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GLOBAL BIFURCATION AND STABILITY FOR
SEMI-INFINITE CLINE
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Abstract

We study the semi-infinite Neumann problem, which models the variation law of a
cline in a semi-infinite habitat. Using the bifurcation analysis method, we find that
there is a unique solution curve emanating from (arctan,0) with @ > 0, which is
strictly increasing and approaches 1 in C[0, +c0). Furthermore, we show that any cline
(bifurcation solution) is stable, thereby providing a confirmed answer to a conjecture.
Moreover, we also establish the stability of the trivial solution. Our conclusions are
consistent with the related numerical results and biological reality.

2020 Mathematics subject classification: primary 34C23; secondary 34D23, 341.20,
92D10.
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1. Introduction

A cline describes a gradual change in genotypic frequency as a function of spatial
location. The existence of a cline often depends on gene selection and migration, as
well as the scale of favourable habitat. Studying the generation patterns and stability
of clines can provide scientific theoretical support for species protection measures and
biomedical therapies.

The first mathematician to analyse migration and selection was Fisher [9]. In
1948, Haldane [11] derived a reaction-diffusion equation for the equilibrium allele
frequencies at a diallelic locus subject to spatially varying selection along a single
spatial dimension. This work is generally regarded as the earliest mathematical theory
of clines. The study of clines became a very active research area beginning in the
1970s, when the consequences of various assumptions about spatial variation in
fitness and about migration patterns were investigated (see, for example, [18-26,
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2 G. Dai and Y. Sun 2]

29, 32]). Meanwhile, Conley [2], Fleming [10], Fife and Peletier [7, 8] and Henry
[12] developed and employed advanced mathematical methods to investigate the
existence, uniqueness and stability of clinal solutions under a variety of assumptions
about fitness. Since the beginning of the new century, Lou et al. [13-17, 27, 28]
extended previous work in several directions by modelling migration with general
elliptic operators on bounded domains in arbitrary dimensions. Recently, Su et al. [33]
provided conditions for the existence and linear stability of a two-locus cline when
recombination is either sufficiently weak or sufficiently strong relative to selection
and diffusion. More recently, using the bifurcation analysis method, Nakashima
and Tsujikawa [30] studied positive stationary solutions for a problem arising from
population genetics.

Let A and a denote the alleles at the locus under consideration. In his celebrated
work, Nagylaki [18] derived the following semi-infinite Neumann problem [1]:

d2
d—;j +R2g@p(1—p) =0, £>0,

dp _
dé

(1.1)

0 at 0, +oo,

where p is the gene frequency of A, k* = (2sa®)/o* with k > 0 is the combination
of the selection intensity s > 0, advantageous habitat scale a > 0, migration variance
0?/2 and sg(¢) with

L o<ex<,
ﬂ@_{ﬂf,§>L

the Malthusian parameter or the selection coefficient for the genotype AA. Here,
—a?, with @ > 0, is the ratio of the selection coefficients for & > 1 and 0 < & < 1.
Let pp = p(0). By studying the relationship between py and k, Nagylaki obtained that
k > arctan « is a necessary and sufficient condition for a unique solution of (1.1), which
corresponds to a unique cline. Here, arctan « := k; denotes the first positive root of
tan k = . In fact, he only obtained the unique py. Obviously, py can be determined by
p, but the converse is not true. Therefore, it is clearly necessary to study the existence
and uniqueness of p. The derivation by Nagylaki [18, (31)] assumed the boundary
condition limg_,. p = 0. Here, from now on, we also assume that the solution p in
(1.1) satisfies lim¢_, ;. p = 0. When the unfavourable habitat is infinite, it is reasonable
for the cline to approach 0. This also indicates that when the unfavourable habitat is
infinite, 1 is not in equilibrium, which is consistent with biological reality. Therefore,
this assumption is both realistic and reasonable.

Furthermore, he also conjectured that the cline is stable. To the best of our
knowledge, this conjecture has not yet been fully resolved. This is also the main
motivation for this work. Moreover, does the cline p (rather than p() form a solution
curve with respect to k? What is the decay rate of a cline p at infinity? What is the
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FIGURE 1. Bifurcation diagrams of Theorem 1.1.

stability of the trivial solution p = 0? We will provide satisfactory answers to these
questions here.
Define

aki /3
pe " _ o}
3

endowed with the norm ||p|| = SUP£¢[0,+00) |p(€)|, which is clearly a Banach space. Let

X* ={p € X | p = 0} with the deduced norm of X, and P* be the set of functions in X*

which are positive in [0, +00). Also, set K™ = (0, +o0) X P* under the product topology.
The first main result of this work is the following theorem.

X = {p € Cl0.+09) | p/(0) = 0. lim
—+00

THEOREM 1.1. The pair (arctan a, 0) is a bifurcation point of problem (1.1) and the
associated bifurcation curve C C (K* U {(arctan «, 0)}) is unbounded, approaching 1
as k — +oo. Moreover, for k < arctana, problem (1.1) has only the trivial solution
p = 0; while for k > arctan a, there is a unique solution p with 0 < p < 1. In addition,
for each (k,p) € C, p exponentially decays to 0 at infinity.

Our conclusions indicate that k > arctan « is a necessary and sufficient condition
for the existence and uniqueness of a solution p, rather than merely po as in [18].
Moreover, we also obtain a bifurcation curve (see Figure 1) and the decay rate of the
cline p at +co.

Figure | illustrates that a branch of positive solutions bifurcates from the trivial
solution at the critical value k; = arctan @. The solution branch exists exclusively for
k > k; and converges to 1 as k — +oo.

Regarding stability, we have the following result.

THEOREM 1.2. For any k > arctan a, the cline p is (asymptotically linearly) stable.
For the trivial solution p = 0, it is (asymptotically linearly) stable for all k < arctan «
and unstable for each k > arctan a.

Our conclusion about the cline is consistent with Nagylaki’s expectation. It is also
consistent with Slatkin’s numerical work [32]. Moreover, we also obtain the stability of
the trivial solution p = 0. From a genetic perspective, stability indicates the dominance
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4 G. Dai and Y. Sun [4]

of selection. The expression for k shows that stronger selection and a larger favourable
habitat both promote the survival of the cline. This is consistent with biological reality.
The stability of the cline further suggests that such a genetic pattern, once established,
can persist under small perturbations. These conclusions provide a theoretical basis
for predicting species distribution limits and for designing conservation strategies in
fragmented environments.

The combination of an unbounded domain and a sign-changing weight function g
poses substantial challenges for the analysis of this problem. Due to the unboundedness
of the interval, it is often difficult to obtain the compactness of related operators using
the compact embedding theorem (on bounded domain) or the Arzela—Ascoli theorem.
Of course, if the weight function has a good decay rate at infinity, it is also possible
to get compactness. However, the weight function g here not only changes sign, but
also lacks decay. We need to develop some new tricks to achieve our goals. Here, we
find that the cline is exponentially decaying at infinity. Using this property, we can
define a suitable work space X and obtain the compactness of the related operator.
Thus, classical bifurcation theory can be used to study this problem.

Since the weight function g is sign-changing, it is difficult to directly use the
conventional linearization method or stable exchange theory [3, 4]. This may be
the reason why Nagylaki’s stability conjecture has not been fully resolved so far.
Noting g # 0, we here overcome the difficulties caused by the sign change of g
by simultaneously dividing the equation by g and then linearizing it. Furthermore,
due to the sign change of the weight function g, the Rayleigh quotient for the first
eigenvalue of the linearization problem may not necessarily exist, resulting in an
indefinite sign of its corresponding eigenfunctions. We use the monotonicity of the
cline and the piecewise constant nature of g to prove that the Rayleigh quotient for
the first eigenvalue of the linearization problems does indeed exist. Furthermore,
it is proven that the first eigenvalue of the linearization problem is the principal
eigenvalue. Using this conclusion, the sign of the first eigenvalue of the linearization
problem can be determined and the expected stability conclusion can be obtained from
its sign.

Note that Nakashima et al. [25-28, 30] studied indefinite diffusion problems on
bounded domains with continuous and sign-changing weight functions. The present
work considers a semi-infinite habitat with a piecewise-constant sign-changing weight,
proving uniqueness and stability of the cline. Moreover, the nonlinear term they
considered is bistable, that is, #*(1 — ). While, we consider a logistic nonlinear term
here, our conclusions complement those important results.

The rest of this paper is arranged as follows. In Section 2, we first study the spectrum
of the linearization problem. Then, through an auxiliary problem, we prove that the
cline satisfies 0 < p < 1. Furthermore, we obtain the decay behaviour of p at infinity.
Section 3 establishes the global bifurcation structure and proves the uniqueness of the
solution, completing the proof of Theorem 1.1. In Section 4, we complete the proof
of Theorem 1.2 by a complete stability analysis for both the trivial and nontrivial
solutions. Finally, Section 5 concludes the paper.
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[5] Global bifurcation and stability 5

2. Preliminary

We first study the spectrum of the linearization problem. It is not difficult to verify
that the linearization problem of (1.1) at equilibrium point 0 is

d2

d—éfj +R2gEp =0, £>0,

dp 2.1)
% =0 at 0, +oo.

By simple calculation, we can obtain

_JAcos(ké), 0<é&<1,
Pe) = {Be-”kf, £ 1.

Since p and p’ are continuous at ¢ = 1, we find that @ = tan k. Thus, problem (2.1) only
has a sequence of positive eigenvalues &; such that

(i—1)7r<k,~<72—r+(i—1)7r with i > 1.

Furthermore, the corresponding eigenfunction is generated by

(@& = cos(k;¢), 0<é<,
PRSTZ costhe-6), &5 1,

According to the range of k;, we see that cos(k;) # 0 and, hence, p;(¢) does not change
sign for £ > 1. Using the range of k; again, we can see that cos(k;€) has exactly i — 1
simple zeros in (0, 1). In particular, p; is positive. For i > 2, we can calculate the zeros
of p; as n/(2k;), Bm)/(2k;), ..., ((2i — 3)n)/(2k;).

In summary, we have the following conclusion regarding the spectrum of problem
2.1).

PROPOSITION 2.1. Problem (2.1) only has a sequence of positive eigenvalues k; such
that

(i—1)7r<k,-<g+(i—1)7r, i>1.

The eigenfunction p; corresponding k; has exactly i—1 simple zeros n/(2k;),
Bnr)/(2k;), ..., ((2i = 3)m)/(2k;) in (0, 1). In particular, p; is positive.

From Proposition 2.1, we can see k; < 7/2 and k, > x. It follows that k; — k; > 7/2,
which holds in all parameter regimes. This explicit spectral gap estimate shows that k;
corresponds to the smallest admissible eigenvalue.

Since eigenfunction p; decays exponentially to O at infinity, we have reason to
believe that the nontrivial solution of problem (1.1) also decays exponentially to 0
at infinity. To show this, we first study the range of solutions to problem (1.1). Define
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0 ifs <0,
f(s)=4s(l—-s) ifO0<s<1,
0 ifs>1

and consider the following auxiliary problem:

dzp 5

d—fzﬂLkg(f)f(P):O, £>0,

dp 2.2)
d_,f =0 at 0, +oo.

Then, we have the following lemma.

LEMMA 2.2. For any nonconstant solution p of problem (2.2), one has that 0 < p < 1
and, hence, it is also the solution of problem (1.1).

PROOF. We only prove p < 1, because the proof for p > 0 is similar. If p is always
greater than 1, one sees that p”” = 0. Combining this with the boundary conditions
implies that p is constant, which corresponds to a trivial solution. Therefore, there
exists at least one point such that p = 1. From the definition of g and f, we can derive
that p is decreasing. We use & to denote the first zero of p(&) = 1. We suppose by
contradiction that p(0) = supp > 1. It follows that p(¢) > 1 for all £ < &,. Using the
definition of f again, we get p = a¢ + b in [0, &p). In view of the boundary condition
p’(0) =0, we have p = b in [0, &)). Since p(&y) = 1, we derive that b = 1. Thus, we
obtain p = 1 in [0, &y], which is a contradiction. This completes the proof. ]

By Lemma 2.2, we only need to study the existence and uniqueness of nontrivial
solutions for the auxiliary problem (2.2). We further claim that 0 < p < 1 for every
nonconstant solution p of problem (2.2). To prove this, we first establish the following
existence and uniqueness result.

LEMMA 2.3. Ifnonconstant function p satisfies problem (2.2) and it has a double zero,
then p = 0.

PROOF. Let p be such a function and &, be a double zero. It follows that

p=—K ffs gm)f(p)drds.
&V

If £ € [0,&.], in view of Lemma 2.2, we have

@) <k f; L e (o)l dr ds

Skzmax{l,az}ffpd‘rds
& JE,
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[7] Global bifurcation and stability 7

Skzmax{l,az}ffpdrds

skzmax{l,az}(f*—f)f*l"h
I3

Skzmax{l,az}f*f{ pds.
¢

By the Gronwall-Bellman inequality [5, Lemma 2.2], we obtain that p = 0 on [0, &.].
However, when ¢ € [£,, b] for any fixed b > &, we have

(&) < K max {1,a*)(b - £,) f pds.
.

It follows from the modified version of the Gronwall-Bellman inequality [5, Lemma
2.1] that p = 0 on [£,, b]. The arbitrariness of b implies p = 0 on [£,, +00). |

If p is a nonconstant solution of problem (2.2), one has that 0 <p <1 via
Lemma 2.2. If p has a zero &}, since it is decreasing, p(¢) = 0 for £ > &;. By Lemma
2.3, we conclude that p(¢) = 0, which is impossible. In conclusion, we obtain the
following lemma.

LEMMA 2.4. For any nonconstant solution p of problem (2.2), one has that 0 < p < 1
and, hence, it is also the solution of problem (1.1).

From Lemma 2.4, we see that pg € (0, 1]. Further, if py is unique, Lemmas 2.2,
2.3 and 2.4 imply that the solution p with p(0) = po of problem (1.1) is also unique. It
should be pointed out that here, we use the auxiliary problem (2.2) to prove pg € (0, 1],
rather than assuming it as in [18].

Now, we return to the decay rate of a nonconstant solution p of problem (2.2) at
+00. We have known that O < p < 1. Further, we have the following result.

PROPOSITION 2.5. Let p be a nonconstant solution of (2.2). Then, for & > 1, we have

Z,‘le—ak(,f—l) <p< 51€_ak(§_1)/\6,

where p1 = p(1).

PROOF. Since p satisfies limg_, 1., p(£) = 0, from [18, (31)], we know that
k ” 1 d

-1 = ——ds.

k@ - 1) fp s —25/3)12 7

Since 0 < p < 1, we find that

— 7 | D
lnlﬂzf —ds<ak(§—1)§\/§f —ds:ﬁln&,
p s b S p

P
which further implies the desired conclusion. o
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Proposition 2.5 indicates the nontrivial solution of problem (2.2) decays exponen-
tially to O at infinity if it satisfies lims_, o p(§) = 0. Further, we have the following
result.

LEMMA 2.6. If p is any nonconstant solution of problem (2.2) and satisfies
limg_, 400 p(€) = O, then for & > 1, we have

where kj is the first eigenvalue of problem (2.1).

PROOF. From Proposition 2.5, we know that 0 < p < 1 and

P < PrekED,

We claim that k > ky. If it was k < k;, we have
2
%§+k%@mu—p>=o
We also note that
&py
dé?
Multiplying the equation for p by p; and integrating by parts gives

+Kg@p) = 0.

fo p'P1d§=f0 K gppi(1 - p)dé. (2.3)

We have known that p is decreasing. Proposition 2.5 implies that p is not a nonzero
constant. Hence, p’ < 0 and p” # 0. Since p; is strictly decreasing, we conclude that

j; gppi(1 —p)dé > 0. (2.4)

Furthermore, multiplying the equation for p; by p and integrating by parts, then
subtracting (2.3) and using (2.4), we find that

+00 +00

0= k2f0 gpp1(1 - p)dé - f; ki gppy dé
+00 +00

<k fo gppi(1 = p) dé - fo kigpp dé

+00
=—ﬁl§ gp’p1 dé. (2.5)

However, multiplying the equation for p; by p*> and integrating by parts yields

+00 +00
2 fo ppip dé =k} fo gp’pi dé. (2.6)
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9] Global bifurcation and stability 9
Because p’ <0, p’ # 0 and p; is strictly decreasing, we have
+00
fo ppip’ dé > 0.
Combining this with (2.6) shows that

+00
f gp’p1dé > 0.
0

Now, in view of (2.5), we derive that

+00
0< —klzf gp’p1dé <0,
0

which is absurd.
Therefore, we have that

p< 51676%1(@?*1)/\@‘
It follows that
kN3
pehé < lﬂeak,/\@ 50
3 &
as & — +oo, which implies the desired conclusion. This completes the proof. ]

Finally, we present a Rabinowitz-type global bifurcation result [5, Lemma 2.5]. Let
E be a real Banach space with the norm || - ||, O be an open subset of R X E, prz(O)
be the projection of O on E and prgx(O) be the projection of O on R. Consider the
following operator equation:

u=LD)u+HQ,u) = G,u), 2.7
where A varies in er(5), the map 4 — L(A) is continuous, _L(') : prE(5) — prE(a)

is an homogeneous completely continuous operator and H : O — E is compact with
H = o(||u|]) at u = 0 uniformly on bounded A intervals in O. Let

S ={(A,u) | (A, u) satisfies (2.7) and u = 0}0.

Recall that y is called an eigenvalue of
u=Lwu, uck, (2.8)

if there exists ¢ € E \ {0} such that ¢ = L(u)p. Let £ denote the set of real eigenvalues
of (2.8). Thus, the Leray—Schauder degree [6, Section 8.3] deg(/ — L(1), Bg(0),0) is
well defined for arbitrary R-ball Bg(0) in O and A ¢ X.

We recall the following Rabinowitz-type global bifurcation result, which can be
seen as a complement or extension of the famous Rabinowitz global bifurcation
theorem [31, Theorem 1.3].

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 16 Nov 2026 at 21:33:53, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/51446181126100388


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S1446181126100388
https://www.cambridge.org/core

10 G. Dai and Y. Sun [10]

PROPOSITION 2.7. [5, Lemma 2.5] If p € prg(O) N X such that the Leray-Schauder
degree deg(I — L(1), liR(O)) changes when A passes u, then . possesses a maximal

sub-continuum C,, C O such that (u,0) € C, and one of the following three properties
is satisfied by C,:

(1) Cy is unbounded in O;
(ii) meets 00 \ {(u, 0)}; o
(iii) meets (1, 0), where i € prg(O) N X with g # p.

3. Proof of Theorem 1.1

In view of Proposition 2.5, it is not difficult to verify that problem (2.2) can be
equivalently transformed into

p =KF(p),

where the map F : X — X is defined by

F(p)zfmf of(p)drds, &>0.
& +00

We claim that F is compact. Assume there is a sequence p, that weakly converges
to some p in X. Without loss of generality, we assume p = 0. For any & > 0, since p,
decays exponentially to O at infinity, there exists y > 0 such that

f+oo fs pndé:ds
Y +00
[ [ swndeas
Y +00
[ [ rendsas
Y +00

While, for ¢ <7, from the definition of F, we can verify that F(p,) € C*[0,y] with
any «a € (0, 1). Since the embedding C*[0, y] — C[0, y] is compact, F(p,) converges
strongly in C[0, y]. So, we get that F(p,)(¢) — 0 for any & <y and n large enough.
Therefore, we conclude that (F(p,))(¢) converges strongly to 0 in X, which verifies
the claim. Similarly, it can be proven that F is also continuous. Thus, F is completely

continuous.
+00 S
T(p):f f gpdrds, & >0.
& +00

<—

£
max{1, a2}

It follows that

max{1, &%} <e.

When ¢ > vy, we have that

< max{l,az} <e.

[Fene

Similarly, we define
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[11] Global bifurcation and stability 11

Reasoning as above, we can still show that T : X — X is completely continuous. So,
I — kK*T is a completely continuous vector field in X. Thus, the Leray—Schauder degree
deg( — AT, Bg(0), 0) with A = k? is well defined for an arbitrary R-ball Bg(0) of X and
k € (0,k2) \ {ki}.

LEMMA 3.1. For arbitrary R > 0, one has that

1L ifke(0,k),

deg(I - KT, Br(0),0) = {-1 ifk € (k. ko)

PROOF. We only prove the case k > k; since the proof for k < k; is completely
analogous. Since 7 is compact and linear, by [6, Theorem 8.10], we have that

deg(I — K°T, Bg(0),0) = —1,
which is the desired conclusion. O

Now, we can give the proof of our main result.

PROOF OF THEOREM 1.1. In view of Lemma 2.4, problem (2.2) can be written
equivalently as

p = K*T(p) + H(k, p),

—+00 S
H(k,p) = —k2f f gp” dr ds.
& +00

For any p € X \ {0}, we have that

where

2
Fo_

— < —pl<lpll =0 as|pl]| = 0. (3.1
lipll il

Thus, H(k, p) = o(||p||) near p = 0 in X uniformly on bounded intervals of k in (0, +00).

In view of Lemma 3.1, applying Proposition 2.7 by taking O = (0, +o0) X X, we
obtain that (k, 0) is a bifurcation point of problem (2.2), and the associated bifurcation
branch C in (0, +c0) X X whose closure contains (k;,0) satisfies at least one of the
following three options: (i) unbounded; (ii) meets to the X at k = 0; (iii) contains a pair
(k,0), where k is an eigenvalue of problem (2.1) and k # k.

For any (k, p) € C with p # 0, Lemma 2.4 implies that 0 < p < 1 in [0, +0). Hence,
we have C C ((0, +o0) X X* U {(k1, 0)}). We claim that case (ii) does not occur. Assume
that (k,p) € C with k < k; and p # 0. Then, from the argument of Lemma 2.6, we
obtain that

+00
0<-k f gp’p1dé <0,
0
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12 G. Dai and Y. Sun [12]

which is a contradiction. In fact, we not only proved that the second option does not
occur, but we have also proved that the branch C will not reach the left side of k = ;.
That is to say, when k < k;, problem (1.1) only has the trivial solution p = 0.

We claim that option (iii) is also impossible. Suppose, in contrast, there exists
(ky, pn) = (k,0) as n — +oo with (k,, pn) €C, py #0 and k is another eigenvalue of
problem (2.1). Let w,, = p,,/||pxll- Then, w, satisfies the following problem:

+00 S
w = 2T(w) - k? f f gwp, dt ds.
3 +00

Reasoning as for the compactness of F, we obtain that for some convenient subse-
quence, w, — wo as n — +oco. From (3.1), we can see that (k, wo) verifies problem
(2.1) and |jwo|| = 1. Since C does not reach the left side of k = k;, one has that k > k;.
Proposition 2.1 implies that wy must change its sign, which contradicts the fact that
pn > 0.

Therefore, the branch C is unbounded. Moreover, C cannot return to the trivial
solution axis and does not reach the left side of k = k;. Since 0 < p < 1 in [0, +c0)
for any (k,p) € C with p # 0, one sees that C does not exceed 1 in the X direction.
Thus, it must be unbounded in the k direction. Therefore, we obtain that the necessary
and sufficient condition for the existence of the cline is k > k.

We will finally discuss uniqueness and asymptotic behaviour of the cline p. We
recall a function defined by Nagylaki [18],

1

1
T(po) = f dy,
n \/(1 _

WL +y=3po(1 +y+y?)]

where n =p1/po with p; = p(1). Nagylaki proved that T(p) is strictly increasing to
+o00 as pp — 17. This implies that there is a unique py for k > k;. Reasoning as that
of Lemma 2.3 with some obvious changes, we can further show that the uniqueness
of po implies the uniqueness of p. Therefore, C is actually a curve. Moreover, there
is a unique cline p for each k > k;. The asymptotic behaviour of T(pg) as pg — 1~
implies that C is always less than 1 and tends towards 1. This completes the proof of
Theorem 1.1. ]

4. Proof of Theorem 1.2

In this section, we prove the stability results stated in Theorem 1.2. Define the
operator

p’ +kg&pl - p)
g)

Clearly, the equation of problem (1.1) is equivalent to —F(k, p) = 0. Define

F(k,p) =

Y = {p e X |peC[0,1)U(l,+o0)), Jim p@ and_lim (&) exist}.
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[13] Global bifurcation and stability 13

It is easy to see that the trivial solution p = 0 belongs to Y and the unique cline p
obtained in Theorem 1.1 belongs to Y.

We recall the stability property of solutions. For any ¢ € Y and positive solution
p of problem (1.1), by some simple computations, we can show that the linearized
eigenvalue problem of (1.1) about p at the direction ¢ is

—¢" — kg1 = 2p)p = ug(&)p, & >0, @1

¢'(0) =0, limgs 40 ¢'(€) = 0. ‘
The linear stability of a solution u of problem (1.1) can be determined by the linearized
eigenvalue problem (4.1). A solution p of problem (1.1) is stable if all eigenvalues of
problem (4.1) are positive, otherwise it is unstable. Define the Morse index M(p) of a
solution p of problem (1.1) to be the number of negative eigenvalues of problem (4.1).
A solution p of problem (1.1) is degenerate if 0 is an eigenvalue of problem (4.1),
otherwise it is nondegenerate.

Now, we can present the argument of Theorem 1.2.

PROOF OF THEOREM 1.2. We first study the stability of the nontrivial solution. Let
(k., p.) be a nontrivial solution of (1.1). The Fréchet derivative of F' with respect to p
at (k., p.) is given by

¢ + kg1 - 2p.)g
F k*7 % =
p(Ki, D)@ <(&)

, @pevY.

Let u; be the first eigenvalue of the operator —F),(k,, p.).
We claim that the corresponding eigenfunction ¢; is positive. Note that ¢; satisfies

—¢ = k2g@(1 = 2p)p1 = gEer. (4.2)
We claim that f0+0° g(f)gof dé # 0. Indeed, if it was, we obtain from (4.2) that
+00 +00
fo O dE +2k2 fo g&)¢gip. dé = 0.
This implies
+00
[ wedp.de <o

So, we have

1 +00
fo ¢1p. dé < o fl ¢1p. dE.
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Using the monotonicity of p., we see that

+00 1
a’p.(1) fl ¢ dé = p.(1) fo o) dé

1
< fo @p. dé

+00
<a? fl o1p. dé

+00
< a’p.(l) f @1 dé,
1

which is a contradiction. Hence, we have the following Rayleigh quotient of y;:

. B de - 12 [ g@)(1 - 2p.)gt de
M1 = = .
uey\{0} Jgf g(f)tp? dé¢

It follows that |¢, | is also the eigenfunction corresponding to x;. Since ¢ is in C!, we
further obtain that ¢; has only one sign. Without loss of generality, we assume that ¢;
is nonnegative. If ¢; has a zero & > 0 which clearly is a double zero, by an argument
similar to that of Lemma 2.3 with obvious changes, we can show that ¢; = 0, which is
impossible. Thus, we conclude that ¢ is positive.

Since k. and p, are a solution of (1.1), we have

-p! = Kg©p.(1 - p.) = 0. (4.3)

Multiplying (4.2) by p../g(&) and (4.3) by ¢1/g(&), subtracting the resulting equations
and integrating over [0, +0), we obtain, after integration by parts,

+00 +00
ulfo s01p*d§=kffo @1p? déE.

Since both integrands are positive, it follows that ¢ > 0. Consequently, all eigenvalues
of —F,(k.,p.) are positive. Thus, for any k > arctan a, the cline p is (asymptotically
linearly) stable.

Next, we investigate the stability of the trivial solution p = 0. Set p(s) = 0 and
k(s) = k; + s for s € R and s > —k;. The Fréchet derivative of F with respect to p at
(k(s), p(s)) is given by

’7 2
Fo(k(s), p())p(s) = LS+ '; ((;))g@g”“) for all (s) < Y.

We assume that the first eigenvalue of —F,(k(s), p(s)) is u(s) with the corresponding
eigenfunction ¢(s). Then, ¢(s) satisfies

—4"(5) = K*(5)8(©)$(5) = u($)g(E)()- (4.4)
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As in the above case, we still can show that ¢(s) is positive. From the spectral analysis
in Section 2, we recall that when k(s) = k;, (4.4) has a zero eigenvalue. A direct
computation shows that for k(s) # k;, the first eigenvalue is given by

>0, s<0,

= k2 —k3(s) =
Hes) ! (s) <0, s>0.

It follows that p = 0 is (asymptotically linearly) stable when s < 0 and unstable when
s > 0. This completes the proof of Theorem 1.2. ]

From the argument of Theorem 1.2, we know that the cline p is nondegenerate and
has Morse index M(p) = 0. The trivial solution p = 0 is nondegenerate and has Morse
index M(0) = 0 for k < k.

5. Conclusion

In this paper, we have shown that for a semi-infinite habitat with a piecewise-constant
sign-changing selection coefficient, there exists a unique cline if and only if
k > arctan . The bifurcation branch emanating from (k;, 0) is unbounded and tends to
1 as k = +oo. Moreover, every cline on this branch is asymptotically linearly stable,
while the trivial solution p = 0 is stable for k < k; and unstable for k > k;. These
results give a complete affirmative answer to Nagylaki’s conjecture and provide a
rigorous mathematical foundation for cline models in population genetics.
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