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CONDITIONAL INFERENCE FOR
POSSIBLY UNIDENTIFIED
STRUCTURAL EQUATIONS
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The possibility that a structural equation may not be identified casts doubt on
measures of estimator precision that are usually .ugsihg the Fieller—Creasy
problem for illustration we argue that an observed identifiability test statistic is
directly relevant to the precision with which the structural parameters can be es-
timated and hence we argue that inference in such models should be conditioned
on the observed value of that statistar statistics.

We examine in detail the effects of such conditioning on the properties of the
ordinary least square®LS) and two-stage least squar€ESLS) estimators for
the coefficients of the endogenous variables in a single structural equét®n
show that(a) conditioning has very little impact on the properties of the OLS
estimator but a substantial impact on those of the TSLS estim@iothe condi-
tional variance of the TSLS estimator can be very much larger than its uncondi-
tional variance(when the identifiability statistic is smalbr very much smaller
(when the identifiability statistic is largeand (c) conditional mean-square-error
comparisons of the two estimators favor the OLS estimator when the sample ev-
idence only weakly supports the identifiability hypothesis but favor TSLS when
that evidence moderately supports identifiability

Finally, we note that another consequence of our argument is that the statistic
upon which Anderson—Rubin confidence sets are based is in fact nonpivotal

1. INTRODUCTION

A niggling concern for econometricians for many years has been the possibility
that structural models may not be identifi€gsims 198Q Sargan1983 or may

be only partially identified Phillips, 1989 or may involve “weak instruments”
(Nelson and Startz2199Q Dufour, 1997 Staiger and Stogkl997). Recent lit-
erature on both exact distribution theory and asymptotics for this model sug-
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gests that this concern is fully justified from a frequentist point of vigéhe
work of Chao and Phillipg1998 and Kleibergen and van Dijkl998 shows
that it is also justified in a Bayesian analysis of the moddthough in this
paper we shall be concerned only with a frequentist approach

The work of Phillips(1983 1989 and Hillier (1985 1990 has made it clear
that if the exclusion restrictions imposed ¢the exogenous variables)ithe
structural equation are spurio(ise., the structural equation is totally unidenti-
fied), then the densities of the ordinary least squdar@kS), two-stage least
squareg TSLS), and limited information maximum likelihoo(LIML ) estima-
tors of the coefficients of the endogenous variables depend only on the error co-
variance matrixand not on the structural parametess that none of these
statistics contains information about those paramet®esause also standard
asymptotic theory breaks down when the model is unidentifigehtification
must be presumed if these statistics are to be interpreted as useful estimators

Motivated by such concerngecent literature on the distributions of the TSLS
and LIML estimators has started to focus on intermediate situations where the
equation of interest is neither formally identified nor totally unidentifiéd
bridge the gapPhillips (1989 has introduced the idea of partially identified
models These are models for which someut not all of the parameters are
identified after a rotation of coordinates in the space of both the endogenous
and exogenous variable€hoi and Phillips(1992 have found that in such
models the distributions of the usual estimators of both the identified and the
unidentified coefficients of the endogenous variables are mean- and covariance-
matrix mixed-normalAlthough the density of the estimator of the unidentified
parameters does not depend on the unidentified paramétdmes depend on
the identified parameter§he estimator of the identified parameters is consis-
tent but conventional asymptotics does not apphioreover the estimator of
the unidentified parameters converges in law to a nondegeneistandard
distribution

In a different attempt to study intermediate cases Staiger and $19&K)
define a notion of weakly identified modelSuch models have two character-
istics they are formally identified for all finite sample sizésuit the covariance
between the instruments and the included endogenous variables is assumed to
be in aO(T ~¥?) neighborhood of zetavhereT is the sample sizeStaiger and
Stock(1997) show that standard asymptotics fails for such models and that the
asymptotic distributions of the usual estimators have the same structure as their
exact distributions under normalityi.e., mixed-normal. These results lead
Staiger and Stock to stress the importance of reporting the test statistic for iden-
tification, but they do not indicate how the value of that statistic should modify
inferenceif at all. Hall, Rudenbuschand Wilcox (1996 also stress the impor-
tance of such an identification test statistMore recently Stock and Yogo
(2001, in a paper discussing the meaning and measurement of the weak instru-
ment conceptarrive at precisely the same statistic as we do but again only as a
test for weak instruments
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A related recent development is based on the observation that inference on
structural parameters is essentially a generalization of the Fieller—Creasy prob-
lem (see Wallacgl980. Scheffé(1970 defines a confidence set asproperif
it has positive probability of being the entire parameter spatéhe Fieller—
Creasy problemthis probability corresponds to the probability that the identi-
fiability test statistic is smallGeneralizing Koscha¢1987 and Gleser and
Hwang(1987), Dufour (1997 has shown that in a potentially unidentified struc-
tural model valid confidence sets must be improper in Scheffé’'s sense and ar-
gues in favor of Anderson-Rubin-tygénderson and Rubirl949 confidence
sets(a generalization of the Fieller—Creasy solujiazivot, Startz and Nelson
(1998 provide a further analysis of this problem for the structural moalghin
emphasizing the role of an identifiability test statistoth Hall et al (1996
and Zivot et al (1998 find that although the identification test statistic is cru-
cial, using it to “pretest” for identifiability cannot be recommendéidis im-
portant to note thain all of this work “potentially unidentified” really means
that although the model may be formally identifigtlis impossible to rule out
a priori models that are arbitrarily close to being unidentified

In this paper we argue that the correct way to take account of the possibility
that such a model may be formally unidentifjed arbitrarily close to being so
is to explicitly take account of the sample evidence on the identification of the
model by conditioning on an identifiability test statistior statistics. In par-
ticular, we argue that the reported precision of parameter estimates should be
that in the conditional distribution of the estimator given the observed value of
an identifiability test statistic andot the unconditional precisiomhe analysis
is exact rather than asymptotic and supplements the work of Staiger and Stock
(1997 by suggesting exactly how the identifiability test statistic should affect
inference procedures for these modeIsucially, in our analysis inferential
procedures depend continuously on the identifiability test statisttber than
discontinuously as is the case in the “pretesting” approach mentioned previously

The paper is organized as followShe crux of the paper is the argument
that in inference problems of this typeonditional measures of estimator pre-
cision are more relevant than unconditional measuFes expositional pur-
poses we use the Fieller—Creasy problem as a model for this argument and only
later (in Section 3 apply it to the more complex problem of structural estima-
tion. The essence of the argument is that both of these inference problems can
be embedded in models for which no inference problem arises and that the key
to the difficulty lies in the properties of the mapping defining the interest pa-
rametefs) in terms of the parameters of the embedding mo@leé main argu-
ment is presented in Section 2

In Section 3 we introduce the structural model and generalize the key parts
of the argument from Section 2 to this more complicated .clas8ection 4 we
present exact conditional results for the OLS and TSLS estimators of the coef-
ficients of the endogenous variablesd we give new measures of the preci-
sion of these estimators that properly reflect the possibility that the model may
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not be identified Among our conclusions in this section is the fact that the
conditional density of the OLS estimator is quite insensitive to the identifiabil-
ity statistic whereas that of the TSLS estimator is sensitive tditus OLS
can conditionally dominate TSL®r vice versadepending on the data actually
obtained Clearly, this conclusionand its implications for applied worls quite
at odds with received opinion on inference procedures for the structural model
Finally, in Section 5 we discuss Fieller’s solution to the inference problem for
a ratio of normal means and discuss its analogue in the structural model
Anderson—Rubin confidence sgets the light of what has come befarklere
we argue that in each case the statistic used to construct the confidence set is
contrary to popular beliehonpivotal

All of our results for the structural model are derived under classical assump-
tions of normal errors and no lagged endogenous variabiethis restricted
context they are exacbut they can also be thought 6fvith suitable defini-
tions of the key parameters involveds paradigms for the asymptotic results
that would apply for much more general modé&dse e.g., Phillips, 1989 Choi
and Phillips 1992 Staiger and StogkL997). Also, much of our argument evi-
dently has applications in the context of error-correction time series models
where rank conditions play a crucial role for both estimation and teshing
this extension of the argument is not developed in the present.paper

2. THE ARGUMENT FOR CONDITIONING
2.1. Conditioning: Postdata Precision

Reporting the results of an inference proceduvbhether it be inference about
the values of unknown parameters or a decision about whether certain propo-
sitions of interest about the model under study seem correct or, faidails
two inter-related componenteeporting the results of the procedure as applied
to the data at hand and reporting some measure of the likely precision that can
be attributed to those resultSor a Bayesianthese two objectives are mit
least in principle by reporting the posterior distribution or some of its key fea-
tures For the frequentist precision is usually indicated by reporting a confi-
dence set for the parame(srof interesf together with its confidence levabr
by reporting the variance or mean-square error of the estimator choisap-
proximations to them

For the Bayesianof course inference is conditioned on the full sampto
that estimator “precisiah by construction depends fundamentally on the data
actually observedn contrast standard frequentist measures of the precision of
an inference haveuntil recently relied entirely on predata assessments of the
procedure usedobtained by averagingsome relevant property of the proce-
dure over the entire sample spadBut, as Lindsay and L1997 remark
“After the data is observedowever the actual ‘postexperimental’ error asso-
ciated with that particular sample becomes more releVdius, for an esti-
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mation problem*“the average error is an attribute of an estimator, whereas

the postexperimental error is an attribute of an estithdteor a recent discus-
sion see also Goutis and CasellE995) The suggestion implicit here is that
certain features of the sample actually obtained may be pertinent to the as-
sessment of the precision of the estimate but of course are immaterial to the
predata(average properties of the estimatotn what follows we adopt an
entirely frequentist approach but will argue thimr inference problems of the
type consideredthe relevant measures of estimator precision are conditional
measures

Any attempt to assess the likely precision of an estimate—thao iassess
the likely precision of the procedure in the sample actually available—clearly
must involve some sort of averaging process, lgually must hold certain
aspects of the sample actually used fixedother words whatever precision
measure is usedt must if it is to measure a property of the estimdtather
than the estimatgrbe conditional on certain aspects of the sample remaining
fixed at their observed value¥hus any postdata measure of the precision of
an estimate must be condition@he problemboth in practice and from a phil-
osophical point of viewis precisely what to condition oif hat is how can one
identify events that are pertinent to the precision achieved by an inference
procedure?

The only situations in which there seems to be widespread agreement among
(frequentist statisticians—both that conditioning is sensible and upon what to
condition—are those in which there is an exact ancillary statisficCox, 1958
Efron and Hinkley 1978 Barndorff-Nielsen 1980. This agreement is almost
certainly attributable to the fact thainder suitable assumptiarisis straight-
forward to show that the Fisher information based on the conditional distribu-
tion of (say the maximum likelihood estimator given the ancillary is identical
to that of the full sufficient statistiovhereas the marginal density of the esti-
mator must yield smaller Fisher informationhat is conditioning on the an-
cillary recovers information that would otherwise be Idsten here the problem
is difficult (see the collected papers by Basu edited by GhosH 988, and
outside this fairly narrow class of problems study of the problem has barely
begun Notice though that the argument for conditioning rests not on the an-
cillarity of the conditioning statistic per se but rather on a concern—similar to
that expressed by Lindsay and Li—to obtain a more relevant measure of the
inferential precision actually achieved in the sam(gkee also Barndorff-Nielsen’s
comments on the paper by Efron and Hinkl&978 and the discussion in Cox
and Hinkley 1974 Ch. 2). For related work explicitly concerned with confi-
dence sets and hypothesis testing see Kigfév7), Hwang and Browr(1991),
and Hwang Casella Robert Wells, and Farrell(1992.

We do not intend to enter into the wider debate on these issuesHtene
ever we shall advocatdor a particular class of problems to be described shortly
conditional measures of precision—and for precisely the reason that applies in
the wider problemto obtain a more relevant measure of the precision achieved
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in the sample actually availabl&s noted previouslythe problem is to identify
aspects of the data that are pertinent to the precision of the estiarateve
shall argue thatin the types of models we are consideritige structure of the
problem clearly identifies which events affect precisigve begin by discuss-

ing the simplest possible example of the type of problem we shall be con-
cerned with—the Fieller—Creasy problem

2.2. The Fieller-Creasy Problem

The Fieller—Creasy problem is a celebratafdparently straightforwardnfer-
ence problem that produces “paradoxical’ assessments of precrmomely
improper confidence setor a historical survey of the problemsee Wallace
1980. The problem contains virtually all the essential features of the structural
model that is our main concern and is also closely related to the linear cali-
bration (inverse regressionproblem (Hoadley 1970 Dobrigal Frasey and
Gebotys 1987 Gleser and Hwangdl987), errors-in-variables regressiogsome
principal component inference problenasd inference on ratios of regression
parameters

Assume that the X 1 vectorsx;(i = 1,...,T) are independent( u, o2l5)
and that we are interested in either the ratio of means w,/w, or in the
direction of the vectou, parameterized by the anglé, when u is expressed
in polar coordinates in the usual walhe vector of sample meang and

T
s? = 2[(X1i = %)% + (Xg — %Xp)?]

iz
are jointly sufficient for(u,o?), X ~ N(u, (0?/T)l,), X is independent 0§?,
ands¥o? ~ x2(2(T — 1)). The maximum likelihood estimator fap is ¢ =
%1/%», but the(unconditional variance ofys does not existFieller (1954 and
Creasy(1954) consider the problem of constructing a confidence interval for
¢, and the standard “Fieller solution” is based on the observation wWizn
2 # 0,

T(%y = YR 7[G2(1+ ¢?)] ~ F(L2(T - 1)), 1)

whereg? = s/2(T — 1). However this solution entails the “paradox” that the
confidence interval it produces is

(a) the entire real line if|x|?2 = (X2 + X2) < ¢ = ¢°F,(L2(T — 1))/T, where
F.(v1,v) is such that PiF (v, v,) < F(v1,v2)} =1 — «,

(b) the interior of a finite interval iikZ > ¢, and

(c) the exterior of a finite interval if X||> > c andx? < c.

Thus it is entirely possible forsay the 90% confidence interval fa¥ to con-
sist of the whole real lineand the(unconditional expected length of the inter-
val is infinite.
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Sheffé(1970, JamesWilkinson, and Venable$1974), Dobrigal et al (1987),
and Koschat1987) all treat the problem in terms of the interest parameier
rather thany. Essentially the same paradox arises althguaghwe shall see
there is a subtle difference between the two versions of the problem
Koschat(1987), for this problem and Gleser and Hwand.987), for a wider
class of closely related problemsave shown that problems of this type have
the property that every confidence set with nonzero confidence coefficient must
have positive probability of being the entire parameter space and hence must
be improper in the sense of Schefi®70. Hence the difficulty is not peculiar
to the Fieller solutionDufour (1997) has extended these results to the struc-
tural model and other models of interest in econometrics

2.3. Interest Parameters and Critical Sets

Now, notice that in the preceding Fieller problethere is certainly no diffi-
culty in obtaining an always-bounded confidence set for the underlying param-
eter vectoru. The region(sphere defined by the acceptance region for a
likelihood ratio test

F=T(&-w) (X—w)/26% <F,(2,2(T-1)), (2)

is the most obvious candidat&part from being(equivalent to the likelihood
ratio statisti¢ F is the (uniqueé maximal invariant under the group of trans-
formationsG = {(a,H),a > 0,H(2 X 2) orthogona) acting on the variates

(X — u,s%) by
(X = w),s?) > (aH(X — w),a?s?).

Thus confidence regions fon based orF characterize the entire class of in-
variant regions

The important point about the regiof®) is thatthe Fieller problem is nat-
urally embedded in a model for which no paradox arjdescause the region
(2) is bounded with probability onf hat is the “Fieller paradox” derives from
the properties of the mapping

[underlying parametells— [interest parametdr

and not from any intrinsic property of the embedding mo@éd shall see shortly
that this observation also applies to the structural mdokei before doing so
we elaborate on its implications for the Fieller problem itseffiere the situa-
tion is simpler

If v =y(w) is an everywhere continuous one-to-one functionupthe im-
age of any closed bounded setwivalues is a closed bounded setyefralues
so that the(prope) confidence set2) for w naturally induces a proper confi-
dence set fory (with the same confidence leyeln this sensginferential re-
sults for u are sufficient for inference about any everywhere continuous and
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one to one function ofx, and it seems reasonable to assert,tlmthese cir-
cumstanceghere is no essential difference between the inference problem for
and that for{any such functiopy. Of courseg actual measures of precisidike
estimator variancesor Fisher informationchange under reparameterization
but, although seldom stated explicitlgstimator loss functions would usually
embody exactly this invariance under smooth reparameterizagoris a more
formal decision-theoretic treatment of the estimation problem this property would
emerge naturally

On the other handthe key characteristic ofboth versions of the Fieller
problem is that the mapping from the underlying parametdo the interest
parameter) (or ¢) is not everywhere continuous and one-to-dnethe case of
the interest parameter, the mappingu — (i, u») (from R? to R?) is contin-
uous and one-to-one everywhere except alonguith@xis whereys can take
any value In the case of the interest parametrthe mappingu — (¢, p)
(wherep = || u|) is continuous and one-to-one everywhere except at the origin
(n = 0), whereg¢ can take any valueDufour (1997 calls such subsets of the
parameter spaageonidentification subsetdut we shall refer to them asitical
sets Notice that the critical set depends on the definition of the interest param-
eter(s) in terms of the parameters of the embedding model

The Fieller solution(1) is easily obtained froni2). The lineu, — u, =0
intersects the spheflk — u|? < f just if (X, — ¥%)%/(1 + ?) < f. The in-
duced(Fieller) confidence set fois is thus the set for which this line intersects
the sphergand is a finite interval if the sphere does not crossgheaxis (i.e.,
%2 > f), is the exterior of a finite interval if the sphere crosses gheaxis but
does not include the origjr(i.e., X2 < f but |x||> > f), and is the entire real
line if the sphere contains the origiine., |X||?> < f). It is cleat too, that for
either version of the Fieller problenthe region(2) must intersect the critical
set for some values @k, s?) unless it has confidence level zefithat is every
confidence set foir (or ¢) induced by(2) must be improper unless it has con-
fidence level zero

We now generalize these observations on the Fieller problem to an arbitrary
model in which the interest parameter can take any value on a subset of the full
parameter space for the embedding model

Postdata precision. Generalizing the Fieller problertet p(x;#) denote the
model density for either the sample data or the minimal sufficient statigitic
6 € M C Rk In general an interest parameter can be defined as some func-
tional defined on the family of densitid® = {p(x;6);0 € M} (see Pfanzagl
1998, and the critical setif, for the given interest parametéhere is ongis
then the subset dP on which this functional fails to be continuauBor the
problems we are concerned with here it suffices to consider reparameteriza-
tions® — y = (y1,v,) € I' C R¥ with the property that the interest parameter
v, can take any value on some sub&ebf M. We call C the critical subset
of M (for the interest parameter,). Note that membership d is an attribute
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of 6, not of y,. Let § denote the maximum likelihood estimat@viLE) for 6
and let

LR.(x) = {0;p(x;0)/p(x;0) >¢c}, 0<c<1 ®3)

denote the confidence set fébased on the acceptance region for a likelihood
ratio test(of the simple hypothesibly: & = 6). The confidence level is deter-
mined by the choice of, with smaller values o€ corresponding to larger con-
fidence levels

In practice the interest parameter may be defined in terms of some subset of
the full parameter vectof. If so, LR.(x) must be modified by replacing the
numerator by its maximum value over parameters not involved in the defini-
tion of v, and replacing the denominator by its maximum over the values of all
parametersFor expository purposes we work with the simplest ca§e as-
sume that the region8®) are bounded with probability on®bviously the ac-
ceptance region based on any testing principle could be used in pla& of
with obvious modifications to the argument that follows

For fixed datax, and a fixed critical seC, two extreme cases df3) can
occur

(a) LR.(x) intersectsC for all, or all but very largevalues ofc. That is LR.(X) is
“close to” C for all but very large values df. In this case the induced confidence
region fory,; will be unbounded for all but very small confidence levelad it
seems reasonable to conclude theith the particular datx, y, is determined
with “low precision”;

(b) LR:(x) andC may be disjoint for all but very small values of(of course they
cannot be disjoint for alt if Cis nonempty. That is LR:(x) is “remote from”C
for all but very large confidence levelm this case it seems reasonable to con-
clude that with these particular dat, vy, is determined with “high precisioh

If we take as given the standaftftequentist position that confidence sets
are an adequatd somewhat philosophically problematiepresentation of the
precision of an inferencéhese remarks suggest that the locatio. BE(X) in
relation to the critical se€ has for problems of this typea direct bearing on
the precision with whichy, can be learned from the data availabiléoreover
they suggest an intuitively reasonable measure of how accuratetgn be
determined with the data availableamely

K('yl;x):]._CO, O<K<1, (4)

wherec, is the smallest value afin (3) for which LR.(x) does not intersect.

For, if ¢y is near one only very “small” regions.e., low confidence levelsfor

0 would be compatible with a nontrivial region far, (with the given data
and this indicates low precision in the ability of the data to inform abqut
whereasc, near zero would mean that very large likelihood ratio confidence
regions(with high confidence leve)swould be (with these datacompatible
with a nontrivial interval fory,.
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Remarks

1. If Cis empty so that the mapping — vy is everywhere continuous and one-to-
ong ¢y = 0, becausd.R.(x) can be made as large as we like without intersecting
C. Thus in this casex = 1 for anyx, and the precision with which any every-
where one to one function @f can be located is identical to that with whiéh
itself can be locatedas is natural

2. If, with the data availabldLR.(x) intersectsC for all ¢, ¢ = 1, andk = 0, indi-
cating that with these datathere is no prospect of locating.

3. The confidence set fat based on the likelihood ratio i8) has the advantage that
different choices for the mapping) — vy that leave the interest parameterin-
variant will leavex invariant

4. « is evidently a monotonic increasing function of the maximum confidence level
(for likelihood ratio based confidence sets #rthat (with the given datais com-
patible with a nontrivial confidence set for the interest parameteiThis maxi-
mum confidence leve{mcl) could itself be used as an index of precisi@ee
Table 1.

5. The precision for inference about the interest parametgrhas been defined so
as to depend on the entire vecthrbecause membership of the critical eis an
attribute of6, not y;. In this respecik reflects information in the data about both
“nuisance parameters” and the “interest paranieidris, it seems to usis natural
when the true source of the inference problem has been recognized

6. Becauseunder regularity conditionshe power of the likelihood ratio test goes to
unity asT — oo, it is clear from(4) that providedd & C, k — 1 in probability as
T — oo. That is the precision with whichy; can be located willif § & C, ap-
proach one as the sample size increadast as importanthe converse is also
easily seen to be truéf 6 € C, the precision indexx, goes to zero in probability
asT — oo.

TABLE 1. Precision indices and maximum confidence levels

T=10
A 6 5 4 3 2 1 (05) 0.2
K 0.944 0914 0865 Q786 Q0651 Q417 Q0240 Q104

mcl 0.925 0890 0835 Q750 0612 Q0385 0220 Q094

Note: 5% critical value for LRC) (wy): 4.41

T=20
A 8 6 4 2 1 05 0.2
K 0.978 Q947 0865 0641 Q405 0230 Q099

mcl 0.973 Q938 0851 0623 0389 0220 Q095

Note: 5% critical value for LRC) (w;): 4.10
mcl denotes maximum confidence level
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In both versions of the Fieller problerthe second component of the trans-
formationu — vy (in the first casgu,, in the secongdp) is constanizerg on
the critical setC. In the general cas¢he transformatiod — y = (y4,7») can
usually be chosen so that vanishes orC. The implication of this remartk
then is that the “noninterest” parametes is, far from being a “nuisance pa-
rametey’ actually the key to the precision with whicp, can be determinedt
would be quite misleading to report precision measureg/fahat did not de-
pend ony,, or on the sample evidence on the valueyefIn fact—as we shall
see shortly—this evidence is encapsulated in the precision jjmdex

Now, as initially defined x measures how remoter otherwisg likelihood
ratio based confidence regions #hare from the critical se€. It is easy to see
however that k is completely determined by the likelihood ratio test statistic
for testing the hypothesisly: # € C against an unrestricted alternativeor,
denoting this test statistic lyR(C), we have

[ p(x;6)
p(x;0)
Hence the postdata index of precision fer, as measured by(y;;Xx), will be

large just if the likelihood ratio test statistic for testifig= C is small(suggest-
ing rejection and vice versa

k=1—sup
oeC

]:1— LR(C). (5)

Examples.

For the two versions of the Fieller—Creasy problem we have the following
results

1. Interest parametep: In this case the critical s&@ = {u: u» = 0}, and the region
F < F,in (2) intersectsC unlessF, = w;/2 = Tx2/24 2. For inference about the
ratio of meansy,

%, 52 —17<1+ i >7T
K(lljrx’s ) - 2(_'_71) .

Here w; is the usual test statistic for testimty: u> = 0, or u € C.

(2) Interest parametep: Here C = {0}, and the regior- < F, in (2) intersectsC
unlessF, = w, = T|X|%/242. For inference about the directioe, of u,

g e2) — 1 _ we \7T
k(p;x,8%) =1 <1+T—1>'

Here w;, is the usual test statistic for testity: . = 0, or u € C.

Note that as one would expegin both case& depends on the sample side
Clearly,  differs in these two versions of the Fieller problem precisely because
the interest parameteaind hence the critical s€, differs. Some values of the
precision index« for the Fieller problem with interest parameteare given in
Table 1 For exampleif the observed value ofr, is 1, andT = 20, k = 0.405
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and the maximum confidence levighcl) for which the confidence regio(®)
just intersects theu,-axis is 0389, Both numbers indicate that would be
poorly determined with such data

The preceding argument establishes tf@atany problem of the type we are
interested inthe likelihood ratio test statistic for testifge C, LR(C), is di-
rectly relevant to the precision with whichvith the given datathe interest
parametery; can be locatedfrom a frequentist point of viewvarious other
treatments of the problem can be interpreted as also leading to this conclusion
(at least in the Fieller—Creasy and closely related problefnst for the Fieller—
Creasy problem(and hence the inverse linear regresgicalibration prob-
lems, Hoadley(1970 has shown thalt R(C) emerges naturally as an index of
precision when the problem is viewed from a Bayesian perspedtiveartic-
ular, under Hoadley’s assumptigrthie posterior density is more sharply peaked
when the observed value bR(C) is large Secondusing a fiducial argument
Dobrigal et al (1987 suggest confidence setfor the angle ¢, in the polar
coordinate version of the Fieller problémonditioned on the value dfR(C).
The length of the interval suggested decreases WRIC), but the interval is
always boundedrinally, it is not difficult to show thatfor the Fieller problem
in either form the shape of the likelihood function near its maximum depends
heavily onLR(C), so that adherents to the strict likelihood princigilecluding
Edwards 1972 would useLR(C) to indicate how accurately the MLE is de-
termined Thus whatever one’s statistical persuasipfts problems of this type
the observed value of the likelihood ratio test statistic for testiggd € C is
directly relevant to the precision with which the data are revealing about the
interest parametey,.

To summarizewe have argued thdn) inference problemdike the Fieller
problem and the structural equation modean usually be embedded in a model
for which no paradox arisegb) the problem arises because the reparameter-
ization involved in the definition of the interest parameter entails a critical set
in the embedding parameter space on which the interest parameter can take
more than one valyéc) the likelihood ratio test statistic for testing whethier
the embedding modehnd with the data actually availablihe parameter lies
in the critical setis a natural measure of the ability of the sample to inform
about the interest parametéd) far from being a “nuisancéthe sample evi-
dence on the noninterest parameter component of the reparameterized model is
directly relevant to the precision with which the interest parameter itself can be
located

Our conclusion is that the observed likelihood ratio test statistic for testing
membership of the critical set is directly relevant to the precision with which
the interest parameter can be estimated with the data actually available and that
it therefore makes no sense to average over values of that statistic that have not
occurred That is we conclude that any sensible assessment of the properties
of estimates of the interest paramégmust be made conditional on the ob-
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served value of such a test statistor other relevant indicators of critical set
membership In particular estimator precision should be measured by the con-
ditional variance or mean-square erf®iSE), not the unconditional variance
or MSE

It should be remarked at this point thbecause the preceding argument could
be based on the confidence set produced by severa) tastargument does
not, by itself, identify a unique conditioning statistic or a unique conditional
measure of precisiofMhe likelihood ratio statistic seems to us the most natural
choice and haf course a number of well-known advantagesevertheless
in both the Fieller—Creasy problem and the structural model other possibilities
may be worth investigating in future wark

It would be natural at this point to report the conditional density and vari-
ance(or MSE) of the MLE for ¢ in the Fieller—Creasy problenconditional on
w;. However these turn out to be a special case of the results that follow for
the structural equation modelo we defer discussing them for the momesgte
Remark 6 following Theorem 2 in Section.4

3. THE STRUCTURAL EQUATION MODEL
We consider a single structural equation written without explicit normalization
YBa =21y T U, (6)

whereY = (y3,Y,) is aT X (n + 1) matrix of endogenous variableg; is

a T X k; matrix of exogenous variablesind 8, and y arg respectively
(n+1) X 1 andk,; X 1 vectors of parameter$he reduced form corresponding
to (6) is

Y=2Z,0+2Z,I0+V, 7)

whereZ, is aT X k, matrix of exogenous variables not included in the struc-
tural equation andb and Il are matrices of parameters of dimensionXx

(n +1), k, X (n + 1), respectivelyWe assume throughout thkf = n. The

rows of V are assumed to be independent normal vectors with mean zero and
common(n + 1) X (n + 1) covariance matrix

!
wi; W3
0= ,
wo1 Q)

wherew1, w,1, and,, are respectively(1 X 1), (n X 1), and(n X n) matri-
ces of parameter3he reduced fornt7), with the preceding assumptigreon-
stitutes the embedding model for this problem

Compatibility of the structural equatiof6) and reduced forn{7) requires
the existence of some, # 0, such that

HBA = 0’ (8)
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®BA = vy, VBA = u. Note that(8) implies ranKIT) < n. If rank(IT) = n, equa-
tion (8) uniquely determines the direction g1, (i.e., B is restricted to lie in a
one-dimensional spagdf rank(II) < n, 8, can be written as a linear combi-
nation of then + 1 — rank(II) basis vectors spanning the space orthogonal to
the space spanned by the rowsldf Thus in this caseB, lies in a space of
dimension greater than on®ur assumptions about rafik) will be discussed
shortly

The structural equation is usually normalized by setfing= (1,—B})’, and
IT = (74,11,), so that(8) becomes

T — HzBo = O (9)
and the structural equatig®) has the form
V1= YoB0+ Zyy +u (10)

The interest parameté, is uniquely determined if and only if rafk,) = n,
so the mappingll — B, fails to be continuous on the critical s& =
{TI,: rank(TT,) < n}. Equation(10) is identifiedif rank(TI,) = n, and istotally
unidentifiedif II, = 0. In all other cases we havepartially identified struc-
tural equationwhere some of the parameters are identified after a rotation of
coordinates in the space of the endogenous varidBleilips, 1989. It is well
known (Phillips, 1983 Hillier, 1985 that when the structural equation is to-
tally unidentified the densities of the OL$SLS and LIML estimators o3,
(and B »; cf. Hillier, 1990 are free of any of the parameters (ih0) and the
“estimators” are therefore uninformative about thévioreover in this case
the densities of the TSLS and the LIML estimators do not depend on the sam-
ple size so that conventional asymptotics for these estimators breaks.down

In the remainder of the paper we will consider the classical normalization
given in equatior(10). This is the analogue of the Fieller problem with interest
parametekys. However we emphasize that an exactly analogous argument ap-
plies for the alternative normalizatigs, 8, = 1 that corresponds to the inter-
est parametes in the Fieller problembecause it leaves only the direction of
B unknown. Note though that just as in the Fieller problgrthe critical set
C, would be different for this caseand hence so would the conditioning
statistiq’s).

It will be assumed throughout that the structural equatibd) is formally
identified but that points ifdl,-space arbitrarily close to the critical s€t=
{IL,: rank(Il,) < n} cannot be ruled out a prioks shown by Gleser and Hwang
(1987 and Dufour(1997), the model can be totally uninformative about the
interest parameter if there exists a sequence of poink,;iepace converging
to some point in the critical seExactly as for the Fieller—Creasy problem dis-
cussed in the previous sectiche sample evidence on the distancdlgffrom
the critical set reflects how wellor how poorly B, can be located with the
data actually availableAnd, as argued abovyehis suggests that the relevant
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post-data properties of estimates &f (including measures of precisipare
those conditional on that evidence

We consider the OLS and the TSLS estimatorggin (10), which can both
be written in the form

b= (Y;QY,) 'Y;Qy,

with, in the OLS caseQ = Q,,, whereQa = | — A(A’'A)"*A’ for any matrixA
of full column rank and in the case of TSLSQ = Q,, — Qz, whereZ =
(Z41,Z,). Because the reduced for(id) is simply a multivariate linear model
joint minimal sufficient statistics forb, II, and Q in (7) are (see Muirhead
1982 Sect 10.1)

® = (2421)7*Z1Y,
1= (leQzlzz)_lZ/zQzlY: (7r1,11,),
S=Y'Q,Y,

and these remain minimal sufficient for afynknown IT with rank(IT) > 0.
These statistics are independent of each oted

d ~ N(® +(252,) ' Z1Z,11,(212) " ® ),
ﬁ -~ N(Ha (Z,2Q2122)71 ® 9)7
S~ Wn+l(v - k2, Q),

wherev = T — k; (here and later we use the notational abbreviations for
the matrix-variate normal and Wishart densities adopted by Muith£@82
Ch. 3).

PartitioningIl = (#,11,), and S comformably withQ,

S— Si1 S ’
1 S

inference aboull, can be based on the matrix pivot
Fn2 = ngl/z(ﬂz —11,)'Z, Qzl Zz(ﬂz - Hz)Szl/z» (11)

which has the matrix-variate-distribution with density proportional to

|Fy, |t 0721 4y, | Lok

(for an exactly analogous cassee the proof of Theorem. B8 in Muirhead
1982.

The likelihood ratio test statistic for a specific value d§ (based on the
reduced form foiY, alone is easily seen to be a monotonic decreasing function

https://doi.org/10.1017/50266466603195011 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466603195011

722 GIOVANNI FORCHINI AND GRANT HILLER

of |1, + Fy, |, so that a confidence region fok, can be constructed by finding
the set ofk, X n matricesll, for which

[Ih+ F,| <c. (12)

This is the analogue dR) for the Fieller problemThe confidence region for
I1, based on(12),

LRC(ﬁZ’SZZ) = {HZ: “n + FH2| < C}7

intersects the critical se€ = {II,: rank(Il,) < n} only if c is larger than
infyeclln + F,l. Letfy = f, = ... =f, be the ordered eigenvalues of

Fo= 52_21/2 IATz Z; Qzl Z, IAIz $21/2_ (13)

It is straightforward to check that the regioh?) intersects the critical se®
just if f; < c and hence that the analogueroin (5) is, for the interest param-
eterpo,

k(BoTlp, Spp) = 1— (1+ )"/, (14)

The quantity(1 + f;)~(™? is the likelihood ratio statistic for testing the null
hypothesis that rarlkl,) = n — 1 (i.e,, II, € C) against rankil,) = n.

The argument in Section 2 thus suggests that infereng® should be made
conditional on the observed value fef In particular the precision reported for
an estimate 0B, should be that in the conditional density of the estimator given
the observed value df. Whenn = 1 it is reasonably straightforward to imple-
ment this conditioningsee Section 4However whenn > 1 it is both more
difficult to condition onf; alone and less obvious that this is the only plausible
statistic upon which one might wish to conditiodnlike in the Fieller prob-
lem, there is no unique maximal invariant statisénd the likelihood ratio sta-
tistic is only one of a number of plausible candidat& believe thatfor the
casen > 1, a case can be made for conditioning onredligenvalues oF,. The
argument is as follows

The problem of testingHg:rank(Il,) = n — 1 (II, € C) against
H,:rank(II,) = n can be reduced by sufficiency and the fact that the interest
parameter does not involve, to procedures based diil,, S,,), wherell, =
(Z’ZQzlzz)l/zﬂz. But, for such procedureghe problem is invariantin the
sense discussed in Muirhea®82 Ch. 6) under the group of transformations
G={(W,E):We 0(ky), E € GI(n)} (whereO(n) denotes the group af X n
orthogonal matrices an@l(n) the general linear group af X n nonsingular
matrices, with group operationW,, E;)(W,, E;) = (W;W,, E; E,) and acting
on the space of statisti¢$l,, S,,) by (W, E)(I1,, S,) = (WIILE',ES,,E’). The
induced group of transformations on the parameter space is given by
(W, E)(II,, Q) = (WILLE', EQ,E’), wherell, = (Z,Q,, Z,)¥?11,. Clearly,
transformations belonging 1@ preserve both the rank @f, and the joint dis-
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tributional properties ofil,, S,,). Under the groups, a maximal invariant is
(f,...,Tn), wheref, = ... = f, are the eigenvalues &, in (13). Moreover
the distribution of (f,,...,f,) depends only on the eigenvalues af =
053?11, 11,0552, the maximal invariant under the induced group of transfor-
mations on the parameter spadéduirhead 1982 Theorem 61.12).

Because every invariant test depends only on the maximal invaaadtthe
likelihood ratio test is just one member of this clagseems preferable in the
casen > 1 to condition on the full maximal invariant rather than on any par-
ticular scalar function of f,..., f,). Thus in the casen > 1, we shall condi-
tion on alln roots(fy,...., f,) of Fo. In Appendix A we derive the conditional
densities of the OLS and TSLS estimators #grin (10), conditional on the full
maximal invariant fi,..., f,). Because the exact results for the general case of
n + 1 endogenous variables are difficult to interpriet the next section we
analyze in detail the results for the case 1, for which the identification test
statistic is simplyf;.

4. CONDITIONAL RESULTS FOR THE CASE n=1
4.1. Conditional Densities and Moments

In this section we analyze the consequences of conditioninfg fam the OLS
and TSLS estimators @, in (10), assumingn = 1. Note thafwhenn =1, f; =
11,2,Q,, Z,11,/S,, is a scalarand we shall denote this simply tiyldeally we
would want to obtain the analogous results for the LIML estimator, disid
these have so far proved intractable simplify the notationbut without loss

of generality we employ the standardizing transformations described in
Phillips (1983. For either estimatom, for By, define the transformed statistic

r=(Q%b— 0532w, /w (15)
and the transformed parameter

B = (0%’ Bo — 023"%w,1)/ 0, (16)
where

w? = Wy — 0055 0y (7)

Note thafin the casen = 1, the squared correlation betwe¥nandu in (10) is
p? =B%(1+ p?) and thar — B = Q3*(b — By)/w.

The exact conditional densities of, s andryg.s given f, are reported in
Theorem 1 These results are derived in Appendix where we also give re-
sults for the general caga > 1). The conditional meansariancesand MSEs
are given in Theorem,2and the proofs of these results are given in Appen-
dix B. In the statements of these results; denotes(a); = a(a + 1)...(a +
j —1) and,F4(.) denotes the generalized hypergeometric functsee Muir-
head 1982 p. 20).
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THEOREM 1 (Conditional Densities Given the model specified in Sec-
tion 3 with n= 1, and the standardization described previously, the conditional
densities of the@OLS and TSLS estimators, given f, are

1v
pdfoLs(r|f) = [B(E,Eﬂ

1
(1 +r 2)—[(u+l)/2]

i ' Af(A+pr)2 |
Xizogl’“’ﬁ’”{(1+f><1+rZ)] (49
and
1 v\]2 fr2 \-lwt+/2]
pdfrs (r|f) = [B<E,E>} <1+ 1+f>
= Af(L+pr)? ]
X _E()QZj(A,B;f) 1+ An) (19)
£

(1+f)<1+ fr2> ’
1+1

where Ba,c) =T'(a)T'(c)/T(a+c),v=T— kg, A =11,Z,Q;,Z,11,/2Q;,, is

a scalag
v+1 1. ky AfB?
(T),— fl(“a“zz;‘ 1+f)
"\2) T\ 01t
and
+1 1 k
- > f1/21F1<j+§,j+52;_)\32>
]
O (A, B;F) = (21)

. k2 v k2 )\f)
=2 1+ H)¥2 F, (=, 2. —
J<2)i @+H" 1<2’2’1+f

In the totally unidentified caséx = 0), ro s and f are independent and

1 -1
pus(r11) = b = 8( 5.3 ) | ry e (22)

whereas for thel' SLS estimator

fr 2 )—[(u+l)/2]

dfysdr|f) = (3 3) Sl 1/2<
pdfrs (r(f) =|B > (f/(1+1)) 1+1+f

(23)
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THEOREM 2(Conditional Moments For nonnegative integers p and g, let

11l 5 2,2
and
£ ( 3_1 ) N >
o\ TRy T2
oH;(2) = s (25)
1F1 E,E,
In the following expressions,=z Af/(1 + f).
(i) The conditional means are
228
Eous(r|f) = (l+ f) Ersidrif) = K, — oHi(2), (26)
208
Eraudr|f) = e oH1(2); 27)
2

(i) the conditional variances are
2732 2 2
Varoyo(r| ) = <v—2>1[1Ho<z>+ e 1HI(Z)} - [—kzﬂ 0H1<z>] . (29
2 2

2AB2

2

Varrg rlf) = (f(v - 2)/(1+f))1[1Ho(Z) + 1HI(Z)}

- [2“3 oHiD) T (29)
o

(iii) the conditional MSEs are

2

[ 2
MSEos(r[f) = B2 + (v = 2) 7| 1Ho(2) + ki 1Hf(2)}
2

4 2
) (30)
2
: 222
MSEadr]1) = 82 (Ho= 2100 o)+ 2 i
4)p?
- 22 e @)
2
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Note that because of the standardizations uskdth the conditional and
unconditional variances and MSEs of the standardized estimators are simply
multiples of the corresponding quantities for the unstandardized estimattirs
constant of proportionalityQ,,/w?).

Remarks

1. When the structural equatiqiO) is totally unidentified the OLS estimator is in-
dependent of, but this is not the case for the TSLS estimatargeneral condi-
tioning affects the properties of both the OLS and the TSLS estimakbose
precisely conditioning makes the functional forms of the densities of the OLS and
TSLS estimators differerieven though their unconditional densities have the same
functional form) and thus has an impact on the choice between these estimators
(see the discussion that folloys

2. Equations(22) and (23) (for the totally unidentified cagerepresent the leading
terms in expansions for the densities of the OLS and TSLS estiméatspec-
tively) and are both proportional to a Studermtensity withv degrees of freedom
Thus in general(i.e., whetherA = 0 or nod, integer(conditiona) moments exist
up to orderv — 1. (In contrast for TSLS unconditionalinteger moments exist
only up to orderk, — 1.)

3. As in the case of the unconditional densitisse Phillips 1983, the conditional
densitiespdfo s(r|f) and pdfrs dr|f) are not symmetric aboud, except when
B=0o0rA=0.

4. From equatior(27) it is clear that| Eq s(r| f)| < |Ers ]| f)[, that is the condi-
tional mean of the OLS estimator is always closer to the origin than that of the
TSLS estimatarby a factor that depends dnWe shall see shortly thaas this
result suggestghe OLS estimator can certainly conditionally dominate the TSLS
estimator for small values of boih andf. MSE comparisons of the two estima-
tors are given in the next section

5. Asf goes to infinity for fixed parameter valueshe densities and the MSEs of the
OLS and TSLS estimators tend to the same funcfidms is evidence that if there
is a clear sign that the model is identifigtien the OLS and TSLS estimators are
equivalent in small sample¥his, again stresses the importance of using the iden-
tification test statistic to give a feeling for the robustness of the results to the choice
of the estimatar

6. For the Fieller—Creasy problem with interest parametehe MLE for ¢ corre-
sponds to the TSLS estimator f8p with k; = 0, k, = 1, n = 1, and the matrixZ,
aT X 1 vector of onesHowevey for the Fieller—Creasy proble is assumed to
be of the formo 2I,, which affects the degrees of freedom of the conditioning var-
iate in such a way as to replagdy 2T — 1, the standardizing transformatio(isb)
and(16) do not modifyys, andA becomesu2/20-2 With these modificationshe
conditional densityvariance and MSE for the MLE fory in the Fieller—Creasy
problem are given by23), (29), and (31), respectively Thus the results that fol-
low for the TSLS estimator also apply to the MLE faérin the Fieller problem

4.2. Numerical Properties

The conditional densities of thistandardizedOLS and TSLS estimators are
characterized by the three known quantities= T — ki, ky, f) and the two
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unknown parameters\, ). Figures 1 and 2 illustrate the effects of condition-
ing. Plots of the densities given in Theorem 1 have been draw fer0.35,
A= .5andT = 20, k; = 3, k, = 4 (this choice of values for the parameters is
based on the results by Andersdiorimung and Sawal1983. To avoid val-
ues off that are unlikely(with this value ofA), we choose four valuesf;, i =
1...,4),fy=0,f; =00, such that P{f; < f <f,,;} =02 fori =0,...,4. Note
that the standardizing transformations in equatidrs and(16) simply entail
a change of origin and rescaling of the varjdteth of which are determined
entirely byQ. Hence transforming back to the raw estimators does not change
the qualitative features of these densities

Figure 1 displays the marginal and conditional densities for the OLS estima-
tor. Clearly the properties of the OLS estimator are not significantly affected
by conditioning on the identification test statistand this property is robust to
a wide variety of choices for the underlying parametétigure 2 shows the
densities for the TSLS estimatdn this case the impact of conditioning is ap-
preciable It is clear that conditioning on the identification test statistic has an
imperceptible effect on the mean of the TSLS estimator but quite a dramatic
effect on its varianceAgain, this behavior is reasonably robust to the choice
of parametersalthough whem is large the mean does respond slightly more
to the value off. Neverthelessthe most important effect of whatever the

-0.6 -0.4 -0.2 0.2 0.4 0.6

Ficure 1. Marginal and conditional densitie©LS estimatarThe solid line indicates
the marginal densityThe dashed lines represent the conditional densitéh the fin-
est line corresponding to the density conditionalfoand the coarsest line to the den-
sity conditional onfj.
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™

-0.75 -0.5 -0.25 0.25 0.5 0.75 1

FiGure 2. Marginal and conditional densitie$SLS estimatarThe solid line indicates
the marginal densityThe dashed lines represent the conditional dengitéh the fin-
est line corresponding to the density conditionalfpand the coarsest line to the den-
sity conditional onf,.

parameter valuegemains its impact on the variance of the estimasor the
results add support to the interpretation of the identification test statistic as in-
dex of precision

To quantify the difference between the conditional and the unconditional vari-
ances we report in Tables 2 and 3 the ratio of the conditional to the uncondi-
tional variancesthat is Var(r|f)/Var(r), for both estimators and for various
values ofA andf. Specifically for f;, i = 0,...,10 such that Brf; < f < f,,} =
0.1,i=0,...,9 fy= 0, f,p = co. The other parameters have been set at the same
values as beforahat is T = 20, k; = 3, k, = 4. Table 2 shows that the differ-
ence between Varg(r|f) and Vap, s(r) is negligible On the other handrable 3
reinforces the impression gained from Figure 2 that for TSLS the difference
between Vays {r|f) and Vakrg {r) can be very largeespecially for small
values of the noncentrality paramet®otice that small observed values of
imply, as expectedlower conditional precision for the estimat@elative to
the unconditionalbut also that larger observed values ahply higher condi-
tional precisionlt is also clear that for small values 6the conditional preci-
sion of the TSLS estimator is poor but for larfé is quite good

The conditional variances and MSEs in Theorem 2 depehdourse on the
unknown parameters andB. Thus to report measures of precision these quan-
tities need to be replaced by suitable estimaassof course is virtually always
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TABLE 2. Ratio of conditional to unconditional varianc®LS

A =0.05 A=05 A=5 A=10 A=25
fa 1.004 1032 1115 1112 1080
fa 1.003 1023 1059 1057 1044
f3 1.003 1015 1024 1024 1020
fy 1.00 1008 Q997 Q998 1002
fs 1.00 1000 Q973 Q976 Q987
fs 0.999 Q993 Q951 Q956 Q974
f7 0.997 Q985 Q931 Q938 Q960
fg 0.997 Q975 Q910 Q918 Q946
fo 0.996 Q963 Q0885 0894 Q930

Note: Entries are the ratios Vgrs(r| f)/Varg s(r); Prif, <f <f,1} =01, T=20k; =3 k, =4, 8 = 0.35.

the casgewhether we are using conditional or unconditional measwesn-

deed whether such measures are exact or asympliotazidition to adjust for

the standardizatigran estimate of the scale fact@?/(,, is required There

are several possible approaches that could be used to estimate the conditional
variancesthe most natural of these being simply to replacand 8 by the
“obvious” estimators\ = f/2 andj = r.

When A is replaced byf/2 in the variance ratios Vgrs(r| f)/Varg s(r) and
Varrg | f)/Varrg dr) (which are independent of the scale fagttrese ra-
tios become functions g82 along andgB here can be interpreted as the value
of the estimator, rather than the unknown paramet&éhus one can easily
examine the effect of conditioning on tlestimatedas distinct from thectual
variances of the two estimatorfBhe results of doing so are in broad agreement
with the message conveyed in Tables 2 antb8the OLS estimatorthe ratio

TABLE 3. Ratio of conditional to unconditional variancéSLS

A =0.05 A=05 A=5 A=10 A=25
f1 1.821 1810 1533 1365 1185
fa 1.193 1196 1159 1131 1078
f3 0.919 Q915 Q974 1006 1013
fy 0.746 Q744 0854 Q919 0966
fs 0.623 Q625 Q765 Q851 Q927
fe 0.529 0531 0691 Q794 0893
f7 0.451 Q0455 0626 Q742 0861
fg 0.381 Q385 Q0567 0691 0828
fo 0.312 Q0316 Q0503 0634 Q790

Note: Entries are the ratios Vag (r|f)/Varrg {r); Pr{fi <f <f,,} =01, T=20k, =3, k, =4, 8=0.35.
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of estimated variances always remains close to unity for all valuésod g,
whereas for the TSLS estimator the ratio can be either much greater than one
(whenf is smal) or much less than on@vhenf is large. Thus the estimated
conditional variance reflectsnore adequately than the estimated unconditional
variance the precision of the TSLS estimator for the sample actually available
For the OLS estimator conditioning is less important

In the casen > 1 the thrust of our main argument—that conditional mea-
sures of precision are more appropriate in this model—obviously continues to
apply The distribution results for the case> 1 given in Appendix A(where
we give the conditional densities of the two estimatasggest that this will
continue to be important for the TSLS estimatblowevey the exact condi-
tional covariance matrices amMdSE matrices which we do not reportare ex-
tremely complicated multivariate analogues of those given in Theorem 2 for
the casen = 1, far too complicated to be useful in practicehus for the case
n > 1, the exact results do not lead to implementable formwasompromise
is clearly neededNe cannot resolve this problem in the present papkich is
already long but there are several possibilities that seem worthy of further
examination

(@) One possibility is to condition on a differgrgimpler statistic that is still infor-
mative about the identifiability of the moddbr example to condition on a suit-
ably scaled version dfl,, for instancefl, S,;/2 (note thatF, in equation(13)—
and hence its roots—depends only upon this matfike conditional distributions
of interest are then meg@uariance mixtures of normal densities that we have not
yet fully explored

(b) A second possibilitysuggested by a refereeould be to rely on first-order as-
ymptotic approximations to the conditional densitiegher than the exact results
we have concentrated oAgain, we have not fully explored this routéut our
first impression is that this may not in fact be much simpler than the exact analy-
sis because the joint asymptotic conditional distributions of the sufficient statis-
tics are still normal and the transformatigingtegrations required to obtain the
results we seek are still formidabl@®ne advantage of this approathough would
be that the results would have much broader applicability

(c) Finally—a more technically demanding possibility—we are investigating the pos-
sibility that the integrals in Appendix A thatvhen evaluated explicitlyead to
such complicated formulasnay lend themselves to evaluation by relatively
straightforward simulation methodsecause they are generally expressible as the
expectations of rather simple functions with respect to various matrix-variate ran-
dom variables having familiar distributions

We hope to be able to make some practical suggestions for thencaskin a
later paper

4.3. Estimator Comparisons

Once we have agreed that measures of estimator precision shothlid mode)
be conditionglthese conditional quantities become the proper basis for com-
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paring the properties of different estimatohs this section we briefly present
some results of this type for the OLBSLS estimatorsagain for the case
n=1

Because both estimators gnditionally and unconditionaljybiased it is
the conditional MSEsgivenf, that are of interestthat is equations(30) and
(31). Because these formulas are quite complicated it is difficult to compare
MSEs analyticallybut because the special functions involved are intrinsic to
both Mathematica and Maplé is a relatively trivial matter to study them nu-
merically Extensive study of the ratiMSE; s(r|f)/MSE Jr|f) (to elimi-
nate the scale factor arising from standardizgtigields the following general
conclusions

(i) Neither estimator conditionally dominates the other over all value 6fLS
being superior for very small valugESLS for all other values of The range of
values off over which OLS dominates depends @n ks, A), of course but is
never very largeThat is unless there is strong sample evidence that the model is
not identified TSLS must be preferredor moderate to large values bthe MSE
advantage of TSLS can be substanptil@pending orfv, ko, A). On the other hand
if fis very small OLS can be dramatically better than TSLS

(i) The range of values dfover which OLS dominates increasesfsdecreases
That is weak simultaneity together with data suggesting weak identification fa-
vors OLS as one would expect

It is safe to conclude from these results that TSLS should be the preferred
estimator except when the data suggests that the instruments are very weak

5. ON FIELLER AND ANDERSON-RUBIN CONFIDENCE SETS

A common alternative way to indicate inferential precision is to construct a
confidence set for the paramet®rof interest ideally using a pivotal statistic

so that the confidence level caim principle be known exactlyThe Fieller—
Creasy interval fory (based on the statistic 1)) and its analogue in the struc-
tural equation modethe Anderson—Rubin confidence set By (Anderson and
Rubin 1949 based on the statistic

(Y1 = Y280) [Qz1 = Qz1(y1 — Y2B80)/K,
(V1= Y2B0)'Qz(y1 — Yo Bo)/ (v — ky)

are the standard choices for the problems considered Aacdt both are de-
fended on the grounds that the statistic providing the intet@alregion is
pivotal (in the case 0f32), F(k,, v — ky)). Indeed Dufour (1997, p. 1378
asserts“the confidence seftbased on32)] is similar at level le irrespective
of the true value oflI (it is not conservativeand so does not require an iden-
tifiability assumption a remarkable featureWe believe that neither the statis-
tic (1) norF(Bo) in (32) is truly pivotal and would argue thatherefore neither
procedure truly solves the inferential problem for which it is desigridu

F(Bo) = (32)
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same argument applies to recent work by Morég@02, who, like us sug-
gests a conditional approach for hypothesis testing in this model but is moti-
vated by the more classical objective of obtaining similar tests

Taking the Fieller—Creasy problefwith interest parametef) first, it is cer-
tainly true that for u &€ C, the distribution is as given i(l). However the
equationu,; — Yy, = 0, which seems to imply thak, = 0 wheneveu € C
(i.e., u» = 0)—and hence that the distribution result () holds even when
n € C—in fact does no such thindt is purely a definition of the interest
parameter) in terms ofu, and it would be absurd to claim that merely declar-
ing the parameter of interest to be this particular functionuoimposes this
constraint on the embedding densiut, as soon as we allow that; may not
vanish whenu € C, the statistiq1) ceases to be pivotathe distribution of the
quantity on the left in(1) becomes noncentr&®(1,2(T — 1); u3/0%(1 + ¢2)),
and this is true for any number.

Although more complexthe situation for the structural equation case is ex-
actly analogousprovidedIl, & C, (9) is a definition of 3, in terms ofIT but
does not entail the restriction that; is necessarily in the subspace of dimen-
sion ranKTII,) spanned by the columns of,. The impression that it does so is
purely an artifact of the normalization rulkn the totally unidentified casH, =
0, for instance (9) does not carry the implication that, necessarily vanishes
Thus althoughF(B,) certainly has the~(k,, v — ky) distribution for all
I, & C, whenll, € C the distribution will be noncentraF with the same
degrees of freedom and a noncentrality parameter that depends on

In fact, in both caseseven if one takes a view contrary to ounamely that
mo = 0 impliesu, = 0 in the Fieller problemor its analogue in the structural
model neither the Fieller nor the Anderson—Rubin confidence sets can be sup-
ported For, as Basu1981) makes clearthe use of a particular statistic to con-
struct a confidence set rests on the knowledge that its distribution depends on
the parameter of intergsthereas in these cases there are regions of the param-
eter space for the embedding model where it is known that the sufficient statis-
tics (and therefore any functions of theimave distributions free of the interest
parameter

6. CONCLUDING REMARKS

In a single structural equation model the possibility that the model is unidenti-
fied, or is arbitrarily close to being unidentifiedannot be ruled out a priori
Even though it is well known that both the small sample and asymptotic prop-
erties of the usual estimators break down in such a,cespractical procedure
has been developed to take account of this possibllitythis paper we have
argued thatin possibly unidentified modelsi) inference should be made con-
ditional on an identification test statistic afid) the identification test statistic
should be considered an index of precision for inference
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We have derived the exact distributions of the OLS and TSLS estimators
conditional on an identification test statistic and have shown that conditioning
makes the functional forms of the densities of the OLS and TSLS estimators
different In the extreme case of a totally unidentified model the OLS estima-
tor is independent of the identification test statishat that is not the case for
the TSLS estimatoiFor both estimators conditioning affects the variance much
more than the mearand for the TSLS estimatgrconditioning can have a
substantial effect on the apparent precision of the estimatoeither direc-
tion. Conditional MSE comparisons of the two estimators imply tpatticu-
larly when the data suggest only weak identificafi@LS is the preferred
estimator and thatwhen properly conditionedthere is little to choose be-
tween these two estimatork would obviously be of interest to include the
LIML estimator in these comparisonlsut technical problems have so far pre-
vented us from doing so

The practical implications of these results are impottahey show that it is
very important to report the identification test statisboth because it tells us
directly how confident we can be that the model is identified and because it is
an index of precision for the estimator of the structural parameters of interest
(especially for the TSLS estimajoiVe believe that it should become standard
practice to report these statistics in empirical work and to usddbgématedl
conditional variance as the appropriate measure of preciSiois procedure
has the important advantage over most other procedures that have been sug-
gested in recent literature on the topic that it depends continuously on the iden-
tifiability test statistic In future work we hope to provide analogous procedures
for the casen > 1. The exact results obtained hgender our admittedly very
special assumptiongan be expected to hold as approximations in much more
general modelssuch as time series modgis much the same way that Phillips
(1989 and Staiger and Stodd 997) extend their analyses to broader classes of
models

Finally, although we have focused on point estimatithre argument that in-
ference in this model should be conditioned on the identification test statistic
can be extended to hypothesis testingcluding both tests on the structural
parameters and tests for exogeneiltyese problems remain for future work
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APPENDIX A: CONDITIONAL DENSITIES

In this Appendix we make extensive use of the notation and multivariate integration
techniques explained in detail in Muirhe&t®82, especially Chapters 2 and Refer-
ences to theorems from Muirhe&ti982 will (in both Appendixes A and Bbe abbre-
viated tqg for instancethe form MT 11.1. To keep the derivations as brief as possible
we ask the reader to refer to these sources for details of the notation and main results
that are usedSee also Hillie1985 and Hillier and Skeel$1993.

Let

(X, X) = (Z5Qz, Zo)V2[(#r, — 1,053 wz1) /0, 11,053/2],

(m M) = E(x,X) =M(B,1,),
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whereM = E(X) = (2,Qz, Z,)"?11,053/2 andg is defined in equatiofi16) in the text
Also, let

s—usi— (™ sﬂ, (A1)
$ R

whereL is the lower triangular matrix

1/w 0
L= .
— Qi wy /0 05777

Becausex, X) ~ N(M(B,1,), I, ® ly+1), it follows from standard results on the multi-
variate normal distribution that|X ~ N(Mg, I,,) andX ~ N(M, I, ® I»). Also, be-
causeS~ W, 1(v — kp, ln41), it follows from MT 3.2.10 thats,;|R ~ N(0,R) andR ~
Wih(v — ko, 1). Finally, (x, X) is independent of%,4, R).

The maximal invariant for the testing problem of interest consists ohtblearacter-
istic roots of Fy in equation(13) in the text oy equivalently of F = R™Y2X'XR™ Y2,
BecauseX ~ N(M, I, ® I,), andR ~ W, (v — ky, 1), andX andR are independenthe
marginal joint density of the roots &f is given by MT 104.2 as
Pdf(F) = Cyetr{-A}|F|*/27P|1, + F|-<v/2)1F{"><§, %;A,F(ln + F)ﬂ)H(fi — ),

i<j
(A.2)

whereA = tM’'M, F = diag{ f1, fo,...., fo}, p= (n + 1)/2, and

n2/2l—~ 2)
w2

n v—Kk, K\’
s(5)s (%3
Note that here and subsequently we Bg® denote both the original matrix variate and
the diagonal matrix containing the characteristic roots of that mafixs, we hope
will economize on notation without confusing the reader too much

Using the definitions of andg in (15) and(16) in the text and of(x, X) andR in
the preceding discussipwe have that

C2:

rors = (R+ X'X)71(3,; + X'x), (A.3(8))
Frss= (X'X)71X'X, (A.3(b))

and the distributional results given previously imply that

roLsl X, R~N((R+ X’X)‘1X’MB,(R+ X'X)™1) (A.4)
and
Frsid X~N((X'X)™IX'MB, (X'X) ™). (A.5)
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Notice that in the totally unidentified cas¢ = 0 and neither the conditional densities
(A.4) and(A.5), nor those of the conditioning variatéX, R), depend on any parameters
of the model Hence unconditionally the densities of 5, s andrys_sare independent of
the model parameterand those of the unstandardizbg, s and brs sdepend only on
Q, as noted in the Introduction
From (A.4) and(A.5), it is straightforward to obtain the joint density of, X, R) for

both of these estimatar§o obtain the joint density ofr, F) in both cases we need to
transform to a set of new variates includifigF) and then integrate out the redundant
variables We have as the starting points

pdf (r,X,R) = C,etr{—A}|R|?"*/27P|R + X'X|Y2etr{—3(R+ X'X) (I, + rr ")}

oLs

X etr{X'M(1,, + Br')texp{—18'M'X(R+ X'X)"1X'Mg} (A.6)
and
pdfrs 1, X,R) = Cletr{—A}|R\(“‘kz)/z"’\X’X|1/2etr{—%R}etr{—% X' X(l, + 11 ’)}

X etr{X'M(I, + Br')}exp{—18'M'X(X'X)"IX'MB}, (A7)

where

_ v—K\ |7t
C1= (277.)n(k2+1)/22n(u kz)/zrn 5 .

Conditional Density of the OLS EstimatorWe deal with the OLS caseequa-
tion (A.4), first. The characteristic roots & are invariant under the transformations
X — KXPH, R - H'P'RPH with K € O(ky), P € Gl(n), andH & O(n). Choos-
ing P = (I, + rr’)"¥2, making these transformations i#A.6) (the Jacobian is
|1+ rr/ | "lketntD/2l = (1 4 p/p)~lletntD/2], see MT 21.5 and MT 21.6), and aver-
aging overO(k,) andO(n), the joint density in(A.6) is replaced by

Cyetr{—A}(L + r'r) (w21 RIlv—ke)/217P | R 4+ X' X|Y2etr{— (R + X'X)}

o

1 1 1
Cy1( 5 MGGEM, =2 MBB'M" | Cl{ 2 XX X(R+ X'X) X!
><'k—o [K]; n ’
S j!kl(g)acqs(lkg

(A.8)

where we have temporarily p@ = (l,, + r')(I, + rr')"Y2 and we have made exten-
sive use of results from David979 and Chikuse and David 986. The integral over
O(n) is a direct application of MT 4.1, whereas the integral oveéd(k,) uses Davis
(1979, equation(1.2). The notation used ifA.8) is explained in detail in the papers
referred to and in Hillie(1985.

Next setW = XR™Y2, so thatF = W'W, and (dX) = |R|*/2(dW) (cf. MT 2.1.5),
and evaluate the integral ov& > 0 using Davis(1979, equations(2.12) and (2.1),
to obtain
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ga,[k](v+1> (D)
0 ¢ 2 '\ 2 )
Cpetr{— AL+ r'n) (21 L ww-2 3 S
J,k:Oa,[k];¢j|kl<D> (k_2> (1)
\2/a\ 2 )6 T

X CEMUA+ Br ) (In+ 1) L1+ 1B'), = ABB') C,y(W'W(I, + W'W) ),
(A.9)

where C;; = 2"**D/2[ (1 + 1/2)C, and we have used the special structure of the
arguments of the invariant polynomials (A.8) to simplify the expressiondVe now
transformW — (V,F), with F = W'W andV = W(W'W)"%¥2 so thatV'V = |,, and
(dwW) = 27"|F|*/27P(dF)(V'dV) (see MT 21.14), where (V'dV) denotes(unnor-
malized Haar measure on the Stieffel manifdlbluirhead 1982 Ch. 2). BecausdA.9)
does not depend ovi we may integrate it out using MT.215, leaving a function only

of F.

Finally, we transfornF to the diagonal matrix containing its characteristic rdatbich
we continue to denote bly) and an orthogonal matrjd, say containing its character-
istic vectors(i.e., the spectral decomposition &, see Muirhead1982 Sect 3.2.5).
Integrating oveH € O(n) is straightforward becaug@.9) is not a function ofH. We
thus obtain

PdfoLe(r, F) = Cretr{—A}(1+ r'r) [+ 0/2 || 4 F|=@/2|F|te/2-p T] (f, 1))

i<j
w28
* 2 a\ 2 b
x> >

= : k
E Bl (e
itk (5) (5),Ce00

X CEM(A(,+ Br )+ 1) X1, +18'),—ABB )Cy(F(I, + F)™),
(A.10)

where

v+1
I, 5
Ci=——FFC..

i)

The conditional densitypdfy s(r|F) is obtained by simply dividingA.10) by (A.2),

giving
v+1 v+1 n
r a,[K] —
n< 2 ) b3 ( 2 >n<2>¢

(1+ rrr)*[(v+1)/2] 2

— >
v e . n k
wep (Y J.k—Oa.[k],¢.!k!<_> (_2) |
T n<2> J 2.\ 2 ¢C¢( n)

X gy (FsA)CP A, + Br) (I + rr ) M1, +18),—ABB'),  (A.11)

pdio s(r|F) =
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where
Cy(F(l,+F)™h)

v k ’
F<”)<— 2 AF(I,+F *1>
1it1 2727 ) (n )

gs(F;A) = (A.12)

Note thafin the totally unidentified caskl = 0, only the first line of(A.10) remains
so thatwhenM = 0, r andF are independenEquation(22) in the text gives this result
for the casen = 1. Also, whenn = 1, it is straightforward to check thaf.11) reduces
to equation(18) in the text both arguments of the polynomieﬂ:s;’[k](-,-) that occur in
(A.11) are scalarsand in the casen = 1,

fl jt+k
1+f1;
(v k, Af >

Pl oo

2°2'1+f

Conditional Density of the TSLS EstimatoiStarting now fromA.5), becauséA.5)

does not depend oR andR is independent oK, we can initially ignoreR. Thus we
first transformX — (V,Q), with V = X(X’X)™%2 and Q = X’X, so that(dX) =
27"|Q|*/27P(dQ)(V'dV) (see MT 21.14 again. The termF depends onX only
throughQ, so we need only the joint densipdfrs_{r, Q), obtained by integrating over
V'V = |,,. But, the integral over the Stieffel manifold is invariant under the transforma-
tionsM(I, + Br')QY¥? — M(l, + Br")Q¥?H,H € O(n). Hence averaging oveO(n),
the termetr{V'M(l,, + Br’)Q¥?} that occurs in(A.7) may be replaced by

gs(F;A) =

oFu( 35 VM, BrQ0, + 18 IM)

(MT 7.4.1). Next, setF = Q-Y2RQ Y2 and note that the characteristic rootsFofire
those ofF 1. The Jacobian of the transformatioR, Q) — (F,Q) is |Q|P (MT 2.1.6),
so the joint density ofr,Q) may be expressed in the form

27"Cyetr{-A(l, + BBIIF |Hv*kz>/21*p|Q|“”*”/2“’e”{‘% QU+ + ﬁ)}
x f EXP{EB’M’(In— vv'ww}
v'v=l, 2
X 0&(2;% V'M(l,+ Br')Q(, + r,B’)M’V)(V’dV). (A.13)

Evaluating the Laplace transforrand integrating ove¥'V = |, using results from
Hillier (1985, we obtain

Chetr{—A(l, + BB} F|v=k)/2=pP || 4 pr’ + F|~[v+1/2]

)

xS 3 o5
i, k=0a,[K];¢ j'k'(k—2>
3 ),
X CEM(A(,+ Br) (I, +rr + F)72 (1, + rB'), ABB’), (A.14)
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whereCj, = 2"w+D/2ne/21 (y + 1/2)Cy /Th(Ko/2).
Note at this poinf that in the totally unidentified casgM = 0), the second line of
(A.14) is redundantso the joint density ofr, F) becomes simply

Chy| Flle—r2p || 4 pp7 4 F|-l0+/2) (A.15)

Transforming tof = F ~ (which has the same characteristic root§asthe Jacobian is
|F|~(D (MT 2.1.8), and it is clear at once thatinlike the OLS casers sandF are
not independent when the model is totally unidentifiEdr the casen = 1, equation
(A.14), together with(A.2), immediately yields equatiof®3) in the text

In the general casén > 1) (but still with M = 0) we need to transfornf to its
characteristic roots and vectors(ih.14) and then integrate ovéd(n). To obtain a con-
vergent expansion from this step we first write

i+ If)’1r>

I+’ +Fl=@+rnl,+F 11
I | =( )M ( a+rn

Using this in(A.14), replacingF by HFH’, with H € O(n), and integrating ove®(n)
using MT 7.3.3, we obtain after a little simplification for the caseM = 0,

v+1
I, —2
v

7 (3)

X H(fi _fj)ZFl

i<j

pdfre 1. F) = Co(L+ 1) (D21 o2 Ly |-l 172)

<1 v+ln rr (I+F)1) (A.16)
27 2 ’2°@+rr) " ' '

Hence for this totally unidentified case
. <v + 1>
"\ 2
v
n/21—* —
7 < 2)

X H(fi *fj)zFl

i<j

pdfrs r(F) = L+ ) DRI E2) + F72

(1 v+1ln r'r

E,T;E;m(|n+|:)l>. (A.17)

This reduces to equatiaf23) in the text in the special case= 1.

In the casen = 1 (but A = A # 0) the joint density ofr, f;) is easily obtained directly
from (A.14) by transformingf, — f, = f ~* and rearranging slightly to give the result in
Theorem 1 in the textTo complete the derivation in the general case we need to trans-
formF — F = F~1in (A.14), then fromF to HFH' as previouslyand finally integrate
overO(n). This, unfortunatelyis not straightforwardessentially because of the manner
in which F appears in equatiofA.14). We omit the details of this final step—they can
be found in Forchini1998.
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APPENDIX B: CONDITIONAL MOMENTS; n=1

Remark on notationin this Appendix which deals entirely with the case= 1, we use
lowercase versions of the symbols used in Appendix A to denote the corresponding quan-
tities whenn = 1, except for the matriXR, whose(scalay counterpart will here be de-
noted byt. Thus in particular X - x, M -> m,V - », Q — g, andR — t. We alsq for
the casen = 1, denote the identifiability test statistic simply lbyrather tharf;).

From(A.4) and(A.5):

E fH=pXm B.1

(rOLS|X’ )_BX’X‘FI’ ( . )
X'm

E(rrsidxt) =B E: (B.2)

Var(ro g/, t) = (x'x+ )7} (B.3)

Var(rrg d %, t) = (x’x)~1 (B.4)

Transformingx — (v,q), with v = x(x’x)"Y2 andq = x'x, then from(q,t) — (f,1),
with f = g/t, these become

_ B
E(rreidy,t,f) = N (v'm); (B.5)
f
E(rowsly,t,f) = m E(rrsidv,t, f), (B.6)
and
Var(rTSLé v, t7f) = (tf )71; (B7)
f
Var(rouslv, t, f) = [t(1+f)] 1= m Var(rrs dv,t, ), (B.8)
so that
_ B*f
E(réiglv,t,f) =[t@+f)] |1+ 17 (v'm)? (B.9)
and
E(rzg dv,t,f) = (tF)1[1+ B2(»'m)?]. (B.10)
It is straightforward to show that
pdf(v,t|f) = ¢ h(f; )t@/2 L exp{—it(1+ f)}exp{\tf (»'m)}, (B.11)
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with ¢, = I'(k,/2)/2W/2* 17 /2T (y/2) and
(1+f)v2
vk, Af \°
Fl oo
2°2°1+f
Hence to obtain the conditional momentgivenf, we need to multiply the expressions
in (B.5) and(B.6) and for the second momenti (B.9) and(B.10), by pdf(»,t|f) in

(B.11) and then integrate overv = 1 andt > 0. To evaluate the integrals of the terms
(»'m) and(»'m)? that occuy we use the following lemma

LEMMABL. If vand m are k X 1,

h(f;A) = (B.12)

2\a Kk 1
(v'myexplar'm}(v'dv) = V(k,) — oF; | = + 1;= ra? |, (B.13)
v'v=1 k2 2 2
21 k, 1
(v'm)2 exp{av'm}(v'dv) = V(k,) | — oF,| = + 1;= ra?
v'v=1 I(2 2 2
N 4)%a? K, Lo 1 a2
Kk, +2 0 2 75218

(B.14)

20V(ky) 31k 1
- 12 272’ 2 2 )

=+ 1Lz )a?
ko
whered = m'm/2 andV(k,) = 27*2/%/T'(k,/2) is the surface content of the unit sphere

in k, dimensions

Proof. The integral
J (v'm)" exp{ar’'m}(v'dv)
v'v=1
is the coefficient ofz"/r! in the expansion of
k, 1
exp{(a+ z)v'm}(r'dv) = V(K)o F; >3 AMa+2)? ).
v'v=1

(The integral here is a special case of MR.Z, with n = k, andm = 1.) Equations
(B.13) and(B.14) follow by simply evaluating those coefficients for the cases1 and

r = 2. The second expression for the resul{B114) is easily obtained from the first on
using the fact thatc + 1);/(c); = (1 + j/c). n

From (B.5), (B.11), and(B.13) (with a = /ft), we obtain

<v K, Af )
Fl oo L—
218 272 U1+f
ky(1+f) v k, Af ’
1M\ 55 ¢

E(rowsf) = (B.15)

2°271+f
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and the corresponding result f&f(rs 4 f) follows from (B.6). To simplify the nota-
tion for subsequent resultdefing for nonnegative integens andgq,

F(U k2+_>
1h1{ 5 p’2 q;z

pHa(2) = - , (B.16)
1F1<_,_2§ )
22
so thaf settingz = Af/(1 + f),
2
Elfousl1) = 2 oHy(2) ©.17)
2
Similarly, using(B.14) in (B.9) and(B.10) yields
2232 47°B2
E(rddf)=(v—-27" [1Ho(z) + kii 1H1(Z)] + W[j_z) oH2(2)
2 2
=w-2" [1H0<z> L2 mzm} (8.18)
2

and
E 2 f — l—+f H + 2/\_32 H + ﬂ H
(rfsdf) = fo—2|* o(2) k, * 1(2) Ky(ky + 2) ° 2(2)

Ttw-2|* o(2) k, 1(2) |, (B.19)
where

el TRy TR ,
pHq(2) = - vk (B.20)
11157557

The conditional variances and MSEs given in Theorem 2 in the text follow immediately
from these results
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