L))

Check for
updates

Forum of Mathematics, Sigma (2026), Vol. 14:¢146 1-62
doi:10.1017/fms.2026.10279 CAMBRIDGE
UNIVERSITY PRESS

RESEARCH ARTICLE

Selberg, Thara and Berkovich

Jialun Li~ !, Carlos Matheus " 2, Wenyu Pan 3 and Zhongkai Tao*

1School of Mathematical Sciences, Fudan University, Shanghai, China; E-mail: jialun.li@fudan.edu.cn.

2CNRS-Centre de Mathématiques Laurent Schwartz, Ecole Polytechnique, Palaiseau, France;

E-mail: carlos.matheus @math.cnrs.fr.

3Department of Mathematics, University of Toronto, Toronto, Canada; E-mail: wenyup.pan@utoronto.ca (Corresponding author).
4Institut des Hautes Etudes Scientifiques, Bures-sur-Yvette, France; E-mail: ztao @ihes.fr.

Received: 20 August 2025 UTC; Revised: 29 March 2026 UTC; Accepted: 22 June 2026 UTC
2020 Mathematical Subject Classification: Primary — 37C30; Secondary — 35P15, 58C40

Abstract

We use the Selberg zeta function to analyze the limiting behavior of resonances in a degenerating family of
Kleinian Schottky groups. We prove that, after a suitable rescaling, the Selberg zeta functions converge to the Ihara
zeta function of a limiting finite graph associated with the relevant non-Archimedean Schottky group acting on the
Berkovich projective line.

To reveal more interesting and intricate structures of resonances, we introduce intermediate zeta functions
that encapsulate both Archimedean and non-Archimedean information — whereas the classical Selberg and Ihara
zeta functions reflect only Archimedean and non-Archimedean properties, respectively. As an application of our
techniques, we derive an exponential error term in a result of McMullen (recently extended by Dang—Mehmeti)
concerning the asymptotic vanishing rate of the Hausdorft dimension of limit sets of certain degenerating Schottky
groups generating symmetric three-funnel surfaces.
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1. Introduction

A Schottky group of rank g over C (also called a Kleinian Schottky group) is a discrete subgroup of
SL,(C) that is purely loxodromic and isomorphic to the free group of rank g. Schottky introduced these
groups in 1877, and they were classically studied in connection with the famous uniformization theorem
for Riemann surfaces; indeed, Koebe proved in 1910 that any closed Riemann surface is uniformized
by some Kleinian Schottky group.

Partly motivated by the great success of studying degenerating families of Riemann surfaces — culmi-
nating in the celebrated Deligne—-Mumford compactification of moduli spaces and its many applications
— we investigate, in this paper, degenerating families of Schottky groups over C through the lens of
spectral theory, a perspective of independent interest.

More concretely, given a family I'; of Schottky groups over C generated by 2 X 2 matrices whose
entries are meromorphic functions of z € D*, it is sometimes possible to introduce a Schottky group
"¢ over the non-Archimedean field C((¢)) (of Laurent series in t) whose features can be used to extract
asymptotic information on I', as |z| — 0. In fact, this philosophy of studying degenerating families
of complex objects via non-Archimedean limiting objects is nowadays widespread in the literature
(cf. [20], [4], [10], [13], and [21] for some recent works). In the context of Schottky groups, this idea
was exploited by Dang and Mehmeti [9, Theorem 3] to prove that certain degenerating families I"; of
Schottky groups over C possess limit sets L(I";) C ]P’é whose Hausdorff dimensions satisfy

, do

as |z| — 0, where dj is the Hausdorff dimension of the limit set of a non-Archimedean Schottky group
4 acting on the Berkovich projective line Pé’(?t")). (We also recommend that the reader look at the very
recent paper [8] by Courtois and Guilloux, which contains a partial extension of the work of Dang and
Mehmeti to higher dimensions via an alternative method, namely, the study of the infinite-dimensional
hyperbolic space.)

In the present paper, we pursue this line of inquiry to describe the Selberg zeta functions of certain
degenerating families of Schottky groups over C in terms of Thara zeta functions of finite graphs naturally
attached to non-Archimedean Schottky groups (see Subsection 1.2 for precise statements). To reveal
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richer and more intricate structures of resonances, we introduce intermediate zeta functions that integrate
both Archimedean and non-Archimedean data — whereas the classical Selberg and Thara zeta functions
capture only one of these aspects, respectively. Our approach combines tools from spectral theory
with the analytic and geometric study of degenerating families of Schottky groups over C. As a direct
application, we significantly refine the result of Dang and Mehmeti mentioned above. In particular, we
improve upon McMullen’s work [24] on the Hausdorff dimension of limit sets of Schottky reflection
groups associated with symmetric three-funnel hyperbolic surfaces and enhance the theoretical and
numerical works of Weich [37], Borthwick [5], and Pollicott—Vytnova [34] on the convergence of
rescaled Selberg zeta functions of symmetric three-funnel hyperbolic surfaces (see Subsection 1.1 for
detailed statements). Furthermore, the techniques developed in this paper to enable fine-scale analysis
of families of Selberg zeta functions may also be useful for future investigations into other dynamical
properties of degenerating families of Schottky groups (see, for example, Remark 1.5).

1.1. Example: symmetric three-funnel surfaces

Let X(€) be the symmetric three-funnel hyperbolic surface with parameter ¢, that is, the noncompact
hyperbolic surface of genus zero that has three funnels of width ¢ > 0. This gives an example of a family
of degenerating surfaces when ¢ tends to infinity. Denote by I'(£) the Schottky group uniformizing
X (€), and let L(T"(£)) be the limit set of I'(£) on the visual boundary dH?. McMullen [24] studied the
asymptotics of the Hausdorft dimension of L(I'(£)) as £ — oo, and he obtained dim(L(I"(¢))) =~ #.

For this particular example, as will be explained in Example 6.7 below, the main results of this paper
imply an exponential error term in McMullen’s asymptotic formula above:

Theorem 1.1. For the case of symmetric three-funnel hyperbolic surfaces, we have for any € > 0,

aim(L(r(0) = &2 + 0 (o=,

Moreover, for the Selberg zeta function (see equation (1.2) for the definition), we have
|Z(D(£),5/€) — (1 = 6™ +9¢™ —de )| = Ok (e”179)/%),

for any s in a fixed compact set K and any € > 0.

The convergence of the Selberg zeta function without speed is due to Weich [37]. Pollicott—Vytnova
[34] proved a polynomial error term O(1/V¢) in the convergence of the Selberg zeta functions and
o(l/ \/5_3) in the convergence of Hausdorff dimensions (and, in fact, Example 6.8 below shows how
to recover their results from our techniques). The exponential error term above also explains that the
numerics of resonances in Borthwick [5] behave well even for small € such as ¢ = 10: see Example 6.5
below for more details.

Our proof differs from previous work on symmetric three-funnel surfaces. Indeed, this family serves
merely as arepresentative example within a broader class of degenerating Schottky families. As explained
below, our analysis encompasses the limiting behavior of all such families.

1.2. Main results: degenerating Schottky families

The study of the degenerations at the origin z = 0 of meromorphic families I", of Kleinian Schottky (and,
more generally, nonelementary) groups depending on a complex parameter z € D* in the punctured
unit disc of C is a topic of intense investigation, with a vast literature surrounding it. For instance,
such families are useful for building compactifications of representation varieties, character varieties, or
moduli spaces (see, e.g., [7], [27], and [32]), their Lyapunov exponents for the associated random walks
satisfy fascinating asymptotics (see, e.g., [2] and [10]), and, as we already mentioned above, Hausdorff
dimensions of their limit sets have attracted the attention of many authors.
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In the present paper, a central object of discussion will be the Selberg zeta functions. Recall that the
Selberg zeta function for a Schottky group I' of SL,(C) is defined as follows. Letting P be the set of
conjugacy classes in I" containing a nontrivial primitive element, we have

Z(T,s) = 1_[ 1—[ (1- e_(5+kl+k2)f(7)e_ioy(kl_kZ))’ (1.2)

v€P ki,ky >0

Here, by a slight abuse of notation, we also denote by y an oriented closed geodesic representing a
loxodromic element y € SL,(C), so that £(7y) is the length of the periodic geodesic y in T'\H?, and ¢!%
is the holonomy given by y’(y,) = e ‘() ~1%  with v, being the attracting fixed point of . Similarly,
for ' < SL,(R), the classical Selberg zeta function is defined as

z(U,s) = [ [[ 1 -e G0,

y€P k>0

Note that the definitions for SL,(R) and SL,(C) do not coincide, and for this reason, we will deal with
the two cases separately.

The function Z(T, s) is convergent and analytic in the region Rs > dr, where dr is the so-called
critical exponent. It admits an analytic continuation to the whole complex plane C, and hence we obtain
an entire function Z(I", s). Due to [31], we know that the poles of the resolvent of the Laplacian on
'\H? (also called resonances) correspond to a subset of the zeros of the Selberg zeta function Z(T, s).

For a degenerating family of Schottky groups, we introduce intermediate zeta functions, which serve
as a core object in our analysis.

Definition 1.2 (Intermediate zeta function). Let y € SL,(C((¢))) be a loxodromic element and let
M € Zso. We define the intermediate length as

M
i (y,2) = (7)) +R Y a; ()2 Nlog(1/Iz]),

7=0

where £"“(y) is the non-Archimedean length defined in Definition 2.16. The coefficients a;(y) are
determined by the expansion

€(yz)/log(1/lz]) = £"“(y) + R Z a;(y)2’ flog(1/1z]).
j=0

Here, v, € SL,(C) denotes the evaluation of y at z. The term £(7y;) is given by 21log|1;(y;)|, where
A1(y,) and 25 (y,) are the two eigenvalues of y, such that |1 (y,)| > |12(y;)|. The intermediate M-zeta
Sfunction is then defined for R sufficiently large by

Zu (T, z,8) = l_[ (1= e=stm(7:2))
[yleP

In Proposition 4.2 and Corollary 5.8, we establish that this function is well-defined and admits a
holomorphic extension to all s € C.!

Here is our main result:

Theorem 1.3. Let I'; be a degenerating Schottky family satisfying condition (%) in Subsection 2.4, and
denote by I' < SL,(C((t))) the corresponding non-Archimedean Schottky group. Then for any s € C, as
|z| = 0, we have

Z(I'z, s/log(1/z])) = Z; (T, 5), (1.3)

1See Example 6.5 for an explicit but nontrivial intermediate zeta function for a hyperbolic funneled torus.
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where Z; (L', s) is the Ihara zeta function associated with T" (defined in Proposition 2.19) and the
convergence on any compact set is uniform.
Moreover, for any compact set K and € > 0, we have for all 0 < |z| < 1/e and for any s € K,

|Z(T;, s/log(1/1z2])) = Zo(T, z,5)| Sk.e l2|'7¢. (1.4)

Furthermore, for any C,e > 0 and M € Zsq, we have for s € [-C,C] +i[-C|z|™,C|z|™] and
0 <zl < 1/e,

|1Z(T., s/log(1/12])) = Zam (T, 2, 5)| Scome 12l'7€. (1.5)

As a direct corollary, we obtain the following.

Corollary 1.4. Let T, be a degenerating Schottky family satisfying condition (%) in Subsection 2.4.
Let P(|z|) be the first zero of the intermediate zeta function Zo(T, z, s) in the variable s. We have for any
€>0and0 < |z] < 1/e,

dim(L(T;)) = P(lz]) + O (|z]'€).

For special cases, such as symmetric three-funnel surfaces and Example 6.4, the main term has the
form P(|z]) = do/log(1/|z|), where dy is the Hausdorff dimension of the limit set of the corresponding
non-Archimedean Schottky group I' < SL,(C((¢))) acting on Pfcf(f(’t")). In general settings, the main
term P(|z]) is a zero of a polynomial in exponential functions of the variable s, which is of the form

2aj e~s(bj+ejflog(1/1z2D) Tt would be interesting to investigate the Taylor expansion of P(|z|) in terms of
1/log(1/]z]).

Remark 1.5. Let us expand the above discussion. Due to the definition of Z; (Definition 1.2) and
Proposition 4.2, where we establish the approximate length function, we know that both P(|z|) and
the coefficients of the expansion depend only on the coefficients of tr(y) with y € T'. If we write
Zo(T, z,8) = Zo(s,u) with u = 1/log(1/|z|), then by the implicit function theorem, we obtain

do 0 Zy

D= Sogti/m ~ oz

(do,0)

1 1
(loe(1/12))? +0((log<1/|z|>>3)‘

An intriguing question is whether one can find a dynamical interpretation of the term gz—é" (dyp, 0),
similar to the known interpretation in terms of variations of Hausdorff dimension [25] or the expansion
of the Lyapunov exponent [2]. Another possibility is to explore connections with invariant distributions,
as discussed in [12]. Understanding this term could shed light on deeper geometric and dynamical
properties of the underlying moduli space of Schottky groups over C.

The zeros of the Selberg zeta function correspond to the resonances of the Laplacian on the quotient
manifold (see [5, Chapter 10]). By definition, these resonances are the poles of the resolvent of the
Laplacian and appear in the long-time asymptotics of the wave equation on the quotient manifold.
Despite extensive efforts in spectral theory to understand these resonances, many questions remain
open — particularly concerning their high-frequency distribution (see Remark 1.7). Our main theorem
yields a direct corollary regarding the distribution of resonances in the region where |Js| < |z|™ as
|z] — 0. Additionally, by employing intermediate zeta functions, Corollary 4.6 provides a more refined
approximation of such resonances. As an application, we recover the result in [34] in Example 6.8, and
our method extends to a broad class of hyperbolic surfaces.

Corollary 1.6. Under the assumption of Theorem 1.3, we have that the zeros of Z;(I',s) have the
structure Resy(I') = {u;} + 2miZ, where {u;} is a finite set. Outside s = 0, the resonances of T';
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converge to Resy (I') (counted with multiplicity) after rescaling, that is,
log(1/]z]) Res(I';) \ {0} — Res; (I') \ {0}, [z =0 (1.6)

on compact sets. In particular, the spectral gap of T'; converges to 0 after rescaling by log(1/|z]).

Proof. We use Rouché’s theorem to deduce from Theorem 1.3 that the zeros of Z(I';, s/log(1/|z]))
converge to the zeros of Z; (T, s) in any compact set. By Proposition 2.19, the Thara zeta function
Z1 (T, s) associated with I is the Thara zeta function of a finite graph which comes from some Berkovich
space quotient by I', and hence Z; (T, s) is a polynomial in e™* (see Proposition 5.1), which yields the
statement on the structure of Res; (I"). The convergence in equation (1.6) follows from the fact that the
resonances of the Laplacian coincide with the zeros of Z(I',, s) outside s € Z<¢ (see [5, Chapter 10]
for the two-dimensional case and [31] for the general case). O

Remark 1.7.

1. A classical result states that the Hausdorff dimension of the limit set of a Kleinian Schottky group
equals the first zero of its Selberg zeta function. For the non-Archimedean case, we prove that
the Hausdorftf dimension of the limit set also equals the first zero of the Thara zeta function (see
Section A.1). Hence, we recover the convergence theorem of the Hausdorff dimension of the limit
sets of [9] stated in equation (1.1) from Corollary 1.6.

2. The work [26] establishes that the family of congruence Schottky surfaces exhibits a uniform spectral
gap across both low and high frequencies. [22] and [6] investigate the optimal size of the low-
frequency spectral gap for random covers. Our results demonstrate that this gap becomes smaller for
degenerating families. A natural question is to ask if the gap also shrinks in high frequencies, that is,
when Js is big. The conjecture of Jakobson—Naud [19] suggests that this does not happen.

3. The fractal Weyl law conjecture [38, Conjecture 5] states that the number of resonances in a strip
grows according to the dimension of the limit set at 7 — oo:

#Res(I) N {Rs > —C, |Ts| < T} ~T™, 6§ =dim(L(I)).

Moreover, it is conjectured in [38, Conjecture 7] that the resonances concentrate near the axis
Rs = §/2. The upper bound is known from [14], but the sharp lower bound is not known in any
nontrivial example of Schottky groups. Our work provides a perspective on this conjecture via the
intermediate zeta functions, which we conjecture to have a growth pattern similar to the fractal Weyl
law; see the discussion after Example 6.8.

4. When the corresponding Mumford curve Xx of the non-Archimedean Schottky group I' is a g-regular
graph with each edge of length 1 (see Section 2.5 for the definition), the Thara zeta function is given
by Z;(T,s) = (1 — e )"~ 1det(I — Axe™ + (g — 1)e™%*), where r is the number of generators of
I'" and Ay is the adjacency matrix of Xx (see, for example, [16]). Let 4, < --- < 1p < 11 = g be
the eigenvalues of Ay. Therefore, the set of resonances Res; (I') is determined by the yu;’s, which

satisfy etV = (4; + ,//l% —4(q—1))/2(q — 1) or e*i = +1. This is similar to the relation between
Res(T";) and eigenvalues/resonances of the Laplacian operator on the quotient manifold.

Moreover, if the graph Zx is a Ramanujan graph, that is to say, we have —24/g —1 < 4, < --- <
A2 < 24/g — 1, then y; has three possibilities: Ry ; =log(g — 1)/2; u; =log(g — 1); pj = 0 or .

1.3. On the proof of Theorem 1.3

The ideas behind the proof of Theorem 1.3 can be outlined as follows. To establish the asymptotic
convergence in equation (1.3), we divide the complex plane into two regions. In the region where
Rs > 1, convergence follows from a detailed analysis of how hyperbolic lengths converge to their
non-Archimedean counterparts (see Section 3.1). In the complementary region, we employ tools from
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spectral theory, studying the relevant transfer operators £, s for I';, which we show are trace-class
operators. We relate their Fredholm determinants det(1 — £ ) to the Selberg zeta function Z(I';, s)
(Lemma 3.10). A key step in proving convergence is to obtain a uniform bound on det(1 — £ ) for
small |z|, which we achieve by bounding the singular values uniformly. This uniform control is made
possible by establishing a uniform separation property for the limit sets of I, with respect to z, as shown
in Proposition 3.11 and Proposition 3.12 for SL,(R), and in Proposition 3.14 and Proposition 3.15 for
SL,(C). Here, it is worth pointing out that the Berkovich techniques are mainly used to analyze length
convergence and prove this uniform separation. The effective convergence in equations (1.4) and (1.5)
is then obtained through the use of intermediate zeta functions, which allow for a more sophisticated
integration of analytic and geometric information from degenerating Schottky families. An interesting
aspect of our approach is a new perspective that connects the asymptotic expansion of lengths with the
derivative cocycle — highlighting a rich interplay between analytic data and geometric structure (see
Section 5.2).

1.4. Notations

Throughout the paper, we adopt the following conventions.

o Wewrite A < B ifthere exists a positive constant C > 0 (that may differ from expression to expression)
such that A < CB. We specify the dependencies of C by a subscript, for example, A <r B. We use
A < B to mean that A is much smaller than B.

o D(a,r) :={w € C:|w—a| < r}is the disc of radius r centered at a € C, and let

|D(a,r)| = nr? (1.7)

denote its Lebesgue measure.

o D= D(0,1) is the unit disc and D* = D \ {0}. Similarly, D, = D(0,r) and D} = D, \ {0}.

o The variable ¢ usually means the formal variable in the field of Laurent series C((¢)). This field is
equipped with its usual #-adic norm | f|,, = exp(—ord;=o(f)) = e™" for f = 1" Z St™ € C((1))

with fy # 0. The variable z usually means a complex number that parametrizes a degeneratmg family
of Schottky groups over C or R.
o The Banach ring A, ¢ C((¢)) is defined by f = ), a,t" € C((¢)) such that the hybrid norm

1£lla, = > max{lanke, lanlo}r”

is finite (| - |o is the trivial norm). We will usually take r = 1/e and define || - [lnyb = || - [|a, .-
o Let M € Z3( be a nonnegative integer and a = 1™ 37" ant™ € C((1)) with ag # 0. We define the
leading M terms

M
Ity (a) =" Z ant"
n=0

o We use Fraktur letters a, b to mean elements of the (fixed) set of generators of I'. We use bold letters
a, b to mean words of the generators.

o For an element y € SL(2,C((t))), we use y, to denote an element in SL(2, C) by evaluating at t = 7
if all the coefficients of y converge at z.

o £(y) € Ryp means the length of a closed geodesic associated with y € I'. £"¢(y) € Zsq is the
non-Archimedean length defined in Definition 2.16. I(y) € Zs¢ is the word length of y for a fixed
set of generators aj,--- ,az, with a;4, = al.’l, that is, /(y) = n whenever y = a;,a;, - - - a;, with
a,, # ol
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2. Preliminaries on Schottky groups

We recall some preliminaries on Schottky groups.

2.1. Schottky groups of PGL,(C)

az+b
cz+d

cdl€ PGL;(C) is called loxodromic if it induces a Mobius transformation z +—

on C which is conjugate to z + Az for a complex number A with 0 < || < 1.

Anelementy = (a b

Definition 2.1. We say that a free subgroup I' = (M1, ..., Mg) C PGL,(C) with g > 2 generators is a
Schottky group of rank g if

o every y € I'\ {id} is loxodromic;
o I' admits a nonempty domain of discontinuity, that is, it acts freely and properly on a nonempty
connected invariant open subset of P! (C).

Given a Jordan curve C in P'(C) and a reference point o ¢ C, we say that the exterior (resp. interior)
of C is the connected component of P! (C)\C containing (resp. not containing) o. After Maskit [23],
a Schottky group has the form (T, ..., Tg), where the T;’s induce Mdbius transformations with the
following property: there are a reference point o and Jordan curves Ci, Cy, ..., Cq, C, with disjoint
interiors such that each 7 maps the exterior of C; to the interior of C}. If all the Jordan curves C;, C’
can be chosen to be circles, then the corresponding Schottky group is called a classical Schottky group.

2.2. Kleinian Schottky spaces

A loxodromic element y € PGL,(C) is determined by three parameters: its attracting fixed point
« € P'(C), its repelling fixed point 8 € P'(C), and its contraction rate 1 € D*. In the sequel, we shall
denote by M («, B8, 1) the loxodromic matrix parametrized by «, 8, and A.

The Schottky space Sq(C) of rank g > 2 is the space of g elements My, ..., M, of PGL,(C)
that generate a Schottky group up to the natural equivalence given by simultaneous conjuga-
tion by Mobius transformations (cf. Bers [3]). These elements are parametrized by 3g quantities
a1, B, ..., g, Bg, A1, ..., Ag. Since the action of PGL,(C) on PI(C) is 3-point transitive, we can set
a; =0, 81 =2, a = 1. In this way, we can regard S,(C) as a subset of C*73: each p € S,(C) is
parametrized by the so-called Koebe coordinates

(@3, .., 0g, B Bgs AL, Ag) = (. B, 2) € (P'(C) \ {0, 1,2})%7 x (D*)8.

As was shown by Hejhal [15] (see also [3]), S¢ (C) is a connected complex manifold of dimension 3g - 3.

2.3. Limit sets of Kleinian Schottky groups

Given a point p € S,(C), let L(I',,) be the limit set of the Schottky group I' = I';, associated with p.
Sullivan [36] showed that the Hausdorff dimension dim(L(I",)) coincides with the critical exponent
or,, of I, which is given by

or, =inf{s > 0:P(s) < oo}.

Here, P(s) = % |y’(0)l3, is the usual Poincaré series, o is a point outside L(I",), and |.|o is the norm
vely,
with respect to the Euclidean metric on C. Due to the work of Patterson [28, 29, 30], we know that the
critical exponent is also equal to the first zero of the Selberg zeta function.
As established by Anderson and Rocha [1], dim(L(I",)) is a real analytic function of p € S, (C).
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2.4. Degenerations of Kleinian Schottky groups

As in the case of the moduli space of complex algebraic curves, one can try to approach the boundary
of S, (C) by studying degenerations of one-parameter families of Schottky groups. More concretely, we
always consider a meromorphic function p : D — C%73 x D8, z > p(z) = (@(2), 8(2), A(z)) such that
p(2) € S¢(C) for all z € D*. From now on, when talking about a Schottky family, we mean a family
given by this meromorphic map p(z).

Since it is not easy to handle general degenerations of Schottky groups, we shall focus on the
degenerations p(z) leading to nice (Schottky) non-Archimedean limits (in the sense of Poineau and
Turchetti [33]) as z — 0. For this purpose, one follows Dang and Mehmeti [9] by considering the quantity

Kmin = min ord;—o(2;(2) - [uj(2) : ux(2); @i(2) : Bi(2)])
b

(based on the order of vanishing of certain holomorphic functions) measuring how close the attracting
and repelling fixed points can get in terms of cross-ratios versus the contraction rates.>

Definition 2.2. We say that a one-parameter family of Schottky groups satisfies condition (%) if

o A;(z) vanishesatz =0forall j =1,..., g and
o Kmin > 0.

For an explanation of this condition using the non-Archimedean norm on C((¢)), please see

Remark 2.14.
In this setting, Dang and Mehmeti showed the following.

Theorem 2.3. There exists do > 0 with
or, =dim(L(I';)) ~ do/log(1/z|)

as z — 0 whenever condition (%) holds.

Remark 2.4. Similar results for Lyapunov exponents in place of the Hausdorff dimension were obtained
by Favre [13] (more recently, an error term was derived by Ingram et al. [18] in arithmetic situations).

Let M(D) be the ring of meromorphic functions on D with a possible pole at 0. From a
a(2) ﬁ(z))(l 0 )(a(z) ﬁ(z))_l .
1 1 JI0 A(x)J\ 1 1
GL,(M(DD)). To simplify later computations, we want a matrix in SL;(M(D)). The only diffi-
culty is that \/A(z) = \/t‘" f(z), for some n € Z and holomorphic f(z) nonzero at 0, may
not be meromorphic. We can make a change of variable. Let z = w2 for w € D; then, due
to D being simply connected, the square root yA(w2) = w™+/f(w?) is still meromorphic. Let
2 2 n 2yy-1/2 2 2\ !
Bw = (a(;v ) ﬁ(vlv ))(W (f(v(; ) W-n(f?wz))uz)(a(;v ) ﬂ(vlv )) , which is in SL,(M(D)).
For z = w?, from the definition, we have £(y,) = £(B,,) and 2" (y) = £"¢(B), where " will be de-
fined in Definition 2.16 and is taken with respect to C((¢)) and C((w)), respectively. Denote the Schottky
group generated by S, as A, . Then the corresponding Selberg zeta functions and Ihara zeta functions
satisfy

Koebe coordinate (a(z),B(z),4(z)), we get a matrix y, = (

Z(I';, s/log(1/1z])) = Z(Av, s/210g(1/|wl)) and Z; (T, s) = Z; (A, 5/2).
We can obtain the result for I", from that of A,,,. Hence, up to a possible change of variable z = w?, the
family of Schottky groups in PGL,(M(D)) can be replaced by a family in SL, (M(D)). We do not give

the detailed results in PGL,. The readers are encouraged to write for themselves.

2For example, by takingi = 1, j = k =2, 0ne gets 41 (z) - [1 : £2(2);0:2] =21 (2) (2 - B2(2))/B2(2).
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2.5. Non-Archimedean Schottky groups

Let (k,| - |x) be a complete normed non-Archimedean field. See [33] for more details of this part.

Definition 2.5. For n € N, the Berkovich analytification A;>“" of the n-dimensional affine space A} is
the set of multiplicative seminorms on the polynomial ring k[T, - - - , T;,] which extend the norm on k.
The topology on AZ’“" is the coarsest topology such that for any polynomial P in k[Ty,--- ,T,], the
evaluation map from A7 to R given by | - |, = |P|, is continuous.

The Berkovich analytification P}(’“" of the projective line P}( is constructed by gluing two copies of
A}C’a". More precisely, let | - |, and | - |, be two seminorms of the two copies. They are equivalent if the
map T — S~! maps one seminorm on k[T, T~'] to the other on k[S, S7'].

Remark 2.6. When k = C, Aé’“" is homeomorphic to the usual analytic A", and hence Pé’“" is
homeomorphic to Pé. When £ is non-Archimedean, IP’,I(’“" has the structure of a real tree.

Example 2.7. Set n = 1. When k is non-Archimedean, for a € k and r € Ry¢, we can define the point
Nar € A,lc’“" by Y, an(T — a@)" + max, |a,|,r". In this setting, a € k corresponds to 74,0 € A}{’a",
and the element 1701 € A}(’“" is called the Gauss point.

Definition 2.8. An open disc (resp. a closed disc) in P}{’a" is an open subset (resp. a closed subset)
isomorphic to a set

D (a,r) ={x € A*"||T - al, <r}
(resp. D*(a,r) = {x € A}{’a"HT —aly <r}),

where a € k and r € R., and A,lc’“" is an affine chart of ]P’,lc’“".
The Shilov boundaries of both D~ (a,r) and D*(a, r) are defined to be the singleton {n, , }.

The action of an element y = (Ccl Z) of PGL, (k) on A}C’“" —{=d/c} is given by

_ P
TP,

(D), x) = ‘P(“T”’ )

cT +d

for P, Py, P, € k[T] and P(T)/P>(T) = P(if;jﬁ). Moreover, it is possible to naturally extend this

formula to obtain an action of y on P}(’a": see [32, I1.1.3] for more details.

An element y € PGL; (k) is called loxodromic if, given a representative in GL;(k), its eigenvalues
in an algebraic closure k% of k have different absolute values (by [32, 1I.1.4], the eigenvalues are
in k). Schottky groups of PGL; (k) ([33, Definition 3.5.1]) are defined similarly to Schottky groups of
PGL,(C) (Definition 2.1) with the projective space P! (C) replaced by P}(’“".

Definition 2.9. For a loxodromic element y = (Z Z) € PGL, (k) with ¢ # 0 and 1 € R, let

D}, ={x € Ay [(cZ +d)(x)|* < Aad - bel},
DY ={x € AY™"| [(cZ +d)(x)|* < Alad - bel},

where we only consider an affine chart A;c’a" of ]P,L’a” and Z is the variable of k[Z]. They are called
open and closed twisted Ford discs, respectively.

Remark 2.10. The original definition in [33, Definition 3.5.5] contains a typo. We need to define for

all x € A}(’a" to have the desired property yD_, ; = P}{’“” - D;_l’ 1+ The definition relies on the choice

of the affine chart A}(’“". In the entire argument, we fix the affine chart once and for all, such that co is
not in the limit set.
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Definition 2.11 (Schottky figure). Let I' be a Schottky group in PGL, (k). Let {yy,--- ,vq} be a set of

free generators of I'. Let B = {D? , D;_, ti=1,--g} be a collection of disjoint closed discs in P,".

Then B is called a Schottky figure adaplted to {y1,---,ygtifeachi e {l,---,g}and e € {1,-1},
- ._ emban _ p+
Dyie = 'yi (Pk Dyi—e)

is the maximal open disc inside D;E.

The following theorem is due to Gerritzen and is stated in the notation of Poineau—Turchetti
([33, Theorem 3.5.9)).

Theorem 2.12 (Gerritzen). Let I be a Schottky group of PGL; (k). Then there exists a set of free
generators {y1, -+ ,vg} of ' and A; € (0,1) fori = 1,---, g such that the collection of twisted Ford
discs

B = {D;_—l’/l'—lﬁD;i’/li i=1,.-- ’g}

is a Schottky figure adapted to {y1,--- ,vg}.

Remark 2.13. There is no analog of this theorem in the Archimedean setting: indeed, it is known that
some Kleinian Schottky groups are not classical, that is, they cannot be described in terms of Schottky
figures involving only round discs.

Remark 2.14. A meromorphic family (T";),ep- of Kleinian Schottky groups can be seen as a subgroup
I' ¢ PGL,(C((2)))- In this context, as shown in [33, Proposition 4.4.2], condition () is equivalent to
I" being a Schottky subgroup of PGL,(C((7))) (with C((¢)) equipped with the non-Archimedean norm
| 2jsmajt! lna = €™ for ay # 0).

Mumford curve and its skeleton
For an analog of periodic geodesics in the non-Archimedean case, we need to use the description of the
limit set in PII(’“". The advantage is that P}(”"’ is a compact real tree, while P; is discrete.

Let T" be a Schottky group of rank g in PGL;(k). As in the special case where k = C, a point

X € P}(’”” is a limit point if there exist x,, € ]P’,lc’“" and a sequence {y,}, C I of distinct elements such

that lim,_,« ynxo = x. Let L(I") be the limit set of I" on P}c’“", that is, the set of limit points. We have
that L(I") c P}( [32, Corollary I1.3.14].

Moreover, let O = ]P’Ilc’a” — L(T). It is shown that O is a domain of discontinuity of I, that is, it is
['-invariant, and the action of " on O is free and proper. The quotient space X = I'\O is a Mumford
curve. (See [33, Theorem I1.3.18].) Let ¥ = ONUy yer [x, y], where P}{’a" has the structure of a real tree
and [x, y] is the unique injective path from x to y. See [33, Section 2.5] and [32, Proposition 1.6.12].3
Let Xy = I'\X, which is called the skeleton of the Mumford curve and is a finite graph of genus g. (See
[33, Notation 4.2.2].) The skeleton Zx can also be obtained by identifying the Shilov boundary points
pi-qiof DY, D;,,, which is a Schottky figure adapted to {y,--- , ¥}

Remark 2.15. This skeleton Xx is the analog of the convex core of a hyperbolic manifold for the
Archimedean case. This can be seen from the fact that P,lc’“" contains the Bruhat-Tits building (Bruhat—
Tits tree in the P}{ case), which is the analog of the simply connected hyperbolic manifold in the
Archimedean case.

Metric structure
Recall from [32, Section 1.8] and [33, Section 2.5] the definition of multiplicative length. For a, 8 € k
and 0 < r < s, we define the additive length of the elements 77, -, 75,5 by:

3The path is the union of two intervals given by {77x », € [0, [x — y[x]} and {5y, r € [0, |x — y|x ]} with 75 |x—y|, =
My, |x=yli-
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© ifmax{r,s} 2 |a _:8|k, da(r/a/,m U,B,S) = IOg(S/I’);
o if max{r, s} <|a - Bk, da(Ma.r-np.s) :=1og(la = Blx/r) +log(la — Bli/s).

This length is invariant under the action of M&bius transformations. The tree X consists of points of
Na,r With a € k and r € R.o.# Using this length, we can define a length on 2. The length of an edge of
the graph Xx = I'\X comes from the quotient of this additive length.

Definition 2.16. For a loxodromic element y, we define the non-Archimedean length by

£"(y) = log(|try|2 /| det(7) k),

where ¥ is a representative of y in GL; (k).

This definition also coincides with the logarithm of the attraction rate at the attracting fixed point of
the loxodromic element. Hence, it serves as a suitable analog of the length of periodic geodesics in the
non-Archimedean case.

The following lemma connects the length of loops in the graph with the non-Archimedean length of
loxodromic elements in I'.

Lemma 2.17. Let y be a nontrivial loxodromic element inT" and o, a’ € P,t be its two fixed points. Then
forany x € [a,a’] — {a, @'}, we have

da(x,yx) = £"(y),

where [x,yx] C [a,a’] - {a,a’} C Z.
Foranyy=ng ¢ [a,a’] with0 < s < oo, we have

dq(y,yy) > " (y).

Proof. Due to invariance under conjugation, it is sufficient to consider y = diag{4, 1} with |A|x > 1.
Then the line [a, @'] = {no,,0 < r < co}. We have d, (x, yx) = da(no,r, 10, 1a1,r) = log | Ak = £ (y).
The second statement follows from the fact that P,lc’a" is a tree and y preserves the distance d,. O

Thara zeta function
The non-Archimedean case of the Selberg zeta function is well studied. The analogous zeta function is
called the Thara zeta function for finite graphs. See [17] and [16].

Suppose G = (V, E) is a finite graph. Let E = {ej,-- - , eas} be the set of oriented edges of G with
e; and e,y in opposite directions. Each edge has a positive length. A loop P in G is a finite sequence
P = (e;, - ,e;,) with the endpoint of e;; equal to the starting point of e;;,, (we use the convention
€i,, = e;). Thelength £(P) of a path P is the sum of the lengths of the ¢;,. A path is nonbacktracking if
there are no consecutive edges that are inverse to each other; that is, there is no j such that €ijy = €ijel-
A loop is primitive if it cannot be written as a multiple of another loop. Two loops that differ only by
starting point are defined to be in the same equivalence class of loops, denoted by [P]. Let P be the set
of equivalence classes of primitive nonbacktracking loops.

Theorem 2.18 (Thara, Hashimoto, Bass). Let G be a finite graph. Define the lhara zeta function by

71(G,s)= [ ] (1=,

[P]eP
Then the Ihara zeta function extends analytically to the whole complex plane.

See Proposition 5.1 for a proof and a way to compute the Ihara zeta function.
l,an

“Points like 70 = x are notin £ = (P“" = L) N Ux,yer [x, y].
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Let I be a Schottky group in PGL, (k). Recall that the skeleton of the Mumford curve associated with
I" is the quotient space Xy = I'\X. Since X is a tree, which is simply connected, each nonbacktracking
loop P of Xx corresponds to a conjugacy class [yp] in I'; this follows from the standard correspondence
between free homotopy classes of loops and conjugacy classes in the fundamental group. The length of
each edge in Xx is given by the length of its lift in X. Moreover, from Lemma 2.17, we obtain that for
the nonbacktracking loop P, we have £(P) = £"*(yp). Therefore, we obtain the following.

Proposition 2.19. Let Z; (T, s) be the Ihara zeta function for I’ < PGL,(k),” that is,

Z;(T,s) = 1_[ (1 - ey,
[yleP

Then we have
Z1(T',s) =Z1(Zx, s). 2.1
Remark 2.20. If all the edges of G are of length 1, then
Zi(s) = (1-e™)¥ det(1 - Age™ + Qge™),

where A is the adjacent matrix of the graph G, g is the rank of the fundamental group of G, and Q¢ is a
diagonal matrix with the i-th element equal to the degree minus 1 of the i-th vertex.

Therefore, if |k*| = a© for some a € (0,1) (in particular, in the case of the algebraic closure of
C((1))), then the edge lengths of Xy are rational multiples of | log a|. By rescaling the metric, we obtain
a graph with integer edge lengths. Subdividing these edges with additional vertices yields a graph where
every edge has unit length. Consequently, we can apply this formula to compute the Thara zeta function.

2.6. Hybrid space

After Poineau—Turchetti [33], one can build a Schottky space S‘g‘"A over a Banach ring A,.
Set r = 1/e. The Banach ring A, can be described as follows. We say that f = Y a,t" € C((¢))
belongs to A, if its hybrid norm

£ llngs = > max{lako, lanlo}(1/€)" 2.2)

is finite. (Here, |.|y is the trivial norm.) Due to max{|a,|w, |anlo} = |an|w, the elements f € A, can be
realized as meromorphic functions on D, with a possible pole at 0.

Definition 2.21. The Berkovich affine space Aig 347 consists of elements x which are bounded multi-

plicative seminorms | - |, on the ring R = Ar[a/3r, e Qg B2, ..., Bg, A1, ..., Ag], that s, | - | satisfies

© |0|x:05|1|x:1;
o |P+0Qlx < |Plc+|Qlx and |P - Q| = |P|,|Q|, forall P,Q € R;
© |f|x < ”f”hyb for all f € A,._

The topology is the weakest topology such that for all elements P € R, the map from Aigﬂ_i“" toR
given by |P|, is continuous.

When n = 0, we denote by M (A,) the space AOA’“", and call it the Berkovich spectrum of A,. It is

known that M(A,.) is naturally homeomorphic to the closed disc D, and, by restricting the seminorms

to the base ring, one obtains a continuous morphism IT : Aigﬂ_l“" — M(A,).

5This function is also called the Ruelle zeta function.
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For each x € Ai‘g_l“", we denote by #H(x) the completion of the fraction field of R/Ker| - |,.

We call x Archimedean if ‘H(x) is Archimedean, and non-Archimedean otherwise.
Continuous map p : D, — Agg 3.an

Letp : D — C¥73 2 p(z) = (a(2), B(z), A(z)), be a continuous function in ﬁi, holomorphic in D,

and meromorphic at 0. By abusing notation, we construct a map p : D, — A3g —3.an

F =2 fa(t)Pn(a, B, d) € Arla, B, A], we set

as follows: for any

1/log(1/lz]) -
Pl = {|z Fa(D)Pa(@(2), B2, AN LD, it 22 0 23)

exp(—ord;=o(X fu(2)Pn(a(2), B(2). A(2)))), if z=0

where P,(e,f,4) is a monomial of total degree n. The key advantage of this construction is that,

from [4, Proposition A.4], the map p : D, — A3g 347 is continuous. In the beginning, we deal with

meromorphic functions. Using this hybrid constructlon we do not have a singularity at z = 0 and give
a sense of the limiting behavior at z = 0.

For z € ﬁi, we have H(| - |p(z) = (C, |- |io/1°g(1/|z‘)), and therefore p(z) is an Archimedean point.
For z = 0, we have H(] - |,(0)) = (C(#)), | * [na), and therefore p(0) is a non-Archimedean point.

Now, we build projective spaces where the Schottky groups attached to the points in the Berkovich

affine space act in a natural way. Given x € AS‘g —an et
lLan _ pl
P =P (©)
if the residue field H(x) is Archimedean, and P;_z‘(m) ~ a tree otherwise. In this context, a point
x € A3g 347 pelongs to the Schottky space Seny, if 0 < |4;x < Lforall 1 < j < g, the points
0,1,2, ag, ..., Qg, P2, ..., Bg are mutually dlstmct and the matrices ¥(x) C PGLQ(H(X)) associated
with x induce a Schottky group over PHC(‘") Interestingly enough, Poineau and Turchetti proved an

analog of Hejhal’s theorem by establishing that S ", is an open path-connected subset of A3g 3.an

For the family of Schottky groups satlsfylng condition (%), due to Remark 2.14, we know
p(0) € Sg" . Due to the openness of Sg" , we recover [9, Proposition 6.1].

Proposition 2.22. For the family of Schottky groups satisfying condition (%), there exists 0 <n < r
such that the continuous map p restricted to D, has its image in Sg”A .

Uniform Schottky basis
For an element y € PGL,(C((7))), whose entries are meromorphic on D} with a possible pole at 0,
we define a family of twisted Ford discs:

{xe AL 1 1(cZ +d)(x)]2 < A|(ad - be)(x)|}if z=0 24

D' (2) = { {x € Clle(2)x +d(2) L1V < Al(ad - be) ()| L¥ VY if z £ 0,
(@)=
C((2)

where c(z) means the complex value of the meromorphic function c at r.
We state a result on uniform Schottky figures for all small parameters. This is a translation of this
special case of [32, Theorem 4.3.2 and Corollary 4.3.3].

Lemma 2.23. Let I = (M, --- , My) be a family of Schottky groups satisfying condition (%). There
exist s € (0,r) and an automorphism T € Aut(Fg) such that the following holds. Let

Ny =1tMy, - ,Ng = M, € PGLy(C((1))).
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There exist positive real numbers A1, - - - , A4 such that the family of twisted Ford discs
(D‘]F\]l,,ll (Z)7 Tt DLg,Ag (Z)’ D;;ll_l’/ll_l (Z)’ T D_;Vg_l,/lg,l (Z))

is a Schottky figure adapted to the basis (N1, -+ , Ng) for each z € C with |z| < s.

Proof. We explain the language used in [33] and how to obtain the lemma.
Recall that S = ng’Ar is the Schottky space. Let O(S) be the ring of analytic functions, which

means that locally the function can be uniformly approximated by rational functions.® Let y = (Z z) €

PGL,(O(S))be a loxodromic element with ¢ # 0 and 0 < A. Let A;’“" be the affine line over S with
variable Z. In [33], relative twisted Ford discs are defined by

DY, ={xe AGM |(cZ +d)(x)* < Al(ad - be)(x)]}.

We will prove that this gives the same family of twisted Ford discs as in equation (2.4).
The projection map 7 from AIS’“" to S is the restriction of the seminorm to the ring A, [a, S, A]. For

any y € S, the fiber 77! () is the affine line A,l}_’l‘(’;’) .7 Relative Ford discs are the union of twisted Ford
discs on these fibers.

For the continuous map p, we know p(0) is a non-Archimedean point in S. Then we can apply
[32, Theorem 4.3.2 and Corollary 4.3.3] to find relative twisted Ford discs on an open neighborhood
U of p(0) in S, which is a Schottky figure adapted to a chosen basis. The new basis is denoted by
Ny =1My,--- ,Ng = 1M, for some 7 € Aut(Fg) and with parameters Ay, - - - , A,. Moreover, for any
y € U, the restriction of the relative twisted Ford discs to the fiber A;_’L‘(’;l) gives a Schottky figure on
that fiber. Then we only need to prove that this gives the twisted Ford discs in the statement of the
lemma.

For H(y) Archimedean, the norm (#(y),| - |y) is always given by (C, | - 1) with some e(y) < 1.
Due to our choice of p(z), we know that e(p(z)) = 1/log(1/|z]) for z # 0. Over (C,| - |S), the
analytification gives no new point. Hence, a seminorm | - |, € A;_L‘(l;' @) = A((lj“"l’; reads as

1/log(1/1z])

P2 0] = | anz) )| = |3 anz)"

for some unique Z(x) € C determined by x and for a polynomial P € C[Z]. Due to the openness of U
and the continuity of the map p, we can find 0 < s < r such that p(IDy) is contained in U. Therefore,
the twisted Ford discs at the fiber over p(z) with z # 0 and |z| < s read as

D} ,(2) = {x € A" [ [(cZ +d) () < Al(ad - be) (x)]}

= {x € Cl [e(2)x + d (@)L < A(ad - be) ()| E Dy,
The proof is complete. O

We define the discs Dy, to be the Ford discs

D, = Dﬂi",ﬂafl (2) (2.5)

6We will only use meromorphic functions on D, so we do not provide a detailed definition.
7The fiber =1 (y) is the set of seminorms on R[Z] whose restriction to R = A, [a, 8, 4] coincides with the seminorm y.
Recall that 7 (y) is the completion of the fraction field of R /ker(y). Hence, this set of seminorms, 7~ (y), is isomorphic to the

set of multiplicative seminorms on # (y) [Z ] whose restriction to 7 (y) coincides with y, which is exactly the affine line A;_;(';
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for any generator a in the generator set {Ny, -+, Ng, N 1_1 ,ooo,N < 1 }, where the inverse is used because
we want the attracting fixed point a* of a to satisfy a* € D,. For any element y = a;, ---a;, € I, we
define

D%z =0z ain—leDai",Z'

We can further suppose the Schottky basis is uniformly bounded for |z| < 1. Indeed, we may assume
that the limit set and the Schottky figure of I" are in the unit ball D(0, 1) of the Berkovich affine
line A,l(’a", which can be realized by suitably conjugating the Schottky group. Then, for small |z]|, the
Schottky figures of I'; are in a uniform compact set in C due to the centers of Schottky discs being
meromorphic functions and their radii being functions of the form A1°2(1/12D /|¢(z)|. Here, A and c(z)

a(z) b(z) _
c(2) d(z)) and 1,1 = A.

are determined by the disc D;,l 1 (z) corresponding to a, = (
3. Asymptotic convergence of zeta function

Let " < SL,(M(DD)) be a family of Schottky groups satisfying ().

3.1. Convergence on the half-plane: Euler product
Theorem 3.1. For Rs > 1, we have that

Z(I';, s/log(1/1z]))

1 0.
Z[(F,S) - awz=

The following lemma gives the convergence of the length of each conjugacy class.

Lemma 3.2. Let [y] be a nontrivial conjugacy class in I'. Then

i () /08 (112D _

1.
z—0 4 (y)

Proof. Using the definition of non-Archimedean length (Definition 2.16) and the assumption that
I' < SL,(M(D)), we have

() = O,
Every nontrivial element y in I" is loxodromic in SL; (C((#))), and hence £"¢(y) > 0. By the definition of
the hybrid norm (2.2), tr(y ) is meromorphic, so that lim,_,q [tr(y,)|/1°2(1/12D = |tr(y)|.4. Additionally,
the assumption that I" satisfies (¥) implies that £(y,) — oo as z — 0, which follows from the standard

relationship between contraction rates and translation lengths combined with the coarse additivity of
the latter. We obtain

|tr(yz)|/e€(7z)/2 = (! 4 e—f()'z)/Z)/gl’(yz)/2 1.

We obtain
i L0/ log(1/12D) _ |y flog(1/lz]) _ log lir(y:)l/log(1/1zD) 21og [xMlwa _ |
z—0 ra(y) z—0 2log |tr(y,)|/log(1/|z]) log [tr(y) |na e (y) '

We also need a uniform bound independent of z for the lengths of geodesics. We first recall the
uniform distortion estimates from Lemma 5.6 and Corollary 5.9 in [9]. Meanwhile, Proposition 2.22
and Lemma 2.23 state that there exists 7 € (0,r) such that the map p : D,, — 8;"1’4 is continuous,
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and {D, .} is a uniform Schottky basis for any z € D,,. Hence, we can apply the results to obtain the
following.

Lemma 3.3. There exist ng € (0, r) and constants R > 0, ¢ € (0, 1) such that for any |z| < no and any
nontrivial word vy, the radius r, ; of D, ; satisfies®

ry. < RS (3.1)
Moreover, there exists a constant N > 0 such that for any y = ab with ab reduced, and I[(a) = 1 and
I(b) > N,
SUPxeDy, . la’(x)1z 1
—— < - . 32
e, @@L - P(a" G2

Here, the radius and the derivative are computed with respect to the norm | - |,. More precisely, for

| . |1/10g(1/|z|)

z#0,|-|;isanormon C given by |- |, := ,and for z =0, | - |, is a norm on C((#)) defined

by [ -1z =" |na-

Lemma 3.4. Let 59 € (0,r), R > 0, ¢ € (0, 1) be the constants given in Lemma 3.3. Then there exists

C > 0 such that for any word y = ab with ab reduced and [(b) = 1 and a of arbitrary length, we have
SUPxepy, . la’(x)];

——————— < Cexp(R/(1 = ¢ orany z € D, .
nfyen, [0, p(R/( )) for any o

Proof. Assume [(a) = n and write a = q;, --- a;,. Recall that a;; ---@a;, Dy,; = Dy, --a;,0.¢ for any
z € Dy, We estimate the distortion of a:

’ ’
SUPxepy, . la’ (%)l SupXGDuiz -, b,z |ai1 (x) |Z SUPx ED“i3 w0y, bz |ai2 ()l SUPxepy, . |a,{n ()2

S - . = v =
infeep, (W] infeep, o 10,k infeep, L0 infre, . o} (]
1 1
< exp Z 77 bz < exp ZR/(l -c)l.
j<n—-N

Here, to obtain the second and third inequalities, for j satisfying n — j > N, we estimate the distortion
of a;; by applying equation (3.2) and then equation (3.1); and for j satisfying n — j < N, we bound the
distortion of a; by a constant that depends only on I" and M. O

Lemma 3.5. There exists ¢ € (0, 1), depending on the Schottky family, such that for any conjugacy class
[y] with €"*(y) > 1/c and |z| < ¢, we have

€(yz) = clog(1/1zD€™ ().

Proof. Let(7y) be the word length of y with the fixed generating set. Choose a 7y in the conjugacy class
that is cyclically reduced, meaning that the first and last letters of the word y are not inverse to each other.
Note that y has a unique attracting fixed point, say, in the disc Dq, ;. Using yDq, ,z = Dyaq; 25
combined with Lemma 3.4, we obtain
1og(rym“z)
rail »Z

R
St (3.3)

—log |y’ (y-attracting fixed point)|, >

8Recall that /(vy) stands for the word length: cf. Subsection 1.4.
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As we require y to be cyclically reduced, we have I/(ya;,) = I(7y) + 1. Hence, by equation (3.1),

Fya;:
Y2

log l
rai] »Z

) > log(1/|Di(y).

R
“(1-¢)

C(yz) = —log(1/|z|) log |y’ (y-attracting fixed point)|, > log(1/|z|)

R
> log(1/Iz | H) g = [logra, | ~log R =

where the last inequality is true if /(y) is large enough compared to these constants. For the finitely
many y with [(7y) small, we use Lemma 3.2 to get a uniform bound.

Lemma 3.6. Let v be a cyclically reduced word. For the word length [(y) and the non-Archimedean
length £ (y), they satisfy €"*(y) < [(y), where the implicit constant is independent of vy.

Proof. Since £"“(7y) is the least translation length for the type of points 77, (Lemma 2.17), we have
for the Gauss point 0 =1 1,

" (y) <dg(o,yv0) <dgy(o,0;,0) +dg(a;,0,0;,0,0)+---+dg(a;, ---a; _0,y0)

< ) da(0,0;,0) $1(y). 0
J

The proof is completed by combining the above lemma. O

Since equation (3.3) also works for the non-Archimedean point p(0), the same proof implies the
following.

Lemma 3.7. Let " be a non-Archimedean Schottky group. For any cyclically reduced word y, we have

" (y) 2 1(y).

Proof of Theorem 3.1. Suppose s € C with Rs > 1. We have

2T sflog(1/lch) _ [y menlostin)

ZI (F7 S) - 1 — g-st™@ ) R(’}/)’ (34)

[yleP

where

[Tes (1= e~ (s/log(1/lzD+k)E(v2)y - §f T, < SL,(R),

R(y) = {Hkl+k2>1 (1- e—(s/log(l/\z|)+k1+k2)€(yz)e—i9y(k1+k2)) if I', < SL,(C).

We will use the inequality
1/(1 =x) <exp(2x) for 0 <x < 1/2. (3.5)

We estimate |R(y)|~!. Using Lemma 3.5, we have for |z| small, if I, < SL,(R), then

RO = [ 11 - entehoetlehctra =t < exp(2 3 eketet/lzhere )
k>1 k>1

De—clog(1/1z)e" (v)
= exp(1 — e—clog(1/lz])tma (y) )
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IfT', < SL,(C), since #{(k1, ks) € N> : ky + ko = k} = k + 1, we have

IR(y)|™' < H 1- e—(?iS/IOg(l/lzl)+k)£’(yz)|—(k+1) < exp(2 Z(k i l)e—kclog(l/|z|)€"“(y))
k>1 k>1

2 fe—clog(1/1z) " (v)
= - <
e"p( (1 = e-clog(1/1zD e ()2 2) = e"p( (1—e— log(l/|z|>f"a<y>)2)‘

Combining these two cases, we have for |z| small,
]_[ IR(y)|™" < exp| 8 Z e~clog(1/1zhem () | (3.6)
[yleP [yleP

We first sum over {[y] € P : £"*(y) = n} and then sum over n € N. Due to Lemma 3.7, there exists a
constant C depending only on the family such that

#{[y] € P: €"9(y) = n} < #{ycyclically reduced : I(y) < C'n} < e". (3.7)

Hence,

86—(c10g(1/|2|)_c)
Eq. (3.6) < exp(l — o—(clog(1/zD-C) |’

which converges to 1 as |z| tends to zero.
Now, we consider the other factor in equation (3.4). Take N > 1. We separate into two parts:
"% (7y) < N and ¢"“(y) > N. For the first part, which is a product of finite terms, due to Lemma 3.2,

1 = e—s/og(1/1zD)€(yz)

1—[ 1 —e—st"(y) - L

[yleP
ona ('}’) <N

For the second part, due to Lemma 3.5, we have

— e~ sNog(1/1zN)€(yz)
log nliesentsianii | 9 o~ Rs/102(1/12)€(v2) 4 ,~ Rl (y)
1 — e_sgna (y)

[y]eP [y]eP

4 (y)>N 4 (y)>N
—-N (Rsc-C)
<2 Z e—%scf"“(y) +e—?§s€"’”(7) <2 Z eCn(e—nRsc +e—‘}{sn) — 4e N
[yleP n>N I-e ‘
4 (y)>N

where the first inequality is due to equation (3.5) and the last inequality is due to equation (3.7).
Therefore, given Rs > 1, we have that for N sufficiently large, the product

1 = e=s/log(1/1z)E(y2)

1—[ 1 - e‘S["a(?/)

[yleP
" (y)>N

is close to 1. The proof is complete. m}
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3.2. Boundedness of zeta function through transfer operator

3.2.1. Preliminaries on trace-class operators
We recall some preliminaries on trace-class operators. See [1 1, Appendix B] for more details.

Let A : H; — H, be a compact operator between two Hilbert spaces. The singular values p, of A
are defined to be the eigenvalues A, of (.A*A)'/? in decreasing order, that is,

pe(A) = (A AP, €=0,1,2,---.
We recall the minimax property of singular values:

. IAvll3,
min max ——.
codim(V,H)=¢ veV\{0} ||v||x,

pe(A) = (3-8)

This follows directly from the minimax property for self-adjoint operators since ||.Av ||§_L2 = (A" Av,v)y,.
As a corollary, for any compact operators A : H; — Hy and B : H; — Ha, we have the inequality

we(A+B) < e (A) + e, (B), Y= +10. (3.9)

Definition 3.8. A compactoperator A : H; — H, between two Hilbert spaces is a trace-class operator if

1Al = > e (A) < oo.
t

|| - |l is called the trace norm.

For a trace-class operator .A : { — H on a single space, one can define the trace by

tr(A) = Y (Aej,e;), (3.10)
J

where {e;} is an orthonormal basis of 7. One can verify that the definition does not depend on the
choice of {e;}. By Lidskii’s theorem [11, Proposition B.31], we have

tr(A) = Z A (A).
t

The Fredholm determinant is defined by

det(1 - A) := ]_[(1 — e (A)).
4

‘We have the estimates

(A< D (A < AL Tdet(1=A)] < [ (A +pe(A) <M @
t 4

For a trace-class operator A : H; — H, and a bounded operator B : H, — H3, it follows from the
minimax property that u,(BA) < ||Bllx,—w, e (A) and thus
IBAll < 1Bll3,—245 1Al - (3.12)

Moreover, it is shown in [11, Eq (B.4.9)] that for a trace-class operator A : H; — H, and a bounded
operator B : Hy, — Hy,

tr(AB) = tr(BA). (3.13)
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3.2.2. Transfer operator: SL;(R) case

To estimate the Selberg zeta function in the region where the infinite product expression does not
converge, we employ the transfer operator L. The observation is that the transfer operator L is a trace-
class operator acting on the space of holomorphic functions with bounded L? norm, and its Fredholm
determinant gives the Selberg zeta function.

We first consider the case of a Schottky group I' < SL>(R) of rank g > 2. Write I = {(aj, a2, - - - , azg)
with a;a;., = id for i = 1,2,---,g. By conjugating I' if necessary, there exist open discs
Dy, Dy, -+ s Dazg in C centered in R such that their closures are disjoint, and foreacha € {ay, ..., a2},
we have a(C — m) =Dgand a(R - I,-1) =1;, where I, = D, NR.

We define the Hilbert space H := Gal.zle(Dai), where H(D,) = {u € L*(D,) : u is holomorphic}
is equipped with the norm ||u||${(Da) = |Do| ™V ul? where |D,| is the Lebesgue measure of the

L2(Dy)’
disc D, given as in equation (1.7). The transfer operator L : H — H is defined as

Lou(w) = Z a/(w)’u(a;(w)) for we Dy with befan -, a5} (3.14)

a,«;tb‘l

Here, note that the derivative satisfies a/(w) > 0 for w € Dy N R, and hence we define a/(w)* :=
1029 (W) where we choose the branch of the complex logarithm so that if s € R, then a/(w)* is the
unique holomorphic function on Dy satisfying a/(w)* > 0 forw € Dy N R.

We introduce a few more notations. We use W" to denote words of length n with respect to the
generators aj, - - - , Gz, thatis, words of the form a;,a;, - - - ;, witha;,,, # ai’jl.Fora =aqa; ---a;, €W,
we denote

a(w) = a; (a;, (-~ a;,(w)))

and a = (0 T s PR

For a disc D of radius R, and a real number p > 0, we use pD to denote the disc with the same center
and of radius pR.

The following lemma shows that L is a trace-class operator (see also [5, Lemma 15.7]).

Lemma 3.9. Suppose y : Dy — pD, is a holomorphic function between two discs with 0 < p < 1 and
a,b e {ai,...,ax}. Then the pullback operator

Yu(w) =u(y(w)) : H(Da) — H(Ds)
is a trace-class operator satisfying
pe(y") < C(1=p)?p'NE+1.

Consequently, for any s € C, L : H — H is a trace-class operator.

Proof. We may assume D, is centered at 0 and take an orthonormal basis ¢, (w) := Vn + 1(%)" of
H(D,), where R is the radius of D,. Then

' - ly (w) "
17 6ulBuipy = 1061 [ e )R dmw) <+ Do,
b
By the minimax property equation (3.8), we conclude

pe(y?) < Z ly*bnllr(py) < Z Vn+1p" < C(1 - p)2pfVe+1.

n>¢( n>t
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Thus,

D) CU=p)? Y pVE+T < o,
t 4

which implies that y* is a trace-class operator. Since Ly is a finite direct sum of such pullback operators
composed with multiplication by holomorphic functions, we conclude that L is also a trace-class
operator using equation (3.9) and equation (3.12). O

Since L is a trace-class operator, we can define its Fredholm determinant. We claim det(1 — L)
is exactly the Selberg zeta function; see [5, Lemma 15.10]. Here, we include a proof for completeness,
but we will omit the proof later for similar cases. Note that since L is of trace class and depends
holomorphically on s € C, det(1 — L) is an entire function. So, this provides an alternative proof of
the holomorphic extension of the Selberg zeta function.

Lemma 3.10. For s € C, we have
det(1 - Ly) =Z(T,5s). (3.15)

Proof. Since both sides are entire functions on C, it suffices to check the inequality for Rs > 1. For
Rs > 1, we have

00

det(1 - £,) = exp(— > %tr(li?)

n=1

On the other hand,

0 1 ‘
Z(T',s) =exp —Z - Z e s+ |

n=1 [y].k

k
We again consider the orthonormal basis ¢7 (w) = Vk + l(w;—;”“) , where w, is the center of D, and
R, is the radius of D,. We write

ES = Z Es,ab Wlth Es,ab : H(Da) - 7-l(Db)

azb-lew
given by
Ls.aput(w) =a’(w)’u(a(w)) for w € Dy.
We have
LY = Z ﬁs,aila,-2~~~a,-n+l with »Cs,a,-la[z~~~a,-n+l = ﬁs,a[na["*l "'»Cs,cqza,-3 ['s,al-la,-z-

Qi (s n+1
i, a,n+leW

The Schwartz kernel of Ly.q; oy, ---a;,,, 18 given by

w' e Dy, .

a TN
Loag oy, 0. W) = 3 (@0, 03,) W) 8 (@, -3, (W) (W), w € Dy,
k
Its restriction to the diagonal is nonzero if and only if a;,,, = a;,, since w = w’ only when i, = i.
Sety = a; ---a;, and Ly, = Lsq; - q,,, - SO, Lsyu(w) =y (w)*u(y(w)). A change of variables

n i,
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w = gw’ gives the operator (g)* o L, 0 (g71)* : H(g_lDa,.]) - ’H(g_lDa,.ml) given by

(8)" 0 Ly o (g7 ) u(w’) =v"(gw)u(g  ygw’).

Lety; = g 'yvg, and Ly 5, : H(g™' Dy, ) = H(g ' Dy, ) be given by L, u(w’) = yj(w) u(yiw’).

Then

(8) 0 Lyyo (g7 ) u(w) = B'L,,, B with Bu(w') = (g' (W) u(w).
Therefore, by equation (3.13), trL , = trLs ,,. So, we may choose the coordinates to make a;, - - - a;, a
diagonal element so that a;, - - - a;, (w) = e~¢(%1%n)yy Then

(a, -+ -a;,) (w)* = e~sE@n0in)

We may assume the center of Dy, is 0. Applying the definition of trace (3.10) to the basis ¢Zi] (w), we
obtain

T
ULy oty = Z(k+ 1 /

Suppose the closed loop a;, - - - a;

(i) )\ [\
e w w dm(w) = Z e~ (stR)E(aiy i)
i Rail Rail

k

= a™, where a is primitive. Then

1 1 _
Z ;tr(ﬁ?) = Z - Z e s (@)
" m ' [a]eP.k

The proof is complete. O

For further applications, we also introduce modified transfer operators that use only discs with a
word length > N. Fora=a;, ---a;, € W", let

Da =g, (Dﬂin)'
We define the modified transfer operator on H = Hy := @peyynv H(Dp):
Lonuw) = > a’(w)ua(w)) for weDy with b=a; - ay. (3.16)
a#a;!
B

When N = 1, it agrees with the previous definition in equation (3.14). When N > 2, the modified
transfer operator acts on a space of functions with a larger domain. We can still use the proof of Lemma
3.10 to show that for any N > 1,

det(1 — L4, n) = Z(T, s).

In the computation, we need to use fixed points. By taking larger N, the fixed point of a loxodromic
element is still contained in only one disc. The computations are the same.
Now, we can state a much more precise estimate for the transfer operator.

Proposition 3.11. Suppose I' < SL;(R) is a Schottky group with the notations above. Suppose for some
A,B>0, N €Z., and ¢ € [0, ], we have for any a € Wandb =a;, ---a;, € WN with a;, # a

o e < a’(w)| < e?and|arga’(w)| < ¢ < foranyw € Dy;
o a(Dp) € e BD, witha = ab.
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Then the singular values of L n satisfy
we(Lsn) < C(g, N, B)e ARsIHelIsI=BO/Cle.N)\fp 1 7 (3.17)
Proof. The transfer operator L y is the direct sum of operators
Lsap : H(Da) = H(Dy) givenby Lsapu(w) =a’(w)*u(a(w)),

wherea € Wandb =q; ---a;, € WHN with a;, # a~! and a = ab. We have

o [’ (w)*] < max(la’ (w)[%*, Ja’ ()| ™2) exp(|arg a’ (w)][Ts]) < eARslrel3s1,

o By Lemma 3.9, the singular values of the pullback operator a* : H(D,) — H(Dy) satisfy
pue(a®) < C(1—e By 2e Bie 4 1.

Then the proposition follows from equation (3.9) and equation (3.12). O

Recall from Lemma 2.23 that, for a family of Schottky groups satisfying condition (%), we have a
uniform Schottky basis.

Proposition 3.12. Suppose we have a degenerating family of Schottky groups I', < SL,(R) satisfying
(%) with their Schottky discs uniformly bounded away from co. ForanyN > 1, a e W,b=aq;, - --a;,, €
WN with a # al._ll, and sufficiently small 0 < |z| <y 1, we have for any w € Dy _;, and the disc D,

with a = ab,
|log [a’(w)[| sn log(1/]z]),

1
a(Dyp,z) C ToPae (3.18)

in terms of the absolute norm. Moreover, for any M > 0, there exists N(M) > 1 such that if we require
b e WN M) additionally, then

larga’(w)| sar I2I™.

Consequently, given any C, M > 0, the family of zeta functions Z(I';, s/log(1/|z])) with 0 < |z|] < 1/e
is uniformly bounded (depending on C and M) in the region

|Rs| < C, |Ts] < Clz™ log(1/]z]).

Proof. By assumption, a € SL,(M(D)), so we can write a = (a b) with a, b, ¢, d € M(D). Fix any

cd
0 < |z| < 1. The uniform separation a(Dy, ;) C %Da’z follows from Corollary 3.23.
Forany w € Dy ,, wehave a(w) = ?Z:VV:ZZ , where the lower subscript means to evaluate the functions
z z

at z. Then a’(w) = 1/(c,w + d,)?. The estimate |z|* < |a’(w)| for some A > 0 follows from the fact
that the Schottky discs are uniformly bounded away from co. The other estimate |a’(w)| < |z| ™ follows
from the definition of uniform Schottky discs (2.4), and the convention (2.5) gives

inf |w+d;/c;| 2 d(@Dg 1 ,,a " 00) > diam(Dg1 ,)/2.

WEDh’Z

Finally, it follows from Lemma 3.3 that by taking N sufficiently large, we can ensure diam(Dy, ;) =
0(|z|°N). The estimate | arga’(w)| < |z|¥ for w € Dy, , follows from the observation that

a/(w) = (cow+d) 2 =c;2(Rw+d /c;) +iTw)™?
and Dy, NR # 0.
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For the boundedness of Z(T',, s/log(1/|z])), it suffices to assume 0 < |z] <y 1, since otherwise,
the statement follows from the continuity of the zeta function. Then the hypothesis of Proposition 3.11
is satisfied with A = Aglog(1/|z|), where Ay is fixed and ¢ = O(|z|™). We can apply the conclusion of
Proposition 3.11 and equation (3.11) to obtain the boundedness of Z(I',, s/log(1/|z|). |

3.2.3. Transfer operator: SL,(C) case
Let I" be a classical Schottky group in SL;(C) of rank g > 2. The discussion is similar but has several
complications, which we detail below.

Write I' = (ay, az,- -+, az) with a;a;4, = id fori = 1,2,--- ,g. By conjugating I'" if necessary,
there exist open discs Dg,, Dg,, - " * s Dq,, C C such that their closures are disjoint, and for each
a €{ay,...,a}, we have a(C — Dy 1) = D,.

To study the Selberg zeta function, we identify C with R?, and giveny = (f Z) € SLy(C), complexify

the linear fractional transformation y : R*? — R2:

a(x+iy)+b _alx+iy)+b 2
) =R , , , R 3.19
(%) ( c(x+iy)+d  clx+iy)+d (x.y) € ( )
to
— L{a(wi+iwa)+b a(wy—iwa)+b a(wi+iw)+b a(w; —iwy) +b
Y(WI’WZ) =3 . + - . =, 1 . _ . 7
2\c(wi+iwp) +d  é(wi —iwp)+d  cwi+iwa)+d  E(wy —iwy) +d

(3.20)

with (wy, ws) € C2. _
For each generator, suppose D, = {|w — wq| < Ry}. Let D, be the polydisc defined by

Dy = {(wi,w2) € C?: max(|w; — Rwgl, [wa — Iwa|) < Ra/3},

and we also view Dy N 5a as a subset ofvﬁa.

We introduce the Hilbert space H = 692g /H(Ea,) where ”H(ﬁai) = {u € Lz(ﬁai)

u is holomorphic} with the norm ||Lt||2 (B, |Da,| 1||u|| . Suppose a; maps Dy into a compact

)
subset of Da,» for any b # ai’ . The transfer operator L; : ”H — 7-[ is defined as

Lsu(wi,wa) = Z [a/ (w1, w2)]*u(@;(wi,wa)) for (wi,wz) € Dy with b e {aj,...,a}
a,«;tb‘l

(3.21)

Here, [a;(w1, w2)] is a holomorphic function in Dy such that [a/ (w1, w2)] = |a/(x+iy)| for (Wi, w2) =
(x,y) € Dy. More precisely, if a; = (Z Z) € SL,(C), then
1

[ai w1, w2)l = (cOwy +iwa) +d)(E(w1 —iw) +d) (3.22)

Equation (3.21) requires choosing a branch of the complex logarithm such that log[a;(w,w2)] is a

holomorphic function on Dy satisfying log[a (w1, w2)] = logla;(x +iy)| for (wi,w2) = (x,y) €

Dy N Dy. This is achievable because the > inequality [wp +d/c| > Ry gives |wi +iwa +d/c| > Ry/3 and

hence [a](w1, w2)] # O for (wy,w2) € Dy. Define [a](w1, w2)]® := exp(slog[a/(w1,w2)]) on Dy,
We show that the pullback operator y* is again a trace-class operator.
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Lemma 3.13. Suppose y : Dy — pﬁa is a holomorphic function between polydiscs in C* with
0<p<landa,b € {ay,...,a}. Then the pullback operator

Y ulwi,wa) = u(¥(wi,w2)) : H(Dq) = H(Dy)
is a trace-class operator satisfying
ue(7) < CopVe(e+1).
In the following, we will use the multiindex notation:

a:(al,az)ezzzo, la| =a;+ap, and a!=a;lay!.

Proof. We may assume Do = {(wi,w2) € C? : |wi| < Ry, |wh <_R,}. Consider the orthonormal

basis ¢, (Wi, w2) :=/(a1 + 1) (a2 + 1)) (wi/R)) ¥ (wa/Ry)?* of H(D,). Then

|71 (y (w1, wa)) P2 [ma (y (wi, wa)) [P
2a 2,
R} R}®

i 2 -1
1700l 5, = 1Bl [+ D@ 1) dm(wy,w2)
< (laf + 1?p?],

where 7; : C?> — C is to project on the i-th coordinate. By the minimax property (3.8), we conclude

pe@) < D W dallyp,y < Y, (k+1)2pF < Cop¥i(L+1).

||?2=£-10 k2>£-10
Thus,
D) <G Y pV e+ 1) < oo,
3 3
which implies y* is a trace-class operator. O

Similar to the SL,(R) case, we have
det(1 - Ly) =Z(,s) forany se€C.

‘We refer to [14] for more details.

Asin the SL, (R) case, we also consider the modified transfer operators to obtain further applications.
The precise construction is as follows. For a = a;, - - - a;, € WW", define the polydisc D, in C? associated
with Dy = D(w,, Ry) € Cby

Dy = {(w1,w2) : max(|wi — Rwal, w2 — Swal) < Ra/3}.
For any N € N, the modified transfer operator L; v on H = Hy = SN H(Dy) is defined by

ES,NM(Wl,Wz) = Z [a’(wl,wQ)]Su(E(wl,wz)) for (Wl,Wz) € Eb with b= (L TP
a¢d”

Again, we have for any N € N,

det(1 — L5 n) =Z(T',s) forany seC.
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We state a proposition similar to Proposition 3.11 for SL,(C).

Proposition 3.14. Suppose I' < SL,(C) is a Schottky group with the notations above. Suppose for some
A,B>0, N €Z., and ¢ € [0, ], we have for any a € Wandb =a;, ---a;, € WN with a, # a

o e~ < |[a’(wy, w)]| < e” and | arg[a’ (w1, w2)]| < ¢ < 7 for any (w1, w2) € Dy;
o a(Dy) C e BD,, where a = ab.

Then the singular values of L satisfy
pe(Lon) < C(g, N, B)eARsIelBs=BER/Cle) (g4 1),

Consequently, the operator Ly n is a trace-class operator.

Proof. The proof is similar to that of Proposition 3.11. The operator L » is a direct sum of the following
operators: Consider each component of L n:

Ls.ab: H(Da) = H(Dp), Lsaptt(wi, w2) = [a'(wi,wa2)]*u(@(wi,wa)), a=ab,

where a € W, b =q;, ---a;, € WY witha;, #a”!, and a = ab.
We have

o 1[a’(wiw2)I°| < max(|[a’ (w1, w2) %%, 1[0’ (w1, w2)] |7 ) exp(|arg[a’ (1. w2)]19s])
< eA|‘Rs|+<p|fIs|;

o By Lemma 3.13, we know
we(@) < C(B)e B (£ +1).
Then the proposition follows from equation (3.9) and equation (3.12). O

As in Proposition 3.12, we have the following.

Proposition 3.15. Suppose we have a degenerating family of Schottky groups T', < SL;(C) satisfying
(%) with their Schottky discs uniformly bounded away from co. For N > 1,a € W,b = q;, - - - a;,, € WV
with a # ai_ll, and sufficiently small 0 < |z| <n 1, we have for any (w1, w2) € Dy, 5, and the disc Dy ;
with a = af),

|log [[a’ (w1, w2)]I| < log(1/]z]),

o~ 1 ~
a(Dp,z) C l_oDa,z, (3.23)

in terms of the absolute norm. Moreover, for any M > 0, there exists N(M) > 1 such that if we require
b € WN (M) additionally, then
larg[a’ (w1, w)]| < |z.

Consequently, given any C, M > 0, the family of zeta functions Z(T',, s/log(1/|z|)) with0 < |z| < 1/e
is uniformly bounded (depending on C and M) in the region

|Rs| < C, |Ts] < Clz|™ log(1/]z]).

Proof. By Corollary 3.23, there exists v > 0 such that forany N € N,a € W, b = a;, -+~ a;,, € WV
with aa;, # id, and sufficiently small 0 < |z| < 1, we have

a(Dy,z) C z]" Da,z, (3.24)
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where a = ab.

Fix 0 < |z] < 1. We first show equation (3.23). Suppose Dy, = D(Wa;, Raz) and Dy, =
D(wp,z, Rp.z). Then |a(w) — wq ;| < |z|¥Ra, for w € Dy ;. Using the Cauchy integral formula, we
estimate the derivatives of a on Dy, ; at wy ;: for any k € N,

- k!
/ &dw‘ = k!/ de' <2n——1z|"Ra,z.
oDy (W —wp o)k ) Ry

Dy, - (W - Wb,z)k+1 b,z
We can then form the analytic continuation

dk
|ma(wb,z)| = k!

a(wi,wa) = a(wp,z)

1
oy — (w1 = Ry )™ (w3 = T ) (a;n dPRa(x +iy), 00 9% Ja(x + iy)) lsiymu . € C2.
(YEZEO
with |a@|>0

Combining the above two equations, we obtain that for any (w, w;) € Bb, 2>
la|!

|
la|
a/!Rb

|Z|vRa,z(Rb,z/3) ||

[@(w1,w2) = Wa 2| < |2]"Rac +4m )
a

k
2
= |z]" Ra,; +4n2(§) |2]"Ra; < (87 + 1)|z]" Ra .
k

Thus, we have equation (3.23).

Next, we estimate |log |[a’ (w1, w2)]]|. We write a = (Z Z) witha, b, c,d € M(D).Foranyw € Dy,

a:wtbs and a’(w) = 1/(c,w + d;)?, where the lower subscript means to evaluate the

cow+d;

we have a(w) =

functions at z. By equation (3.22), we have for any (w1, w) € 5[,,2,
[a’ (w1, w2)] = |Cz|_2(W1 +IWy — Wp,z + Wp 2 + dz/cz)_l(wl — W2 —Wp,z +Wh,z + d_Z/EZ)_l

= o’ (w )P 1+

. -1 . _ -1
wi +th—wb,z) ( wi —le—Wb,Z) (3.25)

wp,z +dz/c; Wb,z +d_z/c_z
Using |wp ; +d;/c,| > Ry, z, and max(|Jwi — Rwy,_|, [w2 — Iwp £|) < Rp /3, we have that the absolute
values of both the second and third factors are bounded above by 5/3 and below by 1/3. Using the
argument of the SL;(R) case (proof of Proposition 3.12), we have that there exists A > 0, such that
1z]4 < |a’(wp.;)| < |z|74. Hence, we have established the estimate for |log |[a’(w1, w2)]]].

We estimate |arg[a’(wi,wz)]|. It follows from Corollary 3.23 that Dy, C |Z|VD(1,'1,Z and

Ry, < |z|VNRal.I z- Then, we have

[wi+iwy —wp | 2 _
—E < S (1= 27
[Wh,z +dz/c] 3

which yields the estimate | arg[a’(wy, w2)]| < |z|M using equation (3.25).
Finally, we use Proposition 3.14 to obtain the boundedness of the zeta functions. O

3.3. Convergence on the whole plane

Lemma 3.16. Let Q be a connected open set in C and f(z), fn(z) be a family of holomorphic functions
on Q. Suppose
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o |fu(2)| < C for any 7 € Q for some constant C > 0;
o fu(z) = f(z) pointwise in some open set Q' C Q, as n — .

Then f,(z) — f(z) uniformly on any compact subset of Q as n — oo,

Proof. Since f,(z) is uniformly bounded, by Montel’s theorem, any subsequence of { f;,} has a sub-
sequence that converges uniformly on any compact subset. Suppose the lemma is false; then there
exists a subsequence of f;, that converges locally uniformly but not to f(z). This contradicts the second
condition. O

Therefore, the convergence part of Theorem 1.3 follows from Lemma 3.16 by combining Theorem 3.1,
Proposition 3.12, and Proposition 3.15.

3.4. Uniform separation

In this subsection, we verify the uniform separation property in equation (3.18) of Proposition 3.12 and
equation (3.24) of Proposition 3.15 using the continuity of the hybrid model. The idea is to relate discs
in the Archimedean and non-Archimedean cases and then compute the discs under the action of I" in
both cases. The key input is Lemma 2.23.

We need [32, Lemma 3.2.2].°

Lemma 3.17. Let k be a complete valued field. If k is Archimedean, we suppose (k, |- |) is isometrically
embedded into (C, | - |S) for some € € (0, 1], where | - | is the usual absolute value on C. Let p > 0

andy = Z) € PGL,(k). If yD* (. p) € Ay™", then |a + (d/c)| > p and
+ d-b a+d/c lad—bc|p
D*(a,p) = D ((% - 4a c? < [a+d/c2Te—p2Te > [cP(Ja+d c e —pPle)e ) if k is Archimedean, (3.26)
7 )= D+ —braa lad—bclp h .
cla+d/c)’ |cPla+d/c? )’ otherwise.

Recall that for the non-Archimedean case, an open disc D™(8, 1) is contained in a closed disc
D*(a,p) with @, B € kand A, p > Qiff

A<p and |a-pB|<p.

We recall the continuous map p : D, — A3g 397 in the hybrid model: for 0 < |z| < r, the

Archimedean norm | - |, evaluates a function f € C((t)) which is holomorphic on D} and meromorphic
at 0 by the formula

1/1 1
1. = 1f ()1 e V/1eD,

and we have as |z] — 0

[fl: = [flna-

A ball with center « and radius p satisfies
D% (a, p) := D (a, pPE VD) = DZ (a, [2[21/7)).

Here, we use the lower subscript z (resp. na) to emphasize that the ball is measured using the norm | - |,
(resp. | - |na)-

°In [32, Lemma 3.2.2], they forget to take into account the € in the Archimedean case.
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Lemma 3.18. Lety € PGL,(C((t))), and a, B € C((t)) which are holomorphic on D} and meromorphic
at 0. Suppose for some p, A > 0, we have yD;, (e, p) C D} (B, ). Then there exists v > 0 such that
Jorany 0 < |z| < 1, we have

v:D7(a(2), p) € DZ(B(2),2e™"),

and in terms of the absolute norm, we have

Y. Do ((2), |2]°2P) c 2" DL (B(2), 2]/,

Proof. Assume y = Z Z) with a, b, c,d € C((z)). From Lemma 3.17 and yD,,,(a,r) C AIL’a" with
k = C((1)), we have

lad = belnap

le+d/cla >p and —ae—2nal
lclrala +d/cliq

(3.27)

For the Archimedean radius, let € = 1/log(1/|z[). Then by Lemma 3.17, the radius of y, D («(z), p)
is equal to

lad = bel.p |(ad = bo).p 1

lcl2(la +dfc'€ = p2leye  lePla+d/c2 (1 - (p/la+d/cl)?/€)e

Z

Dueto p/|la+d/c|, = p/la+d/clna <1 and € — 0 as |z| — 0, we obtain that
(1= (p/la+d/c|)? ) -1, (3.28)

as |z| — 0. Hence, the Archimedean radius converges to the non-Archimedean radius, and by continuity,
we obtain that for |z| small, the Archimedean radius also satisfies

lad — be|.p

2
lcl2(ja +d/c|2 € - p2/e)e

In particular, there exists vo > 0 such that for |z| small, we have the stronger inequality

lad = belzp

> 2e < de™,
lelz(la +d/cl; _p2/e)e

In terms of the absolute norm, for |z| sufficiently small, the Archimedean radius (the left-hand side of
the following inequality) satisfies

1/
lad — bc|,r € < |20 alle
lcl2(ja +d/cl/€ - p¥eye] '

Next, we consider the center of the ball y,D}(«a,r) for 0 < |z| < 1. For the non-Archimedean case

(i.e., z = 0), from the hypothesis, we have IC(I:;‘ZﬁC) — Blna < A. Using the convergence | - |, = | - |na

as |z| — 0, we obtain a constant v; > 0 such that for 0 < |z| < 1, we have

b+aa _
cla+d/c)

b+aa

— - o < lz]"a'e.
cla+d/c) g

Bl; <e™™Aa, thatis, B
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By Lemma 3.17, the distance between the Archimedean center ¢, and the non-Archimedean center 9,,,
(extending their domain of definition and viewing them as functions of z) is given by

Ona —0a =

b+aa B g_ad—bc a+d/c
cla+d/c) \c e+ (dfe)|F € - prle

B ad — bc 1

- _cz(a+d/0)( - (p/|a+d/0|z)2/f)
_ad-be_ (p/la+dfcl)?*
CHa+d/c) 1= (pfla+d[cl)¥e

Its | - |, norm equals (notice that for a real number |x|, = |x|€)

6 — 6. = ad — bc ( o )2 1
e e Cz(a' + d/C) ‘ |(a + d/C)lZ (1 - (P/|0/ + d/clz)z/E)E (3 29)
ad — bc Jol 1 .

=p

s

E(a+dfcP [ Ia+d]o); (1- (p/la+dfel)/)e

where the inequality is due to equation (3.27) and equation (3.28), and holds for |z| small. As in the
estimate for the radius, we can replace 1 by e 22 for some v, > 0 in the previous inequality, which
holds for |z| small. Combining the estimates of the radius and of the distance between the centers, we
obtain for |z| sufficiently small and any x € y, D7 (a(z), p),

|)C _ﬂ|z = |x _,8|6 < (lx - 6a|00 + |6a - 6na|oo + |6na _ﬁlw)e
S(|Z|v0/11/6 + |Z|V2/11/e + |Z|v1/ll/e)6 <3 < /lefv/2’
where v = min{vg, vi, v }. This completes the proof. ]

Remark 3.19. From equation (3.29), as z — 0, the | - |, norm of the difference of the two centers does
not go to zero.

We are ready to prove the main result of this part:

Proposition 3.20. Suppose I' < SL,(M(ID)) is a family of Schottky groups satisfying (). There exists
v > 0 such that for any 0 < |z| < 1, the corresponding Schottky group and the Schottky basis given by
Lemma 2.23 satisfy

az(Dy,;) C |Z|vDa,Za

in terms of the absolute norm, for any generators a, b with ab # id.

Proof. Recall that Lemma 2.23 gives a uniform Schottky basis for all |z| small. In particular, for z = 0,
the Schottky basis for I' < PGL; (k) with k = C((¢)) equipped with the norm | - |, is given by

B= {Dgi,/li’D;_—ly/l_—l’ i= 1’ ’g}

a; b;
¢; d;

1/2)
na ’

6;'Dy, 4, € D%,y forany i# ;. (3.30)

Here, the closed discs are given as in equation (2.4). Writing §; = ( ), we have

(aid; = bjc;)
2

i

+ e pt+ [ s-1 172
D(S,-,/l,- T Dna 6i oo’/li

Cc

https://doi.org/10.1017/fms.2026.10279 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10279

32 J. Liet al.

Then we apply Lemma 3.18 to obtain the uniform separation. More precisely, take any ¢; = a~! and
6j= b~! with i # j. For the non-Archimedean case z = 0, the Schottky discs are given by
Da,O = D:S,—,/li and Db,O = D:?_,-,/l_,-’ (331)

The Schottky discs for the Archimedean case are given by balls (see equation (2.4) and equation (2.5))

i [Py 12| (aid; = bici) |12
D, ;= Dz (61' loo)(z),/li/ C—z z/ s
i
_ _ z(a'd'—b'C') 2
Dy = D [ (87" 00)(2), 42| =2
€j
Set
id; — bic; aidi—bic;
Ana = /13/2 (ac—ZC) :/az and Pna = /l}/z —( / ]cz / J) ,ll/az.
i J

Similarly, we introduce the notations A(z) and p(z) by replacing | - |,,, with | - |..

We can apply Lemma 3.18 to the discs Dy ¢ and D, o due to the property (3.30) and the convention
(3.31), and use the convergence of the radii p(z) — pnq and A(z) — A,4 as z — 0. This yields a
constant v’ > 0 such that for any 0 < |z| < 1, we have

0 D% ((87'09)(2).p(2)) = (67103 (67 ) (2). p(2)) € D (67 ) (2 e (2)).  (3:32)
and in terms of the absolute norm, we have
a;Dyz C |2 Doz
Repeating this argument for all possible pairs, we finish the proof. O

Remark 3.21. This proposition also implies the radius estimate in Lemma 3.3.

Remark 3.22. If the Schottky group I' is indeed inside SL,(R((#))), then for z € R, the discs D, . are
centered in R and the group I'; preserves R U co. Therefore, the intersections I, ; = Dy ; NR give a
Schottky figure for I, as a subgroup of SL;(R).

Corollary 3.23. Suppose T' < SL,(M(D)) is a family of Schottky groups satisfying (%). There exists
v1 > 0 such that for any 0 < |z| < 1 and for any n € N, the corresponding Schottky group and the
Schottky basis given by Lemma 2.23 satisfy

az(Db,z) c |Z|V1Da,z’

in terms of the absolute norm, where a = ab with a a generator and b = b, ---b;, € W" satisfying
ab,-l # id.
Proof. Notice that Da,; = abj, ---b;,,Dy,  z, az(Dpz) = ab; ---b;,_, Dy, b,z The idea is to

apply the distortion estimate of Lemma 3.4 to

yi=ab; ---bi,,, D(a(2),4(z)) =Dy, .z D(B(2),p(2)) =Dy, v,z

and use the result that D(B(z), p(z)) € D(a(z),e VA(z)) for some v > 0O due to equation (3.32).
More precisely, let wy be the center of D(a(z),4(z)). For any points w; € dD(a(z),4(z)) and
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wy € dD(B(z), p(z)), we have

Ldt < lywy —ywa; - I)/'wolz_l -Cexp(R/(1 -c¢)),
(3.33)

1
(1= e™)A(2) < - wal, < /0 £ ()

where f : [0,1] — Cis given by f(¢) = (1 — t)ywy + tywy, and the constants C,R > 0 and ¢ € (0, 1)
are given as in Lemma 3.4.

Let wy € D(a(z),A(z)) be such that yws is the center of yD(a(z),A(z)). By a similar argument,
we have

lyws = ywilz < 22(2) - [y (wo)lz - Cexp(R/(1 = ¢)). (3.34)

Combining equation (3.33) and equation (3.34), we obtain

1 _
[y = ywale = 3C2exp(=2R/(1= ) - (1= ™) - [yws = ywils,
which implies there exists some v; > 0 such that for 0 < |z] < 1,
az(Dy,;) C |Z|V1Da,z’

in terms of the absolute norm. O

4. Effective convergence of zeta function

Let I' < SLy(M(D)) be a family of Schottky groups satisfying (). In this section, we establish a
logarithmic rate for the convergence Z(T', s/log(1/|z])) — Z; (T, s).

Theorem 4.1. Given any bounded region K C C, we have for any 0 < |z| < 1/e,

|Z(I;, s/log(1/]z])) = Z1 (T, 5)| <k Jor sek.

1
log(1/]z])

4.1. Expansion of lengths

The key to obtaining an effective convergence result such as Theorem 4.1 lies in establishing the
following expansion of £(y,) with the leading term £"*¢(y) log(1/|z|) and exponential bounds for the
coeflicients a ().

Proposition 4.2. There exists a constant C > 0 that depends only on T" such that for any y € T'\{id},
we have that for any 0 < |z| < e"C"“ D) the function £(y,) in z has the expansion

C(yz) = " (y)log(1/1z)) + R| > a; ()2 |, @.1)
j>0
where the a;(y)’s are complex numbers satisfying
lag(y)| < CL™(y) and l|a;(y)| < CeC MU for jeN. 4.2)

The proof of Proposition 4.2 is based on the following Laurent expansion of the trace.
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Proposition 4.3. There exists a constant C > 0 that depends only on T such that for any y € T'\{id},
the function tr(7y;) in z has the Laurent expansion

r(yz) = Y A |, 43)
Jj=0

where the A (y)’s are complex numbers satisfying
|[Ao()| = e €D IC and A (y)] < CeTTCT D) for j e Zsy. (4.4)

Proof. Since each entry of y is an element of C((¢)), tr(y) is also an element of C((#)), and the first term
on the right-hand side of equation (4.3) is obtained using the definition of £"¢(y) (Definition 2.16).

For the upper bound of A (y), recall that {ax, 1 < k < 2g} is a finite symmetric generating set of I'.
Write y = a;, - - - a;,,, and we may assume that the word on the right-hand side is cyclically reduced,
since tr(7y;) is invariant under conjugation. It follows from Lemma 3.7 that m < ¢"“(y). Each entry
v(i, 1) of y is a sum of at most 2" terms, with each term being a product of m entries of generators. By
subadditivity and submultiplicativity of the hybrid norm, the entries of y satisfy'°

; . mna

sup |1y (i, Dy < 2™ sup {[lag (i, ) [Inyp}™ < €€,
1<i,l<2 1<k<2g
1<i,1<2

Each entry of y has the form ;. ; ¢ ;7. By the definition of the hybrid norm, we have |c;| <
I 255 ¢ 7 ||hybej . Combining these two estimates, we obtain the upper bound of A;(y).

Now, we prove the lower bound. By Lemma 3.5, there exists ¢ > 0 such that for any conjugacy class
[v] with €"“(y) > 1/c and 0 < |z] < ¢, we have

€(yz) = clog(1/[zD€" (y).

Let 21 (y;), A2(y;) be the two eigenvalues of y, with |11 (7y;)| > 1. Notice that 2log |2 (y;)| = €(y;) =
—21log|A2(y;)|. For 0 < |z] < ¢,

ltr(y,)] = eC 012 g=CO=)/2 5 pelog(/12DE"(1)/2 _ pmclog(1/12DE" (0)/2 5 %(1/|Z|)cf"a<7>/z > 1.
4.5)
Recall that
tr(yz) = 2O (Ag () + AL (D)2 + o). (4.6)

Let f(z) = Ao(y) + A1 (y)z+- - -, which is an analytic function on |z| < 1/e. Using equations (4.5) and
(4.6), we obtain for 0 < |z] < c,

log ()] 2 -5 () log(1/1).

Since y, is loxodromic for all z € D*, the analytic function f(z) has no zeros in D. Applying the
maximum principle to the harmonic function log | f(z)|, we have

1
log|Ao(y)| =log|f(0)| = |zﬂ2if~}zlog|f(z)| > —56’"“(7) log(2/c).

Therefore, we obtain an exponential lower bound of |Ag(y)| in terms of £ (7y). O

10The finiteness of the hybrid norm follows from the fact that the entries are meromorphic functions on the unit disc with a
possible pole at 0.
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Proof of Proposition 4.2. We use the same notations as in the proof of Proposition 4.3. We have

Ai(yy) = tr(yz)(% + % - tr(yl )2)“is a meromorphic function at 0. This is because equation (4.5)

2
gives A>(y:)/A1(y:) — 0 as z — 0, which implies log(§ — o )2) = log( 1= (o) [ (72) ) =

21+ (v2) /i1 (=) )
210g(%) is holomorphic in a neighborhood of 0. We continue to use equation (4.3) to

obtain

-2

na Aj(y) |1 1 W Aj (7)
A (y2) =27 D280 1+ o s+ |- |1+
¢ ; Ao(y) 2 4 Ao(y)? Z Ao(V)

= R4 (y) - £(2) - g(2).
By the previous estimate, we have |A;(y)/Ao(y)| < eCU N and |Ag(y)|™ < €D for some

C > 0. Thus, for |z| < e~19€"*(¥) /20, we have the bounds

Z A | g o Lo L peeen o L
200y) 10" AP 10

This implies that on the disc |z| < e~10C¢"* () /20

log(f(2)g(z)) =log(f(z))log(g(z)).

Moreover, we apply Cauchy’s integral formula to obtain upper bounds of the form of equation (4.2) for
the coefficients of the power series expansion of log(f(z)) and log(g(z)). We complete the proof by
using the equation

€(yz) =2log |1 (y2)] = €"“(y) log(1/lz]) + 2log |Ao(y)] + 21og | f (2)| + 2log |g(2)]

= £"(y) log(1/z) + 2log | Ao ()| +2R| > b,/ | @.7)
j=1
where 35 b;z/ is the power series expansion of log(f(z)) +log(g(z)) about 0. O

4.2. Convergence to intermediate zeta functions: statement of results

To obtain a better convergence rate, we introduce the following infermediate zeta functions: for each
M € Zs¢ and z € D¥,

Zu(Tz8)= [ | (1-e M), 4.8)
[yleP

where €ys (7, z) is the M-th expansion of length defined by

M
tm (v.2) =6’”“(7)+?§(Z aj(y)z [log(1/1z])) 4.9)

j=0
with the a;(y)’s the coeflicients given in the expansion (4.1).

10n C\ (—co, 0], we choose the principal branch of log z: log z = log |z| + i arg z with |arg z| < 7; set vz = e!°22/2,
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A priori, an intermediate zeta function is defined for Rs large. In Section 5, we will prove that it
admits an analytic extension to s € C.

We establish the following polynomial rate for the convergence of the log(1/|z|)-rescaled zeta
functions to an intermediate zeta function.

Theorem 4.4. For any C > 0, M € Zx, and € > 0, we have for any 0 < |z| < 1/e,
|Z(T,, s/log(1/12])) = Zm (T, 2, 5)| Sc.m.e |21'™ for |[Rs| < C, |Is| < Clz|™.
As a corollary, we obtain the convergence of zeros of zeta functions: in particular, the convergence
of the first zeros gives the convergence of the Hausdorff dimensions of limit sets.

Corollary 4.5. Let R > 0, € > 0, and M € Zx. Suppose that no zero of Z; (T, s) lies on the boundary
of Dr :={s : |s| < R}. Let

o pi,-+,pa, bethe zeros of Z(I';, s/log(1/z])) in Dg;

o pf/[, e ,pg[z be the zeros of Zp (T, z,s5) in DR;
o py4, .-+, pi be the zeros of Zy (T, s) in Dg."?

Then there exists ty > 0 such that for 0 < |z| < ty, we have A, = B, = N, and we can order the zeros
such that for each j e NN [1, N]

1
M T~ €
loj—pi | <™,

where m;?“ is the multiplicity ofp;.‘“ as a zero of Z; (T, 5).

Corollary 4.6. Let C > 0, € > 0, and M € Zsq. Let D ¢ [-C,C] +i[-C|z|™, C|z|™] be an open
connected set with its boundary a simple closed curve and

o p1,-,pa, bethe zeros of Z(I';, s[log(1/|z])) in D;

o pM, ... ,pglz be the zeros of Zy; (T, z, s) in D.

Suppose |Zar (T, z,5)| > |z|'"€ on D for 0 < |z| < to. Then there exists t; € (0,ty) such that for
0 < |z| < t1, we have A, = B;.

The difference between Corollary 4.5 and Corollary 4.6 lies in the regions where we compare
Z(T';, s/log(1/|z])) and Zp (T, z, s). Corollary 4.6 will be used in Example 6.8 to recover [34] on the
structure of the zeros with large imaginary parts of the Selberg zeta function for a three-funnel surface.

4.3. Convergence to intermediate zeta functions: proofs

In this section, we prove the effective convergence results of Theorem 4.1, Theorem 4.4, Corollary 4.5,
and Corollary 4.6.
First, we recall the Hadamard three-circle theorem.

Proposition 4.7. Let r| < ry < r3 € (0, 00) and set & = igig:ﬁf:ﬁ; Let f:{z:r <|z—a| <r} = C
be a holomorphic function with a € C. Then )

l-a

|z—al=r

max |f(z)| < (|zr—ria|)=(r1 If(Z)I) (|zr—rha|§r3 If(Z)I)

Proof. This follows from the fact that log | f(z)| is a subharmonic function. m]

The strategy of the proof of Theorem 4.4 is to prove convergence in the region Rs > 1 and then use
Proposition 4.7 to obtain convergence in a larger region.

2Qur convention is to list zeros according to their multiplicities.
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We need a lower bound for the function €37 (7y, z) given in equation (4.9), whose proof will be
provided at the end of Section 5.2.

Lemma 4.8. There exists C > 1 depending only onT such that forany M € Zsq and for anyy € I'\{id},
we have for any 0 < |z| < e” €M+,

i (y,2) 2 " (y) /2.

Proposition 4.9. There exist so > 1 and Cr > 0 depending on T, such that for any M € Zs, we have
for anylog(1/|z]) > Cr(M + 1) and any Cy > 0,

Z(I;, s/log(1/lz]))

Zu(T.29) 1| s¢, 1zl for Rs> (M +1)so, |Is| < Colz|™. (4.10)

Proof. We establish the convergence of geodesic lengths. We use C to refer to a constant depending
only on I', which may vary from line to line.
We first deal with the case Rs < 10log(1/|z]). Due to Proposition 4.2, for each y € I'\{id} and

0<|z] <e €W,
C(y2)log(1/]z]) = €**(y) + R Zaj(y)zj [log(1/lz]), (4.11)
j=0
where the a;(7y)’s are complex numbers satisfying
lao(y)] < CL"(y), laj(y)| < Ce U, (4.12)

By equation (4.11) and equation (4.12), we have for log(1/|z|) > C and £"%(y) < C~'log(1/|z|),
b (y.2) 2 0" (9)/2, €(yz)/log(1/1z]) = £"(¥)/2, (4.13)
and
[em (7, 2) = €(y2) [log(1/1z)] < C (e D)™ [log(1/12]). (4.14)
Using the following basic inequality: for |z1], |z2] < 1/2,
[log(1 = z1) —log(l — 22)| < 2|z1 — 22, (4.15)
we have for 1 <« Rs < 101log(1/|z|) and £"“(y) < elog(1/|z|) with & > O sufficiently small,
log(1 — e~ /oe1/12Dy _jo(1 — e—S(’M(%Z))‘ < |e—sf<yz>/log<1/|z|> — st (1.2)

= ¢~ Bstm (¥,2) || _ p=5C(yz)/log(1/1zD)+sp (7,2)

CL" () |7])M+1 S(COMH)-Re)27 ()2 lszM+1|

log(1/lz]) - log(1/lz])”

where, to obtain the second-to-last inequality, we use the inequality

< e Rseranplste

[1-e*| < |z] for |Rz| <1,
because equation (4.14) and the assumptions Rs < 10log(1/|z]) and £"“(y) < €9 log(1/|z]) give

[Rs(eC D 1z)M*1 /1og(1/z]) < 10eC DM |z] < 1.
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Meanwhile, for log(1/|z]) = C(M + 1) and £"“(y) > €9log(1/|z]), by Lemma 3.5 and Lemma 4.8, we
have

[log(1 — e—Sf(Vz)/IOg(1/|Z|))| < e R () |log(1 - e—st’M(%Z))l < e R () (4.16)

where we use | log(1 — e?)| < e %2 for Rz > 1. Thus, for log(1/z) > C(M + 1), and for (M + 1)sg <
Rs < 10log(1/|z]) and [Ts| < Cplz|™, we have

Z |log(1 — efsf(yz)/lt)g(l/\zl)) —log(1 - e*S[M(Y’Z))l
[y]eP
|SZM+1|
< —
log(1/]z])

ZM+l|

+
£ (y) <elog(1/1z]) £ (y)>elog(1/]z])

e(C(M+1)—9§S)€"“ (y)/2 e—c‘Ks["“ (y) (417)

|s
< =
= log(1/]z)

where we used the counting result (3.7) to obtain the last inequality.

Now, we treat the part of the £k > 1 terms in the Selberg zeta function. We only provide the details
for the SL,(R) case here, and the SL,(C) case is similar. For Rs > 1, Lemma 3.5 and equation (4.13)
allow us to use equation (4.15) with zo = 0 to obtain

+ |Z| SC() |Z|7

Z(k +1)]log(1 — e—(S/log(l/lz|)+k)f(7z))| < Z(k + 1)6—(‘35/1%(1/|Z|)+k)f(71) (4.18)
k>1 k>1
< 26—(‘-‘<S/10g(1/|z|)+1)t’(7z)/(1 _ e—l’(*/z))2_

Letlog(1/|z]) > C and Rs > C. We have the following two cases.

o For " (y) < e9log(1/|z]) with €y > O sufficiently small, by equation (4.11), we have

C[nll(,)/)
ol ( E

na 2C na
() 2 g1/ ) = o0 o Sl ) = (1 20 st .

This gives'?

(Rs/log(1/]z]) + D(yz) = (Rs/log(1/]z]) + 1)(1 )log(l/IZI)f"“(V) = log(1/]zD€" ().

__x
log(1/1z])
o For {"%(y) > €ylog(1/|z]), we can continue to apply Lemma 3.5 to equation (4.18) to obtain an
upper bound in terms of £*¢(y).
In conclusion, for log(1/]z|) > C and Rs > C, we obtain
Z Z(k +1)|log(1 — ¢~ (/10e(1/1zD+R)E(v2) )| < Z e~ 0" (0 log(1/l2])

[y]eP k=1 e <alogl/lz)
N e~ (Bstlog(1/12D)E"* () < ||

£ (y)>eolog(1/z)

(4.19)

where we again used the counting result (3.7) to obtain the last inequality.

BFor Rs, log(1/]z]) = 4C, we have (Rs/log(1/]z])+1) (1-2C/log(1/]z])) = 1+2C/log(1/|z|) -8C?/log(1/]z])* > 1.
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For log(1/|z]) = C(M + 1) and (M + 1)so < Rs < 10log(1/|z|), we obtain equation (4.10) by
combining equation (4.17) and equation (4.19). For Rs > 101og(1/|z|), it remains to bound the right-
hand side of the following inequality by |z|:

log(1 — ¢3¢ loe(l/1zDy _jog(] — =50m (7:2))

< hog(1__e—sfo@)ﬂogluzn)|+|10g(1__e—saw<yz>).
This can be achieved by an argument similar to the proof of equation (4.19). O
Now, we are ready to prove Theorem 4.4.

Proof of Theorem 4.4. Fix any C > 1, M € Z5(, and € > 0. Recall the constants so > 0 and Cr > 0 in
Proposition 4.9.
Set R = (M +1)so+ 1, and let C. > 1 be a constant satisfying C. > max{10C, R} and

log(R +10C)/log(R+C¢) < €.

It suffices to prove the proposition for log(1/|z]) > Cr(M +1). This is because the zeta functions depend
continuously on the parameters z and s, thus uniformly bounded for s € [-C, C] +i[-C|z|™, C|z|™]
and log(1/|z|) < Cr(M + 1) depending on C, M, €.

For any K7 := [-C,C] +i[T,T+1] with T € [-C|z|™, C|z|~™], we choose three concentric discs
D) c D, c D3 withradiir; < ry < r3suchthat D; c {s: Rs > (M + 1)sg, |Is| < (C+2)|z|™},
Dy D> Kr,and D3 C {s: Rs > —C,,|TIs| < (C+R+Cc+1)|z|™™} (see Figure 1). In particular, we
can take

D] =D(a,R—(M+1)s0), DQZD(G,R+10C), D3=D((1,R+C€),

where a = R +iT.

i(C+ R+ Ce+1)|z|™™

Figure 1. Choice of discs.
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By Corollary 5.8, the function
F (s) = Z(I';, s/log(1/[z])) = Zpm (T, 2, )

is an entire function. By Proposition 4.9, F,(s) satisfies the bound |F,(s)| <c¢ |z| for s € D and
s € D3N {s: Rs > (M + 1)sg}. By Proposition 3.12 and Proposition 3.15, Z(I';, s/log(1/|z])) is
uniformly bounded on D3N {s : Rs < (M +1)so}. Meanwhile, Corollary 5.8 shows that Z; (T, z, 5) is
uniformly bounded on D3N {s : Rs < (M +1)so}. Therefore, the function F, (s) is uniformly bounded
on D3, and from Proposition 4.7, we conclude

|F.(5)] Sc.m.e |z]'08U3/mloetrs/m) = s e gD,

The same bound also holds for s € D, by the maximum modulus principle since F,(s) is an entire
function. The statement follows from

logr, — logr;

log(r3/r2)/log(rs/r1) =1 - =1-1og(R+10C)/log(R+C¢) > 1 — €. -

logrs —logr

Proof of Theorem 4.1. Taking M = 0 in Theorem 4.4, we have for 0 < |z| < 1/e,
1Z(T...s/log(1/12])) - Zo(T.z.5)| sc 1'%, for |Rs| < C, [3s] < C.

It suffices to prove that

|Zo(T, z,5) = Z1 (T, s)| sk seK.

1
log(1/lz])’
By Corollary 5.8,

Zo(T,z,5) = Po(eslll(z)’ eSﬂz(z), . ,e‘””(Z)),
where each (z) = a; +a; o/log(1/|z]). By Corollary 5.9,
Z[(F, S) = Po(esazl, cee, esal).

Since Py is smooth, we conclude that

|P0(exul(z)’esyz(z),,,, ,es’”(Z)) _Po(esazl,... , e8| <k sup |pj(z) = eK.

1
a; | $K PN
J ! log(1/lz])
The proof is complete. O

Proof of Corollary 4.5. Given a disc D that satisfies the assumption, let p"“ be a zero of Z; (I, s) in
D g of multiplicity m. Then there exists a small disc D centered at p"¢ such that p"¢ is the only zero
of Z; (T, s) in Dy. We can write

Zi(T,8) = (s = p" )" f (),

where f(s) is an entire function nonvanishing on Dy.
Since Z(I';, s/log(1/|z])) — Z;(I',s) uniformly for s € 9Dy, there exists t; > 0 such that for
0 < |z| < t1, we have

|Z; (T, 8)| > |Z;(T,s) — Z(T';, s/log(1/]z]))| for s € dDy.
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By Rouché’s theorem, Z; (T, s) and Z(T;, s/log(1/|z|)) have the same number of zeros in Dy. We can
write

Z(T, s/log(1/]z])) = (s = p1) - -+ (s = pm) [z (5),

where f2(s) is an entire function nonvanishing on Dg. We claim that fz(s) — f(s) uniformly on Do.
Write Dy = D(p"“,r). By the uniform convergence Z(I';, s/log(1/|z])) — Z;(T, s) on Dy, for any
€ > 0, there exists #(€) > 0 such that for 0 < |z| < t(¢€), we have

|Z(T;, s/log(1/]z])) — Z; (T, s)| < min{e, | inf ‘ |Z; (T, s)|} for s € Dy.
e<|s—p9|<r
Therefore, Z(T";, s/log(1/|z])) has no zero in {s : € < |s — p"¢| < r}, which implies |p; — p"“| < € for
each p;. For s € Dy,

|fz(s) = ()l < sup |Z(Tz, s/log(1/1zD))/((s = p1) -+ (s = pm)) = Z1 (L', 5) /(s = p")"| S €.

SE@DO

As a consequence, there exist C > 1 and 7, > 0 such that for 0 < |z| < t,, we have C™!' < | £, (s)| < C
for s € Dy.

Similarly, since Zys (T, z,5) — Zj (T, s), there exists t3 > 0 such that for 0 < |z| < 3, Zy (T, 2, 5)
has m zeros in D, and we can write

Zu(T,z,8) = (s—pt') - (s = pp ) fur 2 (5),

where fjs . (s) is an entire function nonvanishing on Dy. For 0 < |z| < min{t, 2,73}, consider the
following functions on Dy:

gz(s) =(s=p1) - (s—pm) and h (s) =g:(s) = Zm (T, z,5)/ fz(5).

Thus, we can complete the proof by applying the following Lemma 4.10 to g, (s) and h,(s). O
Lemma 4.10. Let g(s) = s¢ +a1s?¥ '+ +ag = (s = p1) - -- (s = pa) be a polynomial such that all
of its zeros pi,...,pq are in a disc D(p, €). Let h(s) be a holomorphic function on D(p, 3€y) such
that |h(s)| < € < 4_d3_10d€g for z € dD(p,2€y). Then g(s) + h(s) also has d zeros p{,--- ,pl; in
D(p,2¢€p), and we can order the zeros such that for each j € [1,d] NN,
loj — | < 447 +3€l/d,

Proof. Since |g(s)| > eg on dD(p,2¢€)), and |h(s)] < € < Eg, by Rouché’s theorem, g(s) and
g(s) + h(s) have the same number of zeros in D (p, 2€p).

We claim there exist finitely many discs D of radius Ce'/¢ for some C € |2, 4d2+2] NN such that they
cover all the p;’s, and 2D, N 2Dy = @ for £ # ¢'. Let S = {|p; —pjl : i,j=1,2,--- ,d} C [0,2¢€0].
Then #S < d°. By the pigeonhole principle, there exists C € [2, 4d2+2] NN such that [Ce!/?,4Ce'/4] n
S = @ (note that the assumption € < 474" =194 ¢ jg yged here to ensure 49 *3€!/4 < ¢y). Then for any
pair p;, pj, we have either [p; — p;| < Cell or |p; -pjl > 4CeYe . Let Dy = D(p1, Ce'/?). Choose
a zero pj, € Dy, and let D, = D(pj,, Ce'/?). Using the inequality o1 — pj,| > 4Ce'/“, we obtain
2D N 2D, = @. We repeat this process finitely many times to obtain the desired family of discs.

The fact that € < 4“13_105[5(‘)1 ensures 2Dy C D(p.,2¢€p). Note that

|h(s)] < € < (CeYH4 < |g(s)| for s€d?2Dy).
14Here, if Dy = D(a,r), then 2Dy = D(a, 2r).
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By Rouché’s theorem, g(s) + h(s) and g(s) have the same number of zeros in 2D, and the proof is
complete.

Proof of Corollary 4.6. By Rouché’s theorem, it suffices to show
|Z(I"z, s/log(1/12])) = Zm (T, z,9) < [Zp (T, 2,8)|,  z € OD.
Since we assume | Zps (I, z, 5)| = |z|'7¢, it follows from Theorem 4.4 that
|1Z(T.. s/log(1/12])) = Zas (T, 2, 5)| Sc.m.e |2l ™% < |2]'7€
for |z| sufficiently small. O

Proof of Theorem 1.3 and Theorem 1.1. Theorem 1.3 is a direct consequence of Theorem 4.1 and The-
orem 4.4. The estimate on the Hausdorff dimension of the limit set in Theorem 1.1 is a consequence
of Corollary 4.5 and the computation of the intermediate zeta function Zy(T', z, s) for symmetric three-
funnel hyperbolic surfaces in Example 6.7. O

5. Analytic extension of intermediate zeta functions

Recall the intermediate zeta functions introduced in equation (4.8):

Zu(T,z,s) = ]_[ (1-e M) for Re> 1. (5.1)
[yleP

The goal of this section is to show that Z, (I, z, s) admits an analytic extension to C.

This can be seen as a generalization of the analytic continuation of the Thara zeta function. We need to
find good combinatorial relations between the £, (7y, t)’s and then obtain a determinant formula similar
to that for the Thara zeta function.

We will first review the proof of the determinant formula for a weighted version of the Thara zeta
function. Then we use derivative cocycles from the Schottky group to obtain a useful combinatorial
relation and apply the determinant formula.

5.1. Weighted Ihara zeta function

We briefly review the proof of the analytic continuation of the weighted Thara zeta function. For more
details, see, for example, [16, Section 3].

Let G = (V, E) be a finite graph, where E = {e},- -, ez, } is the set of oriented edges of G with
e; and e,y in opposite directions. We write e,y = e]‘.1 to refer to their relation. For each edge e, we
associate a complex number /. Define W(s) to be a (2J) x (2J)-matrix by

W(ej,er)(s) = oS (hj+hi) /2

if the endpoint of e; is the starting point of e and e; # e;l, and W(e;, ex)(s) = 0 otherwise.
n
For a nonbacktracking loop P = (e;;,- -+ ,e;,), define £,(P) = 3 h;,. The weighted Ihara zeta
J=1

function is defined as a product over primitive loops P:

Z1(G,h,s) = 1_[ (1= e~5tn(P)).
[PleP
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Recall that we use P to denote a nonbacktracking loop with a starting point at a vertex, and [ P] to denote
a loop forgetting the starting point. For s with a large real part, the product converges absolutely. The
following Proposition 5.1 gives the analytic extension of Z; (G, h, s) to the entire complex plane.

Proposition 5.1. For Rs > 1, we have Z; (G, h, s) = det(I — W(s)).
Proof. We expand log Z; (G, h, s):

(o] 1 ,
logZI(G,h,s):_Z Z Zeistn(P)
=1 Prep

S %e—jsmm

j=1 PeP

:_Z Z le—jsmm’
n

8

where the sum )’ pp is over primitive nonbacktracking loops P and #(P) is the number of edges in the
primitive loop P.
We can also expand log det(/ — W(s)):

0o

logdet(I — W(s)) = — Z %trW(s)".

n=1
To conclude the proof, we use the identity trtW(s)" = > el sn(P) which holds because the
Pep
Jj#(P)=n
diagonal entries of W ()" correspond to nonbacktracking loops of the graph G. m}

5.2. M-th expansion of lengths and derivative cocycles

In this section, we prove that the intermediate zeta function Z; (T, z, s) has an analytic extension and
is computable for concrete examples. We will use the geometry of the Schottky basis. Throughout this
section, we fix generators ay, - - - , ag and a Schottky basis D, satisfying Proposition 3.20.

For computational convenience, we will moreover assume D, ; are contained in D (0, C), that is,
uniformly bounded away from oco. This is always possible by choosing an appropriate coordinate.

The key observation is that the leading terms of the derivative are locally constant, from which we
can compute the intermediate zeta function.

Consider pairs of the form (U, f) where U is an open neighborhood of 0, and f is meromorphic on
U and holomorphic on U\{0}. Two such pairs (U, f) and (V, g) are equivalent if there exists an open
neighborhood W of 0, contained in U NV, such that f|w = g|w. A germ of meromorphic functions at
0 is an equivalence class of such a pair, and it has a representative that is a convergent complex Laurent
series about 0, " Z;‘;O a;t/ withn € Z, ag # 0. Let M) be the ring of germs of meromorphic functions
at 0, which is isomorphic to the ring of all convergent complex Laurent series about 0. The ring Og
of germs of holomorphic functions at 0 is defined analogously, which is isomorphic to the ring of all
convergent complex power series about 0.

Fix any M € Zso. We introduce several combinatorial operations.

o Fora=1" Zj.io a;jt’ € Mo withn € Z,ag # 0, we let Itps (a) be the first M leading terms of a:

M
Ity (a) =" )" ajtl.

7=0
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o We define the formal expansion of the logarithm plog : My — Zlog(1/t) & (Op/2niZ) by mapping
a=apt"(1+ Z‘;":l ajt’y € Mo withn € Zand ag # 0 to

m
[e9)

©0 -1 m—1 .
plog(a) := —nlog(1/t) +logag + Z % Z ajt’ | . (5.2)
m=1 Jj=1

— m-1 i . . . . .
Here, )~ _, ( lr)” (Z;‘;] a;jt/)™ is the power series expansion of the holomorphic function

log(1 + 2;11 a J-tj ) about 0, which is uniquely determined.
o We define It}, : Zlog(1/1) & (Op/2niZ) — Zlog(1/t) & (Oy/2niZ) by mapping a = nlog(1/t) +

(o)
2. a;t/ toits first M leading terms
J=0

M
It (a) := nlog(1/1) + Z atl.
j=0

And we define It” | : Zlog(1/t) @ (Oo/2riZ) — Zlog(1/t) by mapping a = nlog(1/t) + 3 ajtf to
j=0

its (—1)-leading term

It”, (a) :=nlog(1/1).
Lemma 5.2. For any M € Zs, and for x,y € My, we have

Ity; o plog o Ity (x) = Ity o plog(x), (5.3)
Ity; o plog o Ity (xy) = It), o plog(x) + It} o plog(y).

Proof. We recall the definition of plog in equation (5.2). The element x € M can be written uniquely
as x = xo(1 +x1) withx; = ¥ ;51 b1/, xo = bot" for some by # 0, n € Z. Then plogx = —nlog(1/1) +
log bo+ (x1 —x%/Z +xf/3 —---). From this expansion, we see that I}, o plog(x) is determined by xo and
the first M — 1 terms of x, and hence determined by It (x). This completes the proof of the first equality.

The second equality uses the observation that for two convergent power series ;- a(,-tj , Disl bt

we have log((1 + Y51 a;t))(1 + X5 bit')) = log(1 + X5y ajt’) +log(1 + X5, byt') in an open
neighborhood of 0. o

In this subsection, it suffices to consider the action of SL,(C((¢))) on P}C« ) the set of classical

points. For y = (z Z) € SLy(C((#)) and x # y~'oo € C((1)), the derivative of y at x is given by
¥'x=1/(cx +d)>.

Lemma 5.3. Fix M € Zs. Foranyy = (Ccl b) € SLy(C((2))) with yoo # oo and x,y € C((1)\{y oo}

d
With |x = Y|pa < e M |x =y oo|nq, we have

Ity (¥'x) = ltag (' y).

Proof. Itis sufficient to prove that |y’ (x) =" (¥)|na < €M |y’(x)|na» Which is equivalent to Ity (y'x) =
ltar (¥'y)-
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We have

1 B 1 _c(y=x)(c(x+y)+2d)
(cx+d)?  (cy+d)?  (ex+d)2(cy+d)?

Yx-vy'y=
Due to yoo # oo, we know ¢ # 0. Therefore,

(x = y)(c(x+y) +2d)
(y+d/c)(cy+d) |[*“

[Y'x =Y Vlna _|c(x=y)(c(x+y)+2d)

1Y Xlna (cy+d)?

na —

Due to |x = y|na < e M |x — y 1 oo|,a, We have that

|y +d/clna = |y - )/_100|na = |x _y_loollla > eMlx _y|na
and [cx +d + ¢y + d|pq < max{|cx + d|na, |cy + dlna} = |cy + d|na. The proof is complete. |

LetI"be a Schottky group in SL;(C((#))). Fory € I'\{id},let 11 (y), 12(7y) € C((¢)) be its eigenvalues
with [21(Y)|na > 142(¥)|na. Then there exists n > 0 depending on the group I', such that for any
0 < |z| < 7, the evaluation of A;(y) at z satisfies 1 (y)(z) = 21(y.). Hence, 1, (y) is a meromorphic
function at O (see the proof of Proposition 4.2). Recall that 2 log |11 (y;)| = €(y;). Using equation (4.7)
and the definition of plog, we obtain the following lemma.

Lemma 5.4. There exists a constant C > 0 that depends only on T such that for any y € I'\{id}, we
have for any 0 < |z| < e~ € ),

2 R(plog(41(¥))(2)) = "“(y) log(1/]z]) + R Z a;(n’ .
Jj=0

where plog(A1(y))(z) is to evaluate the series plog(A,(y)) at z, and the a;(y)’s are the complex
coefficients given in equation (4.1).

For each v € I'\{id}, we define
Ly (y) =1ty (2 plog(21 ().
Then we have that for any z € D*, the evaluation of Ly, () at z satisfies
R(Ly (¥)(2) = tm (v, 2) log(1/lz]), (5:4)

where £y (y, z) is defined in equation (4.8), and hence we obtain It” (L (y)) = €"¢(y) log(1/1).

Proposition 5.5. Fixany M € Zs. There exists C > 0 depending only onT such that for N > C(M+1),
we have for any reduced word y = a;, - - - Q;,,,

Ity (af (x)) = Ity (af (y))  forany x,y € C(1) N Doy, a -

Denote the common value by ltM(a[f] (ai, - -+ @y )). Moreover, for any cyclically reduced word
v =aq -+ -a;, withn > N, we have

_LM (7) = lM (ail, (ai2 et aiN)) + lM (aiza (ai3 et aiN+1)) +-0+ lM (ain’ (ain,] e ai,HN,]))’ (55)

where i, :=ixyj—n when k + j > n, and ljy is defined as

lM(aik’ (aik+1 T aik+1v-1)) = lt;\/l © plOg © l[M(az{k (aik+1 T aik+N—1))'

https://doi.org/10.1017/fms.2026.10279 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10279

46 J. Liet al.

Remark 5.6. An easy consequence of equation (5.5) is that

Iy (~Lar (1)) = 10| D I (@i @iy i) | = =07 () log(1/1),
k=1

which is useful for the holomorphic extension of the Thara zeta function.

Remark 5.7. Proposition 5.5 gives another proof of the lower bound of the leading coefficients. In
general, it is hard to get a lower bound estimate of the leading coefficients. Similar questions in the
Archimedean case are important and hard. In the case of Schottky groups, the geometry and the
hyperbolicity enable us to obtain such a lower bound.

Proof of Proposition 5.5. By assumption, co is not contained in any Schottky disc. Due to the properties
of the Schottky group, there exists c( such that we have a lower bound

dna(a;'o0, (Dg)¢) = co

for all generators a;. Moreover, the size of Schottky discs Dy, ...q;,, tends uniformly to zero as the word
length N goes to infinity (Lemma 3.3 for the non-Archimedean norm). Therefore, we can find N such
that the radius of any disc Dui1 iy is less than e™M ¢y. By Lemma 3.3, we can take N > C(M + 1)
for a uniform constant C depending only on I".

For any cyclically reduced word y = a;, ---a;, with n > N, recall that 1, (y), 2(y) € C((t)) are
its eigenvalues with |1, (y)]na > [12(¥)|na» and let y, be its attracting fixed point, which belongs to
C((1) c PL (1) Then we have that y'(y,) = A>2(y)2. It follows from Lemma 5.4 that

—Lu (y) =1ty o plog(y’(v4+)) =1t} o plog o ltas (' (v+))
=1t}, o plog o ltas (a; (a;, -+~ @;,¥+) - -+ Q]

n

(7+))

= 1ty o plog o Itus (1t (@, (a, -~z 72)) -+l (@, (7)),
where for the last equality we use the fact that for any x, y € C((¢)),

ltas (xy) = ltas (Itag (x)1tar (3)).

Since y is cyclically reduced, the attracting fixed point y, is in the disc Dy C D, . and

iy’

yleo € D 1. Due to the choice of N and Lemma 5.3, we obtain for any y € D, N C((r)),

Ita (af (v4)) = Itar (a ().

For any a;;, we have a;;,, - -~ a;, ¥+ € a;;,, - -;, Dy C Da,.j+1 gy C Daij+1 e,

,and a7loo € D, .
j+N-1 Ly 1y
N C((1)),

Therefore, for any y € Dai_,+1 SR

M (o], (i, - 3, 74)) = M (a, (7).
In conclusion, we obtain that
—Lum (y) = 1ty, o plog o Ity (1tM((1f1 (@i, ==~y ) -+ ltag (af (@, - an+N—1)))-
The proof is completed by applying equation (5.3) to the right-hand side of the above equation. O

As a corollary, we obtain the following.
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Corollary 5.8. For any M € Zs, the intermediate zeta function Zy (T, z,s) has a holomorphic
extension to the entire complex plane s € C. More precisely, there exists a polynomial Py (xy,- - ,Xy)
such that for any s € Cand 0 < |z]| < 1/e,

Zu(T,z,5) = PM(eS“‘(Z), eS,uz(z)’ — esﬂJ(Z))’ (5.6)

where for j =1,2,---,J, y1;(2) is of the form

M

1
—R| ) a; | witha; eR, a; €Cfork=0,....M.  (5.7)
log(1/lz]) (;) ! ) ! !

Proof. Fory € I'\{id}, recall from equation (5.4) that for z € D*, R(Lps (y)(z)) = €ar (v, z) log(1/]z]).
We introduce an edge matrix W (is) with coordinates given by reduced words of length N, that is, words
of the form a;, - - - a;,,, where N > 0 is the constant given in Proposition 5.5. The entries are given by

ﬂj(z) =aj+

W(a[] e aiN’ aiz e a[NH)(S) = %(IM (ail > (aiz e aiN))(Z) + lM(aiZ’ (ai3 e aiN+]))(Z)) s

)
Xp(zlog(1/|z|>

and the other entries are zero. Using the definition of Z, (T, z, s), Proposition 5.1, and Proposition 5.5,
we can show that det(/ — W(s)) is the holomorphic extension of Z, (T, z, s) to the entire complex plane.
It follows from Proposition 5.5 that for any reduced word a;, - - - a;,

In (@i, (i, -+~ @iy ) =1ty o plog o ltar (af (x))  for any x € Dy, a5, NC((2).

Note that a;, (x) is of the form £ 3’ ;5 b t/ withm € Z, by # 0. Using the definitions of It} , plog, ltas,
we can show that det(/ — W(s)) is a polynomial as described in the statement of the corollary. O

Remark. We define a graph G , with vertices given by
{ai - aiy, s aga,,, # 1}

and there is a (directed) edge between two vertices of the form a;, - - - a;,,_, and a;, - - - a;,,. We consider
the weighted Thara zeta function of this graph equipped with the edge between a;, - - - a;,,_, and a;, - - - a;,,
with weight given by — log(l/\zl) — Rip (a5, (a;, - - - a;,,)). By a similar proof as Proposition 5.1, we have
Zy (T, z,5) = det(I — V(s)), where

V(a,»l Qs @ alN)(S) exXp RIM(CII'I, ((li2 cee Cll'N)) ,

s
log(1/1z])
which is smaller and easier to compute.

Continuing with Corollary 5.8, we prove that any two intermediate zeta functions are related in the
following way.

Corollary 5.9. Fix any M € Zq. Let u;(z) be given as in equation (5.7) for j = 1,...,J. Then we
have that for any M’ € Z sy with M’ < M, the holomorphic extension of Zy;/ (I, z, s) to C is given by

Za (o2, 5) = Py (57 (D) L. oot (@), (5.8)

where each ,u?”/(z) is the first M’ leading terms of pj(z):

M’ . 1 S Lk
H @ =ars 1og<1/|z|>%(kz_;)a"’kZ
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with aj, a; i € C defined in equation (5.7). Similarly, the holomorphic extension of the Ihara zeta
Sfunction to C is given by

Z(Tys) = Py (e, &), (5.9)

Proof. Recall that in the proof of Proposition 5.5, we showed that for any reduced word y = a;, - - - a;,,,
Iy (g, (g, - - a;,,)) is of the following form:

M

v (@i, (@4, -+ - gy ) = mlog(1/1) + Z b;t’,

=0
with m € Z and by # 0. We have the following general formula for combinatorial operations: for
x € C((1),

It} o plog o Ity (x) = 1t},, o plog o Itas (x) = 1t} o It}, o plog o ltps (x),

where the first equality is due to equation (5.3). By the definition of I, this implies
lM/(a,-] . (C(,'2 s al-N)) = ]t;\,[,lM (C(iI . ((1,‘2 s al-N)), and hence

M/
I (@i, (0, -+ a5)) = mlog(1/) + 3 bt
=0

To obtain equation (5.8), when applying the proof of Corollary 5.8 to Zy, (T, z, s), we consider an edge
matrix W (s) similar to the one for Zy, (T, z, s) with [; replaced by ;.

For the holomorphic extension of the Ihara zeta function, recall that for any y € TI'\{id},
" (y)log(1/t) =1t (Lp(y)). Remark 5.6 allows us to apply the proof of Corollary 5.8 to Z; (T, 5)
with ps (a;,, (az, - - - a;, ) replaced by 1t” | (Ipr(a;,, (s, - - - 0, ))), which yields equation (5.9). o

Proposition 5.10. There exists C > 0 depending on I" such that for any reduced word y = a;, - - - a;,,
we have

0], (@, -+ Ay (00) = 1™ )" at?, (5.10)
=0

) L
where the a’s are complex numbers satisfying

C(N+j)

lagl = € and laj| < e for j€Zsp.

Moreover, we have for any M € Zso and N > C1(M + 1) (from Proposition 5.5),
M .
I 0, (0 a,)) = mlog(1/1) + ) bjtd, (5.11)
=0

where the b;’s are complex numbers satisfying
b < €NV for j=0,...,M.

For the proof, please see Section A.2.

Proof of Lemma 4.8. By equation (5.4) and Proposition 5.5, there exists C; > 0 depending only on I"
such that for N = [C| (M + 2)] and for any cyclically reduced word y = qa;, - - - a;, withn > N, we have

log(1/|z))¢pm (v, z) = R ZIM(aika (@i Qi N (@ |-
=1
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By Proposition 5.10, there exists C; > 0 depending only on I', such that fork =1,...,n

M

Im (aik’ (aik+1 o .aik+N—l)) - ltil (ZM (aik’ (aik+1 T aik+N—l))) = Z bjtj’
7=0

where each b; satisfies |b;| < e©2(N+DJ  This implies there exists C3 > 0 depending only on I, such
that for any |z] < e 2C2(N*D) < =2C(CLM+2)+D) ' \ye have

M .
Z ij] < Cs.
7=0

Recall Remark 5.6. Combining these together, we obtain C > 0 depending only on I" such that for any
0 < |z] < e CM+D),

log(1/1z1)fm (7. 2) = log(1/|z)€"(y) = nCs 2 %IOg(l/IZI)f"“(V),

where the second inequality is due to Lemma 3.7.
For any reduced word y = a;, - --a;, withn < N = [C{(M + 1)], we can prove the statement for y
by using Lemma 3.7 and Proposition 4.2. O

6. Examples
Recall that I' < SL,(M(D)) is a family of Schottky groups satisfying (¥).

6.1. Two-generator case

In this section, we discuss the case when I'" is generated by two generators to illustrate the O-th
intermediate zeta function. In this case, we can obtain explicit expressions for the leading coefficient
Ay (y) using the Fricke relation of SL;(C((¢))):

tr(gh) +tr(gh™") = tr(g)tr(h), g, h € SLo(C((1). 6.1)

For convenience, we denote the leading term of the trace of y € I'\{id} by

1t(y) = lto(tr(y)) = Ag(y)r " /2

(see equation (4.3) for the Laurent expansion of tr(y)). Recall the 0-th expansion of length, £ (y,t),
defined in equation (4.9).

Lemma 6.1. For any y € T'\{id}, we have
to(y, z) = 2log |lt(y)|/log(1/lz]),
and hence

Zo(T, z,5) = 1_[ (1 — e 2slog Ilt(7)|/10g(1/|1|))_
[yleP

Proof. Given any y € I'\{id}, recall that Proposition 4.3 gives

tr(y) = 2 (Ag(y) + A ()t + ),
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and Proposition 4.2 and equation (4.7) give

(yz)[log(1/z]) = £"“(y) +2log|Ao(y)|/log(1/]z]) + R Z aj(y)z log(1/]z]) |

Jjzl
The proof is complete. O

When the Schottky group I' is generated by two generators, that is, I' = (aj, as, a3, as) where
ajaz = axay = id, we have three different possibilities (Figures 2, 3, and 4) for the corresponding finite

graph Xx that we will discuss below. (In Figures 2, 3, and 4, we use a and b to denote the two generators

and a for its attracting and repelling fixed points in ]P’(lj () The tree on the left is the subtree connecting

l,an

these points in PC’(( ) The graph on the right is the corresponding Mumford curve of the Schottky
group.)

a+
a_
hs
b_
by
Figure 2. Dumbbell graph.

at

by
b_ @
a_

Figure 3. Figure eight graph.

https://doi.org/10.1017/fms.2026.10279 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10279

Forum of Mathematics, Sigma 51

a_
el
(% Vo
b_
by
Figure 4. Figure © graph.
We will need the following lemma.
Lemma 6.2. Assume I' = {ay,...,a4) < SLo(M(D)) is a family of Schottky groups satisfying (%).
The following identity holds for any cyclically reduced word:
n
It(az 0 -+ 0;,)° = ]_[ Ir(az,0;,,) (6.2)
j=1

with the convention that i, = ij.
Proof. Suppose we have a cyclically reduced word a;y;a;y;. By equation (6.1), we have
tr(ary101y2) = tr(ary)ir(aryz) — te(y; ).

Claim: We have

tr(¥3 ' YD) e < ltr(ary) (5 a7 D lna = ltr(aryn)te(ary2) lna. (6.3)

Proof of the claim: The claim only works for the two-generator case, and we provide an ad hoc proof.
For the figure eight graph, we have £ (a;y1) > €"%(y1). Since 21og [tr(y) |na = "¢ (), we have

|tr(a171)|na > |tr(71)|na-

Therefore,

e (v Y1) lna = exp(€" (3 '71)/2) < exp((£"(7;") + €' (1)) /2)
= |tr(71)|na|tr(72_1)|na < |tr(a171)|na|tr(72_1a1_1)|na-

For the figure ® graph (Figure 4): let hy, hy, h3 be the lengths of the three edges e, ¢, e3 connecting
the two vertices vy, vo. For each generator, we use a loop with the starting point v; in the graph. For
example, the loops of a;,a; are represented by ejes = eje; Uand eyeq = epes!, respectively. For
a cyclically reduced word y, we connect the loops corresponding to each letter through v to get a
loop of y. The only possible backtracking part in the loop is the middle edge in the graph ®, which
corresponds to the pairs aja, and asasz in y. We have that

£ (y) = ni(y)(hy + hp) + na(y) (ha + h3) — n3(y)(2h2), (6.4)

15This lemma also works for a general Schottky group in SL; (C((2))).
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with n;(y) the number of aj, az in 7y, ny(y) the number of a;, a4, and n3(y) the number of pairs aa;
and aga3 in y.1¢

Lemma 6.3. For cyclically reduced y = a;, - - - a;,,, we have!”
20" (y) = Z " (a;;05,,).- (6.5)
1<j<N

Proof. Tt suffices to check the equality for n, ny, n3 in equation (6.4). The corresponding equality for
ni,ny is trivial. For n3, let ny be the number of pairs of aya; and azay in y. Let I = {a;,a4} and
II = {ay,a3}. A cyclically reduced word corresponds to an element in the fundamental group. It can
hence be represented as a loop on the graph with vertices {a;, 1 < i < 4}, and all the edges are allowed
except the edges a;a;.2. Then n3 is the number of edges in the loop from vertices in [ to /1, and ny is the
number of edges in the loop from vertices in /7 to I. Since y represents a loop, we have n3(y) = na(y).
Notice that n3(aza;) = n3(ajaz) = 1. We have

y(y) =m(y) +ma() = D maga,),
1<j<N

where the second equality holds because both sides represent the number of a;ay, aza3, aza;, and azay
in y. The proof is complete. O

For a noncyclically reduced word y, we also have
20" (y) < Z (g, 0,), (6.6)
1<j<N

since, to obtain a cyclically reduced representation of y, we are doing induction, and we only need to
treat cases such as - - - byaja;'by - - -.
We go back to the claim in equation (6.3). For any by, b, in the set of generators, we have

€ (byay) + £ (a7'b2) > £ (byby), (6.7)
which is true by considering all 16 possibilities of by, by, and the equality holds if and only if
by =azorby =aqaj. (6.8)

Therefore, suppose a;y; = a;b; - by and yz_lal‘l = b3 ~b4al_l with b; from the set of generators.
Then due to equation (6.5) and equation (6.6),
20" (aryn) + 20" (v; ' ay) = 20 (3 ')

> "(arby) + €™ (boar) + £ (a7 'b3) + €4 (bga;') — €79 (bgby) — £ (B2bs3)

= ("(bray) + " (] by) — £ (B1by) + £ (baay) + £ (a]'b3) — €™ (b2b3) > 0,
where the last inequality is due to equation (6.7). Since ajyja;y, is cyclically reduced, we obtain
b, by # a3 and b3, by # a;. Therefore, neither (b;, bs) nor (by, b3) satisfies equation (6.8). Hence, the
equality of the last equation cannot hold, and the proof is complete.

For the dumbbell graph (Figure 2), we can prove by the same method as for figure ©: first, we show
that equation (6.5) holds; then, equation (6.7) holds; finally, we can conclude that equation (6.3) holds.

6For example, for y = a;, - - - a;,, the pair a;,, a;, should also be considered.
"t is possible that the word is simply a;, ; then we use that 267 (a;,) = €"“(a;, a;)).
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Back to the proof: Hence, '

It(ayyrary2) = 1t(ayyy)lt(aryz). (6.9)

Moreover, if a;y; and a;y; satisfy equation (6.2), then by equation (6.9), the longer word a;ya;7y> also
satisfies equation (6.2).
For any cyclically reduced word of length greater than 5, we can find some generator that appears at
least twice. Therefore, we can use equation (6.9) to reduce the length of the word and perform induction.
The only cyclically reduced words without any generator appearing twice are the commutator
a;a2a30a4, a;a;, and a;. For the commutator, we have the well-known formula from the Fricke relation

tr(ajaza7'ay") = tr(ar)?® + tr(az)® + tr(aya2)” — tr(ay ) tr(az)tr(araz) — 2
= tr(ay)? + tr(a2)” — tr(ajaz)tr(ajay’t) — 2.
By checking the three graphs of the two-generator case, we have
|tr(a1)?|na = [tr(a]) |na < ltr(a1a2)tr(a3" 1) g
Hence,
lt(alazal"a;') = —lt(alaz)lt(alaQ").
The proof is complete. O

6.1.1. Figure O graph

We first consider the case where the graph Xy is similar to ® in Figure 4. Without loss of generality,
we suppose each edge of the graph Xx has length 2 (for example, the symmetric three-funnel case).
Suppose It(a;) = Az72, It(az) = Bz 72, and It(ajay) = Cz~2 with A, B, C € C*. For the weighted graph,
we can define three weights by

=g 2
/ log(1/lz])’

with the @;’s determined by
al+0/2=10g |A|, az+a3=10g|B|, a +a3=10g|C|.

For a reduced word y of word length two, from the choice of &, we can verify that the weighted length
{), satisfies

tn(y) = 2log [1t(y)|/log(1/]z]) = to(y, 2). (6.10)

For example, for the word a;a;", from the Fricke relation, we have tr(aja;"') = tr(a;)tr(az) — tr(a;az);
then lt(alaz_l) = It(ap)lt(az), which implies Zg(alaz‘l,z) =hy+2hy + h3 = fh(alagl). By equation
(6.2), we know this relation also holds for any cyclically reduced y. Therefore, the weighted Ihara zeta
function of the weight & gives the intermediate zeta function Zy.

For this example, by Proposition 5.1, the zeta function Zy(I', z, s) can be computed and is given by
(=2abc+a?+b2+c2=1)(2abc+a®+b%+c2—1) witha = e 54)/2 p = o=s(mi+h3)[2 o = p=s(m+h)/2

18This is not a general equation: for three generators with graph (||) consisting of two vertices and four edges between them,
the sum of the lengths of aja; and a; 1a3_ 1 equals the length of a; a3y L
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6.1.2. Dumbbell graph

The case when the graph Zx is like a dumbbell, as in Figure 2, is similar to Section 6.1.1. Suppose each
edge of the graph has a length of two. For example, It(a;) = Az™!, It(ay) = Bz™', and It(ajay) = Cz™*
with A, B, C € C*. We define the three weights by

2
hj=2+
7T log(1/12D)

with the 8;’s determined by

Bi1=log|A|, B2=log|B|, pBi+2p3+p2=log|C|.

As in the previous case, the weighted Thara zeta function equals the intermediate zeta function Zj.

For this example, by Proposition 5.1, the zeta function Zy(T’, z, s) can be computed and is given by
—(c=D(c+D(a—-D(a+1)(4a*b*c? —a?c?+a*+c2 - 1) witha = e™5M/2 b = e=5/2 ¢ = ¢=5h2/2,
Fort=0,s= % log 2 is the solution with the maximal real part.

Example 6.4. If A = B = C = 1, then the intermediate zeta function coincides with the Thara zeta
function.

6.1.3. Figure eight graph
The case when the graph Xx is like a figure eight (as shown in Figure 3) is not directly applicable to the
weighted Thara zeta function, since equation (6.10) does not hold. But using the identity (6.2), we can

compute
—log Zo(T, z, s Z Z o 2islog [t(y) |/log(1/1z])
J=1[yle
_ Z l s log ()2 /log(1/]2)
n=1 "t jHG=n
log [It(a;, a;,) [+log [lt(a;,a;
Consider the matrix W € Mjaxi2 given by W(a;, a;,, a;,a;,) = exp(—s og (@ 1211]?);|(':/()|:‘§z|‘)t(‘1203)|)' Then

the above expression is equal to

o 1
Z —trtW" = —logdet(I — W).
n
n=1

Remark. This is indeed the path zeta function in Section 4 of [ 16]. Consider the matrix V € Myx4 given

log [It(a;, a; . Lo
by V(a;,,a;,) = exp(—s%) for a;,a;, # id. Then the above expression is also equal to

—trV" = —logdet(I — V).

1M
S | =

Example 6.5. Recall the example of a funneled torus in [5, Section 16]. Here, the matrices are given by

= et 0 S, — cosh(£/2) — cos ¢ sinh(£/2) sin® ¢ sinh(£/2)
= o et2) 2™ sinh(£/2) cosh(€/2) + cos ¢ sinh(£/2)
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-2

with ¢ the angle between the two shortest geodesics. We change variables by setting z = e and

obtain a Schottky family.'® Moreover,
16(S1) = 271, 16(S2) = 271, 1t(S1S2) = (1 + cos ¢)z~2/2.

The graph is a figure eight with edge length 2.
From the first paragraph of Section 6.1.3, with ¢ = m/2, the intermediate zeta function can be
computed and is given by

Zo(T,z,8) = —(—a+2b+ 1)(a+2b—1)(a—-1)2

with a = e725, b = ¢~5(27log2/log(1/1z)) Hence, the Hausdorff dimension &, of the limit set is given by
the first zero of

e—2s + 2e—s(2—log2/log(1/|z|) -1=0

divided by log(1/|z|). For the case £ = 10 or z = e, the first zero of Zy(T", e, s) divided by log(1/|z])

is close to 0.115, which is close to the numerics in [5, Fig 16.8]. The main term 101%3 of [9] gives 0.1099.

Remark 6.6. In [37, Theorem 1.1], the author considered the case of three funnels with widths given
by nit,n2t,n3l, ni,n3,n3 € N, and £ — oo. Under an extra triangle condition n; + n; > n; with
{i,j, k} = {1,2,3}, the convergence to the Thara zeta function is proved in [37]. In fact, the triangle
condition means the graph is a figure ©. If n; + ny = n3, then the graph is a figure eight. If ny +ny < n3,
then the graph is a dumbbell. For all these three cases, by the change of variable with z = ¢~¢/2, our
computation of the Thara zeta functions/intermediate zeta function Z, and the convergence all work.

We also remark that the type of graph (figure eight, dumbbell, and figure ®) depends on the choice of
the lengths of the generators. In contrast, the topological type of the surface depends on the configuration
of the Schottky discs. In the case of two generators a; and a, if D,, and Da]q are adjacent (Figures 2
and 4), then the hyperbolic surface is a three-funnel surface; if Dy, and D o1 are separated by D, and
D 0! (Figure 3), then the hyperbolic surface is a funneled torus.

6.2. Symmetric three-funnel surface

In this section, we discuss how our main theorem applies to the symmetric three-funnel surface. In
particular, we recover the result of [34].

Example 6.7. Recall X (¢) from the introduction. In [5, Section 16], an explicit form is given by

_ [cosh(¢/2) sinh(£/2) _ [ cosh(¢/2) a~!sinh(£/2)
'~ \sinh(¢/2) cosh(¢/2)]” % ~ \asinh(¢£/2) cosh(¢/2)

and a € R such that tr(S15,) = —2 cosh(£/2). We make the change of variable with z = ¢~¢/4; then the
group becomes a Schottky family with

1t(S1) = 1t(S2) = —1t(S152) = 2.
That this family satisfies condition (%) can be verified in the following way:
w($182) =2((z2 +2°)/2) + (a+a™ ) (27 = 2)/2)* = 2z + ) /2.
So, we obtain a solution
al=-1+2z+0(|2%)).
* 1The verification of condition (%) can be done similarly as in Example 6.7.
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The fixed points of S are at 1 (attracting) and —1 (repelling). The fixed points of S are at a~! and
—a~!. The cross-ratios of these four points are

lxa' )\’
which have order greater than —2. The contracting ratios of S; and S, are z*. From these, we can verify
that this family satisfies condition (3).

The graph has two vertices and three edges connecting them, each of length 2. From the discussion of
the two-generator case, the intermediate zeta function Zy with M = 0 is exactly the graph zeta function
for the symmetric three-funnel surface.

Since Theorem 4.4 also works for the SL, (R) case, combined with the computation of Zj, we obtain
the convergence of zeta functions in Theorem 1.1. The statement on the Hausdorff dimension follows
directly.

Example 6.8. We want to compute the zeta function for other M and explain that we recover the result
of [34].

Continue from the previous example. The three-funnel surfaces can be described by four discs, each
of radius z2. Therefore, the separation between d,,, (a;oo ,(Dg;)°) = e~2 for the generators.

After doing computatlons using the algorithm in Proposition 5.5 and Corollary 5.8, we obtain: Let
X1 = e 25, x) = &7 /2|0g(1/\z|)’ X3 = 524 1210g(1/1z]) Then

Z5(T,z,5) = (x5 +xF (=1 +23)? + 13 (xF = 2x3))? (x5 +xF (=1 +x3)? = 263 (xF +x3))) /x}?

and
1
Z4(T,z,5) = W()czlg %xs +x3 4( l+x1)2 +x3( 2x +6x8) +x3 (—2+x%)x§ - 2)(3 4( 1 +x1)x2
X374
+x§x%(—] +)c2)2 2 —xg(—l +x%)(4x? +x‘2‘ - )czxg))2
X (xfl5 %x? +x3x1( 1 +)C2)2 +x3( 2x1 + 6x8) +4x (—l +x%)x§

- 2x§x%(—1 +x%)2x2 - 2x§x‘l‘(1 +x%)x2 - x3(—1 +x%) (4x? +x‘2t - x%xg)).

In particular, factorizing Z,, we can recover the result of [34] by Corollary 4.6. In Z,, if we letx, = 1,
then we obtain the Thara zeta function of the symmetric three-funnel surface, which is predicted by
Corollary 5.9.

Remark 6.9. From previous computations, we conjecture that the term x; in Zpp (T, z, s) has degree
6 - 2M with coefficient (1 — x%, )% 2™ where xp41 = €7 /2102(1/12D | This conjecture provides
some support for the fractal Weyl law, which states that the number of resonances in the region
{s €C: Rs > —C,|Ts| < T} for any fixed C > 0 grows asymptotically like 7'+°, with 6 being the
critical exponent of the Schottky group I

Below is a heuristic argument: In the region Rs € [-C, 6], Is € [2T7,2(T + 1)x] with T =~ |z
the leading coefficient (1-x3,, l)3'2M is of constant size. Since z is small, the terms x ;1 = es7 /210g(1/1z)
with j > 1 are almost constant. The only variable in Z,, is x;. Hence, as a polynomial in x;, Zp is of
degree 6 - 2M and the ratio between the coefficients and the leading coefficient is bounded. Therefore,
this polynomial has 6 -2M zeros of bounded size. Then s = —% logx isinthe box {Rs € [-C, 6], Ts €
[2T 7, 2(T + 1)x] }. The number of zeros predicted by the fractal Weyl law in this region is

|—2M
9

(|Z|—2M)6 ~ (|Z|—2M)10g2/210g(1/|z|) — 2M.

For the region Rs € [-C,6],Ts € [2T7,2(T + 1)n] with T < |z|7?M, the leading coefficient
(1- szw +1)3'2M is so small that Z>j; may have large zeros of x|, and the corresponding s is outside
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the region. Since Zyyy (s) for some M’ < M with M’ ~ logT/21log(1/|z|) is a good approximation
to Zpps (s) in the region, the number of zeros of Zyj () can be computed from Zp(s), which is
approximately 2M" ~ T¢.

In conclusion, with the intermediate zeta function Zps, for T < |z| ™2™, we observe that the number
of zeros in the region {Rs € [-C,5], Is € [2Tx,2(T + 1)n]} is approximately T, which fits the
prediction of the fractal Weyl law.

A. Appendix
A.l. Critical exponent of the non-Archimedean Poincaré series

In this appendix, we explain that the critical exponent of the Poincaré series is equal to the growth rate
of the number of periodic geodesics for non-Archimedean k.

Let I' be a Schottky group in PGL;(k) of g generators. Recall from [32, Theorem I1.3.18] the
nonwandering domain O of I" on P}(’“”, the Mumford curve X = I'\O, and their skeleta o and X.
Then Zx is a graph of rank g. Let p be the quotient map from O to X. Then p~!Zx = Zp and
Yx = p(Z0) = I'\Zp. Recall that we have a distance d, on Xp; the I" action on Xy preserves the
distance, and we have a quotient distance on Xx.

Recall the definition of the length of a periodic primitive geodesic in Lemma 2.17. Let Gr(L) be the
number of periodic primitive geodesics of length less than L in Xx, which is also the least translation
length of the corresponding conjugacy class on Xo. Let Nr(L, 0) be the number of ¥ € I' such that
dy(o,y0) < Lforo € Zp.

Since X is a locally finite tree with a metric, it is CAT(—1). We can apply [35] to obtain the critical
exponent of the Poincaré series

o1
o) = ngrio 7 log N1 (L, 0).

Moreover, by [35, Corollaire 2], we have the following.

Proposition A.1. We have

1
Jim —log Gr(L) = 6(I).

By [16, Theorem 2.10], we have the following.

Corollary A.2. The first zero of the lhara zeta function of the graph is equal to the critical exponent.

A.2. Proof of Proposition 5.10

Before the proof, we state three elementary lemmas about estimates of the coefficients of the Laurent
series after multiplication, division, and logarithm.

Lemma A.3. Suppose f(t), g(t) € C(t)) are two formal Laurent series:

() =1 ijtj with | fj] < eCY*D for j € Zso;
=0

g(t) = m Zgjtj with |g;| < €U+ for j € Zsy.
7=0
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Then f(t)g(t) € C((t)) has the Laurent series expansion
f(Hg(t) = tm+m’2h,tf with |hj| < (j+1)e€Y*? for j € Zs.

J=0

Proof. We have

hal =| > figa| < (n+ De€),

J+k=n

Lemma A.4. Suppose f(t), g(t) € C((¢)) are two formal Laurent series with
Fey=1m>" fitl, fo#0, |f;] < €U
7=0

g(t)=1" Zgjfj, g0l > e, |g;| < €U,
Jj=0
Then f(t)/g(t) € C((t)) has the Laurent series expansion
f()/g) = e’ Z hjlj, ;| < o (BCH+C1+A) (j+1)
7=0

for some universal constant C1.

Proof. We may first take g0 = 1 and |§;| = |g;/go| < e“U*D*A. Then

gotml :i _ig'tj n:ig’tn,
g(1) ! ien

n=0 Jj=1

where

|g}/1| < Z |gj1 . 'gjk| < eConeZCn+An < e(2C+C0+A)n

Jite+ji=n

for some universal constant Cy. Finally, we multiply by f(7):

F@O) _ @) g™ [0 4 , O,
JA . — Fm-m ) ntn = pnm /’l'lj,
w0 "o g 9 20 || 28 2,

where

|| < |g0|—1 Z |f/'g//<| < (n+l)eAeC(n+l)e(2C+C0+A)n < e(3C+C1+A)(n+1)

J+k=n
for some universal constant C;.

Lemma A.5. Suppose f(t) € C((t)) has the expansion

FO =" it fo# 0, 1fi] < eCUD,

7=0
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Then as a formal series, log(f(t)) has the expansion
log(f (1)) = mlogt +log(fo) + Y hify !, |hj| < B+,

where Cy is a universal constant.

Proof. We use the formula for log:

IOg(f(t)) = mlOgl + IOg(fo) + l()g 1+ Z Q
J=1

(_ )n+1 © ch n
=mlogt +1o + Jii
g g(fo) E E:l 0
Therefore,
1 ~ .
] < Z E'fjl il Lfol” k< gCon+3Cn, o

Ji+e+je=n

Proof of Proposition 5.10. First, we check the estimate for a;, (- - - (a;, (0))). Each entry of a;, - - - a;,,
is a sum of at most 2V ~! terms, with each term a product of N — 1 entries of generators. By subadditivity
and submultiplicativity of the hybrid norm, for each entry a;, - - - a;,, (i, [), we have

. N-1 . N-1 CN
sup [lag, - - @iy (7, ) |lnyp < 2 sup la@@, Dllpy, <™.
1<i,l<2 acA
1<i,l1<2

Suppose a;, « -+ a;, = ([cl Z) For some 0 < r < 1/e independent of N and |t| < r, the Schottky discs
D, are disjoint fora € A. If a = 3,5, a,t" € C((t)) with a,, # 0, then [|a |y < e“N implies that

e < |lallhyb < €N and

jazl < > lanl(r/2)" + " lagle™ < max{(re/2)", }llallyy < €N, > <z < 1/e.

n<0 n>0

NI\

In the last step, we use (re/2)™ = mog(r/2+1) and log(r/2) + 1 < 0.
Let f(z) = Z c;z’, where c; is the coefficient in the Laurent series ¢ = ™ Y% 0 Cj it/ e C((1) with
Jj=0
co # 0.Since codoesnotliein D, anda/c = a;, -+ a;y (0),az/czisinthedisc Dy, a5, .z € Doy, .25
which we assume is bounded uniformly from co. We conclude that |a,/c,| < C and ¢, # 0 for |z| < r.
Thus, log | f(z)| is harmonic in the disc D (0, r). Since ad — bc = 1, we have

CN r
1 < azd;| +|byc;| < C(lag| +1b])lc| < e lezl, =<zl <r.

[\

From the Laurent series expansion ¢ = ¢ % =0 Cj it/ e C((1)), we have
e < |lcllngy < eV

which implies m > —CN.
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By the mean value theorem on D (0, r/2), we have

log |co| = log |f(0)] > |rlnil}zloglf(z)l = lI}li%logkz/zml > —-CN —mlog(r/2) = =C’N.
Z|=r Z|=r

In the last step, we use log(r/2) < 0 and m > —CN. Therefore, |co| > e V. Recalling that

llallhyb < €N and ||c|lny, < €V, we have a Laurent series expansion
a (o]
0, (- (A (00))) = = = 1" > ! with |a)| < €NV, (A.D)
B . .
=

where in the last step we use Lemma A.4.

Suppose a;, = (CCI, Z,) Then a; (w) = (¢’w +d’)~2. We would like to show

(e8]

j C(N+1)j

0/, (@i, (- iy, (@i (00))) = 1" Y ajt!, ay] < €N,
Jj=0

By Lemma A3, it suffices to show a similar expansion for (a, - - - a;, (%) + d’/c’)~. By Lemma A 4
and equation (A.1), it suffices to show that the leading coefficient 7y in the expansion

o0
aiz...aiN(oo)+d’/c’:thﬂ'jtj, 7T()¢O
Jj=0

satisfies [mo| > e~©N. By Proposition 3.20, a;, (- - - (a;, (0))) € i, Do,z € |z|"'Da,¢2,z for some v/ > 0
and 0 < |z| < r. Hence, the point a;,(--- (a;, (00))) is |z|” separated from Dﬁil,z (which contains
—d’/c’) for some v > 0 and 0 < |z| < r. By considering the separation with the non-Archimedean
norm, we know |m| < C is uniformly bounded. Consider the holomorphic function f(z) = 3, m;z/.

=0
Then log | f(z)| is a harmonic function in a small disc |z| < r. By the mean value theorem,

log |mo| > lrpir}zloglf(Z)I > lrlnir}ZIOglsz(Z)l —mlog(r/2) > vlog(r/2) — mlog(r/2).
z|=r z|=r

Since m and v are uniform, we actually prove |7o| > e~ holds for some uniform constant C > 0.
Therefore, Lemma A .4 gives equation (5.10). Similarly, since the discs are bounded uniformly away
from oo, we have

log |mo| < lr?a>;210glf(z)| < lnlna>;2 log [z" f(2)| = mlog(r/2) < log C —mlog(r/2).
zZ|=r zZl|=r

Thus, |mg| < €€ for some uniform constant C > 0. Since we know the leading coefficient a in equation
(5.10) is given by 7;? times the leading coefficient of ¢’~?, we conclude

|a0| > €_2C,|7T0|_2 > e—ZC—ZC’-

Equation (5.11) then follows from equation (5.10) and the lower bound |ag| > ¢~€. |
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