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In this article we consider a new separable nonparametric volatility model that in-
cludes second-order interaction terms in both mean and conditional variance func-
tions. This is a very flexible nonparametric ARCH model that can potentially explain
the behavior of the wide variety of financial assets. The model is estimated using the
generalized version of the local instrumental variable estimation method first intro-
duced in Kim and Linton (2004, Econometric Theory 20, 1094–1139). This method
is computationally more effective than most other nonparametric estimation meth-
ods that can potentially be used to estimate components of such a model. Asymptotic
behavior of the resulting estimators is investigated and their asymptotic normality is
established. Explicit expressions for asymptotic means and variances of these esti-
mators are also obtained.

1. INTRODUCTION

Volatility modeling has been one of the most active research areas in empirical
finance and time series econometrics in the past two decades. Given the im-
portance of predicting volatility in a number of asset-pricing and portfolio
management problems, this is hardly surprising. The most popular class of
volatility models historically has been the class of ARCH/GARCH (autore-
gressive conditional heteroskedasticity/generalized ARCH) models, originally
introduced by Engle (1982) and generalized to GARCH by Bollerslev (1986).

The parameterization employed in the classical ARCH and GARCH models
cannot capture some of the salient features of financial data such as, for example,
the leverage effect first documented in Black (1976). In the parametric setting,
one possible way to capture leverage effect is to use models with cross-product
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terms in the conditional variance function. One of the most important models of
that kind that generalizes the standard ARCH (GARCH) paradigm is the QARCH
(Quadratic ARCH) model of Sentana (1995) that considers the conditional vari-
ance function to be a quadratic polynomial of the past q values of the process Yt .

That model encompasses a number of earlier volatility models, such as the
classical ARCH model of Engle (1982) and the augmented ARCH (AARCH)
of Bera and Lee (1990) and others. Another example of an earlier model that
has interaction terms in the conditional variance and is capable of capturing the
leverage effect is the nonlinear asymmetric GARCH (NGARCH) model of Engle
and Ng (1993).

There are a few reasons why parametric models are sometimes inadequate.
First, there is often very little reason to choose one parametric specification over
the other; as a result, parametric models are often subject to misspecification.
Nonparametric specification, on the contrary, imposes only some basic smooth-
ness constraints on the conditional variance function. In practice, in order to make
the model tractable, additional assumptions (such as additivity) often need to be
imposed; however, even in this case, it is a much more general approach to mod-
eling than the parametric one. Second, many features present in the data (such as
nonnormality, asymmetric cycles, nonlinearity between lagged variables) require
nonlinear models to describe the law that generates the data. However, the num-
ber of such models is infinitely large, and time series analysts cannot explore all
of them. Therefore, a more general nonparametric setting can be explored as an
alternative.

The general nonparametric volatility model assumes that the conditional vari-
ance function depends on a given number of past lags of the process Yt ; in other
words, the conditional variance function v ≡ v(Yt−1, . . . ,Yt−d) for some integer
d > 0. In general, the unstructured version of this model suffers from the well-
known “curse of dimensionality” problem. This means that the best possible rate
of convergence for an estimator of v quickly decreases as the number of dimen-
sions d increases. Such a model, under assumption of zero mean, was considered
in Pagan and Schwert (1990) and Pagan and Hong (1991). Historically, the first
way to get around the curse of dimensionality has been to assume the general-
ized additive structure of the function to be estimated. Thus, a simple general-
ized additive model for the conditional variance function is v(Yt−1, . . . ,Yt−d) =
v1(Y 2

t−1)+·· ·+ v(Y 2
t−p); such a model has been discussed in, for example, Fan

and Yao (2003). This model is, clearly, a generalization of the ARCH(p) model.
In many situations, however, a generalized additive structure is not sufficiently
flexible, and other alternatives have to be considered.

Yang, Härdle, and Nielsen (1999) introduced the nonparametric volatil-
ity model with additive mean structure but multiplicative volatility; they ar-
gued that this is rather natural since volatility function must be presumed
to be nonnegative. A rather general nonparametric volatility model was con-
sidered by Kim and Linton (2004), who called it GANARCH (generalized
additive nonlinear ARCH). That model defines both conditional mean and

https://doi.org/10.1017/S0266466611000363 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466611000363


LIVE METHOD FOR A NONLINEAR VOLATILITY MODEL 631

conditional variance as m(yt−1, yt−2, . . . , yt−d) = Fm(Cm + ∑d
α=1 mα(yt−α))

and v(yt−1, yt−2, . . . , yt−d) = Fv (Cv + ∑d
α=1 vα(yt−α)), where mα(·) and vα(·)

are any smooth but unknown functions, while Fm(·) and Fv (·) are known mono-
tone transformations. Note also that the generalized additive model in both mean
and variance is also a special case of the GANARCH model when both link
functions are equal to 1. The GANARCH model assumes that the link function is
known and, therefore, some information about the distribution of data is available.
Such information is often very hard to obtain, particularly in multidimensional
settings.

We are interested in studying a model that avoids the assumption of the known
distribution of the data that is needed for the GANARCH model of Kim and
Linton (2004). Because of that, we do not consider link functions for mean and
variance. We would also like to avoid the fairly rigid assumption of additivity of
the mean and variance function; therefore, we take a step ahead and introduce
a model that contains nonparametric “interactions” in the volatility function as
well as in the conditional mean function. The resulting model is indirectly related
to the model of Kim and Linton and can be represented in the nonlinear ARCH
form as

yt = m(yt−1, yt−2, . . . , yt−d)+ v1/2(yt−1, yt−2, . . . , yt−d)εt , (1)

m(yt−1, yt−2, . . . , yt−d) = Cm +
d

∑
α=1

mα(yt−α)

+ ∑
1≤α<β≤d

mαβ(yt−α, yt−β), (2)

v(yt−1, yt−2, . . . , yt−d) = Cv +
d

∑
α=1

vα(yt−α)

+ ∑
1≤α<β≤d

vαβ(yt−α, yt−β), (3)

where mα(·) and vα(·) are smooth but unknown univariate functions while mαβ(·)
and vαβ(·) are also smooth but unknown bivariate functions. Such a model can
be viewed as a generalization of the QARCH model of Sentana (1995) and,
indeed, nests the QARCH model of Sentana directly with the appropriate choice
of functions vα and vαβ. As is the case with QARCH, this model allows us to
consider the possibility of two lags of the process yt with the same sign influ-
encing the volatility more than the regular ARCH model, or even a generalized
additive model for conditional variance, would allow. Due to the nonparametric
specification of the conditional variance function, this influence can take on many
different functional forms and is therefore more flexible than QARCH. As is the
case with the QARCH model, the model (1)–(3) also allows for a dynamic
asymmetric effect of positive and negative values of yt on the conditional
variance; thus, it is capable of capturing the leverage effect that may have an
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arbitrary functional form. In this way it is also more flexible than the QARCH
model.

In terms of estimation, note that, according to Stone (1994), interactive com-
ponents in such a model can be estimated at the same rate as a regular two-
dimensional nonparametric smoothing problem; more specifically, the interactive
terms can be estimated at the optimal rate O(n−q/(2q+2)) whenever the function
to be estimated is q-smooth in the sense of Stone. In other words, the interac-
tive effect estimation is as hard a problem as a two-dimensional nonparametric
smoothing. Note also that the expansion of functions m and v used in (1) can
be interpreted as a functional analysis of variance (ANOVA) representation for
general functions m(yt−1, . . . , yt−d) and v(yt−1, . . . , yt−d).

The specific contribution of this paper consists in proposing an easy to im-
plement and computationally effective estimation method for the model (1) that
represents a nontrivial extension of the instrumental variable method of Kim and
Linton (2004). Moreover, we prove asymptotic normality of the resulting esti-
mators under a fairly mild set of regularity conditions and provide explicit ex-
pressions of asymptotic mean and variance for all of the functional components’
estimators.

The rest of the paper is organized as follows. In Section 2 we make some
comments on stationarity and strong mixing property of our model. Section 3
describes the main estimation idea and defines the local instrumental variable
estimators. In Section 4 we describe our main theoretical results and then give
the proof of the first one in Section 5. The last section contains discussion of the
results. Simulation Appendix A and an additional theoretical Appendix B contain-
ing proof of Theorem 2 are available on the first author’s professional webpage
at http://www.stat.purdue.edu/∼mlevins/Articles/simulation appendix.pdf and
http://www.stat.purdue.edu/∼mlevins/Articles/Proof Theorem2.pdf, respectively.

2. STATIONARITY, STRONG MIXING, AND IDENTIFIABILITY
PROPERTIES OF THE MODEL (1)–(3)

Under some weak assumptions, the general nonlinear autoregressive time series
model can be shown to be stationary and strongly mixing with mixing coef-
ficients decaying exponentially fast. Auestad and Tjostheim (1990) used α-
mixing or geometric ergodicity to identify the nonlinear time series model.
Ango Nze (1992) studied the L1 geometric ergodicity of the multivariate model
Xt = f (Xt−1, . . . , Xt−p) + H(Xt−1, . . . , Xt−q)εt , where Xt and εt are two se-
quences of m-dimensional random variables defined on a common probability
space and εt is an m-dimensional white noise process. Ango Nze gave, probably,
the first in the literature sufficient condition that ensures L1 geometric ergodicity
of such a model. Lu and Jiang (2001) derived another sufficient condition that
also ensures L1 geometric ergodicity of the same model but that is much less
restrictive. In this paper we impose constraints from Lu and Jiang and, in doing
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so, assume that the conditions for strict stationarity and strong mixing property of
the process {yt }n

t=1 in (1)–(3) are met.
The model (1)–(3) is not identifiable unless specific conditions are met. These

conditions are similar to those of Kim and Linton (2004); they can be summa-
rized as

E[mα(Yt−α)] = 0 , α = 1, . . . ,d, (4)

E[vα(Yt−α)] = 0 , α = 1, . . . ,d, (5)

and

E[mαβ(Yt−α,Yt−β)|Yt−α = yα] = E[mαβ(Yt−α,Yt−β)|Yt−β = yβ ] = 0, (6)

E[vαβ(Yt−α,Yt−β)|Yt−α = yα] = E[vαβ(Yt−α,Yt−β)|Yt−β = yβ ] = 0, (7)

where 1 ≤ α < β ≤ d.

3. THE LOCAL INSTRUMENTAL VARIABLE ESTIMATORS

3.1. Estimation Methods

The generalized additive model literature suggests several possible approaches
that can be conceptually extended to our model. The first is the so-called backfit-
ting algorithm of Breiman and Friedman (1985); see also Hastie and Tibshirani
(1987, 1990), as well as Buja, Hastie, and Tibshirani (1989). It can be extended
to our model but it is rather hard to analyze theoretically. Another possibility is
to extend the marginal integration method that was introduced independently by
Newey (1994), Tjostheim and Auestad (1994), and Linton and Nielsen (1995).
However, marginal integration is relatively computationally expensive even in the
case of a generalized additive model, and this shortcoming is only going to be-
come more dramatic if it is used to fit our proposed model.

In this paper we suggest an alternative approach that is a generalization of the
LIVE idea suggested first in Kim and Linton (2004). There, instrumental vari-
ables were used to estimate each additive component of the mean and/or variance
function separately. We extend this approach by suggesting an extra set of instru-
ments that can be used to estimate the interactive components of both functions as
well. One of the most important advantages of this approach is that it reduces the
number of smoothings required to estimate a model component by a factor of n,
compared to the similar (and related) marginal integration method; for example,
it takes only O(n2) smoothings to estimate an additive component in the exam-
ple we give later in the next section as opposed to O(n3) when using marginal
integration. Also, the asymptotic properties of the LIVE are fairly easy to derive
and, in this regard, it is much more tractable than the backfitting. The rest of this
section is dedicated to the description of the LIVE approach in our context.
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3.2. LIVE Algorithm for the Additive-Interactive Model (1)–(3)

We begin with introducing the notation that will be used repeatedly throughout
the paper. We denote yt = (yt−1, . . . , yt−d), y = (y1, . . . , yd). We use under-
score to imply that a particular direction α or directions α and β have been
omitted; boldface is used for all multidimensional quantities. Thus, yt,α =
(yt−1, . . . , yt−α+1, yt−α−1, . . . , yt−d) and yα = (y1, . . . , yα−1, yα+1, . . . , yd). Anal-
ogously, yt,αβ = (yt−α, yt−β), yαβ = (yα, yβ), while yt,αβ and yαβ are defined
analogously to yt,α and yα. Let pα(yα) be the marginal density of yt−α , while
pα(yα), pαβ(yα, yβ), pαβ(yαβ), and p(y) are joint densities of yt,α , yt,αβ , yt,αβ ,
and yt , respectively.

1. Preliminary Density Estimation. The instrumental variables we are going
to define depend on several marginal and joint densities. Thus, these density func-
tions need to be estimated first. As we mentioned before, we use regular product
kernel density estimators. Specifically, we estimate the marginal density pα(·) as

p̂α(yα) = 1

ng1

n

∑
t=1

L

(
yt−α − yα

g1

)
, α = 1,2, . . . ,d,

and, analogously, joint densities pαβ , pαβ , pα , and p(y) as

p̂αβ(yα, yβ) = 1

ngαgβ

n

∑
t=1

L

(
yt−α − yα

gα

)
L

(
yt−β − yβ

gβ

)
, 1 ≤ α < β ≤ d,

p̂αβ(yα, yβ) = 1

n
d
∏

λ=1
λ/∈{α,β}

gλ

n

∑
t=1

d

∏
λ=1

λ/∈{α,β}
L

(
yt−λ − yλ

gλ

)
, 1 ≤ α < β ≤ d,

p̂α(yα) = 1

n ∏
λ=1
λ�=α

gλ

n

∑
t=1

d

∏
λ=1
λ�=α

L

(
yt−λ − yλ

gλ

)
, α = 1,2, . . . ,d and

p̂(y) = 1

n
d
∏

α=1
gα

∑n
t=1

d
∏

α=1
L
(

yt−α−yα
gα

)
.

In the above, gi = gi (n) are the bandwidths, i = 1, . . . ,d, and L(·) is the unimodal
one-dimensional symmetric kernel function.

Remark 1. Of course, multivariate product kernels are not the only possibility
we could have considered. In general, two popular ways of constructing multivari-
ate kernels are usually considered. The product kernel is the first, and the second
is the so-called spherically symmetric multivariate kernel. In general, multivari-
ate product kernel-based estimators are slightly less efficient than those based
on spherically symmetric kernels (for details, see, e.g., Wand and Jones, 1995).
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However, since the observed loss of efficiency is rather minor, we prefer to use
the product kernel that implies an easy and straightforward notation.

2. Estimation of the Constant Component of the Mean Cm. Cm can be di-
rectly estimated as Ĉm = 1

n ∑n
t=1 yt .

3. Estimation of the Additive Components of the Mean mα(·). Define the in-
strumental variable

Ŵα(yt ) = p̂α(yt−α) p̂α(yt,α)

p̂(yt )
, α = 1,2, . . . ,d,

denote ỹt = yt − Ĉm , and use it to estimate mα(yα) as

m̂α(yα) = E[Ŵα(yt )ỹt |yt−α = yα] , α = 1,2, . . . ,d.

The conditional expectation above is estimated using the local linear regression; in
other words, m̂α(yα) in the above is the minimizer aα of the kernel-weighted least
squares problem minaα,bα ∑d+n

t=d+1 Kh(yt−α − yα){Ŵα(yt )ỹt −aα − bα(yt−α −
yα)}2. Here and further, we use h to denote the bandwidth used to estimate func-
tional components of the conditional mean and variance functions. Also, from this
point on we denote the kernel function K (·) to suggest that it is not necessarily
the same as the kernel L(·) used to estimate marginal and joint densities earlier.

4. Estimation of the Interactive Components of the Mean mαβ(·). Let us de-

note ȳt = yt −
[
Ĉm +∑d

α=1 m̂α(yt−α)
]
. Define the instrumental variable

Ŵαβ(yt ) =
p̂αβ(yt−α, yt−β) p̂αβ(yt,αβ)

p̂(yt )
, 1 ≤ α < β ≤ d,

and estimate the interactive component mαβ by means of the minimizer aαβ of the
two-dimensional kernel-weighted least squares problem

min
aαβ ,bαβ

d+n

∑
t=d+1

Kh(yt−α − yα)Kh(yt−β − yβ)

×{Ŵαβ(yt )ȳt −aαβ −bαβ,α(yt−α − yα)−bαβ,β(yt−β − yβ)}2.

In the above, the vector “slope” bαβ = (bαβ,α,bαβ,β)
′
.

5. Estimation of the Constant Component of the Variance Cv . Denote the
squared residuals from the mean estimation

y∗
t =

(
ȳt − ∑

1≤α<β≤d

m̂αβ(yt−α, yt−β)

)2

,

and estimate Cv as Ĉv = 1
n ∑n

t=1 y∗
t .
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6. Estimation of the Additive Components of the Variance vα(·). Using the
instrumental variables defined in step (3) we can estimate vα(·) as the minimizer
of the localized least squares problem,

min
aα,bα

d+n

∑
t=d+1

Kh(yt−α − yα){Ŵα(yt )y∗
t −aα −bα(yt−α − yα)}2.

7. Estimation of the Interactive Components of the Variance vαβ(·). Anal-
ogously to estimation of the interactive components of the mean, denote ỹ∗

t =
y∗

t −
[
Ĉv +∑d

α=1 v̂α(yt−α)
]

and estimate interactive components vαβ(·) as

min
aαβ ,bαβ

d+n

∑
t=d+1

Kh(yt−α − yα)Kh(yt−β − yβ)

×{Ŵαβ(yt )ỹ∗
t −aαβ −bαβ,α(yt−α − yα)−bαβ,β(yt−β − yβ)}2.

4. MAIN RESULTS

In this section we state the main results for estimation in our additive-interactive
nonlinear ARCH model. For this, we need the following definitions and assump-
tions. Let Fb

a be the σ -algebra generated by {yt }t=b
t=a and α(k) the strong mixing

coefficient of {yt } defined as α(k) = supA∈F0−∞,B∈F∞
k

|P(A∩B)−P(A)P(B)|.
Condition 1. {yt }∞t=1 is a stationary and strongly mixing process generated by

(1)–(3), with a mixing coefficient α(k) such that ∑∞
k=0 ka{α(k)}1−2/ν < ∞, for

some ν > 2 and a > (1−2/ν). For simplicity, we assume that the process {yt }∞t=1
has a compact support.

Condition 2. The functions mα(·),mαβ(·),vα(·),vαβ(·), 1 ≤ α,β ≤ d, are con-
tinuous and twice differentiable with bounded (partial) derivatives on the compact
support. Also, the joint and marginal density functions p(·), pα(·), pα(·), pαβ(·),
and pαβ(·) are twice continuously differentiable and have bounded third deriva-
tives. All of the density functions above are also bounded away from zero on the
compact support.

Condition 3. The functions L(·) and K (·) are bounded, nonnegative, symmet-
ric around zero, compactly supported, Lipschitz continuous first-order kernels.
Furthermore, we assume their moments of order higher than 2 are not equal to
zero and ‖ u ‖2 L(u) ∈ L1, ‖ u ‖4 K (u) ∈ L1, and ‖ u ‖(2ν+d) K (u) → 0 as
‖ u ‖→ ∞.

Condition 4. As g → 0, h → 0, and n → ∞ we have ngd → ∞, nhs →
∞, and g2ν

hs → 0. Also, there exists a sequence of positive integers satisfying

t (n) → ∞ and t (n) = o
(√

nhs
)

such that
√

n
hs α(t (n)) → 0. Finally,

√
logn
nhs → 0,

as n → ∞, h → 0, and nhs → ∞, where s ∈ {1,2}.
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Condition 1 implies that strong mixing coefficients decay at the polynomial
rate. This is milder than the usual assumption for a strongly mixing process where
the rate is exponential. This assumption is similar to Assumption A1 in Kim and
Linton (2004). Conditions 2 and 3 are standard in kernel and local polynomial
estimation. Condition 4 on the bandwidths is needed to show asymptotic neg-
ligibility of the stochastic error terms resulting from the preliminary estimation
of marginal densities pα(·), pαβ(·, ·), and the functions m(·) and v(·). It is also
needed to take into account the effect of dependence of the mixing process on
the asymptotic results. Before presenting the main result, some extra notation
has to be introduced. Let us denote μl

K ≡ ∫
K (u)uldu and μl

L ≡ ∫
L(u)uldu for

l = 2,3. Also, ‖ K ‖2
2 ≡ ∫

K 2(u)du, κ3(yα, zα) ≡ E
[
ε3

k |(yt−α,yt,α) = (yα, zα)
]
,

and κ4(yα, zα) ≡ E
[
(ε2

k −1)2|(yt−α,yt,α) = (yα, zα)
]
. Let pα|α(zα|yα) be the

conditional density of yα given yα. Define

φ̂α(yα) =
(

m̂α(yα)+ Ĉm

v̂α(yα)+ Ĉv

)
, φα(yα) =

(
mα(yα)+Cm

vα(yα)+Cv

)
,

Bα(yα) =
(

bm
α (yα)

bv
α(yα)

)
, and �∗

α(yα)=
(

σm
α (yα) σ mv

α (yα)

σ mv
α (yα) σ v

α (yα)

)
,

where

bm
α (yα) = 1

2
h2μ2

K m(2)
α (yα)

+1

2
g2μ2

L

∫ [
p(2)
α (zα)+ p(2)

α (yα)

pα(yα)
pα(zα)

− pα(zα)

p(yα, zα)
p(2)(yα, zα)

]
m(yα, zα)dzα,

and bv
α(yα) is the same as above with v substituted for m. Let

σm
α (yα) = ‖ K ‖2

2

∫ {
p2
α(zα)

p(yα, zα)
v(yα, zα)+ [

pα(zα)m(yα, zα)

− pα|α(zα|yα)mα(yα)
]2

}
dzα,

σ v
α (yα) = ‖ K ‖2

2

∫ {
p2
α(zα)

p(yα, zα)
v2(yα, zα)κ4(yα, zα)+ [

pα(zα)v(yα, zα)

− pα|α(zα|yα)vα(yα)
]2

}
dzα,
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and

σmv
α (yα) = ‖ K ‖2

2

∫ [
pα(zα)m(yα, zα)− pα|α(zα|yα)mα(yα)

]
[

pα(zα)v(yα, zα)− pα|α(zα|yα)vα(yα)
]

+ p2
α(zα)

p(yα, zα)
v3/2(yα, zα)κ3(yα, zα)dzα.

THEOREM 1. Let yα be in the interior of the support of pα(·). Then, under
Conditions 1–4 with s = 1, we have

√
nh[φ̂α(yα)−φα(yα)− Bα(yα)]

d→ N [0,�∗
α(yα)].

Now define analogously

φ̂αβ(yα, yβ) =
(

m̂αβ(yα, yβ)+ Ĉm

v̂αβ(yα, yβ)+ Ĉv

)
, φαβ(yα, yβ) =

(
mαβ(yα, yβ)+Cm

vαβ(yα, yβ)+Cv

)
,

Bαβ(yα, yβ) =
(

bm
αβ(yα, yβ)

bv
αβ(yα, yβ)

)
, and

�∗
αβ(yα, yβ) =

(
σm

αβ(yα, yβ) σ mv
αβ (yα, yβ)

σmv
αβ (yα, yβ) σ v

αβ(yα, yβ)

)
,

where

Bαβ(yα, yβ) = h2

2
μ2

K

[
∂2φαβ

∂y2
t−α

(yα, yβ)+ ∂2φαβ

∂y2
t−β

(yα, yβ)

]

+ g2

2
μ2

L

∫ [
p(2)
αβ (zαβ)+ p(2)

αβ (yα, yβ)

pαβ(yα, yβ)
pαβ(zαβ)

− pαβ(zαβ)

p(yα, yβ, zαβ)
p(2)(yα, yβ, zαβ)

]

αβ(yα, yβ, zαβ)dzαβ

+
∫

pαβ(zαβ)
αβ(yα, yβ, zαβ)dzαβ,
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σm
αβ(yα, yβ) =‖ K ‖2

2

∫ { p2
αβ(zαβ)

p(yα, yβ, zαβ)
v(yα, yβ, zαβ)

+
[

pαβ(zαβ)m(yα, yβ, zαβ)

− pαβ|α,β(zαβ |yα, yβ)mαβ(yα, yβ)
]2
}

dzαβ,

σ v
αβ(yα, yβ) =‖ K ‖2

2

∫ { p2
αβ(zαβ)

p(yα, yβ, zαβ)
v2(yα, yβ, zαβ)κ4(yα, yβ, zαβ)

+
[

pαβ(zαβ)v(yα, yβ, zαβ)

− pαβ|α,β(zαβ |yα, yβ)vαβ(yα, yβ)
]2
}

dzαβ,

σmv
αβ (yα, yβ)

=‖ K ‖2
2

∫ {[
pαβ(zαβ)m(yα, yβ, zαβ)

− pαβ|α,β(zαβ |yα, yβ)mαβ(yα, yβ)
]

[
pαβ(zαβ)v(yα, yβ, zαβ)− pαβ|α,β(zαβ |yα, yβ)vαβ(yα, yβ)

]

+
p2
αβ(zαβ)

p(yα, yβ, zαβ)
v3/2(yα, yβ, zαβ)κ3(yα, yβ, zαβ)

}
dzαβ,

and


αβ(yα, yβ, zαβ) =
(

bm
α (yα)+bm

β (yβ)+∑d
λ�=α,β bm

λ (zλ)

bv
α(yα)+bv

β(yβ)+∑λ�=α,β bv
λ(zλ)

)
,


αβ(yα, yβ , zαβ)

=
(

mαβ(yα, yβ)−bm
α (yα)−bm

β (yβ)+∑λ,θ �=α,β;λ<θ mλθ (zλ, zθ )−∑λ�=α,β bm
λ (zλ)

vαβ(yα, yβ)−bv
α(yα)−bv

β (yβ)+∑λ,θ �=α,β;λ<θ vλθ (zλ, zθ )−∑λ�=α,β bv
λ(zλ)

)
.

Define pαβ|α,β(zαβ |yα, yβ) as the conditional density of yαβ given yα and yβ.

THEOREM 2. Let (yα, yβ) be in the interior of the support of pαβ(·). Then
under Conditions 1–4 with s = 2, we have that√

nh2[φ̂αβ(yα, yβ)−φαβ(yα, yβ)− Bαβ(yα, yβ)]
d→ N [0,�∗

αβ(yα, yβ)].

Remark 2. Note that constants Cm and Cv are estimated by Ĉm and Ĉv with

the degree of precision of Op

(
1√
n

)
and, therefore, the individual additive and

interactive components mα(yα), mαβ(yα, yβ), vα(yα), and vαβ(yα, yβ) have the
same asymptotic bias and variance as φα(yα) and φαβ(yα, yβ), respectively.
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Remark 3. The asymptotic bias expressions bm
α (yα) and bv

α(yα) consist of two
main terms. The first term is of the order O(h2), which is the same as in the
ordinary local linear regression. This would have been the order of the asymptotic
bias if the densities used in constructing instrumental variables were known. The
second term in both cases has the order of O(g2) and is the penalty we pay for
not knowing these densities.

Remark 4. The method that is most relevant for comparison purposes here is
probably the traditional version of the marginal integration method. As described
in Linton and Nielsen (1995), in the two-dimensional case it requires the practi-
tioner to choose two different bandwidths h1 and h2 for the two directions. The
resulting bias is then of the order O(h2

1 + h2
2). This is the same situation one

encounters in LIVE algorithm since, for an additive component that is twice con-
tinuously differentiable and is defined on the compact support, the resulting bias
is then O(h2 + g2), which is conceptually the same as in standard marginal in-
tegration. As we noted earlier, the main benefit of the, LIVE method is its speed
of computation; whereas marginal integration requires O(n3) smoothings to esti-
mate a linear component, the LIVE method only takes O(n2) smoothings.

Remark 5. It is also fairly clear that there is some room for improvement
when it comes to asymptotic variances of LIVE. When compared to the regular
marginal integration estimators of Linton and Nielsen (1995), one can see that,
for example, the asymptotic variance of the additive mean component for LIVE is
larger than the one for the marginal integration (MI) estimator. More precisely, if
one assumes constant conditional variance function v(·), the first term of σm

α (yα),

which is ‖ K ‖2
2
∫ { p2

α(zα)

p(yα,zα) v(yα, zα)

}
dzα, coincides with the asymptotic vari-

ance of the MI estimator. This is related to the fact that the LIVE is based on
the omitted variable regression idea that treats everything except the additive
component of interest as the error term. Such an error term is not conditionally
independent of the component of interest. Finally, as in Kim and Linton (2004),
a number of possible efficiency standards can be considered in order to construct
possible oracle estimators. This is one of the topics we intend to consider as part
of the future research.

Remark 6. Note that one of the conditions of Theorems 1 and 2 is that g2ν

h → 0
as g → 0 and h → 0. Recall that ν > 2 is the strong mixing index that character-
izes the strength of dependence of the process yt . In practice, this means that the
bandwidth g can be selected much smaller than h. In other words, undersmooth-
ing of the densities that comprise instrumental variables is possible. If g is thus
selected to be of the smaller order of magnitude then h, the penalty for not know-
ing true marginal and joint densities of the process yt becomes of the order o(h2)
and thus can be disregarded asymptotically.
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5. PROOF OF THEOREM 1

The proof of Theorem 1 contains four steps: first we decompose the estima-
tion error into the main stochastic term and bias; second, we approximate each
component, then we compute the asymptotic bias; and finally, we establish the
asymptotic normality. Without loss of generality, we assume that α = 1.

For expositional convenience we use the subscript 2 to denote the nuisance
directions. For example, p2(yt,1) = p1(yt,1) in the case of density function, and
m2(yt,1) = m1(yt,1), v2(yt,1) = v1(yt,1) in the case of component functions. We
use Xn � Yn to signify Xn = Yn{1 + op(1)}. Let vec(X) denote the vector of
matrix X arranged by columns.

Proof.
Step I: Decompositions. The LIVE of φ1(y1), as any local linear regression

estimator, can be expressed in the closed form

φ̂1(y1)
T = eT

1 (YT KY )−1YT KWR̃, (8)

where

e1 =
(

1
0

)
, Y =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 yd+1−1 − y1

1 yd+2−1 − y1

...
...

1 yd+n−1 − y1

⎞
⎟⎟⎟⎟⎟⎟⎠

, R̃ =

⎛
⎜⎜⎜⎜⎜⎜⎝

r̃1

r̃2

...

r̃n

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎝

yd+1 ε̃2
d+1

yd+2 ε̃2
d+2

...
...

yd+n ε̃2
d+n

⎞
⎟⎟⎟⎟⎟⎟⎠

,

K = diag{Kh(yd+l−1 − y1)}, l = 1, . . . ,n, W = diag{Ŵd+k}, k = 1, . . . ,n, and
ε̃2

t = (yt − m̃(yt ))
2. The preliminary density estimators used are p̂1(y1) =

1
ng ∑d+n

t=d+1 Lg(yt−1 − y1), p̂2(y1) = 1
ngd−1 ∑d+n

t=d+1 ∏d
α=2 Lg(yt−α − yα), and p̂(y)

= 1
ngd ∑d+n

t=d+1 ∏d
α=1 Lg(yt−α − yα), while Ŵt = p̂1(yt−1) p̂2(yt,1)

p̂(yt )
.

Using standard properties of the vec operator, it is easy to verify that (8) can
be written as φ̂1(y1) = [I2 ⊗ eT

1 (YT KY )−1][I2 ⊗ YT K]vec[WR̃], while the true
function φ1(y1) satisfies the identity

φ1(y1) = [
I2 ⊗ eT

1 (YT KY )−1][I2 ⊗ YT K
]
vec

[
lφT

1 (y1)+Y �φT
1 (y1)

]
, (9)

where

l =

⎛
⎜⎜⎜⎜⎜⎜⎝

1

1

...

1

⎞
⎟⎟⎟⎟⎟⎟⎠

, Y =

⎛
⎜⎜⎜⎜⎝

yd+1−1 − y1

yd+2−1 − y1

...
yd+n−1 − y1

⎞
⎟⎟⎟⎟⎠ .

It follows easily from the above results that the estimation error can be repre-
sented as
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φ̂1(y1)−φ1(y1) = [I2 ⊗ eT
1 Q−1

n ]τn, (10)

where Qn = 1
n D−1

h YT KY D−1
h and τn = 1

n [I2 ⊗ D−1
h YT K]vec[WR̃− lφT

1 (y1)−
Y �φT

1 (y1)] with Dh = diag{1, h}.
Step II: Approximations. We rewrite τn in (5) as

τn = 1

n

d+n

∑
k=d+1

{
Kh(yk−1 − y1)[Ŵkr̃k −φ1(y1)− (yk−1 − y1)�φ1(y1)]

⊗
(

1,
yk−1 − y1

h

)T }

and expand it next by adding and subtracting φ1(yk−1) within the inner factor
enclosed in brackets as

τn = 1

n

d+n

∑
k=d+1

{
Kh(yk−1 − y1)[Ŵkr̃k −φ1(y1)− (yk−1 − y1)∇φ1(y1)]

⊗
(

1,
yk−1 − y1

h

)T }
(11)

= 1

n

d+n

∑
k=d+1

{
Kh(yk−1 − y1)[Ŵkr̃k −φ1(yk−1)]⊗

(
1,

yk−1 − y1

h

)T }

+ 1

n

d+n

∑
k=d+1

{
Kh(yk−1 − y1)[φ1(yk−1)−φ1(y1)− (yk−1 − y1)∇φ1(y1)]

⊗
(

1,
yk−1 − y1

h

)T }
.

At this point we introduce the notation rk = [m(yk), v(yk)]T and r̃∗
k =(

v1/2(yk)εk

v(yk)(ε
2
k −1)

)
, which will prove useful in deriving approximations of the

two terms in the last formula. By plugging in the estimated instruments and
bounding the difference between the true and estimated values of instruments
Wk , k = 1, . . . ,n, we find in a way similar to Kim and Linton (2004) that the bias
can be viewed as consisting of the four components

T1n = h2

2n

d+n

∑
k=d+1

{
Kh(yk−1 − y1)

(
yk−1 − y1

h

)2

D2φ1(y1)⊗
(

1,
yk−1 − y1

h

)T }
,

T2n = 1

n

d+n

∑
k=d+1

{
Kh(yk−1 − y1)

[
p̂1(yk−1) p̂2(yk,1)

p̂(yk)
− p1(yk−1)p2(yk,1)

p(yk)

]
r̃k

⊗
(

1,
yk−1 − y1

h

)T }
,
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T3n = 1

n

d+n

∑
k=d+1

{
Kh(yk−1 − y1)

p1(yk−1)p2
(
yk,1

)
p(yk)

r̃∗
k ⊗

(
1,

yk−1 − y1

h

)T }
,

T4n = 1

n

d+n

∑
k=d+1

{
Kh(yk−1 − y1)

[
p1(yk−1)p2(yk,1)

p(yk)
rk −φ1(yk−1)

]

⊗
(

1,
yk−1 − y1

h

)T }
,

Step III: Asymptotic Bias. As a reminder, we assume that the sufficient condi-
tions of Lu and Jiang (2001) are satisfied and, therefore, the process yt is geo-
metrically ergodic. This implies strict stationarity and β-mixing (therefore, also
α-mixing).

Since measurable function of strictly stationary and α-mixing process is again
strictly stationary and α-mixing, we can apply the ergodic theorem for α-mixing
stationary processes to T1n (see, e.g., Fan and Yao, 2003, for details). As a result,
using the Taylor expansion of the density function p1(·), we obtain

T1n = h2

2n

d+n

∑
k=d+1

{
Kh(yk−1 − y1)

(
yk−1 − y1

h

)2

D2φ1(y1)⊗
(

1,
yk−1 − y1

h

)T }

p→ h2

2
E

[
Kh(yk−1 − y1)

(
yk−1 − y1

h

)2

D2φ1(y1)⊗
(

1,
yk−1 − y1

h

)T
]

= h2

2
p1(y1)D2φ1(y1)⊗ (μ2

K , μ3
K )T +o(h2).

Next, we define marginal expectations of estimated density functions p̂1(·),
p̂2(·), and p̂(·) as p̄1(yk−1) = ∫

Lg(z1 − yk−1)p1(z1)dz1, p̄2(yk,1) = ∫
Lg(z2 −

yk,1)p2(z2)dz2, and p̄(yk) = ∫
Lg(z1 − yk−1)Lg(z2 −yk,1)p(z1, z2)dz1dz2.

It can be shown analogously to Kim and Linton (2004) that T2n can be approx-
imated as

T2n = 1

n

d+n

∑
k=d+1

{
Kh(yk−1 − y1)

[
p̄1(yk−1) p̄2(yk,1)

p̄(yk)
− p1(yk−1)p2(yk,1)

p(yk)

]
r̃k

⊗
(

1,
yk−1 − y1

h

)T }
+op(1/

√
nh).

Applying the ergodic theorem for α-mixing stationary process and using the

fact that E
[

Kh(yk−1 − y1)
[

p̄1(yk−1) p̄2(yk,1)

p̄(yk )
− p1(yk−1)p2(yk,1)

p(yk )

][
m̃(yk)−m(yk)

]2

⊗
(

1, yk−1−y1
h

)T ]= o(1/
√

nh), we have
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T2n = 1

n

d+n

∑
k=d+1

{
Kh(yk−1 − y1)

[
p̄1(yk−1) p̄2(yk,1)

p̄(yk)
− p1(yk−1)p2(yk,1)

p(yk)

]
r̃k

⊗
(

1,
yk−1 − y1

h

)T }
+op(1/

√
nh)

p→ E

[
Kh(yk−1 − y1)

[
p̄1(yk−1) p̄2(yk,1)

p̄(yk)
− p1(yk−1)p2(yk,1)

p(yk)

]
r̃k

⊗
(

1,
yk−1 − y1

h

)T
]

� g2

2
p1(y1)

∫ [
p(2)

2 (z2)+ p(2)
1 (y1)

p1(y1)
p2(z2)− p2(z2)

p(y1, z2)
p(2)(y1, z2)

]

×φ(y1, z2)dz2 ⊗ (μ2
L ,0)T .

As a next step, we note that the terms T3n and T4n areFk−1-measurable for any k,
and, therefore, we can argue that, by the ergodic theorem for α-mixing stationary

processes, both T3n and T4n converge in probability to zero: Tmn
p→ 0, for m = 3

and m = 4.
Finally, for the probability limit of [I2 ⊗ eT

1 Q−1
n ] we have Qn = 1

n D−1
h YT

KY D−1
h =

(
qn0 qn1
qn1 qn2

)
, where qni = 1

n ∑d+n
k=d+1 Kh(yk−1 − y1)

(
yk−1−y1

h

)i
,

i = 0,1,2. Using the Taylor expansion of p1(y1 + uh), it is easy to obtain

qni
p→ qi , where q0 = p1(y1)μ

0
K = p1(y1), q1 = p1(y1)μ

1
K = 0, q2 = p1(y1)μ

2
K .

Clearly, eT
1 Q−1

n
p→ 1

p1(y1)
eT

1 . By the Slutzky theorem, we conclude that the bias

of the estimator φ̂1(y1) is

B1n(y1) = [I2 ⊗ eT
1 Q−1

n ](T1n + T2n + T3n + T4n)

p→

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
2 h2μ2

K m(2)
1 (y1)+ 1

2 g2μ2
L

∫[
p(2)

2 (z2)+ p(2)
1 (y1)
p1(y1) p2(z2)− p2(z2)

p(y1,z2) p(2)(y1, z2)

]
m(y1, z2)dz2

1
2 h2μ2

K v
(2)
1 (y1)+ 1

2 g2μ2
L

∫[
p(2)

2 (z2)+ p(2)
1 (y1)
p1(y1) p2(z2)− p2(z2)

p(y1,z2) p(2)(y1, z2)

]
v(y1, z2)dz2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

≡ B1(y1).

Step IV: Asymptotic Normality. As a final step, we derive the asymptotic distri-
bution of

√
nh[I2 ⊗ eT

1 Q−1
n ](T1n + T2n + T3n + T4n).
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We rewrite T1n as

T1n = h2

2n

d+n

∑
k=d+1

{
Kh(yk−1 − y1)

(
yk−1 − y1

h

)2

D2φ1(y1)⊗
(

1,
yk−1 − y1

h

)T
}

≡ h2

2
(r1n, r2n, r3n, r4n)T ,

where rqn = 1
n ∑d+n

k=d+1

{
Kh(yk−1 − y1)

(
yk−1−y1

h

)q+1
m(2)

1 (y1)

}
, q = 1,2, and

rqn = 1
n ∑d+n

k=d+1

{
Kh(yk−1 − y1)

(
yk−1−y1

h

)q−1
v

(2)
1 (y1)

}
, q = 3,4. Applying

Theorem 1 in Masry (1996a) directly, we can easily find that each of the nh ·
var(rin), i = 1, . . . ,4 is uniformly bounded: supy1∈R nh · var(r1n) ≤ supy1∈R m(2)

1

(y1) · C2ν
4(1 + o(1)), supy1∈R nh · var(r2n) ≤ supy1∈R m(2)

1 (y1) · C2ν
6(1 + o(1)),

supy1∈R nh ·var(r3n) ≤ supy1∈R v
(2)
1 (y1) ·C2ν

4(1+o(1)), and supy1∈R nh ·var(r4n)

≤ supy1∈R v
(2)
1 (y1) · C2ν

6(1 + o(1)), where νi ≡ ∫
K 2(u)ui du, i = 1, . . . ,6, and

C2 is the upper bound of the density function p1(·); recall that functions m1
and v1(·) have bounded second derivatives by Condition 2 and observe that, as
a result, we have var(

√
nhT1n) = O(h4) uniformly over y1 ∈ R. Note that the

orders of the covariances are O(h4) due to the Cauchy-Schwartz inequality; i.e.,

cov(
√

nhrin,
√

nhrjn) ≤
√

var(
√

nhrin) ·var(
√

nhrjn), for 1 ≤ i < j ≤ 4. It can

be similarly shown that var(
√

nhT2n) is asymptotically negligible as well. To see
this, rewrite T2n as

T2n = 1

n

d+n

∑
k=d+1

{
Kh(yk−1 − y1)

[
p̂1(yk−1) p̂2(yk,1)

p̂(yk)
− p1(yk−1)p2(yk,1)

p(yk)

]
r̃k

⊗
(

1,
yk−1 − y1

h

)T }

≡ (x1n, x2n, x3n, x4n)T ,

where

x1n = 1

h

1

n

d+n

∑
k=d+1

{
K

(
yk−1 − y1

h

)[
p̂1(yk−1) p̂2(yk,1)

p̂(yk)
− p1(yk−1)p2(yk,1)

p(yk)

]
yk

}

= 1

h

1

n

d+n

∑
k=d+1

ξ1k

≡ 1

h

1

n
ξ1,

https://doi.org/10.1017/S0266466611000363 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466611000363


646 MICHAEL LEVINE AND JINGUANG LI

x3n = 1
h

1
n ∑d+n

k=d+1 ξ3k ≡ 1
h

1
n ξ3, with ξ3k being the same as ξ1 except that ε̃2

t is

substituted for yt , and x2n = 1
h

1
n ∑d+n

k=d+1 ξ2k ≡ 1
h

1
n ξ2 with ξ2k = ξ1k

(
yk−1−y1

h

)
,

and x4n = 1
h

1
n ∑d+n

k=d+1 ξ4k ≡ 1
h

1
n ξ4 with ξ4k = ξ3k

(
yk−1−y1

h

)
Applying Davydov’s

lemma (see Rio, 1993, Thm. 1.0), we obtain 1
n var(ξ1) ≤ 2C Mν,1 ∑i∈[0,n+d−1]

α(i)1−2/ν, where Mν,1 = E[|ξ1k |ν] = O(g2ν) and C is a nonnegative constant.

Thus we find that var(
√

nhx1n) = O
(

g2ν

h

)
→ 0, as n → ∞; it can be shown

analogously that var(
√

nhxin) → 0, as n → ∞, for i = 2,3,4. By the Cauchy-
Schwartz inequality, cov(

√
nhxin,

√
nhxjn) → 0 as n → ∞, for 1 ≤ i < j ≤ 4 as

well.
We rewrite T3n as

T3n = 1

n

d+n

∑
k=d+1

{
Kh(yk−1 − y1)

p1(yk−1)p2(yk,1)

p(yk)
r̃∗

k ⊗
(

1,
yk−1 − y1

h

)T
}

≡ (s0n, s1n, t0n, t1n)
T ,

where

sln = 1

n

d+n

∑
k=d+1

Kh(yk−1 − y1)

(
yk−1 − y1

h

)l p1(yk−1)p2(yk,1)

p(yk)
v1/2(yk)εk,

tmn = 1

n

d+n

∑
k=d+1

Kh (yk−1 − y1)

(
yk−1 − y1

h

)m p1(yk−1)p2(yk,1)

p(yk)
v(yk)(ε

2
k −1),

l = 0,1, and m = 0,1. We first examine the term s0n . It is easy to see that
E
[
s0n|Fn+d

]= 0 and

var
[
s0n|Fn+d

]= E
[
s2

0n|Fn+d

]

= 1

nh

{
1

n

d+n

∑
k=d+1

1

h
K 2

(
yk−1 − y1

h

)
p2

1(yk−1)p2
2(yk,1)

p2(yk)
v(yk)

}
.

Applying the ergodic theorem for α-mixing processes and changing variables, we
find that

var
[√

nhs0n

]
= E

[
nh ·var

[
s0n|Fn+d

]]

= E

[
1

h
K 2

(
yk−1 − y1

h

)
p2

1(yk−1)p2
2(yk,1)

p2(yk)
v(yk)

]

=‖ K ‖2
2 p2

1(y1)

∫ p2
2(z2)

p(y1, z2)
v(y1, z2)dz2[1+o(1)].
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Applying the central limit theorem in Fan and Yao (2003, Thm. 2.22), we have
that
√

nhs0n
d→ N [0, σ m

0,s(y1)],

where

σm
0,s(y1) =‖ K ‖2

2 p2
1(y1)

∫ p2
2(z2)

p(y1, z2)
v(y1, z2)dz2. (12)

It is equally easy to conclude that E
[
t0n|Fn+d

]= 0 and

var
[
t0n|Fn+d

]= E
[
t2
0n|Fn+d

]

= 1

n2 E

⎡
⎣( d+n

∑
k=d+1

Kh(yk−1 − y1)
p1(yk−1)p2(yk,1)

p(yk)
v(yk)(ε

2
k −1)

)2

|Fn+d

⎤
⎦

= 1

n2

d+n

∑
k=d+1

K 2
h (yk−1 − y1)

p2
1(yk−1)p2

2(yk,1)

p2(yk)
v2(yk)κ4(yk).

In much the same way as before for s0n , applying the ergodic theorem for
α-mixing process, changing variables, and using the central limit theorem in Fan
and Yao (2003), we have that
√

nht0n
d→ N [0, σ v

0,s(y1)], (13)

where σv
0,s(y1) =‖ K ‖2

2 p2
1(y1)

∫ p2
2(z2)

p(y1, z2)
v2(y1, z2)κ4(y1, z2)dz2. (14)

Note that cov(
√

nhs0n,
√

nht0n) = E(nhs0nt0n) since E(s0n) = E(t0n) = 0. Using
the same approach as before, we can easily show that

cov(
√

nhs0n,
√

nht0n) = E
[
E
[
nhs0nt0n|Fn+d

]]
=‖ K ‖2

2 p2
1(y1)

∫ p2
2(z2)

p(y1, z2)
v3/2(y1, z2)κ3(y1, z2)dz2[1+o(1)].

Combining the results for s0n and t0n , we have the asymptotic normality for T3n,

√
nhT3n

d→ N (0,�1,T 3), (15)

where

�1,T 3 =

⎛
⎜⎜⎜⎜⎝

σm
0,s(y1) ∗ σmv

0,s (y1) ∗
∗ ∗ ∗ ∗

σmv
0,s (y1) ∗ σv

0,s(y1) ∗
∗ ∗ ∗ ∗

⎞
⎟⎟⎟⎟⎠ , (16)
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with σm
0,s(y1) and σv

0,s(y1) defined as in (12) and (14), while

σmv
1,s (y1) ≡‖ K ‖2

2 p2
1(y1)

∫ p2
2(z2)

p(y1, z2)
v3/2(y1, z2)κ3(y1, z2)dz2. (17)

The rest of the elements of the matrix �1,T 3 are left blank since they are not
needed to formulate the final result.

Next, we rewrite T4n as

T4n = 1

n

d+n

∑
k=d+1

{
Kh(yk−1 − y1)

[
p1(yk−1)p2(yk,1)

p(yk)
rk −φ1(yk−1)

]

⊗
(

1,
yk−1 − y1

h

)T
}

≡ (u0n, u1n, w0n, w1n)
T ,

where

uln = 1

n

d+n

∑
k=d+1

Kh(yk−1 − y1)

(
yk−1 − y1

h

)l

×
[

p1(yk−1)p2(yk,1)

p(yk)
m(yk)−m1(yk−1)

]
,

wmn = 1

n

d+n

∑
k=d+1

Kh(yk−1 − y1)

(
yk−1 − y1

h

)m

×
[

p1(yk−1)p2(yk,1)

p(yk)
v(yk)− v1(yk−1)

]
,

for l = 0,1 and m = 0,1. Corollary 2 in Masry (1996b) provides us with the tool
we need to establish the asymptotic normality for T4n,

√
nhT4n

d→ N (0,�1,T 4), (18)

where

�1,T 4 =

⎛
⎜⎜⎜⎜⎝

σm
0,u(y1) ∗ σmv

0,uw(y1) ∗
∗ ∗ ∗ ∗

σmv
0,uw(y1) ∗ σv

0,w(y1) ∗
∗ ∗ ∗ ∗

⎞
⎟⎟⎟⎟⎠ , (19)
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with

σm
0,u(y1) =‖ K ‖2

2 p2
1(y1)

∫ [
p2(z2)m(y1, z2)− p2|1(z2|y1)m1(y1)

]2
dz2,

σ v
0,w(y1) =‖ K ‖2

2 p2
1(y1)

∫ [
p2(z2)v(y1, z2)− p2|1(z2|y1)v1(y1)

]2
dz2,

σmv
0,uw(y1) =‖ K ‖2

2 p2
1(y1)

∫ [
p2(z2)m(y1, z2)− p2|1(z2|y1)m1(y1)

]
× [

p2(z2)v(y1, z2)− p2|1(z2|y1)v1(y1)
]

dz2.

Finally, it is easy to notice that cov(T3n,T4n) = E[T3nT4n] = E[E[T3nT4n|
Fn+d ]] = 0. Now the asymptotic normality of an additive component is almost

at hand. Here eT
1 Q−1

n
p→ 1

p1(y1)
eT

1 implies that I2 ⊗ eT
1 Q−1

n
p→ I2 ⊗ 1

p1(y1)
eT

1 .
Applying the Slutzky theorem, we find that

√
nh[I2 ⊗ eT

1 Q−1
n ](T1n + T2n + T3n + T4n)

d→ N (0,�∗
1 (y1)),

and
√

nh[φ̂1(y1)−φ1(y1)− B1(y1)]
d→ N [0,�∗

1 (y1)],

where

B1(y1) =
(

bm
1 (y1)

bv
1(y1)

)
, �∗

1 (y1) =
(

σm
1 (y1) σ mv

1 (y1)

σmv
1 (y1) σ v

1 (y1)

)
,

with the components as in the statement of Theorem 1 for α = 1.

6. DISCUSSION

The additive-interactive model (1) represents a further step in the development of
the nonparametric volatility model theory. The article provides the instrumental
variable-based algorithm that can be easily used to fit such a model. The algo-
rithm is computationally efficient and easy to implement. At the same time, cen-
tral limit theorems for the estimators of the individual components are obtained,
and closed-form expressions for asymptotic biases and variances of these estima-
tors are given. Among several interesting questions that remain unanswered for
now in the context of model (1) is the question of testing the statistical signifi-
cance of individual additive and interactive components. This is the question of
obvious practical interest. It has some prior history in the cross-sectional context.
Specifically, a test that can handle the separability hypothesis in the mean func-
tion under a specific alternative (inclusion of second-order interactions) for cross-
sectional data had been proposed in Sperlich, Tjostheim, and Yang (2002). Con-
sistent specification tests for nonparametric/semiparametric models proposed in
Li, Hsiao, and Zinn (2003) are designed for null models that may include, among
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other possible nonparametric components, second-order interactions. However,
not much is known about similar testing problems in the time series context. Note
that many of the modern applications are concerned with situations where the
number of lags d considered can be quite large. Even in the cross-sectional con-
text, multicollinearity among many different explanatory variables is very much a
commonplace; in the time series context, it is always the case. Therefore, multiple
hypotheses testing is, probably, much more important under these circumstances.
For example, to test the separability hypothesis in the mean(variance) function for
model (1), it is necessary to test mαβ ≡ 0, 1 ≤ α < β ≤ d (vαβ ≡ 0, 1 ≤ α < β ≤ d,
respectively). It may also be of interest to test the null hypothesis that includes
both additive and interactive components. Thus, the design of the F-type tests
here seems to be an important issue.
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APPENDIX A: Simulation

This Appendix is dedicated to a simulation study that illustrates the finite-sample behav-
ior of the LIVE v̂α(yα) and v̂αβ(yα, yβ). For simplicity, we consider examples with zero
conditional mean function only.

Example A1
We define the process

yt =√
4+ v1(yt−1)+ v2(yt−2)+ v3(yt−3)+ v12(yt−1, yt−2)+ v13(yt−1, yt−3)+ v23(yt−2, yt−3)εt

where v1(u) = v2(u) = −v3(u) = 0.5sin(u),
v12(u,v) = v13(u,v) = v23(u,v) = 0.5arctan(u)arctan(v), εt independent of Ft−1 and
εt ∼ Uniform(−√

3,
√

3).

The components of the volatility function are selected to satisfy conditions of Lu and
Jiang (2001) to ensure the geometric ergodicity (and, therefore, the strict stationarity) of
the process yt . Condition (B1) of Lu and Jiang (2001) reduces in the one-dimensional case
to the requirement that the growth rate in each coordinate must not exceed the linear one;
apparently, the product of arctan functions satisfies this condition. Based on this model, we
simulate 500 samples with sample size n = 500. For each realization of the ARCH pro-
cess, we apply the instrumental variable estimation procedure from Section 3.2 to obtain
estimates of vα(·) and vαβ(·), 1 ≤ α,β ≤ 3. Gaussian kernels (univariate or product multi-
variate as needed) are used for all of the nonparametric estimates. Bandwidth g is selected
according to the Gaussian rule of thumb as g = cn−1/(l+4), where c = ( 4

l+2 )1/(l+4) and
l is the number of dimensions of the function to be estimated. For example, l = 1 for any
one-dimensional marginal density, l = 2 for p̂αβ(yα, yβ), l = d for p̂(y), etc. (for details,
see, e.g., Wand and Jones, 1995). The constant c is selected to ensure that the bandwidth
g is asymptotically optimal in the mean squared error (MSE) sense under the assumption
that the true density is Gaussian. The same rule is used to select the second bandwidth h,
where l = 1 or l = 2 for additive and interactive components, respectively. To evaluate the
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performance of the estimators, the MSE and the mean absolute deviation error (MAE) are
computed for each simulated sample. They are defined as

MSE(vα) =
{

1

101

101

∑
j=1

[vα(xj )− v̂α(xj )]
2

}1/2

,

MSE(vαβ) =
{

1

2601

2601

∑
j=1

[vαβ(xj,1, xj,2)− v̂αβ(xj,1, xj,2)]2

}1/2

,

MAE(vα) = 1

101

101

∑
j=1

|vα(xj )− v̂α(xj )|,

MAE(vαβ) = 1

2601

2601

∑
j=1

|vαβ(xj,1, xj,2)− v̂αβ(xj,1, xj,2)|,

TABLE A1. Averaged MSE and MAE for six
volatility estimators in the uniform distribution
case

v1 v2 v3 v12 v13 v23

MSE 0.33 0.31 0.30 0.54 0.56 0.53
MAE 0.25 0.24 0.24 0.36 0.37 0.36

FIGURE A1. Estimates of three additive components in Example A1.
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FIGURE A2. True surface of the interactive components in Example A1.

1 ≤ α < β ≤ 3. In the above, {xj }101
j=1 is an equispaced grid on [−4,4], and {xj,1}51

j=1

×{xj,2}51
j=1 is an equispaced grid on [−4,4] × [−4,4]. The grid range covers more than

99% of all observations in both one and two dimensions, so very little information is lost.
Table A1 gives averages of MSEs and MAEs for all six components from 500 repetitions.
Figure A1 shows the averaged estimates of three additive components as well as the true
functions; the solid lines are the true curves and the dotted ones are the estimates aver-
aged over 500 repetitions. Figures A2–A5 show the true surface of the interactive compo-
nents next to the estimates averaged over 500 simulations. In general, the results show a
very good fit for both additive and interactive components; among interactive components,
v12(·) and v23(·) seem to have been fit particularly well. It can be clearly seen that the
use of local polynomial regression eliminated boundary effects to a great extent in both
additive and interactive component estimation.

Example A2
Again, consider the model

yt =√
4+ v1(yt−1)+ v2(yt−2)+ v3(yt−3)+ v12(yt−1, yt−2)+ v13(yt−1, yt−3)+ v23(yt−2, yt−3)εt ,

where
v1(u) = v2(u) = −v3(u) = 0.5sin(u),
v12(u,v) = v13(u,v) = v23(u,v) = 0.5arctan(u)arctan(v),
εt independent of Ft−1 and εt ∼ N (0,1).

The previous example has the finitely supported error (innovation) distribution, and
this may not be realistic enough in practice. Therefore, we are interested in testing the
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FIGURE A3. Estimated surface of v12(·) in Example A1.

FIGURE A4. Estimated surface of v13(·) in Example A1.
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FIGURE A5. Estimated surface of v23(·) in Example A1.

TABLE A2. Averaged MSE and MAE for six
volatility estimators in the normal distribution
case

v1 v2 v3 v12 v13 v23

MSE 0.40 0.40 0.39 0.41 0.40 0.42
MAE 0.32 0.32 0.32 0.31 0.30 0.31

performance of the method in the case where the innovation distribution does not have
a compact support. Obviously, the most intuitive choice is the standard normal distri-
bution. The grid ranges we chose are [−3.2,3.2] in one-dimensional regressions and
[−3.2,3.2] × [−3.2,3.2] in two-dimensional ones. These ranges cover approximately
90% and 80% of all observations, respectively. The averages of MSEs and MAEs for all
six components from 500 repetitions are shown in Table A2. Note that the performance
of the method does not seem to be any worse compared to the previous example. While
additive components seem to be estimated with slightly less precision, the opposite is
true when it comes to interactive components for either choice of the loss function. The
averaged estimates of six volatility components as well as the true ones are presented in
Figures A6–A10.
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FIGURE A6. Estimates of three additive components in Example A2.

FIGURE A7. True surface of the interactive components in Example A2.

https://doi.org/10.1017/S0266466611000363 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466611000363


LIVE METHOD FOR A NONLINEAR VOLATILITY MODEL 657

FIGURE A8. Estimated surface of v12(·) in Example A2.

FIGURE A9. Estimated surface of v13(·) in Example A2.
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FIGURE A10. Estimated surface of v23(·) in Example A2.

APPENDIX B: Proof of Theorem 2

Proof. We prove Theorem 2 using the same four steps as in the proof of Theorem 1.
Without loss of generality, we prove it for the case of α = 1, β = 2. For expositional
convenience we use the subscript 3 to denote the nuisance directions.

Step I: Decompositions. The closed form of the LIVE for φ12(y1, y2) is

φ̂12(y1, y2)T = eT
1 (YT KY )−1YT KWR̃, (B.1)

where

e1 =

⎛
⎜⎜⎝

1

0

0

⎞
⎟⎟⎠ , Y =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 yd+1−1 − y1 yd+1−2 − y2

1 yd+2−1 − y1 yd+2−2 − y2

...
...

...

1 yd+n−1 − y1 yd+n−2 − y2

⎞
⎟⎟⎟⎟⎟⎟⎠

, R̃ =

⎛
⎜⎜⎜⎜⎜⎜⎝

r̃1

r̃2

...

r̃n

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎝

ỹd+1 ε̃2
d+1

ỹd+2 ε̃2
d+2

...
...

ỹd+n ε̃2
d+n

⎞
⎟⎟⎟⎟⎟⎟⎠

,

K = diag{Kh(yd+l−1 − y1)Kh(yd+m−1 − y1)}, l,m = 1, . . . ,n, W = diag{Ŵd+k},
k = 1, . . . ,n, and ε̃2

t = (yt −m̃(yt ))
2, ỹt = yt −∑d

α=1 m̂α(yt−α), and ε̃2
t = (yt −m̃(yt ))

2 −
∑d

α=1 v̂α(yt−α). The preliminary density estimators used are

p̂12(y1, y2) = 1

ng2

d+n

∑
t=d+1

Lg(yt−1 − y1)Lg(yt−2 − y2),
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p̂3(y12) = 1

ngd−2

d+n

∑
t=d+1

d

∏
α=3

Lg(yt−α − yα),

p̂(y) = 1

ngd

d+n

∑
t=d+1

d

∏
α=1

Lg(yt−α − yα),

Ŵt = p̂12(yt−1, yt−2) p̂3(yt,12)

p̂(yt )
.

In exactly the same way as in Theorem 1, we can decompose the estimation error as

φ̂12(y1, y2)−φ12(y1, y2) = [I2 ⊗ eT
1 Q−1

n ]τn, (B.2)

where

Qn = 1

n
D−1

h YT KY D−1
h , (B.3)

τn = 1

n
[I2 ⊗ D−1

h YT K]vec
[
WR̃− lφT

12(y1, y2)−Y �φT
12(y1, y2)

]
, (B.4)

where Dh = diag{1, h, h}.
Step II: Approximations. τn from (B.4) can be represented as

τn = 1

n

d+n

∑
k=d+1

{
Kh(yk−1 − y1)Kh(yk−2 − y2)ek ⊗

(
1,

yk−1 − y1

h
,

yk−2 − y2

h

)T
}

,

where

ek = Ŵkr̃k −φ12(y1, y2)− (yk−1 − y1)
∂φ12

∂yt−1
(y1, y2)− (yk−2 − y2)

∂φ12

∂yt−2
(y1, y2).

Denote Kh(yk−1 − y1)Kh(yk−2 − y2) by K Kh(k), and
(

1,
yk−1−y1

h ,
yk−2−y2

h

)T
by X (k);

then τn can be represented as

τn = 1

n

d+n

∑
k=d+1

{K Kh(k)[Ŵkr̃k −φ12(yk−1, yk−2)]⊗ X (k)} (B.5)

+ 1

n

d+n

∑
k=d+1

{K Kh(k)e∗
k ⊗ X (k)}, (B.6)

where

e∗
k = φ12(yk−1, yk−2)−φ12(y1, y2)− (yk−1 − y1)

∂φ12

∂yt−1
(y1, y2)

− (yk−2 − y2)
∂φ12

∂yt−2
(y1, y2).
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Define rk = r(yk) = ∑1≤α<β≤d

(
mαβ(yk−α, yk−β), vαβ(yk−α, yk−β)

)T = (rm
k , rv

k )T ,
Let us denote

r̃∗
k =

⎛
⎝ ∑d

α=1[m̂α(yk−α)−mα(yk−α)]+ v1/2(yk)εk

∑d
α=1[v̂α(yk−α)− vα(yk−α)]+ v(yk)(ε2

k −1)

⎞
⎠ ,

D2
Y =

(
yk−1 − y1

h

)2 ∂2φ12

∂y2
t−1

(y1, y2)+
(

yk−2 − y2

h

)2 ∂2φ12

∂y2
t−2

(y1, y2)

+2
(yk−1 − y1)(yk−2 − y2)

h2
∂2φ12

∂yt−1∂yt−2
(y1, y2)

≡ (D2,m
Y , D2,v

Y )T .

The two components of τn can now be approximated in the same way as it was done for
the two terms of (11) in the proof of Theorem 1; specifically, (B.5) becomes

1

n

d+n

∑
k=d+1

{
K Kh(k)

[
p12(yk−1, yk−2)p3(yk,12)

p(yk)
rk −φ12(yk−1, yk−2)

]
⊗ X (k)

}

+ 1

n

d+n

∑
k=d+1

{
K Kh(k)

p12(yk−1, yk−2)p3(yk,12)

p(yk)
r̃∗
k ⊗ X (k)

}

+ 1

n

d+n

∑
k=d+1

{
K Kh(k)

[
p̂12(yk−1, yk−2) p̂3(yk,12)

p̂(yk)

− p12(yk−1, yk−2)p3(yk,12)

p(yk)

]
r̃k ⊗ X (k)

}

+op(1/
√

nh2),

while (B.6) becomes h2

2n ∑d+n
k=d+1 {K Kh(k)D2

Y ⊗ X (k)} + op(1/
√

nh2). Thus, the four
components that need to be analyzed in order to obtain the asymptotic distribution and the
bias of the estimator φ̂12(y1, y2) are

R1n = h2

2n

d+n

∑
k=d+1

{K Kh(k)D2
Y ⊗ X (k)},

R2n = 1

n

d+n

∑
k=d+1

{
K Kh(k)

[
p̂12(yk−1, yk−2) p̂3(yk,12)

p̂(yk)

− p12(yk−1, yk−2)p3(yk,12)

p(yk)

]
r̃k ⊗ X (k)

}
,
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R3n = 1

n

d+n

∑
k=d+1

{
K Kh(k)

p12(yk−1, yk−2)p3(yk,12)

p(yk)
r̃∗
k ⊗ X (k)

}
,

R4n = 1

n

d+n

∑
k=d+1

{
K Kh(k)

[
p12(yk−1, yk−2)p3(yk,12)

p(yk)
rk −φ12(yk−1, yk−2)

]
⊗ X (k)

}
.

Step III: Asymptotic Bias. Applying ergodic theorem for α-mixing stationary processes
to R1n and using the Taylor expansion of p12(·, ·), we obtain

R1n = h2

2n

d+n

∑
k=d+1

{K Kh(k)D2
Y ⊗ X (k)}

p→ h2

2
E

[
Kh(yk−1 − y1)Kh(yk−2 − y2)

(
yk−1 − y1

h

)2 ∂2φ12

∂y2
t−1

(y1, y2)

⊗
(

1,
yk−1 − y1

h
,

yk−2 − y2

h

)T
]

+ h2

2
E

[
Kh(yk−1 − y1)Kh(yk−2 − y2)

(
yk−2 − y2

h

)2 ∂2φ12

∂y2
t−2

(y1, y2)

⊗
(

1,
yk−1 − y1

h
,

yk−2 − y2

h

)T
]

+ h2

2
E

[
Kh(yk−1 − y1)Kh(yk−2 − y2)

2(yk−1 − y1)(yk−2 − y2)

h2

∂2φ12

∂yt−1∂yt−2
(y1, y2)⊗

(
1,

yk−1 − y1

h
,

yk−2 − y2

h

)T ]

= h2

2
p12(y1, y2)

[
∂2φ12

∂y2
t−1

(y1, y2)⊗
(
μ2

K , μ3
K ,0

)T

+∂2φ12

∂y2
t−2

(y1, y2)⊗
(
μ2

K , 0, μ3
K

)T
]

+o(h2).

In the same way as before, we denote marginal expectations of estimated density func-
tions p̂12(·), p̂3(·), and p̂(·),
p̄12(yk−1, yk−2) =

∫
Lg(z1 − yk−1)Lg(z2 − yk−2)p12(z1, z2)dz1dz2,

p̄3(yk,12) =
∫

Lg(z3 −yk,12)p3(z3)dz3,
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p̄(yk) =
∫

Lg(z1− yk−1)Lg(z2 − yk−2)Lg(z3 −yk,12)p(z1, z2, z3)dz1dz2dz3.

Using the fact that

1

n

d+n

∑
k=d+1

{
K Kh(k)

[
p̂12(yk−1, yk−2) p̂3(yk,12)

p̂(yk)
− p̄12(yk−1, yk−2) p̄3(yk,12)

p̄(yk)

]

r̃k ⊗ X (k)

}
= op

(
1/
√

nh2
)

.

we can approximate R2n as

R2n = 1

n

d+n

∑
k=d+1

{
K Kh(k)

[
p̂12(yk−1, yk−2) p̂3(yk,12)

p̂(yk)
− p12(yk−1, yk−2)p3(yk,12)

p(yk)

]
r̃k

⊗X (k)

}

= 1

n

d+n

∑
k=d+1

{
K Kh(k)

[
p̄12(yk−1, yk−2) p̄3(yk,12)

p̄(yk)
− p12(yk−1, yk−2)p3(yk,12)

p(yk)

]
r̃k

⊗X (k)

}
+op

(
1/
√

nh2
)
.

Next, we use yet again the uniform convergence result from Masry (1996a) in combination
with the ergodic theorem for α-mixing stationary processes from Fan and Yao (2003);

this allows us to conclude that K Kh(k)
[ p̄12(yk−1,yk−2) p̄3(yk,12)

p̄(yk )
− p12(yk−1,yk−2)p3(yk,12)

p(yk )

]
[m̃(yk) − m(yk)]2 ⊗ X (k) = op(1/

√
nh2) and the left-hand side has finite expectation.

Thus,

R2n = 1

n

d+n

∑
k=d+1

{
K Kh(k)

[
p̄12(yk−1, yk−2) p̄3(yk,12)

p̄(yk)
− p12(yk−1, yk−2)p3(yk,12)

p(yk)

]
r̃k

⊗X (k)

}
+op

(
1/
√

nh2
)

p→ E

[
K Kh(k)

[
p̄12(yk−1, yk−2) p̄3(yk,12)

p̄(yk)
− p12(yk−1, yk−2)p3(yk,12)

p(yk)

]
r̃k

⊗X (k)

]

= E

[
E

[
K Kh(k)

[
p̄12(yk−1, yk−2) p̄3(yk,12)

p̄(yk)
− p12(yk−1, yk−2)p3(yk,12)

p(yk)

]
r̃k

⊗X (k)|Fk

]]
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� E

[
K Kh(k)

[
p̄12(yk−1, yk−2) p̄3(yk,12)

p̄(yk)
− p12(yk−1, yk−2)p3(yk,12)

p(yk)

]

·
(

d

∑
α=1

[mα(yk−α)− m̂α(yk−α)]+ rm
k ,

d

∑
α=1

[vα(yk−α)− v̂α(yk−α)]+ rv
k

)T

⊗X (k)

]

� −
∫

Kh(z1 − y1)Kh(z2 − y2)

[
p̄12(z1, z2) p̄3(z3)

p(z)
− p12(z1, z2)p3(z3) p̄(z)

p2(z)

]

×
(

d

∑
α=1

bm
α (zα),

d

∑
α=1

bv
α(zα)

)T

⊗
(

1,
z1 − y1

h
,

z2 − y2

h

)T
p(z)dz

+
∫

Kh(z1 − y1)Kh(z2 − y2)

[
p̄12(z1, z2) p̄3(z3)

p(z)
− p12(z1, z2)p3(z3) p̄(z)

p2(z)

]
r(z)

⊗
(

1,
z1 − y1

h
,

z2 − y2

h

)T
p(z)dz

� −
∫

Kh(z1 − y1)Kh(z2 − y2)

[
p12(z1, z2)[ p̄3(z3)− p3(z3)]

+ p3(z3)[ p̄12(z1, z2)− p12(z1, z2)]

− p12(z1, z2)p3(z3)

p(z)
[ p̄(z)− p(z)]

]

×
(

d

∑
α=1

bm
α (zα),

d

∑
α=1

bv
α(zα)

)T

⊗
(

1,
z1 − y1

h
,

z2 − y2

h

)T
dz

+
∫

Kh(z1 − y1)Kh(z2 − y2)

[
p12(z1, z2)[ p̄3(z3)− p3(z3)]+ p3(z3)[ p̄12(z1, z2)

− p12(z1, z2)]− p12(z1, z2)p3(z3)

p(z)
[ p̄(z)− p(z)]

]
r(z)

⊗
(

1,
z1 − y1

h
,

z2 − y2

h

)T
dz

= g2

2
p12(y1, y2)

×
∫ [

p(2)
3 (z3)+ p(2)

12 (y1, y2)

p12(y1, y2)
p3(z3)− p3(z3)

p(y1, y2, z3)
p(2)(y1, y2, z3)

]


12(y1, y2, z3)dz3 ⊗ (μ2
L ,0,0)T ,
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where


12(y1, y2, z3)

=
⎛
⎝m12(y1, y2)−bm

1 (y1)−bm
2 (y2)+∑3≤α<β≤d mαβ(zα, zβ)−∑d

α=3 bm
α (zα)

v12(y1, y2)−bv
1(y1)−bv

2(y2)+∑3≤α<β≤d vαβ(zα, zβ)−∑d
α=3 bv

α(zα)

⎞
⎠ .

The term R3n is easy to analyze; again, we apply the ergodic theorem for α-mixing
stationary processes on R3n to obtain

R3n = 1

n

d+n

∑
k=d+1

{
K Kh(k)

p12(yk−1, yk−2)p3(yk,12)

p(yk)
r̃∗
k ⊗ X (k)

}

p→ E

[
K Kh(k)

p12(yk−1, yk−2)p3(yk,12)

p(yk)
r̃∗
k ⊗ X (k)

]

= p12(y1, y2)

∫
p3(z3)
12(y1, y2, z3)dz3 ⊗ (1,0,0)T,

where


12(y1, y2, z3) =
⎛
⎝bm

1 (y1)+bm
2 (y2)+∑d

α=3 bm
α (zα)

bv
1(y1)+bv

2(y2)+∑d
α=3 bv

α(zα)

⎞
⎠ .

Finally, it is easy to realize that the term R4n does not contribute to the asymptotic bias
since it converges in probability to zero due to the same ergodic theorem,

R4n = 1

n

d+n

∑
k=d+1

{
K Kh(k)

[
p12(yk−1, yk−2)p3(yk,12)

p(yk)
rk −φ12(yk−1, yk−2)

]
⊗ X (k)

}

p→ (0 0 0 0 0 0)T .

The analysis of [I2 ⊗ eT
1 Q−1

n ] is almost exactly the same as in Theorem 1; it is easy to
show that

Qn
p→

⎛
⎜⎜⎜⎝

p12(y1, y2) 0 0

0 p12(y1, y2)μ2
K 0

0 0 p12(y1, y2)μ2
K

⎞
⎟⎟⎟⎠

Q−1
n

p→

⎛
⎜⎜⎜⎜⎝

1
p12(y1,y2)

0 0

0 1
p12(y1,y2)μ

2
K

0

0 0 1
p12(y1,y2)μ

2
K

⎞
⎟⎟⎟⎟⎠

eT
1 Q−1

n
p→ 1

p12(y1, y2)
eT

1 .
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Therefore, using Slutzky’s theorem we conclude that the bias of our estimator is

B12,n(y1, y2) = [I2 ⊗ eT
1 Q−1

n ](R1n + R2n + R3n + R4n)

p→
[

I2 ⊗
(

1

p12(y1, y2)
0 0

)]
h2

2
p12(y1, y2)

[
∂2φ12

∂y2
t−1

(y1, y2)

⊗
(
μ2

K , μ3
K ,0

)T + ∂2φ12

∂y2
t−2

(y1, y2)⊗
(
μ2

K , 0, μ3
K

)T
]

+
[

I2 ⊗
(

1

p12(y1, y2)
0 0

)]
g2

2
p12(y1, y2)

·
∫ [

p(2)
3 (z3)+ p(2)

12 (y1, y2)

p12(y1, y2)
p3(z3)− p3(z3)

p(y1, y2, z3)
p(2)(y1, y2, z3)

]


12(y1, y2, z3)dz3 ⊗ (μ2
L ,0,0)T

+
[

I2 ⊗
(

1

p12(y1, y2)
0 0

)]
p12(y1, y2)

·
∫

p3(z3)
12(y1, y2, z3)dz3 ⊗ (1,0,0)T

= h2

2
μ2

K

[
∂2φ12

∂y2
t−1

(y1, y2)+ ∂2φ12

∂y2
t−2

(y1, y2)

]

+ g2

2
μ2

L

∫ [
p(2)

3 (z3)+ p(2)
12 (y1, y2)

p12(y1, y2)
p3(z3)− p3(z3)

p(y1, y2, z3)
p(2)(y1, y2, z3)

]


12(y1, y2, z3)dz3

+
∫

p3(z3)
12(y1, y2, z3)dz3

≡ B12(y1, y2).

Step IV: Asymptotic Normality. Finally, we derive the asymptotic distribution of√
nh2[I2 ⊗ eT

1 Q−1
n ](R1n + R2n + R3n + R4n). Using the same technics as the ones used

in Theorem 1 to treat the terms T1n and T2n , it is easy to show that both var(
√

nh2 R1n)

and var(
√

nh2 R2n) are negligible, with orders of O(h4) and O
(

g2ν

h2

)
, respectively.

To analyze R3n we expand it as

R3n = 1

n

d+n

∑
k=d+1

{
K Kh(k)

p12(yk−1, yk−2)p3(yk,12)

p(yk)
r̃∗
k ⊗ X (k)

}
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= 1

n

d+n

∑
k=d+1

{
K Kh(k)

p12(yk−1, yk−2)p3(yk,12)

p(yk)
r̃∗
k,1 ⊗ X (k)

}

+ 1

n

d+n

∑
k=d+1

{
K Kh(k)

p12(yk−1, yk−2)p3(yk,12)

p(yk)
r̃∗
k,2 ⊗ X (k)

}

≡ R3n,1 + R3n,2,

where

r̃∗
k,1 =

(
∑d

α=1[m̂α(yk−α)−mα(yk−α)]

∑d
α=1[v̂α(yk−α)− vα(yk−α)]

)

r̃∗
k,2 =

(
v1/2(yk)εk

v(yk)(ε2
k −1)

)
.

We claim that var(
√

nh2 R3n,1) is negligible too. To see why, rewrite R3n,1 as

R3n,1 = (x1n, x2n, x3n, x4n, x5n, x6n)T ,

where

x1n = 1

n

d+n

∑
k=d+1

Kh(yk−1 − y1)Kh(yk−2 − y2)
p12(yk−1, yk−2)p3(yk,12)

p(yk)

d

∑
α=1

[m̂α(yk−α)−mα(yk−α)],

x2n = 1

n

d+n

∑
k=d+1

Kh(yk−1 − y1)Kh(yk−2 − y2)

(
yk−1 − y1

h

)

· p12(yk−1, yk−2)p3(yk,12)

p(yk)

d

∑
α=1

[m̂α(yk−α)−mα(yk−α)],

x3n = 1

n

d+n

∑
k=d+1

Kh(yk−1 − y1)Kh(yk−2 − y2)

(
yk−2 − y2

h

)

· p12(yk−1, yk−2)p3(yk,12)

p(yk)

d

∑
α=1

[m̂α(yk−α)−mα(yk−α)],

x4n = 1

n

d+n

∑
k=d+1

Kh(yk−1 − y1)Kh(yk−2 − y2)
p12(yk−1, yk−2)p3(yk,12)

p(yk)

d

∑
α=1

[v̂α(yk−α)− vα(yk−α)],
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x5n = 1

n

d+n

∑
k=d+1

Kh(yk−1 − y1)Kh(yk−2 − y2)

(
yk−1 − y1

h

)

· p12(yk−1, yk−2)p3(yk,12)

p(yk)

d

∑
α=1

[v̂α(yk−α)− vα(yk−α)],

x6n = 1

n

d+n

∑
k=d+1

Kh(yk−1 − y1)Kh(yk−2 − y2)

(
yk−2 − y2

h

)

· p12(yk−1, yk−2)p3(yk,12)

p(yk)

d

∑
α=1

[v̂α(yk−α)− vα(yk−α)].

We claim that var(
√

nh2xin), i = 1, . . . ,6 are all negligible, with orders of O(h2). This is
due to Davydov’s lemma and the fact that m̂α(yk−α)−mα(yk−α) = Op(h2), v̂α(yk−α)−
vα(yk−α) = Op(h2) uniformly over all possible values of yk−α , with the latter following

directly from Theorem 1. Here var(
√

nh2 R3n,2) can be analyzed in exactly the same way
as var(

√
nhT3n) in Theorem 1; the outcome is that√

nh2 R3n,2
d→ N (0,�1,R3), (B.7)

where

�1,R3 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

σm
1,s(y1, y2) ∗ ∗ σmv

1,s (y1, y2) ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

σmv
1,s (y1, y2) ∗ ∗ σv

1,s(y1, y2) ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (B.8)

with

σm
1,s(y1, y2) =‖ K ‖2

2 p2
12(y1, y2)

∫ p2
3(z3)

p(y1, y2, z3)
v(y1, y2, z3)dz3, (B.9)

σv
1,s(y1, y2) =‖ K ‖2

2 p2
12(y1, y2)

∫ p2
3(z3)

p(y1, y2, z3)
v2(y1, y2, z3)κ4(y1, y2, z3)dz3,

(B.10)

σmv
1,s (y1, y2) =‖ K ‖2

2 p2
12(y1, y2)

∫ p2
3(z3)

p(y1, y2, z3)
v3/2(y1, y2, z3)κ3(y1, y2, z3)dz3.

(B.11)

Also, var(
√

nh2 R4n) can again be handled in the same way as var(
√

nhT4n) in Theorem
1; the result is also an asymptotic normality for R4n ,√

nh2 R4n
d→ N (0,�1,R4), (B.12)
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where

�1,R4 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

σm
1,t (y1, y2) ∗ ∗ σmv

1,t (y1, y2) ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

σmv
1,t (y1, y2) ∗ ∗ σv

1,t (y1, y2) ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (B.13)

with

σm
1,t (y1, y2) =‖ K ‖2

2 p2
12(y1, y2)

∫ [
p3(z3)m(y1, y2, z3)

−p3|1,2(z3|y1, y2)m12(y1, y2)
]2 dz3, (B.14)

σv
1,t (y1, y2) =‖ K ‖2

2 p2
12(y1, y2)

∫ [
p3(z3)v(y1, y2, z3)

−p3|1,2(z3|y1, y2)v12(y1, y2)
]2 dz3, (B.15)

σmv
1,t (y1, y2) =‖ K ‖2

2 p2
12(y1, y2)

∫ [
p3(z3)m(y1, y2, z3)− p3|1,2(z3|y1, y2)m12(y1, y2)

]

· [p3(z3)v(y1, y2, z3)

− p3|1,2(z3|y1, y2)v12(y1, y2)
]

dz3. (B.16)

In both (B.8) and (B.13) those covariance matrix elements that are not important for the
eventual result are replaced with ∗. It is also easy to conclude that the covariance between
R3n,2 and R4n is 0 since cov(R3n,2, R4n) = E[R3n,2 R4n] = E[E[R3n,2 R4n |Fn+d ]] = 0.

Combining the four terms and using Slutzky’s theorem, we can find that

√
nh2[I2 ⊗ eT

1 Q−1
n ](R1n + R2n + R3n + R4n)

d→ N (0,�∗
12(y1, y2)),

and, as a consequence,

√
nh2[φ̂12(y1, y2)−φ12(y1, y2)− B12(y1, y2)]

d→ N [0,�∗
12(y1, y2)],

where

B12(y1, y2) =
(

bm
12(y1, y2)

bv
12(y1, y2)

)
, �∗

12(y1, y2) =
(

σm
12(y1, y2) σmv

12 (y1, y2)

σmv
12 (y1, y2) σ v

12(y1, y2)

)
,
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with

B12(y1, y2) = h2

2
μ2

K

[
∂2φ12

∂y2
t−1

(y1, y2)+ ∂2φ12

∂y2
t−2

(y1, y2)

]

+ g2

2
μ2

L

∫ [
p(2)

3 (z3)+ p(2)
12 (y1, y2)

p12(y1, y2)
p3(z3)− p3(z3)

p(y1, y2, z3)
p(2)(y1, y2, z3)

]

×
12(y1, y2, z3)dz3 +
∫

p3(z3)
12(y1, y2, z3)dz3,

σm
12(y1, y2) =‖ K ‖2

2

∫ { p2
3(z3)

p(y1, y2, z3)
v(y1, y2, z3)

+ [
p3(z3)m(y1, y2, z3)− p3|1,2(z3|y1, y2)m12(y1, y2)

]2}dz3,

σ v
12(y1, y2) =‖ K ‖2

2

∫ { p2
3(z3)

p(y1, y2, z3)
v2(y1, y2, z3)κ4(y1, y2, z3)

+ [
p3(z3)v(y1, y2, z3)− p3|1,2(z3|y1, y2)v12(y1, y2)

]2}dz3,

σmv
12 (y1, y2) =‖ K ‖2

2

∫ [
p3(z3)m(y1, y2, z3)− p3|1,2(z3|y1, y2)m12(y1, y2)

]
× [

p3(z3)v(y1, y2, z3)− p3|1,2(z3|y1, y2)v12(y1, y2)
]

+ p2
3(z3)

p(y1, y2, z3)
v3/2(y1, y2, z3)κ3(y1, y2, z3)dz3,

and

κ3(y1, y2, z3) ≡ E
[
ε3

k |(yk−1, yk−2,yk,3) = (y1, y2, z3)
]
,

κ4(y1, y2, z3) ≡ E
[
(ε2

k −1)2|(yk−1, yk−2,yk,3) = (y1, y2, z3)
]
.
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