has even dimension n. Then

χdR(X) = b+ ·H+ [Hn
dR(X/k)].

If X has odd dimension, then χdR(X) = (b+ − 1
2dimk(H

n
dR(X/k))) ·H.

Proof. Suppose that n is even, and consider the quadratic form onH2∗
dR(X/k). This decomposes as

an orthogonal direct sum of the middle term Hn
dR(X/k) and of H2i

dR(X/k)⊕H2n−2i
dR (X/k), as the

integer i runs between 0 and n− 1. For every such i, the direct sum H2i
dR(X/k)⊕H2n−2i

dR (X/k) is
a non-degenerate subspace of H2∗

dR(X/k) of rank 2 dim(H2i
dR(X/k)) and H

2i
dR(X/k) is an isotropic

subspace of dimension dim(H2i
dR(X/k)). Therefore, the quadratic formH2i

dR(X/k)⊕H2n−2i
dR (X/k)

is hyperbolic, and so is isomorphic to the orthogonal sum of dim(H2i
dR(X/k)) copies of H, so the

claim is clear in the even case. The odd case follows by an identical argument.

We are interested in recovering invariants related to quadratic forms from the Grothendieck–
Witt ring. The motivic Euler characteristic encodes classical invariants on varieties, the first
being the compactly supported Euler characteristic of the complex points.

Definition 2.13. For every variety X over k, let e(X) denote the compactly supported Euler
characteristic of the base change Xk of X to k.

Theorem 2.14. Let rank : Ŵ(k)→Z be the rank homomorphism from Definition 2.1. We have
e(X) = rank(χmot(X)) for every algebraic variety X over k.

Remark 2.15. We may use any Weil cohomology theory to compute the compactly supported
Euler characteristic and we will get the same value; for example, we may work with �-adic
cohomology. Independence from the cohomology theory is underlined by Theorem 2.6, since
χmot(X) only depends on χcat(X), an invariant that comes from the stable motivic homotopy
category. For �-adic cohomology, Laumon proved in [Lau81] that for any finite-type separated
scheme over an algebraically closed field and any prime � different from the characteristic, the
�-adic Euler characteristic and the compactly supported �-adic Euler characteristic are equal.

799

https://doi.org/10.1017/S0010437X26102887 Published online by Cambridge University Press

https://doi.org/10.1017/S0010437X26102887


J. Pajwani and A. Pál

Proof of Theorem 2.14. For X a projective variety over C, this is proven in [Lev20, Remark 2.3
(1)]. The general case can be reduced to this case as follows. The assignment X �→ e(X) gives
rise to a ring homomorphism K0(Vark)→Z. Since K0(Vark) is generated by smooth projective
varieties by [Bit04, Theorem 3.1], it is enough prove the claim for X smooth and projective. Let
X be such a variety and let F ⊂ k be a subfield that is finitely generated over Q such that X is
already defined over F , i.e. there is a smooth projective variety Y over F whose base change to
k is X. Fix an embedding of F into C, which exists since F is countable. Using the naturality of
the categorical Euler characteristic with respect to base change, and the invariance of the rank
function on the Grothendieck–Witt ring under base change, we obtain that

rank(χmot(X)) = rank(χmot(Y ×F k)) = rank(χmot(Y )) = rank(χmot(Y ×F C)).

By proper base change for our choice of Weil cohomology theory, we have

e(X) = e(Y ×F k) = e(Y ) = e(Y ×F C).

Applying [Lev20, Remark 2.3 (1)] gives rank(χmot(Y ×F C)) = e(Y ×F C), as required.

As well as the complex points of our variety, the motivic Euler characteristic allows us to
recover information about the real points of our variety and natural generalisations of this.

Definition 2.16. Assume that k is a real closed field. Then, by Sylvester’s law of inertia, every
non-degenerate quadratic form q over k is isomorphic to a diagonal form

〈1〉 ⊕ 〈1〉 ⊕ · · · ⊕ 〈1〉︸ ︷︷ ︸
m

⊕ 〈−1〉 ⊕ · · · ⊕ 〈−1〉︸ ︷︷ ︸
n

,

and m− n only depends on the isomorphism class of q. This is called the signature of q and we
write sign(q). It induces an isomorphism sign :W(k)→Z.

Now let k again be any field whose characteristic is not 2.

Definition 2.17. The real spectrum Spr(k) of k is the set of all orderings of the field k [Lam05,
Definition 1.2, Chapter 8, § 1]. Note that we may have Spr(k) = ∅; for example, if −1 is the sum
of squares in k. In particular, Spr(k) = ∅ if k has positive characteristic. Consider Spr(k) as a
topological space by equipping it with the Harrison topology, which may be a slight abuse of
notation if Spr(k) = ∅. The definition can be found in [Lam05, Chapter 8, § 6], which we recall
here for convenience. Let S ⊂ k be a finite subset and let ≺ be a total ordering on the set S. Let
U(S,≺)⊂ Spr(k) be the set consisting of all orderings < on k such that < restricted to S is ≺.
The sets U(S,≺) form a sub-basis of the Harrison topology, which makes Spr(k) a compact and
totally disconnected topological space.

Definition 2.18. For a topological space X and a ring A, let C(X, A) denote the ring of
continuous A-valued functions, where we give A the discrete topology. For < in Spr(k), let k<
denote the real closure of the ordered field (k, <). For every non-degenerate quadratic form q
over k, let sign(q) : Spr(k)→Z be the function sending each < in Spr(k) to the signature of the
base change of q to k<. This is continuous with respect to the Harrison topology, so we obtain
a ring homomorphism,

sign :W(k)→C(Spr(k),Z),
where we note that if Spr(k) = ∅, then C(Spr(k),Z) = {0}, so sign is the trivial homomorphism.

By slight abuse of notation, let sign: Ŵ(k)→C(Spr(k),Z) denote the composition of the quotient

map Ŵ(k)→W(k) with the map sign above.
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Definition 2.19. Again assume that k is a real closed field, and let X be an algebraic variety
over k. Then X(k) is a semi-algebraic set over k, so its compactly supported Euler characteristic
χrc(X(k))∈Z can be defined using real algebraic geometry (see, for example, [BCR98, § 11.2,
pp. 266–67]). Now let k again be any field whose characteristic is not 2, and let X be as above.
We will write ε(X) : Spr(k)→Z for the function that assigns each < in Spr(k) to the compactly
supported real Euler characteristic of X(k<).

Theorem 2.20. For every algebraic variety X over k, we have sign(χmot(X)) = ε(X).

Proof. If k has positive characteristic, this is trivial, since it has no real closures, so without loss
of generality, assume that k is characteristic 0. When k=R and X is projective, this is [Lev20,
Remark 2.3 (2)]. For k a general field, using the naturality of the motivic Euler characteristic
with respect to base change, we may assume without loss of generality that k is real closed by
passing to the real closure of (k, <) for every point < in Spr(k). Since the compactly supported
Euler characteristic over real closed fields is a motivic measure, we may reduce to the case where
X is smooth and projective, as in the proof of Theorem 2.14, so we can use the categorical Euler
characteristic instead.

As we have already remarked, for every quasi-projective variety X over k, the set X(k) has
the structure of a semi-algebraic set over k. Let S•(X(k)) denote the simplicial set of semi-
algebraic singular simplexes of the semi-algebraic space X(k) of k-valued points of X as defined
in [Pál22, Definition 2.5]. The assignment X �→ S•(X(k)) induces a functor S• from the category
of smooth quasi-projective varieties Sm/k to sSet, the category of simplicial sets. Let SH denote
the stable homotopy category of simplicial sets. The functor S• gives rise to a realisation functor
ReB : SH(k)→ SH that for X ∈ Sm/k sends the suspension spectrum Σ∞

T X+ to the suspension
spectrum Σ∞(S•(X(k))). This induces a map σ : EndSH(k)(Sk)→EndSH(Sk)∼=Z. We claim that
σ is the signature map. It is enough to show that 〈−1〉 goes to −1. Using the naturality of the
constructions, we only need to check this for any real closed subfield L⊆ k. By taking L to be the
algebraic closure of Q in k, assume without loss of generality that L is the real closure Qreal of
Q. Since R contains Qreal, we may use naturality again to reduce to the case k=R. In this case,
[Lev20, Remark 2.3 (2)] applies, since the forgetful map from the simplicial set of semi-algebraic
singular simplexes to the usual simplicial set of continuous singular simplexes is a homotopy
equivalence by [Pál22, Theorem 2.20(ii)].

Remark 2.21. By Pfister’s local–global principle (see [Lam05, §VIII, Theorems 3.2, 4.9, and
6.9]), the induced map

sign⊗ idZ[ 1
2
] :W(k)⊗Z[12 ]→C(Spr(k),Z[12 ])

is an isomorphism. Therefore, the invariants rank and sign compute the Grothendieck–Witt
ring up to torsion, so the motivic Euler characteristic recovers both the algebraically closed
Euler characteristic in the form of the rank as well as the real closed Euler characteristic in
the form of the signature. Conversely, the motivic Euler characteristic, up to torsion, can be
computed from these invariants. The full motivic Euler characteristic contains interesting torsion
information that cannot be recovered from these invariants. We turn our attention to some
torsion information about χmot that also relates to a more classical invariant.

Definition 2.22. Assume that k is a field whose characteristic is not 2. Then every non-
degenerate quadratic form q is isomorphic to a diagonal form

〈a1〉 ⊕ 〈a2〉 ⊕ · · · ⊕ 〈an〉.
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The discriminant disc(q) of the form q above is defined as the class of the product

a1 · a2 · · · an in k×/k×2.

This is independent of the diagonalisation of q, since it is the determinant of the symmetric
matrix defining the bilinear form associated to q. It induces a homomorphism of the underlying
abelian groups

disc : Ŵ(k)→ k×/k×2.

We will freely use the identification k×/k×2 =Hom(Galk,Z/2Z).

For X a variety over k, we would like to relate disc(χmot(X)) to other invariants on X.

Definition 2.23. Let � be a prime number different from the characteristic of k, let U be a
smooth scheme over k, and let F be a smooth �-adic sheaf on U . Following Saito in [Sai94], we
will consider the one-dimensional �-adic representation of Galk given by the determinant

detRΓc(Uk,F) :=
⊗
i

detH i
c(Uk,F)⊗(−1)i .

The above representation is called the determinant of cohomology of F , and for F =Q�, we will
call it the �-adic determinant of cohomology ofX. This is a one-dimensional �-adic representation,
so we will view it as an element of the abelian group Hom(Galk,Q

×
� ). For F =Q�, we will write

det�(U) to mean detRΓc(Uk,Q�).
Let X be a smooth proper variety over k of dimension n. As shown in [Sai94, Lemma 5],

Poincaré duality allows us to obtain the identity

detRΓ(Xk,Q�) =Q�(−1
2ne(X))⊗ κ(X),

where κ(X) is a character of order at most 2 of Galk, which is independent of �. Suppose
that n is odd. As in [Sai94, Lemma 5], the existence of a non-degenerate alternating form on
Hn

ét(Xk,Q�) given by the cup product allows us to obtain that det(Hn
ét(Xk,Q�)) =Q�(−j) where

j = 1
2dimQ�

(Hn
ét(Xk,Q�)). In particular, κ(X) = 1 if dim(X) is odd.

Theorem 2.24. For every smooth projective variety X over k of dimension n, we have

disc(χcat(X)) = disc(χdR(X)) = (−1)(1/2)n·e(X) · κ(X).

If n is odd, then e(X) is even, so 1
2n · e(X) is always a positive integer. For X a K3 sur-

face, this formula gives disc(χmot(X)) = κ(X). This result is essentially equivalent to a theorem
of Saito from [Sai94]. First, we are going to formulate this as Saito did. The main result of
Saito’s paper [Sai94] linking the determinant of cohomology with de Rham cohomology is the
following.

Theorem 2.25 (Saito’s theorem [Sai94]). Assume that X has even dimension n. Then

κ(X) = (−1)(1/2)e(X)+b− · disc([Hn
dR(X/k)]).

Proof. This is [Sai94, Theorem 2, p. 412].

Proof of Theorem 2.24. By Lemma 2.12, the result is trivial if dim(X) is odd, since we have
χdR(X) = 1

2e(X) ·H. Therefore, suppose that dim(X) is even.

We can work with χdR instead of χcat, by Theorem 2.6. For all q, q′ ∈ Ŵ(k), we have that the
discriminant disc(q+ q′) = disc(q) · disc(q′). Applying the map disc to both sides of the equation
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in Lemma 2.12 therefore gives

disc(χcat(X)) = disc(χdR(X)) = disc(H)b
+ · disc([Hn

dR(X/k)])

= (−1)b− · disc([Hn
dR(X/k)]),

where we use that b− ≡ b+ mod 2. The claim follows by Theorem 2.25.

We want to extend Theorem 2.24 to all varieties by replacing χdR with χmot, and we do this by
showing that the terms in Theorem 2.24 extend to motivic measures. Assume that char(k) = 0.

Lemma 2.26. The �-adic determinant of cohomology det� :K0(Vark)→Hom(Galk,Q
×
� ) is a

homomorphism of abelian groups.

Proof. Let X be a variety over k, let j :U →X be an open immersion, and let i :Z→X be
the closed immersion, which is the complement of j. We claim that det�(X) = det�(U) · det�(Z).
Consider the short exact sequence of sheaves on X:

0→ j!(Q�)→Q�→ i∗(Q�)→ 0.

This short exact sequence gives rise to a distinguished triangle:

RcΓ(Xk, j!(Q�))→RcΓ(Xk,Q�)→RcΓ(Xk, i∗(Q�))→RcΓ(Xk, j!(Q�))[1],

so taking the determinant gives

detRcΓ(Xk,Q�) = detRcΓ(Xk, j!(Q�)) · detRcΓ(Xk, i∗(Q�)).

Since j! is exact, we have detRcΓ(Uk,Q�) = detRcΓ(Xk, j!(Q�)), and the proper base change
theorem gives detRcΓ(Zk,Q�) = detRcΓ(Xk, i∗(Q�)), as required.

Proposition 2.27. For each non-negative integer i, there is a unique homomorphism of abelian
groups bi :K0(Vark)→Z that extends the ith Betti number of smooth projective varieties.

Proof. Theorem 4.5 of [NS11] gives rise to a ring homomorphism P (−, t) :K0(Vark)→Z[t] such
that if X is a smooth projective variety, P (X, t) =

∑∞
i=0(−1)ibi(X)ti, where bi(X) denotes the

ith Betti number of X. Let ci :Z[t]→Z be the homomorphism of abelian groups given by taking∑
i αit

i to (−1)iαi. Defining bi to be the composition of P (−, t) with ci gives the result.

Definition 2.28. Since bi(X) = 0 for i > 2n for every smooth and projective of dimension n,
every formal linear combination

∑
i∈N cibi where ci ∈R is also well defined and gives rise to a

unique homomorphism of abelian groups K0(Vark)→R. When X is smooth and projective of
dimension n, then∑

i∈N

(−1)ii
2

bi =
(−1)nn

2
bn +

∑
i<n

(
(−1)ii

2
bi +

(−1)2n−i(2n− i)
2

b2n−i

)

=
(−1)nn

2
bn +

∑
i<n

(
(−1)ii

2
bi +

(−1)i(2n− i)
2

bi

)

=
n

2

(
(−1)nbn +

∑
i<n

(−1)i2bi
)
=
e(X)n

2
,

using Poincaré duality. This gives a unique homomorphism of abelian groups w :K0(Vark)→R

extending the function w(X) = [e(X)n]/2 on smooth projective varieties over k, which we call
the total weight. Since [e(X)n]/2 is an integer for X smooth and projective, [Bit04, Theorem
3.1] tells us that w(X) is always an integer.
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Theorem 2.29. For every algebraic variety X over k, we have

disc(χmot(X))(−1)w(X) =det�(X) ·Q�(w(X))∈Hom(Galk,Q
×
� ).

Proof. The left-hand side lies in k×/k×2, which we identify with Hom(Galk, {±1}) so that we
may view it as a subgroup of Hom(Galk,Q

×
� ). By Theorem 2.24, the relation holds when X is

smooth and projective. Since both sides of the equation are homomorphisms of abelian groups,
the general case follows from the presentation of K0(Vark) from [Bit04, Theorem 3.1].

Remark 2.30. The above gives us an alternative way of characterising w(X) when k is finitely
generated over Q. In this case, the cyclotomic character has infinite order, so w(X) is the unique
integer such that det�(X) ·Q�(w(X)) is torsion. Theorem 2.29 then guarantees that this character
is 2-torsion, so can be identified with an element of k×/k×2, and we may recover disc(χmot(X))
as (−1)w(X) multiplied by this element. In particular, we may recover both disc(χmot(X)) and
w(X) from det�(X).

Corollary 2.31. Assume that k is finitely generated over Q. Then, for every variety X over k,
we have that det�(X) is trivial if and only if both w(X) and disc(χcat(X)) are trivial.

Proof. By Theorem 2.29, it will be sufficient to show that w(X) vanishes when det�(X) vanishes.
Now assume the latter. By the observation in Definition 2.23, the composition of det�(X) and the
map Q×

� →Q×
� given by squaring each element is the character Q�(−2w(X)) when X is smooth

and projective. Therefore, since det� and w(−) are homomorphisms of abelian groups, this holds
for general varieties by [Bit04, Theorem 3.1]. Since the cyclotomic character has infinite order
when k is finitely generated over Q, we obtain that −2w(X) = 0, and hence w(X) = 0.

Remark 2.32. It is often easier to prove results about the �-adic determinant of cohomology than
the motivic Euler characteristic. The remainder of this section is dedicated to showing that we can
deduce results about the motivic Euler characteristic from the �-adic determinant of cohomology.
To do this, we introduce the following terminology so that we obtain ring homomorphisms related
to the discriminant, the �-adic determinant of cohomology, and the total weight.

Definition 2.33. We say that a pair (R, ε) is an augmented ring if R is a commutative ring
with unity and ε is a ring homomorphism R→Z such that the composition of the canonical ring
homomorphism Z→R and ε is an isomorphism. If, in addition, Ker(ε)2 = 0, then we say that
(R, ε) is elementary.

Notation 2.34. Let W(k) denote the quotient of Ŵ(k) by I2. Then rank : Ŵ(k)→Z furnishes
an augmentation ε :W(k)→Z. Since Ker(ε)2 = 0, the pair (W(k), ε) is elementary. Moreover, we

can check that the discriminant function Ŵ(k)→Hom(Galk,Z/2Z) factors through W(k), and
when restricted to I/I2, it furnishes a group isomorphism Ker(ε)∼= I/I2→Hom(Galk,Z/2Z).

Example 2.35. For every Z-moduleM , let E(M) denote the ring with underlying additive group
Z⊕M and multiplication (a, m) · (b, n) = (ab, an+ bm). If we let ε :E(M)→Z be the projection
onto the first factor, then (E(M), ε) is an elementary augmented ring. This construction is func-
torial; a group homomorphism E(M)→E(N) induces a ring homomorphismM →N respecting
the augmentations.

Remark 2.36. For (R, ε) an augmented ring, we have a decomposition of the underly-
ing additive group R=Z⊕Ker(ε). When (R, ε) is elementary, the above decomposition is
a natural isomorphism of augmented rings between R and E(Ker(ε)). In particular, we
obtain a natural isomorphism W(k)∼=E(Hom(Galk,Z/2Z)). Write Edisc for the quotient map
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Ŵ(k)→E(Hom(Galk,Z/2Z)), and write χdisc :K0(Vark)→E(Hom(Galk,Z/2Z)) to denote the
composition Edisc ◦ χmot.

Definition 2.37. Let χ� and χw denote the maps

χ� :K0(Vark)→E(Hom(Galk,Q
×
� )) and χw :K0(Vark)→E(Z)

given by

[X] �→ (e(X), det�(X)) and [X] �→ (e(X), w(X)),

respectively. We will call χ� and χw the augmented determinant of cohomology and the
augmented total weight, respectively.

Proposition 2.38. The maps

χ� :K0(Vark)→E(Hom(Galk,Q
×
� )) and χw :K0(Vark)→E(Z)

are ring homomorphisms.

Proof. We may assume without loss of generality that k is finitely generated over Q. Define
s :E(Hom(Galk,Q

×
� ))→E(Hom(Galk,Q

×
� )) to be the ring homomorphism induced by the group

homomorphism Hom(Galk,Q
×
� )→Hom(Galk,Q

×
� ) induced by the squaring map Q×

� →Q×
� . Let

c :E(Z)→E(Hom(Galk,Q
×
� )) be the ring homomorphism induced by the unique group homo-

morphism Z→Hom(Galk,Q
×
� ) such that the image of −1 is the cyclotomic character. Then

c ◦ χw = s ◦ χ�. Since c is injective, we obtain that χw is a ring homomorphism if χ� is. Since χ�

is a group homomorphism, we only need that for any X, Y , we have

det�(X × Y ) = det�(X)⊗e(Y ) ⊗ det�(Y )⊗e(Y ).

Using the Künneth formula,

det�(X × Y ) =
⊗
n

detHn
c (Xk × Yk,Q�)

⊗(−1)n

=
⊗
n

⊗
i+j=n

(detH i
c(Xk,Q�)⊗Hj

c (Yk,Q�))
⊗(−1)n

=
⊗
i,j

detH i
c(Xk,Q�)

⊗(−1)i+jbj(Y ) ⊗ detHj
c (Yk,Q�)

⊗(−1)j+ibi(X)

=
⊗
i

detH i
c(Xk,Q�)

⊗(−1)ie(Y ) ⊗
⊗
j

detHj
c (Yk,Q�)

⊗(−1)je(X),

so the claim is now clear.

Proposition 2.39. Assume that k is finitely generated over Q. Let X, Y, Z be elements
of K0(Vark) such that χ�(X) = χ�(Y ) · χ�(Z). Then χmot(x) = χmot(y) · χmot(z) mod I2 and
χw(X) = χw(Y )χw(Z).

Proof. Since χ�(X) = χ�(Y )χ�(Z), we have e(X) = e(Y )e(Z). This allows us to say the following:

χ�(X) = χ�(Y ) · χ�(Z)⇐⇒ det�(X) = det�(Y )⊗e(Z) ⊗ det�(Z)
⊗e(Y ),

χw(X) = χw(Y ) · χw(Z)⇐⇒w(X) = e(Z)w(Y ) + e(Y )w(Z),

χmot(X) = χmot(Y ) · χmot(Z) mod I2⇐⇒
disc(χmot(X)) = disc(χmot(Y ))e(Z) · disc(χmot(Z))e(Y ),

using that all three augmented rings E(Hom(Galk,Q
×
� )), E(Z), and W(k) are elementary. By

Theorem 2.29, it is enough to show that χ�(X) = χ�(Y ) · χ�(Z) implies χw(X) = χw(Y ) · χw(Z).
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Let c and s be the homomorphisms from the proof of Proposition 2.38. Since c ◦ χw = s ◦ χ� and
c is injective, the latter is clear.

The main reason why it is easier to work with the �-adic determinant of cohomology rather
than the determinant is that we may relate the �-adic determinant of cohomology to the zeta
functions of reductions of the variety over finite fields. For the purposes of this paper, it is often
helpful to have a formulation of the �-adic determinant of cohomology of a variety in terms of
ζ-functions of the reduction of the variety to finite fields.

Notation 2.40. Let F be a field finitely generated over Q. Let X and Y be two quasi-projective
varieties defined over F . Let U be a smooth connected scheme of finite type over Spec(Z) with
function field F and choose models X ,Y for X, Y over U , respectively.

Since U is of finite type over Spec(Z), if s is a closed point of U , then the residue field Fs of
s is finite. Write Fsn to be the unique extension of Fs of degree n. Consider the variety Xs/Fs.
Let ζ(Xs, t) := exp(

∑
n≥1 #Xs(Fsn)t

n).
By the proof of the Weil conjectures (see, for example, [Poo17, § 7.5.7]), we have

ζ(Xs, t) =
∏
i

det(Id− t ·Frobs|Hi
c(Xs,Q�)

)(−1)i ,

where Frobs denotes the geometric Frobenius at s acting on the compactly supported �-adic
cohomology, and � is any prime different from the characteristic of Fs.

We claim that the �-adic determinant of cohomology of X is determined by the ζ-functions
of the reductions Xs. In order to prove this, we first need some linear algebra.

Notation 2.41. Let V =
⊕

i Vi be a finite-dimensional graded vector space over a field L of
characteristic 0, let φ : V → V be an invertible L-linear map respecting the grading, and define

Tr(φ) :=
∑
i

(−1)iTr(φ|Vi
), det(φ) :=

∏
i

det(φ|Vi
)(−1)i .

Define e(V ) := Tr(IdV ). Finally, define

ζ(φ, t) =
∏
i

det(IdVi
− t · φ|Vi

)(−1)i .

Lemma 2.42. We have

ζ(φ, t) = det(φ)(−t)e(V ) · u where u∈ 1 +L[[t−1]].

Proof. Since φ is the direct sum of the restrictions φ|Vi
, and the terms ζ(φ, t), det(φ) and (−t)e(V )

are all multiplicative with respect to direct sums, we may assume without loss of generality that
only one graded piece of V is non-zero. Shifting the grading by j changes these terms by raising
them to the (−1)jth power, and the operation of raising to the (−1)jth power preserves power
series in L[[t−1]], so we may also assume that V = V0. Note that

det(Id− t · φ) = (−t)dim(V ) · det(φ− t−1Id) = (−t)dim(V )cφ(t
−1),

where cφ denotes the characteristic polynomial of φ, and so cφ(t
−1) = det(φ) + t−1u′ for some

polynomial u′ ∈L[t−1]⊆L[[t−1]]. Since φ is invertible, we may relabel u′′ = (1/detφ)u′ and obtain

det(Id− t · φ) = (−t)dim(V ) · det(φ) · (1 + t−1u′′),

which gives the result.
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Proposition 2.43. Let X be a quasi-projective variety over a finite field F and let � be a prime
different from char(F). Then

ζ(X, t) = det�(FrobF) · (−t)χ(X) · u, u∈ 1 +Q�[[t
−1]],

where χ(X) is the compactly supported Euler characteristic of X, FrobF ∈Gal(F/F) is the geo-
metric Frobenius, and det�(X) is the one-dimensional representation given by the determinant
of cohomology of X as in Definition 2.23.

Proof. Let V :=
⊕

iH
i
c(Xk,Q�) be the compactly supported �-adic cohomology of X, which is

a graded vector space over Q�, and let φ be the action of the geometric Frobenius FrobF on V .
Then e(V ) = χ(X), ζ(φ, t) = ζ(X, t), and det(φ) = det�(FrobF), so the claim follows.

Theorem 2.44. Assume that for every closed point s of U , we have ζ(Xs, t) = ζ(Ys, t). Then
there is an equality of GalF representations det�(X) = det�(Y ).

Proof. Let s be a closed point of U . By the proper base change theorem for �-adic cohomology
and the previous lemma, if we pick Frobs ∈GalF to be a lift of the Frobenius of Fs, we may
obtain det�(X)(FrobFs

) from ζ(Xs, t). Since ζ(Xs, t) = ζ(Ys, t), we see that det�(X)(Frobs) =
det�(Y )(Frobs). The Chebotarëv density theorem then shows that we have an equality of GalF
representations det�(X) = det�(Y ).

We will often prove facts about the motivic Euler characteristic by proving results separately
for the rank, signature, and discriminant, then combining them to obtain an element in Ŵ(k)/J .
This is made possible by the following lemma.

Lemma 2.45. Let [q]∈ Ŵ(k). Then [q]∈ J if and only if all of the discriminant, signature, and

rank vanish. In particular, if [q] is an element of Ŵ(k), we can reconstruct the class of [q] in

Ŵ(k)/J from rank([q]), sign([q]), and disc([q]).

Proof. This is clear by definition of J := I2 ∩ T , since T is the intersection of ker(rank) and

ker(sign), and I2 =ker(Ŵ(k)→W(k)), and q lies in this kernel if and only if rank(q) and disc(q)
both vanish.

Corollary 2.46. There is an injective ring homomorphism

rank× sign×Edisc : Ŵ(k)/J→Z×C(Spr(k),Z)×E(Hom(Galk,Z/2Z)).

Proof. This is essentially a restatement of the above lemma.

3. Galois descent for the motivic Euler characteristic

In this section, we give a detailed account of a Galois-descent-type result for χmot. Fix K/k
a finite Galois extension with Galois group Gal(K/k). If k has positive characteristic, assume
further that [K : k] is coprime to char(k).

Definition 3.1. Let VarK,desc denote the category of pairs (X, ϕ) of K-varieties X equipped
with descent data ϕ. Explicitly, the descent data ϕ form a group homomorphism Gal(K/k)→
Aut(X/k) such that for all τ ∈Gal(K/k), we have a commutative diagram

X X

Spec(K) Spec(K)

ϕ(τ)

τ
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where the vertical arrows denote the structure morphism X→ Spec(K). A morphism in
VarK,desc, f : (X, ϕ)→ (X ′, ϕ′) is a morphism of K-varieties f :X→X ′ that is compatible with
the descent data in the sense that the obvious diagram commutes. We say that a morphism is an
open (respectively, closed) immersion if the underlying morphism of varieties is an open (respec-
tively, closed) immersion. This category also has a unit object with respect to the monoidal
structure induced by the product: namely, the variety Spec(K) equipped with the identity as
the structure morphism, with the only possible descent data. We will write (Spec(K), Id) for
this unit object. This allows us to form the Grothendieck ring of K varieties with descent data,
K0(VarK,desc), which is the ring generated by symbols [(X, ϕ)], where (X, ϕ) is a K variety with
descent data, subject to the relations:

(1) [(X, ϕ)] = [(X ′, ϕ′)] if (X, ϕ) and (X ′, ϕ′) are isomorphic;

(2) [(X, ϕ)] = [(U, ϕ|U )] + [(X \U, ϕX\U )] for (U, ϕU ) ↪→ (X, ϕ) an open immersion, where the
descent data on X \U are given by the restriction of the descent data on X; and

(3) [(X, ϕ)][(X ′, ϕ′)] = [(X ×K X ′, ϕ×ϕ′)] for any pair of K varieties with descent data.

By Galois descent (see, for example, [Poo17, Corollary 4.4.6]), there is an equivalence of cat-
egories VarK,desc

∼=Vark. This equivalence of categories preserves the unit object in the category
since it sends (Spec(K), Id) to Spec(k), where (Spec(K), Id). If (X, ϕ) is aK variety with descent
data, write desK/k(X, ϕ) to mean the associated k variety, and similarly if Y/k is a variety, write
(YK , φY ) to mean the associated K variety with descent data.

This equivalence of categories preserves open and closed immersions (see [Poo17, Theorem
4.3.7]), so it induces an isomorphism K0(VarK,desc)∼=K0(Vark) given on the level of quasi-
projective varieties by sending [(X, ϕ)] �→ [descK/k(X, ϕ)], with inverse [X] �→ [(XK , φX)].

We would like to apply a Galois-descent-style result for the motivic Euler characteristic. In
order to do this, we need a Galois-descent result for quadratic forms.

Definition 3.2. Let K be a finite Galois extension of k, let V be a vector space over K with
a semilinear Gal(K/k) action, and let q : V →K be a quadratic form. We say that q is Galois
compatible if, for all τ ∈Gal(K/k) and v ∈ V , we have q(τ(v)) = τ(q(v)).

Write ϕ : Gal(K/k)→Autk(V ) for the group homomorphism defining this semilinear action.
We will write (q, ϕ) to denote the quadratic form on V along with the semilinear Gal(K/k)

action on V induced by ϕ. Let Ŵ(K)desc denote the ring generated by the symbols [(q, ϕ)],
where [(q, ϕ)] is a Galois-compatible quadratic form over K, subject to the relations:

(1) [(q, ϕ)] = [(q′, ϕ′)] if there is an isomorphism between the underlying vector spaces
of q, q′ that is compatible with the quadratic forms and the semilinear Gal(K/k)
actions;

(2) [(q, ϕ)] + [(q′, ϕ′)] = [(q⊕ q′, ϕ⊕ϕ′)], where q⊕ q′ (respectively, ϕ⊕ϕ′) represents the nat-
ural quadratic form (respectively, semilinear Gal(K/k) action) on V ⊕ V ′; and

(3) [(q, ϕ)] · [(q′, ϕ′)] = [(q⊗K q′, ϕ⊗K ϕ′)], where q⊗K q′ (respectively, ϕ⊗K ϕ′) represents the
natural quadratic form (respectively, semilinear Gal(K/k) action) on V ⊗K V ′.

For a∈ k×, write 〈a〉 to mean the Galois-compatible quadratic form on K given by x �→ ax2, and

write H := 〈1〉+ 〈−1〉 ∈ Ŵ(K)desc.

Theorem 3.3. There is an equivalence of categories between the category of non-degenerate
quadratic forms over k and the category of non-degenerate Galois-compatible quadratic forms
over K.
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Proof. This follows by Galois descent for vector spaces. If q : V → k is a quadratic form over k,
we obtain a Galois-compatible quadratic form over K,

q⊗ IdK : V ⊗k K→K,

where ϕ : Gal(K/k)→Autk(V ⊗k K) is given by τ �→ Id⊗ τ .
If (q′, ϕ) : V ′→K is a Galois-compatible quadratic form over K, and v′ ∈ V ′Gal(K/k), then

for all τ ∈Gal(K/k), we see that τ(q′(v′)) = q′(τ(v′)) = q′(v′), so q′(v′)∈ k. Restricting to the
Galois-invariant subspace gives us a quadratic form over k:

q′|V ′ Gal(K/k) : V ′Gal(K/k)→ k.

We claim that q′|V ′ Gal(K/k) is non-degenerate. Let B : V ′ ⊗K V ′→K be the underlying bilinear
form, and let v ∈ V ′Gal(K/k). Since B′ is non-degenerate, pick w ∈ V ′ such that B(v, w) = 1.
Let ŵ= 1

[K:k]

∑
τ∈Gal(K/k) τ(w). Then ŵ ∈ V ′Gal(K/k), and B′(v, ŵ) = 1, so B′|V ′ Gal(K/k) is non-

degenerate. Finally, note that the functors q �→ q⊗ IdK and q′ �→ q′|V ′ Gal(K/k) are quasi-inverse,
which completes the proof.

Corollary 3.4. There is a canonical isomorphism Ŵ(K)desc ∼= Ŵ(k), given on the level of
quadratic forms by sending (q, ϕ) to q|V Gal(K/k) .

Proof. Immediate by the above.

We claim that Galois descent for varieties is compatible with a Galois-descent result for the
Galois-compatible quadratic forms on their de Rham cohomology. This is made exact in the
following.

Lemma 3.5. Let X be a smooth projective k variety. Then there is an isomorphism of graded
vector spaces with a semilinear Gal(K/k) action:

H∗
dR(X/k)⊗k K ∼=H∗

dR(XK/K).

Let ∪k denote the cup product on H∗
dR(X/k), and let ∪K denote the cup product on

H∗
dR(XK/K). Let α, α′ ∈H∗

dR(X/k) and λ, λ
′ in K. Then, under this isomorphism,

(α⊗ λ)∪K (α′ ⊗ λ′) = (α∪k α′)⊗ λλ′

and TrXK
(α⊗ λ) = λTrX(α).

Proof. By the Künneth formula, there is an isomorphism of K vector spaces,

H∗
dR(X/k)⊗k H

∗
dR(Spec(K)/k)∼=H∗

dR(XK/K),

which respects the cup product and the trace map. Moreover, we see that we can identify
H∗

dR(Spec(K)/k)∼=K. The left-hand side of the above isomorphism has a canonical semilinear
action of Gal(K/k) on it, given by τ(x⊗ α) = x⊗ τ(α). The right-hand side has a left Gal(K/k)
action on it, induced by the right action on XK . We claim that these two actions are the same,
which is enough to prove the theorem.

First, consider Spec(K) as a k variety. The Gal(K/k) action on Spec(K) gives us a left
action of Gal(K/k) on H∗

dR(K/k)
∼=K, which corresponds to the standard action of Gal(K/k)

on K. For τ ∈Gal(K/k), write τ̂ for the automorphism of XK given by the commutative
diagram
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XK

XK Spec(K)

X Spec(k)

p

τ◦q
τ̂

p

q

where τ̂ is the morphism induced by the universal property of the fibre product. Write p∗, q∗, τ∗,
and τ̂∗ for the images of the morphisms p, q, τ and τ̂ after applying the contravariant functor,
H∗

dR(−/k). For x∈H∗
dR(X) and y ∈K, we have that

p∗(x) = x⊗ 1,

q∗(y) = 1⊗ y,
τ∗(y) = τ(y).

Therefore, the map τ̂∗ :H∗
dR(XK/k)→H∗

dR(XK/k)⊗k K is x⊗ y �→ x⊗ τ(y).
Note that H∗

dR(XK/k) is the image of H∗
dR(XK/K) under the forgetful functor from K vector

spaces to k vector spaces, and the map τ̂∗ is the map on H∗
dR(XK/K) induced by the semilinear

Gal(K/k) action. This gives that H∗
dR(XK/k)∼=H∗

dR(X)⊗k K, as required.

Definition 3.6. For X/K a smooth projective variety overK of dimension n with descent data,
there is a natural Galois-compatible quadratic form onH2∗+1

dR (X/K) defined as follows. Note that

H2i+1
dR (X/K) and H

2n−(2i+1)
dR (X/K) are canonically dual and both have a semilinear Gal(K/k)

action on them. If 2i+ 1 �= n, then 2n− (2i+ 1) �= 2i+ 1. Therefore, the canonical isomorphism

H
2n−(2i+1)
dR (X/K)∼=H2i+1

dR (X/K)∨ gives rise to a canonical Galois-compatible quadratic form

on H2i+1
dR (X/K)⊕H2n−(2i+1)

dR (X) given by taking a pair (α, f) to f(α). If 2i+ 1= n, then
Hn

dR(X/K) is canonically self-dual. Writing φ :Hn
dR(X/K)→Hn

dR(X/K)∨, we obtain a Galois-
compatible quadratic form on Hn

dR(X/K) by taking α to φ(α)(α), which is hyperbolic since n
is odd. This furnishes a Galois-compatible quadratic form on all of H2∗+1

dR (X/K), and we will

write [H2∗+1
dR (X/K)] to be the corresponding element of Ŵ(K)desc. Note that if we forget the

descent data, the quadratic form is clearly hyperbolic.

Corollary 3.7. Let (X, ϕ) be a K variety with descent data ϕ. Then there is a natural Galois-
compatible non-degenerate quadratic form on H2∗

dR(X/K) with Galois action induced by ϕ given
by the composition x �→TrX(x∪ x).
Proof. Immediate, since (X, ϕ) is given by the base change of descK/k(X, ϕ) to K.

Theorem 3.8. There is a unique ring homomorphism χmot,desc
k :K0(VarK,desc)→ Ŵ(K)desc such

that if (X, ϕ) is a smooth projective variety, then

χmot,desc
k ([(X, ϕ)]) = [H2∗

dR(X/K)]− [H2∗+1
dR (X/K)].

Proof. Define χmot,desc to be the composition K0(VarK,desc)∼=K0(Vark)
χmot

−−−→ Ŵ(k)→ Ŵ(K)desc.
The above corollary guarantees that this satisfies the desired property. Uniqueness is also
immediate by the above corollary, since if ϕ is any other morphism as above, then the composition

K0(Vark)→K0(VarK,desc)
ϕ−→ Ŵ(K)desc ∼= Ŵ(k)

is such that for a smooth projective variety X,

[X] �→ [H2∗
dR(X/k)]− 1

2dimkH
2∗+1
dR (X/k) ·H= χdR(X),
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so the composition is equal to χmot. As noted in Theorem 2.9, the morphism χmot is unique with
respect to this property, so χmot,desc will also be unique.

Remark 3.9. An argument similar to the one above has been noted in [LR20, § 8E].

4. The motivic Euler characteristic and transfer maps

Let L/k be a finite separable field extension. We can define various transfer maps between the
rings K0(VarL) and K0(Vark), given by base change, forgetting the base, and Weil restriction,

and analogously for Ŵ(L) and Ŵ(k) by base change, the trace transfer, and Rost’s norm transfer
from [Ros03]. In this section, we show that the motivic Euler characteristic is compatible with
these transfer maps.

Definition 4.1. Let ι : k ↪→L be a field extension. Then there is a natural ring homomorphism
ι∗ : Ŵ(k)→ Ŵ(L) given on the level of quadratic forms by sending a quadratic form q : V → k to
q⊗ Id : V ⊗k L→L. Similarly, there is a ring homomorphism (Spec(ι))∗ :K0(Vark)→K0(VarL),
given by sending a variety X to XL.

Lemma 4.2. The following diagram is commutative.

K0(Vark) Ŵ(k)

K0(VarL) Ŵ(L)

Spec(ι)∗

χmot
k

ι∗

χmot
L

Proof. By [Bit04, Theorem 3.1], it is enough to prove this result for smooth projective vari-
eties, so we may use de Rham cohomology. Flat base change for de Rham cohomology gives
us an isomorphism H∗

dR(XL/L)∼=H∗
dR(X/k)⊗k L. Under this isomorphism, the cup product on

H∗
dR(XL) is the extension of the cup product on H∗

dR(X/k) via L-linearity, so it only remains to
examine what happens to the trace map.

Since X/k is smooth and projective, there is a canonical isomorphism H2n
dR(X/k)

∼=
Hn(X,Ωn

X/k) via the cycle class map. The trace map Hn(X,Ωn
X/k)→ k is defined to be the

map given by the image of the identity under the isomorphism

RpX/k,∗RHomOX
(ΩX/k,ΩX/k)

0 ∼=Hn(X,Ωn
X/k)

∨

induced by Grothendieck–Verdier duality (see [Har66, Chapter III, Corollary 11.2(f)]). In par-
ticular, we see that the trace map commutes with arbitrary base extension by [Har66, Corollary
11.2(c)], so the trace map TrX/L is given by TrX/k ⊗k IdL, which gives us the result.

We now focus on two other natural transfer maps, which are maps Ŵ(L)→ Ŵ(k) for
quadratic forms and maps K0(VarL)→K0(Vark) for varieties.

Definition 4.3. Let L/k be a finite separable field extension. Write NL/k to be the norm map
L×→ k× and TrL/k to mean the trace map L→ k. We have a natural homomorphism of abelian

groups TrL/k : Ŵ(L)→ Ŵ(k), given on the level of quadratic forms by sending the quadratic
form q : V →L to the quadratic form TrL/k ◦ q. This is a widely studied homomorphism in
quadratically enriched enumerative geometry, appearing, for example, in [KW21, p. 19].

Write disc(L/k) := disc(TrL/k(〈1〉)). This is not misleading: for k=Q, this agrees with the

discriminant of the number field L. For w ∈ Ŵ(k), we have rank(TrL/k(w)) = [L : k]rank(w), so
TrL/k is not a ring homomorphism.
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Analogously to the above, if we have a variety X
p−→ Spec(L), we can consider X as a variety

over k with structure map X
p−→ Spec(L)→ Spec(k). This induces a homomorphism of abelian

groups K0(VarL)→K0(Vark), though not a ring homomorphism.

As in Remark 2.36, identify Ŵ(k)/I2 =W(k) with E(Hom(Galk,Z/2Z)). Let Edisc denote
the quotient map

Edisc : Ŵ(k)→E(Hom(Galk,Z/2Z)),

w �→ (rank(w), disc(w)).

Lemma 4.4. Let w ∈ Ŵ(L), such that Edisc(w) = (α, β). Then TrL/k(w) satisfies

Edisc(TrL/k(w)) = ([L : k]α, disc(L/k)αNL/k(β)).

Proof. The statement about the rank is immediate, so we only need to show this for the
discriminant. Since both disc and TrL/k are abelian group homomorphisms, it is enough to

show the statement on generators of Ŵ(L), so assume that w= 〈β〉. Let mβ be the matrix
defining the k linear map on L given by multiplication by β, so that det(mβ) =NL/k(β).
Let A be a symmetric matrix representing the symmetric k-bilinear form on L given by
(x, y) �→TrL/k(xy) for all x, y ∈L. Then A is a symmetric matrix such that det(A) = disc(L/k).
We obtain a matrix representing the quadratic form TrL/k(〈β〉), given by Amβ . The result follows
since

disc(TrL/k(〈β〉)) = det(Amβ) = det(A)det(mβ) = disc(L/k)NL/k(β).

Lemma 4.5. The following diagram is commutative.

K0(VarL) K0(Vark)

Ŵ(L) Ŵ(k)

χmot
L χmot

k

TrL/k

Proof. We first note that we can reduce to the case where X/L is smooth, projective, and con-
nected, so that we may work with the de Rham Euler characteristic. Let X/L be a smooth
projective variety of dimension n. There is an isomorphism of k-vector spaces H∗

dR(X/L)
∼=

H∗
dR(X/k), and this isomorphism is compatible with cup products, so it only remains to check

what happens to the trace map H2n
dR(X/k)→ k. From here, the proof is largely an applica-

tion of [Har66, Chapter 3, Corollary 11.2], which we present here for the convenience of the
reader.

After applying the cycle class isomorphism H2n
dR(X/k)

∼=Hn(X,Ωn
X/k), we see that the trace

map Hn(X,Ωn
X/k)→ k is the image of the identity under the isomorphism

RpX/k,∗HomOX
(ΩX/k,ΩX/k)

0 ∼=Hn(X,Ωn
X/k)

∨

induced by Grothendieck–Verdier duality, and similarly if we replace k by L as above. By
[Har66, Chapter 3, Corollary 11.2(e)], it is implied that the image of the identity under the
isomorphism

RpL/k,∗HomL(ΩL/k,ΩL/k)
0 ∼=Hn(Spec(L),Ωn

L/k)
∨

is given by the standard trace map TrL/k. Since pL/k is étale, p!L/k = p∗L/k is the left adjoint of

RpL/k,∗, and since it is finite, RpL/k,∗ = pL/k,∗. Moreover, since p! is right adjoint to p∗, we have
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canonical isomorphisms p!X/k(Ok) =Ωn
X/k[−n], and similarly when replacing k with L. Similarly,

we see that

p!X/k(k) = p!X/Lp
!
L/k(k) = p!X/L(p

∗
L/k(k)) = p!X/L(L).

Using this, we have the following commutative diagram, in which all of the arrows are
isomorphisms.

RpX/k,∗RHomOX
(p!X/k(k), p

!
X/k(k))

0 pL/k,∗RpX/L,∗RHomOX
(p!X/L(L), p

!
X/Lp

!
L/k(k))

0

RHomk(RpX/k,∗p!X/k(k), k)
0 pL/k,∗RHomL(RpX/L,∗p!X/L(L), p

!
L/k(k))

0

pL/k,∗ HomL(H
n(X,Ωn

X/L), p
!
L/kk)

Homk(H
n(X,Ωn

X/k), k) Homk(pL/k,∗Hn(X,Ωn
X/L), k)

Φ

=

Again by [Har66, Chapter 3, Corollary 11.2(e) and (f)], the isomorphism Φ takes a morphism f ∈
HomL(H

n(X,Ωn
X/L), L) to TrL/k ◦ f ∈Homk(H

n(X,Ωn
X/L), k). Consider the identity element

Id∈RpX/k,∗RHomOX
(p!X/k(k), p

!
X/k(k))

0. Going clockwise around the above diagram maps the
element Id to TrL/k ◦TrX/L. However, going counterclockwise maps Id to TrX/k, giving the
desired equality.

We now turn our attention to the norm and Weil restriction transfer maps. This first requires
us to use the machinery of polynomial maps: while the transfer maps defined by the trace and
forgetful functor are group homomorphisms, the transfer maps that we obtain by looking at Weil
restrictions and norms have a different structure.

Definition 4.6. Let B be an abelian group, let A an abelian monoid, and let P :A→B be a
function on the underlying sets. We say that P is a polynomial map of degree ≤−1 if P = 0. For
n≥ 0, we say that P is a polynomial map of degree ≤ n if, for each x∈A, the map

ΔxP :A→B,

ΔxP (y) = P (y+ x)− P (y)
is a polynomial map of degree ≤ n− 1. We say that P is a polynomial map if it is a polynomial
map of degree ≤ n for some n. Note that P is a polynomial map of degree ≤ 0 if and only if P
is constant.

Now suppose that A and B are commutative rings. A polynomial map is called multiplicative
if P (1) = 1 and if for every x, y ∈A, we have P (xy) = P (x)P (y). Note that a multiplicative
polynomial map of degree ≤ 1 is either identically 1 or a ring homomorphism.

Polynomial maps can be extended from monoids to rings by the following.

Lemma 4.7 (Proposition 1.6 of [Jou00]). Let Ã be an abelian monoid, let f̃ : Ã→B be a poly-
nomial map of degree ≤ n, and let A be the group completion of Ã. Then there exists a unique
polynomial map of degree ≤ n f :A→B that extends f̃ .

The statement about the degree of the polynomial map is not in the statement of [Jou00,
Proposition 1.6]; however, it follows from the proof.
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For every finite separable extension K/F of fields, let NK/F :K→ F denote the norm map.
The following proposition also serves as a definition of the norm map.

Proposition 4.8 (Corollary 5 of [Ros03]). Let F be a field of characteristic �= 2, and letK/F be
a finite separable field extension of degree n. Then there exists a unique multiplicative polynomial
map NK/F : Ŵ(K)→ Ŵ(F ) of degree ≤ n such that NK/F (〈b〉) = 〈NK/F (b)〉 for all b∈ k×.

This rest of this section is dedicated to proving Theorem 4.22, which says that this norm
polynomial map computes the motivic Euler characteristic of the Weil restriction of a variety.
In order to prove this, we first need some smaller lemmas.

Lemma 4.9. Suppose that f, g :A→B are polynomial maps of degree ≤ n, ≤m, respectively.
Then f + g is a polynomial map of degree ≤max(n,m). Similarly, if m= 1 and f, g are
multiplicative, then fg is a multiplicative polynomial map of degree ≤ n+ 1.

Proof. We prove the first statement by induction on the degree of f . If deg(f) = 0, then f is
constant, so Δx(f + g) =Δx(g). Suppose that deg(f) = n. Then consider Δx(f + g) :A→B. We
compute Δx(f + g)(y) =Δx(f)(y) +Δx(g)(y). Since Δx(f) and Δx(g) are polynomial maps of
degree ≤ n− 1 and ≤m− 1, respectively, the result holds by induction.

For the second part of the lemma, we proceed by induction on the degree of the polynomial
map, with the case that f has degree ≤ 0 being trivial, since f is then identically 1. We compute

Δx(fg)(y) = g(x+ y)f(x+ y)− g(y)f(y)
= g(x)f(x+ y) + g(y)f(x+ y)− g(y)f(y)
= g(x)f(x+ y) + g(y)(Δxf(y)).

By induction, we have that g · (Δxf) is a polynomial map of degree ≤ n. Note that we have a
polynomial map y �→ g(x)f(x+ y) of degree≤ n, since g(x) is constant, and f(x+ y) =Δxf + f is
a polynomial map of degree ≤ n by the first part of the lemma. Therefore, Δx(fg) is polynomial
of degree ≤ n, so fg is polynomial of degree ≤ n+ 1. The fact that fg is multiplicative is
immediate.

Corollary 4.10. Let g1, . . . , gn :A→B be ring homomorphisms. Then g=
∏n

i=1 gi is a
polynomial function of degree ≤ n.
Proof. Proceed by induction on n, with the case n= 1 being trivial, and the induction step
following by the second part of the above lemma.

The next few results are dedicated to showing that the Weil restriction functor from L to k
gives rise to a polynomial map K0(VarL)→K0(Vark).

Definition 4.11. Let L/k be a finite separable field extension. We let IL := {ι :L→ k} be the
set of embeddings of L into k with ι|k = idk. This set has a natural right action of the absolute
Galois group Galk, given by ι · σ= σ−1 ◦ ι.

If K/k is a finite separable field extension with L⊆K, we have a Galk equivariant map
IK→ IL given by restriction, and the fibres of this map have cardinality [K :L]. From here, fix
L/k a finite field extension, let K be the Galois closure of L in k, and let G=Gal(K/k). If H
is the subgroup of G such that L=KH , then IL =G/H as a G set.

Definition 4.12. Let X be a quasi-projective variety over L. Define a K variety IndKLX
by setting IndKLX :=

∏
ι∈IL Xι, where Xι is the pullback of X→ Spec(L) along the inclusion
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Spec(K)
ι−→ Spec(L). We give IndKLX a canonical semilinear G action. Let g ∈G. Define a right

G action on IndKLX by g :Xg◦ι→Xι, where this morphism is the pullback.

Xg◦ι Xι

Spec(K) Spec(K)
g

This defines a semilinear action of G on IndKLX, which we call ϕG. This in turn gives
us a variety desK/k(Ind

K
LX, ϕG) by Galois descent. By [Wei12, Theorem 1.3.2], the variety

desK/k(Ind
K
LX, ϕG) is isomorphic to ResL/k(X).

Lemma 4.13. The assignment X→ IndKLX extends to a polynomial map of degree ≤ n, denoted
IndKL :K0(VarL)→K0(VarK).

Proof. For each ι∈ IL, note that gι : [X] �→ [X ×L,ιK] is a ring homomorphism. Applying
Corollary 4.10 gives us the result.

In order to show that maps into K0(Vark) are polynomial maps, it is helpful to note the
following, which is probably well known.

Lemma 4.14. Let Y/k be a variety. Then the class [Y ] in K0(Vark) is trivial if and only if Y = ∅.
Proof. By naturality of K0(Vark), it is enough to prove this in the case where k is algebraically
closed. Suppose that Y is a non-empty variety, and let dim(Y ) = d. As in Proposition 2.27,
we have abelian group homomorphisms bi :K0(Vark)→Z, which, if X/k is a smooth projec-
tive variety, has that bi(X) is the ith Betti number of X. The proof of [Bit04, Theorem 3.1]
shows that we may write [Y ] = [X] + S, where S ∈K0(Vark) can be written in terms of classes
of smooth projective varieties of dimension < d. In particular, b2d(Y ) = b2d(X) + b2d(S). Since
S can be written in terms of smooth projective varieties of dimension < d, we see that
b2d(S) = 0. Moreover, since X is a smooth projective variety of dimension d, we see that
b2d(X) =#π0(X) �= 0. Therefore, b2d(Y ) �= 0, so [Y ] �= 0.

Lemma 4.15. There is a multiplicative polynomial map K0(VarL)→K0(Vark), given on smooth
quasi-projective varieties by [X] �→ [ResL/k(X)].

Proof. By Lemma 4.7, we only need to define the polynomial map on the subset of K0(VarL)
consisting of elements that are given by [X], where X is a smooth projective variety. As in
Definition 4.12, we note that desK/k(Ind

K
LX, ϕG). Therefore, as noted in Definition 3.1, it is

enough to define a map K0(VarL)→K0(VarK,desc) such that for X/L a quasi-projective variety,
we have that [X] �→ [(IndKLX, ϕG)].

By Lemma 4.7, it is enough to show that the assignment ResL/k : [X] �→ [(IndKLX, ϕG)] satis-
fies the conditions to be a polynomial map whenever X is projective. That is, we need to show
that for any projective varieties Y0, . . . , Yn, we have ΔY0

ΔY1
. . .ΔYn

ResL/k([X]) = 0. Consider

ΔY ResL/k : [X] �→ [(IndKL (X � Y ), ϕG)]− [(IndKLX, ϕG)]. Note that IndKLX embeds as a closed

subvariety into IndKL (X � Y ) in a way that is compatible with the descent data on both vari-
eties. Therefore, we can write ΔY ResL/k([X]) = [(XY , ϕG)], where (XY , ϕG) is the K variety

with descent data given by the complement of (IndKL (X), ϕG) in (IndKL (X � Y ), ϕG).
Therefore, ΔY ResL/k([X]) is represented by the class of an actual K variety with descent

data (XY , ϕG) and so gives us a k variety desK/k(XY , ϕG). Iterating this process, if Y0, . . . , Yn
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are L varieties, we can write

ΔY0
ΔY1

. . .ΔYn
ResL/k([X]) = [(XY0,...,Yn

, ϕG)],

where (XY0,...,Yn
, ϕG) is a K variety with descent data. We claim that [(XY0,...,Yn

, ϕG)] = 0.
Note that [(XY0,...,Yn

, ϕG)] is identified with [desK/k((XY0,...,Yn
), ϕG)] under the isomorphism

K0(VarK,desc)∼=K0(Vark), so it is enough to show that [desK/k((XY0,...,Yn
), ϕG)] = 0. Since this

is the class of a k variety, desK/k((XY0,...,Yn
), ϕG), this class vanishes if and only if the variety

desK/k((XY0,...,Yn
), ϕG) is the empty variety by Lemma 4.14.

We see that desK/k((XY0,...,Yn
), ϕG) = ∅ if and only if desK/k((XY0,...,Yn

), ϕG)K is trivial as a

K variety. However, [desK/k((XY0,...,Yn
), ϕG)K ] = [ΔY0

ΔY1
. . .ΔYn

IndKL (X)], which vanishes since

IndKL is a polynomial map of degree ≤ n. In particular, [desK/k((XY0,...,Yn
), ϕG)] = 0, and so

ΔY0
ΔY1

. . .ΔYn
ResL/k([X]) = 0, as required.

Definition 4.16. Let q be a quadratic form over L, on a vector space, V . For ι∈ IL, define qι
to be the quadratic form on V ⊗L,ιK given by q⊗L,ι 〈1〉, where we embed L into K by ι. It is

clear that fι : Ŵ(L)→ Ŵ(K) given by [q] �→ [qι] is a homomorphism. Define IndKL (q) :=⊗ιqι as
a quadratic form on K. Note that IndKL (q) has underlying vector space

⊗
ι∈IL(V ⊗ιK) and that

we may give this space a semilinear G action, where g ∈G acts by

g(v⊗ λ)ι = (v⊗ g(λ))gι,
where (v⊗ λ)ι means v⊗ λ∈ V ⊗ιK. We see that IndKL (q) is a Galois-compatible quadratic form
on

⊗
ι∈IL(V ⊗ιK) with respect to this Galois action. Write IndKL (q) for the Galois-compatible

quadratic form on
⊗

ι∈IL(V ⊗ιK), and let NL/k(q) be the associated quadratic form over k that

results from applying the equivalence of categories in Theorem 3.3 to IndKL (q).
By the above work, it is clear that rank(NL/k(q)) = rank(q)[L:k].

Remark 4.17. A priori, it is not clear that NL/k(q), as defined above, is equivalent to the norm
as in Proposition 4.8. The following lemma shows that this is not something to be concerned
about, and that the maps are the same.

Lemma 4.18. Let q= 〈α〉 for α∈L. Then [NL/k(q)] = 〈NL/k(α)〉 ∈ Ŵ(k).

Proof. Note that gι(〈α〉) = 〈ι(α)〉. Similarly, we see that
⊗

ι∈IL k is the subspace of
⊗

ι∈IL L⊗ιK
fixed by G. In particular, NL/k(〈α〉)(1⊗ . . .⊗ 1) =

∏
ι∈IL ι(α) =NL/k(α), which gives us that

NL/k(〈α〉) = 〈NL/k(α)〉, as required.
Corollary 4.19. The map NL/k(q) from Proposition 4.8 and the map NL/k(q) from
Definition 4.16 agree.

Proof. This is immediate by the above lemma and Proposition 4.8.

Remark 4.20. Since NL/k : Ŵ(L)→ Ŵ(k) is a polynomial map, we obtain a polynomial map

IndKL : Ŵ(L)→ Ŵ(K)desc by composing with the isomorphism in Corollary 3.4.

Corollary 4.21. Let w ∈ Ŵ(L) with Edisc(w) = (α, β)∈E((L×)/(L×)2). Then,

Edisc(NL/k(w)) = (α[L:k], NL/k(β)).

Proof. We know that Edisc ◦NL/k is a polynomial map of degree ≤ n, so we can reduce to the
case where w is a quadratic form, and the result will follow by Lemma 4.7. This is then a
straightforward computation, similar to the lemma above.
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Theorem 4.22. The following diagram is commutative.

K0(VarL) Ŵ(L)

K0(Vark) Ŵ(k)

χmot
L

ResL/k NL/k

χmot
k

In particular, if X/L is a variety such that ResL/k(X) exists, then

χmot
k (ResL/k(X)) =NL/k(χ

mot
L (X)).

Proof. The composition of two multiplicative polynomial functions is again a multiplicative
polynomial function. Therefore, if for X a smooth projective variety over L, we have

χmot(ResL/k(X)) =NL/k(χ
mot(X)),

then χmot ◦ResL/k and NL/k ◦ χmot define the same polynomial function from K0(VarL) to Ŵ(k)

by Lemma 4.7. Since ResL/k(X) = desK/k((Ind
K
L (X), ϕG)), and NL/k(χ

mot
L (X)) is the image of

IndKL (χmot
L (X)desc) under the isomorphism Ŵ(k)→ Ŵ(K)desc, the theorem follows if we can

show that the following diagram is commutative.

K0(VarL) Ŵ(L)

K0(VarK,desc) Ŵ(K)desc

χmot
L

IndK
L

IndK
L

χmot,desc
k

Therefore, we need to show that

χmot,desc(IndKLX) =
∏
ι

gι(χ
mot(X))∈ Ŵ(k),

which is clear by naturality of the motivic Euler characteristic, the semilinear actions on both
sides, and the fact that Galois descent is compatible with the motivic Euler characteristic as in
Corollary 3.7.

5. Fubini theorems

Historically, since the motivic Euler characteristic is a motivic measure, we might think of it
as a volume. Indeed, the motivic Gauss–Bonnet formula of [LR20] says that we may obtain
the motivic Euler characteristic as the integral of an Euler class across our space. Let X, Y be
varieties over k, and suppose that we have a morphism f :X→ Y . For the purposes of this paper,
a Fubini theorem is a theorem that allows us to compute properties of χmot(X) from the motivic
Euler characteristic χmot(Y ) as well as the motivic Euler characteristics of the fibres χmot(Xy).
For example, suppose that our base field is C, so that χmot is the compactly supported Euler
characteristic applied to the complex points. By the standard Fubini theorem, χc(Xy(C)) = 0 for
all y implies that χc(X(C)) = 0. This section is concerned with proving certain Fubini theorems
for the motivic Euler characteristic modulo J . We first look at the situation where f :X→ Y
satisfies that χmot(Xy) = 0 for every closed point y of Y . The principle that ‘if an invariant
is zero on the fibres, then it is zero on the total space’ will be referred to as a näıve Fubini
theorem. It does not tend to hold in our context, and we obtain a Fubini theorem for the
�-adic determinant of cohomology in Corollary 5.19, which does not satisfy this näıve property.
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However, in Corollary 5.27, we show that we may bound the ramification of the character that
we obtain by looking at the �-adic determinant of cohomology of the total space, which allows us
to restrict the possibilities of this character to a finite set. We then turn to looking at a different
Fubini theorem, one for maps whose fibres are algebraic groups, where we can use the structure
of algebraic groups in order to prove a näıve Fubini theorem for torsors in Corollary 5.31.

5.1 The Fubini theorem over real closed fields

The goal of this subsection is to prove the first part of our Fubini theorem.

Theorem 5.1. Suppose that X and Y are varieties over k, and let f :X→ Y be a morphism
such that for every y a closed point of Y , we have that χmot(Xy) is torsion. Then χmot(X) is
torsion.

We call this the real closed Fubini theorem as, by Pfister’s local–global principle, we have
that χmot(X) is torsion if and only if rank(χmot(X)) = 0 and sign(χmot(X)) = 0. This is therefore
is a true näıve Fubini theorem. This holds if we can show the corresponding statement for the
rank and sign of motivic Euler characteristics. We first prove this statement for real closed fields
and their algebraic closures. Until specified otherwise, let k be either a real closed field or the
algebraic closure of a real closed field.

Definition 5.2. Let SASk be the category of semi-algebraic sets over k. Define K0(SASk)
to be the ring generated by isomorphism classes of semi-algebraic sets over k subject to the
relations:

(1) [∅] = 0;

(2) for U a closed semi-algebraic subset of X, we have [X] = [X \U ] + [U ]; and

(3) [X][Y ] = [X × Y ].

There are canonical homomorphisms K0(Vark)→K0(SASk), given by sending a variety X
to X(k) or to X(k).

LetX be a semi-algebraic set. WriteH i
c(X; k) to mean the ith real closed singular cohomology

with compact support, and coefficients in k. Note that the semi-algebraic simplicial cohomology
is isomorphic to the sheaf cohomology with coefficients in the constant sheaf k. This is proven
in the non-compactly supported case in [KD82, Theorem 3.3]. This isomorphism extends to the
compactly supported case, using that the compactly supported cohomology is given by

H∗
c (X; k) = lim−→H∗(X,X \ V ; k),

where V runs over all of the compact subsets of X. Since we have canonical isomorphisms

H∗
sheaf(X,X \ V ; k)∼=H∗

sing(X,X \ V ; k),

this isomorphism carries over to the limit.

Definition 5.3. Let X be a semi-algebraic set over k. Define the real closed Euler characteristic
χrc(X) :=

∑∞
i=0(−1)idimk(H

i
c(X; k))∈Z.

Lemma 5.4. The real closed Euler characteristic χrc, as defined above, furnishes a ring
homomorphism χrc :K0(SASk)→Z.

Proof. We only need to show that the three relations defining K0(SASk) are satisfied. The
relation that χrc([∅]) = 0 is trivial. By [EP15, Theorem 4.1], we see that the sheaf cohomology
with compact support and coefficients in R satisfies the exactness and excision axioms. Therefore,
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for U an open subset of X, we have a long exact sequence

. . .→Hn
c (U ; k)→Hn

c (X; k)→Hn
c (X \U ; k)→Hn+1

c (U ; k)→ . . . .

This immediately tells us that χrc(X) = χrc(U) + χrc(X \U). Multiplicativity of χrc follows from
the Künneth formula [EP20, Theorem 3.40].

Theorem 5.5. Let f :W →Z be a morphism of semi-algebraic sets over k. Suppose that for
each p∈Z, the real closed Euler characteristic of the fibre χrc(Wp) = q. Then χrc(W ) = qχrc(Z).

Proof. By [BCR98, Lemma 9.3.2], there exists a stratification of Z into constructible subsets
Z1, . . . , Zn, such that for each i, we have an isomorphism f−1(Zi)∼= Fi ×Wi for some Fi fitting
into the commutative diagram

f−1(Zi) Fi ×Zi

Zi

f

where the morphism Fi ×Zi→Zi is the canonical projection. This means that for p∈Zi, there
is an isomorphism Wp

∼= Fi, so χ
rc(Fi) = χrc(Wp) = q. In K0(SASk) we have [W ] =

∑n
i=1[Fi][Zi],

so applying χrc and noting that χrc(Fi) = q, we obtain that χrc(W ) = qχrc(Z).

Lemma 5.6. For X a k variety, we have an equality in Ŵ(k):

χmot(X) = 1
2(χ

rc(X(k)) + χrc(X(k)))〈1〉+ 1
2(χ

rc(X(k))− χrc(X(k)))〈−1〉.
Proof. By Theorem 2.14, we have that rank(χmot(X)) = e(X) = χrc(X(k)). Moreover, we have
that sign(χmot(X)) = ε(X) = χrc(X(k)) by Theorem 2.20. The result follows since if q is any

element of Ŵ(k), we have that

q= 1
2(rank(q) + sign(q))〈1〉+ 1

2(rank(q)− sign(q))〈−1〉.
Theorem 5.7. Let X and Y be k varieties, and let f :X→ Y be a morphism. For p a closed
point of Y let Xp be the fibre of f over p. Then, if χmot

k (Xp) is trivial for all p, then so is χmot(X).

Proof. By Lemma 5.6,

χmot(X) = 1
2(χ

rc(X(k)) + χrc(X(k)))〈1〉+ 1
2(χ

rc(X(k))− χrc(X(k)))〈−1〉,
so it is enough to prove the result for χrc(X(k)) and χrc(X). First, suppose that k is a real
closed field. If p has residue field k, then χrc(Xp(k)) = sign(χmot(Xp)) = 0 by assumption. If p
has residue field k, then Xp(k) = ∅, so χrc(Xp(k)) = 0, and therefore χrc(Xp(k)) = 0 for all p.
Theorem 5.5 gives that χrc(X(k)) = 0. Similarly, χrc(Xp(k)) = rank(χmot(Xp)), so Theorem 5.5
gives χrc(X(k)) = 0, as required.

If k is the algebraic closure of a real closed field, then χrc(X(k)) = χmot(X), so we again
apply Theorem 5.5 to X(k) and obtain χmot(X) = 0.

We wish to extend the above result to our real closed Fubini theorem for any field of
characteristic 0. We first need the following lemma.

Lemma 5.8. Let n be a non-negative integer. Then Spr(Q(t1, . . . , tn)) �= ∅.
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Proof. We prove this by induction, with the case n= 0 being trivial. Suppose that it is true for
n′ <n, let K =Q(t1, . . . , tn−1), and let ≺∈ Spr(K). As in [BCR98, Example 1.1.2], we may
define an order < on K(tn) =Q(t1, . . . , tn) as follows. Let p(tn)∈K[tn] be non-zero. Then
p(tn) = akt

k
n + . . .+ amt

m
n for some non-negative integers k≤m with ak �= 0. Then say 0< p(tn) if

0≺ ak. For a general element [p(tn)]/[q(tn)] of K(tn), we say that 0< [p(tn)]/[q(tn)] if and only
if 0< p(tn)q(tn). As in [BCR98, Example 1.1.2], this defines a total order on K(tn) extending ≺,
as required.

Now suppose that k is an arbitrary field of characteristic 0.

Lemma 5.9. Let f :X→ Y be a morphism such that for every y a closed point of Y , we have
rank(χmot

k (Xy)) = 0. Then rank(χmot(X)) = 0.

Proof. This lemma follows by reducing to the case of Theorem 5.7, and so we need to reduce to
the case where k is the algebraic closure of a real closed field. We first reduce to the case where
our base field is the algebraic closure of a finitely generated extension of Q.

Since X, Y are varieties over k, we may assume that X, Y are defined over a field F that
is finitely generated over Q. Let X0 and Y0 be varieties over F such that X =X0 ×F Spec(k)
and Y = Y0 ×F Spec(k). Pick an algebraic closure F of F , and for every finite extension F ′/F ,
pick compatible embeddings F ′ ↪→ F . Let X :=X0 ×F Spec(F ), and similarly for Y . Then, by
Lemma 4.2, we see that rank(χmot

k (X)) = rank(χmot
F (X0)) = rank(χmot

F
(X)). We claim that for

every y a closed point of Y , we have rank(χmot
F

(Xy)) = 0. Let y ∈ Y be the closed point of Y

lying under y under the morphism Y → Y . Let Fy denote the residue field at y, and let n :=
[Fy : F ]. Note that Xy is defined over Fy, and Xy =Xy ×Spec(Fy) Spec(F ). By Lemma 4.2, we see

that rank(χmot
F

(Xy)) = rank(χmot
Fy

(Xy)). Lemma 4.5 then gives χmot
F (Xy) =TrFy/F (χ

mot
Fy

(Xy)), so

taking ranks, we see that 0 = ny · rank(χmot
Fy

(Xy)). Therefore, rank(χ
mot
Fy

(Xy)) = 0, as required.

Therefore, it suffices to prove the statement for X→ Y , where X and Y are varieties over
F such that the fibres of the morphism have trivial motivic Euler characteristic. Let n denote
the transcendence degree of F/Q. By Noether’s normalisation lemma (see, for example, [Lan02,
Chapter 8, Theorem 2.1]), the field F is an finite extension of Q(t1, . . . , tn). By Lemma 5.8,
we have Spr(Q(t1, . . . , tn)) �= ∅. Pick <∈ Spr(Q(t1, . . . , tn)), and let F real be the real closure
of Q(t1, . . . , tn) with respect to this ordering. Then F is the algebraic closure of F real, so the
extension F/F real is a degree-2 field extension. We may therefore think of X, Y and the fibres
Xy as varieties over F real. The result follows by Theorem 5.7.

Corollary 5.10. Let k now be any characteristic 0 field. Let X and Y be varieties over k, and
let f :X→ Y be a morphism. Let p be a closed point of Y , and let Xp be the fibre of f over p.

If χmot(Xp) is torsion in Ŵ(k) for all p, then χmot(X) is torsion.

Proof. By Pfister’s local–global principle, we see that χmot(Xp) is torsion if and only if we
have rank(χmot(Xp)) = 0 and χmot(Xk<,p) = 0 for all <∈ Spr(k), and similarly for χmot(X).
If Spr(k) = ∅, then the only conditions are on the rank, so the result follows by Lemma 5.9.
Suppose then that Spr(k) �= ∅. Let <∈ Spr(k). Since χmot commutes with base change, we have
χmot(Xk<,y) = 0 for all closed points y of Y . Theorem 5.7 gives χmot(Xk<

) = 0, as required.

5.2 The determinant of cohomology

Now suppose that k is an arbitrary field of characteristic 0. In this subsection, we show a
Fubini theorem for the �-adic determinant of cohomology that is not a näıve Fubini theorem.
Let U be a smooth scheme over k and F be a smooth �-adic sheaf for � �= char(k). Consider the
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one-dimensional �-adic representation of Galk:

detRΓc(Uk,F) =
⊗
i

detH i
c(Uk,F)⊗(−1)i .

In order to prove our Fubini theorem, we make use of the following theorem, which is the main
theorem of [Sai94].

Theorem 5.11. Assume that there is a smooth projective variety X/k that contains U such
that D=X \U is a divisor with simple normal crossings. Moreover, assume that the ramification
of F on D is tame. Finally, assume that F is defined on a model of U that is defined over a ring
of finite type over Z. Then we have

detRΓc(Uk,F)⊗ detRΓc(Uk,Q�)
⊗−rankF = c∗X,U/k(detF)⊗ J⊗(−1)

D,F
as one-dimensional �-adic representations of Galk.

The first term on the right-hand side is the pullback of the determinant character detF of
πét1 (U)ab,tame to Galk by the pairing with the relative canonical class cX,U/k ∈CH0(X,D). In
this paper, we only need that c∗X,U/k respects tensor products, and we will only ever consider

this in the case when det(F) is trivial, so this term will always vanish. We refer to the bottom
of [Sai94, p. 414] for the precise construction of c∗X,U/k. We will, however, require the definition

of JD,F , as set out in the paragraph before [Sai94, Theorem 1, p. 424], as well as the definition
on [Sai94, p. 416], and also [Sai94, Proposition 2, p. 417]. We will recall these below for the
convenience of the reader.

Definition 5.12. Let A denote a regular noetherian ring, let S =Spec(A), and suppose that S
is connected with function field k. Following [Sai94], define a Jacobi datum on S to be a triple
(T, χ, n) such that:

(1) T = (Ti)i∈I is a finite family of finite étale covers Ti→ S;

(2) χ= (χi)i∈I is a family of characters χi : μdi
(Ti)→Ql

×
of the group of dith roots of unity

for some integer di invertible in A such that μdi
�Z/diZ on Ti; and

(3) n= (ni)i∈I is a family of integers satisfying the norm condition below.

Write Ti =
∐

j∈Ji
Tij , where each Tij is connected. Let the norm NTij/S(χi) denote the product

of the conjugates, and let the norm NTi/S be given by

NTi/S(χi) : μdi
(Ti)→Q�

×

ζ : �→
∏
j

χi(NTij/S(ζ)).

By construction, each NTi/S(χi) factors through some μd′
i
(Ti) such that d′i|di and μd′

i
=Z/d′iZ

on S. Let d be a common multiple of all of the d′i, and regard NTi/S(χi) as a character on μd
via the composition

μd→ μd′
i
,

ζ �→ ζ
d

d′
i .

The norm condition for our Jacobi datum is that we require that
∏

i∈I NTi/S(χi)
ni = 1, where

this product is considered as a product of characters of μd on S.
If A′ is another ring equipped with a morphism f : Spec(A′)→ Spec(A), we may pull back

the Jacobi datum (T, χ, n) on Spec(A) to Spec(A′) to obtain f∗(T, χ, n) = (f∗T, f∗χ, n), where
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f∗(T ) = (f∗Ti) is given by the pullback of the finite étale covers Ti→ Spec(A) along the morphism
f , and f∗χi is the composition χi : μdi

(f∗Ti)→ μdi
(Ti)→Q×

� . We say that the Jacobi datum
(T ′, χ′, n′) on A′ is defined on A if there exists a Jacobi datum (T, χ, n) on A such that we may
obtain (T ′, χ′, n′) by pulling back the Jacobi datum (T, χ, n) along the morphism Spec(A′)→
Spec(A). If s is a closed point of A with residue field κ(s), we will say that the reduction
of (T, χ, n) at s is the Jacobi datum on κ(s) given by pulling back (T, χ, n) along the closed
immersion corresponding to s.

Definition 5.13. Let F be a finite field of order q. Let χ be a multiplicative character, i.e. a

group homomorphism χ : F×→Ql
×
. Let ψ be an additive character, i.e. a group homomorphism

ψ : F→Q�
×
. Define the Gauss sum

GF(χ, ψ) :=−
∑
a∈F×

χ−1(a)ψ(a).

Definition 5.14. Let F be a finite field of order q. Then, if we have a Jacobi datum (T, χ, n) on
Spec(F), we see that each Ti =

∐
j∈Ii

Spec(Fij) for some Fij/F a finite extension and Ii a finite
index set. Define the Jacobi sum jχ = jT,χ,n for a Jacobi datum (T, χ, n) on Spec(F) by

jχ :=
∏
i∈I

∏
j∈Ii

(GFij
(χij , ψ0 ◦TrFij/F))

ni .

Here, ψ0 is a non-trivial additive character of k, and if Fij is of order qij then χij is a multiplicative
character of Fi defined by

χi(a) := χi(a
(qij−1)/di).

As mentioned on [Sai94, p. 417], we can consider characters on F× as characters of μq−1(F).
Moreover, as characters of μq−1(F), we have

∏
j∈Ii

χi|F× =NTi/Spec(S)(χi). As mentioned on
[Sai94, p. 417], [Del77, Proposition 4.15] tells us that the product jχ is independent of our choice
of ψ0, since

∏
i∈I NFi/F(χi)

ni = 1.

Definition 5.15. As in [Sai94, Proposition 2], we can associate an �-adic representation
J(T,χ,n) of Galk to each Jacobi datum (T, χ, n) on a field k as follows. A Jacobi datum on
k is defined on a regular ring A of finite type over Z, since each of the Ti are varieties over
k. The representation J(T,χ,n) is the pullback of the representation of πét1 (Spec(A))ab char-
acterised by the following condition: for each closed point s of Spec(A), the action of the
geometric Frobenius Frobs at s is given by the multiplication by the Jacobi sum jχ(s) defined
by the reduction of the Jacobi datum (T, χ, n) at s. By [Sai94, Proposition 2], this character
both exists and is unique. Say that J(T,χ,n) is the associated �-adic character of the Jacobi
datum (T, χ, n).

Definition 5.16 (Saito [Sai94]). Let U and F be as in Theorem 5.11. We can define a Jacobi
datum on k associated to the ramification of F along D. Let Di be the irreducible components of
D with constant field ki. Let ρ be the �-adic representation of π1(U, x)

tame corresponding to F .
The kernel πét1 (U, x)tame→ πét1 (X, x) is the normal subgroup topologically generated by the local

monodromy groups Ẑ′(1)Di
along the Di where Ẑ′(1) = lim←− μd with d invertible in k. Let ρi be

the restriction of ρ to Ẑ′(1)D1
� Ẑ′(1)ki

.
Since we have a model of finite type over Z, Grothendieck’s monodromy theorem [Del72,

Théorème de monodromie 1.2] tells us that the ρi are quasi-unipotent. Therefore, the action of
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Ẑ′(1) on the semi-simplification ρssi factors through a finite quotient. This means that we can
decompose

ρssi �
⊕
j∈Ii

Trkij/ki
(χij).

Here, kij is the finite extension of ki obtained by adjoining the dijth roots of unity, χij is a

character of μdij
(kij) of order dij , and we define Trkij/ki

to be the [kij : ki] dimensional Ẑ′(1)
representation

Trkij/k(χij) :=
⊕

σ∈Gal(kij/ki)

χij ◦ σ.

For i∈ I, let D∗
i =Di −

⋃
J 
=iDj and let ci be the compactly supported Euler characteristic

of (D∗
i ×ki

Spec(ki)). Define our Jacobi datum (T, χ, n) by I =
∐

i Ii, T = (kij), χ= (χij) and
n= (nij), with nij = ci for i∈ I and j ∈ Ii. Define the term JD,F to be the �-adic representation
J(T,χ,n).

Definition 5.17. Let f :W → Y be a projective morphism of positive relative dimension.
Assume that there is a smooth and projective variety Z over k containing Y such that the
complement D=Z − Y is a divisor with simple normal crossings, that Rif∗Q� is smooth over Y ,
and that the ramification along D is tame for all i. We define

2(dim(W )−dim(Y ))∏
i=0

J
⊗(−1)i+1

D,Rif∗Q�

to be the Saito factor of f at D.

Theorem 5.18. Let f :W → Y be a projective morphism of positive relative dimension. Assume
that there is a projective and smooth variety Z over k containing Y such that the complement
D=Z − Y is a divisor with simple normal crossings, that Rif∗Q� is smooth, and that the ram-

ification is tame for all i. Moreover, assume that
∑

i(−1)irank(Rif∗Q�) = 0,
⊗

i detR
if∗Q

(−1)i

�
is trivial, and f is defined on a model over a ring of finite type over Z. Then,

det�(W ) =

2(dim(W )−dim(Y ))∏
i=0

J
⊗(−1)i+1

D,Rif∗Q�
.

Proof. By the Leray spectral sequence,

det�(W ) =

2(dim(W )−dim(Y ))∏
i=0

detRΓc(Yk, R
if∗Q�)

(−1)i .

Since f is defined on a model over a ring of finite type over Z, the same is true for the sheaves
Rif∗Q�, so we apply Saito’s theorem (Theorem 5.11) to obtain∏

i

(detRΓc(Yk, R
if∗Q�)

(−1)i)⊗ det�(Y )⊗−∑
i(−1)irankRif∗Q� =

c∗Y,D/k

(⊗
i

(detRif∗Q�)
(−1)i

)
⊗
∏
i

J
⊗(−1)i+1

D,Rif∗Q�
,
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using the bilinearity of the pairing CH0(X,D)× πét1 (U)ab,tame→Galk. By our assumptions on
the rank and determinants of Rif∗Q�, we see that

det�(Y )⊗−∑
i(−1)irankRif∗Q� = 1,

c∗Y,D/k

(⊗
i

(detRif∗Q�)
(−1)i

)
= 1,

where 1 denotes the trivial representation of Galk. Since the sheaves Rif∗Q� vanish whenever
i > 2(dim(W )− dim(Y )), this gives the result.

Corollary 5.19. Let f :W → Y be a projective morphism of positive relative dimension g.
Assume that there is a projective and smooth variety Z over k containing Y such that the
complement D=Z − Y is a divisor with simple normal crossings, that Rif∗Q� is smooth, and
that the ramification along D is tame for all i. Moreover, assume that for every closed point
of Y the fibre, Wy has χmot(Wy)≡ 0 (mod J). Then the motivic Euler characteristic modulo J

satisfies χmot(W )≡ κW (mod J), where κW is an element of Ŵ(k)/J such that rank(κW ) = 0,

sign(κW ) = 0, and disc(κW ) = det�(W ) =
∏2g

i=0 J
⊗(−1)i+1

D,Rif∗Q�
.

Proof. The fact that rank(κC) and sign(κC) both vanish is due to our real closed Fubini the-
orem, Corollary 5.10. Consider the condition χmot(Wy)≡ 0 (mod J) for all y. Taking ranks
tells us that rank(χmot(Wy)) = 0 for all y, and applying proper base change tells us that∑

i(−1)irank(Rif∗Q�) = 0. Similarly, we see that det�(Wy) = 0 for all y, which is equivalent
to saying that

⊗
i det(R

if∗Q�)
(−1)i is trivial as well. The above theorem gives us the result.

Remark 5.20. This Fubini theorem reduces our computation of χmot (mod J) to Saito factors

associated to the boundary of our morphism, thought of as characters in Hom(Galk,Q
×
� ). Since

disc(κW ) = det�(W ) =
∏2g

i=0 J
⊗(−1)i+1

D,Rif∗Q�
, and disc(κW ) is a character of order 2 by construction,

the Saito factor
∏2g

i=0 J
⊗(−1)i+1

D,Rif∗Q�
will also be a character of order 2. For the rest of this section,

we show that these characters of Galk naturally factor through the absolute Galois group of a
number field, and we can control the ramification of these characters.

Definition 5.21. For k a field, let kconst denote the algebraic closure of its prime subfield in k.
In particular, if k is a field that is finitely generated over Q, the field kconst is a number field.

Lemma 5.22. Let (T, χ, n) be a Jacobi datum on k, a field of characteristic 0. Let d denote
the lowest common multiple of the dj , and let A := Spec(Okconst [ 1d ]). Then there exists a Jacobi
datum (T ′, χ′, n′) on Spec(A) such that the character J(T,χ,n) is given by the composition

Galk→ πét1 (Spec(A))
J(T ′,χ′,n′)−−−−−−→Q�

×
.

Proof. This follows instantly by the second half of the corollary on [Sai94, p. 418].

Corollary 5.23. The character J(T,χ,n) factors as a composition Galk �Galkconst→Q�
×
.

Proof. First, note that the character J(T,χ,n) factors through the map Galk→ πét1 (Spec(A)),

which in turn factors as Galk→Galkconst→ πét1 (Spec(A)). The map Galk→Galkconst is surjective
since kconst is algebraically closed in k by construction.

Definition 5.24. Since Galk→Galkconst is surjective, the character Galkconst→Q�
×
appearing

in the above corollary is unique. Call this character Jconst
(T,χ,n).
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Corollary 5.25. Let p be a prime number coprime to dj for every j, and let p be a prime of
kconst with residue characteristic p. Then the character Jconst

(T,χ,n) is unramified at p.

Proof. By construction, Jconst
(T,χ,n) factors as Galkconst→ πét1 (Spec(A))→Q�

×
. For p as above, we see

that p∈ Spec(A). Therefore, the inertia group of p is in the kernel of the morphism Galkconst→
πét1 (Spec(A)). In particular, it is in the kernel of Jconst

(T,χ,n), as required.

Corollary 5.26. Suppose that we are now in the situation of Theorem 5.11, and let JD,F be
the �-adic character appearing in the theorem. Suppose that p is a prime number satisfying

p > rank(F) · [kconst :Q] + 1,

and let p be a prime of kconst with residue characteristic p. Then Jconst
D,F is unramified at p.

Proof. By the above corollary, we only need to show that p does not divide any dj . The dj
appear through the decomposition of the semi-simplification of the monodromy representation
associated to F ,

ρss =
⊕
j

Trkj/k(χj),

where χj is a representation on μdj
(kj) and, moreover, dim(ρss) = rank(F). Note that

dimTrkj/k(χj) = [kj : k]≥ [k(ζdj
) : k] = [kconst(ζdj

) : kconst],

where ζdj
denotes a primitive djth root of unity. We also see that

[kconst(ζp) :Q] = [kconst(ζp) : k
const] · [kconst :Q],

[kconst(ζp) :Q]≥ [Q(ζp) :Q] = p− 1.

Putting this together gives that [kconst(ζp) : k
const]≥ p−1

[kconst:Q] , and by the assumption on p, this

gives [kconst(ζp) : k
const]> rank(F). Suppose that p divides dj for some dj , seeking a contradiction.

Then,

dim(Trkj/k(χj))≥ [kconst(ζdj
) : kconst]≥ [kconst(ζp) : k

const]> rank(F) = dim(ρss),

which is a contradiction, since Trkj/k(χj) is a factor in the direct-sum decomposition of ρss.

Corollary 5.27. Suppose that we are in the situation of Corollary 5.19. Then the character
disc(κW ) factors as

Galk �Galkconst

κconst
W−−−→{±1} ⊆Q×

� ,

and the character disc(κconstW ) is unramified at all primes of kconst whose residue characteristic is
larger than rank(Rif∗Q�) · [kconst :Q] + 1 for all i.

Proof. We see that disc(κconstW ) is given by
∏

i J
(−1)i

D,Rif∗Q�
. Each JD,Rif∗,Q�

is unramified at primes

whose residue characteristic is larger than rank(Rif∗Q�) · [kconst :Q] + 1, so if a prime has residue
characteristic larger than rank(Rif∗Q�) · [kconst :Q] + 1 for all i, it will be unramified for all of
the characters JD,Rif∗Q�

, and so will be unramified for disc(κW ).

5.3 A näıve Fubini theorem for algebraic groups

In the case that f :X→ Y is a torsor under an algebraic group, we can achieve a stronger Fubini
theorem by using Lang’s theorem.
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Theorem 5.28. Let G a connected algebraic group over k and let f :X→ Y be such that for
every closed point y ∈ Y with residue field κ(y), the fibre Xy over y is a torsor under Gκ(y).
Then,

χmot(X)≡ χmot(G) · χmot(Y ) (mod J).

Proof. We prove this statement for the rank, signature, and discriminant. For the rank and
signature, this follows by Theorem 5.7, so it only remains to show this for the discriminant.
Without loss of generality, assume that k is finitely generated over Q. By Proposition 2.39, it is
enough to show a similar claim for the augmented determinant of cohomology. We can assume
that X→ Y and G are defined on a ring of finite type over Z, denoted by A, and let X ,Y denote
smooth projective models for X, Y over Spec(A). By Chebotarëv’s density theorem, it is enough
to prove that for every s a closed point of Spec(A) such that the fibre of X over s is smooth,

det�(X)(Frobs) = det�(G)(Frobs) · det�(Y )(Frobs).

Theorem 2.44 tells us that det�(X)(Frobs) is determined by the ζ-function of Xs. Write Xs, Ys,
and Gs for the reductions of X ,Y, and G at s, respectively, and let Fs denote the residue field of s.
The result reduces to showing that ζ(Xs, t) = ζ(Gs × Ys, t). Lang’s theorem [Lan56, Theorem 2]
gives us H1(Fs, G) = 0, since Fs is finite. Therefore, the fibres of fs :Xs→ Ys are all isomorphic
to a suitable base change of G. Let p be a closed point of Ys with residue field Fp, and let Xp

be the fibre of Xs over p. Then Xp
∼=GFp

. Counting the points of X gives an equality of zeta
functions ζ(Xs, t) = ζ(Ys ×Fs

G, t), as required.

Theorem 5.29. Let X be a positive-dimensional abelian variety over k. Then χmot(X) = 0.

Proof. Since X is smooth and proper, we have χmot(X) = χdR(X), so we may work with de
Rham cohomology. By [Mil86, Lemma 15.2], we see that H∗

dR(X)∼=⊕2n
i=0

∧iH1
dR(X). Note that

rank(χdR(X)) =
∑2n

i=0(−1)i
(
n
i

)
= 0. Choosing a basis of H1

dR(X) and taking the wedge product
gives rise to a basis of Hn

dR(X) =
∧nH1

dR(X). With respect to this basis, the quadratic form
on Hn

dR(X) is clearly hyperbolic, so there is some m such that [Hn
dR(X)] =m ·H. Applying

the previous lemma tells us that χdR(X) = (b+ +m) ·H. Finally, note that rank(χdR(X)) =
2(b+ +m). Since rank(χdR(X)) = 0, this gives the result.

Remark 5.30. Readers familiar with motivic homotopy theory should note that we may prove the
above theorem directly using the categorical Euler characteristic and the motivic Gauss–Bonnet
formula of [LR20]. Let pX denote the structure morphism pX :X→ Spec(k). Since X is smooth
and projective, we have χmot(X) = χcat(X) by Theorem 2.14. By [LR20, p. 3], we can define an
Euler class of the tangent bundle of X valued in the Hermitian K-theory spectrum of X, which
we call eBO(TX/k). Since X/k is an abelian variety, TX/k is trivial, so this Euler class vanishes.

The motivic Gauss–Bonnet formula [LR20, Theorem 1.5] says that χcat(X) = pX,∗(eBO(TX/k)).
This is akin to the classical Gauss–Bonnet formula in that it says that the Euler characteristic
of a variety may be obtained by integrating the Euler class of the tangent bundle of the variety.
The theorem follows since eBO(TX/k) is trivial.

Corollary 5.31. Let A be a connected commutative algebraic group over k whose maximal
proper quotient group variety has positive dimension. Then χmot(A)∈ J .
Proof. There is a short exact sequence of algebraic groups,

0→G→A
π−→B→ 1,

where G is a connected linear algebraic group and B is the maximal proper quotient group
variety of X. The map π :A→B is a principal G-bundle, so by Theorem 5.28, we see that
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χmot(A)≡ χmot(G) · χmot(B) (mod J). Since B is a positive-dimensional abelian variety,
Theorem 5.29 gives χmot(B) = 0, as required.

6. The motivic Euler characteristic of compactified Jacobians of curves

6.1 The motivic Euler characteristics of compactified Jacobians of nodal curves

Definition 6.1. Let G be a one-dimensional torus. The group of cocharacters is a Galk-module
that is isomorphic to Z as a group. Let χG : Galk→Aut(Z)∼=Z/2Z denote the homomorphism
corresponding to this group action. Since we can identify k×/k×2 with Hom(Galk,Z/2Z), there

exists some α∈ k×/k×2 corresponding to χG. We will write G
[α]
m,k for the one-dimensional torus

whose cocharacter lattice has Galk action corresponding to the class α∈ k×/k×2. A model for

G
[α]
m,k is given by the subscheme x2 − αy2 = 1 in A2

k.

Lemma 6.2. We have χmot(G
[α]
m,k) =H− [〈2〉 ⊕ 〈2α〉] = [〈−2〉]− [〈2α〉].

Proof. Note that we have a smooth compactification of G
[α]
m,k sitting inside P1

k with complement

Spec(k(
√
α)). Using the additivity of the motivic Euler characteristic, we obtain

χmot(G
[α]
m,k) = χmot(P1

k)− χmot(Spec(k(
√
α))) =H− [Trk(

√
α)/k].

Computing the trace form in the basis 1,
√
α gives [Trk(

√
α)/k] = [〈2〉 ⊕ 〈2α〉]. The final part of

the claim follows since H= 〈1〉+ 〈−1〉= 〈2〉+ 〈−2〉.
Definition 6.3. Following [AK80, Definition 5.9], let f : Y → S be a finitely presented mor-
phism with integral geometric fibres. An OY module I is called relatively torsion free and rank
1 over S if I is locally finitely presented, S-flat, and the fibre Is is a rank-1 torsion-free OYs

module for every geometric point s of S.
For the rest of this subsection, let C denote a projective, geometrically integral curve over k.

As in [AK80, Definition 5.11 and Theorem 8.1], rank-1 torsion-free sheaves on C of degree n
are parameterised by the compactified Jacobian Pic

n
(C), which by [AK80, Theorem 8.1] is a

representable as an étale sheaf by a k scheme that we will also call Pic
n
(C). Similarly, by [AK80,

Theorem 8.1], if C → Pg is a complete linear system of genus-g curves, then we may form the
relative compactified Jacobian Pic

g
(C)→ Pg, whose fibres are the compactified Jacobians of the

fibres of C → Pg.

Let C be a curve of genus g. The insight to prove the complex Yau–Zaslow formula is that
e(Pic

g
(C)) = 0 unless C is rational, in which case, if C is nodal this counts the appropriate

multiplicity of rational curves. Therefore, counting the number of rational curves can be done by
looking at the Euler characteristic of the compactified Jacobians of the linear system. Here, we
compute χmot(Pic

g
(C)) (mod J) instead. We do this by first showing that if C is not rational,

then χmot(Pic
g
(C)) = 0 (mod J). For C a nodal and rational curve, we compute χmot(Pic

g
(C))

by successively expressing χmot(Pic
g
(C)) (mod J) in terms of the motivic Euler characteristic

of the compactified Jacobian of the normalisation of C at a singular point.

Definition 6.4. A partial normalisation of C is a surjective map f :C ′→C of integral projec-
tive curves that induces isomorphism between the function fields of C ′ and C. Two such partial
normalisations f1 :C1→C and f2 :C2→C are isomorphic if there is an isomorphism g :C1→C2

such that f1 = f2 ◦ g. Since every partial normalisation is dominated by the normalisation of C,
the set N (C) of isomorphism classes of partial normalisations is finite.
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There is a stratification of Pic
n
(C) by locally closed subvarieties

Pic
n
(C) =

∐
f∈N (C)

Pic
n
f (C).

Here, the morphism f :C ′→C runs over all partial normalisations of C, and Pic
n
f (C) is such

that the k-valued points of Pic
n
f (C) correspond exactly to those rank-1 sheaves L on Ck such

that the endomorphism ring of L, as an OCk
-subalgebra of the sheaf of rational functions on C,

is f∗(OC′
k
). Note that in the case where C ′ =C and f is the identity, then Pic

n
Id(C) = Picn(C).

More generally, if f :C ′→C is a partial normalisation of the point p where the residue field κ(p)
is a degree-d extension of k, then Pic

n
f (C) is the image of Picn−d(C ′) under f∗.

Lemma 6.5. For every partial normalisation f :C ′→C, the stratum Pic
n
f (C) is equipped with

the free action of the quotient group variety Pic0(C)/Ker(f∗) over k, where f∗ : Pic0(C)→
Pic0(C ′) is the map induced by functoriality.

Proof. There is an action

Pic0(C)×Pic
n
(C)→Pic

n
(C)

of Pic0(C) on Pic
n
(C), which at the level of represented functors is an action given by the rule

(L, G) �→ L⊗ G. This action of Pic0(C) leaves the stratification invariant. By [Bea99, Lemma 2.1],
the stabiliser of any geometric point of the stratum Pic

n
f (C) is Pic0(C)/Ker(f∗). The claim is

now clear.

Proposition 6.6. Assume that the geometric genus of C is non-zero. Then χmot(Pic
n
(C)) lies

in J for any n.

Proof. Using the additivity of χmot, it is enough to show that χmot(Pic
n
f (C)) lies in J for every

partial normalisation f :C ′→C. Let f̃ : C̃→C denote the normalisation of C. There is a short
exact sequence of algebraic groups,

0→G
ι−→Pic0(C)

f̃∗
−→Pic0(C̃)→ 1,

where G is a connected linear algebraic group and f̃∗ is induced by the pullback with respect
to f̃ . By Lemma 6.5, the algebraic group Pic0(C)/Ker(f∗) acts freely on Pic

n
f (C). Since the genus

of C̃, which is the geometric genus of C, is positive, the dimension of the abelian variety Pic0(C̃)

is also positive. Moreover, Ker(f∗)⊆G as f̃ factors through f . Therefore, χmot(Pic
n
f (C))∈ J by

Corollary 5.31.

Corollary 6.7. Assume that the geometric genus of C is at least 1. Then both det�(Pic
n
(C))

and e(Pic
n
(C)) are trivial.

Proof. This follows by showing that χ�(C) = 0, where χ� is the ring homomorphism from
Definition 2.38. Since χmot(Pic

n
(C))∈ J , this gives the result.

We now turn to computing the motivic Euler characteristics of the compactified Jacobian of
nodal rational curves.

Lemma 6.8. Let f :C ′→C be a partial normalisation of C at the nodal point p of degree d.

The morphism f∗ : Pic
n−d

(C ′)→Pic
n
(C) is a closed embedding.

Proof. See [Bea99, Lemma 3.1].
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Let Pic
n
b (C) denote the image of the morphism f∗ above, and let Pic

n
o (C) be the complement

of Pic
n
b (C) in Pic

n
(C).

Notation 6.9. In the remainder of this section, we assume that C is semi-stable. Let S(C) denote
the set of nodes of C. For every p∈ S(C), let k(p) denote the residue field of p and let deg(p)
denote the degree of k(p) over k. Now let p be a node of C and pick a k(p)-rational point p̃
of C whose set-theoretic image is exactly p. The formal completion of the base change of C to
k(p) at p̃ is isomorphic to the formal completion of x2 = αpy

2 at (0, 0) for some αp ∈ k(p)×. The
element αp is unique up to multiplication by an element of (k(p)×)2, so the isomorphism class
of the quadratic form 〈2αp〉 over k(p) is unique and only depends on p.

We have the following computation of the compactified Jacobians of normalisations, which
serves as an arithmetic generalisation of [KR15, Proposition 2.8].

Proposition 6.10. Let f :C ′→C be the partial normalisation of C at the nodal point p. The
pullback with respect to f induces a map

Pic
n
o (C)→Pic

n
(C ′),

which exhibits Pic
n
o as a torsor under Resk(p)/k(G

[αp]
m,k(p)).

Proof. By naturality, we obtain Pic
n
o (C)×k k=Pic

n
o (Ck). Therefore, Pic

n
o (C) is a variety, and

so is determined by Pic
n
o (C)(k) along with its (right) action of Galk.

Let d := [k(p) : k], and let q, q′ ∈C ′ be the preimages of p in C ′. Let p1, . . . , pd be the points
of C(k) that lie over p and, similarly, let q1, . . . , qd be the points of C ′(k) lying over q and let
q′1, . . . , q′d be the points of C ′(k) lying over q′, so that the map C ′(k)→C(k) sends qi and q′i
to pi. We also see that {p1, . . . , pd} is isomorphic as a right Galk set to Ik(p).

We explicitly construct an action of Resk(p)/k(G
[αp]
m,k(p)) on Pic

n
o (C). That is, we construct a

map φ : Pic
n
o (C)×k Resk(p)/k(G

[αp]
m,k(p))→Pic

n
o (C) that fits into the commutative diagram

Pic
n
o (C)×k Resk(p)/k(G

[αp]
m,k(p)) Pic

n
o (C)

Pic
n
o (C) Pic

n
(C ′)

φ

pr1

where pr1 is the projection onto the first factor and the unlabelled maps are those from the
statement. Our map φ is therefore given by a Galk equivariant map

Pic
n
o (C)(k)×Resk(p)/k(G

[αp]
m,k(p))(k)→Pic

n
o (C)(k).

Identify Resk(p)/k(G
[αp]
m,k(p))(k)

∼= (k
×
)Ik(p) , where the right action of Galk on (k

×
)Ik(p) is given by

(λi)ιi · σ= (σ−1(λi))σ−1◦ιi if qi · σ= qj

and

(λi)ιi · σ= (σ−1(λi)
−1)σ−1◦ιi if qi · σ= q′j .

Let F ∈Picno (C)(k), and let G be the image of F in Pic
n
(C ′)(k). The data of F is given by G,

along with isomorphisms ψi : Gqi ∼= Gq′i for every i. By the proof of [KR15, Lemma 2.5], we can

canonically identify Isom(Gqi , Gq′i)∼= k
×
, so that ψi, ψj ∈ k×. There is a canonical Galk action on∏

i Isom(Gqi , Gq′i), which we can describe.

Let σ ∈Galk be such that pi · σ= pj , and let ψi ∈ Isom(Gqi , Gq′i), be such that ψi
∼= λi ∈ k×.

Then ψi · σ= σ−1(λi)∈ Isom(Gqi·σ, Gq′i·σ). There are now two cases.
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In the case when qi · σ= qj , we have Isom(Gqi·σ, Gq′i·σ) = Isom(Gqj , Gq′j ).
In the case when qi · σ= q′j , we have Isom(Gqi·σ, Gq′i·σ) = Isom(Gq′j , Gqj ). We can canonically

identify this with Isom(Gqj , Gq′j ), under the isomorphism λ �→ λ−1.
Putting this together, we see that there is an isomorphism∏

i

Isom(Gqi , Gq′i)∼=Resk(p)/k(G
[αp]
m,k(p))(k)

that is compatible with the Galk actions on each side. Explicitly, if we identify

Resk(p)/k(G
[αp]
m,k(p))(k)

∼= (k
×
)Ik(p) ,

and each Isom(Gqi , Gq′i)∼= k
×
, this isomorphism is given by (λi)i �→ (λi)ιi and the action of Galk

is given by (λi)i · σ= (σ−1(λi))σ−1◦ιi if qi · σ= qj for some j, and (λi)i · σ= (σ−1(λi)
−1)σ−1◦ιi

if qi · σ= q′j for some j, which is exactly to say that
∏

i Isom(Gqj , Gq′j )∼= (k
×
)Ik(p) . Putting this

together, we can write every F ∈Picno (C)(k) as a pair (G, (ψi)), where G ∈Picn(C ′)(k) and

(ψi)∈ (k×)Ik(p) .
Define the morphism

φ : Pic
n
o (C)(k)×Resk(p)/k(G

[αp]
m,k(p))(k)→Pic

n
o (C)(k)

as follows. Let (G, {ψi})∈Picno (C)(k), and let {λi} ∈Resk(p)/k(G[αp]
m,k(p))(k). Define

φ((G, {ψi}), {λi}) := (G, {λiψi}).
We can check that φ is Galois equivariant and so gives us a map of the underlying k varieties,

i.e. a Resk(p)/k(G
[αp]
m,k(p)) action on Pic

n
o (C) over Pic

n
(C ′). This action is Galois equivariant and

acts freely and transitively on the fibres and so gives the result.

Corollary 6.11. Let f :C ′→C be a partial normalisation of C at the nodal point p of degree d.
Then,

χmot(Pic
n
(C))≡Pic

n−d
(C ′) + (Nk(p)/k(〈−2〉 − 〈2αp〉))χmot(Pic

n
(C ′)) (mod J).

Proof. Lemma 6.8 tells us that

χmot(Pic
n
(C)) = χmot(Pic

n−d
(C ′)) + χmot(Pic

n
o (C)).

The above proposition, along with Theorem 5.28 allows us to compute

χmot(Pic
n
o (C))≡ χmot(Resk(p)/k(G

[αp]
m,k(p)))χ

mot(Pic
n
(C ′)) (mod J).

Finally, Theorem 4.22 and Lemma 6.2 allow us to see that

χmot(Resk(p)/k(G
[αp]
m,k(p))) =Nk(p)/k(〈−2〉 − 〈2αp〉),

as required.

Notation 6.12. The above corollary motivates the following definition. Let C be a nodal curve
defined over k, and let p∈ S(C). Define

Φp := 1 +Nk(p)/k(〈−2〉 − 〈2αp〉)∈ Ŵ(k).

Corollary 6.13. Assume that C has geometric genus 0 and arithmetic genus g. Then, for any
integer n, there is an equality in Ŵ(k)/J :

χmot(Pic
n
(C)) =

∏
p∈S(C)

Φp.
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Proof. We prove the claim by induction on the cardinality of S(C). When S(C) is empty, then
C is smooth and genus 0 and hence Pic

n
(C) is isomorphic to Spec(k) for every n. Therefore,

the claim holds in this case, since the product over an empty index is 1. Assume that the claim
holds for every nodal curve C ′ of geometric genus 0 such that |S(C ′)|< |S(C)|. Let p′ ∈ S(C)
be a point of degree d, and let C ′ be the normalisation of C at p′, so that S(C) = S(C ′)∪ {p′}.
Then, by the previous corollary,

χmot(Pic
n
(C))≡ χmot(Pic

n−d
(C ′)) + (Nk(p′)/k(〈−2〉 − 〈2αp′〉)χmot(Pic

n
(C)) (mod J).

The induction hypothesis gives

χmot(Pic
n−d

(C ′))≡ χmot(Pic
n
(C ′))≡

∏
p∈S(C′)

Φp (mod J).

Therefore,

χmot(Pic
n
(C))≡

( ∏
p∈S(C′)

Φp

)
(1 + (Nk(p)/k(〈−2〉 − 〈2αp〉)) (mod J)

≡
( ∏

p∈S(C′)

Φp

)
·Φp′ (mod J)

≡
∏

p∈S(C)

Φp (mod J),

as required.

Corollary 6.14. Suppose that k=C in the previous corollary. Then e(Pic
g
(C)) = 1.

Proof. This follows immediately, as rank(Φp) = 1 for every p.

The above recovers [Bea99, Corollary 3.4]. Another corollary is the real closed case, which
generalises [KR15, Proposition 1.8] to all real closed fields. Now suppose that k is a real closed
field, and identify k×/k×2 ∼= {±1}.
Corollary 6.15. There is an equality sign(χmot(Pic

g
(C))) = (−1)r, where r is the number of

points p∈ S(C) such that k(p) = k and αp = 1, i.e. the number of singular points that are both
defined over k and have their tangent spaces defined over k.

Proof. Let p∈ S(C) be one of the singular points. If k(p) = k, then we see that the corresponding
factor at p is given by H− (〈2〉+ 〈2αp〉), which is zero. Therefore, sign(Φp) = 1. If k(p) = k, then
the singular point p is a k point. If αp =−1, then the tangent spaces at p are not defined over k,
and H− (〈2〉+ 〈2αp〉) = 0, so sign(Φp) = 1. If αp = 1, then H− (〈2〉+ 〈2αp〉) = 〈−1〉 − 〈1〉, and
we obtain

Nk/k(〈−1〉 − 〈1〉) = 〈−1〉 − 〈1〉,
which means that Φp = 〈−1〉 and so has sign −1. Putting this together gives us

χmot(Pic
g
(C)) = (−1)r,

where r is the number of singular points on C such that p and the tangent spaces to p are both
defined over k.

Corollary 6.16. Let k be any field of characteristic 0. Then,

disc(χmot(Pic
g
(C))) = (−1)g

∏
p∈S(C)

Nk(p)/k(αp)∈ k×/k×2.
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Proof. We obtain this by applying disc to Corollary 6.13. By definition,

disc(Φp) = disc(1−Nk(p)/k(H− (〈2〉+ 〈2αp〉)) = disc(Nk(p)/k(H− (〈2〉+ 〈2αp〉)).
Note that disc(H− (〈2〉+ 〈2αp〉)) =−αp, so Corollary 4.21 gives us

disc(Nk(p)/k(H− (〈2〉+ 〈2αp〉)) = (−1)[k(p):k]Nk(p)/k(αp).

Multiplying all the Φp terms gives us

disc

( ∏
p∈S(C)

Φp

)
=

∏
p∈S(C)

(−1)[k(p):k]Nk(p)/k(αp) = (−1)g
∏

p∈S(C)

Nk(p)/k(αp),

as required.

6.2 Motivic Euler characteristics of the compactified Jacobian of the linear system

Let X be a polarised K3 surface equipped with a degree-2g polarisation and let C be the asso-
ciated g-dimensional linear system of genus-g curves on X, as in § 1. Let π : C → Pg be the
associated morphism given by the linear system. We now combine the above results with our
Fubini theorem to compute χmot(Pic

g
(C)).

Definition 6.17. For q a closed point of Pg
k, write k(q) to mean the residue field at q. As a slight

abuse of notation, we also write q : Spec(k(q))→ P
g
k to be the corresponding closed immersion,

and Cq to mean the fibre of C π−→ P
g
k over q. Assume that the curves in C belong to a primitive

divisor class and are geometrically integral, which will hold if g≥ 2 and X is of Picard rank 1 and
the curves in the linear system belong to a primitive divisor class. Assume that the rational curves
in C are all nodal, which is generically the case by Chen’s theorem [Che02, Theorem 1.1]. Let
G(X) be the set of closed points q of Pg

k such that Cq has geometric genus 0. We see that G(X) is
finite, since the set of geometric points lying above G(X) is finite by the argument presented in
[Bea99, Corollary 2.3], which holds over any algebraically closed field of characteristic 0. By slight
abuse of notation, let G(X) also denote the reduced closed subscheme of Pg

k whose underlying

set of closed points is G(X). Let πg : Pic
g
(C)→ P

g
k be the relative compactified Picard variety.

Let Y := P
g
k \G(X) and define W := π−1

g (Y ). Write πg,W :W → Y for the restriction of πg to W .

Theorem 6.18. There exists an integer Δ(g) such that for any K3 surface as above,

dimQ�
H i(Pic

g
(Cq)k,Q�)≤Δ(g),

for all closed points q of Pg and for all i.

Proof. Since this statement is only about the dimension of the cohomology groups, it is enough
to prove this statement after base changing to the algebraic closure of the field, so that k= k.
By [Huy16, Chapter 5, § 1], let Mg denote the moduli stack of K3 surfaces equipped with
a polarisation of degree 2g (note that the construction in [Huy16] makes sense over any alge-
braically closed field of characteristic 0). This is a Deligne–Mumford stack by [Huy16, Chapter 5,
Proposition 4.10], so there exists a k variety Mg, equipped with an étale surjective morphism
Mg→Mg. SinceMg is the moduli stack representing polarised K3 surfaces over k, pulling back
the universal family along this morphism equips Mg with a flat family X →Mg of polarised K3
surfaces. Moreover, since Mg→Mg is surjective, every K3 surface equipped with a polarisation
of degree 2g appears as a fibre over some point in the family X →Mg.

Consider L∈PicX/Mg
(Mg). This determines a linear system of divisors Cg on X regarded as

an Mg variety, which in turn comes with a map Cg→ P
g
Mg

∼= P
g

k
×k Mg. Let q∈ Pg

Mg
(k), so that

q is given by a pair (α, q), where α∈Mg(k) and q ∈ Pg(k). Then the fibre of Cg→ P
g
Mg

over q
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is given by the fibre of Cα→ Pg over q, and so in particular is an integral curve of arithmetic
genus g. Therefore, [AK80, Theorem 8.1] allows us to form the relative compactified Jacobian
Πg : Pic

g
(Cg)→ P

g
Mg

. The fibres of this morphism have dimension 2g, since the fibres are the
relative compactified Jacobians of the curves as above.

Consider the map Πg, which is proper, and let i be a positive integer. Since the �-adic
sheaf Q� is locally constant, the derived pushforward RiΠg,∗Q� is constructible by [Del77, §XIV,
Theorem 1]. If i≤ 2g, then since RiΠg,∗Q� is constructible, there exists a stratification U

i
1, . . . , U

i
n

of Pg
Mg

such that RiΠg,∗Q� is locally constant on U i
j . Let Δ

i,j(g) denote the rank of RiΠg,∗Q� on

U i
j , and let Δi(g) :=maxjΔ

i,j(g), which is finite since the stratification is finite. If i > 2g, then

RiΠg,∗Q� = 0, so set Δi(g) = 0. Let Δ(g) :=maxiΔ
i(g). Precisely by construction, if f :U → P

g
Mg

is such that f∗RiΠg,∗Q� is locally constant, then rank(f∗RiΠg,∗Q�)≤Δ(g).
Now suppose that X is our polarised K3 surface over k. Let C → Pg denote the linear system

on X, let q ∈ Pg(k), and let Cq denote the curve over q. We claim that dimQ�
H i(Pic

g
(Cq),Q�)≤

Δ(g).
By the definition of the moduli stack, X determines a point [X]∈Mg(k). Pick α∈Mg(k)

lying over [X] under the morphism Mg(k)→Mg(k), which exists since Mg→Mg is étale and
surjective. Then the fibre of Pic

g
(Cg)→ P

g
Mg

over the point (α, q) is isomorphic to Pic
g
(Cq) by

construction.
Fix an integer i and considerH i(Pic

g
(Cq),Q�). This vanishes for i > 2g, so assume that i≤ 2g.

Consider (α, q)∈ Pg
Mg

(k). By construction, the fibre of Πg over (α, q) is Pic
g
(Cq). Therefore, by

the proper base change theorem (see [AGV72, §XII, Theorem 5.1(iii)]), we see that

dimQ�
(H i(Pic

g
(Cq),Q�)) = rank((α, q)∗RiΠg,∗Q�)≤Δ(g),

as required.

Remark 6.19. In the case that Cq is a nodal curve, we may use Proposition 6.10 and the
Leray–Serre spectral sequence to see that dimQ�

(H i(Pic
g
(Cq),Q�))≤

(
2g
g

)
, and if Cq is smooth,

H i(Pic
g
(Cq),Q�) =

(
2i
i

)
. Therefore, Δ(g)≥ (

2g
g

)
.

Definition 6.20. Let Δ(g) be the constant from Theorem 6.18. For kconst a number field, let
Δkconst

g be the finite subgroup of Hom(GalQ,Z/2Z) consisting of characters χ such that χ is
unramified at all primes p whose residue characteristic p satisfies p >Δ(g) · [kconst :Q] + 1. For k
a finitely generated field over Q, let Δk

g be the finite subgroup of Hom(Galk,Z/2Z) consisting of

elements in the image of Δkconst

g under the map Hom(Galkconst ,Z/2Z) ↪→Hom(Galk,Z/2Z). We

will also think of Δk
g as a subgroup of Hom(Galk,Q

×
� ) using the inclusion Z/2Z ↪→Q×

� .

The map Ŵ(k)→E(Hom(Galk, (Z/2Z)/Δ
k
g) given by [q] �→ (rank(q), disc(q)) (mod Δk

g) is a
ring homomorphism with kernel Ig containing I2. Let Jg := Ig ∩ T . The homomorphisms rank

and sign clearly both factor through Ŵ(k)/Jg, so we can still recover these invariants after
passing to this quotient.

Remark 6.21. Let kg be the abelian extension of k corresponding to the fixed field of the

subgroup
⋂

χ∈Δk
g
ker(χ). The canonical map Ŵ(k)/J→ Ŵ(kg)/J factors through Jg. We can

therefore view Jg as recovering a discriminant in kg. However, we may lose information about

sign by passing to Ŵ(kg)/J . For example, if −1 is not a square in k, and if the character
corresponding to k(

√−1) lies in Δk
g , then Spr(kg) = ∅, but this may not be the case for Spr(k).

However, we do not lose information about sign in the case that k is a real closed field.
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Lemma 6.22. We have χmot(W )≡ 0 (mod Jg).

Proof. This proof is an application of Corollary 5.19 to this situation. We first show that this
situation satisfies the properties for this result.

Let i≥ 0, and consider Riπg,∗Q�. Since πg is proper, [AGV72, §XIV, Theorem 1] gives us
that Riπg,∗Q� is constructible, so there exists a stratification Y i

1 , . . . , Y
i
ni

of Y into locally closed
subvarieties such that Riπ∗Q� is locally constant on Y i

j for all j. Moreover, since πg has relative
dimension 2g, this is the trivial sheaf whenever i > 2g. Since the restriction of a locally constant
sheaf is locally constant and each stratification is finite, we may find a common stratification
Y1, . . . , Yn such that Riπg,W,∗Q� is locally constant on Yj for all i and for all j. Define a partition
ofW by settingWj := π−1

g,W (Yj), so χ
mot(W ) =

∑
j χ

mot(Wj). It is therefore enough to show that

χmot(Wj)≡ 0 (mod Jg) for each Wj .
By construction, for every i, Riπg,Wj ,∗Q� is locally constant on each Yj , so they are smooth.

We would like to apply Corollary 5.19 to each morphism Wj→ Yj . In order for this to hold,
we first need Yj to have a compactification Yj such that Yj \ Yj is a divisor with simple normal
crossings and the ramification of Riπg,Wj ,∗Q� on Yj \ Yj is tame. This follows immediately by

taking Yj
′
to be the closure of Yj in Pg, and blowing up Yj

′
at Yj

′ \ Yj in order to obtain that
the boundary is a divisor.

The fibres of χmot(Wj) are given by Pic
g
(C) for C a non-rational curve, and so their motivic

Euler characteristic lying in J by Proposition 6.6. Moreover, for all i, rank(Riπg,Wj ,∗Q�)≤Δ(g)
by Theorem 6.18. Corollary 5.19 then gives that χmot(Wj) has rank 0, signature 0, and discrim-

inant given by
∏2g

i=0 J
⊗(−1)i+1

D,Rif∗Q�
. Corollary 5.27 gives us the required bound on the ramification of

this character, and so we see that χmot(W )∈ Jg.
Definition 6.23. Define the following element of Ŵ(k):

Bmot
C (X) :=

∑
q∈G(X)

Trk(q)/k

( ∏
p∈S(Cq)

Φp

)
∈ Ŵ(k).

This element makes an appearance in our final arithmetic Yau–Zaslow formula. Note that
rank(Φp) = 1, so rank(Bmot

C (X)) =#G(X)(k). In particular, we see that Bmot
C (X) ‘counts’ the

number of rational curves in C, as well as providing arithmetic information about nodes of the
rational curves.

Lemma 6.24. We have an equality modulo Jg:

Bmot
C (X)≡ χmot(Pic

g
(C)) (mod Jg).

Proof. Note that Pic
g
(C) =W � π−1

g (G(X)), so by the additivity of χmot, we obtain

χmot(Pic
g
(C)) = χmot

k (W ) + χmot
k (π−1

g (G(X))),

and Lemma 6.22 gives χmot
k (W ) = 0 (mod Jg). By additivity of the motivic Euler characteristic,

χmot(π−1
g (G(X))) =

∑
q∈G(X)

χmot
k (Pic

g
(Cq)).

Note that Cq→ Spec(k(q)) is a nodal curve of the geometric genus-0 curve over k(q), so applying
Corollary 6.13 gives

χmot
k(q)(Pic

g
(Cq)) =

∏
p∈S(Cq)

Φp ∈ Ŵ(k(q))/J.
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Applying Lemma 4.5 gives

χmot
k (Pic

g
(Cq)) = Trk(q)/k

( ∏
p∈S(Cq)

Φp

)
∈ Ŵ(k)/J,

so summing over q ∈G(X) gives the result as required.

7. The motivic Euler characteristic of Calabi–Yau varieties

Recall that X is a K3 surface admitting a g-dimensional linear system C of geometrically integral
curves of genus g and that the curves in this linear system correspond to a primitive class in the
Néron–Severi group. The assumption that the curves in C are geometrically integral allows us
to apply [Muk84, Example 0.5] to show that the relative compactified Picard varieties Pic

g
(C)

can be identified with connected components of the moduli space of simple sheaves on X. In
particular, Pic

g
(C) is nonsingular and has a trivial canonical bundle, by [Muk84, Theorem 0.1].

Note that if X has Picard rank 1 and g≥ 2, the assumption that the curves in C are geometrically
integral is automatically satisfied and C will be unique with these properties.

Proposition 7.1 (Beauville, Proposition 1.3 of [Bea99]). There exists a birational morphism
from the relative compactified Picard variety Pic

g
(C) to X [g].

Remark 7.2. In [Bea99], the result is stated over C; however, the construction holds over any
field.

In [Bat99], it is shown that birational Calabi–Yau varieties have the same Betti numbers, and
so also the same complex Euler characteristic. This section is dedicated to proving the required
analogue of this theorem for the motivic Euler characteristic of the Calabi–Yau varieties that
we are considering.

Theorem 7.3. In the situation as above, there is an equality of the motivic Euler characteristics
modulo J :

χmot(Pic
gC)≡ χmot(X [g]) (mod J).

It is natural to conjecture that the above equality holds for the whole motivic Euler char-
acteristic, rather than just modulo J . Note that if this theorem holds for the whole motivic
Euler characteristic, then Theorems 2.14, 2.20, and 2.24 would imply Lemmas 7.4, 7.5, and 7.6,
respectively. We begin with a lemma that allows us to use the result of Batyrev and Kontsevich
in our context.

Lemma 7.4. Let X and Y be two birational Calabi–Yau varieties over k. Then,

rank(χmot(X)) = rank(χmot(Y )).

Proof. Over C, the motivic Euler characteristic χmot is just the compactly supported topo-
logical Euler characteristic. The result follows by [Bat99, Theorem 1.1], which says that two
birational Calabi–Yau varieties over C have the same Betti numbers. Now suppose that k �=C.
As in Theorem 2.14, there exists a finitely generated field L such that X is defined over L,
and therefore by enlarging L, the varieties X and Y are both defined over some L. Since
L has finite transcendence degree over Q, we can embed L into C. The result holds for XC,
i.e. rank(χmot(X)) = rank(χmot(Y )). Since the motivic Euler characteristic commutes with base
change and base changing preserves the rank, this gives the result.
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We now wish to prove a lemma that allows us to use [KR15, Proposition 3.1] over any real
closed field.

Lemma 7.5. For every real closure k< of k, we have an equality of real closed Euler characteristics

χrc((Pic
gC)k<

(k<)) = χrc((X [g])k<
(k<)).

Proof. First, since Pic
g
(−) and (−)[g] are representable functors, they commute with base change,

so Pic
g
(Ck<

)∼= (Pic
gC)k<

, and similarly (X [g])k<
∼= (Xk<

)[g]. It therefore suffices to show this
statement in the case that k is a real closed field. For k=R, the first equality follows by [KR15,
Proposition 3.1], which says that our birational map φ : PicgC(R) ���X [g](R) defined in [Bea99,
Proposition 1.3] gives rise to a diffeomorphism φ between these two real manifolds, which in
turn tells us that they have the same Euler characteristic. We claim that we can choose φ to be
semi-algebraic, so that φ is a Nash diffeomorphism in the sense of [BCR98, Definition 2.9.9].

We first claim that if Y/R is a smooth projective variety, then there exists a Nash diffeomor-
phism from Y (R) to a closed, bounded Nash submanifold of RN for some N . It is enough to show
this in the special case when X is a projective space. In this case, this is [BCR98, Theorem 3.4.4,
p. 72]. In particular, PicgC(R) (respectively, X [g](R)) is Nash diffeomorphic to closed, bounded
Nash submanifolds of RN , which we will call M (respectively, M ′). By [Shi83, Theorem 2], since
M,M ′ are closed bounded Nash submanifolds of RN , there is a diffeomorphism between them
if and only if there is a Nash diffeomorphism between them by [Shi83, Theorem 2]. In particu-
lar, since PicgC(R) and X [g] are diffeomorphic, M and M ′ are diffeomorphic, and so are Nash
diffeomorphic. This in turn gives that PicgC(R) and X [g] are Nash diffeomorphic, which proves
the claim.

To prove the statement in general, let k be a general real closed field. Note that if K is a real
closed field containing k and X/k is a variety, then the motivic Euler characteristic of the base

change χmot(XK) = χmot(X)∈Z⊕Z, where we identify Ŵ(k)∼=Z⊕Z by sending n〈1〉+m〈−1〉
to (n,m). Therefore, by base changing to an extension of k containing R, it suffices to prove
the statement when k is a real closed field containing R. We proceed by parameterising the K3
surfaces using moduli spaces over k. First, let Qreal denote the real closure of Q. For d≥ 0, define
Hilbd := Hilb9dt

2+2
P
9d+1

Qreal

. Let Hd denote the open subvariety of Hilbd from [Huy16, Proposition 2.1].

It is defined by the universal property that a morphism T →Hilbd factors through Hd if and
only if the pullback of the universal family f :ZT → T satisfies the following.

(1) The morphism f is a smooth family and all the fibres are K3 surfaces.

(2) If we have p :ZT → P9d+1 is a projection, then p∗O(1)∼=L3 ⊗ f∗L0 for L∈ Pic(ZT ) and
L0 ∈Pic(T ).

(3) The line bundle L is primitive on each geometric fibre.

(4) For all fibres Zs of f :ZT → T , the restriction map gives isomorphisms:

H0(PN
k(s),O(1))∼=H0(Zs, L

3
s).

Now let X be a K3 surface over k with a polarisation given by an ample line bundle L such that
deg(L) = d. Then the discussion before [Huy16, Proposition 2.1] tells us that we can view X as a
projective subvariety of P9d+1

k , with Hilbert polynomial 9dt2 + 2. By the definition of the Hilbert

scheme, this corresponds to a morphism Spec(k)→Hilbd such that the pullback of the universal
family is isomorphic to X. By the properties that Hd has, this morphism factors through H,
so we obtain a morphism Spec(k)→Hd. Therefore, every K3 surface over k with an ample line
bundle L is the pullback of the universal family of a morphism f : Spec(k)→Hd for some d.
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We will abuse notation slightly and write (X, L)∈Hom(Spec(k), Hd) to mean the K3 surface
and line bundle specified by the morphism. This choice of (X, L) specifies a birational map
φX,L : Pic

g
(C)→X [g], as defined in [Bea99, Proposition 1.3]. Consider the following statement.

For d∈Z>0 and (X, L)∈Hom(Spec(k), Hd), there exists a Nash diffeomorphism

φ(X,L) : Pic
g
(C)(k)→X [g](k).

This can be written as a first-order formula, and we have seen that this formula is true for k=R.
Therefore, by the model completeness of real closed fields, it is true for every real closed field
k containing R. The existence of such a Nash diffeomorphism means that these semi-algebraic
sets have the same real closed Euler characteristic, as required.

Lemma 7.6. Let X and Y be two birational Calabi–Yau varieties. Then det�(X) = det�(Y ).

Proof. This lemma essentially follows from the proof of [Bat99, Theorem 1.1]. We recall the
argument here for convenience. Assume without loss of generality that k is finitely generated
over Q, since we can take k to be the smallest field over which both X and Y are defined. Let S
be an integral scheme of finite type over Spec(Z) whose function field is k. We may also assume
that both X and Y have smooth projective models over S, denoted by X and Y, respectively.
For every closed point s of S, let Fs, Xs, and Ys denote the residue field of s, and the fibre
of X and Y over s, respectively. Let Fsn denote the unique extension of Fs with Galois group
Z/nZ. As noted on p. 7 in the proof of [Bat99, Theorem 1.1], since Xs and Ys are birational and
Calabi–Yau, we have |Xs(Fsn)|= |Ys(Fsn)| for every s and n. This in turn gives us an equality
of zeta functions ζ(Xs, t) = ζ(Ys, t) for every s. Theorem 2.44 then gives the result.

Proof of Theorem 7.3. Example 0.5 of [Muk84] says that Pic
g
(C) is Calabi–Yau, Example 0.4 of

[Muk84] says that X [g] is also Calabi–Yau, and Proposition 7.1 says that these two varieties are
birational. We can therefore apply Lemmas 7.4 and 7.6 to obtain that χmot(Pic

gC) and χmot(X [g])
have the same rank and �-adic determinant of cohomology. Moreover, since they are birational,
they also have the same dimension and hence the same total weight, so by Proposition 2.39, we
have disc(χmot(Pic

gC)) = disc(χmot(X [g])). Finally, by Lemma 7.5, we see that Pic
gC and X [g]

have the same signature. Therefore, by Lemma 2.45, they differ only by an element of J .

8. The motivic Göttsche formula

In this section, we prove a refinement of the Göttsche formula for the classical Euler characteris-
tic, which is [Göt90, Theorem 0.1, p. 193]. This formula allows us to compute the motivic Euler
characteristic of X [g] modulo J .

Notation 8.1. Let X be a smooth geometrically irreducible projective surface over k, let X(n)

denote its nth symmetric product, and let X [n] be the Hilbert scheme of zero-dimensional sub-
schemes of X of length n. Let P(n) denote the set of partitions of n. The elements of P(n) are
sequences m= (m1, m2, . . . , mr) of non-negative integers such that 1m1 + 2m2 + · · ·+ rmr = n.
The length l(m) of the partition m is defined as l(m) =m1 +m2 + · · ·+mr.

Notation 8.2. Let Chow(k) denote the category of rational Chow motives over k, and for every
smooth projective variety X and idempotent correspondence α from X to X over k, let (X, α)
denote the object of Chow(k) corresponding to this pair. For every object A of Chow(k) and
integer n, let A(n) denote the nth Tate twist of A, and denote direct sums and tensor products
in the category Chow(k) by the usual symbols for sums and products, respectively. For X as
above, let M(X) denote (X,ΔX), where ΔX is the diagonal cycle on X ×X.
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Theorem 8.3 (de Cataldo–Migliorini). There is an isomorphism of Chow motives with rational
coefficients:

M(X [n])(−n)∼=
∑

m=(m1,m2,...,mr)∈P(n)

M(X(m1))M(X(m2)) · · ·M(X(mr))(−l(m)) inChow(k).

Proof. The claim follows immediately from [dCM02, Theorem 6.2.5], and from [dCM02, Remark
6.2.2], where the authors have mentioned that their result holds over any base field.

Definition 8.4. Define K0(Chow(k)) to be the Grothendieck ring of rational Chow motives,
i.e. the ring generated by isomorphism classes of Chow motives over k subject to the obvi-
ous addition and multiplication relations coming from the direct sum and tensor product. Let
K0(Vark)

Chow denote the subring of K0(Chow(k)) generated by classes of the form [M(X)(j)],
where X/k is a smooth projective variety and j is an integer.

Corollary 8.5. There is an equality in K0(Vark)
Chow:

[M(X [n])(−n)] =
∑

m=(m1,m2,...,mr)∈P(n)

r∏
i=1

([M(X(mi))(−mi)]).

Proof. As noted in [dCM02, Remark 6.2.4], this follows immediately by Theorem 8.3 and the
definition of K0(Vark)

Chow, where we absorb the Tate twists into the appropriate terms to obtain
the formula in the form shown above.

Lemma 8.6. There is a ring homomorphismM :K0(Vark)→K0(Vark)
Chow ⊆K0(Chow(k)) such

that if X/k is a smooth projective variety, M([X]) = [M(X)].

Proof. We first check that this is a well-defined homomorphism of abelian groups. By [Bit04,
Theorem 3.1], the ring K0(Vark) is generated as an abelian group by the classes of smooth
projective varieties, subject to a single blow-up relation, given by

[BlZ(X)] + [Z] = [X] + [E],

for any smooth projective variety X and smooth closed subvariety Z, where BlZ(X) is the blow
up of X along Z with exceptional divisor E. This same blow-up relation is satisfied in the
category of Chow motives by the corollary on [Man68, p. 463]. This assignment therefore gives
us a well-defined homomorphism of abelian groups, and the fact that it is a ring homomorphism
follows instantly by the Künneth formula.

In this section, we construct a ring homomorphism χChow :K0(Vark)
Chow→ Ŵ(k)/J such

that χChow ◦M(X) = χmot(X) in Ŵ(k)/J and examine how it applies to Tate twists. We
construct χChow by constructing versions of the complex Euler characteristic, the real Euler
characteristic, and the discriminant for elements of K0(Vark)

Chow and then examining how they

behave under Tate twists. We then appeal to Lemma 2.45 to recover an element of Ŵ(k). In
Corollary 8.18, we apply χChow to Theorem 8.3 in order to obtain a formula for the motivic
Euler characteristic of X [n] modulo J .

Definition 8.7. Let M be a Chow motive over a field k. We will abuse notation slightly and
use the same notation as for varieties. Let e :K0(Chow(k))→Z denote the Euler characteristic
of M , i.e. e(M) :=

∑
i(−1)idim(H i

�−adic(M)).
When k is a real closed field, we may define its real Euler characteristic as

ε(M) := Tr(cM ),
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where cM :H∗
Betti(M)→H∗

Betti(M) is complex conjugation, and Tr denotes graded trace as in
Notation 2.41. Similarly to in Definition 2.18, the above data furnish a ring homomorphism
χreal :K0(Chow(k))→C(Spr(k),Z).

We can also define the �-adic determinant of cohomology det�(M) to be the one-dimensional
�-adic representation

∏
i(det(H

i
�−adic(M))(−1)i). Similarly to Definition 2.37, there is a ring

homomorphism χl :K0(Chow(k))→E(Hom(Galk,Q
×
� )) given by M �→ (e(M), det�(M)).

Lemma 8.8. The compactly supported Euler characteristic e :K0(Vark)→Z, the real closed
compactly supported Euler characteristic χreal :K0(Vark)→C(Spr(k),Z), and the �-adic deter-
minant of cohomology det� :K0(Vark)→Hom(Galk,Q

×
� ) all factor through the map M :

K0(Vark)→K0(Chow(k)) from the previous lemma.

Proof. This is clear since all of these invariants for smooth projective varieties can be read off from
the Galois representation on the underlying cohomology ring for our Weil cohomology theories.
This means that e(M(X)) = e(X), χreal(M(X)) = χreal(X), and det�(M(X)) = det�(X).

Remark 8.9. The reason why the above lemma only applies to these invariants, rather than
the whole motivic Euler characteristic, is that the definition of the motivic Euler characteristic
using de Rham cohomology in Definition 2.2 makes essential use of Poincaré duality as well as
the cohomology groups.

We now study how these homomorphisms out of K0(Chow(k)) behave under Tate twists.

Notation 8.10. Let G be a group, and let ρ :G→GLL(V ) an L-linear representation on a finite-
dimensional graded vector space over the field L. Moreover, suppose that V =

⊕
i Vi is graded,

and that ρ respects the grading. Let χ :G→L× be a one-dimensional representation. Define the
twisted representation ρ(χ) :G→GLL(V ) by the formula

(∀g ∈G), ρ(χ)(g) = χ(g)IdV · ρ(g).
We can compute the character and the determinant of the representation ρ(χ) in terms of

these invariants of ρ and χ.

Lemma 8.11. We have

Tr(ρ(χ)(g)) = χ(g) ·Tr(ρ(g)) and det((ρ(χ)(g))) = χ(g)e(V ) · det(ρ(g)),
where Tr and det denote the graded versions as in Notation 2.41.

Proof. We may view χ(g)∈L× as a scalar, and ρ(χ)(g) = χ(g) · ρ(g). Shifting the grading mul-
tiplies the trace by −1 and raises the determinant to the power of −1, so it is enough to prove
an ungraded version for V = V0. This then follows immediately.

Proposition 8.12. The functions e, χreal and det� out of K0(Chow(k)) satisfy the following
formulae under Tate twists.

(i) We have that e(M(j)) = e(M).

(ii) When k is real closed ε(M(j)) = (−1)jε(M) and so χreal(M(j)) = (−1)jχreal(M).

(iii) We have det�(M(j)) = det�(M) ·Q�(j · e(M)).

Proof. The first part is immediate, since the dimension of the Betti realisation does not change
under the Tate twist.

For the second part, it suffices to prove the statement when k is real closed and we are looking

at the real closed Euler characteristic ε. Define χ : Galk→ k
×
by sending the non-trivial element
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of Galk to −1∈ k×. We may identify the vector spaces H∗
Betti(M(j))∼=H∗

Betti(M), and under
this identification, we see that cM(j) = (−1)jcM . In particular,

ε(M(j)) = Tr(cM(j)) = (−1)jTr(cM ) = (−1)jε(M),

as required.
For the statement about det�(M(j)), let g ∈Galk. Write ρM for the representation of Galk

on H∗
�−adic(M). We may identify the vector spaces H∗

�−adic(M(j))∼=H∗
�−adic(M), and under

this identification, we see that ρM(j)(g) = χ(j) · ρM (g), where χ denotes the �-adic cyclotomic
character on Galk. By definition, det�(M)(g) = det(ρM (g)), so Lemma 8.11 gives the result.

The goal is to use these invariants to define a map χChow that extends the motivic Euler
characteristic to Chow motives. While we can define the �-adic determinant of cohomology for a
general Chow motive, it is unclear how to define the discriminant in an analogous way. However,
for elements of K0(Vark)

Chow, we can define the discriminant as follows.

Definition 8.13. Suppose that k/Q is finitely generated, and letM be a rational Chow motive
over k such that M =M(X)(j) for some variety X/k. Then H i

�−adic(M)∼=H i
ét(Xk,Q�) ·Q�(j)

for each i. Putting this together gives

det�(M) = det�(X) ·Q�(j · e(X)).

Multiplying again by Q�(w(X)− j · e(X)) gives

det�(M) ·Q�(w(X)− j · e(X)) = det�(X) ·Q�(w(X)).

Theorem 2.29 implies that the above representation is a 2-torsion character whose class in k×/k×2

is (−1)w(X)disc(χmot(X)). As in Remark 2.30, define w(M) :=w(X)− j · e(X), so that w(M)
is the unique integer such that det�(M) ·Q�(w(M)) is torsion. For such Chow motives, define
disc(M) to be the element of k×/k×2 such that

disc(M) · (−1)w(M) := det�(M) ·Q�(w(M)).

We may also argue as in Remark 2.36 to obtain a ring homomorphism

χdisc
k :K0(Vark)

Chow→E(Hom(Galk,Z/2Z))

given by M �→ (e(M), disc(M)).
If k is any field of characteristic 0, since k is a union of its finitely generated subfields, we

have that K0(Vark)
Chow = lim−→L′⊆k

K0(VarL)
Chow.

For k an arbitrary field of characteristic 0, define χdisc
k :K0(Vark)

Chow→E(Hom(Galk,Z/2Z))
to be the inductive limit of all of the χdisc

L :K0(VarL)
Chow→E(Hom(GalL,Z/2Z)), where the

fields L run over all finitely generated subfields of k. When the base field is clear, we will simply
write χdisc.

Lemma 8.14. For X/k a smooth projective variety, the discriminant disc(M(X)(j)) =
〈(−1)j·e(M)〉 · disc(χmot(X)).

Proof. This follows by the above definition, noting that (−1)w(M(X)(j)) = (−1)w(X) · (−1)j·e(M).

Theorem 8.15. The homomorphism

e× χreal × χdisc :K0(Vark)
Chow→Z× C(Spr(k),Z)×E(Hom(Galk,Z/2Z))

factors through the inclusion Ŵ(k)/J ↪→Z× C(Spr(k),Z)×E(Hom(Galk,Z/2Z)) from
Lemma 2.45.
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Proof. It is enough to show that for X a variety and j an integer, there exists some
q ∈ Ŵ(k)/J such that e(M(X)(j)) = rank(q), χreal(M(X)(j)) = sign(q) and χdisc(M(X)(j)) =
Edisc(q). Proposition 8.12 and Lemma 8.14 tell us that taking q= 〈(−1)j〉 · χmot(X) gives us the
result.

Definition 8.16. In light of the above, define χChow :K0(Vark)
Chow→ Ŵ(k)/J to be the unique

homomorphism such that the following diagram is commutative.

K0(Vark)
Chow

Ŵ(k)/J Z×C(Spr(k),Z)×E(Hom(Galk,Z/2Z))

χChow
e×χreal×χdisc

rank×sign×Edisc

Corollary 8.17. For X/k a variety and j an integer, we have

χChow(M(X)(j)) = 〈(−1)j〉χmot(X)∈ Ŵ(k)/J.

Proof. Note that the twist by j map (j) :K0(Vark)
Chow→K0(Vark)

Chow given by sending
M(X)(i) toM(X)(i+ j) is a homomorphism of the underlying additive abelian group. Similarly,

the map Ŵ(k)/J→ Ŵ(k)/J given by multiplication by 〈(−1)j〉 is a homomorphism on the
underlying abelian group. Therefore, the compositions

χChow ◦ (j) ◦M :K0(Vark)→ Ŵ(k)/J

and

(〈(−1)j〉·) ◦ χmot :K0(Vark)→ Ŵ(k)/J

are both homomorphisms of abelian groups. It therefore suffices that these homomorphisms
are equal on generators of the abelian group K0(Vark). Through [Bit04, Theorem 3.1], we can
check this only for X/k, a smooth projective variety. This is then immediate by the proof of
Theorem 8.15.

Corollary 8.18 (Motivic Göttsche formula). We have

1 +

∞∑
n=1

χmot(X [n])〈(−1)n〉tn =
∞∏
d=1

( ∞∑
m=0

χmot(X(m))〈−1〉mtmd

)
in (Ŵ(k)/J)[[t]].

Proof. Fix n to be a positive integer. Applying the ring homomorphism χChow to the formula in
Corollary 8.5 gives

χChow(M(X [n])(−n)) =
∑

(m1,m2,...,mr)∈P(n)

r∏
i=1

(χChow(M(X(mi))(−mi)))∈ Ŵ(k)/J.

By Corollary 8.17, we may rewrite this as

χmot(X [n])〈(−1)n〉=
∑

(m1,m2,...,mr)∈P(n)

( r∏
i=1

χmot(X(mi))〈(−1)mi〉
)
.

We claim that the right-hand side of this is the coefficient of tn in the power series
∞∏
d=1

( ∞∑
m=0

χmot(X(m))〈(−1)m〉tmd

)
.
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Relabeling the indices m by md in order to keep track of where they appear in the product, the
above series becomes

∞∏
d=1

( ∞∑
md=0

χmot(X(md))〈(−1)md〉tmdd

)
.

Expanding the product and looking at the coefficient of tn in the above power series, we see that
the tn term is given by ∑

{(m1,...,mr):
∑

dmd=n}

( r∏
d=1

χmot(X(md))〈(−1)md〉tdmd

)
.

As noted in Notation 8.2, we may identify P(n) with {(m1, . . . , mr) :
∑
dmd = n}, which gives

us that the coefficient of tn is exactly given by∑
(m1,m2,...,mr)∈P(n)

( r∏
d=1

χmot(X(md))〈(−1)md〉
)
.

Putting all of this together, χmot(X [n])〈(−1)n〉 ∈ Ŵ(k)/J is equal to the coefficient of tn in the
generating series

∞∏
d=1

( ∞∑
m=0

χmot(X(m))〈(−1)m〉tmd

)
∈ (Ŵ(k)/J)[[t]],

which gives the theorem.

We now show that we can recover the rank, sign, and discriminant of χmot(X(m)) to extract
other Göttsche formulae based on this.

Lemma 8.19. Let X be a K3 surface. Then

e(X(m)) =

(
e(X) +m− 1

m

)
.

If k is a real closed field, then we may write χmot(X) = bH+ a〈±1〉 for some non-negative integers
a, b. Moreover,

ε(X) = sign(χmot(X(m))) =±

m

2
�∑

j=0

(
a+m− 2j − 1

m− 2j

)(
b+ j − 1

j

)
,

where the sign is (−1)m if sign(χmot(X)) is negative, and 1 if sign(χmot(X)) is positive.

Proof. Since X is a K3 surface, the odd Betti numbers vanish, so H i
dR(X/k) = 0 if i is odd.

Therefore, χmot(X) = [H2∗
dR(X/k)] is an actual quadratic form, so χmot(X) = bH+ a〈±1〉 for

some a, b≥ 0. For the rank, we may use Theorem 2.14 to reduce this to a statement about
symmetric powers of CW complexes. The main result of [Mac62] then gives the result.

Suppose that k is a real closed field, and consider the complex H∗
sing(X

(m)(k), k), along with
the action of σ, the non-trivial element of Galk. Moreover, σ is diagonalisable, so pick a basis
of eigenvectors for H∗

sing(X
(m)(k), k), denoted by v1, . . . , ve(X). As noted in the second part

of [Lev20, Remark 1.3], we apply the Lefschetz trace formula to compute Trace(σ) = ε(X) =
e(X(k)).

Let q be a quadratic form on H∗
sing(X(k), k) such that q is diagonal with respect to

v1, . . . , ve(X), and such that σ(vi) = q(vi)vi. This means that we obtain e(X) = rank(q) and

ε(X)=sign(q). By the Künneth formula, we can identify H∗
sing(X

(m)(k), k)=Sm(H∗
sign(X(k), k)),
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where Sm denotes the symmetric product, and where the action of σ on the left-hand side is
given by Sm(σ) on the right-hand side. Therefore, the quadratic form we obtain from looking
at the action of σ on both sides is the same and is given by Sm(q), the symmetric power of the
form q. Recall that q= bH+ a〈±1〉, where a, b≥ 0 and the ± comes from whether the 1 or −1
eigenspace of σ on H∗

sign(X(k), k) is larger. For now, suppose that the −1 eigenspace is larger,
as this is the more difficult case.

We see that Sm(q) =
⊕m

i=0 S
i(bH)Sm−i(a〈−1〉). By [McG05, Proposition 4.12], we see that

if i is odd, then sign(Sm−i(bH)) = 0, and sign(Si(bH)) =
(
b+j−1

j

)
if i= 2j is even. We calculate

Sm−2j(a〈−1〉) = 〈(−1)m−2j〉
(
a+m− 2j − 1

m− 2j − 1

)
.

Applying sign then gives

sign(Sm(q)) = (−1)m

m

2
�∑

j=0

(
a+m− 2j − 1

m− 2j

)(
b+ j − 1

j

)
.

The argument for the case when the 1 eigenspace is larger is similar.

Lemma 8.20. Let X be a K3 surface. Then,

det�(X
(m)) = det�(X)(

m+e(X)−1

m ).

Proof. Since X is a K3 surface, we have H i
ét(X,Q�) = 0 for all i odd. Therefore,

det�(X) = det(RΓ(Xk,Q�)) = det(H∗(Xk,Q�)).

Note that H∗(X(m)

k
,Q�) = Sm(H∗(Xk,Q�)). Since X(m) is proper, the compactly supported

cohomology agrees with the normal cohomology, so det�(X) is the determinant of the Galois

representation H∗(X(m)

k
,Q�). Therefore, for all σ ∈Galk, we have

det�(X
(m))(σ) = det�(X)(

m+e(X)−1

m ),

since for T : V → V , the determinant of the symmetric power,

det(Sm(T )) = det(T )(
dim(V )+m−1

m ).

Corollary 8.21. Let X be a K3 surface, and let

wm =

(
e(X) +m− 1

m

)
.

Then χmot(X(m)) is the unique element of Ŵ(k)/J satisfying the following properties.

(1) The rank is given by rank(χmot(X(m))) =wm.

(2) The signature is given by

sign(χmot(X
(m)
k<

)) =±

m

2
�∑

j=0

(
a+m− 2j − 1

m− 2j

)(
b+ j − 1

j

)
,

for any choice of k< ∈ Spr(k), where a is given by |sign(χmot(X)k<
)|, b= 1

2(wm − a) and the
sign at the front is equal to 1 if sign(χmot(X)k<

) is positive, and (−1)m if sign(χmot(X)k<
)

is negative.

(3) The discriminant is disc(χmot(X(m))) = disc(χmot(X))wm .
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Proof. Uniqueness is immediate due to the definition of J . The first two equalities follow by the
previous two lemmas. For the final equality, Lemma 8.20 applied to the �-adic cohomology gives
det�(X

(m)) = det�(X)wm , and the result follows by Remark 2.30 and Theorem 2.29.

Remark 8.22. Applying the rank homomorphism to the equation in Corollary 8.18 and using
Theorem 2.14 recovers Göttsche’s formula for Euler characteristics:

1 +

∞∑
n=1

e(X [n])tn =

∞∏
d=1

(
1 +

∞∑
m=1

(
m+ e(X)− 1

m

)
tmd

)
=

∞∏
d=1

(1− td)−e(X) inZ[[t]].

Assume that k is real closed, so that Spr(k) is a single point and C(Spr(k),Z) =Z.

Corollary 8.23 (Real closed Göttsche formula). We have

1 +

∞∑
n=1

ε(X [n])tn =

∞∏
i=1

(1 + (−t)i))−a ·
∞∏
j=1

(1− t2j)−b inZ[[t]],

where a= ε(X) and b= 1
2(e(X)− ε(X)).

Proof. First, suppose that a≥ 0, so that χdR(X) = bH+ a〈1〉, where both a, b≥ 0. Then, taking
sign of both sides of the equation in Corollary 8.18 and using Corollary 8.21, we obtain

1 +

∞∑
n=1

ε(X [n])(−1)ntn =
∞∏
d=1

∞∑
m=0

( 
m2 �∑
j=0

(
a+m− 2j − 1

m− 2j

)(
b+ j − 1

j

))
(−1)mtmd

=

∞∏
d=1

∞∑
m=0

( 
m2 �∑
j=0

(
a+m− 2j − 1

m− 2j

)
(−1)m−2jt(m−2j)d

(
b+ j − 1

j

)
t2jd

)

=

∞∏
d=1

(( ∞∑
i=0

(
a+ i− 1

i

)
(−1)itid

)
·
( ∞∑

j=0

(
b+ j − 1

j

)
t2jd

))

=

∞∏
d=1

((1 + td)−a(1− t2d)−b)

=

∞∏
i=1

(1 + ti)−a ·
∞∏
j=1

(1− t2j)−b.

Relabelling t=−t, we obtain

1 +

∞∑
n=1

ε(X [n])tn =

∞∏
i=1

(1 + (−t)i))−a ·
∞∏
j=1

(1− t2j)−b,

as required. It remains to show the case when a< 0. Let ã=−a and b̃= 1
2(e(X)− ã), so that

b̃= b− a. Taking sign gives
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∞∑
n=1

ε(X [n])(−1)ntn =
∞∏
d=1

∞∑
m=0

( 
m2 �∑
j=0

(
ã+m− 2j − 1

m− 2j

)(
b̃+ j − 1

j

))
tmd

=

∞∏
d=1

∞∑
m=0

( 
m2 �∑
j=0

(
ã+m− 2j − 1

m− 2j

)
t(m−2j)d

(
b̃+ j − 1

j

)
t2jd

)

=

∞∏
d=1

((1− td)−ã(1− t2d)−b̃).

Using that (1− td) = (1− t2d) · (1 + td)−1, we can rewrite

∞∏
d=1

((1− td)−ã(1− t2d)−b̃) =

∞∏
d=1

((1 + td)ã · (1− t2d)−b̃−ã).

Rewriting ã=−a and b̃= b− a gives
∞∏
d=1

((1 + td)ã · (1− t2d)−b̃−ã) =

∞∏
i=1

(1 + ti)−a ·
∞∏
j=1

(1− t2j)−b.

Putting everything together and relabelling t for −t gives the result.

In the case that k=R, this exactly recovers the real Göttsche formula of [KR15, Theorem 1.2].

Let k again be an arbitrary field of characteristic 0. Identify Ŵ(k)/I2 =E(k×/k×2) as in

Remark 2.36. Write χdisc for the composition K0(Vark)
χmot

−−−→ Ŵ(k)→ Ŵ(k)/I2, so that after
this identification χdisc(X) = (e(X), disc(χmot(X)).

Theorem 8.24. There is an equality in the ring E(k×/k×2)[[t]]:

1 +

∞∑
n=1

(χdisc(X [n]))tn =

∞∏
d=1

(1− (1, disc(χmot(X)))tm)−e(X).

Proof. Note that by Corollary 8.21,

χdisc(X(m)) =

((
m+ e(X)− 1

m

)
, disc(χmot(X))(

m+e(X)−1

m )
)
=

(
m+ e(X)− 1

m

)
(1, disc(χmot(X))).

Applying the homomorphism χdisc to Corollary 8.18 gives

1 +

∞∑
n=1

χdisc(X [n])(1, (−1))ntn =
∞∏
d=1

∞∑
m=0

(
m+ e(X)− 1

m

)
(1, disc(χmot(X)) · (1,−1)mtmd

=

∞∏
d=1

(1, disc(χmot(X))) ·
∞∑

m=0

(
m+ e(X)− 1

m

)
((1,−1)td)m

=

∞∏
d=1

(1, disc(χmot(X)))(1− (1,−1)td)−e(X).

Relabelling t= (1,−1)t gives

1 +

∞∑
n=1

χdisc(X [n])tn =

∞∏
d=1

(1, disc(χmot(X)))(1− td)−e(X),

as required.
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9. The arithmetic Yau–Zaslow formula

Recall thatX is a K3 surface admitting a complete g-dimensional linear system C of geometrically
integral curves of genus g and that the curves in this linear system correspond to a primitive
divisor class. Suppose that the rational curves in C are all nodal, which is generically the case
by Chen’s theorem [Che02, Theorem 1.1].

Lemma 9.1. The motivic Euler characteristic χmot(Pic
g
(C)) (mod J) is given by 〈(−1)g〉

multiplied by the coefficient of tg in the generating series

∞∏
d=1

∞∑
m=0

χmot(X(m))〈(−1)m〉tmd ∈ (Ŵ(k)/J)[[t]].

Proof. By Theorem 7.3, we have that χmot(Pic
g
(C))≡ χmot(X [g]) (mod J), so applying

Corollary 8.18 gives us the result.

Corollary 9.2. The element Bmot
C (X) from Definition 6.23 only depends on X and g modulo

Jg, and not on C itself.

Proof. Lemma 6.24 gives that Bmot
C (X)≡ χmot(Pic

g
(C)) (mod Jg), so the result holds by the

above lemma.

The above corollary allows us to write Bmot
g (X) :=Bmot

C (X). Our calculation of Pic
g
(C) only

holds modulo Jg, so we need the following definition.

Definition 9.3. Let J denote the subset of Ŵ(k)[[t]] given by power series of the form∑∞
i=0 ait

i, where each ai ∈ Ji, where Ji is the ideal from Definition 6.20. Since each Ji is an

ideal of Ŵ(k) with Ji ⊆ Ji+1, we see that J is an ideal of Ŵ(k)[[t]].

Theorem 9.4 (Arithmetic Yau–Zaslow formula). Let X, C be as above. Then 〈(−1)g〉Bmot
g (X)

is given by the coefficient of tg in the power series

∞∏
d=1

∞∑
m=0

χmot(X(m))〈(−1)m〉tmd ∈ Ŵ(k)[[t]]/J .

Proof. Apply Lemma 6.24 to the result of Theorem 9.1.

Remark 9.5. Consider the rank of Bmot
g (X):

rank(Bmot
g (X)) = rank

∑
q∈G(X)

Trk(q)/k

( ∏
p∈S(Cq)

Φp

)
.

Note that rank(Trk(q)/k(w)) = [k(q) : k]rank(q), so since Φp has rank 1, this gives

rank(Bmot
g (X)) =

∑
q∈G(X)

[k(q) : k] =#G(X)(k).

That is, applying rank toBmot
g (X) recovers the number of rational curves in C after base changing

to the algebraic closure. Applying Remark 8.22 to the right-hand side of the above theorem
therefore recovers the complex Yau–Zaslow formula of [Bea99] when working over C.

846

https://doi.org/10.1017/S0010437X26102887 Published online by Cambridge University Press

https://doi.org/10.1017/S0010437X26102887


An arithmetic Yau–Zaslow formula

Definition 9.6. Assume that k is real closed. Let C be a semi-stable curve over k. Following
[KR15], we call (−1)s the Welschinger number W (C) of C, where s is the number of zero-
dimensional semi-algebraic connected components of C(k). We set

W(X, C) :=
∑

q∈G(X)(k)

W (Cq)∈Z.

Lemma 9.7. For g the dimension of C, we have

W(X, C) = (−1)gsign(Bmot
C (X)).

Proof. By Corollary 6.15, the signature sign(
∏

p∈S(Cq)
Φp) = (−1)cCq , where cCq

denotes the num-
ber of points in S(Cq) such that both p and the tangent spaces at p are defined over k. Let
sCq

denote the number of points in S(Cq) which are defined over k, whose tangent spaces are
not defined over k, and let nCq

denote the number of complex points in S(Cq). Note that
sCq

+ cCq
+ 2nCq

= g, so (−1)cCq = (−1)gW (Cq). Therefore,

sign(Bmot
C (X)) =

∑
q∈G(X)(k)

(−1)gW (Cq) = (−1)gW(X, C),

as required.

Corollary 9.8 (Real closed arithmetic Yau–Zaslow formula). The number W(X, C) depends
only on g and X so we can write W(X, g). Moreover, W(X, g) is given by the coefficient of tg in
the power series

∞∏
i=1

(1 + (−ti))−a ·
∞∏
j=1

(1− t2j)−b ∈Z[[t]],

where a= e(X(k)) and b= e(X(k))− 1
2e(X(k)).

Proof. Applying sign to the power series in Theorem 9.4, and using the Göttsche formula 8.23,
gives that (−1)gsign(Bmot

C (X)) =W(X, C) is the coefficient of tg in the power series

∞∏
i=1

(1 + (−t)i))−a ·
∞∏
j=1

(1− t2j)−b.

Remark 9.9. The above corollary generalises the main theorem of Kharlamov–Răsdeaconu from
[KR15] to all real closed fields.

We now turn to the discriminant. Let k be an arbitrary field of characteristic 0. Define the
integer rg := rank(Bmot

g (X)), and let Dmot
g (X) := disc(Bmot

g (X))∈ k×/k×2.

Lemma 9.10. There is an equality in Hom(Galk,Z/2Z)/Δ
k
g :

Dmot
g (X) = (−1)rg

∏
q∈G(X)

disc(k(q)/k)
∏

p∈S(π−1
g (q))

Nk(p)/k(αp).

Proof. By Lemma 4.4 and Corollary 4.21, we obtain

disc(Bmot
g (X)) =

∏
q∈G(X)

disc(k(q)/k) · (−1)[k(q):k]
∏

p∈S(π−1
g (q))

Nk(p)/k(αp),

which gives the result since
∑

q∈G(X)[k(q) : k] = rg.

This allows us to obtain the following Yau–Zaslow formula for discriminants.
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Corollary 9.11. Suppose that k is finitely generated over Q. Then the pair (rg,D
mot
g (X)),

viewed as an element of E((k×/k×2)/Δk
g), is given by the coefficient of tg in the generating series

∞∏
d=1

(1, disc(χmot(X)))(1− td)−e(X) ∈E((k×/k×2)/Δk
g)[[t]].

Proof. Theorem 7.3 gives χdisc(Pic
g
(C)) = χdisc(X [g]). By the previous lemma, this is

(rg,D
mot
g (X)). Applying Theorem 8.24 gives the result.

Remark 9.12. In particular, the above formula implies that Dmot
g (X)∈ k×/k×2 (mod Δk

g) is
always either 1 or disc(χmot(X)).
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Göt14 L. Göttsche and V. Shende, Refined curve counting on complex surfaces, Geom.
Topol. 18 (2014), 2245–2307.

Har66 R. Hartshorne, Residues and duality, Lecture Notes in Mathematics, vol. 20
(Springer-Verlag, Berlin–New York, 1966).

Huy16 D. Huybrechts, Lectures on K3 surfaces, Cambridge Studies in Advanced
Mathematics, vol. 158 (Cambridge University Press, 2016).

Jou00 S. Joukhovitski, K-theory of the Weil transfer functor, K Theory 20 (2000),
1–21.

849

https://doi.org/10.1017/S0010437X26102887 Published online by Cambridge University Press

https://doi.org/10.1017/S0010437X26102887


J. Pajwani and A. Pál

KLS+23 J. L. Kass, M. Levine, J. P. Solomon and K. Wickelgren, A quadratically enriched
count of rational curves, Preprint (2023), arXiv:2307.01936 [math.AG].

KW21 J. L. Kass and K. Wickelgren, An arithmetic count of the lines on a smooth cubic
surface, Compositio Math. 157 (2021), 677–709.
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