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Abstract
This article proposes a robust and adaptive controller for industrial robot arms with multiple degrees of freedom
without the need for velocity measurement. Many of the controllers designed for manipulators are model-based and
require detailed knowledge of the system model. In contrast to these methods, this paper proposes a model-free con-
troller using the Philips q-Bernstein operator as universal approximator. The designed controller can approximate
uncertainties including external disturbances and unmodeled dynamics based on its universal approximation capa-
bility. Besides, most of the controllers revealed for robot arms are torque-based, which is not a realistic presumption
from a practical point of view. In the proposed control method, the voltage applied to the actuator is considered as
the control signal. However, unlike many voltage-based methods, the need to know the exact models of the sys-
tem and the actuator has been eliminated in the presented method. Also, adaptive rules are extracted during the
Lyapunov analysis to ensure system stability. Finally, to analyze the performance of the presented controller, this
method is simulated for an industrial robot arm, and the results are analyzed. The proposed methodology is also
compared to those of a strong state-of-the-art approximator, the Chebyshev neural network.

1. Introduction
One of the factors for the expansion and growth of industries in the last decade is the use of advanced
robotic systems, especially industrial manipulators. In most of these applications, robots interact with
human operators, so they need to be controlled efficiently and robustly. Otherwise, the failure of these
systems may cause serious damages. Therefore, in recent years, various studies have been conducted
to control robotic systems. The proposed controllers can be generally classified into model-based and
model-free categories. Model-based techniques are designed based on accurate knowledge of system
dynamics and will fail if the system model is inaccurate or there are uncertainties [1, 2, 3].

To eliminate the drawbacks of model-based methods, model-free approaches for controlling robotic
arms have been proposed. These controllers are mainly designed based on adaptive methods, fuzzy
logic, or neural networks [4, 5, 6, 7, 8]. In ref. [5], a model-free adaptive controller was presented
for manipulators with varying loads by augmenting the fractional-order operators into the sliding-mode
scheme. The finite-time stability of the system was also confirmed using the Lyapunov lemmas. However,
the presented controller is torque-based, and the motor dynamics were not considered while designing
the control scheme. In ref. [6], an adaptive control method was proposed for an uncertain robot arm
based on the backstepping scheme and by proposing a barrier Lyapunov function. A concurrent method
was also introduced to identify the system model using the torque filtering approach. Even though the
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designed controller eliminated the need to measure acceleration, it still required velocity measurements.
Reference [7] introduced an adaptive controller for flexible manipulators by augmenting fuzzy type-II
logic and neural networks. The controller parameters were optimized, and the boundedness of error
signals was proved. In ref. [8], an adaptive torque-based controller was developed for the Timoshenko
arm subject to input dead zone. The uniformly ultimately stability of the controlled system was assured
using the Lyapunov stability theorem.

The mentioned controllers were designed based on the assumption that system states were measured
and available. However, measuring states such as velocities and accelerations in practical systems are
not cost-effective due to the high cost of required equipment. Moreover, there may be uncertainties and
errors in measured values [9]. The presence of noise in the state measurements may also severely affect
the system performance and reduce its bandwidth [10]. Therefore, model-free observer-based controllers
have been designed to estimate these states and control the system. In ref. [11], first, a fixed-time state
observer was designed for approximating unmeasured velocities. Then, the fuzzy logic and sliding-mode
control scheme were integrated to form an adaptive control method for high-order systems, including
manipulators. The actuator model was not considered in the design procedure, and the joint torque was
obtained as the control input. Ahmed et al. introduced an adaptive fractional-order controller for robot
arms in ref. [12] based on the super-twisting sliding-mode scheme. The problem of state measurement
was addressed in this study by introducing an exact differentiator, which estimated states based on the
measured position. However, the controller required the acceleration in addition to the velocity approxi-
mation, which increased the computational load of the system. In ref. [13], a torque-based controller was
designed for robot arms based on a high-gain observer. The observer was utilized to estimate the system
speeds, and then, based on the acquired estimations, the nonsingular second-order fast sliding-mode
controller was developed. Niu et al. presented a valuable observer-based controller to stabilize a general
class of nonlinear systems, including manipulators in ref. [14]. The designed controller required system
state values; therefore, a switched observer was first introduced to estimate all unmeasured states. The
adaptive output feedback controller was then proposed based on neural networks.

Although the problem of state measurement is eliminated by designing state observers, the compu-
tational load and complexity of the system are severely increased. Uncertainties are other undesirable
factors that may negatively affect the performance of industrial manipulators. Therefore, the controllers
should be robustly designed to attenuate their effects. Some articles have focused on designing a con-
troller based on uncertainty/unmodeled dynamics approximators to solve this problem [15, 16, 17, 18,
19, 20]. In ref. [15], unmodeled dynamics of a manipulator were approximated using the Takagi−Sugeno
fuzzy logic, and an adaptive algorithm was developed using the small gain theorem to fulfill the trajectory
tracking. According to the universal approximation feature of fuzzy logic, a satisfactory approxima-
tion of uncertainties was acquired. However, the actuator dynamics were neglected while designing the
controller, and the controller was proposed using the assumption that joint velocities were available.
Reference [16] presented an adaptive controller to address trajectory tracking of the robot arm, which
was subject to contact with the environment. A neuro-fuzzy approach was adopted to approximate the
unknown system dynamics based on the broad learning methodology. Joint velocities are assumed to
be available as the inputs of the approximator. Then, a barrier Lyapunov function was utilized to design
the input joint torque, which controls the system. A vast number of studies have adopted neural net-
works as the universal approximators to deal with the problem of uncertainty approximation [17 18,
19, 20]. In ref. [17], a radial basis function neural network was utilized to confront the model uncer-
tainty issue of robot arms. The system was stabilized based on the backstepping scheme, and a funnel
boundary was employed to limit the output overshoot. A similar neural network was used by Truong
et al. [18] to compensate for the unmodeled dynamics of industrial manipulators. An adaptive torque-
based controller was designed utilizing the Lyapunov lemma to guarantee the convergence of all system
errors.

Fuzzy and neural approaches are commonly used as approximators due to their universal approx-
imation property based on the Stone−Weierstrass theorem. However, these methods have a complex
structure, and due to existence of numerous parameters, the controller design based on fuzzy logic or
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neural networks is not straightforward and requires sufficient design knowledge and experience. On the
other hand, most of these methods usually require state feedback for uncertainty approximation or system
control, which in turn increases the computational cost of the system. The need for projection algorithms
to maintain the values of various parameters in certain intervals is one of the other weaknesses of these
methods and is a computational load for the system [21, 22].

One of the model-free control approaches that have been considered in recent years to confront the
drawbacks of fuzzy or neural network approaches is the function approximation technique (FAT). In
this approach, Szász−Mirakyan operators, Fourier series, and polynomials are used for approximating
functions such as uncertainty [23, 24, 25, 26]. These approaches have simpler structures in comparison
with fuzzy or neural network methods, and therefore, are ideal choices for controlling industrial sys-
tems. Their computational costs are much lower than fuzzy methods and neural networks. Moreover,
their design does not require much expertise and experience. Also, unlike fuzzy approaches and neural
networks, the FAT-based controllers do not require multiple-state feedback to approximate uncertainties.
The need for projection algorithms is also eliminated in these methods [22].

Inspired by the features of the FAT-based methods, a control structure based on the Philips
q-Bernstein operators is presented for industrial manipulators in this paper. Based on the universal
approximation feature, the proposed approach can efficiently approximate uncertainties and confirm the
robustness of the system despite the unavailability of the exact system model and the actuator model. The
proposed method also has other advantages. Many studies have used arm torque as a control input, and
the design of torque-based controllers for industrial robot arms is common [27, 28, 29, 30]. However,
from a realistic point of view, using torque as a control input is not realistic because it cannot be directly
implemented to the robot joint motors. In the proposed controller, voltage is considered as a control
input, but unlike many voltage-based controllers, the requirement to have the exact model of the actua-
tor is also removed in this method. The dependence on measuring velocity and acceleration states, and
even their estimations, which is one of the major drawbacks of fuzzy/neural network controllers, has
also been eliminated in the proposed method. The presented control structure also guarantees bounded
tracking error according to the Lyapunov criteria. The main contribution of the presented approach can
be summarized as follows: (1) the current research is the first application of the Philips q-Bernstein
operators in designing an approximator-based controller for electrically driven manipulators and (2)
unlike conventional Philips q-Bernstein operator-based application, the coefficient vector of the pro-
posed approach is tuned adaptively and is not dependent on the actual system model. Consequently, the
introduced controller does not have the drawbacks of traditional approaches; (3) the proposed technique
does not require velocity measurements, and position is the only measured state. The reason behind this
is that adding velocity sensors like tachometers raises the hardware cost. Furthermore, one of the major
issues with dexterous manipulators is the difficulty of integrating sensors into a small robot architec-
ture, particularly as degrees of freedom (DOF) increases. Additionally, due to the existence of noise,
velocity measurement reduces the system’s bandwidth. Velocity has been calculated in some articles
by differentiating the joint positions. This method, however, is ineffective since it amplifies the noise
signal.

This article consists of six sections as follows: Philips q-Bernstein operators are described in
Section 2. Section 3 is devoted to modeling the industrial robot arm with multiple DOFs. Section 4 clar-
ifies the design procedure of the proposed robust controller. Section 5 explains the results of applying
the controller to an industrial manipulator, and Section 6 gives the concluding remarks.

2. Function Approximation Using the Philips q-Bernstein Operators
Polynomials are one of the most powerful mathematical tools that can accurately approximate complex
functions. The simplicity of the structure of these mathematical operators allows them to be quickly
calculated by a computer. Also, by combining polynomials, spline curves can be formed to approximate
any function with the desired degree of accuracy. In other words, using these operators, the approxi-
mation of each real-valued function is obtained with an acceptable desired approximation error. A new
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q-variation of the Bernstein operator called the q-Bernstein operator was proposed by Philips in 1997,
as follows [31, 32]:

BN,q(f ; t) =
∑N

k=0
f

(
[k]q

[N]q

)[
N
k

]
q

tk
∏N−k−1

s=0
(1 − qst) , 0 ≤ t ≤ 1 (1)

where BN,q : C[0, 1] → C[0, 1] is defined for any N ∈N with N showing the set of natural number, and
any function f ∈ C[0, 1]. In Eq. (1),

[
N
k

]
q

represents the q-binomial coefficient. In other words,[
N
k

]
q

= [N]q!
[N − k]q![k]q! (2)

where N and k are integers that satisfy N ≥ k ≥ 0. The q-factorial is represented by [k]q! and is described
as follows:

[k]q! =
⎧⎨
⎩

[k]q [k − 1]q . . . [1]q, k ≥ 1

1, k = 0
(3)

where

[k]q =
⎧⎨
⎩
(
1 − qk

)
/(1 − q), q �= 1

k, q = 1
(4)

denotes the q-integer of the number k ∈N∪ {0}. The q-Bernstein polynomials can be used as shaping
parameters to construct any free-form surface or curve. According to Theorem 2 of ref. [33], regarding
any function f ∈ C[0, 1], it is confirmed that BN,q(f ; t) converges uniformly to f (t) on [0, 1], where qN is
a sequence that satisfies 0 < qN < 1 and limN→∞ qN = 1 [33]. It can be shown that

BN,q(f ; t) = WT
f Zf (5)

where

Wf =
[

f (0) f

(
1

[N]q

)
. . . f (1)

]T

∈ �N+1 (6)

is a vector consisting of tuneable parameters. It is notable that, in conventional methods, which used
Philips q-Bernstein operators, the coefficient vector Wf is formed using the known system model.
However, in this paper, this vector is tuned adaptively and is not dependant on the exact system model.
In Eq. (5), Zf is defined as follows:

Zf =
[[

N
0

]
q

∏N−1
s=0 (1 − qst)

[
N
1

]
q

t
∏N−2

s=0 (1 − qst) . . .

[
N
N

]
q

tN

]T

∈ �N+1 (7)

is the vector of basis functions. Equation (1) can be shown in the linear form (5), which is a common
form in adaptive control.

3. Robot Arm Dynamics
Equations (8) and (9) give the dynamics of an n-DOF electrically driven robot arm [34, 35]:

D(q)q̈ + C(q, q̇)q̇ + g(q) = HI (8)

Lİ + RI + Kbq̇ + η(t) = u(t) (9)

where q, q̇, and q̈ stand for the n × 1 vectors of joint position, velocity, and acceleration, respectively.
D(q) ∈ �n×n is the symmetric and positive-definite inertia matrix. C(q, q̇)∈ �n and g(q) ∈ �n are the
matrices of centrifugal/Coriolis forces and the vector of gravitational forces, respectively. Since the
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dynamic model of the actuator is also considered in designing the controller, there is a need to con-
vert mechanical parts to electrical components. Therefore, the current to torque vector conversion
is performed utilizing the diagonal constant matrix H ∈ �n×n. I ∈ �n represents the currents of the
actuator armature. R ∈ �n×n and L ∈ �n×n are the electrical resistance and inductance, respectively.
Kb ∈ �n×n denotes the actuator back EMF effects. u(t) ∈ �n represents the joint actuator voltage, which
is considered as the control input, and finally η(t) represents the effect of external disturbance.

The following properties are held for the dynamics (8) and will be used for designing the controller.

Property 1. The following bounding inequality is satisfied for the positive-definite and symmetric
matrix D(q) regarding all q ∈ �n:

dmIn ≤ D(q) ≤ dMIn

where In stands for the n × n identity matrix, and dm and dM are positive constants. It is presumed that
dm and dM are known.

Property 2. The centripetal/Coriolis matrix C(q, q̇) is linear in q̇, and its dependence on q is similar
to that of D(q). So, it follows that:

‖C(q, q̇)‖ ≤ ξc‖q̇‖ , ∀q, q̇ ∈ �n

where ξc is a positive and known constant.

Property 3. Based on the Lagrangian formulation of the arm dynamics, it is derived that the matrix
Ḋ(q) − 2C(q, q̇) is skew-symmetric [36, 37, 38, 39]. That is,

yTḊ(q)y = 2yTC(q, q̇) y, ∀y, q, q̇ ∈ �n

Remark 1. Property 1 is used in Appendix A. Properties 2 and 3 are utilized in proving the controlled
system stability.

4. Control Design
Equation (8) is rewritten as follows by defining the tracking error of the motor current as eI = (I − Id)
∈ �n:

D(q)q̈ + C(q, q̇)q̇ + g(q) = HeI + HId (10)

where Id denotes the virtual control law. eI stands for the equivalent disturbances inserted in the dynamic
model. Suppose the link tracking error is defined as follows:

eq = q − qd ∈ �n (11)

A possible desired current can be defined as follows:

Id = H−1
{

D̂(q)q̈d + Ĉ(q, q̇d)q̇d + ĝ(q) − γ 2�
(
ψ + κeq

)}
(12)

In this equation, κ and γ are positive gains; � = �T = diag(�1, �2, . . . , �n) is an n × n constant and
positive-definite matrix,

(·̂) represents approximation of (•), and ψ ∈ �n is an intermediate vector
described as:

ψ̇�−2γψ + γ 2ėq (13)

By replacing (12) into (10), subtracting and adding C(q, q̇d)q̇d, and utilizing definition (11), the
following robot tracking error equation results

D(q)ëq + C(q, q̇)ėq + D(q)q̈d + C(q, q̇)q̇d + g(q) = HeI

+ D̂(q)q̈d + Ĉ(q, q̇d)q̇d + ĝ(q) − γ 2�ψ − κγ 2�eq + C(q, q̇d)q̇d − C(q, q̇d)q̇d (14)
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Some mathematical simplifications yield

D(q)ëq = − γ 2�ψ − κγ 2�eq +
(

D̂(q) − D(q)
)

q̈d + ĝ(q) − g(q)

+
(

Ĉ(q, q̇d) − C(q, q̇d)
)

q̇d + HeI − C(q, q̇)ėq + C(q, q̇d)q̇d − C(q, q̇)q̇d (15)

It is straightforward to present that C(q, q̇d)q̇d − C(q, q̇)q̇d = −C
(
q, ėq

)
q̇d, So, Eq. (15) is simplified

as (16):

D(q)ëq = − γ 2�ψ − κγ 2�eq +
(

D̂(q) − D(q)
)

q̈d + ĝ(q) − g(q)

+
(

Ĉ(q, q̇d) − C(q, q̇d)
)

q̇d + HeI − C(q, q̇)ėq − C
(
q, ėq

)
q̇d (16)

Now, D(q), C(q, q̇d), and g(q) are presented as linear combinations of basis functions using the universal
approximation theorem, as (17):

D(q) = WT
DZD + εD

C(q, q̇d) = WT
CZC + εC (17)

g(q) = WT
g Zg + εg

where WD ∈ �n2(N+1)×n, WC ∈ �n2(N+1)×n, and Wg ∈ �n(N+1)×n are weighting vectors. The number of
utilized basis functions is represented by N. The basis function vectors are represented by ZD ∈
�n2(N+1), ZC ∈ �n2(N+1), and Zg ∈ �n(N+1). The errors of approximation are εD, εC, and εg. By utilizing
the same set of basis functions, (18) is presented:

D̂(q) = ŴT
DZD

Ĉ(q, q̇d) = ŴT
CZC

ĝ(q) = ŴT
g Zg (18)

where ŴD ∈ �n2(N+1)×n, ŴC ∈ �n2(N+1)×n, and Ŵg ∈ �n(N+1)×n are approximation of WD, WC, and Wg,
respectively. By replacing (17) and (18) into (16), the output tracking loop dynamics are obtained as:

D(q)ëq = − γ 2�ψ − κγ 2�eq − W̃T
DZDq̈d − εDq̈d − W̃T

g Zg − εg

− W̃T
CZCq̇d − εCq̇d + HeI − C(q, q̇)ėq − C

(
q, ėq

)
q̇d (19)

In this equation, W̃(•) = W(•) − Ŵ(•) denotes the error of the weight approximation. It should be noted
that similar methods have been applied in the cooperative system control [40]. Equation (20) is the
derived state-space model of (13) and (19):

ẋ = −Ax + B
{

HeI − C(q, q̇)ėq − C
(
q, ėq

)
q̇d − ε1 − W̃T

DZDq̈d −W̃T
CZCq̇d − W̃T

g Zg

}
(20)

where

x �
[

ėT
q ψ

T eT
q

]T ∈ �3n

A =
⎡
⎢⎣

0n γ 2D−1(q)� κγ 2D−1(q)�

−γ 2In 2γ In 0n

−In 0n 0n

⎤
⎥⎦ ∈ �3n×3n, (21)

B =
⎡
⎢⎣

D−1(q)

0n

0n

⎤
⎥⎦ ∈ �3n×n
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and ε1 = ε(εD, εg, εC) denotes the lumped approximation error. In (21), 0n stands for the null matrix of
dimension n.

4.1. The current tracking control loop
The object of this subsection is determining a control law u(t) such that the perfect actuator current in
(12), which reduces the error eI as much as possible, is obtained. Therefore, the following control law
is presented:

u(t) = f̂ − KceI (22)

where f̂ ∈ �n is the approximation of f = Lİd + RI + Kbq̇ + η(t); and Kc ∈ �n×n is a diagonal, constant,
and positive matrix. Then, the dynamic model of the current tracking loop with the controller, introduced
in (9), is rewritten as follows:

LėI + KceI = f̂ − f (23)

Following the procedure similar to the previous section, the function approximation representation is
applied:

f = WT
f Zf + εf (24)

In this equation, Wf ∈ �n(N+1)×n is the weighting matrix. The vector of basis functions is presented by
Zf ∈ �n(N+1). The vector of approximation error is represented by εf ∈ �n. Using the same set of basis
functions, f is approximated as:

f̂ = ŴT
f Zf (25)

The vector of the parameter error is defined as W̃f = Wf − Ŵf . So, (23)–(25) are represented as
follows:

LėI + KceI = −W̃T
f Zf − εf (26)

4.2. Stability analysis
The following presumption is needed to perform the stability analysis.

Assumption 1. The desired path qd(t) and its derivatives q̇d(t) and q̈d(t) are bounded by PM, VM, and
AM, respectively, as follows:

PM = sup
t≥0

‖qd(t)‖ , VM = sup
t≥0

‖q̇d(t)‖ , AM = sup
t≥0

‖q̈d(t)‖ (27)

Now, to accomplish the closed-loop system stability analysis, a Lyapunov-like candidate function is
considered as follows:

V
(

x, eI , W̃D, W̃C, W̃g, W̃f

)
=1

2

[
eT

I LeI + xTPx + Tr
(

W̃T
DQDW̃D

)
+Tr

(
W̃T

CQCW̃C

)
+ Tr

(
W̃T

g QgW̃g

)
+ Tr

(
W̃T

f Qf W̃f

)]
(28)

where QD ∈ �n2(N+1)×n2(N+1), QC ∈ �n2(N+1)×n2(N+1), Qg ∈ �n(N+1)×n(N+1), and Qf ∈ �n(N+1)×n(N+1) are positive-
definite matrices. The trace operator is denoted by Tr(•):

P =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

D(q)
−1

γ
D(q)

κ

γ
D(q)

−1

γ
D(q) � 0n

κ

γ
D(q) 0n κγ 2�

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ �3n×3n (29)
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is the positive-definite and symmetric matrix that holds (30):

ATP + PA = 2Q (30)

where

Q =

⎡
⎢⎢⎢⎢⎣

(
γ − κ

γ

)
D(q) −D(q) 0n

−D(q) γ� 0n

0n 0n κ2γ�

⎤
⎥⎥⎥⎥⎦ ∈ �3n×3n (31)

Both P and Q matrices are positive-definite if γ is large enough. The positive-definiteness of P and Q
matrices and derivation of their minimum and maximum eigenvalues are presented in lemmas 1 and 2
of Appendix A. Differentiating (28) results in

V̇
(

x, eI , W̃D, W̃C, W̃g, W̃f

)
=1

2
ẋTPx + 1

2
xT Ṗx + 1

2
xTPẋ + eT

I LėI − Tr
(

W̃T
DQD

˙̂WD

)
− Tr

(
W̃T

CQC
˙̂WC

)
−Tr

(
W̃T

g Qg
˙̂Wg

)
− Tr

(
W̃T

f Qf
˙̂Wf

)]
(32)

Based on (20), (26), and (30), and with some simplifications, (33) is resulted:

V̇
(

x, eI , W̃D, W̃C, W̃g, W̃f

)
= − xTQx + 1

2
xT Ṗx + xTPB

{
HeI − C(q, q̇)ėq

−C
(
q, ėq

)
q̇d − ε1

}− eT
I KceI − eT

I εf − Tr
(

W̃T
D

(
QD

˙̂WD + ZDq̈dxTPB
))

− Tr
(

W̃T
C

(
QC

˙̂WC + ZCq̇dxTPB
))

− Tr
(

W̃T
g

(
Qg

˙̂Wg + ZgxTPB
))

− Tr
(

W̃T
f

(
Qf

˙̂Wf + Zf eT
I

))
(33)

The update rules are chosen as follows:

ŴD = − Q−1
D ZDq̈deT

q + Q−1
D

∫ (
ŻDq̈d + ZD

...
q d

)
eT

q dt + 1

γ
Q−1

D

∫
ZDq̈dψ

Tdt

− κ

γ
Q−1

D

∫
ZDq̈deT

q dt − σDQ−1
D

∫
ŴDdt (34)

ŴC = − Q−1
C ZCq̇deT

q + Q−1
C

∫ (
ŻCq̇d + ZCq̈d

)
eT

q dt + 1

γ
Q−1

C

∫
ZCq̇dψ

Tdt

− κ

γ
Q−1

C

∫
ZCq̇deT

q dt − σCQ−1
C

∫
ŴCdt (35)

Ŵg = − Q−1
g ZgeT

q + Q−1
g

∫
ŻgeT

q dt + 1

γ
Q−1

g

∫
Zgψ

Tdt − κ

γ
Q−1

g

∫
ZgeT

q dt

− σgQ−1
g

∫
Ŵgdt (36)

˙̂Wf = −Q−1
f

(
Zf eT

I + σf Ŵf

)
(37)

In these equations, σ(•)s are positive constants. Then, (33) is rewritten as:

V̇
(

x, eI , W̃D, W̃C, W̃g, W̃f

)
≤ − γ λ(Q)‖x‖2 − λ(Kc)‖eI‖2 + ℘0λ

−1
(H)‖x‖‖ε1‖ +‖eI‖

∥∥εf

∥∥
+ σDTr

(
W̃T

DŴD

)
+ σCTr

(
W̃T

CŴC

)
+ σgTr

(
W̃T

g Ŵg

)
+ σf Tr

(
W̃T

f Ŵf

)
+ xTPBHeI + 1

2
xT Ṗx − xTPB

{
C(q, q̇)ėq + C

(
q, ėq

)
q̇d

}
(38)
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Remark 2. The update rules (34)–(37) are given in detail. It is clear that joint velocity measurements are
not needed for the implementation of the controller. However, the proposed method is slightly complex.

The last line of Eq. (38) is investigated in the remaining part of this proof. It is straightforward to
show that the inequalities (39)–(41) are held (see Appendix B):

xTPBHeI ≤ ℘0‖x‖‖eI‖ (39)
1

2
xT Ṗx − xTPBC(q, q̇)ėq ≤ ℘1

γ
‖q̇‖‖x‖2 (40)

and

−xTPBC
(
q, ėq

)
q̇d ≤ ℘2‖x‖2 (41)

By replacing (39)–(41) into (38) and some further simplifications, (42) is resulted:

V̇
(

x, eI , W̃D, W̃C, W̃g, W̃f

)
≤ −

[
‖x‖
‖eI‖

]T

�

[
‖x‖
‖eI‖

]
+
[
‖x‖
‖eI‖

]T

P′
[‖ε1‖∥∥εf

∥∥
]

+ σDTr
(

W̃T
DŴD

)
+ σCTr

(
W̃T

CŴC

)
+ σgTr

(
W̃T

g Ŵg

)
+ σf Tr

(
W̃T

f Ŵf

)
(42)

where

� =
⎡
⎢⎣
(

γ λ(Q) − ℘2 − ℘1

γ
‖q̇‖

)
−0.5℘0

−0.5℘0 λ(Kc)

⎤
⎥⎦ (43)

and P′ =
[

℘0λ
−1

(H) 0

0 1

]
∈ �2×2. To confirm the negative-definiteness of V̇

(
x, eI , W̃D, W̃C, W̃g, W̃f

)
,

the positive-definiteness of the matrix � should be guaranteed. � is positive-definite if (44) is
satisfied:

γ λ(Q) >
℘2

0

4λ(Kc)
+ ℘2 + ℘1

γ

{
VM +

√
2V(0) )

λ(�)

}
(44)

For sufficiently large values of γ , (44) is initially satisfied, and consequently, (43) will be positive-
definite. It is straightforward to show that the following inequality holds

−
[
‖x‖
‖eI‖

]T

�

[
‖x‖
‖eI‖

]
+
[
‖x‖
‖eI‖

]T

P′
[
‖ε1‖∥∥εf

∥∥
]

≤ −1

2
λ(�)

∥∥∥∥∥
[

x

eI

]∥∥∥∥∥
2

+ ℘2
3

2λ(�)

∥∥∥∥∥
[

ε1

εf

]∥∥∥∥∥
2

, Tr
(

W̃T
(•)

Ŵ(•)

)
≤ 1

2
Tr
(
WT

(•)
W(•)

)− 1

2
Tr
(

W̃T
(•)

W̃(•)

)
(45)

where ℘3 = max
(

1, ℘0λ
−1

(H)
)
. A similar derivation is done in ref. [41]. Together with (46)

V
(

x, eI , W̃D, W̃C, W̃g, W̃f

)
≤1

2

[
λ(�)

∥∥∥∥
[

x
eI

]∥∥∥∥
2

+ λ(QD) Tr
(

W̃T
DW̃D

)

+λ(QC) Tr
(

W̃T
CW̃C

)
+ λ

(
Qg

)
Tr
(

W̃T
g W̃g

)
+ λ

(
Qf

)
Tr
(

W̃T
f W̃f

)]
(46)
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where � =
[

P 0n

0n L

]
, Eq. (42) is rewritten in the form of (47):

V̇
(

x, eI , W̃D, W̃C, W̃g, W̃f

)
≤ − μV + 1

2

(
μλ(�) − λ(�)

)∥∥∥∥∥
[

x

eI

]∥∥∥∥∥
2

+ 1

2

(
μλ(QD) − σD

)
Tr
(

W̃T
DW̃D

)
+ 1

2

(
μλ(QC) − σC

)
Tr
(

W̃T
CW̃C

)

+ 1

2

(
μλ
(
Qg

)− σg

)
Tr
(

W̃T
g W̃g

)
+ 1

2

(
μλ
(
Qf

)− σf

)
Tr
(

W̃T
f W̃f

)

+ 1

2

⎡
⎣ ℘2

3

λ(�)

∥∥∥∥∥
[

ε1

εf

]∥∥∥∥∥
2

+ σDTr
(
WT

DWD

)+ σCTr
(
WT

CWC

)

+ σgTr(WT
g Wg) + σf Tr(WT

f Wf )] (47)

By choosing μ ≤ min

{
λ(�)

λ(�)
,

σD

λ(QD)
,

σC

λ(QC)
,

σg

λ
(
Qg

) ,
σf

λ
(
Qf

)
}

, (47) is further simplified as:

V̇
(

x, eI , W̃D, W̃C, W̃g, W̃f

)
≤ − μV + 1

2

[
℘2

3

λ(�)

∥∥∥∥
[

ε1

εf

]∥∥∥∥
2

+ σDTr
(
WT

DWD

)

+σCTr
(
WT

CWC

)+ σgTr
(
WT

g Wg

)+ σf Tr
(
WT

f Wf

)]
(48)

Therefore, V̇ < 0, whenever

V >
1

2μ

⎡
⎣ ℘2

3

λ(�)
sup
t0<τ

∥∥∥∥∥
[

ε1(τ )

εf (τ )

]∥∥∥∥∥
2

+ σDTr
(
WT

DWD

)+ σCTr
(
WT

CWC

)+ σgTr
(
WT

g Wg

)+ σf Tr
(
WT

f Wf

)⎤⎦
(49)

So, it is proven that
(

x, eI , W̃D, W̃C, W̃g, W̃f

)
are uniformly ultimately bounded.

4.3. Performance assessment
In previous subsections, the boundedness of the closed-loop system errors was demonstrated. From the
practical point of view, transient performance is also important. Solving (48) leads to

V(t) ≤V(t0) e−μ(t−t0) + 1

2μ

⎡
⎣ ℘2

3

λ(�)
sup
t0<τ

∥∥∥∥∥
[

ε1(τ )

εf (τ )

]∥∥∥∥∥
2

+ σDTr
(
WT

DWD

)

+σCTr
(
WT

CWC

)+ σgTr
(
WT

g Wg

)+ σf Tr
(
WT

f Wf

)]
(50)

Based on the lower bound of the Lyapunov function (28), it is obvious that

∥∥∥∥
[

x
eI

]∥∥∥∥≤
√

2V

λ(�)
(51)
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which enables us to define∥∥∥∥
[

x
eI

]∥∥∥∥≤
√

2V(t0)

λ(�)
e−0.5μ(t−t0) + 1√

μλ(�)

⎡
⎣ ℘2

3

λ(�)
sup
t0<τ

∥∥∥∥∥
[

ε1(τ )

εf (τ )

]∥∥∥∥∥
2

+σDTr
(
WT

DWD

)+ σCTr
(
WT

CWC

)+ σgTr
(
WT

g Wg

)+ σf Tr
(
WT

f Wf

)] 1
2 (52)

In other words, the error of tracking is bounded by the summation of a constant and a weighted
exponential function. Consequently, proper adjustment of the control parameters may enhance the
convergence rate of the tracking error. Therefore,

lim
t→∞

∥∥∥∥∥
[

x

eI

]∥∥∥∥∥≤ 1√
μλ(�)

⎡
⎣ ℘2

3

λ(�)
sup

t0≤τ≤t

∥∥∥∥∥
[

ε1(τ )

εf (τ )

]∥∥∥∥∥
2

+ σDTr
(
WT

DWD

)

+σCTr
(
WT

CWC

)+ σgTr
(
WT

g Wg

)+ σf Tr
(
WT

f Wf

)] 1
2 (53)

5. Results and Analysis
The designed FAT-based controller is simulated for a 2-DOF industrial manipulator to evaluate its per-
formance. The robot joints are actuated by DC motors. This system is dynamically modeled as (8), and
the details are as follows [42]:

D(q) =
[

d11 d12

d21 d22

]

d11 = m1l
2
c1 + I1 + m2

(
l2
1 + l2

c2 + 2l1lc2cos(q2)
)+ I2

d21 = d12 = m2l
2
c2 + m2l1lc2cos(q2) + I2

d22 = m2l
2
c2 + I2 (54)

C(q, q̇) =
[−m2l1lc2sin(q2)q̇2 −m2l1lc2sin(q2)(q̇1 + q̇2)

m2l1lc2sin(q2)q̇1 0

]

g(q) =
[

m1lc1gcos(q1) + m2g(lc2cos(q1 + q2) + l1gcos(q1))

m2lc2gcos(q1 + q2)

]

where q1 and q2 stand for the first and second joint angular positions, respectively. The centers of mass
of the arm links are symbolized by lc1 = lc2 = 0.375(m), and their lengths are represented by l1 = l2 =
0.75(m). Link mass values and inertias are set to m1 = m2 = 0.5(kg) and I1 = I2 = 0.0234(kg − m2),
respectively. The actuator parameters are numerically assigned as (55):

R =
[

1 0

0 1

]
	, L =

[
1 0

0 1

]
× 10−3H, Kb =

[
1 0

0 1

]
volt/rad/s,

H =
[

10 0

0 10

]
Nm/A (55)

Based on the stated numerical values, it is concluded that dM = 1.4998 kg − m2 and ξc = 0.5625
kg − m2.q(0) = [

0.0691 1.4326
]T

(rad) is considered as the initial desired and actual vector of the
joint positions. It is considered that a desired sinusoidal trajectory should be tracked by joints of the
manipulator for 4 s. The controller gains are assigned to γ = 20, κ = 10, and � = diag(10−2, 10−2).
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Figure 1. The desired and actual paths.

The matrix Kc appeared in (22) is set to Kc = diag(50, 50). It is presumed that the information of the
system model (i.e., the matrices D(q), C(q, q̇), and g(q)) is unavailable. To confront the problem of
uncertainties, the first two terms of the Phillips q-Bernstein operators are elected as the regressor for
approximating g(q), C(q, q̇) , D(q), and f. It is concluded thatŴD ∈ �8×2, ŴC ∈ �8×2, Ŵg ∈ �4×2, and
Ŵf ∈ �4×2. The adaptive parameters are initially set to 0. The matrices QD, QC, Qg, and Qf , which
present the convergence rates, are selected as QD = I8, QC = I8, Qg = 10−3I4, and Qf = 10−2I4, where
I(•) is a(•) × (•) identity matrix. The approximation error is presumed to be negligible, which means
that σD = σC = σg = σf = 0.

The suggested Philips q-Bernstein operator-based controller performance is compared to another
existing approximator to evaluate its efficiency. To this mean, the Chebyshev neural network (CNN)
is integrated into the proposed control method, as the approximator, to approximate uncertainties. The
detailed description of CNN and its approximation properties can be found in ref. [43]. For the proposed
CNN used to approximate the nonlinear functions D(q) and g(q), the joint position q is given as the
input. For approximation of C(q, q̇d), the joint position q and desired joint velocities q̇d are required as
the input of the regressor vector. Furthermore, the actuator current I, the time derivative of virtual control
law Id, and the joint velocities q̇ are required signals for approximation of f. The number of Chebyshev
polynomials selected for functional expansion for each input is 1. Thus, ZD ∈ �6×2, ZC ∈ �10×2, ZG ∈ �3,
and Zf ∈ �7. The initial weights of the CNN are taken to be 0. The values of the controller parameters
are considered the same as previously stated values except that QD = 0.5 × I6, QC = I10, QG = 10−3 × I3,
and Qf = 10−2 × I7. These values are achieved through trial and error and are not optimized. Also, we
suppose that the external disturbance (56) is injected to the robotic system:

η(t) =

⎡
⎢⎢⎢⎣

12 sin

(
5π t

4

)
+ 8 sin(1.8π t) + 12

12 sin

(
5π t

4

)
+ 8 sin(1.8π t) + 12

⎤
⎥⎥⎥⎦ (56)

Under these settings, the desired and actual paths of the controlled system are depicted in Fig. 1. It is
clear that both methods can track the desired path with an acceptable tracking error. Being a single-layer
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neural network, the computational complexity of CNN is less intensive as compared to multilayered
perceptron and can be used for online learning [44]. However, the Phillips q-Bernstein operator-based
control scheme is much simpler and less computational than CNN, since it does not require various feed-
backs as their inputs. The reason is that these approximators consider the uncertainty as a time-varying
function rather than a function of different state variables. Figure 2 presents the current control evalu-
ation. Based on this figure, the current values are limited, and the error of current tracking negligible.
The control inputs, that is, the voltages applied on the joint actuators, are illustrated in Fig. 3. According
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Figure 4. Evaluation of the FAT-based method performance in g(q) approximation.
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Figure 5. Evaluation of the FAT-based method performance in f(t) approximation.

to the figures, the oscillations of signals are quickly diminished, and the signals have no chattering.
Besides, the control inputs are bounded. Finally, the approximation capability of both controllers are
evaluated and presented in Figs. 4 and 5. Based on Fig. 4, the performances of the proposed method and
CNN in approximating g(q) are almost the same. According to Fig. 5, CNN fails in approximating f(t)
precisely. On the other hand, the proposed method performs better in approximating the function. Even
though there is an error in the first 2 s of approximation, this error decreases to zero over time, and the
FAT-based method can approximate the function precisely.
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6. Conclusion
An adaptive control structure for industrial robot arms based on the Philips q-Bernstein operator is
presented in this paper. Unlike many common controllers, this method is designed by considering the
actuator dynamics. However, the presented robust controller does not depend on the knowledge of the
system or actuator model. It also eliminates the requirement for measurement or estimation of veloc-
ities, which is unavoidable in most model-free controllers. Lyapunov’s approach has been utilized to
prove the system stability, and comprehensive mathematical analysis has shown that all error signals are
bounded. The results of simulating the adaptive controller structure for the industrial manipulator show
its efficiency. Simple structure, reduction of computational load, independence from system, and actu-
ator model, as well as velocity/acceleration measurements, and robust performance make the proposed
adaptive controller a suitable option for controlling industrial robotic arms. As suggestions for future
research, the proposed structure can be implemented in impedance control.
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Appendix A

Lemma 1. Suppose that the following equalities are satisfied.

s1 = dm − (κ + 1)

γ
dM > 0 (A1)

s2 = λ(�) − 1

γ
dM > 0 (A2)

s3 = κ2γ λ(�) − κ

γ
dM > 0 (A3)

As a result, P is positive-definite, satisfying (A4).

λ(P)‖x‖2 ≤ xTPx ≤ λ(P)‖x‖2 (A4)

where

λ(P) = max{s4, s5, s6} (A5)

λ(P) = min{s1, s2, s3} (A6)

and

s4 =
(

1 + (κ + 1)

γ

)
dM (A7)

s5 = λ(�) + 1

γ
dM (A8)

s6 = κγ 2λ(�) + κ

γ
dM (A9)

Proof. The lemma will be proved using the Gershgorin theorem [45]. Consider T as a transformation
such that

D = T−1�T (A10)

where � = diag{a1, a2, . . . , an} and ais are the point-wise eigenvalues of D(q). The transformation is
applied to (29), which results in

⎡
⎢⎣

T−1 0 0

0 T−1 0

0 0 T−1

⎤
⎥⎦ P

⎡
⎢⎣

T 0 0

0 T 0

0 0 T

⎤
⎥⎦=

⎡
⎢⎢⎢⎢⎢⎢⎣

� − 1

γ
�

κ

γ
�

− 1

γ
� � 0n

κ

γ
� 0n κγ 2�

⎤
⎥⎥⎥⎥⎥⎥⎦

(A11)

All the sub-matrices that appeared on the right-hand side of (A11) are diagonal. Based on the
Gershgorin theorem, it is known that the following inequalities hold for the eigenvalues ℵj, j = 1,. . .,3n,
of the matrix on the right-hand side of (A11).

|ℵi − ai| ≤ (κ + 1)

γ
ai

|ℵn+i − �i| ≤ 1

γ
ai (A12)

∣∣ℵ2n+i − κγ 2�i

∣∣≤ κ

γ
ai i = 1, 2, . . . , n
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Or similarly

ai − (κ + 1)

γ
ai ≤ ℵi ≤ ai + (κ + 1)

γ
ai

�i − 1

γ
ai ≤ ℵn+i ≤ �i + 1

γ
ai (A13)

κγ 2�i − κ

γ
ai ≤ ℵ2n+i ≤ κγ 2�i + κ

γ
ai

for i = 1,. . .,n. The lemma proof is accomplished by noting that dm ≤ ai ≤ dM and λ(�) ≤ �i ≤ λ(�) for
i = 1, 2,..,n. �
Lemma 2. Suppose the following equations are hold.

s∗
1 =

(
dm − κ

γ 2
dM − 1

γ
dM

)
> 0 (A14)

s∗
2 = λ(�) − 1

γ
dM > 0 (A15)

s∗
3 = κ2λ(�) (A16)

Then, Q is positive-definite, and (A17) holds for it.

γ λ(Q)‖x‖2 ≤ xTQx ≤ λ(Q)‖x‖2 (A17)

where

λ(Q) = min
{
s∗

1, s∗
2, s∗

3

}
(A18)

λ(Q) = max
{
s∗

4, s∗
5, s∗

6

}
(A19)

and

s∗
4 =

(
1 + γ − κ

γ

)
dM (A20)

s∗
5 = dM + γ λ(�) (A21)

s∗
6 = κ2γ λ(�) (A22)

Proof. The proof of this lemma is the same as Lemma 1. Based on the Gershgorin theorem, it is known
that the following equations hold for the eigenvalues ℵ∗

j , j = 1,. . .,3n.(
γ − κ

γ
− 1

)
ai ≤ ℵ∗

i ≤
(

γ − κ

γ
+ 1

)
ai

γ�i − ai ≤ ℵ∗
n+i ≤ γ�i + ai (A23)

ℵ∗
2n+i = κ2γ�i

for i = 1,. . ., n. The lemma proof is fulfilled by noting that dm ≤ ai ≤ dM, and λ(�) ≤ �i ≤ λ(�) for
i = 1,2,.., n. �
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Appendix B
1. Derivation of (39)

Using the definitions of P and B, it is straightforward to present that

xTPBHeI = [
ėT

q ψ
T eT

q

]
⎡
⎢⎢⎢⎢⎢⎢⎢⎣

D(q)
−1

γ
D(q)

κ

γ
D(q)

−1

γ
D(q) � 0n

κ

γ
D(q) 0n κγ 2�

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎣

D−1(q)

0n

0n

⎤
⎥⎥⎦HeI (B1)

which is simplified as

xTPBHeI = [
ėT

q ψ
T eT

q

]
⎡
⎢⎢⎢⎢⎢⎣

In

−1

γ
In

κ

γ
In

⎤
⎥⎥⎥⎥⎥⎦HeI ≤ ℘0‖x‖‖eI‖ (B2)

where ℘0 = λ(H)
√

1 + 1
γ 2 (1 + κ2) stands for a positive gain. As a result, Eq. (39) is held.

2. Derivation of (40)
Using the definitions of P and B, it is easy to present that

1

2
xT Ṗx − xTPBC(q, q̇)ėq =1

2

[
ėT

q ψ
T eT

q

]
⎡
⎢⎢⎢⎢⎢⎢⎣

Ḋ(q)
−1

γ
Ḋ(q)

κ

γ
Ḋ(q)

−1

γ
Ḋ(q) 0n 0n

κ

γ
Ḋ(q) 0n 0n

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎣

ėq

ψ

eq

⎤
⎥⎦

− [
ėT

q ψ
T eT

q

]
⎡
⎢⎢⎢⎢⎢⎢⎣

D(q)
−1

γ
D(q)

κ

γ
D(q)

−1

γ
D(q) � 0n

κ

γ
D(q) 0n κγ 2�

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎣

D−1(q)

0n

0n

⎤
⎥⎦C(q, q̇)ėq

(B3)

Further simplifications of the right-hand side of (B3) lead to

1

2
xT Ṗx − xTPBC(q, q̇)ėq = 1

2
ėT

q

(
Ḋ(q) − 2C(q, q̇)

)
ėq + 1

γ

(
κeT

q − ψ
T
)(

Ḋ(q) − C(q, q̇)
)
ėq (B4)

Based on property 3 (i.e., the skew-symmetric property) and some simplification, (B5) is derived.

1

2
xT Ṗx − xTPBC(q, q̇)ėq = 1

γ

(
κeT

q − ψ
T
)

C(q, q̇)ėq (B5)

Now, based on property 2, it is concluded that

1

2
xT Ṗx − xTPBC(q, q̇)ėq ≤ ξc

γ

√
1 + κ2‖q̇‖‖x‖ ėq (B6)
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Using the fact that
∥∥ėq

∥∥≤‖x‖ and
∥∥ψ

T eT
q

∥∥≤‖x‖, (B7) results.

1

2
xT Ṗx − xTPBC(q, q̇)ėq ≤ ℘1

γ
‖q̇‖‖x‖2 (B7)

where ℘1 = ξc

√
1 + κ2. Then, based on (B7), the inequality (40) is held.

3. Derivation of (41)
Using property 2 and based on the same simplification as before, it is clear that

−xTPBC
(
q, ėq

)
q̇d = − [

ėT
q ψ

T eT
q

]
⎡
⎢⎢⎢⎢⎢⎢⎣

In

−1

γ
In

κ

γ
In

⎤
⎥⎥⎥⎥⎥⎥⎦

C
(
q, ėq

)
q̇d

≤ ℘2‖x‖∥∥ėq

∥∥≤ ℘2‖x‖2 (B8)

where ℘2 =
√

1 + 1
γ 2 (1 + κ2)ξcVM and we have used the fact that

∥∥ėq

∥∥≤‖x‖.
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