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In the heliosphere large fluctuations of the magnetic field are sometimes observed,
especially at shocks (e.g. travelling interplanetary shocks, planetary bow waves, and
shocks related to corotating interaction regions). The large fluctuations very often
have an amplitude that reaches easily four or five times the magnitude of the quiet
magnetic field. Since the plasma mostly contains a non-negligible fraction of heavy
ions (e.g. helium ions or cometary water ions), these magnetic field fluctuations are
described in terms of three-fluid equations. Here electrons, protons and heavy ions
are considered as separate fluids interacting with themselves by electromagnetic
forces. The three-fluid equations are treated in such a way that we are searching
for one-dimensional stationary waves. Thus the equations are reduced to a fully
nonlinear set of ordinary differential equations, which have been evaluated numer-
ically with respect to solitary waves. Subsequently, examples of solitary waves in a
electron–proton plasma loaded with 10 % 4He2+ ions are presented. For instance,
an enrichment of helium ions is observed within the solitary waves.

1. Introduction
Large-amplitude magnetic field fluctuations at low frequencies are often observed
by in situ measurements at discontinuities in the solar wind. Such discontinuities
are, for instance, the Earth’s bow shock (see e.g. Paschmann et al. 1979; Hoppe
et al. 1981; Mann and Lühr 1991), other planetary shocks (see e.g. Fairfield and
Behannon 1976; Goldstein et al. 1983), cometary shocks (see e.g. Tsurutani 1991),
and corotating interaction regions (CIRs) of the solar wind (see e.g. Tsurutani et al.
1995). It should be noted that the plasma in these regions usually shows a non-
negligible abundance of more-or-less heavy ions, which originate from the planetary
atmospheres (e.g. oxygen ions) or the cometary nucleus (water group ions) or which
are just an ordinary component of the solar wind (helium ions; see e.g. Marsch et al.
1982).

Another phenomenon is that of so-called magnetic holes (Turner et al. 1977), which
are ‘isolated intervals when the magnitude of the interplanetary magnetic field
drops to a few tenths, or less, of its ambient value for a time that corresponds to
a linear dimension of tens to a few hundreds of proton gyro-radii’ (Winterhalter
et al. 1994). Recently, Baumgärtel et al. (1997) have suggested solitons as a possible
explanation of these holes.
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We do not intend here to explain the above-mentioned phenomena. But they
have motivated us, to study nonlinear waves in multi-ion plasmas.

To the best of our knowledge, there have been few theoretical investigations on
this topic. Apart from particle simulations, multi-ion plasmas have usually been
treated in the linear approximation (see e.g. Oscarson and André 1986; McKenzie
et al. 1993; Miller and Viñas 1993; Thompson et al. 1995; Gnavi et al. 1996; Mann
et al. 1997), or some rather special assumptions are made: Isenberg and Hollweg
(1982) assumed for example that there are no particle density fluctuations. Verheest
(1990) only investigated circularly polarized Alfvén waves propagating parallel to
the ambient magnetic field.

Therefore we think it is very promising to undertake some investigations on
nonlinear multi-ion plasmas. Since there are a great variety of ways in which this can
be done, we consider a homogeneous, magnetized and collisionless three-component
plasma consisting of electrons, protons and ions. Furthermore, we assume that the
fluctuations are propagating only in one dimension (parallel to the x axis), and that
the fluctuations become stationary in a comoving frame of reference.

We describe the plasma using multifluid equations. Since the frequency scale of
the above-mentioned fluctuations is very much smaller than the plasma frequency
and the electron cyclotron frequency Ωe, and is mostly even smaller than the pro-
ton cyclotron frequency Ωp, these fluctuations are predominantly carried by the
motions of the ions, and the electrons merely act as a neutralizing fluid. This allows
us to simplify the multifluid equations, by assuming quasineutrality and neglect-
ing the displacement current and the electron mass. Thus we end up with a set of
ordinary differential equations (ODEs) of order six.

Since the amplitude of the observed fluctuations may be large (sometimes up to
a few times the magnitude of the undisturbed magnetic field), a fully nonlinear
description of the plasma is necessary, and we cannot neglect a priori any nonlinear
terms. Therefore we must rely on numerical methods to solve the ODEs, which will
be done in Sec. 4.

In particular, we are interested in searching for solitary-wave solutions of the
stationary multifluid equations. It is well known that solitons represent a purely
nonlinear phenomenon and have no analogue in linear wave theory.

Nevertheless, we start (see Sec. 3) our investigation with a linearized set of equa-
tions, and apply it to the small-amplitude tails of the solitary wave. Thus two goals
are achieved: first, we obtain a necessary condition for the existence of the solitary
waves, and, secondly, we get appropriate initial values for the numerical integration
of the nonlinear ODEs.

2. Basic equations
We shall describe the magnetized and collisionless plasma by means of multifluid
equations, which can be derived from the Vlasov equation (Krall and Trivelpiece
1973; Mann et al. 1997) and are supplemented with the Maxwell equations. This set
of equations is closed by a polytropic equation of state (with isotropic pressure and
adiabatic index γα) for each particle component.

The plasma consists of three different species, namely electrons, protons and ions
with the mass mi = Mmp and charge qi = Ze, which are specified relative to the
proton mass mp and the (positive) elementary charge e. The unperturbed number
densities N0α = καN0 (α is our general species index, and takes the values e, p and
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i) are given relative to some arbitrary number density N0, which is taken to be
the electron number density, i.e. κe = 1. If we specify the relative unperturbed ion
density by κi = κ, then, owing to charge neutrality, the relative proton density is
given by κp = 1− Zκ.

Despite the fact that the typical time and length scales of the phenomena of inter-
est may vary rather drastically within the heliosphere, e.g. L ≈ 30 m, T ≈ 80 µs at
the solar corona and L ≈ 600 km, T ≈ 80 s at Jupiter (see Bird and Edenhofer 1990;
Mariani and Neubauer 1990), the same set of equations is still valid. For theoretical
investigations, it is convenient to render the equations independent of the actual
scales by normalization of time and space. Therefore we normalize the time with the
inverse of the proton cyclotron frequency Ωp = eB0/mpc (where B0 is the magni-
tude of the undisturbed magnetic field and c is the velocity of light), and the spatial
coordinates are given in terms of the reference length, lref = [mpc

2/(4πN0ee
2)]1/2.

Then the reference velocity is found to be vref = lref Ωp = B0/(4πmpN0e)1/2. The
speed vref corresponds to the Alfvén velocity in a pure electron–proton plasma
with undisturbed electron number density N0e. Note that this normalization is
independent of the composition of the plasma. The magnetic field B, the par-
ticle number densities Nα and all velocities are normalized by the undisturbed
background magnetic field Bref = B0, the unperturbed particle number densities
Nrefα = N0α and the velocity of reference vref respectively. The unperturbed tem-
perature T0α and the unperturbed partial pressure p0α are expressed by the plasma
betas

βα =
8πp0α

B2
0

=
8πN0αkBT0α

B2
0

, (2.1)

which are already dimensionless quantities.
Since we are interested only in slow (Vα <∼ vref � c) and large-scale phenomena

(with typical length scales not much smaller than lref ), and the plasma is not too
warm (i.e. the Debye length is very much below lref ), we are allowed to assume
quasineutrality and to neglect the displacement current (see Kakutani et al. 1967).
Furthermore, we shall neglect the electron mass with respect to the proton and
other ion masses.

Supposing that the wave is propagating along the x axis, all varying quantities
depend only on the time t and the x coordinate, and the normalized set of equa-
tions (from now on, all quantities are normalized, unless otherwise noted) takes the
following form. The multifluid equations consist of the continuity equation

∂

∂t
Nα +

∂

∂x
NαVαx = 0 (2.2)

and the momentum equations

Mα

(
∂

∂t
Vα + Vαx

∂

∂x
Vα

)
+

βαex
2καNα

∂

∂x
Nγα
α − Zα (E + Vα × B) = 0 (2.3)

for protons (α = p) and ions (α = i). Owing to the neglect of the electron mass
(Me = 0), the electron momentum equation reduces to

E = −Ve × B− βe
2Ne

ex
∂

∂x
Nγe
e , (2.4)
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giving an expression for the electric field. The electromagnetic fields are governed
by the induction equation

∂

∂x
Ey = − ∂

∂t
Bz,

∂

∂x
Ez =

∂

∂t
By (2.5)

and by Ampèré’s law
∂

∂x
By = jz,

∂

∂x
Bz = −jy , (2.6)

where the electric current is given by

jy =
∑
α

καZαNαVαy, jz =
∑
α

καZαNαVαz . (2.7)

Owing to quasineutrality, we have been able to drop the electric charge density.
By neglecting the displacement current, the x component of the electric current
vanishes (jx = 0). Thus the electron number density and the electron x velocity are
given by

Ne = κpNp + κiZiNi, (2.8)

Vex =
κpNpVpx + κiZiNiVix
κpNp + κiZiNi

(2.9)

respectively.
The x component of the magnetic field is constant (Bx = cos θ), because

of ∇ · B = 0 and the x component of the induction equation, ∂Bx/∂t = 0.
The variable θ is the angle between the undisturbed magnetic field and the x
axis. Without further restrictions, we assume that the undisturbed, normalized,
homogeneous magnetic field B0 is in the (x, z) plane, i.e. B0 = eB = (cos θ, 0, sin θ).

Now we consider a comoving frame of reference, which propagates with the ve-
locity U and thus follows the wave. The coordinate transformation into this new
system is given by

(x, t) 7→ (ξ, τ ), with ξ = x− Ut, τ = t . (2.10)

In particular, the substitutions

x 7→ ξ + Uτ,
∂

∂x
7→ ∂

∂ξ

t 7→ τ,
∂

∂t
7→ −U ∂

∂ξ
+
∂

∂τ

 (2.11)

are to be applied to the above mentioned equations. Since we are searching for
solitary waves, which are stationary in the comoving frame of reference, the τ -
derivatives must vanish. Thus we obtain a system of ordinary differential equations
with respect to ξ. A solitary wave is defined in such a way that all varying quantities
take their unperturbed values at infinity, i.e. ξ → ±∞. Thus integration of the
continuity equation (2.2) gives

Nα(Vαx − U ) = −U, i.e. Vαx =
−U
Nα

+ U , (2.12)

and the induction equation (2.5) yields

Ey = U (Bz − sin θ), Ez = −UBy . (2.13)
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We insert the electric field just derived into (2.4), and obtain from its transverse
components

Vey =
−U
Bx

By
Ne

, Vez =
−U
Bx

Bz
Ne

+
U sin θ
Bx

(2.14)

the transverse electron fluid velocity. Together with (2.9), we eliminate the elec-
tron velocity from our equations. We also express the remaining longitudinal ve-
locities Vαx in terms of the number densities Nα via (2.12).

Since the total momentum of the plasma is conserved, we are able to integrate
the momentum equations (the sum over all species), and, with

∑
α

καZαNαVα × B = j× B = Bx
∂

∂ξ
B− 1

2 ex
∂

∂ξ
B2,

we get ∑
α�e

ρ0αU

Ωα
Vα − 1

2 ex
∑
a

βαN
γα
α +BxB− 1

2B
2ex = const. (2.15)

Thereby we have introduced the unperturbed charge density ρ0α = καZα. From the
transverse components of (2.15), we can express the transverse proton velocities as

Vpy = −Ωp cos θ
ρ0pU

By − Ωp
Ωi

ρ0i

ρ0p
Viy (2.16)

Vpz = −Ωp cos θ
ρ0pU

bz − Ωp
Ωi

ρ0i

ρ0p
Viz , (2.17)

with bz = Bz − sin θ. The longitudinal momentum component, see (2.15), as well as
the total energy of the system, are conserved quantities, which are not used further
in our analytical treatment. But they are used to check our subsequent numerical
integration, since they must keep their constant values.

We now concentrate on the remaining differential equations. The longitudinal
components of the momentum equations (2.3) and (2.4) can be written as

∂

∂ξ
Ne = − N 3

e

c2
seN

γe+1
e

(
Ex − U sin θ

cos θ
By

)
, (2.18)

∂

∂ξ
Np =

ΩpN 3
p

C2
spN

γp+1
p − U 2

(
Ex + VpyBz − VpzBy

)
, (2.19)

∂

∂ξ
Ni =

ΩiN 3
i

C2
siN

γi+1
i − U 2

(
Ex + ViyBz − VizBy

)
, (2.20)

with the abbreviations

c2
se = 1

2βeγe, C2
sp = Ωp

βpγp
2ρ0p

, C2
si = Ωi

βiγi
2ρ0i

,

which are in intimate relationship to the plasma sound speeds. Owing to the
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quasineutrality (2.8), we get an expression for Ex from the three equations
(2.18)–(2.20)

Ex =

(
N 3
e

c2
seN

γe+1
e

+
ρ0pΩpN 3

p

C2
spN

γp+1
p − U 2

+
ρ0iΩiN 3

i

C2
siN

γi+1
i − U 2

)−1

×
[

N 3
e

c2
seN

γe+1
e

U sin θ
cos θ

By −
ρ0pΩpN 3

p

C2
spN

γp+1
p − U 2

(VpyBz − VpzBy)

− ρ0iΩiN 3
i

C2
siN

γi+1
i − U 2

(
ViyBz − VizBy

)]
, (2.21)

which can be used to eliminate Ex from the set of equations. After that, we need
only two of them (the third can easily be constructed from (2.8)), and we drop
(2.18) (which is somewhat arbitrarily chosen).

From the transverse components of (2.3), we need only the two equations for the
transverse ion velocities,

∂

∂ξ
Viy = −Ωi

[
bz +

cos θ
U

NiViz − sin θ
(
Ni − 1

)]
, (2.22)

∂

∂ξ
Viz = Ωi

(
By +

cos θ
U

NiViy

)
, (2.23)

and, from Ampèré’s law (2.6), we get two equations for the magnetic field,

∂

∂ξ
By = −NpΩp cos2 θ − U 2

U cos θ
bz − ρ0i

Ωi
(ΩpNp − ΩiNi)Viz − U sin θ

cos θ
(Ne − 1) ,

(2.24)

∂

∂ξ
Bz =

NpΩp cos2 θ − U 2

U cos θ
By +

ρ0i

Ωi
(ΩpNp − ΩiNi)Viy . (2.25)

We have ended up with a set of ordinary differential equations of order six in
the variables Np, Ni, Viy, Viz, By and Bz. All other variables that remain in the
associated equations (2.19)–(2.20) and (2.22)–(2.25) can be expressed in terms of
these six variables using the equations given above. Thus we may formally denote
the system as

d

dξ
y = F(y), with y = (Np, Ni, Viy, Viz, By, Bz) . (2.26)

If we know appropriate initial values, we can easily integrate this system nu-
merically (e.g. by a Runge–Kutta method), which is done in Sec. 4. But before we
do so, we have to discuss the problems of initial values. This is necessary because
the ‘trivial’ initial value y0, describing the unperturbed plasma, leads to F(y0) = 0,
which represents a fixed point and thus is not suitable as an initial value for our
numerical integration.

3. Linearization at the fixed point
Since we are interested in solitary-wave solutions of the multifluid equations,
we intend to search for necessary conditions for the existence of such solutions.
A solitary wave represents a finite perturbation spatially localized in a special
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stationary frame of reference, i.e. the perturbation disappears at infinity. Thereby,
the amplitude of the solitary wave decreases rapidly towards zero, i.e. the solution
y approaches the fixed point y0. Since we can make the amplitude as small as we
want by going farther and farther to the tail (respectively the fixed point), we
should get an accurate description of the solitary wave’s behaviour there, even if
we use linearized equations.

Denoting by lower-case letters the very small disturbances from the fixed point,
we obtain by linearization from (2.22)–(2.25)

∂

∂ξ
viy = −Ωi bz − Ωi

cos θ
U

viz + Ωi sin θ ni , (3.1)

∂

∂ξ
viz = Ωi by + Ωi

cos θ
U

viy , (3.2)

∂

∂ξ
by = −Ωp cos2 θ − U 2

U cos θ
bz − ρ0i

Ωp − Ωi
Ωi

viz − U sin θ
cos θ

ne , (3.3)

∂

∂ξ
bz =

Ωp cos2 θ − U 2

U cos θ
by + ρ0i

Ωp − Ωi
Ωi

viy . (3.4)

This set of equations is closed if we know ni(viy, viz, by, bz) and ne(viy, viz, by, bz).
We shall deduce these two functions now (which is possible in the case of linearized
equations). From (2.20) and (2.21), we get

∂

∂ξ
ni = − Ωi sin θ

(U 2 − C2
s1)(U 2 − C2

s2)

{
1

U cos θ
(U 4 − C2

spU
2 − Ωpc2

se cos2 θ) by

+
[
U 2 − C2

sp −
Ωp
Ωi

(Ωpρ0i + Ωiρ0p)c2
se

]
viy

}
, (3.5)

with

(U 2 − C2
s1)(U 2 − C2

s2) = U 4 − U 2 [C2
sp + C2

si + (Ωpρ0p + Ωiρ0i) c2
se]

+ C2
spC

2
si + (Ωpρ0pC

2
si + Ωiρ0iC

2
sp) c

2
se . (3.6)

Cs1 and Cs2 are the sound speeds of the plasma (Mann et al. 1997). Note that all
three equations (3.2), (3.4), and (3.5) depend linearly on by and viy. Therefore a
linear combination of them exists where the left-hand side is a differential and the
right-hand side vanishes. Integration of this differential yields

ni =
Ωi sin θ

(U 2 − C2
s1)(U 2 − C2

s2)

[
Ωpc2

se bz −
U

Ωi cos θ
(U 2 − C2

sp − Ωpc2
se) viz

]
, (3.7)

which is the first function we have been looking for. Then the second function is
straightforwardly obtained from the linearized longitudinal component of (2.15) by
inserting (3.7) and taking (2.8) into account:

ne =
sin θ

(U 2 − C2
s1)(U 2 − C2

s2)

{
Ωp(U 2 − C2

si) bz

+
ρ0iU

Ωi cos θ
[Ωp(U 2 − C2

si)− Ωi(U 2 − C2
sp)] viz

}
. (3.8)

We can now discuss the kind of solutions that our linearized set of equations
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(3.1)–(3.4) possess, denoted by

d

dξ
yl = Ayl, i.e.

d

dξ


by
bz
viy
viz

 =


0 a1 0 a2

a3 0 a4 0
0 a5 0 a6

a7 0 a8 0



by
bz
viy
viz

 . (3.9)

The characteristic polynomial of the constant matrix A,

χA(λ) = det(A− λ1) = λ4 + pλ2 + q, (3.10)

is biquadratic with coefficients

p = −(a1a3 + a2a7 + a4a5 + a6a8), q = (a1a6 − a2a5)(a3a8 − a4a7),

owing to the ‘symmetric’ distribution of zeros in A. We get four eigenvalues
λ1, . . . , λ4, which are the roots of the characteristic polynomial (3.10). We shall not
concentrate on the case of multiple eigenvalues. The general solution of (3.9) is

yl(ξ) = c1ŷ1 e
λ1ξ + c2ŷ2 e

λ2ξ + c3ŷ3 e
λ3ξ + c4ŷ4 e

λ4ξ , (3.11)

where the cν (with ν = 1, . . . , 4) and the ŷν denote arbitrary complex numbers and
the (normalized) eigenvectors associated with λν respectively. Since a1, . . . , a8 are
real numbers, it is always possible to construct a real solution yl(ξ) by choosing
appropriate cν .

Since the solitary wave approaches the fixed point at infinity, there must be a
regime in our solution yl(ξ) growing (or diminishing) exponentially with ξ. Other-
wise, if there were oscillation with a constant amplitude, i.e. all lambdas were purely
imaginary, the solution would always stay at the same (very small) amplitude. Thus
we have found a necessary condition for the existence of solitary waves: at least
one of the lambdas must have a non-vanishing real part (owing to the biquadratic
structure of (3.10), there is always a second lambda with the opposite sign).

For an exhaustive analysis of the ‘regions of possible soliton existence’, it is a good
idea to look at the boundaries of these regions. Since the regions are characterized
by p2 > 4q and λ2 > 0 as well as by p2 < 4q, we have to look for λ = 0 (respectively
q = 0) (p2 > 4q is then fulfilled as well) or to look for p2 = 4q. Also, at a pole λ2

may change its sign: the poles are located at U = Cs1 and U = Cs2. If we know the
boundaries, we have to check the lambdas at just one point inside each bordered
region.

In Fig. 1 we show the results of the aforementioned analysis for a helium–proton–
electron plasma with 10 % helium ions, i.e. κ = 0.1,M = 4 and Z = 2. The plasma is
slightly warm (the particle temperatures Te = 4Tp = 4Ti; more specifically, βe = 0.4,
βp = 0.08 and βi = 0.01). Thus the only remaining free parameters are the velocity
U of the solitary wave and the propagation angle θ with respect to the ambient
magnetic field. In the light- and dark-shaded regions of Fig. 1 solitons may exist,
whereas in the white regions only purely oscillatory solutions can be found. The
solid lines mark boundaries with λ = 0, and the dashed lines indicate the two poles
at U = Cs1 and U = Cs2. The dotted lines enclose regions with p2 < 4q, where all
four lambdas are complex numbers. Apart from in these latter regions, the lambdas
are either real or purely imaginary. In the light-shaded regions two of the lambdas
are real; in the dark-shaded regions all four of them are real.

Since we have solved the linear equations, we can easily calculate an appropriate
initial value for the nonlinear problem: we take our linear solution and scale it
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Figure 1. Possible regions of existence (grey-shaded) for solitary waves, depending on the
propagation speed U and the angle of propagation θ with respect to the ambient magnetic
field. For a detailed description of this figure and the plasma parameters, see the text.
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Figure 2. Solitary-wave solution for U = 0.55 and θ = 30◦. The plasma properties are
described in the text at the end of Sec. 3. The left-hand panels show the normalized particle
densities of the electrons, protons and helium ions versus the normalized spacial coordinate,
which is centred on the maximum of the solitary wave. The bottom panel shows the relative
abundance of helium ions with respect to the protons. On the right-hand side the magnetic
field is depicted. The x component is not shown, since it is constant at Bx = cos θ. The
bottom panel shows a hodogram, i.e. Bz as a function of By.
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Figure 3. Solitary-wave solution for U = 0.793 and θ = 30◦. See Fig. 2 for details.

down to a sensibly small perturbation (typically |yl| ≈ 10−8, . . . , 10−5). Then we
calculate the particle densities np and ni by means of (2.8), (3.7) and (3.8), and add
the perturbation to the unperturbed plasma values y0. With this initial value, we
start a numerical integration of (2.26).

4. Solitary waves
With (2.26), we have developed our set of ordinary differential equations, and in
the last section we have discussed a method to get an appropriate initial value for
the integration of these equations. We numerically integrate them by applying a
fifth-order Runge–Kutta method (cf. the routines rkqs and rkck in Press et al. 1992).

Since the ‘regions of possible soliton existence’ (see Fig. 1) do not guarantee
the actual existence of a solitary wave, we have to check this by carrying out the
numerical integration. If we are successful in finding a soliton, our solution y(ξ),
which begins at the initial value yi, must first rise, then drop and finally approach
the fixed point y0 again. If we come as close to the fixed point as our initial value,
i.e. |y(ξ)− y0| < |yi − y0|, we can stop the numerical integration and conclude that
we have indeed found a solitary-wave solution (see Figs 2–6).

But it is also possible that we run into one of the poles of (2.19) and (2.20). Then
the particle number density has a vertical tangent, and subsequently the solution
takes imaginary values. A further integration is not sensible, and we must discard
such a solution.

Note that we have to try two different initial values yi1,2 for each linear solution
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Figure 4. Solitary-wave solution for U = 0.8 and θ = 30◦. See Fig. 2 for details.

yl, because if yl is a solution of (3.9) then so also is−yl. Owing to the above-mentioned
poles, we usually find a solution only for one initial value. But it is also possible
to find two different solutions (see Figs 5 and 6) for the same set of parameters
(because of the two different initial values). It may also happen that for some
parameters there is no solution at all.

We have carried out the above integrations at several exemplary points of the
(U, θ) plane (see Fig. 1). The results are given in Figs 2–6, where we show the
normalized particle number densities and the magnetic field. Additionally, we have
compared the proton number density with the ion number density by means of the
ratio Np/Ni. If there is a mere plasma compression within the solitary wave than
this quotient keeps very close to the value 1, which is approximately fulfilled in
Figs 3 and 4. Furthermore, we have displayed magnetic field hodograms, i.e. the
variation of Bz with respect to By.

The propagation speed U of the solitary wave shown in Fig. 2 lies between the
two sound speeds Cs1 and Cs2. It is comparable to the solitary wave shown in Fig. 5,
where speed is also located between the two sound speeds, but in contrast to that
wave it shows a distinct proton enrichment (Ni/Np < 1). The helium ions are only
slightly enriched, with a drop in the middle of the solitary wave.

The two solitary waves shown in Figs 3 and 6 show an increase in the magnetic
field strength B. We could observe this phenomenon only for solitary waves with
speeds U ≈ vA cos θ in the vicinity of the Alfvén speed times the cosine of the
propagation angle, i.e. the phase speed of transversely propagating Alfvén waves.

We can distinguish another two types of solitary waves: fast solitary waves with
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Figure 5. Solitary-wave solution for U = 0.236 and θ = 75◦. See Fig. 2 for details.

U > Cs1, Cs2 and slow solitary waves with U < max(Cs1, Cs2). For fast waves (Figs 3
and 4) the electron density is correlated with the magnetic field strength, whereas
for slow waves they are anticorrelated (Figs 2, 5 and 6). This fact is also well known
from slow and fast MHD waves (see e.g. Krall and Trivelpiece 1973).

5. Final remarks
To the best of our knowledge, this is the first time that solitary waves, which are
based on the full nonlinear equations, have been found theoretically in a multi-ion
plasma.

We began our calculations with fluid equations applied to a homogeneous three-
component plasma. These equations have been simplified by the assumption of one-
dimensional propagation and stationarity in a comoving frame of reference. Thus
the partial differential equations have been reduced to a set of ordinary differential
equations (ODEs) of order six (see (2.26)).

The unperturbed plasma is a fixed point of these ODEs. The solitary wave of
our interest tends towards this fixed point if we move away from the crest to the
edges of the solitary wave, where we obtain very small amplitudes and therefore
must have a close look at the linearized equations. In this analysis two things have
been found: a necessary condition for the existence of solitary waves (see Fig. 1)
and suitable initial values for the beginning of the numerical integration of our
ODEs.

We have performed the numerical integration at a few chosen parameters and
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Figure 6. Solitary-wave solution for U = 0.236 and θ = 75◦. See Fig. 2 for details.

have presented the solitary waves found thereby. Solitary waves with increasing
and decreasing magnetic field strength have been found. Also a correlation (anti-
correlation) between magnetic field and particle number density for fast (slow)
solitary waves could be observed, as for fast (slow) waves in pure MHD.

Furthermore, the abundance of ions within the wave is not fixed, but varies
spatially, and an enrichment or depletion of one species with respect to the other
is found. This goes beyond the effects observed with the pure compression of a
plasma.

It needs to be proved whether or not the solitary waves are stable. Also, in situ
measurements (spacecraft data) should be compared with our numerical results.
However, one should bear in mind that for this purpose high-time-resolution data
are necessary: if we assume that the solar wind (500 km s−1) sweeps the solitary wave
over the (nearly resting) spacecraft, and the typical dimension of the wave is about
10–100 ion inertial lengths (which results in about 1000–10 000 km under typical
solar wind conditions), then the whole transit of the wave happens within 2–20 s. For
a comparison, we need at least eight sample points, containing the magnetic field
information and the particle densities (both the proton and the helium densities).
Thus the required time resolution is better than 0.25–2.5 s, which is rather fast for
today’s particle measurements.

It should be noted that the method for deriving (2.26) is not confined to solitary
waves only. By merely taking other integration constants (due to other boundary
conditions), a very similar set of ODEs can be derived that is appropriate for the
description of nonlinear waves.
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