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The possibility that a structural equation may not be identified casts doubt on
measures of estimator precision that are usually used+ Using the Fieller–Creasy
problem for illustration, we argue that an observed identifiability test statistic is
directly relevant to the precision with which the structural parameters can be es-
timated, and hence we argue that inference in such models should be conditioned
on the observed value of that statistic~or statistics!+

We examine in detail the effects of such conditioning on the properties of the
ordinary least squares~OLS! and two-stage least squares~TSLS! estimators for
the coefficients of the endogenous variables in a single structural equation+ We
show that~a! conditioning has very little impact on the properties of the OLS
estimator but a substantial impact on those of the TSLS estimator; ~b! the condi-
tional variance of the TSLS estimator can be very much larger than its uncondi-
tional variance~when the identifiability statistic is small! or very much smaller
~when the identifiability statistic is large!; and~c! conditional mean-square-error
comparisons of the two estimators favor the OLS estimator when the sample ev-
idence only weakly supports the identifiability hypothesis but favor TSLS when
that evidence moderately supports identifiability+

Finally, we note that another consequence of our argument is that the statistic
upon which Anderson–Rubin confidence sets are based is in fact nonpivotal+

1. INTRODUCTION

A niggling concern for econometricians for many years has been the possibility
that structural models may not be identified~Sims, 1980; Sargan, 1983! or may
be only partially identified~Phillips, 1989! or may involve “weak instruments”
~Nelson and Startz, 1990; Dufour, 1997; Staiger and Stock, 1997!+ Recent lit-
erature on both exact distribution theory and asymptotics for this model sug-
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gests that this concern is fully justified from a frequentist point of view+ The
work of Chao and Phillips~1998! and Kleibergen and van Dijk~1998! shows
that it is also justified in a Bayesian analysis of the model, although in this
paper we shall be concerned only with a frequentist approach+

The work of Phillips~1983, 1989! and Hillier ~1985, 1990! has made it clear
that if the exclusion restrictions imposed on~the exogenous variables in! the
structural equation are spurious~i+e+, the structural equation is totally unidenti-
fied!, then the densities of the ordinary least squares~OLS!, two-stage least
squares~TSLS!, and limited information maximum likelihood~LIML ! estima-
tors of the coefficients of the endogenous variables depend only on the error co-
variance matrix, and not on the structural parameters, so that none of these
statistics contains information about those parameters+ Because also standard
asymptotic theory breaks down when the model is unidentified, identification
must be presumed if these statistics are to be interpreted as useful estimators+

Motivated by such concerns, recent literature on the distributions of the TSLS
and LIML estimators has started to focus on intermediate situations where the
equation of interest is neither formally identified nor totally unidentified+ To
bridge the gap, Phillips ~1989! has introduced the idea of partially identified
models+ These are models for which some, but not all, of the parameters are
identified after a rotation of coordinates in the space of both the endogenous
and exogenous variables+ Choi and Phillips~1992! have found that in such
models the distributions of the usual estimators of both the identified and the
unidentified coefficients of the endogenous variables are mean- and covariance-
matrix mixed-normal+ Although the density of the estimator of the unidentified
parameters does not depend on the unidentified parameters, it does depend on
the identified parameters+ The estimator of the identified parameters is consis-
tent, but conventional asymptotics does not apply+ Moreover, the estimator of
the unidentified parameters converges in law to a nondegenerate, nonstandard
distribution+

In a different attempt to study intermediate cases Staiger and Stock~1997!
define a notion of weakly identified models+ Such models have two character-
istics: they are formally identified for all finite sample sizes, but the covariance
between the instruments and the included endogenous variables is assumed to
be in aO~T2102! neighborhood of zero, whereT is the sample size+ Staiger and
Stock~1997! show that standard asymptotics fails for such models and that the
asymptotic distributions of the usual estimators have the same structure as their
exact distributions under normality~i+e+, mixed-normal!+ These results lead
Staiger and Stock to stress the importance of reporting the test statistic for iden-
tification, but they do not indicate how the value of that statistic should modify
inference, if at all+ Hall, Rudenbusch, and Wilcox~1996! also stress the impor-
tance of such an identification test statistic+ More recently, Stock and Yogo
~2001!, in a paper discussing the meaning and measurement of the weak instru-
ment concept, arrive at precisely the same statistic as we do but again only as a
test for weak instruments+
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A related recent development is based on the observation that inference on
structural parameters is essentially a generalization of the Fieller–Creasy prob-
lem ~see Wallace, 1980!+ Scheffé~1970! defines a confidence set asimproperif
it has positive probability of being the entire parameter space+ In the Fieller–
Creasy problem, this probability corresponds to the probability that the identi-
fiability test statistic is small+ Generalizing Koschat~1987! and Gleser and
Hwang~1987!, Dufour ~1997! has shown that in a potentially unidentified struc-
tural model valid confidence sets must be improper in Scheffé’s sense and ar-
gues in favor of Anderson-Rubin-type~Anderson and Rubin, 1949! confidence
sets~a generalization of the Fieller–Creasy solution!+ Zivot, Startz, and Nelson
~1998! provide a further analysis of this problem for the structural model, again
emphasizing the role of an identifiability test statistic+ Both Hall et al+ ~1996!
and Zivot et al+ ~1998! find that, although the identification test statistic is cru-
cial, using it to “pretest” for identifiability cannot be recommended+ It is im-
portant to note that, in all of this work, “potentially unidentified” really means
that, although the model may be formally identified, it is impossible to rule out
a priori models that are arbitrarily close to being unidentified+

In this paper we argue that the correct way to take account of the possibility
that such a model may be formally unidentified, or arbitrarily close to being so,
is to explicitly take account of the sample evidence on the identification of the
model by conditioning on an identifiability test statistic~or statistics!+ In par-
ticular, we argue that the reported precision of parameter estimates should be
that in the conditional distribution of the estimator given the observed value of
an identifiability test statistic andnot the unconditional precision+ The analysis
is exact rather than asymptotic and supplements the work of Staiger and Stock
~1997! by suggesting exactly how the identifiability test statistic should affect
inference procedures for these models+ Crucially, in our analysis, inferential
procedures depend continuously on the identifiability test statistic, rather than
discontinuously as is the case in the “pretesting” approach mentioned previously+

The paper is organized as follows+ The crux of the paper is the argument
that, in inference problems of this type, conditional measures of estimator pre-
cision are more relevant than unconditional measures+ For expositional pur-
poses we use the Fieller–Creasy problem as a model for this argument and only
later ~in Section 3! apply it to the more complex problem of structural estima-
tion+ The essence of the argument is that both of these inference problems can
be embedded in models for which no inference problem arises and that the key
to the difficulty lies in the properties of the mapping defining the interest pa-
rameter~s! in terms of the parameters of the embedding model+ The main argu-
ment is presented in Section 2+

In Section 3 we introduce the structural model and generalize the key parts
of the argument from Section 2 to this more complicated case+ In Section 4 we
present exact conditional results for the OLS and TSLS estimators of the coef-
ficients of the endogenous variables, and we give new measures of the preci-
sion of these estimators that properly reflect the possibility that the model may
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not be identified+ Among our conclusions in this section is the fact that the
conditional density of the OLS estimator is quite insensitive to the identifiabil-
ity statistic, whereas that of the TSLS estimator is sensitive to it+ Thus, OLS
can conditionally dominate TSLS, or vice versa, depending on the data actually
obtained+ Clearly, this conclusion, and its implications for applied work, is quite
at odds with received opinion on inference procedures for the structural model+
Finally, in Section 5 we discuss Fieller’s solution to the inference problem for
a ratio of normal means and discuss its analogue in the structural model,
Anderson–Rubin confidence sets, in the light of what has come before+ Here
we argue that in each case the statistic used to construct the confidence set is,
contrary to popular belief, nonpivotal+

All of our results for the structural model are derived under classical assump-
tions of normal errors and no lagged endogenous variables+ In this restricted
context they are exact, but they can also be thought of~with suitable defini-
tions of the key parameters involved! as paradigms for the asymptotic results
that would apply for much more general models~see, e+g+, Phillips, 1989; Choi
and Phillips, 1992; Staiger and Stock, 1997!+ Also, much of our argument evi-
dently has applications in the context of error-correction time series models,
where rank conditions play a crucial role for both estimation and testing, but
this extension of the argument is not developed in the present paper+

2. THE ARGUMENT FOR CONDITIONING

2.1. Conditioning: Postdata Precision

Reporting the results of an inference procedure, whether it be inference about
the values of unknown parameters or a decision about whether certain propo-
sitions of interest about the model under study seem correct or false, entails
two inter-related components: reporting the results of the procedure as applied
to the data at hand and reporting some measure of the likely precision that can
be attributed to those results+ For a Bayesian, these two objectives are met~at
least in principle! by reporting the posterior distribution or some of its key fea-
tures+ For the frequentist precision is usually indicated by reporting a confi-
dence set for the parameter~s! of interest, together with its confidence level, or
by reporting the variance or mean-square error of the estimator chosen, or ap-
proximations to them+

For the Bayesian, of course, inference is conditioned on the full sample, so
that estimator “precision,” by construction, depends fundamentally on the data
actually observed+ In contrast, standard frequentist measures of the precision of
an inference have, until recently, relied entirely on predata assessments of the
procedure used, obtained by averaging~some relevant property of the proce-
dure! over the entire sample space+ But, as Lindsay and Li~1997! remark:
“After the data is observed, however, the actual ‘postexperimental’ error asso-
ciated with that particular sample becomes more relevant+” Thus, for an esti-
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mation problem: “the average error is an attribute of an estimator, + + + , whereas
the postexperimental error is an attribute of an estimate+” ~For a recent discus-
sion, see also Goutis and Casella, 1995+! The suggestion implicit here is that
certain features of the sample actually obtained may be pertinent to the as-
sessment of the precision of the estimate but of course are immaterial to the
predata~average! properties of the estimator+ In what follows we adopt an
entirely frequentist approach but will argue that, for inference problems of the
type considered, the relevant measures of estimator precision are conditional
measures+

Any attempt to assess the likely precision of an estimate—that is, to assess
the likely precision of the procedure in the sample actually available—clearly
must involve some sort of averaging process but, equally, must hold certain
aspects of the sample actually used fixed+ In other words, whatever precision
measure is used, it must, if it is to measure a property of the estimate~rather
than the estimator! be conditional on certain aspects of the sample remaining
fixed at their observed values+ Thus, any postdata measure of the precision of
an estimate must be conditional+ The problem, both in practice and from a phil-
osophical point of view, is precisely what to condition on+ That is, how can one
identify events that are pertinent to the precision achieved by an inference
procedure?

The only situations in which there seems to be widespread agreement among
~frequentist! statisticians—both that conditioning is sensible and upon what to
condition—are those in which there is an exact ancillary statistic~cf+ Cox, 1958;
Efron and Hinkley, 1978; Barndorff-Nielsen, 1980!+ This agreement is almost
certainly attributable to the fact that, under suitable assumptions, it is straight-
forward to show that the Fisher information based on the conditional distribu-
tion of ~say! the maximum likelihood estimator given the ancillary is identical
to that of the full sufficient statistic, whereas the marginal density of the esti-
mator must yield smaller Fisher information+ That is, conditioning on the an-
cillary recovers information that would otherwise be lost+ Even here the problem
is difficult ~see the collected papers by D+ Basu edited by Ghosh, 1988!, and
outside this fairly narrow class of problems study of the problem has barely
begun+ Notice, though, that the argument for conditioning rests not on the an-
cillarity of the conditioning statistic per se but rather on a concern—similar to
that expressed by Lindsay and Li—to obtain a more relevant measure of the
inferential precision actually achieved in the sample~see also Barndorff-Nielsen’s
comments on the paper by Efron and Hinkley, 1978; and the discussion in Cox
and Hinkley, 1974, Ch+ 2!+ For related work explicitly concerned with confi-
dence sets and hypothesis testing see Kiefer~1977!, Hwang and Brown~1991!,
and Hwang, Casella, Robert, Wells, and Farrell~1992!+

We do not intend to enter into the wider debate on these issues here+ How-
ever, we shall advocate, for a particular class of problems to be described shortly,
conditional measures of precision—and for precisely the reason that applies in
the wider problem: to obtain a more relevant measure of the precision achieved

CONDITIONAL INFERENCE 711

https://doi.org/10.1017/S0266466603195011 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466603195011


in the sample actually available+ As noted previously, the problem is to identify
aspects of the data that are pertinent to the precision of the estimate, and we
shall argue that, in the types of models we are considering, the structure of the
problem clearly identifies which events affect precision+ We begin by discuss-
ing the simplest possible example of the type of problem we shall be con-
cerned with—the Fieller–Creasy problem+

2.2. The Fieller–Creasy Problem

The Fieller–Creasy problem is a celebrated, apparently straightforward, infer-
ence problem that produces “paradoxical” assessments of precision, namely,
improper confidence sets~for a historical survey of the problem, see Wallace,
1980!+ The problem contains virtually all the essential features of the structural
model that is our main concern and is also closely related to the linear cali-
bration ~inverse regression! problem ~Hoadley, 1970; Dobrigal, Fraser, and
Gebotys, 1987; Gleser and Hwang, 1987!, errors-in-variables regression, some
principal component inference problems, and inference on ratios of regression
parameters+

Assume that the 23 1 vectorsxi ~i 5 1, + + + ,T ! are independentN~m, s2I2!
and that we are interested in either the ratio of meansc 5 m10m2 or in the
direction of the vectorm, parameterized by the angle, f, whenm is expressed
in polar coordinates in the usual way+ The vector of sample means, Sx, and

s2 5 (
i51

T

@~x1i 2 Sx1!2 1 ~x2i 2 Sx2!2#

are jointly sufficient for~m,s2!, Sx ; N~m, ~s20T ! I2!, Sx is independent ofs2,
and s20s2 ; x2~2~T 2 1!!+ The maximum likelihood estimator forc is Zc 5
Sx10 Sx2, but the~unconditional! variance of Zc does not exist+ Fieller ~1954! and

Creasy~1954! consider the problem of constructing a confidence interval for
c, and the standard “Fieller solution” is based on the observation that, when
m2 Þ 0,

T~ Sx1 2 c Sx2!20@ Is2~11 c2!# ; F~1,2~T 2 1!!, (1)

where Is2 5 s202~T 2 1!+ However, this solution entails the “paradox” that the
confidence interval it produces is

~a! the entire real line if7 Sx72 5 ~ Sx1
2 1 Sx2

2! , c 5 Is2Fa~1,2~T 2 1!!0T, where
Fa~n1,n2! is such that Pr$F~n1,n2! , Fa~n1,n2!% 5 1 2 a,

~b! the interior of a finite interval if Sx2
2 . c, and

~c! the exterior of a finite interval if7 Sx72 . c and Sx2
2 , c+

Thus, it is entirely possible for, say, the 90% confidence interval forc to con-
sist of the whole real line, and the~unconditional! expected length of the inter-
val is infinite+
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Sheffé~1970!, James,Wilkinson, and Venables~1974!, Dobrigal et al+ ~1987!,
and Koschat~1987! all treat the problem in terms of the interest parameterf,
rather thanc+ Essentially the same paradox arises although, as we shall see,
there is a subtle difference between the two versions of the problem+

Koschat~1987!, for this problem, and Gleser and Hwang~1987!, for a wider
class of closely related problems, have shown that problems of this type have
the property that every confidence set with nonzero confidence coefficient must
have positive probability of being the entire parameter space and hence must
be improper in the sense of Scheffé~1970!+ Hence, the difficulty is not peculiar
to the Fieller solution+ Dufour ~1997! has extended these results to the struc-
tural model and other models of interest in econometrics+

2.3. Interest Parameters and Critical Sets

Now, notice that in the preceding Fieller problem, there is certainly no diffi-
culty in obtaining an always-bounded confidence set for the underlying param-
eter vectorm+ The region~sphere! defined by the acceptance region for a
likelihood ratio test,

F 5 T~ Sx 2 m!'~ Sx 2 m!02 Is2 , Fa~2,2~T 2 1!!, (2)

is the most obvious candidate+ Apart from being~equivalent to! the likelihood
ratio statistic, F is the ~unique! maximal invariant under the group of trans-
formationsG 5 $~a,H !,a . 0,H~2 3 2! orthogonal% acting on the variates
~ Sx 2 m,s2! by

~~ Sx 2 m!,s2! r ~aH~ Sx 2 m!,a2s2!+

Thus, confidence regions form based onF characterize the entire class of in-
variant regions+

The important point about the regions~2! is that the Fieller problem is nat-
urally embedded in a model for which no paradox arises, because the region
~2! is bounded with probability one+ That is, the “Fieller paradox” derives from
the properties of the mapping

@underlying parameters# r @interest parameter#

and not from any intrinsic property of the embedding model+We shall see shortly
that this observation also applies to the structural model, but before doing so
we elaborate on its implications for the Fieller problem itself, where the situa-
tion is simpler+

If g 5 g~m! is an everywhere continuous one-to-one function ofm, the im-
age of any closed bounded set ofm-values is a closed bounded set ofg-values,
so that the~proper! confidence set~2! for m naturally induces a proper confi-
dence set forg ~with the same confidence level!+ In this sense, inferential re-
sults for m are sufficient for inference about any everywhere continuous and
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one to one function ofm, and it seems reasonable to assert that, in these cir-
cumstances, there is no essential difference between the inference problem form
and that for~any such function! g+ Of course, actual measures of precision, like
estimator variances, or Fisher information, change under reparameterization,
but, although seldom stated explicitly, estimator loss functions would usually
embody exactly this invariance under smooth reparameterizations, so in a more
formal decision-theoretic treatment of the estimation problem this property would
emerge naturally+

On the other hand, the key characteristic of~both versions of! the Fieller
problem is that the mapping from the underlying parameterm to the interest
parameterc ~or f! is not everywhere continuous and one-to-one+ In the case of
the interest parameterc, the mappingm r ~c,m2! ~from R2 to R2! is contin-
uous and one-to-one everywhere except along them1 axis, wherec can take
any value+ In the case of the interest parameterf, the mappingm r ~f,r!
~wherer 5 7m7! is continuous and one-to-one everywhere except at the origin
~m 5 0!, wheref can take any value+ Dufour ~1997! calls such subsets of the
parameter spacenonidentification subsets, but we shall refer to them ascritical
sets+ Notice that the critical set depends on the definition of the interest param-
eter~s! in terms of the parameters of the embedding model+

The Fieller solution~1! is easily obtained from~2!+ The linem1 2 cm2 5 0
intersects the sphere7 Sx 2 m72 , f just if ~ Sx1 2 c Sx2!20~1 1 c2! , f+ The in-
duced~Fieller! confidence set forc is thus the set for which this line intersects
the sphere, and is a finite interval if the sphere does not cross them1-axis ~i+e+,
Sx2
2 . f !, is the exterior of a finite interval if the sphere crosses them1 axis but

does not include the origin, ~i+e+, Sx2
2 , f but 7 Sx72 . f !, and is the entire real

line if the sphere contains the origin~i+e+, 7 Sx72 , f !+ It is clear, too, that for
either version of the Fieller problem, the region~2! must intersect the critical
set for some values of~ Sx,s2! unless it has confidence level zero+ That is, every
confidence set forc ~or f! induced by~2! must be improper unless it has con-
fidence level zero+

We now generalize these observations on the Fieller problem to an arbitrary
model in which the interest parameter can take any value on a subset of the full
parameter space for the embedding model+

Postdata precision. Generalizing the Fieller problem, let p~x;u! denote the
model density for either the sample data or the minimal sufficient statistic, with
u [ M , Rk+ In general an interest parameter can be defined as some func-
tional defined on the family of densitiesP 5 $ p~x;u!;u [ M % ~see Pfanzagl,
1998!, and the critical set~if , for the given interest parameter, there is one! is
then the subset ofP on which this functional fails to be continuous+ For the
problems we are concerned with here it suffices to consider reparameteriza-
tionsu r g 5 ~g1,g2! [ G , Rk with the property that the interest parameter
g1 can take any value on some subsetC of M+ We call C the critical subset
of M ~for the interest parameterg1!+ Note that membership ofC is an attribute
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of u, not of g1+ Let Zu denote the maximum likelihood estimator~MLE ! for u
and let

LRc~x! 5 $u; p~x;u!0p~x; Zu! . c%, 0 , c , 1 (3)

denote the confidence set foru based on the acceptance region for a likelihood
ratio test~of the simple hypothesisH0 : u 5 u!+ The confidence level is deter-
mined by the choice ofc, with smaller values ofc corresponding to larger con-
fidence levels+

In practice the interest parameter may be defined in terms of some subset of
the full parameter vectoru+ If so, LRc~x! must be modified by replacing the
numerator by its maximum value over parameters not involved in the defini-
tion of g1 and replacing the denominator by its maximum over the values of all
parameters+ For expository purposes we work with the simplest case+ We as-
sume that the regions~3! are bounded with probability one+ Obviously, the ac-
ceptance region based on any testing principle could be used in place of~3!,
with obvious modifications to the argument that follows+

For fixed datax, and a fixed critical setC, two extreme cases of~3! can
occur:

~a! LRc~x! intersectsC for all, or all but very large, values ofc+ That is, LRc~x! is
“close to” C for all but very large values ofc+ In this case the induced confidence
region forg1 will be unbounded for all but very small confidence levels, and it
seems reasonable to conclude that, with the particular datax, g1 is determined
with “low precision”;

~b! LRc~x! andC may be disjoint for all but very small values ofc ~of course, they
cannot be disjoint for allc if C is nonempty!+ That is, LRc~x! is “remote from”C
for all but very large confidence levels+ In this case it seems reasonable to con-
clude that, with these particular datax, g1 is determined with “high precision+”

If we take as given the standard~frequentist! position that confidence sets
are an adequate, if somewhat philosophically problematic, representation of the
precision of an inference, these remarks suggest that the location ofLRc~x! in
relation to the critical setC has, for problems of this type, a direct bearing on
the precision with whichg1 can be learned from the data available+ Moreover,
they suggest an intuitively reasonable measure of how accuratelyg1 can be
determined with the data available, namely:

k~g1;x! 5 12 c0, 0 , k , 1, (4)

wherec0 is the smallest value ofc in ~3! for which LRc~x! does not intersectC+
For, if c0 is near one only very “small” regions~i+e+, low confidence levels! for
u would be compatible with a nontrivial region forg1 ~with the given data!,
and this indicates low precision in the ability of the data to inform aboutg1,
whereasc0 near zero would mean that very large likelihood ratio confidence
regions~with high confidence levels! would be ~with these data! compatible
with a nontrivial interval forg1+
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Remarks+

1+ If C is empty, so that the mappingu r g is everywhere continuous and one-to-
one, c0 5 0, becauseLRc~x! can be made as large as we like without intersecting
C+ Thus, in this case, k 5 1 for any x, and the precision with which any every-
where one to one function ofu can be located is identical to that with whichu
itself can be located, as is natural+

2+ If , with the data available, LRc~x! intersectsC for all c, c0 5 1, andk 5 0, indi-
cating that, with these data, there is no prospect of locatingg1+

3+ The confidence set foru based on the likelihood ratio in~3! has the advantage that
different choices for the mappingu r g that leave the interest parameterg1 in-
variant will leavek invariant+

4+ k is evidently a monotonic increasing function of the maximum confidence level
~for likelihood ratio based confidence sets foru! that ~with the given data! is com-
patible with a nontrivial confidence set for the interest parameterg1+ This maxi-
mum confidence level~mcl! could itself be used as an index of precision~see
Table 1!+

5+ The precision for inference about the interest parameter, g1, has been defined so
as to depend on the entire vectoru, because membership of the critical setC is an
attribute ofu, not g1+ In this respectk reflects information in the data about both
“nuisance parameters” and the “interest parameter+” This, it seems to us, is natural
when the true source of the inference problem has been recognized+

6+ Because, under regularity conditions, the power of the likelihood ratio test goes to
unity asT r `, it is clear from~4! that, providedu Ó C, k r 1 in probability as
T r `+ That is, the precision with whichg1 can be located will, if u Ó C, ap-
proach one as the sample size increases+ Just as important, the converse is also
easily seen to be true: if u [ C, the precision index, k, goes to zero in probability
asT r `+

Table 1. Precision indices and maximum confidence levels

T 5 10

w1 6 5 4 3 2 1 0+5 0+2
k 0+944 0+914 0+865 0+786 0+651 0+417 0+240 0+104
mcl 0+925 0+890 0+835 0+750 0+612 0+385 0+220 0+094

Note: 5% critical value for LR~C! ~w1!: 4+41

T 5 20

w1 8 6 4 2 1 0+5 0+2
k 0+978 0+947 0+865 0+641 0+405 0+230 0+099
mcl 0+973 0+938 0+851 0+623 0+389 0+220 0+095

Note: 5% critical value for LR~C! ~w1!: 4+10
mcl denotes maximum confidence level+
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In both versions of the Fieller problem, the second component of the trans-
formationm r g ~in the first case, m2, in the second, r! is constant~zero! on
the critical setC+ In the general case, the transformationu r g 5 ~g1,g2! can
usually be chosen so thatg2 vanishes onC+ The implication of this remark,
then, is that the “noninterest” parameterg2 is, far from being a “nuisance pa-
rameter,” actually the key to the precision with whichg1 can be determined: it
would be quite misleading to report precision measures forg1 that did not de-
pend ong2, or on the sample evidence on the value ofg2+ In fact—as we shall
see shortly—this evidence is encapsulated in the precision index, k+

Now, as initially defined, k measures how remote~or otherwise! likelihood
ratio based confidence regions foru are from the critical setC+ It is easy to see,
however, that k is completely determined by the likelihood ratio test statistic
for testing the hypothesisH0 : u [ C against an unrestricted alternative+ For,
denoting this test statistic byLR~C!, we have

k 5 12 sup
u[C

F p~x;u!

p~x; Zu!
G5 1 2 LR~C!+ (5)

Hence, the postdata index of precision forg1, as measured byk~g1;x!, will be
large just if the likelihood ratio test statistic for testingu [ C is small~suggest-
ing rejection! and vice versa+

Examples.

For the two versions of the Fieller–Creasy problem we have the following
results+

1+ Interest parameterc: In this case the critical setC 5 $m :m2 5 0% , and the region
F , Fa in ~2! intersectsC unlessFa # w102 5 T Sx2

202 Is2+ For inference about the
ratio of means, c,

k~c; Sx,s2! 5 12 S11
w1

2~T 2 1!
D2T

+

Here, w1 is the usual test statistic for testingH0 :m2 5 0, or m [ C+

~2! Interest parameterf: Here C 5 $0%, and the regionF , Fa in ~2! intersectsC
unlessFa # w2 5 T7 Sx7202 Is2+ For inference about the direction, f, of m,

k~f; Sx,s2! 5 12 S11
w2

T 2 1D2T

+

Here, w2 is the usual test statistic for testingH0 :m 5 0, or m [ C+

Note that, as one would expect, in both casesk depends on the sample size, T+
Clearly, k differs in these two versions of the Fieller problem precisely because
the interest parameter, and hence the critical setC, differs+ Some values of the
precision indexk for the Fieller problem with interest parameterc are given in
Table 1+ For example, if the observed value ofw1 is 1, andT 5 20, k 5 0+405,
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and the maximum confidence level~mcl! for which the confidence region~2!
just intersects them1-axis is 0+389+ Both numbers indicate thatc would be
poorly determined with such data+

The preceding argument establishes that, for any problem of the type we are
interested in, the likelihood ratio test statistic for testingu [ C, LR~C!, is di-
rectly relevant to the precision with which, with the given data, the interest
parameterg1 can be located, from a frequentist point of view+ Various other
treatments of the problem can be interpreted as also leading to this conclusion
~at least in the Fieller–Creasy and closely related problems!+ First, for the Fieller–
Creasy problem~and hence the inverse linear regression0calibration prob-
lems!, Hoadley~1970! has shown thatLR~C! emerges naturally as an index of
precision when the problem is viewed from a Bayesian perspective+ In partic-
ular, under Hoadley’s assumptions, the posterior density is more sharply peaked
when the observed value ofLR~C! is large+ Second, using a fiducial argument,
Dobrigal et al+ ~1987! suggest confidence sets~for the angle, f, in the polar
coordinate version of the Fieller problem! conditioned on the value ofLR~C!+
The length of the interval suggested decreases withLR~C!, but the interval is
always bounded+ Finally, it is not difficult to show that, for the Fieller problem
in either form, the shape of the likelihood function near its maximum depends
heavily onLR~C!, so that adherents to the strict likelihood principle~including
Edwards, 1972! would useLR~C! to indicate how accurately the MLE is de-
termined+ Thus, whatever one’s statistical persuasions, for problems of this type
the observed value of the likelihood ratio test statistic for testingH0 : u [ C is
directly relevant to the precision with which the data are revealing about the
interest parameterg1+

To summarize, we have argued that~a! inference problems, like the Fieller
problem, and the structural equation model, can usually be embedded in a model
for which no paradox arises; ~b! the problem arises because the reparameter-
ization involved in the definition of the interest parameter entails a critical set
in the embedding parameter space on which the interest parameter can take
more than one value; ~c! the likelihood ratio test statistic for testing whether, in
the embedding model, and with the data actually available, the parameter lies
in the critical set, is a natural measure of the ability of the sample to inform
about the interest parameter; ~d! far from being a “nuisance,” the sample evi-
dence on the noninterest parameter component of the reparameterized model is
directly relevant to the precision with which the interest parameter itself can be
located+

Our conclusion is that the observed likelihood ratio test statistic for testing
membership of the critical set is directly relevant to the precision with which
the interest parameter can be estimated with the data actually available and that
it therefore makes no sense to average over values of that statistic that have not
occurred+ That is, we conclude that any sensible assessment of the properties
of estimates of the interest parameter~s! must be made conditional on the ob-
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served value of such a test statistic~or other relevant indicators of critical set
membership!+ In particular, estimator precision should be measured by the con-
ditional variance or mean-square error~MSE!, not the unconditional variance
or MSE+

It should be remarked at this point that, because the preceding argument could
be based on the confidence set produced by several tests, our argument does
not, by itself, identify a unique conditioning statistic or a unique conditional
measure of precision+ The likelihood ratio statistic seems to us the most natural
choice and has, of course, a number of well-known advantages+ Nevertheless,
in both the Fieller–Creasy problem and the structural model other possibilities
may be worth investigating in future work+

It would be natural at this point to report the conditional density and vari-
ance~or MSE! of the MLE for c in the Fieller–Creasy problem, conditional on
w1+ However, these turn out to be a special case of the results that follow for
the structural equation model, so we defer discussing them for the moment~see
Remark 6 following Theorem 2 in Section 4!+

3. THE STRUCTURAL EQUATION MODEL

We consider a single structural equation written without explicit normalization:

Ybn 5 Z1g 1 u, (6)

where Y 5 ~ y1,Y2! is a T 3 ~n 1 1! matrix of endogenous variables, Z1 is
a T 3 k1 matrix of exogenous variables, and bn and g are, respectively,
~n 1 1! 3 1 andk1 3 1 vectors of parameters+ The reduced form corresponding
to ~6! is

Y 5 Z1F 1 Z2P 1 V, (7)

whereZ2 is a T 3 k2 matrix of exogenous variables not included in the struc-
tural equation andF and P are matrices of parameters of dimensionk1 3
~n 1 1!, k2 3 ~n 1 1!, respectively+ We assume throughout thatk2 $ n+ The
rows of V are assumed to be independent normal vectors with mean zero and
common~n 1 1! 3 ~n 1 1! covariance matrix

V 5 Sv11 v21
'

v21 V22
D,

wherev11, v21, andV22 are, respectively, ~1 3 1!, ~n 3 1!, and~n 3 n! matri-
ces of parameters+ The reduced form~7!, with the preceding assumptions, con-
stitutes the embedding model for this problem+

Compatibility of the structural equation~6! and reduced form~7! requires
the existence of somebn Þ 0, such that

Pbn 5 0, (8)

CONDITIONAL INFERENCE 719

https://doi.org/10.1017/S0266466603195011 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466603195011


Fbn 5 g, Vbn 5 u+ Note that~8! implies rank~P! # n+ If rank~P! 5 n, equa-
tion ~8! uniquely determines the direction ofbn ~i+e+, bn is restricted to lie in a
one-dimensional space!+ If rank~P! , n, bn can be written as a linear combi-
nation of then 1 1 2 rank~P! basis vectors spanning the space orthogonal to
the space spanned by the rows ofP+ Thus, in this casebn lies in a space of
dimension greater than one+ Our assumptions about rank~P! will be discussed
shortly+

The structural equation is usually normalized by settingbn 5 ~1,2b0
' !' , and

P 5 ~p1,P2!, so that~8! becomes

p1 2 P2 b0 5 0 (9)

and the structural equation~6! has the form

y1 5 Y2 b0 1 Z1g 1 u+ (10)

The interest parameterb0 is uniquely determined if and only if rank~P2! 5 n,
so the mappingP r b0 fails to be continuous on the critical setC 5
$P2 : rank~P2! , n% + Equation~10! is identified if rank~P2! 5 n, and istotally
unidentifiedif P2 5 0+ In all other cases we have apartially identifiedstruc-
tural equation, where some of the parameters are identified after a rotation of
coordinates in the space of the endogenous variables~Phillips, 1989!+ It is well
known ~Phillips, 1983; Hillier , 1985! that when the structural equation is to-
tally unidentified the densities of the OLS, TSLS, and LIML estimators ofb0

~and bn ; cf+ Hillier , 1990! are free of any of the parameters in~10! and the
“estimators” are therefore uninformative about them+ Moreover, in this case,
the densities of the TSLS and the LIML estimators do not depend on the sam-
ple size, so that conventional asymptotics for these estimators breaks down+

In the remainder of the paper we will consider the classical normalization
given in equation~10!+ This is the analogue of the Fieller problem with interest
parameterc+ However, we emphasize that an exactly analogous argument ap-
plies for the alternative normalizationbn

' bn 5 1 that corresponds to the inter-
est parameterf in the Fieller problem~because it leaves only the direction of
bn unknown!+ Note, though, that just as in the Fieller problem, the critical set,
C, would be different for this case, and hence so would the conditioning
statistic~s!+

It will be assumed throughout that the structural equation~10! is formally
identified but that points inP2-space arbitrarily close to the critical setC 5
$P2: rank~P2! , n% cannot be ruled out a priori+As shown by Gleser and Hwang
~1987! and Dufour~1997!, the model can be totally uninformative about the
interest parameter if there exists a sequence of points inP2-space converging
to some point in the critical set+ Exactly as for the Fieller–Creasy problem dis-
cussed in the previous section, the sample evidence on the distance ofP2 from
the critical set reflects how well~or how poorly! b0 can be located with the
data actually available+ And, as argued above, this suggests that the relevant
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post-data properties of estimates ofb0 ~including measures of precision! are
those conditional on that evidence+

We consider the OLS and the TSLS estimators ofb0 in ~10!, which can both
be written in the form

b 5 ~Y2
'QY2!21Y2

'Qy1

with, in the OLS case, Q 5 QZ1
, whereQA 5 I 2 A~A'A!21A' for any matrixA

of full column rank, and in the case of TSLS, Q 5 QZ1
2 QZ, where Z 5

~Z1,Z2!+ Because the reduced form~7! is simply a multivariate linear model,
joint minimal sufficient statistics forF, P, and V in ~7! are ~see Muirhead,
1982, Sect+ 10+1!

ZF 5 ~Z1
' Z1!21Z1

' Y,

ZP 5 ~Z2
'QZ1

Z2!21Z2
'QZ1

Y5 ~ [p1, ZP2!,

S5 Y 'QZY,

and these remain minimal sufficient for any~unknown! P with rank~P! . 0+
These statistics are independent of each other, and

ZF ; N~F 1 ~Z1
' Z1!21Z1

' Z2P, ~Z1
' Z1!21 J V!,

ZP ; N~P, ~Z2
'QZ1

Z2!21 J V!,

S; Wn11~y 2 k2,V!,

where y 5 T 2 k1 ~here and later we use the notational abbreviations for
the matrix-variate normal and Wishart densities adopted by Muirhead, 1982,
Ch+ 3!+

Partitioning ZP 5 ~ [p1, ZP2!, andS comformably withV,

S5 Ss11 s21
'

s21 S22
D,

inference aboutP2 can be based on the matrix pivot

FP2
5 S22

2102~ ZP2 2 P2!'Z2
'QZ1

Z2~ ZP2 2 P2!S22
2102, (11)

which has the matrix-variateF-distribution with density proportional to

6FP2
6~k22n21!02 6 In 1 FP2

62@~y1k2!02#

~for an exactly analogous case, see the proof of Theorem 8+2+8 in Muirhead,
1982!+

The likelihood ratio test statistic for a specific value ofP2 ~based on the
reduced form forY2 alone! is easily seen to be a monotonic decreasing function
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of 6 In 1 FP2
6, so that a confidence region forP2 can be constructed by finding

the set ofk2 3 n matricesP2 for which

6 In 1 FP2
6 , c+ (12)

This is the analogue of~2! for the Fieller problem+ The confidence region for
P2 based on~12!,

LRc~ ZP2,S22! 5 $P2 : 6 In 1 FP2
6 , c%,

intersects the critical setC 5 $P2 : rank~P2! , n% only if c is larger than
infP2[C 6 In 1 FP2

6+ Let f1 # f2 # {{{ # fn be the ordered eigenvalues of

F0 5 S22
2102 ZP2

' Z2
'QZ1

Z2 ZP2S22
2102+ (13)

It is straightforward to check that the region~12! intersects the critical setC
just if f1 , c and hence that the analogue ofk in ~5! is, for the interest param-
eterb0,

k~b0; ZP2,S22! 5 12 ~11 f1!2~T02!+ (14)

The quantity~1 1 f1!2~T02! is the likelihood ratio statistic for testing the null
hypothesis that rank~P2! # n 2 1 ~i+e+, P2 [ C! against rank~P2! 5 n+

The argument in Section 2 thus suggests that inference onb0 should be made
conditional on the observed value off1+ In particular, the precision reported for
an estimate ofb0 should be that in the conditional density of the estimator given
the observed value off1+Whenn 5 1 it is reasonably straightforward to imple-
ment this conditioning; see Section 4+ However, when n . 1 it is both more
difficult to condition onf1 alone and less obvious that this is the only plausible
statistic upon which one might wish to condition+ Unlike in the Fieller prob-
lem, there is no unique maximal invariant statistic, and the likelihood ratio sta-
tistic is only one of a number of plausible candidates+ We believe that, for the
casen . 1, a case can be made for conditioning on alln eigenvalues ofF0+ The
argument is as follows+

The problem of testingH0 : rank~P2! # n 2 1 ~P2 [ C! against
H1 : rank~P2! 5 n can be reduced by sufficiency and the fact that the interest
parameter does not involveF, to procedures based on~ FP2,S22!, where FP2 5
~Z2
'QZ1

Z2!102 ZP2+ But, for such procedures, the problem is invariant~in the
sense discussed in Muirhead, 1982, Ch+ 6! under the group of transformations
G 5 $~W,E! :W [ O~k2!, E [ Gl~n!% ~whereO~n! denotes the group ofn 3 n
orthogonal matrices andGl~n! the general linear group ofn 3 n nonsingular
matrices!, with group operation~W1,E1!~W2,E2! 5 ~W1W2,E1E2! and acting
on the space of statistics~ FP2,S22! by ~W,E!~ FP2,S22! 5 ~W FP2E ',ES22E '!+ The
induced group of transformations on the parameter space is given by
~W,E!~ OP2,V22! 5 ~W OP2E ',EV22E '!, where OP2 5 ~Z2

'QZ1
Z2!102P2+ Clearly,

transformations belonging toG preserve both the rank ofP2 and the joint dis-

722 GIOVANNI FORCHINI AND GRANT HILLER

https://doi.org/10.1017/S0266466603195011 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466603195011


tributional properties of~ FP2,S22!+ Under the groupG, a maximal invariant is
~ f1, + + + , fn!, where f1 # {{{ # fn are the eigenvalues ofF0 in ~13!+ Moreover,
the distribution of ~ f1, + + + , fn! depends only on the eigenvalues ofL 5
V22

2102 OP2
' OP2V22

2102, the maximal invariant under the induced group of transfor-
mations on the parameter space~Muirhead, 1982, Theorem 6+1+12!+

Because every invariant test depends only on the maximal invariant, and the
likelihood ratio test is just one member of this class, it seems preferable in the
casen . 1 to condition on the full maximal invariant rather than on any par-
ticular scalar function of~ f1, + + + , fn!+ Thus, in the casen . 1, we shall condi-
tion on all n roots ~ f1, + + + + , fn! of F0+ In Appendix A we derive the conditional
densities of the OLS and TSLS estimators forb0 in ~10!, conditional on the full
maximal invariant~ f1, + + + , fn!+ Because the exact results for the general case of
n 1 1 endogenous variables are difficult to interpret, in the next section we
analyze in detail the results for the casen 5 1, for which the identification test
statistic is simplyf1+

4. CONDITIONAL RESULTS FOR THE CASE n = 1

4.1. Conditional Densities and Moments

In this section we analyze the consequences of conditioning onf1 for the OLS
and TSLS estimators ofb0 in ~10!, assumingn 5 1+ Note that, whenn 5 1, f1 5
ZP2
' Z2
'QZ1

Z2 ZP20S22 is a scalar, and we shall denote this simply byf+ Ideally we
would want to obtain the analogous results for the LIML estimator also, but
these have so far proved intractable+ To simplify the notation, but without loss
of generality, we employ the standardizing transformations described in
Phillips ~1983!+ For either estimator, b, for b0, define the transformed statistic

r 5 ~V22
102b 2 V22

2102v21!0v (15)

and the transformed parameter

b 5 ~V22
102 b0 2 V22

2102v21!0v, (16)

where

v2 5 v11 2 v21
' V22

21v21+ (17)

Note that, in the casen 5 1, the squared correlation betweenY2 andu in ~10! is
r2 5 b20~1 1 b2! and thatr 2 b 5 V22

102~b 2 b0!0v+
The exact conditional densities ofrOLS and rTSLS, given f, are reported in

Theorem 1+ These results are derived in Appendix A, where we also give re-
sults for the general case~n . 1!+ The conditional means, variances, and MSEs
are given in Theorem 2, and the proofs of these results are given in Appen-
dix B+ In the statements of these results~a!j denotes~a!j 5 a~a 1 1! + + + ~a 1
j 2 1! and pFq~+! denotes the generalized hypergeometric function~see Muir-
head, 1982, p+ 20!+
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THEOREM 1 ~Conditional Densities!+ Given the model specified in Sec-
tion 3 with n5 1, and the standardization described previously, the conditional
densities of theOLS and TSLS estimators, given f, are

pdfOLS~r 6 f ! 5 FBS1

2
,
y

2DG21

~11 r 2!2@~y11!02#

3 (
j50

`

g1j ~l,b; f !F lf ~11 br !2

~11 f !~11 r 2!
G j

(18)

and

pdfTSLS~r 6 f ! 5 FBS1

2
,
y

2
DG21S11

fr 2

11 f
D2@~y11!02#

3 (
j50

`

g2j ~l,b; f !F lf ~11 br !2

~11 f !S11
fr 2

11 f
DG

j

, (19)

where B~a,c! 5 G~a!G~c!0G~a 1 c!, y 5 T 2 k1, l 5 P2
' Z2
'QZ1

Z2P202V22 is
a scalar,

g1j ~l,b; f ! 5

Sy 1 1

2
D

j

j!S k2

2 Dj

1F1Sj 1
1

2
, j 1

k2

2
;2

lfb2

11 f
D

1F1Sy

2
,
k2

2
;

lf

11 f
D , (20)

and

g2j ~l,b; f ! 5

Sy 1 1

2 D
j

j!S k2

2 Dj

f 102
1F1Sj 1

1

2
, j 1

k2

2
;2 lb2D

~11 f !102
1F1Sy

2
,
k2

2
;

lf

11 f
D + (21)

In the totally unidentified case~l 5 0), rOLS and f are independent and

pdfOLS~r 6 f ! 5 pdfOLS~r ! 5 FBS1

2
,
y

2DG21

~11 r 2!2@~y11!02#, (22)

whereas for theTSLS estimator

pdfTSLS~r 6 f ! 5 FBS1

2
,
y

2
DG21

~ f0~11 f !!102S11
fr 2

11 f
D2@~y11!02#

+ (23)
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THEOREM 2~Conditional Moments!+ For nonnegative integers p and q, let

pHq~z! 5

1F1Sy

2
2 p,

k2

2
1 q;zD

1F1Sy

2
,
k2

2
;zD (24)

and

pHq
*~z! 5

2 F2Sy

2
2 p,

3

2
;
1

2
,
k2

2
1 q;zD

1F1Sy

2
,
k2

2
;zD + (25)

In the following expressions, z5 lf0~1 1 f !.

(i) The conditional means are

EOLS~r 6 f ! 5
f

~11 f !
ETSLS~r 6 f ! 5

2zb

k2
0H1~z!, (26)

ETSLS~r 6 f ! 5
2lb

k2
0H1~z!; (27)

(ii) the conditional variances are

VarOLS~r 6 f ! 5 ~y 2 2!21F1H0~z! 1
2zb2

k2
1H1
*~z!G2 F 2zb

k2
0H1~z!G2

, (28)

VarTSLS~r 6 f ! 5 ~ f ~y 2 2!0~11 f !!21F1H0~z! 1
2lb2

k2
1H1
*~z!G

2 F 2lb

k2
0H1~z!G2

; (29)

(iii) the conditionalMSEs are

MSEOLS~r 6 f ! 5 b2 1 ~y 2 2!21F1H0~z! 1
2zb2

k2
1H1
*~z!G

2
4zb2

k2
0H1~z!, (30)

MSETSLS~r 6 f ! 5 b2 1 ~ f ~y 2 2!0~11 f !!21F1H0~z! 1
2lb2

k2
1H1
*~z!G

2
4lb2

k2
0H1~z!+ (31)
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Note that, because of the standardizations used, both the conditional and
unconditional variances and MSEs of the standardized estimators are simply
multiples of the corresponding quantities for the unstandardized estimators, with
constant of proportionality~V220v2!+

Remarks+

1+ When the structural equation~10! is totally unidentified the OLS estimator is in-
dependent off, but this is not the case for the TSLS estimator+ In general, condi-
tioning affects the properties of both the OLS and the TSLS estimators+ More
precisely, conditioning makes the functional forms of the densities of the OLS and
TSLS estimators different~even though their unconditional densities have the same
functional form! and thus has an impact on the choice between these estimators
~see the discussion that follows!+

2+ Equations~22! and ~23! ~for the totally unidentified case! represent the leading
terms in expansions for the densities of the OLS and TSLS estimators~respec-
tively! and are both proportional to a Student-t density withy degrees of freedom+
Thus, in general~i+e+, whetherl 5 0 or not!, integer~conditional! moments exist
up to ordery 2 1+ ~In contrast, for TSLS unconditional integer moments exist
only up to orderk2 2 1+!

3+ As in the case of the unconditional densities~see Phillips, 1983!, the conditional
densitiespdfOLS~r 6 f ! and pdfTSLS~r 6 f ! are not symmetric aboutb, except when
b 5 0 or l 5 0+

4+ From equation~27! it is clear that6EOLS~r 6 f !6 , 6ETSLS~r 6 f !6, that is, the condi-
tional mean of the OLS estimator is always closer to the origin than that of the
TSLS estimator, by a factor that depends onf+ We shall see shortly that, as this
result suggests, the OLS estimator can certainly conditionally dominate the TSLS
estimator for small values of bothb and f+ MSE comparisons of the two estima-
tors are given in the next section+

5+ As f goes to infinity, for fixed parameter values, the densities and the MSEs of the
OLS and TSLS estimators tend to the same function+ This is evidence that if there
is a clear sign that the model is identified, then the OLS and TSLS estimators are
equivalent in small samples+ This, again, stresses the importance of using the iden-
tification test statistic to give a feeling for the robustness of the results to the choice
of the estimator+

6+ For the Fieller–Creasy problem with interest parameterc the MLE for c corre-
sponds to the TSLS estimator forb0 with k1 5 0, k2 5 1, n 5 1, and the matrixZ2

a T 3 1 vector of ones+ However, for the Fieller–Creasy problemV is assumed to
be of the forms2I2, which affects the degrees of freedom of the conditioning var-
iate in such a way as to replacey by 2T21, the standardizing transformations~15!
and~16! do not modify Zc, andl becomesm2

202s2+ With these modifications, the
conditional density, variance, and MSE for the MLE forc in the Fieller–Creasy
problem are given by~23!, ~29!, and ~31!, respectively+ Thus the results that fol-
low for the TSLS estimator also apply to the MLE forc in the Fieller problem+

4.2. Numerical Properties

The conditional densities of the~standardized! OLS and TSLS estimators are
characterized by the three known quantities~y 5 T 2 k1, k2, f ! and the two
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unknown parameters~l,b!+ Figures 1 and 2 illustrate the effects of condition-
ing+ Plots of the densities given in Theorem 1 have been drawn forb 5 0+35,
l 5 +5, andT 5 20, k1 5 3, k2 5 4 ~this choice of values for the parameters is
based on the results by Anderson, Morimune, and Sawa, 1983!+ To avoid val-
ues off that are unlikely~with this value ofl!, we choose four values~ fi , i 5
1, + + + ,4!, f0 5 0, f5 5`, such that Pr$ fi , f , fi11% 5 0+2 for i 5 0, + + + ,4+ Note
that the standardizing transformations in equations~15! and~16! simply entail
a change of origin and rescaling of the variate, both of which are determined
entirely byV+ Hence, transforming back to the raw estimators does not change
the qualitative features of these densities+

Figure 1 displays the marginal and conditional densities for the OLS estima-
tor+ Clearly, the properties of the OLS estimator are not significantly affected
by conditioning on the identification test statistic, and this property is robust to
a wide variety of choices for the underlying parameters+ Figure 2 shows the
densities for the TSLS estimator+ In this case the impact of conditioning is ap-
preciable+ It is clear that conditioning on the identification test statistic has an
imperceptible effect on the mean of the TSLS estimator but quite a dramatic
effect on its variance+ Again, this behavior is reasonably robust to the choice
of parameters, although whenl is large the mean does respond slightly more
to the value off+ Nevertheless, the most important effect off, whatever the

Figure 1. Marginal and conditional densities: OLS estimator+ The solid line indicates
the marginal density+ The dashed lines represent the conditional densities, with the fin-
est line corresponding to the density conditional onf1 and the coarsest line to the den-
sity conditional onf4+
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parameter values, remains its impact on the variance of the estimator, so the
results add support to the interpretation of the identification test statistic as in-
dex of precision+

To quantify the difference between the conditional and the unconditional vari-
ances we report in Tables 2 and 3 the ratio of the conditional to the uncondi-
tional variances, that is, Var~r 6 f !0Var~r !, for both estimators and for various
values ofl andf+ Specifically, for fi , i 5 0, + + + ,10 such that Pr$ fi , f , fi11% 5
0+1, i 5 0, + + + ,9, f0 5 0, f10 5`+ The other parameters have been set at the same
values as before, that is, T 5 20, k1 5 3, k2 5 4+ Table 2 shows that the differ-
ence between VarOLS~r 6 f ! and VarOLS~r ! is negligible+ On the other hand, Table 3
reinforces the impression gained from Figure 2 that for TSLS the difference
between VarTSLS~r 6 f ! and VarTSLS~r ! can be very large, especially for small
values of the noncentrality parameter+ Notice that small observed values off
imply, as expected, lower conditional precision for the estimator~relative to
the unconditional! but also that larger observed values off imply higher condi-
tional precision+ It is also clear that for small values off the conditional preci-
sion of the TSLS estimator is poor but for largef it is quite good+

The conditional variances and MSEs in Theorem 2 depend, of course, on the
unknown parametersl andb+ Thus, to report measures of precision these quan-
tities need to be replaced by suitable estimates, as of course is virtually always

Figure 2. Marginal and conditional densities: TSLS estimator+ The solid line indicates
the marginal density+ The dashed lines represent the conditional densities, with the fin-
est line corresponding to the density conditional onf1 and the coarsest line to the den-
sity conditional onf4+
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the case, whether we are using conditional or unconditional measures, or in-
deed whether such measures are exact or asymptotic+ In addition, to adjust for
the standardization, an estimate of the scale factorv20V22 is required+ There
are several possible approaches that could be used to estimate the conditional
variances, the most natural of these being simply to replacel and b by the
“obvious” estimators Zl 5 f02 and Zb 5 r+

Whenl is replaced byf02 in the variance ratios VarOLS~r 6 f !0VarOLS~r ! and
VarTSLS~r 6 f !0VarTSLS~r ! ~which are independent of the scale factor! these ra-
tios become functions ofb2 alone, andb here can be interpreted as the value
of the estimatorr, rather than the unknown parameter+ Thus, one can easily
examine the effect of conditioning on theestimated, as distinct from theactual,
variances of the two estimators+ The results of doing so are in broad agreement
with the message conveyed in Tables 2 and 3: for the OLS estimator, the ratio

Table 2. Ratio of conditional to unconditional variance: OLS

l 5 0+05 l 5 0+5 l 5 5 l 5 10 l 5 25

f1 1+004 1+032 1+115 1+112 1+080
f2 1+003 1+023 1+059 1+057 1+044
f3 1+003 1+015 1+024 1+024 1+020
f4 1+00 1+008 0+997 0+998 1+002
f5 1+00 1+000 0+973 0+976 0+987
f6 0+999 0+993 0+951 0+956 0+974
f7 0+997 0+985 0+931 0+938 0+960
f8 0+997 0+975 0+910 0+918 0+946
f9 0+996 0+963 0+885 0+894 0+930

Note: Entries are the ratios VarOLS~r 6 f !0VarOLS~r !; Pr$ fi , f , fi11% 5 0+1; T 5 20, k1 5 3, k2 5 4, b 5 0+35+

Table 3. Ratio of conditional to unconditional variance: TSLS

l 5 0+05 l 5 0+5 l 5 5 l 5 10 l 5 25

f1 1+821 1+810 1+533 1+365 1+185
f2 1+193 1+196 1+159 1+131 1+078
f3 0+919 0+915 0+974 1+006 1+013
f4 0+746 0+744 0+854 0+919 0+966
f5 0+623 0+625 0+765 0+851 0+927
f6 0+529 0+531 0+691 0+794 0+893
f7 0+451 0+455 0+626 0+742 0+861
f8 0+381 0+385 0+567 0+691 0+828
f9 0+312 0+316 0+503 0+634 0+790

Note:Entries are the ratios VarTSLS~r 6 f !0VarTSLS~r !; Pr$ fi , f , fi11% 5 0+1; T 5 20, k1 5 3, k2 5 4, b 5 0+35+
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of estimated variances always remains close to unity for all values off andb,
whereas for the TSLS estimator the ratio can be either much greater than one
~when f is small! or much less than one~when f is large!+ Thus, the estimated
conditional variance reflects, more adequately than the estimated unconditional
variance, the precision of the TSLS estimator for the sample actually available+
For the OLS estimator conditioning is less important+

In the casen . 1 the thrust of our main argument—that conditional mea-
sures of precision are more appropriate in this model—obviously continues to
apply+ The distribution results for the casen . 1 given in Appendix A~where
we give the conditional densities of the two estimators! suggest that this will
continue to be important for the TSLS estimator+ However, the exact condi-
tional covariance matrices andMSEmatrices, which we do not report, are ex-
tremely complicated multivariate analogues of those given in Theorem 2 for
the casen 5 1, far too complicated to be useful in practice+ Thus, for the case
n . 1, the exact results do not lead to implementable formulas: a compromise
is clearly needed+We cannot resolve this problem in the present paper, which is
already long, but there are several possibilities that seem worthy of further
examination+

~a! One possibility is to condition on a different, simpler, statistic that is still infor-
mative about the identifiability of the model, for example, to condition on a suit-
ably scaled version ofZP2, for instance ZP2S22

2102 ~note thatF0 in equation~13!—
and hence its roots—depends only upon this matrix!+ The conditional distributions
of interest are then mean0variance mixtures of normal densities that we have not
yet fully explored+

~b! A second possibility~suggested by a referee! would be to rely on first-order as-
ymptotic approximations to the conditional densities, rather than the exact results
we have concentrated on+ Again, we have not fully explored this route, but our
first impression is that this may not in fact be much simpler than the exact analy-
sis, because the joint asymptotic conditional distributions of the sufficient statis-
tics are still normal and the transformations0integrations required to obtain the
results we seek are still formidable+ One advantage of this approach, though, would
be that the results would have much broader applicability+

~c! Finally—a more technically demanding possibility—we are investigating the pos-
sibility that the integrals in Appendix A that, when evaluated explicitly, lead to
such complicated formulas, may lend themselves to evaluation by relatively
straightforward simulation methods, because they are generally expressible as the
expectations of rather simple functions with respect to various matrix-variate ran-
dom variables having familiar distributions+

We hope to be able to make some practical suggestions for the casen . 1 in a
later paper+

4.3. Estimator Comparisons

Once we have agreed that measures of estimator precision should, in this model,
be conditional, these conditional quantities become the proper basis for com-
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paring the properties of different estimators+ In this section we briefly present
some results of this type for the OLS0TSLS estimators, again for the case
n 5 1+

Because both estimators are~conditionally and unconditionally! biased, it is
the conditional MSEs, given f, that are of interest, that is, equations~30! and
~31!+ Because these formulas are quite complicated it is difficult to compare
MSEs analytically, but because the special functions involved are intrinsic to
both Mathematica and Maple, it is a relatively trivial matter to study them nu-
merically+ Extensive study of the ratioMSEOLS~r 6 f !0MSETSLS~r 6 f ! ~to elimi-
nate the scale factor arising from standardization! yields the following general
conclusions+

~i! Neither estimator conditionally dominates the other over all values off, OLS
being superior for very small values, TSLS for all other values off+ The range of
values off over which OLS dominates depends on~y, k2,l!, of course, but is
never very large+ That is, unless there is strong sample evidence that the model is
not identified, TSLS must be preferred; for moderate to large values off the MSE
advantage of TSLS can be substantial, depending on~y, k2,l!+ On the other hand,
if f is very small, OLS can be dramatically better than TSLS+

~ii ! The range of values off over which OLS dominates increases asb2 decreases+
That is, weak simultaneity together with data suggesting weak identification fa-
vors OLS, as one would expect+

It is safe to conclude from these results that TSLS should be the preferred
estimator except when the data suggests that the instruments are very weak+

5. ON FIELLER AND ANDERSON–RUBIN CONFIDENCE SETS

A common alternative way to indicate inferential precision is to construct a
confidence set for the parameter~s! of interest, ideally using a pivotal statistic
so that the confidence level can, in principle, be known exactly+ The Fieller–
Creasy interval forc ~based on the statistic in~1!! and its analogue in the struc-
tural equation model, the Anderson–Rubin confidence set forb0 ~Anderson and
Rubin, 1949! based on the statistic

F~b0! 5
~ y1 2 Y2 b0!' @QZ1

2 QZ# ~ y1 2 Y2 b0!0k2

~ y1 2 Y2 b0!'QZ~ y1 2 Y2 b0!0~y 2 k2!
, (32)

are the standard choices for the problems considered here+ And, both are de-
fended on the grounds that the statistic providing the interval~or region! is
pivotal ~in the case of~32!, F~k2, y 2 k2!!+ Indeed, Dufour ~1997, p+ 1378!
asserts: “the confidence set@based on~32!# is similar at level 1-a irrespective
of the true value ofP ~it is not conservative! and so does not require an iden-
tifiability assumption, a remarkable feature+” We believe that neither the statis-
tic ~1! nor F~b0! in ~32! is truly pivotal and would argue that, therefore, neither
procedure truly solves the inferential problem for which it is designed+ The
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same argument applies to recent work by Moreira~2002!, who, like us, sug-
gests a conditional approach for hypothesis testing in this model but is moti-
vated by the more classical objective of obtaining similar tests+

Taking the Fieller–Creasy problem~with interest parameterc! first, it is cer-
tainly true that, for m Ó C, the distribution is as given in~1!+ However, the
equationm1 2 cm2 5 0, which seems to imply thatm1 5 0 wheneverm [ C
~i+e+, m2 5 0!—and hence that the distribution result in~1! holds even when
m [ C—in fact does no such thing+ It is purely a definition of the interest
parameterc in terms ofm, and it would be absurd to claim that merely declar-
ing the parameter of interest to be this particular function ofm imposes this
constraint on the embedding density+ But, as soon as we allow thatm1 may not
vanish whenm [ C, the statistic~1! ceases to be pivotal: the distribution of the
quantity on the left in~1! becomes noncentralF~1,2~T 2 1!;m1

20s2~1 1 c2!!,
and this is true for any numberc+

Although more complex, the situation for the structural equation case is ex-
actly analogous: providedP2 Ó C, ~9! is a definition ofb0 in terms ofP but
does not entail the restriction thatp1 is necessarily in the subspace of dimen-
sion rank~P2! spanned by the columns ofP2+ The impression that it does so is
purely an artifact of the normalization rule+ In the totally unidentified caseP2 5
0, for instance, ~9! does not carry the implication thatp1 necessarily vanishes+
Thus, althoughF ~ b0! certainly has theF ~k2, y 2 k2! distribution for all
P2 Ó C, when P2 [ C the distribution will be noncentralF with the same
degrees of freedom and a noncentrality parameter that depends onp1+

In fact, in both cases, even if one takes a view contrary to ours, namely, that
m2 5 0 impliesm1 5 0 in the Fieller problem, or its analogue in the structural
model, neither the Fieller nor the Anderson–Rubin confidence sets can be sup-
ported+ For, as Basu~1981! makes clear, the use of a particular statistic to con-
struct a confidence set rests on the knowledge that its distribution depends on
the parameter of interest, whereas in these cases there are regions of the param-
eter space for the embedding model where it is known that the sufficient statis-
tics ~and therefore any functions of them! have distributions free of the interest
parameter+

6. CONCLUDING REMARKS

In a single structural equation model the possibility that the model is unidenti-
fied, or is arbitrarily close to being unidentified, cannot be ruled out a priori+
Even though it is well known that both the small sample and asymptotic prop-
erties of the usual estimators break down in such a case, no practical procedure
has been developed to take account of this possibility+ In this paper we have
argued that, in possibly unidentified models, ~i! inference should be made con-
ditional on an identification test statistic and~ii ! the identification test statistic
should be considered an index of precision for inference+
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We have derived the exact distributions of the OLS and TSLS estimators
conditional on an identification test statistic and have shown that conditioning
makes the functional forms of the densities of the OLS and TSLS estimators
different+ In the extreme case of a totally unidentified model the OLS estima-
tor is independent of the identification test statistic, but that is not the case for
the TSLS estimator+ For both estimators conditioning affects the variance much
more than the mean, and, for the TSLS estimator, conditioning can have a
substantial effect on the apparent precision of the estimator, in either direc-
tion+ Conditional MSE comparisons of the two estimators imply that, particu-
larly when the data suggest only weak identification, OLS is the preferred
estimator and that, when properly conditioned, there is little to choose be-
tween these two estimators+ It would obviously be of interest to include the
LIML estimator in these comparisons, but technical problems have so far pre-
vented us from doing so+

The practical implications of these results are important+ They show that it is
very important to report the identification test statistic, both because it tells us
directly how confident we can be that the model is identified and because it is
an index of precision for the estimator of the structural parameters of interest
~especially for the TSLS estimator!+We believe that it should become standard
practice to report these statistics in empirical work and to use the~estimated!
conditional variance as the appropriate measure of precision+ This procedure
has the important advantage over most other procedures that have been sug-
gested in recent literature on the topic that it depends continuously on the iden-
tifiability test statistic+ In future work we hope to provide analogous procedures
for the casen . 1+ The exact results obtained here~under our admittedly very
special assumptions! can be expected to hold as approximations in much more
general models, such as time series models, in much the same way that Phillips
~1989! and Staiger and Stock~1997! extend their analyses to broader classes of
models+

Finally, although we have focused on point estimation, the argument that in-
ference in this model should be conditioned on the identification test statistic
can be extended to hypothesis testing, including both tests on the structural
parameters and tests for exogeneity+ These problems remain for future work+
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Sankhyā36, Series A, Part 2, 177–183+

Kiefer, J+ ~1977! Conditional confidence statements and confidence estimators+ Journal of the Amer-
ican Statistical Association72, 789–827+

Kleibergen, F+ & H +K+ van Dijk ~1998! Bayesian simultaneous equations analysis using reduced
rank structures+ Econometric Theory14, 701–743+

734 GIOVANNI FORCHINI AND GRANT HILLER

https://doi.org/10.1017/S0266466603195011 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466603195011


Koschat, M+A+ ~1987! A characterization of the Fieller solution+ Annals of Statistics15, 462–468+
Lindsay, B+G+ & B + Li ~1997! On second-order optimality of the observed Fisher information+ An-

nals of Statistics25, 2172–2199+
Moreira, M+J+ ~2002! A Conditional Likelihood Ratio Test for Structural Models+ Working paper,

Department of Economics, Harvard University+
Muirhead, R+J+ ~1982! Aspects of Multivariate Statistical Theory+ New York: Wiley+
Nelson, C+ & R+ Startz ~1990! Some further results on the exact small sample properties of the

instrumental variable estimator+ Econometrica58, 967–976+
Pfanzagl, J+ ~1998! The nonexistence of confidence sets for discontinuous functionals+ Journal of

Statistical Planning and Inference75, 9–20+
Phillips, P+C+B+ ~1983! Exact small sample theory in the simultaneous equation model+ In M+D+

Intriligator and Z+ Griliches~eds+!, Handbook of Econometrics, pp+ 449–516+ Amsterdam: North
Holland+

Phillips, P+C+B+ ~1989! Partially identified econometric models+ Econometric Theory5, 181–240+
Sargan, J+D+ ~1983! Identification and lack of identification+ Econometrica51, 1605–1633+
Scheffé, H+ ~1970! Multiple testing versus multiple estimation: Improper confidence sets: Estima-

tion of directions and ratios+ Annals of Mathematical Statistics41, 1–29+
Sims, C+A+ ~1980! Macroeconomics and reality+ Econometrica48, 1–48+
Staiger, D+ & J+H+ Stock ~1997! Instrumental variables regression with weak instruments+ Econo-

metrica65, 557–586+
Stock, J+ & M + Yogo ~2001! Testing for weak instruments in linear IV regression+ In Don Andrews,

Jim Powell, Paul Ruud, and Jim Stock~eds+!, Identification and Inference for Econometric Mod-
els: A Festschrift for Tom Rothenberg, Econometric Society Monograph Series+ Cambridge Uni-
versity Press, forthcoming+

Wallace, D+L+ ~1980! The Behrens-Fisher and the Fieller–Creasy problems+ In S+E+ Fienberg &
D+V+ Hinkley ~eds+!, R.A. Fisher: An Appreciation, Lecture Notes in Statistics I+ New York:
Springer-Verlag+

Zivot, E+, R+ Startz, & C+ Nelson~1998! Valid confidence intervals and inference in the presence of
weak instruments+ International Economic Review39, 1119–1144+

APPENDIX A: CONDITIONAL DENSITIES

In this Appendix we make extensive use of the notation and multivariate integration
techniques explained in detail in Muirhead~1982!, especially Chapters 2 and 7+ Refer-
ences to theorems from Muirhead~1982! will ~in both Appendixes A and B! be abbre-
viated to, for instance, the form MT 1+1+1+ To keep the derivations as brief as possible,
we ask the reader to refer to these sources for details of the notation and main results
that are used+ See also Hillier~1985! and Hillier and Skeels~1993!+

Let

~x,X ! 5 ~Z2
' QZ1

Z2!102 @~ [p1 2 ZP2V22
21v21!0v, ZP2V22

2102# ,

~m,M ! 5 E~x,X ! 5 M~b, In!,
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whereM 5 E~X ! 5 ~Z2
' QZ1

Z2!102P2V22
2102 andb is defined in equation~16! in the text+

Also, let

DS5 L'SL5S Is11 Is21
'

Is21 RD, (A.1)

whereL is the lower triangular matrix

L 5 S 10v 0

2V22
21v210v V22

2102D+
Because~x,X ! ; N~M~b, In!, Ik2

J In11!, it follows from standard results on the multi-
variate normal distribution thatx6X ; N~Mb, Ik2

! and X ; N~M, Ik2
J In!+ Also, be-

cause DS; Wn11~y 2 k2, In11!, it follows from MT 3+2+10 that Is216R; N~0,R! andR;
Wn~y 2 k2, In!+ Finally, ~x,X ! is independent of~ Is21,R!+

The maximal invariant for the testing problem of interest consists of then character-
istic roots ofF0 in equation~13! in the text or, equivalently, of F 5 R2102X 'XR2102+
BecauseX ; N~M, Ik2

J In!, andR; Wn~y 2 k2, In!, andX andR are independent, the
marginal joint density of the roots ofF is given by MT 10+4+2 as

pdf~F! 5 C2etr$2L%6F 6~k202!2p 6 In 1 F 62~y02!
1F1

~n!Sy

2
,
k2

2
;L,F~In 1 F!21D)

i,j

~ fi 2 fj !,

(A.2)

whereL 5 1
2
_M 'M, F 5 diag$ f1, f2, + + + + , fn%, p 5 ~n 1 1!02, and

C2 5

pn202GnSy

2D
GnSn

2DGnSy 2 k2

2 DGnS k2

2 D
+

Note that here and subsequently we useF to denote both the original matrix variate and
the diagonal matrix containing the characteristic roots of that matrix+ This, we hope,
will economize on notation without confusing the reader too much+

Using the definitions ofr andb in ~15! and ~16! in the text, and of ~x,X ! andR in
the preceding discussion, we have that

rOLS 5 ~R1 X 'X !21~ Is21 1 X 'x!, (A.3(a))

rTSLS5 ~X 'X !21X 'x, (A.3(b))

and the distributional results given previously imply that

rOLS6X,R;N~~R1 X 'X !21X 'Mb, ~R1 X 'X !21! (A.4)

and

rTSLS6X;N~~X 'X !21X 'Mb, ~X 'X !21!+ (A.5)
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Notice that in the totally unidentified caseM 5 0 and neither the conditional densities
~A+4! and~A+5!, nor those of the conditioning variates~X,R!, depend on any parameters
of the model+ Hence, unconditionally, the densities ofrOLS andrTSLSare independent of
the model parameters, and those of the unstandardizedbOLS andbTSLSdepend only on
V, as noted in the Introduction+

From ~A+4! and~A+5!, it is straightforward to obtain the joint density of~r,X,R! for
both of these estimators+ To obtain the joint density of~r,F! in both cases we need to
transform to a set of new variates including~r,F! and then integrate out the redundant
variables+ We have, as the starting points,

pdf
OLS

~r,X,R! 5 C1etr$2L%6R6~y2k2!022p 6R1 X 'X6102etr$22
1
2~R1 X 'X !~In 1 rr ' !%

3 etr$X 'M~In 1 br ' !%exp$22
1
2b 'M 'X~R1 X 'X !21X 'Mb% (A.6)

and

pdfTSLS~r,X,R! 5 C1etr$2L%6R6~y2k2!022p 6X 'X6102etr$22
1
2R%etrH2

1

2
X 'X~In 1 rr ' !J

3 etr$X 'M~In 1 br ' !%exp$22
1
2b 'M 'X~X 'X !21X 'Mb%, (A.7)

where

C1 5 F~2p!n~k211!022n~y2k2!02GnSy 2 k2

2 DG21

+

Conditional Density of the OLS Estimator.We deal with the OLS case, equa-
tion ~A+4!, first+ The characteristic roots ofF are invariant under the transformations
X r KXPH, R r H 'P'RPH, with K [ O~k2!, P [ Gl~n!, and H [ O~n!+ Choos-
ing P 5 ~In 1 rr ' !2102, making these transformations in~A +6! ~the Jacobian is
6 In 1 rr ' 62@~k21n11!02# 5 ~1 1 r 'r !2@~k21n11!02# ; see MT 2+1+5 and MT 2+1+6!, and aver-
aging overO~k2! andO~n!, the joint density in~A+6! is replaced by

C1etr$2L%~11 r 'r !2@~y11!02# 6R6@~y2k2!02#2p 6R1 X 'X6102etr$22
1
2~R1 X 'X !%

3 (
j+k50

`

(
a, @k#;f

Cf
a, @k#S1

2
MGG'M ',2

1

2
Mbb 'M 'DCf

a, @k#S1

2
XX',X~R1 X 'X !21X 'D

j! k!Sn

2Da
Cf~Ik2

!

,

(A.8)

where we have temporarily putG 5 ~In 1 br '!~In 1 rr '!2102 and we have made exten-
sive use of results from Davis~1979! and Chikuse and Davis~1986!+ The integral over
O~n! is a direct application of MT 7+4+1, whereas the integral overO~k2! uses Davis
~1979!, equation~1+2!+ The notation used in~A+8! is explained in detail in the papers
referred to and in Hillier~1985!+

Next, setW 5 XR2102, so thatF 5 W 'W, and ~dX! 5 6R6k202~dW! ~cf+ MT 2+1+5!,
and evaluate the integral overR . 0 using Davis~1979!, equations~2+12! and ~2+1!,
to obtain
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C11etr$2L%~11 r 'r !2@~y11!02# 6 In 1 W 'W62~y02! (
j, k50

`

(
a, @k#;f

uf
a, @k#Sy 1 1

2 D
a
Sn

2Df

j! k!Sn

2Da
S k2

2 Df
Cf~In!

3 Cf
a, @k#~L~In 1 br ' !~In 1 rr ' !21~In 1 rb ' !,2Lbb ' !Cf~W 'W~In 1 W 'W!21!,

(A.9)

where C11 5 2n~y11!02Gn~y 1 102!C1 and we have used the special structure of the
arguments of the invariant polynomials in~A+8! to simplify the expressions+ We now
transformW r ~V,F!, with F 5 W 'W and V 5 W~W 'W!2102, so thatV 'V 5 In, and
~dW! 5 22n 6F 6~k202!2p~dF!~V 'dV! ~see MT 2+1+14!, where ~V 'dV! denotes~unnor-
malized! Haar measure on the Stieffel manifold~Muirhead, 1982, Ch+ 2!+ Because~A+9!
does not depend onV we may integrate it out using MT 2+1+15, leaving a function only
of F+

Finally, we transformF to the diagonal matrix containing its characteristic roots~which
we continue to denote byF! and an orthogonal matrix, H, say, containing its character-
istic vectors~i+e+, the spectral decomposition ofF; see Muirhead, 1982, Sect+ 3+2+5!+
Integrating overH [ O~n! is straightforward because~A+9! is not a function ofH+ We
thus obtain

pdfOLS~r,F! 5 C1
*etr$2L%~11 r 'r !2@~y11!02# 6 In 1 F 62~y02! 6F 6~k202!2p )

i,j

~ fi 2 fj !

3 (
j, k50

`

(
a, @k#;f

uf
a, @k#Sy 1 1

2 D
a
Sn

2Df

j! k!Sn

2Da
S k2

2 Df
Cf~In!

3 Cf
a, @k#~L~In 1 br ' !~In 1 rr ' !21~In 1 rb ' !,2Lbb ' !Cf~F~In 1 F!21!,

(A.10)

where

C1
* 5

GnSy 1 1

2 D
pn02GnSy

2D
C2+

The conditional densitypdfOLS~r 6F! is obtained by simply dividing~A+10! by ~A+2!,
giving

pdfOLS~r 6F! 5

GnSy 1 1

2 D
pn02GnSy

2D
~11 r 'r !2@~y11!02# (

j, k50

`

(
a, @k#;f

uf
a, @k#Sy 1 1

2 D
a
Sn

2Df

j! k!Sn

2Da
S k2

2 Df
Cf~In!

3 gf~F;L!Cf
a, @k#~L~In 1 br ' !~In 1 rr ' !21~In 1 rb ' !,2Lbb ' !, (A.11)
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where

gf~F;L! 5
Cf~F~In 1 F!21!

1F1
~n!Sy

2
,
k2

2
;L,F~In 1 F!21D + (A.12)

Note that, in the totally unidentified caseM 5 0, only the first line of~A+10! remains,
so that, whenM 5 0, r andF are independent+ Equation~22! in the text gives this result
for the casen 5 1+ Also, whenn 5 1, it is straightforward to check that~A+11! reduces
to equation~18! in the text: both arguments of the polynomialsCf

a, @k#~{,{! that occur in
~A+11! are scalars, and, in the casen 5 1,

gf~F;L! 5
S f1

11 f1
Dj1k

1F1Sy

2
,
k2

2
;

lf

11 f
D +

Conditional Density of the TSLS Estimator.Starting now from~A+5!, because~A+5!
does not depend onR and R is independent ofX, we can initially ignoreR+ Thus, we
first transform X r ~V,Q!, with V 5 X~X 'X !2102 and Q 5 X 'X, so that ~dX! 5
22n 6Q6~k202!2p~dQ!~V 'dV! ~see MT 2+1+14 again!+ The term F depends onX only
throughQ, so we need only the joint densitypdfTSLS~r,Q!, obtained by integrating over
V 'V 5 In+ But, the integral over the Stieffel manifold is invariant under the transforma-
tionsM~In 1 br '!Q102 r M~In 1 br '!Q102H,H [ O~n!+ Hence, averaging overO~n!,
the termetr$V 'M~In 1 br '!Q102% that occurs in~A+7! may be replaced by

0 F1Sn

2
;
1

4
V 'M~In 1 br ' !Q~In 1 rb ' !M 'VD

~MT 7+4+1!+ Next, set OF 5 Q2102RQ2102 and note that the characteristic roots ofOF are
those ofF21+ The Jacobian of the transformation~R,Q! r ~ OF,Q! is 6Q6 p ~MT 2+1+6!,
so the joint density of~r,Q! may be expressed in the form

22nC1etr$2L~In 1 bb ' !%6 OF 6@~y2k2!02#2p 6Q6@~y11!02#2petrH2
1

2
Q~In 1 rr ' 1 OF!J

3 E
V 'V5In

expH 1

2
b 'M '~In 2 VV ' !MbJ

3 0 F1Sn

2
;
1

4
V 'M~In 1 br ' !Q~In 1 rb ' !M 'VD~V 'dV!+ (A.13)

Evaluating the Laplace transform, and integrating overV 'V 5 In using results from
Hillier ~1985!, we obtain

C11
* etr$2L~In 1 bb ' !%6 OF 6@~y2k2!02#2p 6 In 1 rr ' 1 OF 62@~y11!02#

3 (
j, k50

`

(
a, @k#;f

Sy 1 1

2 D
a
S k2 2 n

2 D
k

j! k!S k2

2 Df

uf
a, @k#

3 Cf
a, @k#~L~In 1 br ' !~In 1 rr ' 1 OF!21~In 1 rb ' !,Lbb ' !, (A.14)
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whereC11
* 5 2n~y11!02pnk202Gn~y 1 102!C10Gn~k202!+

Note, at this point, that in the totally unidentified case~M 5 0!, the second line of
~A+14! is redundant, so the joint density of~r, OF! becomes simply

C11
* 6 OF 6@~y2k2!02#2p 6 In 1 rr ' 1 OF 62@~y11!02#+ (A.15)

Transforming to EF 5 OF21 ~which has the same characteristic roots asF!, the Jacobian is
6 EF 62~n11! ~MT 2+1+8!, and it is clear at once that, unlike the OLS case, rTSLSandF are
not independent when the model is totally unidentified+ For the casen 5 1, equation
~A+14!, together with~A+2!, immediately yields equation~23! in the text+

In the general case~n . 1! ~but still with M 5 0! we need to transform EF to its
characteristic roots and vectors in~A+14! and then integrate overO~n!+ To obtain a con-
vergent expansion from this step we first write

6 In 1 rr ' 1 OF 6 5 ~11 r 'r !6 In 1 EF21 6S12
r '~In 1 EF!21r

~11 r 'r !
D+

Using this in~A+14!, replacing EF by HFH ' , with H [ O~n!, and integrating overO~n!
using MT 7+3+3, we obtain, after a little simplification, for the caseM 5 0,

pdfTSLS~r,F! 5

GnSy 1 1

2 D
pn02GnSy

2D
C2~11 r 'r !2@~y11!02# 6F 6~k22n!02 6 In 1 F 62@~y11!02#

3 )
i,j

~ fi 2 fj ! 2 F1S1

2
,
y 1 1

2
;
n

2
;

r 'r

~11 r 'r !
~In 1 F!21D+ (A.16)

Hence, for this totally unidentified case,

pdfTSLS~r 6F! 5

GnSy 1 1

2 D
pn02GnSy

2D
~11 r 'r !2@~y11!02# 6F 6102 6 In 1 F 62102

3 )
i,j

~ fi 2 fj ! 2 F1S1

2
,
y 1 1

2
;
n

2
;

r 'r

~11 r 'r !
~In 1 F!21D+ (A.17)

This reduces to equation~23! in the text in the special casen 5 1+
In the casen 5 1 ~but L [ l Þ 0! the joint density of~r, f1! is easily obtained directly

from ~A+14! by transforming Nf1 r f1 5 Nf 21 and rearranging slightly to give the result in
Theorem 1 in the text+ To complete the derivation in the general case we need to trans-
form OF r EF 5 OF21 in ~A+14!, then from EF to HFH ' as previously, and finally integrate
overO~n!+ This, unfortunately, is not straightforward, essentially because of the manner
in which OF appears in equation~A+14!+ We omit the details of this final step—they can
be found in Forchini~1998!+
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APPENDIX B: CONDITIONAL MOMENTS; n 5 1

Remark on notation: In this Appendix, which deals entirely with the casen 5 1, we use
lowercase versions of the symbols used in Appendix A to denote the corresponding quan-
tities whenn 5 1, except for the matrixR, whose~scalar! counterpart will here be de-
noted byt+ Thus, in particular, X r x, M r m, V r n, Q r q, andRr t+We also, for
the casen 5 1, denote the identifiability test statistic simply byf ~rather thanf1!+

From ~A+4! and~A+5!:

E~rOLS6x, t ! 5 b
x 'm

x 'x 1 t
, (B.1)

E~rTSLS6x, t ! 5 b
x 'm

x 'x
, (B.2)

Var~rOLS6x, t ! 5 ~x 'x 1 t !21, (B.3)

Var~rTSLS6x, t ! 5 ~x 'x!21+ (B.4)

Transformingx r ~n,q!, with n 5 x~x 'x!2102 and q 5 x 'x, then from~q, t ! r ~ f, t !,
with f 5 q0t, these become

E~rTSLS6n, t, f ! 5
b

M tf
~n 'm!; (B.5)

E~rOLS6n, t, f ! 5
f

11 f
E~rTSLS6n, t, f !, (B.6)

and

Var~rTSLS6n, t, f ! 5 ~tf !21; (B.7)

Var~rOLS6n, t, f ! 5 @t~11 f !#21 5
f

11 f
Var~rTSLS6n, t, f !, (B.8)

so that

E~rOLS
2 6n, t, f ! 5 @t~11 f !#21F11

b2f

11 f
~n 'm!2G (B.9)

and

E~rTSLS
2 6n, t, f ! 5 ~tf !21 @11 b2~n 'm!2# + (B.10)

It is straightforward to show that

pdf~n, t 6 f ! 5 c1h~ f ;l!t ~y02!21 exp$22
1
2t~11 f !%exp$M tf ~n 'm!%, (B.11)
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with c1 5 G~k202!02~y02!11pk202G~y02! and

h~ f ;l! 5
~11 f !y02

1F1Sy

2
;
k2

2
;

lf

11 f
D + (B.12)

Hence, to obtain the conditional moments, given f, we need to multiply the expressions
in ~B+5! and~B+6! and, for the second moments, in ~B+9! and~B+10!, by pdf~n, t 6 f ! in
~B+11! and then integrate overn 'n 5 1 andt . 0+ To evaluate the integrals of the terms
~n 'm! and~n 'm!2 that occur, we use the following lemma+

LEMMA B1 + If n and m are k2 3 1,

E
n 'n51

~n 'm!exp$an 'm%~n 'dn! 5 V~k2!
2la

k2
0 F1S k2

2
1 1;

1

2
la2D, (B.13)

E
n 'n51

~n 'm!2 exp$an 'm%~n 'dn! 5 V~k2!F 2l

k2
0 F1S k2

2
1 1;

1

2
la2D

1
4l2a2

k2~k2 1 2! 0 F1S k2

2
1 2;

1

2
la2DG

5
2lV~k2!

k2
1F2S3

2
;
1

2
,
k2

2
1 1;

1

2
la2D, (B.14)

wherel 5 m'm02 andV~k2! 5 2pk2020G~k202! is the surface content of the unit sphere
in k2 dimensions+

Proof. The integral

E
n 'n51

~n 'm!r exp$an 'm%~n 'dn!

is the coefficient ofzr0r! in the expansion of

E
n 'n51

exp$~a 1 z!n 'm%~n 'dn! 5 V~k2!0 F1S k2

2
;
1

2
l~a 1 z!2D+

~The integral here is a special case of MT 7+4+1, with n 5 k2 and m 5 1+! Equations
~B+13! and~B+14! follow by simply evaluating those coefficients for the casesr 5 1 and
r 5 2+ The second expression for the result in~B+14! is easily obtained from the first on
using the fact that~c 1 1!j 0~c!j 5 ~1 1 j0c!+ n

From ~B+5!, ~B+11!, and~B+13! ~with a 5 M ft!, we obtain

E~rOLS6 f ! 5
2lfb

k2~11 f !

1F1Sy

2
,
k2

2
1 1;

lf

11 f
D

1F1Sy

2
,
k2

2
;

lf

11 f
D , (B.15)
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and the corresponding result forE~rTSLS6 f ! follows from ~B+6!+ To simplify the nota-
tion for subsequent results, define, for nonnegative integersp andq,

pHq~z! 5

1F1Sy

2
2 p,

k2

2
1 q;zD

1F1Sy

2
,
k2

2
;zD , (B.16)

so that, settingz 5 lf0~1 1 f !,

E~rOLS6 f ! 5
2zb

k2
0H1~z!+ (B.17)

Similarly, using~B+14! in ~B+9! and~B+10! yields

E~rOLS
2 6 f ! 5 ~y 2 2!21F1H0~z! 1

2zb2

k2
1H1~z!G1

4z2b2

k2~k2 1 2! 0H2~z!

5 ~y 2 2!21F1H0~z! 1
2zb2

k2
1H1
*~z!G (B.18)

and

E~rTSLS
2 6 f ! 5

11 f

f ~y 2 2! F1H0~z! 1
2lb2

k2
1H1~z!G1

4l2b2

k2~k2 1 2! 0H2~z!

5
11 f

f ~y 2 2! F1H0~z! 1
2lb2

k2
1H1
*~z!G , (B.19)

where

pHq
*~z! 5

2 F2Sy

2
2 p,

3

2
;
1

2
,
k2

2
1 q;zD

1F1Sy

2
;
k2

2
;zD + (B.20)

The conditional variances and MSEs given in Theorem 2 in the text follow immediately
from these results+

CONDITIONAL INFERENCE 743

https://doi.org/10.1017/S0266466603195011 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466603195011

