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Abstract
For each integer 𝑑 ≥ 2, let M𝑑 denote the moduli space of maps 𝑓 : P1 → P1 of degree d. We study the geometric
configurations of subsets of postcritically finite (or PCF) maps in M𝑑 . A complex-algebraic subvariety 𝑌 ⊂ M𝑑 is
said to be PCF-special if it contains a Zariski-dense set of PCF maps. Here we prove that there are only finitely many
positive-dimensional irreducible PCF-special subvarieties in M𝑑 with degree ≤ 𝐷. In addition, there exist constants
𝑁 = 𝑁 (𝐷, 𝑑) and 𝐵 = 𝐵(𝐷, 𝑑) so that for any complex algebraic subvariety 𝑋 ⊂ M𝑑 of degree ≤ 𝐷, the Zariski
closure 𝑋 ∩ PCF𝑑 has at most N irreducible components, each with degree ≤ 𝐵. We also prove generalizations of
these results for points with small critical height in M𝑑 (Q).

1. Introduction

For each integer 𝑑 ≥ 2, let M𝑑 denote the moduli space of maps 𝑓 : P1 → P1 of degree d, defined over
the field C of complex numbers. The space M𝑑 consists of Möbius conjugacy classes of maps f ; it is
constructed as a complex orbifold in [Mi1] and as a scheme over SpecZ in [Si1]. Let PCF𝑑 ⊂ M𝑑 denote
the subset of postcritically finite maps; that is, the conjugacy classes of maps f for which each critical
point has a finite forward orbit. We say that an irreducible complex algebraic subvariety 𝑋 ⊂ M𝑑 is
PCF-special if PCF𝑑 ∩ 𝑋 is Zariski dense in X. Note that M𝑑 is itself PCF-special, as is the polynomial
subvariety MPoly𝑑 ⊂ M𝑑 , as are all subvarieties defined by orbit relations among the critical points; see,
for example, [BD, Proposition 2.6] and [De2, Theorem 6.2]. Conjecturally, all PCF-special subvarieties
are determined by critical orbit relations (in a general sense, accounting for symmetries among the
maps) [BD, Conjecture 1.10].

In this article, we study the geometry of the set PCF𝑑 by examining how it intersects with families
of varieties in M𝑑 , and we prove uniform bounds on the degrees of PCF-special subvarieties in these
families. Here, and throughout this article, we measure degree with respect to a fixed choice of very
ample line bundle on M𝑑 , for example providing the projective compactification of M𝑑 defined in [Si1].
The degree bounds will depend on the choice, but the following result holds for any such choice:

Theorem 1.1. Fix integers 𝑑 ≥ 2 and 𝐷 ≥ 1. There exist constants 𝐵 = 𝐵(𝐷, 𝑑) and 𝑁 = 𝑁 (𝐷, 𝑑) so
that for any complex algebraic subvariety 𝑋 ⊂ M𝑑 of degree ≤ 𝐷, the Zariski closure

𝑋 ∩ PCF𝑑

has at most N irreducible components, each with degree ≤ 𝐵.
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Theorem 1.2. Fix integers 𝑑 ≥ 2 and 𝐷 ≥ 1. There are only finitely many positive-dimensional
irreducible PCF-special subvarieties in M𝑑 with degree ≤ 𝐷.

Example 1.3. Consider the sequence of PCF-special curves Per𝑛 (0) in M2, defined by the condition
that one critical point of a quadratic rational map has exact period n. These were introduced by Milnor
in [Mi1] and conjectured to be irreducible for every n. While irreducibility remains open, Theorem 1.2
implies that the degrees of the irreducible components of Per𝑛 (0) must be growing with n. Theorem
1.2 implies degree growth also of the irreducible components of the analogous hypersurfaces Per𝑛 (0)
in M𝑑 , for every 𝑑 ≥ 2.

Example 1.4. Consider the family of curves Per1 (𝜆) in M2, parameterized by 𝜆 ∈ C, consisting of all
quadratic maps having a fixed point of multiplier 𝜆. This family was first introduced by Milnor in [Mi1],
and they are lines in the natural coordinates that Milnor introduced on M2 � C2. It is known that Per1(𝜆)
is PCF-special if and only if 𝜆 = 0 [DWY]. And although PCF𝑑 is Zariski-dense in M2, Theorem 1.1
combined with the main result of [DWY] implies: There is a uniform bound N so that

# Per1 (𝜆) ∩ PCF𝑑 ≤ 𝑁

for all 𝜆 ≠ 0 in C. Theorem 1.1 also implies the corresponding result for the family of curves Per𝑛 (𝜆)
in the moduli space MPoly3 of cubic polynomials, for any fixed 𝑛 ≥ 1, in view of [BD, Theorem 1.1]
[FG2, Theorem B].

In fact we prove stronger versions of Theorem 1.1 and Theorem 1.2 in the spirit of the Bogomolov
Conjecture [Ul, Zh1] or, more recently, of the “height gap principle” [GGK, Gao] in the setting of abelian
varieties, for subvarieties of M𝑑 defined over Q. The critical height of a conjugacy class [ 𝑓 ] ∈ M𝑑 (Q)

is defined by

ℎ̂crit ( 𝑓 ) =
∑

{𝑐 : 𝑓 ′ (𝑐)=0}
ℎ̂ 𝑓 (𝑐) ≥ 0,

for any representative f defined over Q, where the critical points are counted with multiplicity and ℎ̂ 𝑓

is the Call-Silverman canonical height on P1 (Q) [CS] [Si2]. Ingram proved that ℎ̂crit is comparable to
a Weil height on the open subset M𝑑 \ L𝑑 where L𝑑 is the locus of flexible Lattès maps [In]. A more
explicit version of Ingram’s result was later established in [GOV, Theorem C]. A different approach is
given by the Yuan–Zhang theory of adelic line bundles; see [YZ, Remark 6.3.3]. The PCF points in
M𝑑 (Q) are precisely those with ℎ̂crit ( 𝑓 ) = 0.

To state our results, we fix a projective embedding of M𝑑 defined overQ. We also fix height functions
ℎCh on the associated Chow varieties Ch(M𝑑 , 𝑟, 𝐷) of cycles of dimension r and degree ≤ 𝐷 in M𝑑 , for
example, a Philippon height [Ph]; see §2.5 for definitions. The constants B, N, and 𝜖 of the following
theorems will depend on these choices.

Theorem 1.5. Fix integers 𝑑 ≥ 2 and 𝐷 ≥ 1. There exist constants 𝐵 = 𝐵(𝐷, 𝑑), 𝑁 = 𝑁 (𝐷, 𝑑), and
𝜖 = 𝜖 (𝐷, 𝑑) > 0 so that for any irreducible algebraic subvariety 𝑋 ⊂ M𝑑 of degree ≤ 𝐷 defined over
Q, and every 0 ≤ 𝜖 ′ < 𝜖 , the Zariski closure

𝑋 ∩ {𝑧 ∈ M𝑑 (Q) : ℎ̂crit (𝑧) ≤ 𝜖 ′ max{1, ℎCh (𝑋)}}

has at most N irreducible components, each with degree ≤ 𝐵.

The essential minimum of the critical height on a subvariety 𝑌 ⊂ M𝑑 defined over Q is

ess.min.( ℎ̂crit |𝑌 ) := sup
𝑌 ′ ⊂𝑌

inf
𝑦∈(𝑌 \𝑌 ′) (Q)

ℎ̂crit (𝑦) ≥ 0,
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where the supremum is taken over all proper subvarieties 𝑌 ′ in Y defined over Q. Note that all PCF-
special subvarieties 𝑌 ⊂ M𝑑 are defined over Q and have essential minimum 0, because they contain a
Zariski-dense set of PCF points that can be defined over Q; see §2.2. We also prove the following result,
strengthening Theorem 1.2.

Theorem 1.6. Fix integers 𝑑 ≥ 2 and 𝐷 ≥ 1. There exists 𝜖 ′′ = 𝜖 ′′(𝑑, 𝐷) > 0 such that there are only
finitely many positive-dimensional irreducible subvarieties 𝑌 ⊂ M𝑑 defined over Q with degree ≤ 𝐷
and ess.min.( ℎ̂crit |𝑌 ) ≤ 𝜖

′′ max{1, ℎCh (𝑌 )}.

1.1. History and context

The study of the PCF-special varieties in M𝑑 grew out of parallels between the theory of complex
dynamical systems and the study of abelian varieties. A conjectural classification of PCF-special
subvarieties in M𝑑 first appears in [Si2, Chapter 6] where it was given the name of “Dynamical André-
Oort” (or “DAO” as it is known in [JX]), because the geometry of the PCF locus in M𝑑 shares features
with the locus of CM points in a moduli space of abelian varieties; see [Za] for background on several
Unlikely Intersection problems. The first cases of DAO were proved by Baker-DeMarco [BD] and
Ghioca-Hsia-Tucker [GHT], followed by a series of results mostly focused on polynomial dynamics
where the relations and symmetries are understood, such as [GY, FG2], culminating in a complete
classification of PCF-special curves in moduli spaces of polynomials by Favre-Gauthier [FG3] and a
characterization of PCF-special curves in M𝑑 by Ji-Xie [JX]. We note, however, that there are currently
no known classification results for PCF-special subvarieties of dimensions > 1, even when restricting
to spaces of polynomials. Nevertheless, Theorem 1.1 can be viewed as a “Uniform DAO” that holds for
PCF-special subvarieties of any dimension.

The questions addressed here are inspired by Pink’s conjectures [Pi] in the setting of families of
abelian varieties, and the uniformity results about subgroup schemes in families of abelian varieties,
for example, as obtained recently in [Kü, DGH, GGK, GH, Yu]. The analogous study of preperiodic
subvarieties for regular self-maps of projective spaces (or more generally, for polarized dynamical
systems, which then includes the geometry of subgroups in abelian varieties) was initiated by Zhang
(see, for example, [Zh2]). Uniform bounds on the geometry of preperiodic points appeared in [DKY1,
DKY2, DM2, MaS].

Remark 1.7. We emphasize that the aforementioned uniformity results each relied crucially on the
classification of the “special” varieties in their respective settings. In contrast, the classification of PCF-
special subvarieties is only conjectural [BD]; we obtain uniformity without proving that PCF-special
subvarieties are necessarily defined by critical orbit relations. In particular, we do not recover (or use)
the main result of [JX] for curves in M𝑑 , and each of our theorems is new also for curves in M𝑑 . We do
not know of any other result in the literature where uniformity is known without the classification.

A far-reaching conjecture in [DM3] implies the classification of PCF-special subvarieties (as formu-
lated in [BD, Conjecture 1.10]) and the uniform bounds on their geometry (our Theorems 1.1 and 1.2)
and many results about geometry of torsion points in abelian varieties as special cases. It also contains
the (partial) uniformity results obtained in [DM1] and [GTV].

Finally, we remark that we do not give explicit bounds on B and N in Theorem 1.1, nor on the number
of PCF-special subvarieties in Theorem 1.2. It would be very interesting to know how large these values
must be and how they depend on d and D (and the dimension of the PCF-special subvarieties). In
different contexts, some effective bounds have been given in [DKY2, DP, DM2].

1.2. Proof strategy

We build upon the theory of arithmetic equidistribution for heights on quasiprojective varieties [Kü,
Ga3, YZ], and we make use of complex-dynamical tools for analyzing bifurcation measures as in [BE,
Du].
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We consider familiesX → 𝑉 of r-dimensional varieties 𝑋𝜆 ⊂ M𝑑 , parametrized by𝜆 in an irreducible
quasi-projective variety V of dimension ℓ ≥ 1. We say that a family X → 𝑉 is maximally varying if
the natural map from V to the Chow variety Ch(M𝑑 , 𝑟, 𝐷) has finite fibers, where Ch(M𝑑 , 𝑟, 𝐷) is a
space of cycles of M𝑑 with dimension r and degree ≤ 𝐷, with respect to a fixed projective embedding
of M𝑑 defined over Q; see §2.5.

For any positive integer m, we let X𝑚
𝑉 denote the m-th fiber power of X over V. We denote elements of

X𝑚
𝑉 by (𝜆, 𝑓1, . . . , 𝑓𝑚), with 𝑓𝑖 ∈ 𝑋𝜆 for each i. Our main theorems are derived from the following result,

which is inspired from the Relative Bogomolov Conjecture [DGH2] and by results in [Kü] and [GGK].

Theorem 1.8. Let X → 𝑉 be a maximally varying family of dimension 𝑟 ≥ 1 varieties in M𝑑 ,
parametrized by an irreducible quasi-projective variety V of dimension ℓ ≥ 1, all defined over Q.
Assume that the generic fiber of X → 𝑉 is geometrically irreducible. There exists 𝜖 = 𝜖 (X ) > 0 such
that the set

𝑍𝜀 (X ) :=

{
(𝜆, 𝑓1, . . . , 𝑓ℓ+1) ∈ X ℓ+1

𝑉 (Q) :
ℓ+1∑
𝑖=1
ℎ̂crit ( 𝑓𝑖) < 𝜖 max{1, ℎCh (𝜆)}

}

is not Zariski dense in X ℓ+1
𝑉 .

To prove Theorem 1.8, we first pass to a maximally varying family of varieties X ′ → 𝑉 in a finite
branched cover M𝑐𝑚

𝑑 → M𝑑 that parameterizes maps on P1 with marked critical points 𝑐1, . . . , 𝑐2𝑑−2 :
M𝑐𝑚

𝑑 → P1. We construct two nonzero bifurcation measures on the fiber power (X ′)ℓ+1
𝑉 , from two

distinct r-tuples of critical points, and, associated to these measures, we define two adelically metrized
line bundles on the quasiprojective (X ′)ℓ+1

𝑉 , in the sense of [YZ]. The construction of the measures is
carried out in Section 3, and their nonvanishing ultimately comes from properties of the bifurcation
current and its powers in M𝑑 from [Mc1, De1, Du, GOV]. The nonvanishing of the measures implies
that the two metrized line bundles are non-degenerate (as defined in [YZ]). We are thus able to deduce
from the height inequality of [YZ, Theorem 1.3.2] that, if 𝜖 > 0 is sufficiently small, then “most” points
of 𝑍𝜖 (X ) lie in subvarieties 𝑋𝜆 of bounded ℎCh-height.

We now proceed by contradiction: if no such 𝜖 exists, then there will be a generic sequence of points
in (X ′)ℓ+1

𝑉 (Q) with
∑ℓ+1

𝑖=1 ℎ̂crit ( 𝑓𝑖) tending to 0. We apply [YZ, Theorem 5.4.3] to deduce that the Galois
orbits of these points will be equidistributed with respect to the two bifurcation measures, implying the
two measures coincide.

The contradiction will come from an analysis of the two measures. More precisely, using a slicing
argument as in [MaS] (which was revisited in [DM1]), it suffices to analyze the family of bifurcation
measures they induce on the fibers 𝑋𝜆. Here we appeal to the maximal variation of the family and the
dynamical theory of J-stability. We find a parameter 𝜆0 ∈ 𝑉 and conjugacy class [ 𝑓0] ∈ 𝑋𝜆0 so that one
collection of r critical points is pre-repelling for 𝑓0, while one of the critical points in the other r-tuple
is in the basin of a parabolic point. We then zoom into the parameter space at 𝑓0, where the first r-tuple
of preperiodic critical points yields an asymptotic similarity between the bifurcation measure and the
dynamical space, exactly as in the proof of [BE, Main Theorem]. But zooming in at this rate yields 0
for the bifurcation measure defined with the second r-tuple of critical points, because one of the critical
points has infinite orbit and is attracted to a parabolic cycle. Details are provided in Section 4. The
proofs of Theorems 1.1, 1.2, 1.5, and 1.6 are completed in Section 5.

1.3. Questions

Finally, we remark that our initial (failed) attempts to prove Theorems 1.8 were more in line with
previously known cases of DAO, combined with the strategy from [MaS] to obtain uniform bounds,
but we encountered several obstacles. We were led to the following questions, and we view each as a
measure-theoretic strengthening of DAO.
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Question 1.9. Suppose that Λ is a complex manifold of dimension 𝑟 ≥ 1, parameterizing a holomorphic
family of maps

𝑓 : Λ × P1 → Λ × P1

defined by (𝜆, 𝑧) ↦→ (𝜆, 𝑓𝜆(𝑧)), and suppose that 𝑐1, . . . , 𝑐𝑟+1 : Λ → P1 are marked critical points of 𝑓𝜆.
Let 𝑇𝑖 denote the bifurcation current on Λ associated to the pair ( 𝑓 , 𝑐𝑖), defined in §2.3. Suppose that

𝑇1 ∧ · · · ∧ 𝑇𝑟−1 ∧ 𝑇𝑟 = 𝛼𝑇1 ∧ · · · ∧ 𝑇𝑟−1 ∧ 𝑇𝑟+1 ≠ 0

on Λ for some 𝛼 > 0. Can we conclude that the pair (𝑐𝑟 , 𝑐𝑟+1) of critical points is dynamically related
along Λ? In other words, does there exist a proper, complex-analytic subvariety 𝑋 ⊂ Λ× (P1×P1) which
projects surjectively toΛ, is invariant for the action of ( 𝑓 , 𝑓 ), and contains the graph of (𝑐𝑟 , 𝑐𝑟+1) overΛ?

The question has only been answered in a few special cases with 𝑟 = 1: (1) for the 1-parameter
families of polynomials treated by Baker-DeMarco in [BD] parameterized by Λ = C, and (2) for the
curves Λ = Per1 (𝜂) in M2, for each 𝜂 ∈ C, of Example 1.4 [DWY].
Question 1.10. Suppose that Λ is a smooth and irreducible, quasiprojective, complex algebraic variety
of dimension 𝑟 ≥ 2 and that 𝑓 : Λ × P1 → Λ × P1 is a morphism that defines an algebraic family of
maps on P1, with marked critical points. With the notation of Question 1.9, suppose that

𝑇1 ∧ · · · ∧ 𝑇𝑟 ≠ 0

on Λ but

𝑇1 ∧ · · · ∧ 𝑇𝑟−1 ∧ 𝑇𝑟+1 = 0

on Λ. Can we conclude that there exists 𝑖 ∈ {1, . . . , 𝑟 − 1} so that the pair (𝑐𝑖 , 𝑐𝑟+1) is dynamically
related along Λ? (We remark here that one can define a dynamical relation for a tuple (𝑐1, . . . , 𝑐𝑟+1) as
for a pair; see [De2, §6.2]. But it follows by [MeSc, Proposition 2.21] that dynamical relations always
come in pairs.) We know of no cases of this question that have been answered.
Remark 1.11. Versions of Theorems 1.1 and 1.2 are expected to hold in more general settings, for
example when marking points on P1 are not necessarily critical, or upon working with preperiodic points
in families of maps on P𝑁 . See [DM3]. Analogues of Questions 1.9 and 1.10 can also be formulated,
but we keep our focus in this article on the postcritically-finite maps on P1 and the bifurcation currents
associated to marked critical points.

2. Background on M𝒅 and its subvarieties

In this section, we provide important background on the moduli spaces M𝑑 , and we look into properties
of a maximally varying family X → 𝑉 of subvarieties of M𝑑 .

2.1. The moduli space M𝒅 and a critically-marked parameter space

For each degree 𝑑 ≥ 2, the moduli space M𝑑 is the space of conformal conjugacy classes of maps
𝑓 : P1 → P1 defined over C. It is an affine algebraic variety of dimension 2𝑑 − 2. Silverman showed
that it exists as a geometric quotient over SpecZ, and he introduced a projective compactification 𝑀𝑑

via the tools of Geometric Invariant Theory which can be defined over Q [Si1]. We note that M2 � C2

[Mi1] while M𝑑 is singular in all degrees 𝑑 > 2 [We, MSW]. Because of the existence of maps
with automorphisms, this M𝑑 is not a fine moduli space, but we can pass to a finite branched cover
M𝑐𝑚

𝑑 → M𝑑 to build a family

𝑓 : M𝑐𝑚
𝑑 × P1 → M𝑐𝑚

𝑑 × P1 (2.1)
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of maps, and we may choose M𝑐𝑚
𝑑 so that we also have functions

𝑐𝑖 : M𝑐𝑚
𝑑 → P1

marking each of the critical points, 𝑖 = 1, . . . , 2𝑑 − 2.

2.2. PCF maps and Thurston rigidity

A map 𝑓 : P1 → P1 is postcritically finite if each of its critical points has a finite forward orbit. An
important class of examples of such maps are the Lattès maps, which are quotients of a self-map of
a complex torus; the flexible Lattès maps are those that are part of a positive-dimensional family in
M𝑑; see [Mi2] for more information on Lattès maps. We will denote the flexible Lattès locus by L𝑑 in
M𝑑; it exists only in square degrees. From Thurston’s rigidity theorem [DH2], we may deduce that any
postcritically finite map which is not flexible Lattès is Möbius-conjugate to a map 𝑓 : P1 → P1 defined
over Q.

2.3. The bifurcation current and its wedge powers

Following [DF], we can define a bifurcation current 𝑇𝑖 on M𝑐𝑚
𝑑 associated to the pair ( 𝑓 , 𝑐𝑖) for the

map f of (2.1) and each critical point 𝑐𝑖 , as follows. We let 𝜔 denote a Fubini-Study form on P1 and
let 𝜔̂ be its pullback to M𝑐𝑚

𝑑 × P1 by the projection map. Then the sequence of pullbacks 1
𝑑𝑛 ( 𝑓 𝑛)∗𝜔̂

converge weakly to a current 𝑇 𝑓 on M𝑐𝑚
𝑑 × P1. We let

𝑇𝑖 = 𝜋∗
(
𝑇 𝑓 ∧ [Γ𝑐𝑖 ]

)
, (2.2)

where 𝜋 : M𝑐𝑚
𝑑 × P1 → M𝑐𝑚

𝑑 is the projection and [Γ𝑐𝑖 ] is the current of integration along the graph
of 𝑐𝑖 . Then 𝑇𝑖 is a positive (1,1)-current with continuous potentials. The sum

𝑇bif =
2𝑑−2∑
𝑖=1

𝑇𝑖 (2.3)

descends to a well-defined positive (1, 1)-current on the moduli space M𝑑 , and it agrees with the
bifurcation current introduced in [De1]. Because of its continuous potentials, the wedge powers of 𝑇bif
are well defined. The bifurcation measure𝑇∧(2𝑑−2)

bif was first introduced in [BB] and is non-zero on M𝑑 .
If 𝑋 ⊂ M𝑐𝑚

𝑑 is an irreducible complex algebraic subvariety of dimension 𝑟 > 0 whose image in M𝑑

is not contained in the flexible Lattès locus L𝑑 , then 𝑇bif ≠ 0 on X, as a consequence of [Mc1, Lemma
2.2] and [De1, Theorem 1.1]. Moreover, 𝑇𝑖 = 0 on X if and only if the critical point 𝑐𝑖 is persistently
preperiodic along X [DF, Theorem 2.5]. It was proved in [GOV, Lemma 6.8] that we also have 𝑇∧𝑟

bif ≠ 0
on X; in other words, there always exists an r-tuple of critical points 𝑐𝑖1 , . . . , 𝑐𝑖𝑟 so that 𝑇𝑖1 ∧· · ·∧𝑇𝑖𝑟 ≠ 0
on X.

2.4. The critical height

For each 𝑓 : P1 → P1 of degree 𝑑 > 1 defined over Q, recall that the canonical height on P1 (Q) is
defined by

ℎ̂ 𝑓 (𝑥) = lim
𝑛→∞

1
𝑑𝑛
ℎ( 𝑓 𝑛 (𝑥)),
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where h is a Weil height on P1 [CS]. Counting the critical points with multiplicity, the sum

ℎ̂crit ( 𝑓 ) :=
∑

{𝑐 : 𝑓 ′ (𝑐)=0}
ℎ̂ 𝑓 (𝑐)

defines a function on M𝑐𝑚
𝑑 , which Silverman called the critical height and conjectured that it is

comparable with a Weil height on M𝑑 \ L𝑑; see, for example, [Si2]. This comparability was proved by
Ingram in [In].

The construction of the critical height was revisited by Yuan and Zhang in [YZ, §6.3], where they
show that ℎ̂crit is the height associated to a non-degenerate adelically metrized line bundle on M𝑐𝑚

𝑑

over Q. Indeed, they construct an f -invariant adelic line bundle 𝐿 𝑓 on M𝑐𝑚
𝑑 × P1 for the f of (2.1). The

critical height is then the height function associated to the “restriction” of 𝐿 𝑓 to the ramification divisor
of f ; see [YZ, §6.3]. Important for us is that the curvature distribution at the archimedean place is equal
to the bifurcation current 𝑇bif defined in §2.3. The non-degeneracy of this metrized line bundle follows
because the bifurcation measure is non-trivial, as was proved in [BB].

Yuan and Zhang use their general equidistribution theorem [YZ, Theorem 5.4.3] to give an alternative
proof of the arithmetic equidistribution of the points in PCF𝑑 to the bifurcation measure 𝑇∧2𝑑−2

bif in [YZ,
§6.3], a result which was first obtained by Gauthier in [Ga3] (and was proved for the polynomial moduli
spaces in [FG1]).

2.5. The Chow variety and maximal variation

For general information about Chow varieties, we refer the reader to [GKZ] [Ko]. Here we fix notation
and state some basic properties that we need. We will apply the following discussion to 𝑌 = M𝑑 or
𝑌 = M𝑐𝑚

𝑑 .
Suppose that Y is an irreducible quasiprojective algebraic variety, equipped with a projective embed-

ding of𝑌 ↩→ P𝑁 defined overQ. We let𝑌 denote the closure of Y in P𝑁 . For each integer 0 ≤ 𝑟 < dim𝑌 ,
and with respect to this embedding, we first consider the Chow variety Ch(𝑌, 𝑟, 𝐷) of algebraic cycles
𝑋 ⊂ 𝑌 in dimension r with degree ≤ 𝐷. It is an algebraic subvariety, possibly reducible, of the Chow
variety Ch(P𝑁 , 𝑟, 𝐷), consisting of the cycles with dimension r and degree ≤ 𝐷 supported in 𝑌 . As 𝑌
is defined over Q, the Chow variety Ch(𝑌, 𝑟, 𝐷) is also defined over Q. We let Ch(𝑌, 𝑟, 𝐷) denote the
Zariski-open subset consisting of cycles with support intersecting Y.

We will say that an irreducible subvariety 𝑋 ⊂ 𝑌 of dimension r has degree ≤ 𝑫 if its Zariski closure
in 𝑌 is the support of a cycle represented by a point in Ch(𝑌, 𝑟, 𝐷). Note that the degree depends on the
choice of the embedding of Y into P𝑁 , but the concept of bounded degree does not.

Suppose that 𝜋 : X → 𝑉 is a family of r-dimensional varieties in Y, parametrized by 𝜆 in an
irreducible quasi-projective variety V of dimension ℓ ≥ 1. Assume that the generic fiber of X → 𝑉 is
geometrically irreducible. We say that X → 𝑉 is maximally varying if the natural map from V to the
Chow variety Ch(𝑌, 𝑟, 𝐷) has finite fibers, where we send each irreducible fiber 𝑋𝜆 := 𝜋−1 (𝜆) to the
point of Ch(𝑌, 𝑟, 𝐷) representing the cycle [𝑋𝜆] on 𝑌 .

For any positive integer m, recall that X𝑚
𝑉 denotes the m-th fiber power of X over V. There is a natural

map

𝜌𝑚 : X𝑚
𝑉 → 𝑌𝑚

defined by 𝜌𝑚(𝜆, 𝑓1, . . . , 𝑓𝑚) = ( 𝑓1, . . . , 𝑓𝑚).

Proposition 2.1. Suppose that Y is an irreducible quasiprojective complex algebraic variety. Suppose
that X → 𝑉 is a family of r-dimensional varieties 𝑋𝜆 ⊂ 𝑌 , parametrized by 𝜆 in a quasi-projective
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variety V of dimension ℓ ≥ 1. Assume that V and the generic fiber of X → 𝑉 are irreducible. If X → 𝑉
is maximally varying, then the map

𝜌ℓ : X ℓ
𝑉 → 𝑌 ℓ

is generically finite. In particular dim 𝜌ℓ (X ℓ
𝑉 ) = dimX ℓ

𝑉 .

Proof. We prove the result by induction on ℓ. For ℓ = 1, the result is clear, as dimX = 𝑟 + 1 and
maximal variation implies that the image of X in Y is not contained in an r-dimensional subvariety, so
dim 𝜌1 (X ) = dimX = 𝑟 + 1.

Now suppose ℓ > 1 and that we know the result for maximally varying families with base dimension
< ℓ. Note that dimX = ℓ + 𝑟 and dimX ℓ

𝑉 = ℓ(𝑟 + 1). Choose any smooth point 𝑥0 of 𝜌1 (X ) which
is also smooth for a subvariety 𝑋𝜆0 it lies in, and which is regular for the maps 𝜌1 : X → 𝜌1 (X ) and
𝜋1 : 𝜌ℓ (X ℓ

𝑉 ) → 𝜌1(X ) where the latter is the restriction of the projection𝑌 ℓ → 𝑌 to the first coordinate.
Here, “regular for the maps” means that the fiber over 𝑥0 has the expected dimension and there is a point
in the fiber over 𝑥0 mapping surjectively on tangent spaces to that of 𝑥0.

Let 𝑌1 ⊂ 𝜌1 (X ) ⊂ 𝑌 be a subvariety of codimension r in 𝜌1(X ) containing 𝑥0, intersecting 𝑋𝜆0 (and
therefore a general 𝑋𝜆) in a finite set. Consider the projection 𝑝1 : X ℓ

𝑉 → X to the first factor and the
projection 𝑝2 : X ℓ

𝑉 → X ℓ−1
𝑉 to the remaining ℓ − 1 factors. Note that 𝜌−1

1 (𝑌1) ⊂ X projects dominantly
to the base V, and 𝑝−1

1 (𝜌−1
1 (𝑌1)) projects dominantly and generically finitely by 𝑝2 to X ℓ−1

𝑉 .
Now choose any 𝑌 ′

1 ⊂ 𝑌1 of codimension 1 containing 𝑥0, so of codimension 𝑟 + 1 in 𝜌1(X ).
Then 𝜌−1

1 (𝑌 ′
1) has codimension 𝑟 + 1 in X , and its projection to the base V will be a subvariety 𝑉1 of

codimension 1. Let X |𝑉1 → 𝑉1 denote the restricted family over the (ℓ− 1)-dimensional base. Note that
𝑝−1

1 (𝜌−1
1 (𝑌 ′

1)) is contained in X ℓ
𝑉1

and projects dominantly and generically finitely by 𝑝2 to X ℓ−1
𝑉1

.
By induction we know that dim 𝜌ℓ−1 (X ℓ−1

𝑉1
) = dimX ℓ−1

𝑉1
= (ℓ−1) (𝑟+1) = ℓ(𝑟+1)−(𝑟+1). Therefore

dim 𝜌ℓ (𝑝
−1
1 (𝜌−1

1 (𝑌 ′
1))) = dimX ℓ−1

𝑉1
= ℓ(𝑟 + 1) − (𝑟 + 1).

Now consider 𝜋−1
1 (𝑌 ′

1) in 𝜌ℓ (X ℓ
𝑉 ), which also has codimension 𝑟 + 1 by the choice of 𝑥0. But 𝜋1 ◦ 𝜌ℓ =

𝜌1 ◦ 𝑝1, so that

dim 𝜋−1
1 (𝑌 ′

1) = dim 𝜌ℓ (𝑝
−1
1 (𝜌−1

1 (𝑌 ′
1))),

implying that

dim 𝜌ℓ (X ℓ
𝑉 ) = ℓ(𝑟 + 1)

and the proof is complete. �

3. Bifurcation measures on X ℓ
𝑽 and X ℓ+1

𝑽

Recall the definition of M𝑐𝑚
𝑑 from §2.1. Throughout this section, we assume that X → 𝑉 is a maximally

varying family of r-dimensional varieties 𝑋𝜆 ⊂ M𝑐𝑚
𝑑 , parametrized by 𝜆 in a quasi-projective variety

V of dimension ℓ ≥ 1. Assume that V and the generic fiber of X → 𝑉 are irreducible. For any positive
integer m, recall from §1.2 that X𝑚

𝑉 denotes the m-th fiber power of X over V, and we denote elements
of X𝑚

𝑉 by (𝜆, 𝑓1, . . . , 𝑓𝑚), with 𝑓𝑖 ∈ 𝑋𝜆 for each i. There is a natural map

𝜌𝑚 : X𝑚
𝑉 → (M𝑐𝑚

𝑑 )𝑚 (3.1)

defined by 𝜌𝑚(𝜆, 𝑓1, . . . , 𝑓𝑚) = ( 𝑓1, . . . , 𝑓𝑚). From Proposition 2.1, we know that 𝜌𝑚 is generically
finite for all 𝑚 ≥ ℓ.
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In this section we construct nontrivial measures on X ℓ
𝑉 and X ℓ+1

𝑉 that are pullbacks of powers of
the bifurcation currents in M𝑐𝑚

𝑑 , defined in §2.3. The measure on X ℓ
𝑉 will be defined in terms of 𝑇bif

of (2.3), while two measures on X ℓ+1
𝑉 will additionally involve choices of r-tuples of marked critical

points. The proofs build on the strong rigidity result that the power 𝑇∧𝑟
bif of the bifurcation current is

nonzero on every r-dimensional subvariety of M𝑑 \ L𝑑 , where L𝑑 is the flexible Lattès locus; this is
proved in [GOV, Lemma 6.8] for all r. (See the discussion in §2.3.)

We also appeal to descriptions of the support of powers of 𝑇bif in M𝑑 in terms of critical orbit
behavior obtained by Buff-Epstein in [BE] and Dujardin in [Du]. Precisely, suppose that 𝑓1, . . . , 𝑓𝑚
is a collection of holomorphic families of maps on P1 parameterized by 𝜆 in a complex manifold Λ,
and let Φ := ( 𝑓1, . . . , 𝑓𝑚) : Λ × (P1)𝑚 → Λ × (P1)𝑚 be the induced holomorphic map. We say that
an m-tuple of marked points a = (𝑎1, . . . , 𝑎𝑚) : Λ → (P1)𝑚 is transversely (respectively, properly)
prerepelling for 𝚽 at 𝝀0 over 𝚲 if there exist repelling periodic points 𝑝𝑖 of 𝑓𝜆0 and integers 𝑛𝑖 ≥ 1
such that 𝑓 𝑛𝑖𝜆0

(𝑎𝑖 (𝜆0)) = 𝑝𝑖 for each 𝑖 = 1, . . . , 𝑚, and the following holds: if 𝑝𝑖 : 𝑈 → P1 denotes the
holomorphic continuation of the repelling periodic point 𝑝𝑖 = 𝑝𝑖 (𝜆0) over some neighborhood 𝑈 ⊂ Λ
of 𝜆0 where it remains repelling, then the graphs of the maps

𝜆 ↦−→
(
𝑓 𝑛1
1,𝜆(𝑎1 (𝜆)), . . . , 𝑓

𝑛𝑚
𝑚,𝜆 (𝑎𝑚 (𝜆))

)
and 𝜆 ↦−→ (𝑝1 (𝜆), . . . , 𝑝𝑚 (𝜆))

intersect transversely (respectively, properly) in𝑈 × (P1)𝑚 at 𝜆0.
For positive integers 𝑚 ≤ 2𝑑 − 2, marked critical points c = (𝑐1, . . . , 𝑐𝑚), and 𝑓1 = · · · = 𝑓𝑚 := 𝑓 ,

Dujardin proved that there is a dense set of parameters in supp𝑇1 ∧ · · · ∧ 𝑇𝑚 in M𝑐𝑚
𝑑 at which c

is transversely prerepelling over M𝑐𝑚
𝑑 [Du, Theorem 1.1]; recall that 𝑇𝑖 was defined in (2.2). And

conversely, if the m-tuple of critical points is properly prerepelling for ( 𝑓 , . . . , 𝑓 ) at some parameter
𝜆0 over a parameter space of dimension ≥ 𝑚, then 𝑇1 ∧ · · · ∧ 𝑇𝑚 must be nonzero in that parameter
space with 𝜆0 in its support, as first observed in [BE] (where it was proved in the case 𝑚 = 2𝑑 − 2
and assuming transversely prerepelling) and revisited in [Ga1, Theorem 6.2], [Ga2, Theorem 2.3],
and [BBD, Proposition 3.7] in more general contexts and without assuming transversality. See [DM1,
Proposition 4.8] for the version we use, which implies that the latter converse result remains true with
any m-tuple of maps ( 𝑓1, . . . , 𝑓𝑚) of degree d in place of ( 𝑓 , . . . , 𝑓 ).

3.1. Measure on X ℓ
𝑽

Proposition 3.1. Let X → 𝑉 be a maximally varying family of dimension 𝑟 ≥ 1 varieties in M𝑐𝑚
𝑑 with

dim𝑉 = ℓ ≥ 1, and let 𝜌ℓ be the map of (3.1) for𝑚 = ℓ. Set Yℓ = 𝜌ℓ (X ℓ
𝑉 ). Let𝑇bif denote the bifurcation

current in M𝑐𝑚
𝑑 and let 𝜋𝑖 : (M𝑐𝑚

𝑑 )ℓ → M𝑐𝑚
𝑑 be the projection to the i-th factor for 𝑖 = 1, . . . , ℓ. Then

𝜋∗1 (𝑇
∧𝑟+1
bif ) ∧ · · · ∧ 𝜋∗ℓ (𝑇

∧𝑟+1
bif ) ∧ [Yℓ] ≠ 0

in (M𝑐𝑚
𝑑 )ℓ , so that

𝜇ℓ := 𝜌∗ℓ
(
𝜋∗1 (𝑇

∧𝑟+1
bif ) ∧ · · · ∧ 𝜋∗ℓ (𝑇

∧𝑟+1
bif )

)
defines a positive measure on X ℓ

𝑉 . Moreover, there is a collection of marked critical points

c = (𝑐1,1, . . . , 𝑐1,𝑟+1, . . . , 𝑐ℓ,1, . . . , 𝑐ℓ,𝑟+1)

defined on X ℓ
𝑉 which is transversely prerepelling for the family of product maps

Φ := ( 𝑓1, . . . , 𝑓1, . . . , 𝑓ℓ , . . . , 𝑓ℓ)

at a parameter 𝑥0 over X ℓ
𝑉 , where each 𝑓𝑖 is repeated 𝑟 + 1 times.
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If c satisfies the conclusion of Proposition 3.1 for Φ, we say that it witnesses the nonvanishing of 𝜇ℓ .

Proof. Let Y ⊂ M𝑐𝑚
𝑑 be the image of 𝜌1, and let k be the dimension of Y , so that

2 ≤ 𝑟 + 1 ≤ 𝑘 ≤ 𝑟 + ℓ = dimX .

Since the projectionM𝑐𝑚
𝑑 → M𝑑 has finite fibers, we know from [GOV, Lemma 6.8] that𝑇∧𝑘

bif ≠ 0 onY .
If ℓ = 1, then we are done, since 𝑘 = 𝑟 + 1 and 𝑇∧(𝑟+1)

bif ∧ [Y] in M𝑐𝑚
𝑑 .

Assume ℓ > 1. Let

Φ = ( 𝑓1, . . . , 𝑓1, . . . , 𝑓ℓ , . . . , 𝑓ℓ)

denote the family of product maps on (P1)ℓ (𝑟+1) parameterized byYℓ ⊂ (M𝑐𝑚
𝑑 )ℓ , where each coordinate

𝑓𝑖 is repeated 𝑟 + 1 times.
Let 𝑈 ⊂ Y be a Zariski-open set so that the fibers of the two maps 𝜌1 : X → Y and 𝜋1 : Yℓ → Y

to the first factor of (M𝑐𝑚
𝑑 )ℓ have the expected dimension over U, namely 𝑟 + ℓ − 𝑘 for fibers of 𝜌1 and

ℓ + 𝑟ℓ− 𝑘 for 𝜋1, and the maps are surjective on tangent spaces at some point of each fiber over elements
of U. Note that, by the symmetry of Yℓ , the fibers will have the same properties for projections 𝜋𝑖 for
each i. From [Du, Theorem 1.1], there exists a k-tuple of critical points {𝑐1, . . . , 𝑐𝑘 } and a parameter
𝑦0 ∈ 𝑈 in the support of 𝑇∧𝑘

bif at which these critical points are transversely prerepelling for the family
of maps 𝑓1 parameterized by U. We may assume that 𝑦0 is a smooth point of Y and of the subvariety
𝑋𝜆0 for a smooth parameter 𝜆0 ∈ 𝑉 .

Now choose a collection of 𝑟 +1 critical points 𝑐1,1, . . . , 𝑐1,𝑟+1 ∈ {𝑐1, . . . , 𝑐𝑘 } so that (𝑐1,1, . . . , 𝑐1,𝑟 )
is transversely prerepelling at 𝑦0 over 𝑋𝜆0 and the full (𝑟 +1)-tuple is transversely prerepelling at 𝑦0 over
U. Let 𝑍1 ⊂ 𝑈 be an irreducible component of the codimension-(𝑟 + 1) subvariety containing 𝑦0 where
these critical points are persistently preperiodic. Note that 𝑦0 is an isolated point of the intersection of
𝑍1 with 𝑋𝜆0 . Moreover, we know that 𝜋−1

1 (𝑍1) has codimension 𝑟 + 1 in Yℓ .
Note that the preimage 𝜌−1

ℓ (𝜋−1
1 (𝑍1)) in X ℓ

𝑉 projects to a subvariety 𝑉1 of codimension 1 in the base
V. In fact it maps with finite fibers to the (ℓ − 1)-th fiber power of a subfamily

X |𝑉1 → 𝑉1

where dim𝑉1 = ℓ − 1. Now let Y1 be the image of this subfamily X |𝑉1 in M𝑐𝑚
𝑑 . We repeat the argument

with Y1 in place of Y . By maximal variation of X , we know that

2 ≤ 𝑟 + 1 ≤ 𝑘1 := dimY1 ≤ 𝑟 + ℓ − 1

and 𝑇∧𝑘1
bif ≠ 0 on Y1. We choose another collection of critical points 𝑐2,1, . . . , 𝑐2,𝑟+1 ∈ {𝑐1, . . . , 𝑐𝑘 }

so that the first r are transversely prerepelling at 𝑦0 over 𝑋𝜆0 and the full (𝑟 + 1)-tuple is transversely
prerepelling at 𝑦0 over Y1. Note that we could take 𝑐2, 𝑗 = 𝑐1, 𝑗 for 𝑗 = 1, . . . , 𝑟 . We let 𝑍2 ⊂ Y1 be the
codimension-(𝑟 + 1) subvariety containing 𝑦0 where these critical points are persistently preperiodic.
Then 𝜋−1

2 (𝑍2) ∩ 𝜋
−1
1 (𝑍1) has codimension 2(𝑟 + 1) in Yℓ .

In this way, we inductively construct a parameter 𝑦 = (𝑦0, . . . , 𝑦0) ∈ Yℓ and an ℓ(𝑟 + 1)-tuple of
marked critical points

c = (𝑐1,1, . . . , 𝑐1,𝑟+1, . . . , 𝑐ℓ,1, . . . , 𝑐ℓ,𝑟+1)

which is transversely prerepelling for the map Φ at y over Yℓ . In particular, in the language of [DM1,
§4.3], the graph Γc of c in Yℓ × (P1)ℓ (𝑟+1) defines a rigid repeller for the map Φ at this parameter, and
we conclude from [DM1, Proposition 4.8] that

𝑇∧ℓ (𝑟+1)
Φ ∧ [Γc] ≠ 0, (3.2)
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where

𝑇Φ =
ℓ∑
𝑖=1

𝑟+1∑
𝑗=1
𝑝∗𝑖, 𝑗𝑇 𝑓𝑖

is the dynamical Green current forΦ onΛ×(P1)ℓ (𝑟+1) , for the projections 𝑝𝑖, 𝑗 : Λ×(P1)ℓ (𝑟+1) → Λ×P1.
Unwinding the definitions, we conclude that

𝜋∗1 (𝑇 𝑓1 ,𝑐1,1 ∧ · · · ∧ 𝑇 𝑓1 ,𝑐1,𝑟+1 ) ∧ · · · ∧ 𝜋∗ℓ (𝑇 𝑓ℓ ,𝑐ℓ,1 ∧ · · · ∧ 𝑇 𝑓ℓ ,𝑐ℓ,𝑟+1 ) ∧ [Yℓ] ≠ 0

and therefore that

𝜋∗1 (𝑇
∧𝑟+1
bif ) ∧ · · · ∧ 𝜋∗ℓ (𝑇

∧𝑟+1
bif ) ∧ [Yℓ] ≠ 0

so that the measure 𝜇ℓ ≠ 0. Here we used the fact that dimX ℓ
𝑉 = dimYℓ from the maximal variation.

Finally, since the map from X ℓ
𝑉 to Yℓ is generically finite by Proposition 2.1, our initial choice of 𝑦0

guarantees that the marked critical points c are also transversely prerepelling at a preimage of y, over
X ℓ
𝑉 . �

3.2. Measures on Xℓ+1
𝑽

Let 𝜇ℓ be the measure of Proposition 3.1, witnessed by the marked critical point c. We now use these
critical points to construct nonvanishing measures on the next fiber power X ℓ+1

𝑉 . Let

Φ = ( 𝑓1, . . . , 𝑓1, . . . , 𝑓ℓ , . . . , 𝑓ℓ)

be as in Proposition 3.1 parameterized by X ℓ
𝑉 via the map 𝜌ℓ of (3.1), and let

Φℓ+1 = ( 𝑓1, . . . , 𝑓1, . . . , 𝑓ℓ , . . . , 𝑓ℓ , 𝑓ℓ+1, . . . , 𝑓ℓ+1)

be the family of maps on (P1)ℓ (𝑟+1)+𝑟 parameterized by X ℓ+1
𝑉 , where 𝑓1, . . . , 𝑓ℓ are each repeated 𝑟 + 1

times, but the final coordinate 𝑓ℓ+1 is only repeated r times. Specializing at each 𝜆 ∈ 𝑉 we also have a
family of maps

𝐹 (𝜆) := ( 𝑓 , . . . , 𝑓 ) : 𝑋𝜆 × (P1)𝑟 → 𝑋𝜆 × (P1)𝑟 ,

parametrized by 𝑋𝜆 ⊂ M𝑐𝑚
𝑑 , and, focusing on the ℓ-th factor of X ℓ

𝑉 and associated components of c,
we will use the marked critical points

𝑐ℓ,1 |𝑋𝜆 , . . . , 𝑐ℓ,𝑟+1 |𝑋𝜆 : 𝑋𝜆 → P1

to define two measures 𝜇𝑖ℓ and 𝜇 𝑗
ℓ on X ℓ+1

𝑉 . Conditions (1) and (2) of Proposition 3.2 will allow us to
conclude that 𝜇𝑖ℓ and 𝜇 𝑗

ℓ are nonzero. Conditions (3) and (4) will allow us to prove in Section 4 that 𝜇𝑖ℓ
and 𝜇 𝑗

ℓ are not proportional measures.

Proposition 3.2. Suppose the marked critical point

c = (𝑐1,1, . . . , 𝑐1,𝑟+1, . . . , 𝑐ℓ,1, . . . , 𝑐ℓ,𝑟+1)

witnesses 𝜇ℓ ≠ 0 on X ℓ
𝑉 . Then there are parameters 𝑥0 = (𝜆0, 𝑡1, . . . , 𝑡ℓ) and 𝑥1 = (𝜆1, 𝑠1, . . . , 𝑠ℓ) in

the support of 𝜇ℓ in X ℓ
𝑉 and indices 𝑖 ≠ 𝑗 in {1, . . . , 𝑟 + 1} so that
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1. the r-tuple (𝑐ℓ,1, . . . , 𝑐ℓ,𝑖 , . . . 𝑐ℓ,𝑟+1) is transversely prerepelling for 𝐹 (𝜆0) at 𝑡ℓ over 𝑋𝜆0 ;
2. the r-tuple (𝑐ℓ,1, . . . , 𝑐ℓ, 𝑗 , . . . 𝑐ℓ,𝑟+1) is properly prerepelling for 𝐹 (𝜆0) at 𝑡ℓ over 𝑋𝜆0 ;
3. the r-tuple (𝑐ℓ,1, . . . , 𝑐ℓ,𝑖 , . . . 𝑐ℓ,𝑟+1) is transversely prerepelling for 𝐹 (𝜆1) at 𝑠ℓ over 𝑋𝜆1 ; and
4. the critical point 𝑐ℓ,𝑖 is attracted to a parabolic periodic point of f at 𝑠ℓ ∈ 𝑋𝜆1 ,
where 𝑐ℓ,𝑖 means that the i-th coordinate is omitted. Let Π1 : X ℓ

𝑉 ×𝑉 X → X ℓ
𝑉 and Π2 : X ℓ

𝑉 ×𝑉 X → X .
Then

𝜇𝑖ℓ := Π∗
1 (𝜇ℓ) ∧ Π∗

2 (𝑇𝑐ℓ,1 ∧ · · ·𝑇𝑐ℓ,𝑖 · · · ∧ 𝑇𝑐ℓ,𝑟+1 ) ≠ 0

and

𝜇
𝑗
ℓ := Π∗

1 (𝜇ℓ ) ∧ Π∗
2 (𝑇𝑐ℓ,1 ∧ · · ·𝑇𝑐ℓ, 𝑗 · · · ∧ 𝑇𝑐ℓ,𝑟+1 ) ≠ 0

on X ℓ+1
𝑉 .

Proof. Via the map 𝜌ℓ : X ℓ
𝑉 → (M𝑐𝑚

𝑑 )ℓ , we view X ℓ
𝑉 as the parameter space for a family of

product maps Φ = ( 𝑓1, . . . , 𝑓1, . . . , 𝑓ℓ , . . . , 𝑓ℓ) on (P1)ℓ (𝑟+1) . From Proposition 3.1, we know that c is
transversely prerepelling for Φ at a parameter 𝑥0 = (𝜆0, 𝑡1, . . . , 𝑡ℓ) ∈ supp 𝜇ℓ .

Let 𝑆𝑖, 𝑗 be the irreducible component of the hypersurface in X ℓ
𝑉 containing 𝑥0 along which 𝑐𝑖, 𝑗 is

persistently preperiodic for 𝑓𝑖 , 𝑖 = 1, . . . , ℓ, 𝑗 = 1, . . . , 𝑟 + 1. Consider the component of the intersection

𝑆1,1 ∩ · · · ∩ 𝑆ℓ−1,𝑟+1

containing 𝑥0 in X ℓ
𝑉 . Similar to the proof of Proposition 2.1, for dimension reasons, it maps (generically

finitely) to a family X1 → 𝑉1 of r-dimensional varieties over a 1-dimensional base, where these marked
critical points are persistently preperiodic for 𝑓1, . . . , 𝑓ℓ−1. We will continue to write 𝑥0 = (𝜆0, 𝑡ℓ) for
the point we started with, but now viewed in X1.

By the transversality, we know that r of the remaining critical points, say 𝑐ℓ,1, . . . , 𝑐ℓ,𝑟 , are trans-
versely prerepelling at 𝑡ℓ for 𝐹 (𝜆0) = ( 𝑓 , 𝑓 , . . . , 𝑓 ) over 𝑋𝜆0 .

We now aim to show that by modifying the parameter 𝑥0 if necessary, we can arrange so that another
r-tuple, say 𝑐ℓ,2, . . . , 𝑐ℓ,𝑟+1, is also properly prerepelling at 𝑡ℓ for 𝐹 (𝜆0) over 𝑋𝜆0 . Note that transversality
of the intersection 𝑆1,1∩· · ·∩𝑆ℓ−1,𝑟+1 at the original 𝑥0 persists in a neighborhood, so the first (ℓ−1) (𝑟+1)
critical points remain transversely prerepelling in a neighborhood of 𝑥0 for ( 𝑓1, . . . , 𝑓ℓ−1).

Consider the intersection

𝑆ℓ,1 ∩ · · · ∩ 𝑆ℓ,𝑟

in X1. These hypersurfaces intersect transversely at 𝑥0 and so define a smooth holomorphic curve
Γ containing 𝑥0 which is locally a section of X1 → 𝑉1 near 𝜆0. The intersection of Γ with 𝑋𝜆0 is
𝑥0 = (𝜆0, 𝑡ℓ). Note further that 𝑐ℓ,𝑟+1 is not persistently preperiodic along Γ (because of the original
setup of transverse intersections), and so 𝑐ℓ,𝑟+1 must be active along Γ with 𝑥0 in its bifurcation locus
(because it lands at a repelling cycle there). The bifurcation locus for 𝑐ℓ,𝑟+1 in Γ has no isolated points,
so there must be an infinite collection of parameters 𝑥 ∈ Γ where 𝑐ℓ,𝑟+1 is preperiodic to a repelling
cycle for 𝑓ℓ , dense in the bifurcation locus of 𝑐ℓ,𝑟+1 in a neighborhood of 𝑥0.

Now omit 𝑆ℓ,1 from the intersection, so that 𝑆ℓ,2 ∩ · · · ∩ 𝑆ℓ,𝑟 (in X1) defines a 1-parameter family of
algebraic curves C, for all 𝜆 in a small neighborhood of 𝜆0 ∈ 𝑉1, by

𝐶𝜆 = (𝑆ℓ,2 ∩ · · · ∩ 𝑆ℓ,𝑟 ) ∩ 𝑋𝜆.

We know that 𝑆ℓ,𝑟+1 intersects the total space of this family C transversely at the given point 𝑥0. Suppose
that it fails to intersect properly when restricted to 𝑋𝜆0 ; this would mean that 𝑐ℓ,𝑟+1 is persistently
preperiodic along the curve 𝐶𝜆0 in 𝑋𝜆0 . Suppose this happens at all parameters 𝑥 ∈ Γ where 𝑐ℓ,𝑟+1
is preperiodic to a repelling cycle. This implies that the associated bifurcation current 𝑇𝑐ℓ,𝑟+1 vanishes
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identically on each of these curves 𝐶𝑥 passing through each such x in the family C. By continuity of
potentials of the bifurcation currents, we deduce that 𝑇𝑐ℓ,𝑟+1 vanishes along 𝐶𝑥 for all x in supp𝑇𝑐ℓ,𝑟+1 |Γ
near 𝑥0. But this means that 𝑐ℓ,𝑟+1 is persistently preperiodic along each of these curves [DF, Theorem
2.5]. As they form an uncountable family, we see that 𝑐ℓ,𝑟+1 must be preperiodic along the entire family
C, which is a contradiction.

We conclude that we can adjust our parameter 𝜆0 slightly, if needed, so that points 𝑐ℓ,1, . . . , 𝑐ℓ,𝑟
are transversely prerepelling at a new choice of 𝑥0 ∈ Γ along 𝑋𝜆0 while 𝑐ℓ,2, . . . , 𝑐ℓ,𝑟+1 are properly
prerepelling at 𝑥0 along 𝑋𝜆0 . This completes the proofs of (1) and (2) of the proposition.

As 𝑐ℓ,𝑟+1 is bifurcating along the curve we called Γ, the characterizations of J-stability (as in [MSS])
imply that there are parameters, everywhere dense in its bifurcation locus, for which the maps have a
parabolic cycle; the theory of renormalization (see [DH1]) implies that 𝑐ℓ,𝑟+1 will lie in the basin of the
parabolic cycle. We let 𝜆1 be a parameter close to 𝜆0 in the support of 𝜋∗𝜇ℓ , where 𝜋 is the projection to
V, so that 𝑐ℓ,𝑟+1 is attracted to a parabolic cycle at 𝑥1 := Γ∩𝑋𝜆1 , while 𝑐ℓ,1, . . . , 𝑐ℓ,𝑟 remain transversely
prerepelling at 𝑥1 along 𝑋𝜆1 . This completes the proof of properties (1)–(4).

To prove the non-vanishing of 𝜇𝑖ℓ and 𝜇 𝑗
ℓ , consider the map Φℓ+1 = 𝑓 ×(𝑟+1)

1 × · · · × 𝑓 ×(𝑟+1)
ℓ × 𝑓 ×𝑟ℓ+1 on

(P1)ℓ (𝑟+1)+𝑟 over X ℓ+1
𝑉 . The argument above, leading to properties (1) and (2), shows that we can label

critical points of 𝑓1, . . . , 𝑓ℓ+1 so that the graphs of the marked points

c𝑖 = (𝑐1,1, . . . , 𝑐1,𝑟+1, . . . , 𝑐ℓ,1, . . . , 𝑐ℓ,𝑟+1, 𝑐ℓ+1,1, . . . �𝑐ℓ+1,𝑖 . . . , 𝑐ℓ+1,𝑟+1)

and

c 𝑗 = (𝑐1,1, . . . , 𝑐1,𝑟+1, . . . , 𝑐ℓ,1, . . . , 𝑐ℓ,𝑟+1, 𝑐ℓ+1,1, . . . �𝑐ℓ+1, 𝑗 . . . , 𝑐ℓ+1,𝑟+1)

each define a rigid repeller for the map Φℓ+1 over a neighborhood of a parameter (𝜆0, 𝑡1, . . . , 𝑡ℓ , 𝑡ℓ) in
X ℓ+1
𝑉 , in the sense of [DM1, §4.3], and so the measures are nonzero by [DM1, Proposition 4.8]. �

4. Proof of Theorem 1.8

Suppose that X → 𝑉 is a maximally varying family of r-dimensional varieties 𝑋𝜆 ⊂ 𝑀𝑑 parametrized
by V of dimension ℓ ≥ 1, defined overQ. As in §2.1, we may pass to a finite branched coverM𝑐𝑚

𝑑 → M𝑑

over which we can define a family of maps 𝑓 : P1 → P1 with 2𝑑 − 2 marked critical points. Pulling
back each 𝑋𝜆 and possibly replacing V with a finite branched cover, we will continue to use the notation
X → 𝑉 for the family of varieties in M𝑐𝑚

𝑑 . Therefore, we may assume that we can define the family of
product maps

Φ = ( 𝑓1, . . . , 𝑓1, . . . , 𝑓ℓ , . . . , 𝑓ℓ),

on (P1) (𝑟+1)ℓ , parametrized by X ℓ
𝑉 and defined over Q, where each coordinate 𝑓𝑖 is repeated 𝑟 + 1 times

and a family

Φ(ℓ+1) = ( 𝑓ℓ+1, . . . , 𝑓ℓ+1)

on (P1)𝑟 , parametrized by X , where each coordinate is repeated r times. We denote by 𝐿Φ and 𝐿Φ(ℓ+1)
the Φ (respectively Φ(ℓ+1) )-invariant extension of the classical polarization as defined by [YZ, Theorem
6.1.1]. In particular, using the notation in [YZ], we have that 𝐿Φ(ℓ+1) ∈ P̂ic(X × (P1)𝑟 )Q,nef and
𝐿Φ ∈ P̂ic(X ℓ

𝑉 × (P1)dimX ℓ
𝑉 )Q,nef .

In what follows it is convenient to work with the Deligne pairing (of relative dimension 0), of the
invariant metrized line bundles restricted to graphs of critical marked points (see [YZ, §4.2] for metrics
of the Deligne pairing and [YZ, §6.2.2] for the “restriction” of the invariant metrized line bundle to
a subvariety). By [YZ, Theorem 4.2.3], to each marked tuple of critical points c : X ℓ

𝑉 → (P1)dimX ℓ
𝑉
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we can associate a metrized line bundle 〈𝐿Φ |Γc〉 ∈ P̂ic(X ℓ
𝑉 )Q,nef , where Γc denotes the graph of c in

X ℓ
𝑉 × (P1)dimX ℓ

𝑉 . Moreover, we let

𝐿 := ⊗c〈𝐿Φ |Γc〉 ∈ P̂ic(X ℓ
𝑉 )Q,nef

be the tensor product over all marked tuples of critical points c for the maps 𝑓1, . . . , 𝑓ℓ .
Now let c = (𝑐1,1, . . . , 𝑐ℓ,𝑟+1) : X ℓ

𝑉 → (P1) (𝑟+1)ℓ be a marked critical point for Φ that witnesses
𝜇ℓ ≠ 0, as in Proposition 3.1. Reordering the critical points if needed, we can find 𝑥0, 𝑥1 ∈ supp 𝜇ℓ as
in Proposition 3.2, with 𝑖 = 𝑟 + 1 and 𝑗 = 1. We write 𝑐𝑖 := 𝑐ℓ,𝑖 : X → P1 in what follows. As before,
using [YZ, Theorem 4.2.3], we define two adelic metrized line bundles on X by

𝐿1 := 〈𝐿Φ(ℓ+1) |Γ(𝑐1 ,...,𝑐𝑟 )
〉 ∈ P̂ic(X )Q,nef

𝐿2 := 〈𝐿Φ(ℓ+1) |Γ(𝑐2 ,...,𝑐𝑟+1 )
〉 ∈ P̂ic(X )Q,nef ,

(4.1)

and note that their curvature forms (at an archimedean place) are the bifurcation currents

𝑐1 (𝐿1) = 𝑇 𝑓ℓ+1 ,𝑐1 + · · · + 𝑇 𝑓ℓ+1 ,𝑐𝑟

𝑐1 (𝐿2) = 𝑇 𝑓ℓ+1 ,𝑐2 + · · · + 𝑇 𝑓ℓ+1 ,𝑐𝑟+1 .
(4.2)

We can now define two metrized line bundles

𝑀 𝑖 = Π∗
1 (𝐿) + Π∗

2 (𝐿𝑖) ∈ P̂ic(X ℓ+1
𝑉 )Q,nef

on X ℓ+1
𝑉 for 𝑖 = 1, 2. By [YZ, Lemma 6.2.1, Theorem 4.1.3], the heights associated to 𝑀 𝑖 vanish at PCF

points; see also [YZ, Lemma 6.3.2]. More precisely, for a point (𝜆0, 𝑡1, . . . , 𝑡ℓ+1) ∈ X ℓ+1
𝑉 (Q) we have

ℎ𝑀 1
(𝜆0, 𝑡1, . . . , 𝑡ℓ+1) =

ℓ∑
𝑖=1
ℎcrit ( 𝑓𝑖) +

𝑟∑
𝑗=1
ℎ̂ 𝑓𝜆0 ,𝑡ℓ+1

(𝑐 𝑗 (𝜆0, 𝑡ℓ+1))

ℎ𝑀 2
(𝜆0, 𝑡1, . . . , 𝑡ℓ+1) =

ℓ∑
𝑖=1
ℎcrit ( 𝑓𝑖) +

𝑟+1∑
𝑗=2
ℎ̂ 𝑓𝜆0 ,𝑡ℓ+1

(𝑐 𝑗 (𝜆0, 𝑡ℓ+1)).

(4.3)

We will now show that 𝑀 𝑖 is “non-degenerate” for 𝑖 = 1, 2 in the terminology of [YZ, §6.2.2].
Equivalently, by [YZ, Lemma 5.4], it suffices to show that

𝑐1 (𝑀𝑖)
∧ℓ (𝑟+1)+𝑟 ≠ 0.

Recall that 𝑇∧2
𝑓𝑖 ,𝑐 𝑗

= 0 for all 𝑖, 𝑗 and similarly (Π∗
2𝑐1 (𝐿𝑖))

∧𝑟+1 = (Π2)
∗(𝑐1 (𝐿𝑖)

∧𝑟+1) = 0 for 𝑖 = 1, 2,
by the definition of the bifurcation current as limits of pullbacks, because the map Φ(ℓ+1) acts on the
r-dimensional (P1)𝑟 . Moreover, since dimX ℓ

𝑉 = ℓ(𝑟 + 1) we also have that Π∗
1 (𝑐1 (𝐿))

∧ℓ (𝑟+1)+1 = 0.
Thus, using also [YZ, Theorem 4.2.3] as before, we have

𝑐1 (〈𝐿〉)
∧(𝑟+1)ℓ = 𝛼1 𝜇ℓ (4.4)

on X ℓ
𝑉 , and

𝑐1(𝑀1)
∧ℓ (𝑟+1)+𝑟 = 𝛼2 Π

∗
1 (𝜇ℓ) ∧ Π∗

2 (𝑇 𝑓ℓ+1 ,𝑐1 ∧ · · · ∧ 𝑇 𝑓ℓ+1 ,𝑐𝑟 ) = 𝛼2 𝜇
𝑟+1
ℓ ≠ 0,

𝑐1(𝑀2)
∧ℓ (𝑟+1)+𝑟 = 𝛼3 Π

∗
1 (𝜇ℓ) ∧ Π∗

2 (𝑇 𝑓ℓ+1 ,𝑐2 ∧ · · · ∧ 𝑇 𝑓ℓ+1 ,𝑐𝑟+1 ) = 𝛼3 𝜇
1
ℓ ≠ 0,

(4.5)
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for positive constants 𝛼1, 𝛼2, 𝛼3 > 0. Their non-vanishing follows by Proposition 3.2 (and our choice of
critical points). Therefore, by the height inequality [YZ, Theorem 1.3.2] we infer that there are positive
constants 𝜖1 = 𝜖1(X ) > 0, 𝜖2 = 𝜖2 (X ) > 0 such that

ℓ+1∑
𝑖=1
ℎ̂crit ( 𝑓𝑖) ≥ 𝜖1ℎCh (𝜆) − 𝜖2, (4.6)

for all (𝜆, 𝑓1, . . . , 𝑓ℓ+1) ∈ 𝑈 (Q) for a Zariski open and dense subset𝑈 ⊂ X ℓ+1
𝑉 .

It remains to show that for some 𝜖 = 𝜖 (X ), the set{
(𝜆, 𝑓1, . . . , 𝑓ℓ+1) ∈ X ℓ+1

𝑉 (Q) :
ℓ+1∑
𝑖=1
ℎ̂crit ( 𝑓𝑖) < 𝜖

}

is not Zariski dense in X ℓ+1
𝑉 . We prove this result by contradiction. Suppose that there is a generic Galois

invariant sequence {𝑥𝑛}𝑛 of critically small points in X ℓ+1
𝑉 , so that ℎ𝑀 𝑖

(𝑥𝑛) → 0 for 𝑖 = 1, 2. Since
𝑀 𝑖 is nef and non-degenerate, Yuan-Zhang’s fundamental inequality [YZ, Theorem 5.3.3] implies that
ℎ𝑀 𝑖

(X ℓ+1
𝑉 ) = 0 for 𝑖 = 1, 2. We can use [YZ, Theorem 5.4.3] with the Galois-invariant critically small

set to get that

Π∗
1 (𝜇ℓ ) ∧ Π∗

2 (𝑇 𝑓ℓ+1 ,𝑐1 ∧ · · · ∧ 𝑇 𝑓ℓ+1 ,𝑐𝑟 ) = 𝛼Π
∗
1 (𝜇ℓ ) ∧ Π∗

2 (𝑇 𝑓ℓ+1 ,𝑐2 ∧ · · · ∧ 𝑇 𝑓ℓ+1 ,𝑐𝑟+1 ) ≠ 0,

on X ℓ+1
𝑉 for some constant 𝛼 > 0.

We now slice these measures with respect to the projection X ℓ+1
𝑉 → X ℓ

𝑉 ; see, for example [BB,
Proposition 4.3]. This implies that

∫
X ℓ

𝑉

(∫
𝑋𝜋 (𝑥)

𝜙 ·
𝑟∧
𝑖=1
𝑇 𝑓ℓ+1 ,𝑐𝑖 |𝑋𝜋 (𝑥)

)
𝑑𝜇ℓ (𝑥) = 𝛼

∫
X ℓ

𝑉

(∫
𝑋𝜋 (𝑥)

𝜙 ·
𝑟+1∧
𝑖=2
𝑇 𝑓ℓ+1 ,𝑐𝑖 |𝑋𝜋 (𝑥)

)
𝑑𝜇ℓ (𝑥) (4.7)

for every continuous and compactly supported function 𝜙 on X ℓ+1
𝑉 . Here, 𝜋 : X ℓ

𝑉 → 𝑉 denotes the
projection to the base. (Strictly speaking, since the measure 𝜇ℓ is not smooth, we should approximate
𝜇ℓ by smooth and compactly-supported forms on X ℓ

𝑉 to deduce (4.7); compare the proof of [MaS,
Theorem 1.8].)

For each 𝜆 ∈ 𝑉 , set

𝜇𝑟+1
𝜆 := 𝑇 𝑓ℓ+1 ,𝑐1 ∧ · · · ∧ 𝑇 𝑓ℓ+1 ,𝑐𝑟 |𝑋𝜆

and

𝜇1
𝜆 = 𝑇 𝑓ℓ+1 ,𝑐2 ∧ · · · ∧ 𝑇 𝑓ℓ+1 ,𝑐𝑟+1 |𝑋𝜆 .

We infer from (4.7) that

𝜇𝑟+1
𝜆 = 𝛼 𝜇1

𝜆 (4.8)

as measures on 𝑋𝜆, for some constant 𝛼 > 0 and for all 𝜆 in the support of 𝜋∗𝜇ℓ in V. Indeed, suppose
there exists 𝑏 ∈ 𝑉 (C) where (4.8) doesn’t hold, and so that 𝜋∗𝜇ℓ (𝑈) > 0 for every open neighborhood
U of b. Then we can find a continuous, non-negative, compactly supported function 𝜓 on X such that∫

𝑋𝑏

𝜓 𝑑𝜇𝑟+1
𝑏 (𝑥) ≠ 𝛼

∫
𝑋𝑏

𝜓 𝑑𝜇1
𝑏 (𝑥).
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By weak continuity of the measures 𝜇𝑟+1
𝜆 and 𝜇1

𝜆 as 𝜆 varies (since the bifurcation currents have
continuous potentials), we find that∫

𝑋𝜆

𝜓 𝑑𝜇𝑟+1
𝜆 (𝑥) ≠ 𝛼

∫
𝑋𝜆

𝜓 𝑑𝜇1
𝜆 (𝑥)

for all 𝜆 in a small neighborhood U of b. Therefore, setting

𝜙(𝜆, 𝑡1, . . . , 𝑡ℓ , 𝑡ℓ+1) = ℎ𝑏 (𝜆)𝜓(𝜆, 𝑡ℓ+1)

on X ℓ+1
𝑉 for a non-negative function ℎ𝑏 supported in a small neighborhood of b, the equality (4.7) will

fail.
The remainder of the proof is devoted to deriving a contradiction from the equality (4.8). We first

sketch the idea. Recall from Proposition 3.2 that we have parameter 𝑥1 = (𝜆1, 𝑠1, . . . , 𝑠ℓ) ∈ supp 𝜇ℓ so
that the tuple of marked critical points (𝑐1, . . . , 𝑐𝑟 ) is transversely prerepelling for 𝐹 (𝜆1) = ( 𝑓 , . . . , 𝑓 )
at 𝑠ℓ over 𝑋𝜆1 . This implies that 𝜇𝑟+1

𝜆1
is nonzero on 𝑋𝜆1 , with 𝑠ℓ in its support by [BE]. Moreover, as in

[BE, Section 3] and the generalization appearing in [Ga2, Proposition 3.2], we know that if we zoom in
on the measure 𝜇𝑟+1

𝜆1
on 𝑋𝜆1 at the parameter 𝑠ℓ at an exponential rate in n (determined by the multipliers

of the repelling cycles in the forward orbits of the marked critical points), and rescale the measure
appropriately we get a nontrivial limit; see (4.11). On the other hand, we know from Proposition 3.2
that the critical point 𝑐𝑟+1 is attracted to a parabolic cycle at 𝑠ℓ ∈ 𝑋𝜆1 . Zooming into the measure 𝜇1

𝜆1
on 𝑋𝜆1 at 𝑠ℓ at the same exponential rate (which is supposed to give a nonzero limit), we actually get 0
from the following lemma. This will produce our desired contradiction.

Lemma 4.1. Suppose that 𝑓 : D𝑟 × P1 → D𝑟 × P1 is a holomorphic family of maps with degree 𝑑 ≥ 2
parametrized by D𝑟 ⊂ C𝑟 with a marked critical point 𝑐 : D𝑟 → P1. Assume that 𝑐(0) is attracted to a
parabolic fixed point at 𝑧 = 0 for 𝑓0. Then for any constant 𝜌 > 1, there exists 𝛿 > 0 so that the sequence
of functions

𝛼𝑛 (𝑥) := 𝑓 𝑛𝑥/𝜌𝑛 (𝑐(𝑥/𝜌
𝑛))

converges uniformly to 0 on the polydisk (D𝛿)
𝑟 , as 𝑛→ ∞.

Proof. Let 𝜌 > 1. Since | 𝑓 ′0 (0) | = 1, we can first fix a small 𝜀 > 0 and 𝜌𝜀 > 1 so that�� 𝑓 ′𝑥 (𝑧)�� ≤ 𝜌𝜀 < 𝜌,
for all 𝑥 ∈ D𝑟

𝜖 and 𝑧 ∈ D𝜀 . We replace c with an iterate so that 𝑐(0) and all its forward iterates under 𝑓0
are in the disk D𝜀/2. Choose 𝑀 > 0 so that the gradient of f (with respect to parameter x) satisfies

|∇𝑥 𝑓𝑥 (𝑧) | ≤ 𝑀

for all 𝑥 ∈ D𝑟 and 𝑧 ∈ D𝜀 . Note that

𝛼𝑛 (𝑥) = 𝑓𝑥/𝜌𝑛 (𝛼𝑛−1 (𝑥/𝜌)).

Taking derivatives, we have

|∇𝛼𝑛 (𝑥) | =

���� 1
𝜌𝑛

· (∇𝑤 𝑓𝑤 ) (𝛼𝑛−1(𝑥/𝜌)) +
1
𝜌
𝑓 ′𝑥/𝜌𝑛 (𝛼𝑛−1 (𝑥/𝜌))∇𝑥/𝜌𝛼𝑛−1 (𝑥/𝜌)

����
≤
𝑀

𝜌𝑛
+
𝜌𝜀
𝜌

|∇𝑥/𝜌𝛼𝑛−1 (𝑥/𝜌) | (4.9)

as long as 𝛼𝑛−1 (𝑥/𝜌) lies in D𝜀 .
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Now choose 𝑛0 so that

𝑀

𝜌𝑛0
<
𝜌𝜀
𝜌
.

We take a very small 𝛿1 so that

𝛼𝑛0−1(𝑥) ∈ D𝜀

for all 𝑥 ∈ D𝑟
𝛿1

, and set

𝑀1 := max
𝑥∈D𝑟𝛿1

|∇𝛼𝑛0−1 (𝑥) |.

From the inequality (4.9), we have

|∇𝛼𝑛0 (𝑥) | ≤
𝑀

𝜌𝑛0
+
𝜌𝜀
𝜌

|∇𝑥/𝜌𝛼𝑛0−1(𝑥/𝜌) | ≤
𝜌𝜀
𝜌

+
𝜌𝜀
𝜌
𝑀1

for each 𝑥 ∈ D𝑟
𝛿1

. Let

𝑀2 :=
𝜌𝜀
𝜌

+
𝜌𝜀
𝜌
𝑀1,

and define 𝑀𝑖 recursively by

𝑀𝑖+1 =
𝜌𝜀
𝜌𝑖

+
𝜌𝜀
𝜌
𝑀𝑖

for 𝑖 ≥ 2. Note that 𝑀𝑖 → 0 as 𝑖 → ∞, because

𝑀𝑖 =

(
𝜌𝜀
𝜌

) 𝑖−1
(𝑀1 + 1) +

1
𝜌𝑖

𝑖−2∑
𝑗=1
𝜌
𝑗
𝜀 .

Finally, we can show inductively that our derivative estimate (4.9) holds when applied to 𝛼𝑛 for all
𝑛 > 𝑛0 on a sufficiently small disk near 0. This will imply that

|∇𝛼𝑛0+𝑖 (𝑥) | <
𝑀

𝜌𝑛0+𝑖
+
𝜌𝜀
𝜌

|∇𝛼𝑛0+𝑖−1(𝑥/𝜌) | ≤
𝜌𝜀
𝜌𝑖+1 +

𝜌𝜀
𝜌
𝑀𝑖+1 = 𝑀𝑖+2

for all x in a small disk around 0. We know it holds for 𝑖 = 0 for all |𝑥 | < 𝛿1. We take 𝑀0 := max𝑖≥2 𝑀𝑖 ,
and set

𝛿 := min(𝛿1, 𝜀/(2𝑀0), 𝜀).

As 𝛼𝑛0 (0) ∈ D𝜀/2, the inequality (4.9) gives |∇𝛼𝑛0 (𝑥) | < 𝑀2 ≤ 𝑀0, so that 𝛼𝑛0 (𝑥) is in D𝜀 for each
𝑥 ∈ D𝑟

𝛿 . By induction, we see that if 𝛼𝑛0+𝑖−1(𝑥) is in D𝜀 with |∇𝛼𝑛0+𝑖−1 | ≤ 𝑀𝑖+1, then 𝛼𝑛0+𝑖 (𝑥) is in
D𝜀 , because 𝛼𝑛0+𝑖 (0) is in D𝜀/2 and 𝛿 < 𝜀/(2𝑀0). Since 𝑀𝑖 → 0 as i tends to infinity, we see that 𝛼𝑛
converges to 0 uniformly on D𝑟

𝛿 . �

We now return to our proof. Abusing the notation slightly, we write { 𝑓𝑠}𝑠∈𝑋𝜆1
to denote the restriction

of the family of maps to 𝑋𝜆1 , 𝑐𝑟+1 for the restriction of 𝑐𝑟+1 to 𝑋𝜆1 , and 𝑇𝑐𝑟+1 its associated bifurcation
current on 𝑋𝜆1 . We know from Lemma 4.1 that, zooming into 𝑠ℓ in 𝑋𝜆1 at any exponential rate, the
graphs of iterates of 𝑐𝑟+1 are converging to the graph of a constant function.

Let 𝑝0 ∈ P1 be the parabolic periodic point of 𝑓𝑠ℓ ; replacing 𝑓𝑠ℓ with an iterate, we have
𝑓 𝑛𝑠ℓ (𝑐𝑟+1(𝑠ℓ)) → 𝑝0 as 𝑛 → ∞. After a change of coordinates if necessary, we may assume that
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𝑐𝑟+1(𝑠ℓ) and 𝑝0 are not ∞. Recalling the definition of the bifurcation current associated to 𝑐𝑟+1, we can
work in homogeneous coordinates on P1 over a neighborhood of 𝑠ℓ in 𝑋𝜆1 . We define

𝐺𝑠 (𝑋,𝑌 ) := lim
𝑖→∞

1
𝑑𝑖

log ‖𝐹𝑖
𝑠 (𝑋,𝑌 )‖,

with a choice of homogeneous lift 𝐹𝑠 for 𝑓𝑠 normalized so that𝐺𝑠ℓ (𝑝0, 1) = 0. Note that𝐺𝑠 (𝑐𝑟+1(𝑠), 1)
is a potential of the bifurcation current 𝑇𝑐𝑟+1 on a neighborhood of 𝑠ℓ ∈ 𝑋𝜆1 . As long as 𝑓 𝑛𝑠 (𝑐𝑟+1(𝑠)) is
not ∞, which is always true when s is in D(𝑠ℓ , 𝛿/𝜌𝑛) for small 𝛿 > 0, any 𝜌 > 1 and big n by Lemma
4.1, we define

𝑈𝑛 (𝑠) := 𝐺𝑠 ( 𝑓
𝑛
𝑠 (𝑐𝑟+1(𝑠)), 1)

so that

𝑑𝑑𝑐𝑈𝑛 (𝑠) = 𝑑
𝑛 · 𝑑𝑑𝑐𝐺𝑠 (𝑐𝑟+1(𝑠), 1) = 𝑑𝑛 𝑇𝑐𝑟+1

where defined, as 𝐺𝑠 (𝐹
𝑛
𝑠 (𝑐𝑟+1(𝑠), 1)) = 𝑑𝑛 ·𝐺𝑠 (𝑐𝑟+1 (𝑠), 1) differs from𝑈𝑛 (𝑠) by a harmonic function.

Let 𝑟0 be any biholomorphic map from D𝑟 to a neighborhood of 𝑠ℓ ∈ 𝑋𝜆1 , with 𝑟0(0) = 𝑠ℓ . From
Lemma 4.1 and the choice of our lift, we deduce that, for any 𝜌 > 1, the functions𝑈𝑛◦𝑟0(𝑦/𝜌

𝑛) converge
uniformly to 𝐺𝑠ℓ (𝑝0, 1) = 0 on a small neighborhood of (0, . . . , 0) ∈ D𝑟 . As a consequence, for any
𝜌𝑖 ∈ Cwith |𝜌𝑖 | > 1, we can pick some 𝜌 > 1 with 𝜌 < min1≤𝑖≤𝑟 (|𝜌𝑖 |) so that the sequence of functions

𝑈𝑛 ◦ 𝑟0 (𝑦1/𝜌
𝑛
1 , . . . , 𝑦𝑟/𝜌

𝑛
𝑟 ) = 𝑈𝑛 ◦ 𝑟0 (𝐴𝑛 (𝑦)/𝜌

𝑛) → 0 (4.10)

uniformly, as 𝐴𝑛 (𝑦) := (𝑦1 · 𝜌
𝑛/𝜌𝑛1 , . . . , 𝑦𝑟 · 𝜌

𝑛/𝜌𝑛𝑟 ) converges to zero uniformly for 𝑛→ ∞.
Following the notation of [Ga2, Proposition 3.2], we now let 𝑟𝑛 : D𝑟 → 𝑋𝜆1 be the sequence of

maps that define the zooms near the parameter 𝑠ℓ for the measure 𝜇𝑟+1
𝜆1

corresponding to the transversely
prerepelling critical point at 𝑥1, as described before Lemma 4.1. From [Ga2, Proposition 3.2] we know
that there is a measure 𝜇 ≠ 0 (which can be described explicitly) such that

𝑑𝑛𝑟 (𝑟𝑛)
∗(𝜇𝑟+1

𝜆1
) → 𝜇, (4.11)

uniformly as 𝑛→ ∞. On the other hand, it follows from (4.10) that the functions𝑈𝑛 ◦ 𝑟𝑛 also converge
uniformly to 0. We conclude that 𝑑𝑛 (𝑟𝑛)∗𝑇𝑐𝑟+1 → 0 weakly, and therefore

𝑑𝑛𝑟 (𝑟𝑛)
∗𝜇1

𝜆1
→ 0.

Therefore, 𝜇1
𝜆1

cannot be proportional to 𝜇𝑟+1
𝜆1

, contradicting (4.8). This completes the proof of Theorem
1.8.

Remark 4.2. The proof would simplify if we knew that the (𝑟+1)-th critical point 𝑐𝑟+1 were preperiodic
to a parabolic cycle, instead of only in the basin of that cycle. We could employ ideas that appeared in
[GNY, Proposition 5.2] (written for measures in the dynamical plane) or the proof of [FG3, Proposition
5.12] (for 1-parameter families of polynomials and marked points). But the critical point 𝑐𝑟+1 is
sometimes the only “free” critical point and must therefore have an infinite orbit in the presence of a
parabolic cycle.

5. Proofs of Theorems 1.1, 1.2, 1.5, and 1.6

An elementary, but important, geometric observation is the following [GGK, Lemma 4.3]: If Σ is a
subset of a complex projective algebraic variety X, equipped with an ample line bundle L, and if the
product Σ𝑀 lies in a proper subvariety 𝑌 ⊂ 𝑋𝑀 for some integer 𝑀 ≥ 1, then Σ must be contained in a
proper subvariety Z of X, where the number of components of Z and the degree of each are bounded by
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constants depending only on M, dim 𝑋 , the degree of X, and the sum of the degrees of the components
of Y. Here, we measure degree in 𝑋𝑀 with respect to the ample line bundle 𝑝∗1𝐿 ⊗ · · · ⊗ 𝑝∗𝑀 𝐿 on 𝑋𝑀 ,
where 𝑝𝑖 : 𝑋𝑀 → 𝑋 is the projection to the i-th factor.

Fix degree 𝑑 ≥ 2. For positive integers r and D, we will apply Theorem 1.8 to families X → 𝑉 over a
subvariety 𝑉 ⊂ Ch(M𝑑 , 𝑟, 𝐷), all defined over Q. We work inductively on the dimension r of the fibers
in the family.

First suppose that C → 𝑉 is a family of curves in M𝑑 of degree ≤ 𝐷, with irreducible 𝑉 ⊂

Ch(M𝑑 , 1, 𝐷) defined over Q and of dimension ℓ ≥ 1, and assume that the generic fiber of C → 𝑉 is
geometrically irreducible. From Theorem 1.8 applied to the fiber power Cℓ+1

𝑉 , we know that there exists
an 𝜀 = 𝜀(C) so that points (𝜆, 𝑓1, . . . , 𝑓ℓ+1) ∈ Cℓ+1

𝑉 (Q) with
∑

𝑖 ℎ̂crit ( 𝑓𝑖) < 𝜀max{1, ℎCh (𝜆)} are not
Zariski dense. We let 𝑍𝜀 denote the Zariski closure of this set in Cℓ+1

𝑉 , over Q. It follows that there is a
Zariski open 𝑈 ⊂ 𝑉 (defined over Q) so that 𝑍𝜀 ∩ 𝐶

ℓ+1
𝜆 is a proper algebraic subvariety of (𝐶𝜆)

ℓ+1 for
all 𝜆 ∈ 𝑈 (C), with its number of irreducible components bounded over 𝜆 ∈ 𝑈 (C). It is worth noting
that all points (𝜆, 𝑓1, . . . , 𝑓ℓ+1) ∈ Cℓ+1

𝑉 (C) where each 𝑓𝑖 is in M𝑑 (Q) with
∑

𝑖 ℎ̂crit ( 𝑓𝑖) < 𝜀 must lie in
𝑍𝜀 , also for 𝜆 ∈ 𝑉 (C) \𝑉 (Q); indeed, any such (ℓ + 1)-tuple must lie in a family of curves in V defined
over Q that includes this 𝐶𝜆.

We now apply [GGK, Lemma 4.3] to the set

Σ𝜆,𝜀 :=
{
𝑓 ∈ 𝐶𝜆 ∩ M𝑑 (Q) : ℎ̂crit ( 𝑓 ) <

𝜀

ℓ + 1
max{1, ℎCh (𝜆)}

}
⊂ 𝐶𝜆

for 𝜆 ∈ 𝑈 (Q), and to

Σ𝜆,𝜀 :=
{
𝑓 ∈ 𝐶𝜆 ∩ M𝑑 (Q) : ℎ̂crit ( 𝑓 ) <

𝜀

ℓ + 1

}
⊂ 𝐶𝜆

for 𝜆 ∈ 𝑈 (C) \ 𝑈 (Q), so that Σℓ+1
𝜆,𝜀 ⊂ 𝑍𝜀 ∩ 𝐶ℓ+1

𝜆 for all 𝜆 ∈ 𝑈 (C). We deduce the existence of a
constant N so that |Σ𝜆,𝜀 | ≤ 𝑁 for all 𝜆 ∈ 𝑈 (C). Note here that we have used the fact that the number of
components of 𝑍𝜀 ∩𝐶

ℓ+1
𝜆 and the degree of each is uniformly bounded for 𝜆 ∈ 𝑈 (C) (controlled by the

geometry of its generic fiber). Note also that if 0 ≤ 𝜀′ < 𝜀, then Σ𝜆,𝜀′ ⊂ Σ𝜆,𝜀 and hence |Σ𝜆,𝜀′ | ≤ 𝑁
for each 𝜆 ∈ 𝑈 (C).

We then repeat the argument with the families of curves over the positive-dimensional components in
the complement of𝑉 \𝑈; we work with irreducible components so that the generic fibers of these families
will be (geometrically) irreducible. Note that each family we treat is defined over Q. We increase the
bound N and decrease 𝜖 as needed. We are left with a finite set S in𝑉 (Q) containing all of the irreducible
PCF-special curves with degree ≤ 𝐷 as well as all curves in V with infinitely many points of critical
height < 𝜀

ℓ+1 max{1, ℎCh (𝜆)} (or < 𝜀
ℓ+1 over complex parameters). This proves Theorems 1.2 and 1.6 for

the curves in V. If for any of the curves 𝐶𝜆 in this leftover finite set 𝑆 ⊂ 𝑉 (Q), we have 𝑁 < |Σ𝜆,𝜀 | < ∞,
we just increase the bound N as needed so that Theorem 1.5 and 1.2 hold for all curves in V. We repeat
the argument for all irreducible components V of Ch(M𝑑 , 1, 𝐷) with geometrically irreducible generic
fiber and adjust the constants 𝜀, 𝑁 as needed. This proves Theorems 1.1, 1.2, 1.5 and 1.6 for curves.

Now fix 𝑟 > 1 and suppose we know the conclusion of Theorems 1.1, 1.2, 1.5, and 1.6 for subvarieties
in M𝑑 of dimension < 𝑟 . Consider any family X → 𝑉 of r-dimensional varieties in M𝑑 over an
irreducible and quasiprojective 𝑉 ⊂ Ch(M𝑑 , 𝑟, 𝐷) defined over Q and of dimension ℓ ≥ 1 for which the
generic fiber of X → 𝑉 is geometrically irreducible.

As in the case of curves, we infer from Theorem 1.8 that there exists 𝜀 = 𝜀(X ) > 0 so that all
points (𝜆, 𝑓1, . . . , 𝑓ℓ+1) ∈ X ℓ+1

𝑉 (Q) where each 𝑓𝑖 is in M𝑑 (Q) with
∑

𝑖 ℎ̂crit ( 𝑓𝑖) < 𝜀max{1, ℎCh (𝜆)}

lie in a proper closed subvariety 𝑍𝜀 in X ℓ+1
𝑉 . Therefore, as before, from [GGK, Lemma 4.3], there is a

Zariski-open subset𝑈 ⊂ 𝑉 (defined over Q) and constants 𝑁1 and 𝐵1 so that the points of

Σ𝑟
𝜆,𝜀 :=

{
𝑓 ∈ 𝑋𝜆 ∩ M𝑑 (Q) : ℎ̂crit ( 𝑓 ) <

𝜀

ℓ + 1
max{1, ℎCh ( 𝑓 )}

}
⊂ 𝑋𝜆
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for 𝜆 ∈ 𝑈 (Q), and of

Σ𝑟
𝜆,𝜀 :=

{
𝑓 ∈ 𝑋𝜆 ∩ M𝑑 (Q) : ℎ̂crit ( 𝑓 ) <

𝜀

ℓ + 1

}
⊂ 𝑋𝜆

for 𝜆 ∈ 𝑈 (C) \ 𝑈 (Q), lie in a proper algebraic subvariety 𝑍 (𝜆) ⊂ 𝑋𝜆 which has ≤ 𝑁1 irreducible
components, each with degree ≤ 𝐵1, for all 𝜆 ∈ 𝑈 (C). Note that Σ𝑟

𝜆,𝜖 is not necessarily Zariski dense
in 𝑍 (𝜆) , so we apply the induction hypotheses (specifically, the constants from each of the statements
of Theorems 1.1, 1.2, 1.5, 1.6 for subvarieties of dimension < 𝑟) to each irreducible component 𝑌(𝜆) of
𝑍 (𝜆) , for all 𝜆 ∈ 𝑈 (C). Thus, by reducing 𝜀 if needed, we conclude that the Zariski-closure of Σ𝑟

𝜆,𝜀∩𝑌(𝜆)
has uniformly bounded number of components, each with uniformly bounded degree for all 𝜆 ∈ 𝑈 (C).
Further, adjusting these uniform bounds if needed, using the induction hypothesis, we can arrange that
they also bound the geometry of the Zariski closure of Σ𝑟

𝜆,𝜀′ ∩𝑌(𝜆) ⊂ Σ𝑟
𝜆,𝜀 ∩𝑌(𝜆) for all 0 ≤ 𝜀′ < 𝜀 (and

in particular of 𝑌(𝜆) ∩ PCF𝑑). Combined with the initial bound of 𝑁1 on the number of components of
𝑍 (𝜆) , repeating this procedure provides uniform bounds on the Zariski closures of Σ𝑟

𝜆,𝜀′ for all 𝜀′ < 𝜀
and of 𝑋𝜆 ∩ PCF𝑑 for all 𝜆 ∈ 𝑈 (C).

We now repeat the argument over each of the irreducible components of the complement 𝑉 \ 𝑈
corresponding to families with geometrically irreducible generic fibers, and we note that each family
we treat is defined over Q. Finally, we are left with a finite set S in 𝑉 (Q) consisting of r-dimensional
varieties that are either PCF-special or contain a Zariski-dense set of points in Σ𝑟

𝜆,𝜀 . We repeat the
arguments above for curves, reducing 𝜀 and increasing B and N as needed, once again appealing to the
induction hypotheses. We have thus completed the proofs of Theorems 1.1, 1.2, 1.5, and 1.6.
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