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Abstract
We give a notion of boundary pair (B−, B+) for measured groupoids which generalizes the one introduced by Bader
and Furman [BF14] for locally compact groups. In the case of a semidirect groupoid G= � � X obtained by a
probability measure preserving action �� X of a locally compact group, we show that a boundary pair is exactly
(B− × X, B+ × X), where (B−, B+) is a boundary pair for �. For any measured groupoid (G, ν), we prove that the
Poisson boundaries associated to the Markov operators generated by a probability measure equivalent to ν provide
other examples of our definition. Following Bader and Furman [BF], we define algebraic representability for an
ergodic groupoid (G, ν). In this way, given any measurable representation ρ : G→ H into the κ-points of an algebraic
κ-group H, we obtain ρ-equivariant maps B± → H/L±, where L± = L±(κ) for some κ-subgroups L± <H. In the
particular case when κ =R and ρ is Zariski dense, we show that L± must be minimal parabolic subgroups.

1. Introduction
1.1. Motivational background

The circle, which is the topological boundary of the disk, becomes particularly relevant in the study of
harmonic functions in virtue of the well-known Poisson formula. Starting from this elementary obser-
vation, the notion of boundary has been generalized in many different ways leading to an independent
field of research. Roughly speaking, boundary theory refers to the study of asymptotic properties of
either groups or spaces through the introduction of suitable compactifications with boundaries. Beyond
their applications in dynamics, harmonic analysis, and geometric group theory, boundaries played a
prominent role in rigidity theory. Just to mention some milestone results, Mostow Rigidity [27, 28],
Margulis-Zimmer Superrigidity [25, 39], and rigidity of maximal representations [21], [3, 4, 12, 30] all
rely on the existence of certain equivariant maps between boundaries.

There exist several different notions of boundary in literature. A first example is the Furstenberg-
Poisson boundary [19] associated to a random walk on a locally compact group. In virtue of its
probabilistic nature, the Poisson boundary is usually hard to realize in a concrete way. Remarkably,
when G is a Lie group of noncompact type, the Poisson boundary boils down to the generalized flag
space G/P, where P is any minimal parabolic subgroup. From the dynamical point of view, Poisson
boundaries are both doubly ergodic [23] and amenable in the sense of Zimmer [38]. Burger and Monod
[13] defined a strong boundary as an amenable space which is doubly ergodic when we consider a
separable coefficient module as target. Strong boundaries are relevant to compute explicitly bounded
cohomology, in particular in low degrees, where no coboundaries appear. Bader and Furman [7] gen-
eralized both Poisson boundaries and strong boundaries. Their definition of boundary pair relies on a
weakened version of ergodicity with respect to certain fiberwise isometric actions and it revealed crucial
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in several contexts, such as the theory of algebraic representability of ergodic actions [5, 8] or the study
of CAT(0)-spaces with finite telescopic dimension [15, 16].

More recently, the authors [33, 35, 36] exploited Bader–Furman boundaries to study rigidity of mea-
surable cocycles. The latter can be viewed as measurable representations of the groupoid associated to
a probability measure (class) preserving action. The starting point of our investigation was the work
by Burger and Iozzi [11], which allows to realize explicitly numerical invariants coming from bounded
cohomology in terms of measurable equivariant maps between boundaries. It is worth noticing that
measurable cocycles naturally live in a measurable framework, whereas continuous bounded cohomol-
ogy heavily relies on the topological properties of the involved groups. Triggered by this discrepancy,
in a recent work [34] the authors set the foundational framework of a new cohomological theory for
measured groupoids which provides a more natural description of numerical invariants for cocycles.

In the attempt to extend the deep connection between boundaries and bounded cohomology beyond
locally compact groups, in the present paper, we introduce a notion of boundary pair for measured
groupoids which mimics the one given by Bader and Furman. We also relate our definition with another
notion of boundary for groupoids, namely the Poisson boundary studied by Kaimanovich [24]. We con-
clude by investigating the existence of equivariant maps for particular groupoid homomorphisms, with
the hope that they will reveal relevant in cohomological computations.

1.2. Boundaries for measured groupoids

A groupoid is a small category where all the morphisms are invertible. More concretely, it is a gen-
eralization of the concept of group where not every pair of elements can be composed. A measured
groupoid is obtained by requiring in addition the existence of a measure which behaves well both under
inversion and under left translations (Definition 2.11). Classic examples are locally compact groups with
the Haar measure, probability measure class preserving actions or measured standard Borel equivalence
relations.

Inspired by Bader-Furman [7, Definition 2.3], we give a definition of boundary pair for a mea-
sured groupoid. Our notion relies on the concepts of relative isometric ergodicity (Definition 3.5) and
amenability (Definition 2.18), where we must intend both in the groupoid context. Relative metric ergod-
icity, introduced by Bader and Furman [7], is a weakened version of double ergodicity with respect to
certain fiberwise isometric actions. Amenability for groupoids is a generalization of Zimmer amenabil-
ity for measure class preserving actions [38]. It has several equivalent formulations: for instance, it can
be given in terms of the existence of an equivariant mean [1, Definition 3.1.4], or through the fixed point
property for fiber affine actions [1, Definition 4.2.6].

A boundary pair of a measured groupoid G is simply a pair of G-spaces (B−, B+) (Definition 2.14)
such that the semidirect groupoids B− � G and B+ � G are amenable and the projections B− ∗B+ →B±
are relatively isometrically ergodic (Definition 3.8). Here B− ∗B+ is the fiber product with respect to the
target maps on the unit space of G. If it holds B− =B+, we simply refer to a boundary for the groupoid. It
is clear that our definition extends the one by Bader and Furman. A more interesting example is given in
the case of action groupoids, namely groupoids associated to a probability measure preserving action.

Theorem 1. Let � be a locally compact second countable group and consider a probability measure
preserving action �� X on a standard Borel probability space (X,μ). Let G= � � X be the semidirect
groupoid determined by the �-action on X. If ((B−, β−), (B+, β+)) is a boundary pair for �, then (B− ×
X, B+ × X) endowed with the product measures (θ−, θ+) := (β− ⊗μ, β+ ⊗μ) is a boundary pair for G.
In particular, if (B, β) is a �-boundary, then (B × X, β ⊗μ) is a G-boundary.

The amenability of the semidirect groupoids B± � G follows immediately by the one of the actions
�� B±. In a similar way, relative metric ergodicity is deduced from the one of the projections B− ×
B+ → B±, following the line of [35, Theorem 1].

The second nontrivial example is the Poisson boundary of an invariant Markov operator. An invariant
Markov chain on a measured groupoid G is an assignment of a measure to each morphism which is
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invariant with respect to the natural left action of G by pushforward. Given an invariant Markov chain,
we can define by integration an invariant Markov operator on the space of essentially bounded functions
on G with respect to some initial distribution. In this way, it is possible to construct a Markov measure
on the space of forward trajectories on G (Section 4.1). The space of ergodic components with respect
to the action of the time shift on the space of forward trajectories is called Poisson boundary associated
to the invariant Markov operator (see Kaimanovich [22, 24] for more details).

Given a locally compact group � and a spread out probability measure π on �, we denote by π̌ the
direct image of π through the inversion map. Then the pair of Poisson boundaries (B, B̌) associated to the
random walks generated by (π , π̌ ), respectively, define a boundary pair in the sense of Bader-Furman [7,
Theorem 2.7]. If B is the Poisson boundary of an invariant Markov operator on a measured groupoid G,
Kaimanovich [24] proved that the Poisson bundle B� G is an amenable groupoid. If π is a probability
measure equivalent to the integrated Haar system on G, we still denote by π̌ the inverse of π , as in
the case of groups. In this paper, we show that the pair (B̌, B) of Poisson boundaries associated to the
Markov operators generated by (π̌ , π ), respectively, is a boundary pair in our sense (Section 4.2). More
precisely, we show that the projections B̌ ∗B→ B̌ and B̌ ∗B→B are relatively isometrically ergodic.

Theorem 2. Let (G, ν) be a measured groupoid with unit space (X,μ) and let π be a probability measure
equivalent to ν such that t∗π = s∗π =μ, where t and s are the target and the source on G, respectively.
Denote by π̌ the direct image of π under the inverse map. The pair ((B, θμ), (B̌, θ̌μ)) of Poisson bound-
aries associated to the Markov operators generated by π and π̌ , respectively, with initial distribution μ
is a boundary pair for G.
In particular, if π is symmetric, namely π = π̌ , then (B, θμ) is a G-boundary.

Our proof heavily relies on the strategy exploited by Bader and Furman [7]. In a preliminary result
(Proposition 4.4) we show a stationarity property which generalizes the one already known for groups.
This will be crucial to construct by hand the lift required by relative isometric ergodicity.

1.3. Algebraic representability of ergodic groupoids and equivariant maps.

It is well known that the Zariski closure of the image of a group homomorphism into an algebraic group
is still a subgroup of the target. It should be clear that for a groupoid homomorphism, this cannot be true
any longer. In the context of measurable cocycles with algebraic targets, Zimmer [40] defined the notion
of algebraic hull as the smallest algebraic group containing the image of any representative in a fixed
cohomology class. Following the line traced by Zimmer, Bader and Furman [6] introduced the concept
of algebraic representability of an ergodic action. Given a measurable cocycle with an algebraic target,
they were able to translate a generic ergodic action on a standard Borel space into some algebraic action
on certain quasi-projective quotients. The latter is a crucial step both in the study of equivariant maps
[5, 7] and in some rigidity statement relying on the existence of suitable invariant projective measures
[9, 10, 32].

Inspired by the relevance of algebraic representability, we generalize it for any ergodic groupoid. In
this context, the action of a locally compact group on a standard Borel space is substituted by the action
of the groupoid on its unit space (Theorem 5.5). In this way, we are able to prove an existence result for
measurable equivariant maps from the boundaries of a measured groupoid.

Theorem 3. Let ρ : G→ H be any measurable representation of an ergodic groupoid into the κ-points of
an algebraic κ-group H. Let ((B−, θ−), (B+, θ+)) be a boundary pair for G. Then there exist κ-subgroups
L± <H and measurable ρ-equivariant maps B± → H/L±, where L± = L±(κ).

The main point in the proof of the previous theorem is to show that B± � G are ergodic groupoids,
but this is a direct consequence of relative isometric ergodicity (Proposition 3.7).

In the particular case κ =R, it is natural to ask under which conditions the equivariant maps given
by Theorem 3 are actually Furstenberg maps, namely when the subgroups L± are minimal parabolic
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subgroups. For both group representations [7] and measurable cocycles [35] it is sufficient to require
Zariski density. We will extend the previous results to the setting of ergodic groupoids.

Theorem 4. Let ρ : G→ H be a measurable Zariski dense representation of an ergodic groupoid (G, ν)
into the real points H = H(R) of a real algebraic group. Let ((B−, θ−), (B+, θ+)) be a boundary pair for
G. Then there exist G-equivariant measurable maps B± → H/P±, where P± <H are minimal parabolic
subgroups.
In particular if (B, θ ) is a G-boundary, then there exists an equivariant measurable map B→ H/P.

Given equivariant maps φ : B± → H/L±, for any unit x ∈ X, the x-slice of φ± is the restriction of φ±
to the fiber of the target on B±. Under the assumption of Zariski density, we start showing that the slices
of an equivariant map are essentially Zariski dense (Lemma 5.9). This fact, combined with both relative
metric ergodicity and algebraic representability, allows to conclude that L± are indeed minimal parabolic
subgroups.

1.4. Plan of the paper

In Section 2, we introduce the basic aspects about groupoids. We recall their algebraic definition, the
notion of morphism and similarity, then we move to the measured setting. We conclude by characterizing
ergodic groupoids. In Section 3, we give the definition of boundary pair for a measured groupoid. The
first nontrivial example is given for a locally compact group � acting in measure preserving way on a
probability space X: in that case the boundary pair of the groupoid is the boundary pair of�multiplied by
X (Theorem 1). Another relevant example of boundary pair is given by the Poisson boundaries associated
to the Markov operators generated by a quasi-invariant probability measure on a groupoid. We start
Section 4 by recalling the construction of the Poisson boundary associated to a Markov operator. Then
we prove that the measure on the boundary is stationary with respect to the groupoid action. Finally, we
conclude the section by showing Theorem 2. Section 5 is devoted to algebraic representability of ergodic
groupoids: after some some technical results, we introduce the notion of algebraic representability. The
latter is crucial to prove the existence of equivariant maps for boundary pairs (Theorem 3) . Under
the assumption of Zariski density, those maps land in the Furstenberg boundary of the target group
(Theorem 4).

2. Preliminaries

In this first part, we recall some necessary material that we will need throughout the paper. We start
with a brief overview about groupoids, with particular attention on measured ones. Before going into the
measured framework, we first recall some basic notions about groupoids as purely algebraic structures.
We essentially adopt the same notation as in [34], but for more details we refer either to Muhly [29] or
to Anantharaman-Delaroche and Renault [2].

Definition 2.1. A groupoid is a small category whose morphisms are invertible.

A groupoid G is determined by both its set of objects (or its unit space), denoted by G(0), and by its
set of morphisms that we denote again by G with a slight abuse of notation. The natural source and
target maps are denoted by s : G→ G(0), s(g) := g−1g and t : G→ G(0), t(g) = gg−1, respectively. The set
of composable pairs is

G[2] := {(g1, g2) ∈ G | t(g2) = s(g1)} ⊂ G× G
and the composition map is

G[2] → G , (g1, g2) �→ g1g2,
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where we understand that s(g1g2) = s(g2) and t(g1g2) = t(g1). Any element g ∈ G admits an inverse g−1

that satisfies the following cancellation rules

g−1gh = h, kgg−1 = k,

for every h, k ∈ G with t(h) = s(g) and t(g) = s(k). For any x ∈ G(0), the fiber with respect to the source
(respectively to the target) is denoted by Gx (respectively by Gx).

Example 2.2. We list some basic examples of groupoids.

(i) Any group G is a groupoid, with unit space G(0) = {1G}. Both the source and the target maps
are trivial.

(ii) An equivalence relation R⊂ X × X on a set X has an associated groupoid, denoted by GR.
Precisely, the unit space is G(0)

R = X and the set of morphisms is GR =R. Here the source and
the target maps are s(y, x) = x and t(y, x) = y, respectively, and the composition of two elements
(z, y), (y, x) is (z, x). Finally, the inverse of the element (y, x) is (x, y).

(iii) A (left) group action G � X gives rise to the action groupoid (or semidirect groupoid) G � X,
whose set of units is (G � X)(0) = X and whose set of composable pairs is

(G � X)[2] = {((h, y), (g, x)) ∈ (G × X)2 | gx = y}.
The composition is given by the formula

(h, gx)(g, x) = (hg, x),

and the inverse is defined as

(g, x)−1 = (g−1, gx).

The target map is t(g, x) = gx and the source map is s(g, x) = x. We notice that right-action
groupoids can be similarly defined.

(iv) Let G be a groupoid and let S be a set with a surjection tS : S → G(0). If we define

G ∗ S := {(g, s) ∈ G× S | sG(g) = tS(s)},
where sG is the source on G, we say that G acts on the left on S (or that S is a left G-space) if
there exists a map

G ∗ S → S, (g, s) �→ gs

satisfying the following conditions:
– (gh)s = g(hs), whenever (gh, s) ∈ G ∗ S and (g, hs) ∈ G ∗ S;
– tS(gs) = tG(g), with tG target on G, whenever (g, s) ∈ G ∗ S;
– gg−1s = g−1gs = s, whenever (g, s) ∈ G ∗ S.

Such a left action gives rise to a groupoid denoted by

S � G := S ∗ G= {(s, g) ∈ S × G | tS(s) = tG(g)}
and called again semidirect groupoid. The set of composable pairs is given by

(S � G)[2] := {((s1, g1), (s2, g2)) ∈ (S � G)2 | s2 = g−1
1 s1}

and the composition map is (s1, g1)(g−1
1 s1, g2) = (s1, g1g2). The inverse of the element (s, g) is

given by (g−1s, g−1). In this way one can see that the source and the target of the element (s, g)
are g−1s and s, respectively.

Remark 2.3. It should be clear that also G ∗ S admits a natural structure of groupoid, denoted by G� S,
extending the one given by Example 2.2 (iii). Nevertheless, when we are going to introduce the notion
of Haar system with respect to the target map, we will see that, given a Haar system on G, it is easier to
define a Haar system for S � G rather than for G� S.
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Maps between groupoids can be defined, from the categorical perspective, as functors between two
small categories. However, for our purposes, we prefer to give an equivalent but more practical definition,
which justifies why those functions generalize groups homomorphisms.

Definition 2.4. A homomorphism between two groupoids G and H is a set-theoretic map f : G→H such
that if (g, h) ∈ G[2] then (f (g), f (h)) ∈H[2] and it holds that

f (gh) = f (g)f (h) .

An invertible groupoid homomorphism is a groupoid isomorphism. Whenever G and H are related by
an isomorphism, we say that they are isomorphic and we write G∼=H.

Given two homomorphisms f0, f1 : G→H, a similarity between f0 to f1 is a map h : G(0) →H such that
for every unit x ∈ G(0) one has s(h(x)) = f0(x), t(h(x)) = f1(x) and for every g ∈ G it holds

h(t(g))f0(g)h(s(g))−1 = f1(g) . (1)
If such a similarity exists, we write f0 
 f1. The composability of the left-hand side of Equation (1)
descends directly from the definition.

Two groupoids G, H are similar if there exist homomorphisms f0 : G→H and f1 : H→ G such that

f1 ◦ f0 
 idG , f0 ◦ f1 
 idH .

Here the notation id refers to the identity map.

Example 2.5. Basic examples of groupoids homomorphisms are groups homomorphisms or, more gen-
erally, 1-cocycles. Given a group action�� X and a group
, a 1-cocycle is a groupoid homomorphism
from � � X to 
, namely a map f : �× X →
 such that

f (γ1γ2, x) = f (γ1, γ2x) f (γ2, x)

for every γ1, γ2 ∈ � and x ∈ X. Such kind of objects arise naturally in the measurable context, namely
as examples of measurable homomorphisms between measured groupoids (see Definition 2.11). In this
environment they are called Borel 1-cocycles or measurable cocycles.

Now we want to introduce a suitable structure of measure spaces on groupoids. The first step is the
following

Definition 2.6. A measurable groupoid (or Borel groupoid) is a groupoid endowed with a σ -algebra
such that the composition and the inverse are Borel maps (here G[2] is endowed with the Borel structure
inherited by G× G).

All the notions introduced in Definition 2.4 adapts to the the measurable setting by adding the further
request that the involved maps are measurable. From now on, since we will only work in the measurable
context, we will tacitly assume that all maps are measurable. Furthermore, unless otherwise mentioned,
all measure spaces are assumed to be standard Borel.

Once a σ -algebra on a groupoid is fixed, our next aim is to introduce a good notion of measure. The
source of inspiration comes from the framework of locally compact groups, where we have the Haar
measure, which is invariant with respect to the group action. In the case of groupoids, the basic fact that
any g ∈ G defines a bijection

Gs(g) → Gt(g), h �→ gh

suggests that, in order to mimic the behavior of the Haar measure, one should require the existence of a
family of measures supported on the t-fibers satisfying a suitable invariance property.

Definition 2.7. A Borel Haar system of measures for the target map t : G→ G(0) of a measurable
groupoid G is a family ρ = {ρx}x∈G(0) of σ -finite measures on G, where ρx(G \ Gx) = 0 for every x ∈ X,
and such that
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• for every non-negative measurable map f on G, the function

x �→ ρx(f ) :=
∫
G

f (g)dρx(g)

is measurable;
• ρ is left G-invariant, namely ∫

G
f (gh)dρs(g)(h) =

∫
G

f (h)dρ t(g)(h).

The above equation can be rewritten as follows

gρs(g) = ρ t(g). (2)

Remark 2.8. We can define a Borel Haar system of measures with respect to the source map in a
similar way. In that case, we should require that the system {ρx}x∈X is right G-invariant, namely it
holds

ρt(g)g = ρs(g).

In order to pass from a left invariant system to a right invariant one, it is sufficient to exploit inversion.
For more details we refer to [2].

Remark 2.9. The notion of Borel system can be given in the more general setting of a Borel projection
π : Y → X between standard Borel spaces. Precisely, it consists of a family of measures {ρx}x∈X with
ρx(Y \ π−1(x)) = 0 and such that the function

x �→ ρx(f )

is measurable for every nonnegative measurable map f on Y . Borel systems of projections Z → Y and
Y → X can be composed in order to get a Borel system for the composition Z → Y → X. Moreover,
if tY : Y → X and tZ : Z → X are Borel projections between standard Borel spaces endowed with Borel
systems {τ x}x∈X and {θ x}x∈X , respectively, then we denote by

Y ∗ Z := {(y, z) ∈ Y × Z | tY(y) = tZ(z)}
their fiber product. The collection of product measures {τ x ⊗ θ x}x∈X is a Borel system for the obvious
projection Y ∗ Z → X.

Beyond the invariance with respect to the G-action, the family of measures defining a Borel Haar
system must behave well also with respect to the inversion.

Definition 2.10. Given a measurable groupoid G endowed with a Borel Haar system of measures
ρ = {ρx}x∈G(0) for the target map t, a measure μ on G(0) is quasi-invariant with respect to ρ if the
composition μ ◦ ρ defined by

(μ ◦ ρ)(f ) =
∫
G(0)

(∫
G

f (g)dρx(g)

)
dμ(x) (3)

is equivalent to its direct image under the inverse map g �→ g−1. In this case, we say that μ ◦ ρ is quasi-
symmetric and it is symmetric if it is invariant.

The compositionμ ◦ ρ naturally defines a measure on Gwhose class C is symmetric, namely such that
any representative ν ∈ C is equivalent to the direct image ν−1 under the inverse map g → g−1. Moreover,
C is also left invariant, which means that it contains a probability measure whose t-disintegration is left
quasi-invariant. A t-disintegration of a probability measure ν is a measurable map from the unit space
G(0) to the space of probability measures on G, sending x �→ νx, such that νx(Gx) = 1 and
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∫
G

f (g)dν(g) =
∫
G(0)

(∫
G

f (g)dνx(g)

)
dμ(x) , (4)

for any f ∈ L1(G). In our context, by Hahn disintegration theorem (see for instance Effros [17], Lemma
4.4] or Hahn [20], Theorem 2.1]), any probability measure ν with t∗ν =μ can be disintegrated with
respect to the target t : G→ G(0). We say that the t-disintegration is left quasi-invariant if gνs(g) and ν t(g)

define the same measure class, for ν-almost every g ∈ G.

Definition 2.11. A measured groupoid is a Borel groupoid G endowed with a symmetric and left
invariant measure class C.

Example 2.12. Let G be a locally compact group with left Haar measure ρ and (X,μ) be a Lebesgue
G-space, that is a standard Borel probability space on which G acts by preserving the measure class. If
we consider the Borel Haar system given by

ρx := ρ ⊗ δx, x ∈ X,

we can define the composition

μ ◦ ρ =
∫

X

ρxdμ(x),

which boils down to the product measure ρ ⊗μ. The measure class of ρ ⊗μ is quasi-symmetric and
left invariant, turning the semidirect groupoid G � X into a measured groupoid.

Example 2.13. Suppose that the action map of Example 2.2 (iv) is measurable. As a consequence, we
have that the semidirect groupoid S � G is Borel.

Furthermore, if (ρx)x∈G(0) is a Borel Haar system for tG : G→ G(0), we can lift it to a Borel Haar system
{ρs}s∈S for t : S � G→ S by setting

ρs := ρ tS(s) ⊗ δs, s ∈ S.

Given a measure τ on S, we say that τ is quasi-invariant with respect to {ρs}s∈S if the composition τ ◦ ρ
defined by

(τ ◦ ρ) (f ) :=
∫

S

(∫
S�G

f (s, g)dρ tS(s)(g)

)
dτ (s) (5)

is equivalent to its image under the map (s, g) �→ (g−1s, g−1). Equivalently, τ is quasi-invariant if S � G
is a measured groupoid when endowed with the measure class defined by τ ◦ ρ [[2], Definition 3.1.1].
When (S, τ ) = (G(0),μ), this gives us precisely the quasi-invariance of μ.

Definition 2.14. Let (G, ν) be a measured groupoid. A Lebesgue G-space is a (left) G-space S with a
quasi-invariant measure τ .

Example 2.15. Let (G, ν) be a measured groupoid. Then (G, ν) is naturally a Lebesgue G-space, since

G(2) := G� G= {(g, h) ∈ G2 | t(g) = t(h)} (6)

has a natural structure of measured groupoid inherited by the one of G. More generally, the fiber
product

G(n) := G ∗ · · · ∗ G= {(g1, g2, · · · gn) ∈ Gn | t(gi) = t(gj)}
endowed with the measure ν(n) = ν⊗̂ · · · ⊗̂ν (see [[34], Section 4.2]) is a Lebesgue G-space.
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Remark 2.16. Given a measured groupoid structure on S � G, a measure class turning the groupoid
G� S into a measured one is easily obtained by pushing forward the composition τ ◦ ρ of Equation (5)
with respect to the map

S � G→ G� S , (s, g) �→ (g, g−1s).

Remark 2.17. Consider two Borel projections Y → X and Z → X as in Remark 2.9. If τ and θ are
measures on Y and Z, respectively, that disintegrate with respect to tY and tZ into Borel systems {τ x}x∈X

and {θ x}x∈X , respectively, then the formula

τ⊗̂θ :=
∫

X

τ x ⊗ θ xdμ(x)

defines a measure on Y ∗ Z. In particular, X = G(0) is the unit space of a measured groupoid (G, ν) and
(Y , τ ), (Z, θ ) are Lebesgue G-space in the sense of Definition 2.14, then (Y ∗ Z, τ⊗̂θ ) is also a Lebesgue
G-space.

A peculiar feature of boundaries from the dynamical viewpoint is their amenability. For instance,
Poisson boundaries of locally compact groups are amenable spaces with respect to the group action.
This property can be expressed using the notion of amenable action introduced by Zimmer [38]. The
next definition is precisely a generalization of this concept for a generic measured groupoid. As it hap-
pens for both groups and actions, also in the case of groupoids amenability admits several equivalent
formulations. Since we are not going to use it directly, we only recall one possible definition and we
refer to the book by Anantharaman-Delaroche and Renault [2, Chapter 3] for more details.

Definition 2.18. A measured groupoid (G, ν) is amenable if there exists a G-invariant positive linear
functional m : L∞(G, ν) → L∞(G(0),μ) of norm one.

We conclude this section by introducing the notion of ergodicity for a measured groupoid.

Definition 2.19. Given a subset U ⊂ G(0) of a measured groupoid (G, ν), its saturation is

GU := {t(g) | s(g) ∈ U} ⊂ G(0) .

We say that a Borel set U ⊂ G(0) is invariant if GU = U. A measured groupoid (G, ν) is ergodic if any
invariant Borel set U ⊂ G(0) is either null or co-null.

In the sequel, we will actually exploit a characterization of ergodicity in terms of measurable invariant
functions on the unit space. Given a measured groupoid (G, ν) and a countably separated Borel space Y ,
a measurable function f : X = G(0) → Y is quasi invariant if it satisfies

f (t(g)) = f (s(g)),

for almost every g ∈ G. As noticed by Ramsay [31], the groupoid (G, ν) is ergodic if and only if any
measurable quasi invariant functions as above are essentially constant. For instance, given a Lebesgue
G-space (S, τ ), the semidirect groupoid S � G is ergodic if and only if any quasi invariant function f : S →
Y into a countably separated space is essentially constant.

The characterization of ergodicity in terms of quasi invariant functions will be crucial to introduce
the notion of algebraic representability of ergodic groupoids in Section 5.

3. Boundaries for groupoids

In this section, we present our notion of boundary pair for a measured groupoid. We are going to mimic
the definition given by Bader and Furman [7] in the case of locally compact groups. For a semidirect
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groupoid associated to a probability measure-preserving action, we show that we can obtain a boundary
pair multiplying a boundary pair of the acting group with the space of units.

Notation 3.1. We fix the following setting:

• (G, ν) is a measured groupoid, where ν is a quasi-symmetric and left quasi-invariant probability
measure. The unit space X = G(0) is endowed with a probability measureμ. We denote by t : G→
X the target map and by (νx)x∈X the disintegration of ν with respect to t.

• For any Lebesgue G-space (Y , τ ) with (tY)∗τ =μ and any x ∈ G(0), we denote by Yx the fiber
over x and by {τ x} the tY-decomposition of τ

We start with the following:

Definition 3.2. Consider a Lebesgue G-space (Y , τ ) with target tY : Y → X and a Borel G-space Z with
target tZ : Z → X. A G-equivariant Borel map ϕ : Y → Z is a target preserving Borel map, namely tZ ◦
ϕ = tY , which satisfies ϕ(gy) = gϕ(y) for every g ∈ G and τ x-almost every y ∈ Ys(g). Two G-equivariant
Borel functions will be considered equivalent if they coincide τ -almost everywhere. A G-map will be
such an equivalence class of G-equivariant Borel maps (but we will always consider a representative of
the equivalence class).

A G-map between Lebesgue G-spaces will be assumed to be measure class preserving.

Definition 3.3. Let Y and Z be standard Borel spaces and q : Y → Z be a Borel map. Then a metric on
q is the datum of a Borel function

d : Y ∗q Y →R≥0,

where Y ∗q Y is the fiber product with respect to q and such that for every z ∈ Z the function

dz := dq−1(z)×q−1(z) : q−1(z) × q−1(z) →R≥0

gives to q−1(z) the structure of separable metric space.

Metrics along equivariant functions can be enriched with isometric actions by groupoids. This
concept is formalized by the following

Definition 3.4. Let Y and Z be standard Borel spaces and q : Y → Z be a Borel map with a metric d on
it. A fiberwise isometric action of a Borel groupoid G on q is the datum of Borel G-actions on Y and Z
such that q is G-equivariant and

dgz(gy1, gy2) = dz(y1, y2)

for every g ∈ G, every z ∈ Zs(g) and every (y1, y2) in Ys(g) × Ys(g).

Fiberwise isometric actions are the key ingredient to introduce a fiber version of ergodicity due to
Bader and Furman [7, Definition 2.1].

Definition 3.5. Let (G, ν) be a measured groupoid. A G-equivariant Borel map p : A → B between
Lebesgue G-spaces (A, α) and (B, β) is relatively isometrically ergodic if for every pair of standard Borel
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G-spaces Y and Z, every fiberwise isometric G-action on q : Y → Z and any G-equivariant commutative
square of G-maps

A Y

B Z,

f

p q

f0

f1

there exists a G-equivariant lift f1 : B → Y .
A Lebesgue G-space (A, α) is isometrically ergodic if for every standard Borel G-space Y , any fiber-

wise isometric G-action along tY : Y → X and any G-map f : A → Y , there exists a G-equivariant section
f1 : X → Y such that the following diagram commutes

A Y

X

f

tA

tY

f1

Remark 3.6. Being G-spaces, all the Borel spaces A, B, Y , Z have natural Borel projections onto X,
namely the above square is the basis of an inverted pyramid

A Y

B Z

X

f

p

tA

q

tY

f0

tB
tZ

where all triangles and all squares commute. However, for sake of notation we will always omit those
projections.

We state the following facts about (relative) isometric ergodicity that will be useful in Section 5. They
are analogous to the ones listed in [7, Proposition 2.2].

Proposition 3.7.

(i) If (A, α) → (B, β) and (B, β) → (C, γ ) are relatively isometrically ergodic, then the composi-
tion A → C is relatively isometrically ergodic as well.

(ii) Given Lebesgue G-spaces (A, α) and (B, β), if one of the projections between pB : A ∗ B → B
and pB : B ∗ A → B is relatively isometrically ergodic then (A, α) is isometrically ergodic.

(iii) If a Lebesgue G-space (A, α) is isometrically ergodic and (G, ν) is ergodic, then the semidirect
measured groupoid A � G is ergodic.
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Proof. (i). Given a fiberwise isometric action U → V , suppose we have the following commutative
diagram of G-maps

A U

B

C V

It is sufficient to apply twice relative isometric ergodicity: the first time to the map A → B and then to
the map B → C.

(ii). We will give a proof assuming that the projection pB : A ∗ B → B is relatively isometrically
ergodic, since the other case is analogous.

We consider a standard Borel G-space Y . Given a fiberwise isometric G-action along the target
tY : Y → X and a G-map f : A → Y , we need to show that there exists a G-equivariant section f1 : X → Y
such that f = f1 ◦ tA, where tA is the target on A. To this end, it is sufficient to consider the fiber product
with B on the right. More precisely, if we consider the following commutative diagram

A ∗B Y ∗B

B B,

f∗idB

pB pB

idB

f1

since pB is relatively metrically ergodic, we get a function f1 : B → Y ∗ B telling us that f depends actually
only on the target, namely f (a) = f (tA(a)). Thus, it is sufficient to define f1 : X → Y by f1(x) := f (a) for
a ∈ t−1

A (x), via the universal property of quotients.
(iii). Let U ⊂ A be a A � G-invariant Borel subset and consider the map

fU : A → X × {0, 1} , fU := tA × 1U

where X × {0, 1} is endowed with the G-action g(s(g), −) = (t(g), −). Since fU is G-equivariant, by iso-
metric ergodicity of A there exists a G-invariant measurable section X → X × {0, 1} of the projection on
the first factor, as shown in the following diagram

A X × {0, 1} {0, 1}

X

fU

tA

Equivalently, the characteristic function 1U depends only on the target of an element a ∈ A. By com-
posing the dotted section with the projection on {0, 1}, we obtain a G-invariant measurable map

f̃U : X → {0, 1},

which must be essentially constant by the ergodicity of G. This concludes the proof.
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Relative isometric ergodicity is the key concept that we needed to introduce boundary pairs. (cfr. [7,
Definition 2.3])

Definition 3.8. Let (G, ν) be a measured groupoid with unit space (X,μ). A pair of Lebesgue G-spaces
((B−, θ−), (B+, θ+)) such that (tB±)∗θ± =μ is a boundary pair for G if

(i) the semidirect groupoids B± � G are amenable;
(ii) the projections p± : B− ∗B+ →B± on the two components are relatively isometrically ergodic.

The fiber product B− ∗B+ is done along the target maps tB± : B± → X.
A Lebesgue G-space (B, θ ) such that (tB)∗θ =μ is a G-boundary if ((B, θ ), (B, θ )) is a boundary pair

for G.

Remark 3.9. The fact that (tB±)∗θ± =μ ensures that θ± admits a disintegration with respect to tB± (see
[[20],Theorem 2.1]). This assumption will reveal fundamental in the proof of Theorem 4.

Example 3.10. When G is a locally compact second countable group � endowed with the Haar mea-
sure class, the notion of boundary pair boils down to the one already given by Bader and Furman
[[7],Definition 2.3]. For instance, the pair of Poisson boundaries associated to the Markov processes
generated by a spread-out probability measure on � is a boundary pair in the sense of Definition 3.8 by
[[7], Theorem 2.7].

The first nontrivial example of Definition 3.8 is given for a semidirect groupoid associated to a prob-
ability measure-preserving action. In such context, a boundary pair boils down the product between the
boundary pair of the group and the unit space.

Theorem 1. Let � be a locally compact second countable group and consider a probability measure
preserving action �� X on a standard Borel probability space (X,μ). Let G= � � X be the semidirect
groupoid determined by the �-action on X. If ((B−, β−), (B+, β+)) is a boundary pair for �, then (B− ×
X, B+ × X) endowed with the product measures (θ−, θ+) := (β− ⊗μ, β+ ⊗μ) is a boundary pair for G.
In particular, if (B, β) is a �-boundary, then (B × X, β ⊗μ) is a G-boundary.

Proof. The fact that the direct images of (θ−, θ+) through the target maps coincide with μ is trivial
because they are defined as products.

For the remaining part of the proof we will follow the line adopted in [35, Theorem 1]. By assumption,
the actions�� B± are amenable and the projections B− × B+ → B± are relatively isometrically ergodic.

First of all, the amenability of B± � (� � X) follows immediately by the amenability of �� B± [40],
Proposition 4.3.4], thanks to the groupoid isomorphism

((B± × X) � (� � X), ((β± ⊗μ) ◦ (m� ⊗μ)) → ((� � (B± × X), (β± ⊗μ) ◦ m�),

((b±, x), (γ , x)) �→ (γ , (b±, x)).

where m� is the Haar measure on � and ◦ defines the usual integration of a Borel system with respect
to the measure on the unit space.

It remains to show relative isometric ergodicity of the projections

p± : (B− × X) ∗ (B+ × X) → B± × X.
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Since the proofs of the two cases are analogous, we focus on the first term projection p− : (B− × X) ∗
(B+ × X) → B− × X. To this end, we consider a fiberwise isometric G-action q : Y → Z between Borel
G-spaces Y and Z and the commutative diagram

(B− ×X) ∗ (B+ ×X) Y

B− ×X Z,

f

p− q

f0

where both f : (B− × X) ∗ (B+ × X) → Y and f0 : B− × X → Z are G-maps.
Thanks to the G-isomorphism of measure spaces

(B− × X) ∗ (B+ × X) → (B− × B+) × X, ((b−, x), (b+, x)) �→ ((b−, b+), x) (7)

the above diagram boils down to

(B− ×B+) ×X Y

B− ×X Z,

f

p− q

f0

(8)

where we abusively denote again by p− and f the composition of p− and f with the isomorphism of
Equation (7), respectively.

We denote by L0(X, Y) the space of all measurable functions between X and Y identified if they coin-
cide μ-almost everywhere. We adopt a similar definition for L0(X, Z). With a slight abuse of notation,
we will always pick a representative to refer to an equivalence class of sections lying in L0(X, · ).

The space L0(X, Y) is a Polish space with the structure coming from the topology of convergence in
measure [37], Section 4.4], [18], Notation 2.4]. A generating family of Borel sets [18], Remark 2.5] for
the associated σ -algebra is given by

�X0,Y0,ε := {f | μ(X0 ∩ f −1(Y0))< ε}, (9)

where X0 ⊂ X, Y0 ⊂ Y are Borel subsets and ε > 0.
We set q̃ : L0(X, Y) → L0(X, Z) as q̃(ϕ) := q ◦ ϕ and define the distance d̃ψ on the fiber q̃−1(ψ) as

d̃ψ (ϕ1, ϕ2) :=
∫
X

dψ(x)(ϕ1(x), ϕ2(x))

1 + dψ(x)(ϕ1(x), ϕ2(x))
dμ(x), (10)

where dψ(x) is the distance given along q : Y → Z (and the latter makes sense because q(ϕ1(x)) =
q(ϕ2(x)) =ψ(x)). Notice that the measurability of q, applied to the Borel sets of Equation (9), implies
that q̃ is measurable.

The target map tY induces a Borel map t̃Y : L0(X, Y) → L0(X, X) (and the same does tZ). We define
the preimage of the identity idX as

S(X, Y) := t̃−1
Y (idX),

which is the subspace of (classes of) measurable sections to tY . The latter is standard Borel, being a Borel
subset of a Polish space. The same holds for S(X, Z). Moreover, we can restrict q̃ : S(X, Y) → S(X, Z)
getting a well-defined Borel map.

If we denote by ·Y the (� � X)-action on Y and by ·Z the one on Z, the map

�× S(X, Y) → S(X, Y) , γ · ϕ(x) := (γ , γ −1x) ·Y ϕ(γ −1x)
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is a fiberwise isometric �-action on q̃. In fact, we have that

d̃γ ·ψ (γ · ϕ1, γ · ϕ2) =
=

∫
X

d(γ ,γ−1x)·Zψ(γ−1x)((γ , γ −1x) ·Y ϕ1(γ −1x), (γ , γ −1x) ·Y ϕ2(γ −1x))

1 + d(γ ,γ−1x)·Zψ(γ−1x)((γ , γ −1x) ·Y ϕ1(γ −1x), (γ , γ −1x) ·Y ϕ2(γ −1x))
dμ(x)

=
∫
X

dψ(γ−1x)(ϕ1(γ −1x), ϕ2(γ −1x))

1 + dψ(γ−1x)(ϕ1(γ −1x), ϕ2(γ −1x))
dμ(x)

=
∫
X

dψ(y)(ϕ1(y), ϕ2(y))

1 + dψ(y)(ϕ1(y), ϕ2(y))
dμ(y) = d̃ψ (ϕ1, ϕ2)

where we moved from the second line to the third one exploiting the fact that q is a fiberwise isometric
G-action and from the third line to the last one thanks to the �-invariance of μ. Moreover defining
f̃ : B− × B+ → S(X, Y) as

f̃ (b−, b+)(x) := f ((b−, b+), x)

and similarly f̃0 : B− → S(X, Z) as

f̃0(b−)(x) := f0(b−, x),

the diagram of Equation (8) becomes

B− ×B+ S(X, Y )

B− S(X, Z)

˜f

p1 q̃

˜f0

(11)

Since the first factor projection p1 : B− × B+ → B− is relatively isometrically ergodic, there exists a
lift F̃ : B− → S(X, Y) of f̃0 such that the following diagram commutes

B− ×B+ S(X, Y )

B− S(X, Z)

˜f

p1 q̃

˜f0

˜F (12)

Then, setting

F : B− × X → Y , F(b−, x) := F̃(b−)(x)

we obtain a lift of f0 fitting in the following commutative diagram

(B− ×B+) ×X Y

B− ×X Z

f

p− q

f0

F (13)

This shows the relative isometric ergodicity of p− and concludes the proof.

Remark 3.11. The previous theorem is relevant also from a cohomological point of view. Let G= � � X
be the semidirect groupoid associated to a measure preserving action of a locally compact group. Given
a coefficient G-module (see [[26], Definition 1.2.1]), in virtue of the exponential law [[34], Theorem 1]
we know that the measurable bounded cohomology of G with E-coefficients is isomorphic to the
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continuous bounded cohomology of � with twisted coefficients L∞
w∗ (X, E), namely

Hk
mb(G, E) ∼= Hk

cb(�, L∞
w∗ (X, E)),

for every k ≥ 0. If (B−, B+) is a boundary pair for � in the sense of Bader-Furman, the amenability of B±
guarantees that the complex of essentially bounded functions on B± computes the bounded cohomology
of � with the same coefficients [[13], Theorem 1]. As a consequence, we have that

Hk
cb(�, L∞

w∗ (X, E)) ∼= Hk(L∞
w∗ (B•+1

± , L∞
w∗ (X, E))�), (14)

where the �-action on L∞
w∗ (X, E) is induced by the one of G on E.

By Theorem 1 we know thatB± = B± × X is a boundary pair of the groupoid G. The usual exponential
law for essentially bounded functions [[26], Corollary 2.3.3] can be exploited to show that the complex
on the right-hand side of Equation (14) is actually isomorphic to

L∞
w∗ (B(•+1)

± , E)G.

Here B(k)
± is the k-fiber product of B± with respect to the target map and the apex G refers to the G-

invariants functions, defined as in [[34], Section 4.2]. To sum up the above chain of isomorphisms, we
obtain that

Hk
mb(G, E) ∼= Hk(L∞

w∗ (B(•+1)
± , E)G).

Thus, in the case of an action groupoid G, the boundary pair can be used to compute the measurable
bounded cohomology of G. In the future, we hope to prove that this is actually true for any measured
groupoid, generalizing in this way the result by Burger and Monod.

4. The Poisson boundary

In this section, we are going to focus our attention on the notion of Poisson boundary for an invari-
ant Markov operator on a measured groupoid. After a brief introduction about the general setting, we
describe the particular case of a Markov operator generated by a probability measure π lying in the
same class of the integrated Haar system. We are going to show that the Poisson boundaries associated
to the measure π and its reflected variant π̌ , respectively, determine a boundary pair in the sense of
Definition 3.8. For the construction of the Poisson boundary, we mainly refer to Kaimanovich [24] and
the references therein.

4.1. The Poisson boundary of an invariant Markov process on a measured groupoid

Let G be a Borel groupoid with units X = G(0). We consider a Haar system λ= {λx}x∈X with respect to the
target map and we denote by μ a quasi-invariant probability measure on X with respect to λ. A Markov
chain defined on G is the assignment of a Borel probability measure π g on G to any element g ∈ G so
that the function

π (f ) : G→R, π (f )(g) :=
∫
G

f (h)dπ g(h)

is Borel for every nonnegative Borel function f on G. We say that the Markov chain is G-invariant if it
holds

π gh = g∗π
h, (15)

for every pair of composable elements (g, h) ∈ G[2]. As noticed by Kaimanovich [24], Section 3B],
Equation (15) implies that π g(Gt(g)) = 1 for any g ∈ G. By definition, every G-invariant Markov chain
{π g}g∈G is uniquely determined by the transition probabilities defined on the units, namely {π x}x∈X .
Conversely, any Borel system of probability measures supported on the fibers {Gx}x∈X of the target map
can be uniquely extended to a G-invariant Markov chain [24], Proposition 3.4] by setting

π g := g∗π
s(g),
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for every g ∈ G.
Given a Markov chain on G, we can naturally define the associated Markov operator on the space of

bounded Borel functions on G by setting

(Pϕ)(g) :=
∫
G
ϕ(h)dπ g(h),

where ϕ is a bounded Borel function. We say that ϕ is P-harmonic if it holds ϕ = Pϕ.
When the chain isG-invariant, the Markov operator P boils down to aG-invariant collection of Markov

operators {Px}x∈X on the fibers {Gx}x∈X of the target map [24], Section 3.B]. More precisely, the collection
of measures defining Px is given by {π g}t(g)=x.

By duality, the dual Markov operator acts on the space of nonnegative Borel measures on G as follows

mP :=
∫
G
π gdm(g),

where m is a nonnegative measure. We say that m is P-invariant, P-quasi-invariant or P-adapted if
mP = m, mP is equivalent to m or mP is absolutely continuous with respect to m, respectively. For our
purpose, we are going to assume that

μ ◦ λ=
∫

X

λxdμ(x)

is P-adapted. This condition is equivalent to assume that the measure λx is adapted with respect to the
fiberwise Markov operator Px, for almost every x ∈ X. The measureμ ◦ λ is P-adapted when we consider
absolutely continuous transition probabilities {π g}g∈G, namely when it holds

π g ≺ λt(g) (16)

for every g ∈ G. Again by G-invariance, it is sufficient to verify Equation (16) only on the space of units.
Let now consider the infinite fiber product

�G := {ω= (g0, g1, g2, . . . ) ∈ GN | t(gi) = t(gj) ∀i, j ∈N},
where we call an element ω ∈�G a forward trajectory. Since the target is constant along the components
of a forward trajectory, we have a natural target map

t� :�G → X, t�(ω) = t(g0).

Given g ∈ G, we can define a Borel probability measure Pg such that, for any bounded Borel functions
ϕ0, . . . , ϕn on G, it holds that∫

�G
ϕ0(g0) . . . ϕn(gn)dPg(ω) = (ϕ0 · P( . . . (ϕn−1 · (Pϕn)) . . . ))(g), (17)

which can be alternatively rewritten as∫
�G
ϕ0(g0) . . . ϕn(gn)dPg(ω) (18)

=
∫
G
. . .

∫
G
ϕ0(g0) . . . ϕn(gn)dπ

gn−1 (gn) . . . dπ g0 (g1)dδg(g0).

Notice that Pg is well-defined on �G since the right-hand side of Equation (18) forces all the gi’s to
have the same target. Following Benoist and Quint [14], Chapter 2.1.1], we say that Pg is the g-Markov
measure on the space of forward trajectories associated to the Markov operator P. More generally, given
a probability measure m on G as initial distribution, we can consider the Markov measure associated to
m by applying the usual integration method, namely

Pm :=
∫
G
Pgdm(g). (19)
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In this way, we immediately see that Pg is the Markov measure with initial distribution δg, the Dirac mass
at g. Notice that the n-th one-dimensional distribution associated to the Markov measure Pm is precisely
mPn, namely the Markov operator applied n times to m.

We define the time shift by

T :�G −→�G
ω= (g0, g1, g2, . . . ) �→ Tω := (g1, g2, g3, . . . ).

It is worth noticing that, given an initial distribution m on G, the time shift acts naturally on the Markov
measure Pm as follows

T∗Pm = PmP. (20)

Given two forward trajectoriesω,ω′ ∈�G, we say that they are stably T-equivalent, if there exist k, � ∈N

such that Tkω= T�ω′. By choosing as m the integrated Haar system μ ◦ λ, there must exist a unique (up
to isomorphism) measurable space B and a Borel map

bnd :�G →B,

such that the σ -algebra generated by bnd coincides with the one generated by stable T-equivalence [24],
Section 5.A]. We say that B is the space of ergodic components with respect to the time shift and we
endow it with the measure class [θμ◦λ] := bnd∗[Pμ◦λ].

Definition 4.1. Let (G,μ ◦ λ) be a measured groupoid with Borel Haar system λ and measure μ on the
unit space. Consider a G-invariant Markov chain {π g}g∈G with associated Markov operator P. Suppose
that μ ◦ λ is P-adapted. The Poisson boundary of the Markov operator P is the space B of ergodic
components of (�G, Pμ◦λ) with respect to T endowed with the measure class [θμ◦λ].

We first observe that the target map t� on �G naturally descends to a target map on B, namely

tB : B→ X, tB([ω]) = t�(ω).

As noticed by Kaimanovich, the generic fiber t−1
B (x) =Bx of the above map is given by the Poisson

boundary of the fiberwise Markov operator Px defined on Gx [24], Section 5.B].
There exists a natural left action of G on � given by

G ∗�G →�G, (g,ω= (g0, g1, . . . )) �→ (gg0, gg1, . . . ),

where s(g) = t(ω). Since the G-action commutes with the time shift T , it naturally descends to an action
on the boundary B, that is,

G ∗B→B, (g, b = [ω]) �→ gb := [gω].

Additionally, since μ ◦ λ is quasi-symmetric, the Markov measure Pμ◦λ is quasi-symmetric for the
groupoid �G � G, and hence the measure class [θμ◦λ] is symmetric with respect to the induced G-action
on B [24, Section 5.B].

4.2. The boundary pair generated by a quasi-symmetric left quasi-invariant probability measure.

In this section, we show that the Poisson boundaries associated to the invariant Markov operators
determined by a probability measure in the class of the integrated Haar system provide an example
of boundary pairs in the sense of Definition 3.8.

We fix the following setting. Let (G,μ ◦ λ) be a measured groupoid, where λ= {λx}x∈X is a Borel
Haar system and μ is a quasi-invariant probability measure on X with respect to λ. Let π be a proba-
bility measure equivalent to μ ◦ λ such that t∗π = s∗π =μ, where t and s are the target and the source
on G, respectively. Denote by {π x}x∈X the t-disintegration of π and define the associated G-invariant
Markov chain {π g}g∈G, obtained through the left G-action (see Section 4.1). By construction, the left

https://doi.org/10.1017/S0017089525100499 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089525100499


182 Filippo Sarti and Alessio Savini

quasi-invariance of π implies that

π g ∼ λt(g),

thus we have absolutely continuous transition probabilities.
We consider the reflected measure π̌ , namely the direct image on G of the measure π via the inverse

map. Following what we did for π , we can consider the t-disintegration {π̌ x}x∈X and then extend it to a
G-invariant Markov chain {π̌ g}g∈G. We denote by Pμ the Markov measure on�G defined by the invariant
Markov chain determined by π with initial distribution μ. We define P̌μ in a similar way by looking at
the Markov chain generated by π̌ . The Poisson boundaries associated to the above Markov measures
will be denoted by (B, θμ) and (B̌, θ̌μ).

The main goal of this section is to prove the following

Theorem 2. Let (G, ν) be a measured groupoid with unit space (X,μ) and let π be a probability measure
equivalent to ν such that t∗π = s∗π =μ, where t and s are the target and the source on G, respectively.
Denote by π̌ the direct image of π under the inverse map. The pair ((B, θμ), (B̌, θ̌μ)) of Poisson bound-
aries associated to the Markov operators generated by π and π̌ , respectively, with initial distribution μ
is a boundary pair for G.

In particular, if π is symmetric, namely π = π̌ , then (B, θμ) is a G-boundary.

This extends the analogous result given by Bader and Furman [7], Theorem 2.7] for groups. Although
the proof is a suitable adaptation to the groupoids framework of the one by Bader and Furman, some
new technicalities arise.

The first necessary step is to show an invariance property of the measure Pμ that we will explicitly
use later on.

Lemma 4.2. Retain the notation given at the beginning of the section. Then the map

S :�G −→�G, S(g0, g1, g2, . . . ) := (g−1
1 g1, g−1

1 g2, . . . ) (21)

preserves the measure Pμ, namely

S∗(Pμ) = Pμ.

Proof. We start considering the fiber product

G ∗�G := {(g,ω= (g0, g1, g2, . . . )) ∈ G×�G | g = g0},
endowed with the fiber product measure

π⊗̂Pπ :=
∫
G

(δg ⊗ Pg)dπ (g).

There is a natural map

σ : G ∗�G →�G, σ (g,ω) = g−1ω,

where the multiplication by g−1 is done diagonally. If ω= (g0, g1, g2, . . . ) and T is the time shift on�G,
we can see that the map S can be rewritten as

Sω= σ (g1, Tω) = g−1
1 Tω. (22)

Recalling that the time shift acts on Pμ as follows

T∗Pμ = PμP = Pπ ,

Equation (22) implies that

S∗(Pμ) = σ∗(π⊗̂Pπ ).
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As a consequence, it is sufficient to show σ∗(π⊗̂Pπ ) = Pμ. Let ϕ be a bounded Borel function on �G.

〈σ∗(π⊗̂Pπ ), ϕ〉 = 〈π⊗̂Pπ , ϕ ◦ σ 〉
=

∫
G

∫
�G

∫
G
ϕ(σ (h,ω))dδg(h)dPg(ω)dπ (g)

=
∫
G

∫
�G
ϕ(g−1ω)dPg(ω)dπ (g)

=
∫
G

∫
�G
ϕ(ω)dPs(g)(ω)dπ (g)

=
∫

X

∫
�G
ϕ(ω)dPx(ω)dμ(x) = 〈Pμ, ϕ〉.

In the above computation, we passed from the second line to the third one by using the definition of σ ,
we moved from the third line to the fourth one thanks to the fact that g−1

∗ Pg = Ps(g) and we concluded
exploiting the definition of Pμ together with the hypothesis s∗(π ) =μ. This concludes the proof.

We move on in our investigation by showing that, under the assumptions settled at the beginning
of this section, the Poisson boundaries we are dealing with are amenable G-space. Here the crucial
assumption is that both π and π̌ are equivalent to μ ◦ λ.

Lemma 4.3. Let (G,μ ◦ λ) be a measured groupoid and let π a probability measure equivalent toμ ◦ λ.
Consider the Poisson boundaries (B, θμ) and (B̌, θ̌μ) associated to the Markov operators generated by π
and π̌ , respectively, both with initial distribution μ. Then, the semidirect groupoids (B� G, θμ ◦ λ) and
(B̌� G, θ̌μ ◦ λ) are amenable.

Proof. We are going to do the proof only in the case of (B, θμ), since the argument for (B̌, θ̌μ) is
analogous.

Kaimanovich [24, Theorem 5.2] proved the amenability in the general case of any Poisson bundle
associated to an invariant Markov operator with starting distribution μ ◦ λ. Thus it is sufficient to show
that θμ ∈ [θμ◦λ]. The latter condition is a consequence of the fact that θμ◦λ is equivalent to θπ . Indeed, we
have that

T∗Pμ = PμP = Pπ ,

and hence

θμ = bnd∗(Pμ) = bnd∗(T∗Pμ) = bnd∗(Pπ ) = θπ . (23)

This shows the statement and concludes the proof.

Notice that Equation (23) holds also fiberwise, namely

θ x = θπx and θ̌ x = θ̌π̌x ,

where θ x = bnd∗(Px) and θ̌ x = ˇbnd∗(P̌x). Here we are denoting by ˇbnd :�G → B̌ the boundary projec-
tion. By the absolute continuity of the transition probabilities [24], Section 5.A], we can write a fiberwise
Poisson formula. For the ease of the reader, we will focus only on the case we are going to use later in
the proof. We denote by Px the fiberwise Markov operator on Gx determined by the chain {π g}t(g)=x.
The fiberwise Poisson formula explicitly realizes the isomorphism between the space H∞(Gx, λx, Px) of
bounded Px-harmonic functions identified modulo λx and the space L∞(Bx, θ x) of essentially bounded
functions on Bx = t−1

B (x):

Px : L∞(Bx, θ x) → H∞(Gx, λx, Px), (Pxϕ)(g) :=
∫
Bx
ϕ(b)dθ g(b) . (24)
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We want to show that the boundary (B̌, θ̌μ) satisfies a stationarity which generalizes the one already
known for boundaries of groups. A similar result holds also for (B, θμ), but since we are not going to
use it, we prefer to omit the computation. With the help of the target tB̌ : B̌→ X, we can disintegrate θ̌μ
as follows

θ̌μ =
∫

X

θ̌ xdμ(x).

Using jointly the disintegrations of both π and θ̌μ, we define the following measure on B:

π ∗ θ̌μ :=
∫

X

∫
G

g−1
∗ θ̌

xdπ x(g)dμ(x).

Proposition 4.4. Let (G,μ ◦ λ) be a measured groupoid and let π be a probability measure equivalent
to μ ◦ λ. Let (B̌, θ̌μ) be the Poisson boundary of the Markov operator generated by the reflected measure
π̌ with initial distribution μ. Then θ̌μ is π -stationary, that is

π ∗ θ̌μ = θ̌μ.

Proof. Let ˇbnd :�G → B̌ be the boundary projection. If ϕ is a bounded Borel function on B̌, we have
that

〈π ∗ θ̌μ, ϕ〉 =
∫

X

∫
G

∫
B̌
ϕ(g−1b)dθ̌ x(b)dπ x(g)dμ(x)

=
∫

X

∫
G

∫
�G
ϕ(g−1 ˇbnd(ω))dP̌x(ω)dπ x(g)dμ(x)

=
∫

X

∫
G

∫
�G
ϕ( ˇbnd(g−1ω))dP̌x(ω)dπ x(g)dμ(x)

=
∫
G

∫
�G
ϕ( ˇbnd(ω))dP̌g−1 (ω)dπ (g)

=
∫
�G
ϕ( ˇbnd(ω))dP̌π̌ (ω)

=
∫
�G
ϕ( ˇbnd(ω))d(T∗P̌μ)(ω)

=
∫
B̌
ϕ(b)dθ̌μ(b) = 〈θ̌μ, ϕ〉,

where we moved from the first line to the third one using the fact that θ̌ x = ˇbnd∗(P̌x) and the equivariance
of ˇbnd, we passed from the third line to the fifth one exploiting that P̌g−1 = g−1

∗ P̌x, together with the
definition of both P̌π̌ and π̌ . We concluded by applying the T-invariance of the boundary projection

ˇbnd. This proves the statement.

The following technical result (compare to [7, Lemma 2.8]) is the last step before the proof of
Theorem 2.

Lemma 4.5. Retain the setting of Theorem 2. Let E be a positive θ̌μ⊗̂θμ-measure subset of B̌ ∗B and
denote by A := p̌(E) ⊂ B̌, where p̌ : B̌ ∗B→ B̌ is the projection on the first component. Then for any
ε > 0, there exist x ∈ X, g ∈ Gx and C ⊂ B̌x

of positive θ̌ x-measure such that C, g−1C ⊂A and for every
b ∈ C it holds that

θ s(g)(g−1Eb)> 1 − ε,

https://doi.org/10.1017/S0017089525100499 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089525100499


Glasgow Mathematical Journal 185

where Eb := {b′ ∈B | (b, b′) ∈ E}.

Proof. We are in the right position to apply Equation (24): for any x ∈ X and every measurable subset
D⊂Bx there exists a bounded Px-harmonic function hD on Gx such that

hD(g) =
∫
Bx

1D(b)dθ g(b) =
∫
Bx

1D(b)dg∗θ
s(g)(b) = θ s(g)(g−1D),

where 1D is the characteristic function on D. By the Martingale Convergence Theorem [14,
Theorem A.3], for Px-almost every ω= (g0, g1, g2, · · · ) ∈ t−1

�G(x) one has that

hD(gn)
n→∞−−→ 1D(bnd(ω)). (25)

The set

�D := {(g0, g1, g2, · · · ) ∈�G | hD(gn)
n→∞−−→ 1}

= {ω ∈�G | 1D(bnd(ω)) = 1}
= bnd−1(D)

lies inside t−1
�G(x) and it satisfies

Px(�D) = Px(bnd−1(D)) = θ x(D). (26)

By the definition of Eb, if tB̌(b) = x, we must have that Eb ⊂ t−1
B (x). If we denote by �G ∗ B̌ the fiber

product with respect to the target maps, we can consider the sets

Ẽ :=
{

(ω, b) ∈�G ∗ B̌ |ω ∈�Eb

}
=

{
(ω, b) ∈�G ∗ B̌ | bnd(ω) ∈ Eb

}
=

{
(ω, b) ∈�G ∗ B̌ | (b, bnd(ω)) ∈ E

}
and

ẼN :=
{

(ω, b) ∈�G ∗ B̌ | ∀ n>N, θ s(gn)(g−1
n Eb)> 1 − ε

}
,

where gn is the (n + 1)-th component of ω= (g0, g1, . . . ) ∈�G.
We have

(Pμ⊗̂θ̌μ)(̃E) =
∫
B
PtB̌(b)(�Eb )dθ̌μ(b)

=
∫
B
PtB̌(b)(bnd−1(Eb))dθ̌μ(b)

=
∫
B
θ tB̌(b)(Eb)dθ̌μ(b) = (θ̌μ⊗̂θμ)(E)> 0,

where we moved from the second line to the third one using Equation (26). Moreover, since ẼN increases
to Ẽ by Equation (25), we must have (Pμ⊗̂θ̌μ)(̃EN)> 0 for N sufficiently large.

We consider the map

� :�G ∗ B̌→�G ∗ B̌, �(ω= (g0, g1, . . . ), b) := (Sω, g−1
1 b) ,

where S :�G →�G is the one defined by Equation (21). Thanks to both Lemma 4.2 and Proposition
4.4, the above transformation is probability measure-preserving, namely

�∗(Pμ⊗̂θ̌μ) = Pμ⊗̂θ̌μ .

Therefore, by applying Poincaré Recurrence Theorem, we can find n>N such that

(Pμ⊗̂θ̌μ)(�−n (̃EN) ∩ ẼN)> 0. (27)
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We define

F :=�−n (̃EN) ∩ ẼN ⊂�G ∗ B̌
and

Fω := {b ∈ B̌ | (ω, b) ∈F} ⊂ B̌t�G (ω)
.

Since the (Pμ⊗̂θ̌μ)-measure of F is positive and

(Pμ⊗̂θ̌μ)(F) =
∫
�

θ̌ t�G (ω)(Fω)dPμ(ω),

there exists ω= (g0, g1, g2, · · · ) ∈�G such that θ̌ t�G (ω)(Fω)> 0. If we choose such an ω ∈�G, we can
set x = t�G(ω), g = gn the (n + 1)-th component of ω and C =Fω. With this notation we obtain that
C ⊂ pB̌ (̃EN) ⊂ p̌(E) =A and, since �n(F) ⊂ ẼN , we have that g−1C ⊂A as well.

Moreover for any b ∈ C, we have that (ω, b) ∈ ẼN , so we get that

θ s(g)(g−1Eb) = θ s(gn)(g−1
n Eb)> 1 − ε,

and this concludes the proof.

We now have all the necessary ingredients for the proof of the main theorem of the section.

Proof of Theorem 2. The amenability of the semidirect groupoids B� G and B̌� G follows directly
by Lemma 4.3. We are left to show the relative metric ergodicity required by Definition 3.8. We will
only treat the first-term projection p̌ : B̌ ∗B→ B̌, since the proof of the other one is similar.

Consider the following diagram

B̌ ∗ B Y

B̌ Z,

f

p̌ q

f0

where Y , Z are Borel G-spaces and q is endowed with a fiberwise isometric G-action.
For every b ∈ B̌, we define the map

fb : BtB̌(b) → Y , fb(b
′) := f (b, b′)

and the measure βb := (fb)∗θ tB̌(b) obtained by pushing forward θ tB̌(b) via fb. Here, since θ tB̌(b)(BtB̌(b)) = 1,
with a slight abuse of notation we are considering θ tB̌(b) as a measure on BtB̌(b) instead of a measure on
the whole B. The commutativity of the above diagram shows that βb(YtB̌(b)) = 1.

We claim that βb is Dirac for θ̌μ-almost every b ∈ B̌. By contradiction, suppose that there exists a
Borel subset A⊂ B̌ of positive θ̌μ-measure such that βb is not Dirac for every b ∈A. As observed by
Bader and Furman [7, Theorem 2.7], this is equivalent to require that there exists ε > 0 such that

βb(Balldb (f (b, b′), ε))< 1 − ε (28)

for every (b, b′) ∈A ∗B. Here db denotes the metric on q−1(f0(b)). Since for θ̌μ⊗̂θμ-almost every (b, b′)
it holds that

βb(Balldb (f (b, b′), ε))> 0 , (29)

a Fubini-type argument allows to pick a measurable map

A→B , b �→ b′
b

such that

βb(Balldb (f (b, b′
b), ε))> 0 (30)
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for θ̌μ-almost every b ∈A. Define the set

E := {
(b, b′) ∈A ∗B | fb(b

′) ∈ Balldb (f (b, b′
b), ε)

}
= {

(b, b′) ∈A ∗B | b′ ∈ f −1
b (Balldb (f (b, b′

b), ε))
}

.

By definition we have that

θ̌μ⊗̂θμ(E) =
∫
A
θ tB̌(b)

(
f −1
b (Balldb (f (b, b′

b), ε))
)

dθ̌μ(b)

=
∫
A
βb

(
Balldb (f (b, b′

b), ε)
)

dθ̌μ(b)> 0,

where the latter inequality follows by Equation (30). Thus, we are in the right position to apply
Lemma 4.5 in order to find x ∈ X, g ∈ Gx and C ⊂A such that C, g−1C ⊂A and

θ s(g)(g−1Eb)> 1 − ε,

for every b ∈ C.
As a consequence, we obtain that

1 − ε < θ s(g)(g−1Eb)

= θ s(g)(g−1f −1
b (Balldb (f (b, b′

b), ε)))

= θ s(g)(f −1
g−1b(Balldg−1b

(f (g−1b, g−1b′
b), ε)))

=βg−1b(Balldg−1b
(f (g−1b, g−1b′

b), ε))

< 1 − ε,

and we get the desired contradiction. In the above computation, we passed from the second line to the
third one thanks to the equivariance of the fiberwise isometric G-action on q : Y → Z and we concluded
exploiting the fact that g−1C ⊂A.

Since βb is almost surely Dirac, we can build a Borel map

f1 : B̌→ Y

so that δf1(b) = βb for almost every b ∈ B̌. The fact that f1 is a map of G-spaces and the equality q ◦ f1 = f0

follows by βb(q−1(f0(b))) = 1. Moreover, f1 is G-equivariant, in fact

δf1(gb) = βgb = g∗βb = g∗δf1(b) = δgf1(b) ,

and this concludes the proof.

5. Algebraic representability of an ergodic measured groupoid and equivariant maps

In this section, we study representations of ergodic groupoids into algebraic groups. We first list some
properties of measurable equivariant maps and we give a reduction criterion for measurable represen-
tations of an ergodic groupoid into a locally compact group. Afterward, following Bader and Furman
[6], we extend the notion of algebraic representability of an ergodic action to any ergodic groupoid. All
this machinery will be crucial in the study of equivariant maps from boundaries.

5.1. A representation reduction lemma

In this section, we focus our attention on equivariant maps with respect to a representation of an ergodic
groupoid (G, ν) into a locally compact group H. We first show that the existence of an equivariant map
into a homogeneous quotient of H guarantees that the representation admits a representative in its sim-
ilarity class whose image is contained in a proper subgroup of H. We recall that the essential image of
a representation ρ : G→ H is the support in H of the pushforward measure ρ∗(ν).
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Lemma 5.1. Let (G, ν) be a measured groupoid with units X. Let H be a locally compact second
countable group and consider ρ : G→ H a measurable representation. Then there exists a measurable
ρ-equivariant function X → H/L if and only if there exists a representation which is similar to ρ and
whose essential image is contained in a closed subgroup L<H.

Proof. Suppose that there exists a measurable representation

ρ : G→ H,

which is similar to ρ and whose essential image lies in a closed subgroup L. Then, there exists a
measurable map h : X → H such that

h(t(g))ρ(g) = ρ(g)h(s(g)), (31)

for almost every g ∈ G. If we compose h with the quotient projection H → H/L we obtain a map

h : X → H/L,

which satisfies

h(t(g)) = ρ(g)h(s(g)),

for almost every g ∈ G by Equation (31). Equivalently, h is a measurable map which is ρ-equivariant, as
claimed.

Suppose now that there exists a Borel map h : X → H/L which is ρ-equivariant, where L is a closed
subgroup. By [40, Corollary A.8] there exists a Borel section H/L → H with respect to the quotient
projection. By composing such a section with h, we obtain a measurable map h : X → H.

Since h is ρ-equivariant, we have that

h(t(g)) = ρ(g)h(s(g)),

for almost every g ∈ G. This means that h(t(g)) and ρ(g)h(s(g)) lies in the same L-coset, or equivalently

ρ(g) := h(t(g))−1ρ(g)h(s(g)) ∈ L,

for almost every g ∈ G. This proves the statement and concludes the proof.

Thanks to the previous lemma, we can give a reducibility criterion for representations of an ergodic
groupoid.

Proposition 5.2. Let (G, ν) be an ergodic measured groupoid with units X. Let H be a locally compact
second countable group acting continuously and smoothly on a topological space Y . Consider a mea-
surable representation ρ : G→ H. If there exists a ρ-equivariant Borel mapψ : X → Y , then ρ is similar
to a representation whose essential image is contained in the stabilizer StabH(y0) for some y0 ∈ Y .

Proof. We can compose ψ with the quotient projection p : Y → Y/H to obtain a Borel map

ψ : X → Y/H.

Since ψ is ρ-equivariant, we have that

ψ(t(g)) =ψ(s(g)),

for almost every g ∈ G. The smoothness of the H-action on Y guarantees that the quotient Y/H is count-
ably separated. The ergodicity of G implies thatψ is essentially constant. As a consequence the essential
image of X is contained in a unique H-orbit. Namely, there exists some y0 ∈ Y such that we can restrict
the map as follows

ψ : X → Hy0,
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up to modifying the original map on a set of measure zero. By [40], Theorem 2.1.14] we have an
identification

Hy0 → H/StabH(y0).

By composing ψ with the above identification and the measurable section [40], Corollary A.8]

H/StabH(y0) → H

to the quotient map, we obtain a map measurable function

h : X → H.

We claim that h realizes the desired similarity. In fact, if we define

ρ(g) := h(t(g))−1ρ(g)h(s(g)),

we must have that

ρ(g) ∈ StabH(y0)

for almost every g ∈ G, because h(t(g)) and ρ(g)h(s(g)) are mapped to the same StabH(y0)-orbit by the
ρ-equivariance of ψ . Thus the essential image of ρ is contained in StabH(y0) and we are done.

5.2. Algebraic representations of ergodic measured groupoids

In this section, we extend the theory of algebraic representability by Bader and Furman [6] to ergodic
groupoids.

Definition 5.3. Let κ be a field with a nontrivial absolute value so that the induced topology is complete
and separable. Let (G, ν) be an ergodic measured groupoid with unit space X. Consider a measurable
representation ρ : G→ H into the κ-points H = H(κ) of an algebraic κ-group H. An algebraic repre-
sentation of (G, ν) relative to ρ is the datum of an algebraic κ-variety V with an algebraic H-action and
of a Borel map

ϕ : X → V(κ),

which is ρ-equivariant, namely

ϕ(t(g)) = ρ(g)ϕ(s(g)),

for almost every g ∈ G.

Given an algebraic representation of (G, ν) relative to a measurable representation ρ : G→ H, we will
refer to it by (V, ϕV), where V is the algebraic variety which appears as co-domain in the equivariant
map ϕV. A morphism between two such algebraic representations (V, ϕV) and (U, ϕU) of (G, ν) is an
algebraic κ-map �:V → U which is H-equivariant and it satisfies ϕU =� ◦ ϕV. We say that an alge-
braic representation (V, ϕV) is of coset type if there exists some algebraic κ-subgroup L<H such that
V = H/L.

As in the case of actions [6], Proposition 5.2], we start showing that it is always possible to substitute
an algebraic representation with a representation of coset type.

Proposition 5.4. Let (G, ν) be an ergodic groupoid. Let ρ:G→ H be a measurable representation into
the κ-points H = H(κ) of an algebraic κ-group. Consider (V, ϕV) an algebraic representation of (G, ν)
relative to a measurable representation ρ : G→ H. Then, there exists an algebraic κ-subgroup L<H
and a morphism of algebraic representations between H/L and V.

https://doi.org/10.1017/S0017089525100499 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089525100499


190 Filippo Sarti and Alessio Savini

Proof. We denote by V = V(κ) the κ-points of V. By [6], Proposition 2.1], we know that the
H-orbits in V are locally closed. By the Glimm-Effros Theorem [40], Theorem 2.1.14] the H-action
on V is smooth. By composing ϕV with the quotient projection V → V/H, we obtain a map

ϕV : X → V/H

which is G-invariant, namely

ϕV(t(g)) = ϕV(s(g)),

for almost every g ∈ G. The smoothness of the H-action guarantees that V/H is countably separated and
the ergodicity of (G, ν) implies that ϕV is essentially constant. Equivalently, ϕV takes essentially values
in a unique H-orbit in V . Up to modifying ϕV on a null set, we can suppose that there exists some v0 ∈ V
such that

ϕV : X → H · v0.

Again by smoothness [40], Theorem 2.1.14], we can identify

j : H · v0 → H/L,

where L = StabH(v0). We define� := j ◦ ϕV. If we denote by i : H · v0 → V the orbit inclusion, we obtain
a commutative diagram

X H · v0 V

H/L ,

ϕV

Φ

i

j
Ψ

where � := i ◦ j−1. By [6], Proposition 2.1], the group L corresponds to the κ-points of L, the stabilizer
of v in H, and the map� can be extended to an algebraic κ-map� : H/L → V. To conclude is sufficient
to compose � with the natural embedding H/L → H/L(κ).

We continue by showing the existence of an initial object of coset type in the category of algebraic
representations of an ergodic groupoid.

Theorem 5.5. Let (G, ν) be an ergodic groupoid and let ρ : G→ H be a measurable representation in
the κ-point of an algebraic κ-group H. Then the category of algebraic representations of (G, ν) relative
to ρ admits an initial object of coset type.

Proof. We define the collection

{L<H | Lis defined overκand there exists a coset representation to H/L}

which is clearly not empty, since it contains H. Thus, by Noetherianity, it admits a minimal element L0.
We denote the corresponding equivariant map by ϕ0 : X → (H/L0)(κ). We want to show that the pair
(H/L0, ϕ0) is the desired initial object.

Let (V, ϕV) be an algebraic representation of (G, ν) relative to ρ. We want to show that there exists
a morphism from H/L0 to V (the uniqueness is guaranteed by the fact that two different morphisms
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must agree nowhere). We consider the product representation (V × H/L0, ϕ := ϕV × ϕ0). Thanks to
Proposition 5.4, we must have the following commutative diagram

Y (H/L)(κ)

V(κ) V(κ) × (H/L0)(κ) (H/L0)(κ)

ϕ0

ϕV

ϕ
i

p1 p2

By the minimality of L0, we must have that the composition p2 ◦ i : H/L → H/L0 is actually a
κ-isomorphism. Thus, we can define the following κ-morphism

p1 ◦ i ◦ (p2 ◦ i)−1 : H/L0 → V,

and the statement is proved.

Definition 5.6. Let (G, ν) be an ergodic groupoid and consider a measurable representation ρ : G→ H
into the κ-points H = H(κ) of some algebraic κ-group H. Let (H/L, ϕ) be the initial object of coset
type in the category of algebraic representations given by Theorem 5.5. We say that the pair (L, ϕ) is
the algebraic gate associated to the representation ρ and we call L its algebraic hull. We say that ρ is
Zariski dense if L = H (and then ϕ is the constant map).

The notion of algebraic hull we gave for ρ it is a clear generalization of the one introduced by Zimmer
[40], Chapter 9.2] in the context of measurable cocycles. If the starting groupoid is also amenable, we
can show that its algebraic hull is an amenable group, generalizing in this way [40], Theorem 9.2.3].

Theorem 5.7. Let (G, ν) be an ergodic groupoid. Consider a measurable representation ρ : G→ H into
the real points of a connected real algebraic group H. If the groupoid is amenable, then the algebraic
hull of ρ is an amenable subgroup of H.

Proof. We denote by N the radical of H, so that the quotient Q = H/N is semisimple. Let P be a
minimal parabolic R-subgroup of Q. We denote by P = P(R) the real points of P and likewise for all
the other groups.

Since we supposed the groupoid G amenable, by [2], Theorem 4.2.7] there exists an equivariant
probability measure valued Borel map ψ : X →M1(Q/P). Recall that the action of Q on the space of
probability measures M1(Q/P) is smooth by [40], Corollary 3.2.17] and the stabilizers are solvable
(and thus amenable) and algebraic [40], Corollary 3.2.22]. The fact that N acts trivially on Q/P implies
that H acts smoothly on M1(Q/P) as well. Moreover, since N is amenable, stabilizers in H will be
amenable by [40], Proposition 4.1.6]. We are in the right position to apply Proposition 5.2: we obtain
that ρ is similar to a representation essentially contained in the H-stabilizer of some probability measure
on Q/P. By the amenability of that stabilizer and by the minimality of the algebraic hull the statement
follows.

We are finally ready to prove

Theorem 3. Let ρ : G→ H be any measurable representation of an ergodic groupoid into the κ-points of
an algebraic κ-group H. Let ((B−, θ−), (B+, θ+)) be a boundary pair for G. Then there exist κ-subgroups
L± <H and measurable ρ-equivariant maps B± → H/L±, where L± = L±(κ).
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Proof. We start noticing that the measurable representation ρ : G→ H can be actually extended to
the semidirect groupoids B± � G by forgetting the B±-variable.

By Theorem 5.5, it is sufficient to show that the groupoids B± � G are ergodic. By Proposition 3.7
(ii) applied to the projections

B− ∗B+ →B±,

we know that B± is isometrically ergodic. By the ergodicity of (G, ν) and Proposition 3.7 (iii), the
semidirect products B± � G are ergodic, as claimed.

Remark 5.8. It is worth noticing that also the semidirect product (B− ∗B+) � G is ergodic. Let X be
the unit space of G, as usual. Since B± is isometrically ergodic and the projections B− ∗B+ →B± are
relatively isometrically ergodic, we get that B− ∗B+ is isometrically ergodic as well. Then the groupoid
(B− ∗B+) � G is ergodic by Proposition 3.7 (iii).

By extending the measurable representation ρ:G→ H to the groupoid (B− ∗B+) � G, we obtain an
equivariant measurable map B− ∗B+ → H/L0, where L0 = L0(κ) for some κ-subgroup L0 <H.

5.3. The Zariski dense case

In this final section, we focus our attention on Zariski dense representations of an ergodic groupoid G
into a real algebraic group H. We will give an existence results for Furstenberg maps, namely equivariant
maps between the boundaries of G and H. In this way, we obtain a generalization of both [7, Theorem
3.1] and [35, Theorem 1].

We will need the following preliminary result about the slices of an equivariant map (cfr. [35,
Proposition 4.4]).

Lemma 5.9. Let (G, ν) be an ergodic groupoid and let ρ : G→ H be a Zariski dense representation
into the real points H = H(R) of a real algebraic group. Let ((B−, θ−), (B+, θ+)) be a boundary pair
for G. Suppose that there exist real algebraic subgroups L± <H and ρ-equivariant measurable maps
φ± : B± → H/L±, Then the essential image of the restriction φx

± to the fiber Bx
± = t−1

B± (x) is Zariski dense
for almost every x ∈ X = G(0).

Proof. We are going to do the proof only in the case of (B+, θ+), since the other one is completely
analogous.

Let {θ x
+}x∈X the tB+ -disintegration of the measure θ+ on B+. For every x ∈ X, we denote by Vx

+
the essential Zariski closure of φx

+, namely the smallest Zariski closed subset of H/L+ such that
θ x

+((φx
+)−1(Vx

+(R))) = 1. The existence of those sets is guaranteed by Noetherianity, as already observed
by Pozzetti [30]. By Chevalley’s Theorem [40], Proposition 3.1.4] we can embed H/L+ in a suitable
projective space through a rational homomorphism H → GL(N + 1, C) defined over the reals. In this
way we obtain a map

�+ : X → VarR(PN) , �+(x) := Vx
+,

where VarR denotes the space of all closed subvarieties inPN defined overR, endowed with the Hausdorff
topology. This is well-defined since Zariski closed sets are closed in the analytic topology.

We claim that �+ is measurable. By Hahn disintegration Theorem [20, Theorem 2.1], the slice
φx

+ depends measurably on x. Here we are tacitly viewing L0(B+, H/L+) as the space of sections of
the measurable bundle of metric spaces {L0(Bx

+, H/L+)}x∈X . As a consequence, the coefficients of any
homogeneous polynomial defining Vx

+ depends measurably on x. Finally, the fact that the zero locus
associated to an homogeneous ideal varies measurably with respect to the coefficients guarantees that
�+ is measurable. Hence, the claim follows.
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Such map �+ is also ρ-equivariant, namely

Vt(g)
+ = ρ(g)Vs(g)

+ ,

where the H-action on VarR(PN) is induced by the natural left-action of GL(N + 1, C) on VarR(PN).
As noticed by Zimmer [40], Proposition 3.3.2], the set VarR(PN) decomposes as a countable union of
(subsets of) varieties on which GL(N + 1, C) acts algebraically and hence smoothly [40], Theorem 3.1.3,
Theorem 2.1.14]. By Proposition 5.2 the representation ρ must be similar to a representation preserving
some fixed Zariski closed subvariety V0 of H/L+. By Zariski density of ρ we argue that

V0 = H/L+,

so almost every slice of φ is essentially Zariski dense, as claimed.

We are now ready to prove the main result of this section.

Theorem 4. Let ρ : G→ H be a measurable Zariski dense representation of an ergodic groupoid (G, ν)
into the real points H = H(R) of a real algebraic group. Let ((B−, θ−), (B+, θ+)) be a boundary pair for
G. Then there exist G-equivariant measurable maps B± → H/P±, where P± <H are minimal parabolic
subgroups.
In particular if (B, θ ) is a G-boundary, then there exists an equivariant measurable map B→ H/P.

Proof. By Theorem 3 and Remark 5.8 there exist φ± : B± → H/L± and φ0:B− ∗B+ → H/L0 initial
objects in the category of algebraic representations relative to ρ for B± � G and for (B− ∗B+) � G,
respectively. Here L± = L±(R)<H, L0 = L0(R)<H are real points of L±, L0 <H suitable algebraic
subgroups. Additionally, the amenability of the groupoids B± � G implies that L± are amenable by
Theorem 5.7.

By looking at the diagram

B− ∗ B+ H/L0

B+ H/L+ ,

φ0

p+

φ

(32)

the universal property of φ0 implies the existence of a G-map H/L0 → H/L+. Thus, up to conjugation,
we obtain L0 < L+. If R+ := Radu(L+) denotes the unipotent radical of L+, we get the chain of inclusion

L0 < L0R+ < L+

and the associated chain of projections

H/L0

q′+−→ H/L0R+
q+−→ H/L+ .

Consider now the following commutative square

B− ∗ B+ H/L0R+ ×X

B+ H/L+ ×X

q′+◦φ0

p+ q+×idX
̂φ+

(33)

where q̂′
+ ◦ φ0(b, b′) = (q′

+ ◦ φ0(b, b′), tB+(b)) and φ̂+(b) = (φ+(b), tB+(b)). The right vertical arrow
admits a fiberwise isometric action, as observed by Bader and Furman [7, Theorem 3.4]. Indeed the
fibers (q+ × idX)−1(L+, x) can be identified with L+/L0R+, and the latter admits a natural L+/R+-invariant
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metric. Using the H-action we can extend that metric to all the other fibers to get a fiberwise isomet-
ric action of G. Therefore, we are in the right setting to apply the relative isometric ergodicity of p+.
Precisely, we obtain a G-map φ ′

+ : B+ → H/L0R+ such that q+ ◦ φ ′
+ = φ+. On the other hand, being φ+

an initial object, there exists a right-inverse q̃+ : H/L+ → H/L0R+ for q+, which implies that q+ is an
isomorphism. Hence, up to conjugation, we can assume that L0R+ = L+. The same will hold also in the
other case, namely L0R− = L−.

Consider now the map

φ− × φ+ : B− ∗B+ → H/L− × H/L+ , (φ− × φ+)(b1, b2) := (φ−(b1), φ+(b2)) ,

that fits in the commutative triangle

B− ∗ B+ H/L0

H/L− ×H/L+

φ0

φ−×φ+ ˜φ

where the existence of φ̃ follows since φ0 is initial.
By Lemma 5.9 almost every sliceφx

± is Zariski dense in H/L±, so the productφx
− × φx

+ is Zariski dense
in H/L− × H/L+ as well. This implies the Zariski density of the essential image of φ̃. Equivalently,
R−L0R+ is dense in H. Hence, by [7, Lemma 3.5] the subgroups L+ and L− are parabolic and, being
amenable, they are also minimal. This concludes the proof.
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