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Abstract. In this paper we consider a filtered chain complex C and its differential given
by a connection matrix A which determines an associated spectral sequence (E”, d"). We
present an algorithm which sweeps the connection matrix in order to span the modules
E” in terms of bases of C and gives the differentials d". In this process a sequence of
similar connection matrices and associated transition matrices are produced. This algebraic
procedure can be viewed as a continuation, where the transition matrices give information
about the bifurcation behavior. We introduce directed graphs, called flow and bifurcation
schematics, that depict bifurcations that could occur if the sequence of connection matrices
and transition matrices were realized in a continuation of a Morse decomposition, and
we present a dynamic interpretation theorem that provides conditions on a parameterized
family of flows under which such a continuation could occur.

1. Introduction

Let M be an n-dimensional compact Riemannian manifold, f : M — R a Morse function
which is Morse—Smale, and ¢ the gradient flow of f. Let D(M) be a Morse decomposition
of M, that is, a collection D(M) = {M(p)}pep of mutually disjoint compact invariant
subsets of M called Morse sets, indexed by a finite set P, on which it is possible to
impose a partial order > such that: if y € M\ pep M (p), then there exist ¢ > p such that
a(y) C M(q) and w(y) C M(p). Any partial order on P which satisfies these properties
is called admissible order. We work with a finite Morse decomposition | J M (p), p € P =
{1, ..., m}, such that there are distinct critical values c,, with f —1 (cp) D M(p). Then

(FpYn_y =1f (=00, cp + ).
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This defines an admissible order on M called the filtration order. In our case, each Morse
set, M(p), is a non-degenerate singularity of the gradient flow ¢, and hence the Conley
index, h(M(p)), of each Morse set is a pointed n-sphere. We denote by h,ip ) the index k
singularity in F\F, 1. Amap g : M — M is filtration preserving if for every p € P we
have g(Fp) C Fp1.

The collection of orbits M\ J pep M(p) are the connecting orbits of the Morse
decomposition. The set of the connecting orbits with «(y) C M(q) and w(y) C M(p)
is denoted by C(M(gq), M (p)). There is a minimal admissible ordering which we call flow
defined ordering and denote by >,. It is defined by g >, p if and only if there exists a
sequence p = pg, pP1, - - ., Pm = q such that C(M (p;+1), M(p;)) # 0.

Given a partial ordered set (P, <), we define an interval in P to be a subset I C P such
that: if p,r €I and p <gq <rthenqg € I.

Let {¢), L € A} be a continuous family of flows, where A C R is connected. This is
equivalent to the continuity of the parameterized flow

OP:RxMxA—>MxA

given by
O, x, A) = (a1, x), ).

If NCM x A is an isolating neighborhood for & and N, := N N M x X then, for all
A€ A, N, is an isolating neighborhood for ¢;,. Two isolated invariant sets S;, and
Sy, for ¢;, and @, respectively are related by continuation if there exists an isolating
neighborhood N of ® such that S, = Inv(¥;,) and S), = Inv(NVy,).

We will use the notion of order preserving continuation of a Morse decomposition: let
U C A be connected. A Morse decomposition continues over U preserving order if there is
an isolated invariant set S in M x U with Morse decomposition {M(p), p € P}. It implies
that there is a partial ordering < which is valid for all U, that is, there is an admissible order
for the decomposition on the level of the parameterized flow. This definition is stronger
than assuming that {M, (p), p € P} is a Morse decomposition for each A € U, that is,
only assuming that we have a Morse decomposition for each parameter A is not enough to
guarantee that these orders are compatible and that there exists a partial order over all U.

For more details on the Conley index theory used within this paper, see [Co, Frl, Fr2,
Fr3].

Example 1.1. Consider the example in Figure 1. We can point out that 1 <2 <3 <4
continues across but 1 <2 < 3, 4 with 3 and 4 non-comparable does not because of the
4-3 connection in the middle figure.

Given a Morse decomposition, a connection matrix associated to it is the upper
triangular boundary operator

A (D H(h(M(p)) — Hi(h(M(p))).
peP

where H,(h(M(p))) is the homology of the Conley index of M (p).
In the case where each M (p) is a non-degenerate singularity and the stable and unstable
manifolds intersect transversally, the connection matrix A associated to D(M) is unique
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FIGURE 1. An example of continuation.

(see [R2, R3]). It can also be defined as the differential of the graded Morse chain complex
(C, A), where C is generated by the singularities and graded by their indices, that is,
C = Zy{critf)T, and A is determined by the maps Ay : Cy — C_1 via

A=Y alx, y)(),

yecrity_1 f

where a(x, y) is the number of connecting orbits counted mod 2 for non-degenerate
singularities x and y of indices k and k — 1, respectively. Moreover, A is an upper
triangular matrix with A o A =0. Non-zero entries of these matrices imply the existence
of connecting orbits, hence connection matrices provide information concerning global
dynamics.

It need not be the case that the columns of the matrix A be ordered with respect to k.
We only require that the map A be filtration preserving, that is, Ag(F,Cy) C Fp—1Ci—1,
and hence the matrix Ay is upper triangular.

In a Morse decomposition that consists of non-degenerate singularities, if the
connection matrices are not unique, then there must be non-transversal intersections
between stable and unstable manifolds of the singularities. For example, there could be
a saddle—saddle connection as in Figure 1. Via algebraic transition matrices possible non-
transversal intersections occurring in a Morse decomposition can be identified [Fr3].

Algebraically, the idea behind transition matrices is straightforward. Specifically, if a
connection matrix is associated with an admissible ordering of a Morse decomposition,
and T is upper triangular with respect to the admissible ordering and such that T'(p) :
H.(h(M(p))) — H.(h(M(p))) is the identity for all p, then T is an isomorphism and
A'=T7'AT is also a connection matrix for the admissible ordering of the Morse
decomposition. Such a map T is called an (algebraic) transition matrix (between A and
A).

Thus, algebraic transition matrices are, in some sense, partial-order-respecting change
of basis transformations for the connection matrices associated to an admissible ordering of
the Morse decomposition. This idea of change of basis is central to the sweeping method,

+ Without loss of generality, we assume a unique singularity of index » and index 0.

https://doi.org/10.1017/etds.2013.29 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2013.29

1852 R. Franzosa et al

introduced in §3, where the initial input is a connection matrix and a set of other connection
matrices is iteratively constructed by change of basis operations.

The algebraic transition matrices not only give us an indication of the non-uniqueness
of the connection matrices, but also potentially identify the non-transversal stable and
unstable manifold intersections that occur in a continuation of a Morse decomposition.
Specifically, under appropriate circumstances, if an off-diagonal transition matrix entry
is non-zero, then there is a connection between the corresponding Morse sets at some
parameter value in the continuation.

In §§2-4 we introduce the sweeping method, an iterative process that, given a
connection matrix A, generates a collection of connection matrices, A = Al AT,
and transition matrices, T!, ..., TF~1, such that A"t = (T’)_lArTr for all r =
1,..., F — 1. The connection matrices A" are the connection matrices associated with
the spectral sequence determined by A.

We would like to view the connection matrices A" and transition matrices 7" as arising
from a continuation in a parameterized family of flows for which A is the connection
matrix for a Morse decomposition at an initial parameter value. In this way, A" and T"
then track bifurcations that occur across the continuation.

To that end, in §5 we introduce a set of graphs, called flow schematics, bifurcation
schematics, local continuation schematics, and continuation schematics, associated
to connection matrices and transition matrices generated by the sweeping method.
Specifically, associated to each connection matrix there is a flow schematic whose vertices
correspond to Morse sets and whose edges correspond to potential connections between
Morse sets that are identified by non-trivial connection matrix entries. From the flow
schematics, the bifurcation schematics associated to the transition matrices and the local
continuation schematics are constructed using a process that mirrors the sweeping method
steps for generating transition matrices and connection matrices. It is shown that each
successive flow schematic is obtained via this process of modifying flow schematics and
bifurcation schematics. Combining all of these schematics into the continuation schematic,
we obtain a graph that is a full representation of actual connecting orbits and bifurcation
orbits that could arise under a continuation in a parameterized family of flows for which
the A" and T" are actual connection matrices and transition matrices, respectively.

The graphs presented in §5 are schematic, representing structure we could observe in an
actual parameterized family of flows. In §6, we prove that, under appropriate conditions,
in a parameterized family of flows with connection matrices A" and transition matrices 7",
the bifurcation orbits identified in the schematics must arise.

2. Dynamical spectral sequences

For a filtered graded chain (C, d) complex we can define a spectral sequence. In fact, given
a chain complex (C, ) endowed with an increasing filtration F,C, a spectral sequence
{E", d"}, r >0, is a sequence of chain complexes, where:

) E" is bigraded module over a principal ideal domain R. In this paper we work with
R = 7Z5 and hence the bigraded modules E” are actually vector spaces over Z,.
° d" is a differential with bidegree (—r,r — 1) in E”, that is, a collection of

homomorphisms d” : EY, | — E7 for all p and ¢, such that d” o d” = 0.

p—r.q+r—1
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. for r > 0 there exists an isomorphism H(E") ~ E"+!, where the homology module
H(E") is the bigraded module
Kerd" : E}, , — E;

p—r.q+r—1
r . gr r .
Imd" Ep+r,q—r+1 - Ep,q

H, ,(E") =

The algebraic formulas for the vector spaces are

ro __ 7r r—1 r—1
El’al] - ZIMI/(Zp—l,q+1 + aZp+r—1,q—r+2)’

where

7! ={c € FyCpig|dc € Fp_rCpig1).

For more details on spectral sequences see [Sp].

Since each Morse set is a singularity of index k, the only g such that £ ; ¢ 1s non-zero
is ¢ =k — p. Hence, we will omit reference to ¢, that is, E;, is in fact E;’kfp.

The module ZJ, consists of chains in F,C with boundary in F,_,C. This makes it
natural to look at chains associated to the columns of the connection matrix to the left of
and including the (p + 1)th column. This guarantees that any linear combination of chains
respects the filtration. Furthermore, since the boundary of the chains must be in F),_,C
we must consider columns or linear combinations that respect the filtration and that have
the property that the entries in rows i > (p — r + 1) are all zeros. Hence, the significant
entry in the connection matrix is determined by the element on the rth diagonal on the
(p —r + 1)throw and (p + 1)th column.

In [CRS, MRS] we proved that the connection matrix A determines a spectral sequence,
that is, it determines the spaces E” and how it induces the differentials d”. To achieve
this we apply the sweeping method to the connection matrix A. This method singles out
important non-zero entries, which we will refer to as primary pivots and change of basis
pivots, of the rth diagonal of A" in order to define a matrix A’+!. At each step, A" *! is
obtained from A" by a change of basis.

Moreover, as r increases, the Zj;-modules E ; change generators. In practice, the
generators of the chain complex C mentioned above are very specific: singularities in the
Morse case. The domain of d”, E”, is a certain quotient of a subgroup of C. Elements in
this domain are represented by elements of C whose appropriate classes are in the kernels
of all previous differentials d°, s < r.

Note that the rth diagonal of A which intersects Ay has entries Apy1_, p11 that
represent the number of intersections mod 2 between the unstable and stable spheres
determined by the connections between unstable and stable manifolds of M(p + 1) and
M(p+1—r) for pe{r,...,m—1}. Clearly, if the (p + 1)th column intersects the
submatrix Ay, then M(p + 1) and M(p + 1 — r) are respectively singularities of Morse
index k and k — 1 which we denote by & and h;_1. These singularities are in the filtrations
Fy\Fp_1 and F,_,\Fp,_,_1, respectively. Hence, we say that the pair (g, hi—1) has
gap r. In summary, the rth diagonal when intersected with Ay is registering information
of numerically consecutive singularities of Morse indices k and k — 1 with gap r. We will
use the same notation to indicate an elementary chain of C.
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3. Sweeping method

In this section we present the sweeping method, which constructs recursively a family of
matrices A" for r > 0, where A? = A, by considering at each stage the rth diagonal. This
family of matrices will be used to determine the spectral sequence (E”, d").

For a fixed diagonal r the method described below must be applied for all k
simultaneously.

A—Initial step
(1)  Consider all columns Ay together with all rows h;_1 in A. Let Ak ; be the entries in
A, where the ith row is h;_1 and the jth column is Ay.

Let &; be the first diagonal of A which contains non-zero entries Ag; i which will
be denoted as index k primary pivots. It follows that for each non-zero Ay, ; on §;
the entries A, ; for s > i are all zero. These entries must be zero otherw1se they
would have been detected as primary pivots on a £ diagonal for £ < &;.

We end this first step by defining A1 as A with the index k primary pivots on the
&1th diagonal marked.

(2) Consider the matrix A8 and let Agl _be the entries in A1, where the ith row is hx_1
and the jth column /. Let & be the first diagonal greater than &; which contains
non-zero entries AS] We now construct a matrix A% following the procedure.

Given a non-zero entry ASl on the &th diagonal of A%1:
(a) If there are no primary prOtS on the ith row and the jth column, mark it as an
index k primary pivot and the numerical value of the entry remains the same,
AEz _ Ai 1
(b)y If thlS is nolt the case, consider the entries in the jth column and in the sth row
with s > i in A%,
(bl) If there is an index k primary pivot in an entry in the jth column and in
arow s, with s > i, then the numerical value remains the same and the
entry is left unmarked, Aiij = Ai;’j.

(b2) If there are no primary pivots in the jth column below Ai;j then there
is an index k primary pivot on the ith row, say in the rth column of A%,
with # < j. In this case the entry remains the same, but the entry Ai:j is
marked as a change of basis pivot, A’32 = ASl )

Note that we have defined a matrix ASZ Wthh is actually equal to A%
except that the &>th diagonal is marked with primary and change of basis
pivots. See Figure 2.

B—Intermediate step

In this step we consider a matrix A" with the primary and change of basis pivots marked
on the £th diagonal for all £ < r. We will now describe how A"+ is defined. If there is
no change of basis pivot on the rth diagonal we go directly to step B.2, that is, A’t! = A"
with the (r + 1)th diagonal marked with primary and change of basis pivots as in B.2.
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FIGURE 2. Diagonals & and &,.

B.1—Change of basis

Suppose that A’ y is a change of basis pivot on the rth diagonal. Since we have a change
of basis pivot in the ith row, there is a column, namely the fth column, associated to a
k-chain such that Ar . is a primary pivot. Then perform a change of basis on A" by adding
the #th column of Ar to the jth column of A", in order to zero out the entry A’ w1thout

introducing non-zero entries in A’ _for s > i. The notation h( ) indicates the elementary
k-chain associated to the £th column of A.

Once this is done, we obtain a k-chain associated to the jth column of A’*!. It is a
linear combination over Z, of the rth Ay columns of A" and the jth column of A" such
that A’ +1 = 0. It is also a linear combination of /; columns of A on and to the left of the
jth eolumn

Observe that if the £th column of A’ is an h; column, it corresponds to a linear

combination over Zo, ak(e)’r = ZEZK g rh(e), of h; columns of A, where the xth Ay

column is the first column in A associated to a k-chain. The notation of ak([)’r indicates

the Morse index k and the ¢th column of A”. Hence if the jth column of A’*! is an
column, it will be

J t
().r+1 Jor g (£ ol
o =Zcérh,(()+qucfzrhl(()

=K =K
o_;j),r Ulf)‘),r
_ g+l (K) ]r+1 e+ Jir+1, (=1 Jir+1y ()
=c¢/' " h T+ Cel hy + +Cj—1 hy +Cj hy”. (D
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FIGURE 3. Sweeping method: A”.

It is clear that the first column of any Ay cannot undergo any change of basis since there
is no column to its left.

Once the above procedure is done for all change of basis pivots of the rth diagonal of
A" we can define a change of basis matrix.

Therefore the matrix A”+! has numerical values determined by the change of basis over
Z, of A". In particular, all the change of basis pivots on the rth diagonal A" are zero in
A"t See Figures 3 and 4.

B.2—Marking the (r + 1)th diagonal of A"
Consider the matrix A”*! defined in the previous step. We mark the (» + 1)th diagonal
with primary and change of basis pivots as follows.
Given a non-zero entry A”rl
(1)  If there are no primary p1V0ts on the ith row and the jth column, mark it as an index
k primary pivot.
(2) If this is not the case, consider the entries in the jth column and in the sth row with
s>iin ATTL
(bl) If there is an index k primary pivot in the entries in the jth column below
then leave the entry unmarked.
(b2) If there are no primary pivots in the jth column below AH'I then there is an

r+1
Aki.'

index k primary pivot on the ith row, say in the #th column of A’ +1 witht < j.
In this case, mark it as a change of basis pivot. See Figure 4.

C—Final step
‘We repeat the above procedure until all diagonals have been considered.
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FIGURE 4. Sweeping method: A"+,

It is easy to see that all A" are upper triangular and A” o A” =0 since they are
recursively obtained from the initial connection matrix A by change of basis over Z,.
Note that if the entry A}

. 'p—rfl,erl
pivot or a change of basis pivot then A}, 0= Oforalls >p —r+1.
S, P

In [MRS] it is shown how the Z,-vector spaces E ; are determined by the connection
matrix A. In order to do this, a formula for Z; k—p is established in terms of the 0,:‘17
determined by the sweeping method:

has been identified by the sweeping method as a primary

(p+1),rak(P+1)J” (p),r—lo,]fp)y”*l7 (K),r—p—l+KO_]<(K),”*P*1+K]

M s M )

;,k—p =Zo[1

where « is the first column in A associated to a k-chain and )¢ =0 whenever the
primary pivot of the jth column is below the (p — r + 1)th row and u/¢ = 1 otherwise.
Moreover, the sweeping method also shows how A induces the differentials d; in the
spectral sequence. Whenever E7, and E),_, are both non-zero, the map d), : E}, — E},_,
is multiplication by the entry A" | Which is either a primary pivot or a zero with a

p—r+l,p+
column of zero entries below it. Otherwise, d; is zero.

4. Transition matrix associated to the spectral sequence
Let A be a connection matrix over Z; associated to the Morse decomposition D(M), where
each Morse set is a non-degenerate singularity of the gradient flow ¢, and let A', ..., AF
be the matrices obtained from the sweeping method applied to A. These matrices are also
connection matrices (see [Fr3, p. 897]).

Let T" be the change of basis matrix at the rth step of the sweeping method; that is, 7"
is such that

Ar+1 — (Tr)—lArTr.

Each matrix 77 is upper triangular. In fact, the pth column of A’*! is a linear combination
of columns on and to the left of the pth column of A”. Moreover, recall that we
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have a collection of chain complexes (C", A"), where C}, = Zz[ok(k')’r, R cfk(kf)’r] =
ZothV, . 17 and

o_k(p),r+] —-1. O_k(p),r +1 _Uk(t),r’

where AJ, is the primary pivot, that is, the coefficient of the k-chain associated to the pth
column of A” on the change of basis is equal to one. Hence, 7" is upper triangular and its
main diagonal has entries all equal to one. Moreover, each T is an isomorphism and

Ar+l — (Tr)flArTr
thatis, 7" A" = A"T7 and hence
ArTr + TFAV+1 — 0
We have thus proven the following proposition.

PROPOSITION 4.1. Each matrix T" associated to the spectral sequence satisfies the
following properties:

() AT+TA =0;

(2) T is an isomorphism;

(3) T is an upper triangular matrix.

The matrices 7" are called transition matrices associated to the spectral sequence and,
as shown above, they are determined by the sweeping algorithm.

Note that, as a consequence of the sweeping method, if Tl; =1 then Tlﬁ =0 for all
L#r.

Let T!, ..., T/ be the transition matrices associated to the sweeping method and let
T =T"'...T/ be the product matrix. Hence we have f = F — I and

AF =T~ IAlT.

5. Continuation associated to the sweeping method

In the remaining sections, we examine to what extent the algebra associated to the sweeping
method reflects changes that occur under the continuation of a Morse decomposition whose
connection matrix changes according to the sweeping method. As we have seen, the
sweeping method performs algebraic cancelations. From the point of view of the dynamics,
what happens is a change in the connecting orbits: longer orbits appear due to cancelations
of shorter ones. To see this more clearly we will introduce in §5.2 a schematic which is a
directed graph associated to the connection matrices and transition matrices. The vertices
represent the singularities and the directed edges represent the connecting orbits mod 2.
For each case we construct directed graphs representing the connection matrices A" and
A" to describe the situation prior to and after the use of the sweeping method. We refer
to these as flow schematics. We also construct a bifurcation schematic which represents
the intermediary situation between A’ and A”+!. For now, we analyze a two-dimensional
example.
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FIGURE 5. Sweeping: connection matrices and associated schematics.

5.1.  Continuation example in dimension two. We start analyzing the case where we
have two sinks and two saddles. This particular case will help in understanding the general
case. Let A be a connection matrix over Z, associated to the Morse decomposition D (M),
where each Morse set is a non-degenerate singularity of the gradient flow ¢, and let A’ be
the matrix obtained when we apply the sweeping method to A. The matrix A’ is also a
connection matrix (see [Fr3, p. 897]) and is similar to A.

In Figure 5 we present flow schematics representing the connection matrices A and A’
and also the bifurcation schematic I'2-4" which represents a bifurcation situation. The
bifurcation schematic I'2+4" is constructed by removing from the flow schematic I'®
the directed edge joining hi4) and h(()z) corresponding to the change of basis pivot Aj 4
and inserting a directed edge (bifurcation orbit—dashed edge) connecting two vertices
representing singularities of the same index h?) and h§4). This reflects a change of basis in
the sweeping method which adds the column containing the primary pivot to the column
containing the change of basis pivot and thus is identified in the change of basis matrix as
T3 4 = 1. The flow schematic representing the connection matrix A’ can also be obtained
from the bifurcation schematic by counting mod 2 all paths joining vertices representing
consecutive index singularities, including the paths which contain bifurcation edges. The
only exceptions are paths which contain the bifurcation orbit and orbits corresponding to
the primary pivots since these paths are equivalent to orbits corresponding to change of
basis pivots. In Figure 5 this can be seen in the paths (h§4), h(13), h(()l)) and (h(14), h(()l))
in T2-2", Since we are counting this as 0 mod 2 paths, there is no path connecting h§4)

to hél) in I'%". The exceptional case is the one counting the bifurcation orbit (h(14), h?))

and (A, h$?). The path (B, 1, h{P) is equivalent to the path (2", hS) which
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; 1 \ ‘
hy h? kY A

FIGURE 6. Parameterized family of flows realizing connection matrices A and A’ and the bifurcation
between them.

corresponds to a change of basis pivot. This is why there is no edge connecting h§4) to h(()z)
in 2", We will describe this in more detail in §5.2.

While the schematics in Figure 5 are constructed from the matrices A and A’, they
represent connections that occur in a parameterized family of flows in which A and A’ are
connection matrices. We illustrate such a parameterized family in Figure 6.

The connection matrix A is associated with the flow on the left and the connection
matrix A’ is associated with the flow on the right. The flow in the middle is the bifurcation
situation where the 4 — 2 connecting orbit is broken, introducing a 4 — 3 saddle—saddle
connection, which then leads to the second 4 — 1 connection.

In §6 we prove a general theorem describing conditions under which, given connection
matrices A and A’ and a transition matrix 7 between them, and given a parameterized
family of flows where A and A’ are the connection matrices at the beginning and end
parameters, the transition matrix 7 identifies bifurcations that must occur in the transition
across the parameter values. In the setting we consider there, the transition matrix T
is interpreted as a so-called singular transition matrix between A and A’, arising as a
block in a larger connection matrix obtained by putting a product-flow structure on the
parameterized family of flows. In the product flow, the matrices A, A’, and T combine to
form the ‘larger connection matrix’ as illustrated in Figure 7.

In Figure 8, we combine the schematics in Figure 5 into one schematic which represents
the continuation situation occurring in the parameterized family of flows. We illustrate
there that the four Morse sets continue across in the parameterized family, and we see
the bifurcation that occurs, starting with a 4 — 2 connection, transitioning to the 4 — 3
connection, and finally resulting in O (mod 2) connections from 4 to 1.

5.2.  Schematics associated to the sweeping method. Our goal is to describe the
sweeping method in terms of schematics: for each connection matrix we have associated a
unique flow schematic.

Let A be a connection matrix over Z, associated to the Morse decomposition D(M),
andlet A', ..., AF be the connection matrices obtained by applying the sweeping method
to A. Let Tl, e, T/ be the associated transition matrices, where f = F — 1, such that
A"t = (T")"'ATT". We construct a family of schematics representing the connection
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FIGURE 8. Combining schematics into one for the parameterized family.

matrices and also the changes of basis that are performed in order to obtain one matrix

from the previous one. A flow schematic for A" is a directed graph I'" such that:

. each vertex in I'” represents a singularity associated to the connection matrix A”;

° each non-zero entry A! ; in A" is represented in I'" by a directed edge denoted by
r! Iz

For clarity, the vertices representing singularities in the schematics appear with
decreasing index from top to bottom and those of the same index are represented on the
same level appearing from left to right respecting the order in the index k block of A" from
the leftmost column to the rightmost column.

A bifurcation schematic T™"*1 associated to T" is a directed graph obtained from I'"
by removing all edges corresponding to the change of basis pivots of A" and inserting
edges corresponding to the non-zero off-diagonal entries of 7" (Figure 9). Consider the
collection of all the directed paths in I'>"*! joining vertices representing singularities
of consecutive indices. These paths may use the bifurcation edge. However, they must
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ny)

FIGURE 9. T"-" 1,

always join vertices representing consecutive singularities, that is, start at an A and
end at a hg_;. A local schematic continuation is (I', T+t T7+1) whenever I *! is
obtained from I'""*! counting all of these directed paths mod 2 with the exception of the
path containing the bifurcation edge followed by the edge corresponding to the primary
pivot. A schematic continuation associated to the sweeping method is the collection
C=@', rt2 2, r23 . . rF-LF 1Fyif each triple (I'", It I"+1) is a local
schematic continuation.

Remark 5.1. We could have defined a bifurcation schematic as a directed graph obtained
from I'” by only inserting edges corresponding to the non-zero off-diagonal entries of
T" and not removing the edge corresponding to the change of basis pivot. In this case
(7, T+ 17+ would be a local schematic continuation whenever I'" ! is obtained
from I+ counting all the directed paths mod 2 with no exceptions. In reality, both
definitions are equivalent, since whenever A} ; is a change of basis pivot corresponding to

the edge Firj = (h,(j), h](:) 1), there is also a path (h,((j), h,((t), h,(:) ) in [""+! containing the

bifurcation edge (h,ij ), h,(fl 1) and the edge corresponding to the primary pivot (h,({'), h,(jll).
Hence, in this situation, there are always two paths connecting h,({] ) and h,(jll. We chose
the former definition due to its similarity to the behavior of orbits in a flow undergoing

bifurcation.

Our goal is to provide a dynamical interpretation for the sweeping method by proving
the existence of a schematic continuation as in the following theorem.

THEOREM 5.2. Let A' and AF be the initial and final connection matrices obtained from
the sweeping method and let T be the transition matrix such that A¥ = T~'A'T. Then
there exists a schematic continuation C = (Fl, rtz2 r2 rz3 . rfF-LF, FF) such that
the total order < associated to the sweeping method filtration continues.

Proof. All we have to prove is that the diagram (I'", rrr+l 1"”‘1) is a local schematic
continuation. Let I'" be the flow schematic where each edge between two vertices
representing singularities is the number of paths mod 2. A directed edge I', in I'" between

two vertices representing singularities with consecutive indices h,((p ) and hffll exists if the

number of paths mod 2 in """ ! between the h,((p ) and h,(i) | is equal to one. This holds
except when A{ = A} ; is a change of basis pivot represented by the edge I'! iz In this case,

we count the path starting at h,(cj ) and ending at h,((ll | together with I'} iz This results in zero
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FIGURE 10. """ +1 Case 1A.

mod 2. Hence, there is no edge Ff i We will prove that I is equal to the flow schematic
I'7*1 for the connection matrix A™*1.

Recall that the bifurcation schematic I'">"*! by definition has the same edges as Iy ;
except for the ones corresponding to change of basis pivots. These edges corresponding
to the change of basis pivots are replaced by edges between two vertices representing
singularities of the same index. In fact, let A’ be a change of basis pivot and F
be the edge between the two vertices representlng singularities with consecutive 1ndlces
h,((J ) and h',({')1 If '}, is the edge corresponding to the primary pivot on the ith row

joining h(t) and h,(cl) | the bifurcation schematic I'"*"*! has an edge F;}r-ﬁ-l which joins

h,({j ) and h,(:). Note that the
]’l(t)
k

two vertices representing singularities of the same index

edges in I’ +! between two singularities of the same index h,((j ) and correspond to

a change of basis performed on the connection matrix A”. The change of basis is given by
(j b (I) "+o (Z) " and hence it corresponds to a non-zero entry Tt; in the transition

matrlx T’. Our motlvation is that this represents dynamically a bifurcation that has a

connection between singularities of the same index and thus we refer to this edge as the

bifurcation edge.

rrt

This proof will be divided into cases, and for each case it is shown that exists if

and only if F? i exists.

Case 1. There is a bifurcation edge starting at h(] ). In this case, there is a change of

basis pivot in the jth column. Let A be this change of basis pivot and Af, the primary
pivot in the ith row.

A. Suppose that 1"5;'1 exists, that is, Agj?Ll = 1. In this case, we must have s #i

since Af . is a change of basis pivot and hence ArH =0, that is, T'; ;rl does not exist.

(f)sr+1 _ (J) "Lo (t) r

From the sweeping method we know that o, and then, for each s,

AZ;’I = A{; + A, Hence, there are two poss1biht1es.
@)) A’,. =1 and Ay, =0. In this case, we know that F:,j exists and I'}, does not and

hence Fr’r+1 exists and T "' does not. See Figure 10(a). Thus, there is just one
path between h,(cj ) and h,({sjl in I">"*+1 namely (h,((/ ) h(s) 1)> which means that F’
exists.

(2)  Af; =0and A, =1. In this case, we know that I'{; does not exist and I'y; does and

hence Fr 71 does not exist and I'; ! does. See Figure 10(b). Thus, there is just
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FIGURE 11. """ +1 Case 1B.

one path between h,(cj) and h](f_)l in 0+l namely (h,({j), h,(:), h,(cs)

<.
that I s exists.

1), which means

B. Now suppose that Fser does not exist. Then, by definition, A;;Tl =0. Now we

have to consider both cases: when s #i and when s =i. As in the previous case,

A;j.“ = A{; + Aj, for each s. Hence, there are three possibilities.

(1) A§;=1and Aj; =1 for s #i. In this case, we know that both I'{; and I'; exist.
Since A, is not a change of basis pivot and, for s # i, neither is A; T then Fgf“
and Fsr’l“rl exist. See Figure 11(a). Thus, there are two paths between h,(c] ) and h,(;_)l
in ">+ namely (h,(j), h,(f_)l) and (h,(cj), h,(f), h,(:_)l). Counting mod 2, we have that
['". does not exist.

s
(2)  A§;=0and Aj; =0 for s #i. In this case, I'{; and I'{; do not exist, and hence

neither do F;}-ﬂr] and T/ ™. See Figure 11(b). Thus, there is no path between h,ij )
and h,((sjl in I 1 which means that F? y does not exist.

(3) s =i. By definition of F’, we know that I:I’ g does not exist. This is the exceptional
case of the definition T

Case 2. There is a bifurcation edge ending at h,(fj |- In this case, there is a primary pivot
in the sth column, namely, A’ ., and a change of basis pivot in this same row, that is, the

qs’
gth row, and in the rth diagonal. Let A; , be this change of basis pivot.
Also, by the sweeping method, we have that ok(j)’rJrl = ak(j)’r and B(Gk(j)’rH) =

(""", Equivalently,

ro_(s),r r ), ar+l _(s),r+1 r4+1 _(s)),r+1
Asjok_ + A, .o _Asj o +As’j 0] .

1 s j%k—1 k—1
Since
o =0
and
oy o) ol
it follows that
Ao + Ao = A e+ A 0 + o). @)

We now prove in this case that F;;rl exists if and only if 1::? y exists. Let us suppose that

F; j exists. This is equivalent to saying that there is a path between h,((j ) and h,(:_) ,in "7 +,
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FIGURE 12. I +1 Case 2.

Since A j is not a change of basis pivot there are two kinds of possible paths in I'"+"+!
between h,((j ) and h(b) the path (h(J ) h(’)l) which is the directed edge Fr +1 and the

path (h(j), n) h (Y)l) See Figure 12. In the first case, Fr 7+ exists and Fr r+1 does not

k—1°
and in the latter case I',}” 7+ exists and F;er does not. Let us analyze each case in more

detail. The two poss1b111tles can be seen in Figure 12 by removing the corresponding edges

each case requires.

(D) Fgf“ exists and F:’/;H does not. Since AY,; is not a change of basis pivot, this
is equivalent to saying that sz exists and F;,j does not: Azj =1 and A:/j =0.
Replacing this in (2), we have

Uk(s)lr _ Ar+1 (S) "4 Ar+1( (s’ ) r (5) r)
which is possible if and only if Ag;'l =1and A:,‘;l = (), that is, F;}H exists.

2) F;f“ does not exist and F;’,;H does. Since A[; is not a change of basis pivot, then
F:,j exists and ng does not, that is, A;,J. =1 and Agj = 0. Replacing this in (2) we
have

Gk(é—/)l Ar+10(3)r +Ar+l(g(s)r (A) r)

which is possible if and only if Agﬂ = A"H =1, thatis, T exists.
J s s

Case 3. There is a bifurcation edge starting at h,(cj ) and a bifurcation edge ending at
hffll In this case, there is a change of basis pivot in the jth column. Let A! ; be this
change of basis pivot and A’ the primary pivot in the ith row. Also, there is a primary
pivot in the sth column, namely, A7 and a change of basis pivot in this same row, that is,
the gth row, and in the »th diagonal. Let A’ be this change of basis pivot.

h(])

In this case, there is a bifurcation edge in I'"""*! starting at and another bifurcation

edge in I'">" +1 ending at h,((_)l Also, in this case, s # i, since otherwise we would have a
primary pivot in the ith row and one in the ith column and this is not possible by [CRS,
Proposition 3.2]. Let A}, be the primary pivot in the ith row and A; be the change of basis

pivot in the gth row. It follows by the sweeping method that o (’ il o O’k(j "y o

a( (28 V‘H) Ao (J)r+o—(t) r) Eqmvalently,

®).r and

+1 +1
Ao+ Ao = ALY + AL o+ AL+ AL 3)

https://doi.org/10.1017/etds.2013.29 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2013.29

1866 R. Franzosa et al

FIGURE 13. I'">"t1 Casge 3.

By the sweeping method crk(s)er k(i)ir and cr(s el ok(s )+ ak(s)lr Substituting

this in equation (3), we have

Ar+1 (S)V+Ar+1( (S)r_I_O,(S) r) Ar G(S)r+As] k(s)lr_i_A” k(s)]r_i_Ast k(S)]r'
“)
Suppose that I'{ y exists. This is equivalent to saying that there is a path in I'">"F!

between h,({j) and h,(:zl. Let us first assume that s’ #i. Since A{j is a change of basis

pivot and Ap is a primary pivot, there are four kinds of possible paths between h,((j ) and
h),: the path (. k" |) which is the directed edge I/, the path (. i . h{ ),

the path (b, h¢"), h“)l) and the path (b, h", n®" ’1, h") ). See Figure 13. We will
consider an analysis which can be seen in Figure 13 by removing the corresponding edges
each case requires. We have the following cases.

(1) Fgf“ exists and Ty, r+1, F;;;H, Fg;;“ do not. In this case, sz exists and since

A, is a primary pivot in the ¢th column there are no change of basis pivots in the

tth column of A’, that is, Af, and A’, are not change of basis pivots. Hence,
rr+1 Fr 1

s't
since I'y} do not exist, I'y, and '}, do not exist either. It follows that
AL, = Ag,t = O. Thus, we have Al = Al = O A{; =1. Note that and A{,; can

either be zero or one. However, if A: = 1 then F:, ,. exists and Fr ;‘H does not,
which just happens if A;,j is a change of basis pivot and, in this case, we would have
s/ = i. Substituting in equation (4), we have

1 1
Ar+ (S) "y Ar+ (0, (S ) r (S) r) — UIES)lr’

which is possible if and only if AE'H =1 and AH'I =0, that is, 1"’+l exists.

2) T exists and I r+1, o, F:’;H do not. Since s # i, A’. is not a change
of basis pivot and hence F’ does not exist. Using the same arguments as those in
the previous item, we have that Iy, Iy, also do not exist. Thus, we have A, =1,

Agj = Az,t = Az,j =0. Substltutlng in equation (4), we have

+1 _(s),r +1 (S)V (8),r (8),r
AG ol AL (o) o) =0

Lo . . . +1 _ +1 _ . 1.
which is possible if and only if A{ ;= 1 and AZ, L= 0, that is, I'} ;- exists.
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(3) F;;:‘H exists and F:f“ , T I‘;;'.'H do not. Using the same arguments as those
in the previous items, I'},, I'". and I'’, . do not exist. Thus, we have A, = A’. =
st> % sj s st sj

Ag,j =0, Ag,t = 1. Substituting in equation (4), we have

r+1_(s).r r+l, (s").r ($).ry _ ()
Aoy A (o) o) =0y,
which is possible if and only if AT = ATEN =1, thatis, T exists.
“4) F?;;H exists and F;}r“, T}, 7771 do not. Using the same arguments as in items
(1) and (2), we have that I'(,, I'(;, I'{, do not exist and hence Af; = Ay, = Al =0.
In this case, equation (4) is equal to

r+l _(s),r r41, _(s),r )y _ _(Hyr
Aoy A oy o) =0y,
which is possible if and only if Agfl = A?Jfl =1, that is, Fg;'l exists.

(5) 1l Fr’,;H and F;;rﬂ exist and T 7! does not. As we have seen in item (1),

sj K s't
A’, is not a change of basis pivot and thus, if F:;f“

F;,l. It follows that Ag,t = 0. In this case,

does not exist, then neither does

r+1_(s),r r+1, _(s),r $),ry _ _(s),r s"),r ), _(s")r
Aoy HAY (o) o) =0y ol ol =0y

c . . : r+1 _ AT+l _ . r+1 .
which is possible if and only if Asj = AS/]. =1, that is, st exists.

6 Tt F';;Jrl and F;;:Jr] exist and T ! does not. Analogously to the previous

sj K
case, Af, is not a change of basis pivot, and hence I';, does not exist. It follows that
A}, =0and

r+l _(s),r r+l, _(s)),r (s).ry _ _(s),r (s").r () _ (),
Agj oy HAY (Ol o) =0 ol ol =0l

which is possible if and only if AT =1 and A% =0, thatis, T exists.

7 F:}r'H, F;;:H and T exist and F;;;‘H does not. Since s’ # 1, as in item (1) we
have that A, g is not a change of basis pivot and hence I';, g does not exist. It follows
that A; = 0 and, substituting in equation (4),

r+1_(s),r r4+1, _(s),r $),ry _ _(s),r s"),r ), _(s")r
Aoy HAS (o) o) =0 ol ol =0y

which is possible if and only if A;;’l = Agf;l =1, that is, 1"?;’1 exists.
@® 1ot FSr};H and I ™! exist and Fsr}.rH does not. Since s # i, A]; is not a change
of basis pivot, and hence F; y does not exist. It follows that Ag ;= 0 and

r+1_(s),r r4+1, _(s),r $),ry _ _(s),r s"),r ") _(s),r
Aoy HAS (o) o) =0 ol ol =0,

which is possible if and only if A7 =1 and AT =0, that is, T exists.

Let us now analyze the case when s’ =i. This is the specific case where the edge
I'(,, corresponds to the primary pivot A, and the edge I, ' corresponds to the change of

ror+1

basis pivot Af ;- Hence, F;;;H does not exist and '}, " is not used to construct paths by
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definition. Then there are just two kinds of possible paths between h(j ) and h,(;_) |+ the path

(h(” h(y) |) which is the directed edge Fr 7+1 and the path (hm h,(;) » h,(cs_)l).

ror+1

Slnce F’ exists, we have two p0351b111t1es either I' (7" exists and F?f“ does not

or Iy ! exists and FrJH' does not. Since Af, and Af. are not change of basis pivots,
elther F’ exists and I'}, does not or I'/, exists and F’ does not, that is, either A’J =1
and A}, =0 or A}, =1 and AZJ = 0. Moreover, smce AY,, is a primary pivot and As,]
is a change of basis pivot, A, = Ag,j =1 and A?f;l =0. It follows that equation (4) is
equivalent to

AzflU;S)lr Ar O_(s) r + O_(s ).r + ASto_k(s)lr + O_(s ).r A;-] lis) r + As[GIC(S)lr7

s ) " This is only possible if

where the right-hand side of the equation is always equal to o,
Ar'H =1, that is, 1""*'l exists.

Now suppose that F’ does not exist. This is equivalent to saying that there are
zero paths mod 2 in " +1 between h(] ) and h(v) Again, we will first assume that
s’ #i. Recall that there are four kinds of p0551ble paths between h(j ) and h(s) : the
path (ht”, B ) which is the directed edge I+, the path ", h(” R, the path

nY, B 1 ) and the path ), h"  h) h(s)l) We have the following cases.

k—1° k—1°
ror+1 ror+1 r,r+1 rr+l r :
QY st , Iy 7, Iy, and Fx/j do not exist. Since AJ, is a primary pivot in

the rth column, it follows that, by the sweeping method, there are no change of
basis pivots in the ¢th column of A’, that is, A}, and A;,t are not change of basis
pivots. Hence, if Fr’rH, o +1 4o not exist, neither do T, and I'’, . It follows that
A, = A’ =0. Also, since s #i and 5" # i, yj and Ay, are not change of basis
pivots and thus, F’ and F’ do not exist, that 1s A% = = Al ; =0. Thus, we have
AY, = Ag = A; = Ag .= O and, substituting this in equation (4),

Ar+1 (S)r+Ar+1( (5)" (S)r)_

which is possible if and only if A;J‘.H = A;,‘;l =0, that is, F:,]TH does not exist.
) F:’,VH, Fr 7+ 1 exist and r r'H, F:’rH do not. Using the same arguments as those
in the prev10us item, we have that, since s 751 and s’ #1i, 1"’ and I', 5] do not exist.

r r r [ A— r —_
Thus, we have that I'{;, ', exist and I'(;, ', ] do not, that is, Af, = A}, =1and

A;j = AL I 0. Substituting this in equation (4), we have

S0+ 8GN + A =0 + oY

which is possible if and only if Ar“ =0and A’,t‘ = 1, that is, r’.“ does not exist.

(3) 1o Fr;;'H existand 'y Frer do not. Using the same arguments as in item

) f S S
(1), we have that I'y, and I'{ 5j do not exist. Thus, we have that I'}, , F;,j exist and
ry., I S. do not, that is, A”, = A’,. =1 and A’, = A’. =0. Substituting this in
J s't s'j st sj

equation (4), we have

AH_I (s) r + Ar—H (s’)l,r (s) r) _ (s ) r +o (s ) r_ 0,

(o

which is possible if and only if A;;’l = A:f;l =0, that is, F;;rl does not exist.
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@ T I‘;;r.'H exist and T r+1, F;*:’H do not. Using the same arguments as in
item (1), we have that A’ = A’ =1 and Agj = A}, =0. Substituting this in
equation (4), we have

1 1
Ar+ (S)r+Ar+( (S)r (S)r) GIC(S)lr+ IES)lr’

which is possible if and only if Ar+] =0and A’,Jf] =1, that is, F;;rl does not exist.

3) F:}r'H, I‘;;:’H exist and T+, F; ;H do not. Using the same arguments as in
item (1), we have that Aj; = A, =1 and A, = A{,, =0. Substituting this in
equation (4), we have

+1_(s),r +1,,_()r )y _ _(s)r (s").r
Aoy FAYT O o i) =0 oy

which is possible if and only if ArH =0and A’,J“.] =1, that is, Fr.Jrl does not exist.

(6) Fsr’,rH, F;}Hl exist and Fr r+1, F; ;‘H do not. Us1ng the same arguments as in the
previous items, we have A’ = A’ =1and A}, = A;,j =0. Substituting this in
equation (4), we have

Ar+1 (s) r Ar+1( (s’ ) r (s) r) — O_k(s)lr +o (s) r_ O,

which is possible if and only if ArH = Ar,ﬂ =0, that is, Fr'+1 does not exist.

(7 F;}Hl, F:’;H exist and T r+1, Fr 1 4o not. Using the same arguments as in the
previous items, we have A{; = A’ =1 and Af, = A}, =0. Substituting this in
equation (4), we have

Ar+1 (s) U Ar+1

3

A)}’ (s),r (s)r A)r
(o1 +op i) =0 T ol

which is possible if and only if Ar+1 =0and A’Jrl =1, that is, FrJrl does not exist.
@®) 1ot oprrrt prrtl g r”+l exist. Then A’ = Al =Al, =Al =1and,

st sj s't
substituting this in equation (4) we have

Ar+l (b_) 41 + Ar+] (Gks "r Uk(s_)lr) _ Gk(s_)]r + O_kA N, r + Gk(s_)lr + Gks ",r =0,

which is possible if and only if A;;'l = AZ,‘;l =0, that is, FZJTH does not exist.
Let us now analyze the case where s = i, that is, when the edge I'/,, corresponds to the

primary pivot A7, = 1 and the edge I}, ; corresponds to the change of ba51s pivot A’ . =1.

rr+1

In this case, Fr rH does not exist and F is not used to construct paths by deﬁmtlon

and hence there are just two kinds of possible paths between h,({j ) and h,(f_)l: the path

(Y, b)) which is the directed edge I/ *!, and the path L hD B ).

ror+1 and Fr r+1

If F’ does not exist, we have two possibilities: either both I'; exist or

r7 1 and Ty 7+ do not. Since A’, and AY; are not change of ba51s pivots then either both

I, and F’ ex1st or I'}, and F’ do not, that is, either A}, = A’ =1lor A, = A’ =0.
Moreover smce Al isa prrmary pivot and A’ is a change of bas1s pivot, AY, = A; = =1
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and A;,‘;l =0. It follows that equation (4) is equivalent to

+1 _(s),r (s),r (s)r (8).r (s").r (s).r (S)V
Aol = Aol oy + Ao ol = Aoy 4+ A ;

where the right-hand side of the equation is always equal to zero. This is only possible if
Asj“ =0, that is, ng“ does not exist.

Case 4. There are no bifurcation edges starting at h,(cj ) and also there are no bifurcation

h(s)

edges ending at 2, . In this case, A} ; is not a change of basis pivot for any i and A;S

is not a primary pivot for any s. Note that the only possible path between h,((j ) and h,(j_)l

is the directed edge Fr +1 Hence, Fi exists if and only if I"r ol

r,r+1

exists. Since Ay;j is
not a change of basis pivot, F exists if and only if Ff . exists. Also, since there are no

changes of basis involving the pth or the sth row, we have Ar = A’Jrl and hence l"rJrl

exists if and only if ng exists. D
Example 5.3. Let A and Al ... A8 be respectively the connection matrices from the
example given in Appendix A. The family of connection matrices A!, ..., A% are

obtained from A by using the sweeping method. We present in Appendix A the flow
and bifurcation schematics corresponding to each matrix. The collection of schematics
C= (Fl, rt2 rzrz3 . 0’8 FS) is a schematic continuation.

In order to construct the spectral sequence associated to the Morse complex we fixed the
finest filtration. This filtration determines a total ordering which is an admissible ordering
for all of the connection matrices and transition matrices constructed by the sweeping
method. Hence, we can say that the schematic continuation associated to the sweeping
method described in §5.2 respects order.

We have constructed the schematic continuation C = (I'!, T2, 12, 123, |
I'F) such that the total order < associated to the sweeping method filtration continues. We
will now prove that for each non-zero entry of T, where AF =T VAT, there exists a
chain of edges in the corresponding continuation schematic.

F—1,F
re—.r,

THEOREM 5.4. Let A and AT be the initial and final connection matrices obtained from
the sweeping method and let T be the transition matrix such that A¥ = T~'A'T. Let C be
the schematic continuation such that the total order < associated to the sweeping method
filtration continues. Then for every p and p*, if T (p, p*) is a non-trivial entry in the kth
block of T, then there exists a chain of edges between h,((p ) and h,((p R in C, that is, there
existO<ro<ry<---<rg< fandp=po, p1,---, Pt, Pe+1 = p* such that there exist
edges between h,((pi) and h,((pi+') in it fori=0,1,..., L

Proof. Note that an edge between two vertices representing singularities of the same index
in I"i-"i+1 corresponds to a non-zero entry on the transition matrix 7”. Hence, the proof
of this theorem will follow directly from the following lemma. a

LEMMA 5.5. Let T', ..., T/ be the transition matrices associated to the sweeping
method and let T = T'T? - .- T be the product matrix. If an entry Tpp+ of T is non-zero
then there exist 0 <rg <ry <---<r¢ < fand p = po, p1, - -, Pe, Petr1 = p* such that
fori=0,1,...,¢, Tp,p 41 IS non-zero.
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Proof. For each r =1, ..., f, let Tr=T'T2...7". Hence, T can be written as a
product of two matrices 7 = T/~ T/ and each entry T; j 18
ar I
Tj=y_ Ti T} (5)
(=1

Since both matrices are upper triangular, T"l{ ' =0fort<iand Tz]; =0 for £ > j, and
hence (5) can be written as

J
Ff=1pf
Tij = Z Ty Tej- (6)
0=i

Suppose Tppx = 1. As we have seen, this entry of the product matrix T can be written
as

p*
_ § : Ff-1rf
TPP* - Tpl Tﬂp*
{=p

_Ff-lrf Ff=1rf Tf=1 +f Tf=17f
—_ Tpp T[’[?* + Tpp-‘rlTp-'rlP* + st + Tpp*—lTp*—lp* + T[’[?* Tp*p*- (7)

Since Tpp+ =1 then at least one of the summands above has to be non-zero, that is, there

f;ﬁngl,fm* =1 and hence TI{;,TI =7/ . =1.

exists p1, p < p1 < p*, such that oup

Now we have

P
T =1 T2 f—1
TPPI = Z Tpf TZpl = 1’
t=p
and once again at least one of the summands above has to be non-zero. Hence, there exists
P2, p < p> < p1, such that TI‘,I;QZTI‘,Z;ll =1 and hence T,‘,’Zz = Tl‘,f;;} = 1. Following the
same line of argument, we find a sequence p* > p;1 > p» > ... > pr_1 > p such that

1 _ 72 _ . _pfl _af
T[’Pf—l - TPf—le—Z - =Tpp = Tmp* =1L

Note that whenever p; = p;y1, this means that TICI,Jr \pi
of the transition matrix 7" and this entry does not represent a bifurcation edge in I'"#-"i+1,
Hence, we will take a subsequence of py, ..., ps_ considering just the distinct elements

of the sequence. For simplicity we will keep the same notation. |

is an entry on the main diagonal

Remark 5.6. Whenever the non-zero entry of 7T is in the first diagonal, that is, p and p*
are adjacent, there exists an edge between AP and hP9) . n fact, if p* = p + 1 then the
sum in (7) is

_TFf-1rf Tf=1 7 f
Tppr1="Tpp Tpp+1 + Tpp+1Tp+1p+1 ®)

. f ~f-1 . f .
and hence we have that either Tp[) 4 Or Tpp 41 1s non-zero. If Tpp 41 Is non-zero then the

result follows. Otherwise, we write

_Ff-1 _Ff-25f-1 Ff=2pf-1
1= Tpp+1 - TPP Tpp—H + Tpp+1Tp+1p+1
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FIGURE 15. Schematic continuation seen with bifurcation edges across the parameter space.

and either Tlf;;]l or 7/ ~2 is non-zero. Following the same line of argument, after a finite

pp+1
number of steps, we find r such that ) | is non-zero and the result follows.

-
pr+
Example 5.7. Let us consider the schematics presented in Appendix A and the product
matrix 7. Observe that 757 = 1 and there is no directed edge connecting h,(J) to h,(cs) in the
local schematic continuation. However, there is a chain of edges connecting h,(:) to h,(cs) in

7 56) ;5
ko Py hy

the local schematic continuation. See the chain & in Figure 14.

The schematic continuation can also be represented as in Figure 15 where the
bifurcation orbits go across the parameter space rather than staying confined in the
bifurcation schematics I'">" 1,

6. Sweeping method and bifurcation orbits
The schematics presented in the previous section detail possible changes in behavior that
could occur under a continuation of a Morse decomposition that has connection matrices
that change according to the sequence of connection matrices and transition matrices output
by the sweeping method.

In this section, we develop a dynamic interpretation theorem in a setting of a
parameterized family of flows, where the sweeping method output of #n x n connection
matrices and transition matrices, Al, 7', A2, Tz, o, T AT reveals connecting
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FIGURE 16. A parametrized family of flows.

orbits that arise under the continuation. Thus, we identify a setting where the bifurcations
suggested by the schematic continuation actually do arise.

Here, we make the following assumptions.

There is a parameterized family of flows on M with parameter space [1, F] C R.
There is an invariant set S) continuing across the parameter interval.

° There is a Morse decomposition D(M), = {M(p),|p =1, ..., n} of the invariant
set S continuing across the parameter interval, and the sweeping method filtration
ordering is an admissible ordering that continues across the parameter space.

° For each r=1,..., F, the sweeping method connection matrix A" is the
connection matrix for the Morse decomposition at parameter value r.

With these assumptions, we interpret the sweeping method transition matrices as
singular transition matrices for the parameterized family of flows over [1, F], and we
present a result where non-trivial entries in the transition matrix imply the existence of
orbits that arise under continuation and that connect sets in the Morse decompositions
that continue across the parameter interval. Our main connecting orbit existence result
(Theorem 6.1) addresses the parameter subinterval [1, 2]. It can be applied over each
parameter subinterval [r, r + 1] to yield a result for the whole parameter space [1, F]. The
setting and results we present here follow closely those of Reineck [R1]. It was there that
the singular transition matrix idea was initially formalized, but the name ‘singular’ was
not used until later (see [McMi, McMi2]). Thus, assume that we have a parameterized
family of flows, invariant set continuation, and Morse decomposition continuation, as
described above. We focus on the parameter interval [1, 2]. We assume that Al and
A? are connection matrices for the Morse decompositions at parameter values 1 and 2,
respectively. The situation is represented in the diagrams of Figure 16.

By copying the flow at parameter value 1 to parameter values just less than 1 and
copying the flow at parameter value 2 to parameter values just greater than 2, we can
assume that our parameter interval is (1 — ¢, 2 4 ¢) for some small ¢. Now put a
flow on the parameter space ¥ = (1 — ¢, 2+ ¢), via y =¢e(y — 1)(y —2) for ¢ > 0.
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FIGURE 17. The product flow.

This yields a product flow on M x Y in which § = UAe[l,Z] Sy 1s an invariant set with
Morse decomposition D ={M (1), ..., M(n);, M(1)2, ..., M(n)2}. (See Figure 17.)
With <, representing the flow ordering at parameter A in the parameterized family of
flows, every admissible ordering <> for this Morse decomposition satisfies the following
properties:

° forA =1, 2,if p <, g, then (p, 1) <* (g, A);

° for all p, (p, 1) <* (p, 2);

° if (p, 1) <* (g, 2), then p < g (where < is the sweeping method filtration ordering).

Now, for all A, we let Hy(h(M(p),)) denote the dimension-k Conley homology index
of the invariant set M(p), in the flow on M with parameter A, and for A =1, 2, we
let Hy(h(M(p);))™ denote the dimension-k Conley homology index of the invariant set
M (p);. in the product flow on M x Y. It follows that Hy(h(M(p)1))* = Hy(h(M(p)1)),
and Hi(h(M(p)2))™ = Hr—1(h(M(p);)) for all k and p. The latter equality holds
because, for each p, the Conley index of M(p); as an invariant set in the product flow
is equal to the suspension with a circle of the Conley index of M (p), as an invariant set in
the flow on M at parameter value 2.

Thus, the connection matrix A' is a map on the sum of Conley homology complexes,
@pHi(h(M(p)1)), and the connection matrix A? defines a map A% on the sum of
Conley homology complexes, @, Hy(h(M(p)2))*, where each map in the matrix A%
is obtained by shifting the corresponding map in A% up a dimension in the homology
complex. For simplicity, we drop the superscript x in A", and leave it up to the context
to determine which map A? refers to.

Similarly, the transition matrix 7'! naturally defines a map from @ pHi(h(M(p)2))™ to
@, Hi(h(M(p)1))*, and we denote the resulting map by T! as well.

Now, we can combine the maps Al A% and T! to form a matrix,
Al Tl
(v %)
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FIGURE 18. A connecting orbit exists between M(g’)1 and M (p’)q in the product flow.

mapping (B, Hy (h(M(p)1))*) & (&, Hi(h(M(p)2))™) to itself. We are interested in the
situation where A persists as a connection matrix for the Morse decomposition D of
the invariant set S in the product flows obtained as we slow down the parameter space
component of the flow (that is, as we let ¢ — 0 in y' = &(y — 1)(y — 2)). Under such a
circumstance, T is called a singular transition matrix between the connection matrices A!
and A2. Our interest now is in determining what implications there are for the structure
of the parameterized family of flows, given that T'! is a singular transition matrix between
the connection matrices A' and A2. Specifically, suppose that T;iq is non-trivial. Then
this corresponds to a non-trivial entry in A, implying that in the flow ordering <*/ on D,
we have (p, 1) <*/ (g, 2). Consequently, there exist p’ and ¢’ such that p < p’, p’ < ¢/,
q' <2 q and there is a connecting orbit from M (g¢")> to M(p’)1 in the product flow. See
Figure 18.

It is the above-mentioned connecting orbit that interests us most here, but before we
address it further, we introduce assumptions from which it follows that p = p’ and ¢ = ¢’.
Under that circumstance, T;q non-trivial implies that there is a connecting orbit from
M(q)2 to M(p)1 in the product flow. First, note that if we assume that each Morse set
is a non-degenerate singularity, then in the product flow, if M (p)| has index k, then Tplq
non-trivial implies that M (q), has index k + 1. Therefore, M (g)> has index k in the flow at
parameter 2. It follows that, with p’ and ¢’ as above, M (¢"); and M (p’)1 also have index k
in the flows at the corresponding parameter values. If we further assume that at parameter
values 1 and 2, the unstable and stable manifolds of the singularities intersect transversally,
then at those parameter values there are no connecting orbits between singularities of the
same index, and therefore we must have p = p’ and g = ¢'.

Now, under the above circumstances, if 7! is a singular transition matrix between the
connection matrices Al and A2, and T;q is non-trivial, then for ¢ sufficiently small, there
is a connecting orbit from M (g)>2 to M (p); in the product flow. Also, as ¢ approaches 0,
the flow in the parameter space slows down so that, for instance, the connecting orbit runs
‘slow’ in the parameter direction and ‘fast’ in the direction of M, causing it to run close to
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FIGURE 19. As € — 0, the connecting orbit runs slow in the parameter direction and fast in the X direction.
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FIGURE 20. The connecting orbit converges to an invariant set made up of Morse sets at changing parameter
values and connecting orbits at fixed parameter values.

connecting orbits that occur in M at parameter values between 1 and 2 in the parameterized
family of flows. See Figures 19 and 20.

As Figure 20 suggests, in the limit as ¢ — 0, the connecting orbit converges to an
invariant set that contains Morse sets over an interval of parameter values in [1, 2] and
connecting orbits between Morse sets at specific parameter values between 1 and 2. We
make that more explicit in the following theorem. This is our dynamic interpretation result
where, under appropriate assumptions on a parameterized family of flows, a non-trivial
entry T[}q in a transition matrix implies the existence of connecting orbits ‘going from
M (g) to M(p)’ in the parameterized family of flows.

THEOREM 6.1. Assume the following:

° there is a parameterized family of flows M with parameter space [1, 2];
° there is an invariant set S _continuing across the parameter interval;
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. there is a Morse decomposition D(M), ={M(p),|p =1, ..., n} of the invariant
set S continuing across the parameter interval, and the sweeping method filtration
ordering, <, is an admissible ordering that continues across the parameter space;

° each M (p), is a non-degenerate singularity, and in the flows at parameter values 1
and 2, the stable and unstable manifolds of the singularities intersect transversally;

° A and A? are the connection matrices at parameter values 1 and 2, respectively,
and T isa singular transition matrix between them;

° Tplq is non-trivial.

Then there exist p = po, p1,---, Pk =¢q, and 1 <Ay <Xty <--- < Ay <2 such that for

each j, pj—1 <i; pj where <, is the flow ordering for the Morse decomposition M; ;.

The significance of p;_j <j; pj is that in the flow at parameter A; there are
connecting orbits running from M (p;)y;, possibly through some intermediary Morse sets,
to M(pj,l)kj. (See Figure 20.)

Proof. We construct product flows, as described above, with flow on the parameter
space defined by y’ =e(y — 1)(y — 2). As argued above, given that A' and A? are the
connection matrices at parameter values 1 and 2, respectively, 7! is a singular transition
matrix between them, and T; q is non-trivial, it follows that for sufficiently small ¢ there is
a connecting orbit from M(q)> to M(p); in the product flow. By [R1, Theorem 3.13] the
existence of p = po, p1,..., pr=q and 1 <Xj <Ay <--- < A <2 such that, for each
J, Dj—1 <x; Pj follows. O

Note that if p and ¢ are adjacent in the ordering <, then this result simply implies that
for some parameter value A € (1, 2) there is a connecting orbit from M (q); to M (p);.

Via Theorem 6.1 we have created a general setting of a parameterized family of flows
where the information in the sweeping method connection matrices, transition matrices,
and schematic continuation is reflected in the actual structure of bifurcation orbits that
arise under the transition across the family of flows.
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302592/2010-5, 473994/2010-0 and supported by FAPESP under grant 2007/06896-5. The
third author was partially supported by CNPq under grant 473994/2010-0 and supported
by FAPESP under grant 2007/06896-5.

A. Appendix
Example A.1. Let A be as in Figure A.1. Applying the sweeping method to A we obtain
the matrices A', ..., A given by Figures A.2-A.10, respectively.

We present in Figures A.11-A.22 the transition matrix 7" and all the flow and bifurcation
schematics, I'" and I'""*! respectively, associated to the connection matrices A’ and
transition matrices 7" obtained from the sweeping method applied to A in the above
example.
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FIGURE A.4. A3, Change of basis and marking pivots.

https://doi.org/10.1017/etds.2013.29 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2013.29

1880 R. Franzosa et al

o0 (7,((27)714 Ul(('i)lll (7,((4),4 (7,((5),4 0'1((6)’4 Ul((7),4 0158),4 0"((9%4 Ul((TEA 0']((2374 Gilsz 02131),4 .
ho o 0 0 00 0 0 0 0 0 0 0 00
h®, o 0 0 | o 1@ 10 o] 0 0 0 00
AP, o 0 oo @© 00 o 1| o 0 0 00
A o 0 0 0 0 0 070 0 0 1 1 10
g o 0 0 0 0 0 0 0 0 |0 0 1 1] o0
KO4r® o 0 0 0 0o o 0o o 0 1 1 1 10
B o 0o o o 0o 0o 0o 0o o0 |1 0 00
B o o o o o o o o o (O o 0 1] o
A o 0 0o 0o 0 0o 0 0 0 |0 o @ 0
R o 0o o o 0 0o 0 0 0 0 0 0 0
BD+ni | o o o o 0o o 0o 0o o0 0 0 0 o o
B o 0o 0o o 0 0 0 0 0 0 0 0 o0
B o 0o o o 0o 0 0 0 0 0 0 0 00
Ry o 0o o o 0 0 0 0 0 0 0 0 00

FIGURE A.5. A%,

oo o2 o250 1 0 o0 o o o o7 o o
ho o 0 0 0 0 .0 0 0 0 0 0 0 00
AP, o 0 o0 |0 1 @O o 0o | o 0 0 00
A, o 0o o o (@O o o0 1] o0 0 0 00
e o 0 0 0 0 0 0 0.0 0 1 1 0o o
h o 0 0o o o o o o 0o 0 1 o o
EO+r® 0o 0o 0o 0o 0o 0o o0 o0 1 1 1 0o 0
g o 0o 0o 0o 0 0 0 0 0 1 0 ol o
By o o 0o o o o o o o © o o 0
B o o o 0o 0o 0o 0 0o 0 |0 o O 0
R o 0o o o 0 0 0o 0 0 0 0 0 o o
h}cﬂ + h,(ffi 0 0 0 0 0 0 0 0 0 0 0 0 0 0
m'?) o 0o o 0o 0 0 0 0 0 0 0 0 00
RS 4n?l o 0o 0 0 0 0 0o 0 0 0 o0 0o 0
hy o 0o 0o 0o 0 0 0 0 0 0 0 0 00

FIGURE A.6. AS.

https://doi.org/10.1017/etds.2013.29 Published online by Cambridge University Press



https://doi.org/10.1017/etds.2013.29

Continuation and bifurcation associated to the dynamical spectral sequence 1881

(2),6 0(3).6 0(4).6 0(5).6 U(B).G 0(7).6 0(8).6 0(9).6 (10),6 _(11),6 _(12),6 _(13),6

%0 Op-1 %1 Ok k k k k k k1 kel k41 kg1 On
ho 0o 0 0 0 0 0 0 0 0 0 0 0 00
P, o 0o o Jo 1 (@O 00 0 0 0 0 00
AR o 0 0o o @© o o0 0 0 0 0 00
h}f) 0 0 0 0 0 0 0 0 0 Lo 1 1 0 0
Y 0 0 0 0 0 0 0 0 0 00 1 0 0
B + 00 0 0 0 0 0 0 0 0 0 1 0 0
n+h® + n o 0 0o o o o 0o o o |1 (D 0 0
n® 0 0 0 0 0 0 0 0 o |@© o 0 0 0
S o 0 0o 0 0 0 0 0 0 0 o @O o 0
B o 0o o 0o 0o 0 0o 0 0 0 0 0 0o 0
RYD + ni?) o 0o 0o 0o 0o 0o 0 0 0 0 0 0 o0
R o 0o 0o 0 0o 0 0o 0 0 0 0 0 00
h,ﬂlfl ,(clfﬂ h,(ff{ 0 0 0 0 0 0 0 0 0 0 0 0 0 0
h, o 0o 0o 0 0o 0 0o 0 0 0 0 0 00

FIGURE A.7. AS.

o £27)17 01((32;7 01((4)47 025),7 03{6)47 0.1(67),7 O_I(c8),7 01((9)17 O_I((lfiﬂ ’((1_&)1,7 ]Sfl)7 I({lf)lj oy
ho o 0 0 0 0 0 0 0 0 0 0 0 o0
n®, o 0o o o 1 (@O o 0 0 0 0 o0
hY, o 0o o o (@O o 0o 0 0 0 0 0 00
B o 0 o o 0 0o 0 0 o0 | 01 1 1o
h o 0 0o 0o 0o 0o 0 0 0 |0 00 o 0
h,(f) + hff) 0 0 0 0 0 0 0 0 0 0 0 1 0 0
B+ 1+ B o 0o o 0o 0o 0o 0 0 0 1 @O o 0 0
By o o o o o o o o o (O o o o o0
h,ﬁ‘q) + hf’) 0 0 0 0 0 0 0 0 0 0 0 ) 0 0
B o 0o o 0o 0o 0o 0o 0 0 0 0 0 00
RED + hg) o 0o 0o 0o 0o 0 0 0 0 0 0 0 00
hl(clﬁ 0 0 0 0 0 0 0 0 0 0 0 0 0 0
h,(clf} + h(121+ h}clﬂ 0 0 0 0 0 0 0 0 0 0 0 0 0 0
hy, o 0o 0o 0o 0o 0 0 0 0 0 0 0 o0

FIGURE A.8. A”.

https://doi.org/10.1017/etds.2013.29 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2013.29

1882

ne +nd
n+h® + n

h

WO+ 1

(10)
i

R 1
i

S A A
s

ne +nd
n"+n® + nf

h

n +

(10)
hk+1

(11) (10)
gy + iy
(12)
hk+1

13) (12) | ,(11)
)+ 2+ )

hy,

0o

a0

R. Franzosa et al

FIGURE A.10. AS.

https://doi.org/10.1017/etds.2013.29 Published online by Cambridge University Press

R S S e R S A e
o 0 0o 0o 0 0 0 .0 0 0 0 00
o o fo 1 @© o o o 0 0 0 00
0 0 o @© o 0 0 0 0 o 0 0 0
o 0 0o 0 0o 0 0o 0 | 0 L 1 1o
o 0 0o 0o 0o 0o 0 0 0 0 00 | o
o 0 0 0 0 0 0 0 0 0 0 010
0 0 0 0 0 0 0 0 1 ©) 0 0 0
o o o o o o o o (O o 0 0| o
o 0 0o 0o 0 0 0 0 0 o @© o | o0
o 0 o 0o 0o 0 0 0 0 0 0 00
o 0 0o o 0o 0o 0 0 0 0 0 00
o 0 0o 0o 0 0 0 0 0 0 0 00
o 0 o 0o 0o 0 0 0 0 0 0 00
o 0 0o 0o 0o 0o 0 0 0 0 0 00
FIGURE A.9. A8,

o7 o7 o0 o0 PP o0 o D G G o9 o0 o,
o 0 0o 0o 0 0 0 0 0 0 0 00
o o o 1 (@© o 0o o0 0 0 0 00
0 0 o © o 0 0 0 0 070 0 0
0 0 0 0 0 0 0 0 0 1 1 (D 0
o 0 0o 0o 0o 0o 0 0 0 0 0 0o
o 0 0o 0o 0o 0o 0 0 0 0 0 00
o 0 0o 0 0 0 0 0 1 @© o 0 |0
0 0 0 0 0 0 0 o | (@ 0 0 0 0
o 0 0o 0 0 0 0 0 0 o @O o o
o 0 0o 0o 0 0 0 0 0 0 0 00
o 0o o 0o 0o 0o 0 0 0 0 0 0 0
o 0 0o 0o 0o 0o 0 0 0 0 0 00
o 0 o 0o 0 0 0 0 0 0 0 00
o 0o o o 0o 0 0 0 0 0 0 0 0



https://doi.org/10.1017/etds.2013.29

Continuation and bifurcation associated to the dynamical spectral sequence

FIGUREA.1L.T=T!... T/,

(10),9
Ok+1

(11),9
Ok+1

(12),9
Ok+1

(13),9
Ok+1

FIGURE A.12.T! =12 =3,

https://doi.org/10.1017/etds.2013.29 Published online by Cambridge University Press

n

1883



https://doi.org/10.1017/etds.2013.29

1884 R. Franzosa et al

FIGURE A.15.T45, A% and T4.
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FIGURE A.18.T0, AC.
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FIGURE A.20. F7, A7,

FIGURE A21.T7-8 A7 and T7.
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