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The dynamic equation and coupling coefficient of the three-wave interaction among
kinetic Alfvén waves (KAWs) are derived by use of plasma kinetic theory. Linear
and nonlinear effects of finite ion Larmor radius are kept for arbitrary value of the
‘kinetic variable’ κ = k⊥ρi. The parametric decay KAW→ KAW+KAW is investi-
gated and the threshold amplitude for decay instability in a Maxwellian plasma is
calculated. The growth rate of decay instability varies as k2

⊥ in both limits κ2� 1
and κ2 � 1. The main tendency of KAWs is towards nonlinear destabilization at
very low wave amplitudes Bk/B0 . 10−3. Two applications concerning KAW dy-
namics in the magnetosphere and in the solar corona show that three-wave resonant
interaction among KAWs may be responsible for the turbulent character of their
behaviour, often observed in space plasmas.

1. Introduction
Three-wave resonant interaction is a basic process resulting in various nonlinear
plasma phenomena (see Stenflo (1994) and references therein), and the coupling
coefficient (matrix element) of the three-wave interaction process is a key mathe-
matical object in the nonlinear wave theory (Galeev and Sagdeev 1979). Thus the
main problem of the theory is the derivation of the coupling coefficient; once this
coefficient has been found, one can use theoretical methods developed earlier to
study nonlinear properties of the considered modes.

Nonlinear properties of kinetic Alfvén waves (KAWs) are of great interest from
both theoretical and practical points of view (Shukla and Stenflo 1995). The first
nonlinear mechanism for KAW excitation (by LH pump wave) was considered by
Shukla and Mamedow (1978), and many articles on nonlinear excitation mecha-
nisms for KAWs have appeared since then (e.g. Sharma and Tripathi 1988; Hasan
and Guha 1990; Stenflo and Shukla 1995; Yukhimuk et al. 1998).

At the same time, in contrast to ideal-MHD Alfvén waves, three KAWs can effec-
tively interact among themselves. Three-wave resonant interaction among KAWs
have been studied in the past (Erokhin et al. 1978; Voitenko 1989; Volokitin and
Dubinin 1989; Gang and Leboeuf 1993; Yukhimuk and Kucherenko 1993), but the
common approach so far has been two-fluid MHD theory in the limit of weak wave
dispersion, k⊥ρi� 1. In fact, even the linear dispersion of k⊥ρi� 1 Alfvén waves
– known from kinetic theory – cannot be obtained from two-fluid MHD. Therefore
the results of MHD nonlinear theory also cannot be considered as exact, even in
the limit k⊥ρi� 1.
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Moreover, KAWs with k⊥ρi ≈ 1 and k⊥ρi > 1 may be easily excited (see e.g.
Voitenko 1996), for which previous results are not applicable. This is because two-
fluid MHD is not appropriate for describing wave motions of ions in the plane
perpendicular to B0 if transverse wavelengths are comparable to the gyroradius of
thermal ions. It is also evident that linear kinetic effects of wave–particle interac-
tion, responsible for KAW excitation and dissipation, cannot be self-consistently
included using the MHD approach. To study the excitation/dissipation of KAWs
and nonlinear interaction among them self-consistently, kinetic plasma theory using
the Maxwell–Vlasov set of equations is required. Kinetic theory has been used pre-
viously to study the coupling of MHD Alfvén waves with magnetosonic waves
(Elvsén 1992) and of kinetic Alfvén waves with ion-Bernstein waves (Sharma and
Tripathi 1988).

In the present paper, the kinetic theory formulation (Sec. 2) is used to derive
the nonlinear equation describing excitation of KAWs and three-wave interaction
among them, accounting for the linear and nonlinear ion-Larmor-radius effects.
The linear (Sec. 4) and nonlinear (Sec. 5) responses of the plasma components with
arbitrary velocity distribution functions are calculated for arbitrary value of the
‘kinetic variable’ κ = k⊥ρi. Dynamical equations and coupling coefficients (matrix
elements) of the three-wave resonant interaction of KAWs with arbitrary dispersion
are derived (Sec. 6). Parametric decay instability of KAWs is investigated, and
general expressions for the decay growth rate and threshold are obtained (Sec. 7).
Limiting cases of strong (k⊥ρi� 1) and weak (k⊥ρi� 1) dispersion are examined,
and the threshold of the decay in Maxwellian plasma is found (Sec. 7). The results
of kinetic theory in k⊥ρi � 1 limit are compared with those previously obtained
using MHD theory (Sec. 8). A summary follows in Sec. 10.

2. Basic equations and theoretical background
Let us consider a fully ionized uniform hydrogen plasma in a background magnetic
field B0. Consideration is restricted to plasma β (plasma/magnetic pressure ratio)
in the range me/mi < β < 1, typical of many laboratory and space plasmas.

To describe low-frequency (ω < Ωi), magnetically non-compressible (B̃z = 0)
KAWs, one can use two fluctuating electromagnetic wave potentials: a scalar φ̃ and
a (z-component) vector Ãz (Hasegawa and Chen 1976). These potentials induce in
the αth plasma species charge and current-density perturbations q̃α and j̃α, obeying
the quasineutrality equation ∑

α

q̃α =
∑
α

eαñα = 0 (2.1)

and Ampère’s law in the z direction:∑
α

j̃α = − c

4π
∇2Ãz. (2.2)

The difference between the MHD and kinetic theories here is in the calculation
of the number-density and current-density perturbations ñα and j̃α. In order to
take into account important kinetic properties of KAWs, we calculate ñα and j̃α
using the perturbed part f̃α of the corresponding velocity distribution function
(Fα = F 0

α + f̃α):

j̃ = e

∫
d3VVz f̃ , ñ =

∫
d3V f̃ . (2.3)
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In these expressions and below, where it will not cause misunderstanding, the sub-
script α, labelling the plasma species, is dropped.

We consider the processes on time scales much less than the Coulomb collisional
time scale, in which case the distribution function F satisfies the ‘collisionless’
Vlasov equation

dtF = 0, (2.4)

where the Vlasov operator dt, has the form of a total time derivative and depends
on the set of independent variables {X}:

dt =
∑
i

∂Xi

∂t

∂

∂Xi
. (2.5)

The coefficients ∂Xi/∂t are determined by the standard equations of particle
motion.

The solution to the Vlasov equation (2.4) may be found using perturbation theory
by expansion of the function F and operator dt as

F = F 0 + fL + fNL, (2.6)

dt = d0
t + dLt , (2.7)

where the superscripts 0, L and NL indicate the unperturbed, linear and nonlinear
(in the wave amplitudes) parts respectively.

Keeping second-order terms in (2.4), we get an equation for the nonlinear re-
sponse:

d0
tf
NL + dLt f

L = 0. (2.8)

The linear response, entering this equation, is to be found from the linearized Vlasov
equation

d0
tf
L + dLt F

0 = 0, (2.9)

where the evolution of the function F 0, slowly varying under the action of wave–
particle collisions, is determined by the time-averaged Vlasov equation

dLt f
L + d0

tF
0 = 0. (2.10)

The set of equations (2.1)–(2.10) describes the excitation of KAW turbulence and
relaxation of the plasma with unstable initial (and/or boundary) conditions. For the
sake of simplicity, in studying the nonlinear interaction among KAWs, we restrict
ourselves to the case of a given background distribution F 0, neglecting its slow
(quasilinear) evolution described by (2.10).

Let us decompose the non-zero electromagnetic potentials φ̃ and Ãz in KAWs as
Fourier series {

φ̃(r, t)
Ãz(r, t)

}
=
∑

k

{
φk
Ak

}
exp(ik · r− iωkt), (2.11)

where φk ≡ φ(k) and Ak ≡ Az(k) are Fourier amplitudes.
To investigate finite-Larmor-radius effects, it is convenient to use the guiding-

centre variables (t; rg;Vz;V 2
⊥; θ) in (2.8) and (2.9). In this case, (2.11) may be rewrit-

ten as{
φ̃(r, t)
Ãz(r, t)

}
=
∑

k

{
φk
Ak

}∑
s

Js exp[−i(ϑ− χ)s] exp(ik · rg − iωkt), (2.12)
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where Js ≡ Js(k⊥V⊥/Ω) is the Bessel function and

tanχ =
ky
kx
, tanϑ =

Vy
Vx
.

The equations of motion (coefficients in (2.5)) read as(
dV⊥
dt

)L
=
−ie
m

∑
k

k⊥

(
φk −

Vz
c
Ak

)
, (2.13a)

(
drg
dt

)L
=
−ie
mΩ

∑
k

(k⊥ × z)
(
φk −

Vz
c
Ak

)
, (2.13b)

(
dVz
dt

)L
=
−ie
m

∑
k

[
kz

(
φk −

Vz
c
Ak

)
+

k⊥ · V⊥
c

Ak

]
, (2.13c)

(
dθ

dt

)L
=
−ie
m

∑
k

[
− (k⊥ × V⊥)z

|V⊥|2

(
φk −

Vz
c
Ak

)]
. (2.13d)

3. Linear response
For the perturbed distribution function, we adopt a Fourier representation in gy-
rocentre coordinates rg:

f̃L =
∑

k

fLgk exp(ik · rg − iωkt). (3.1)

Expanding the coefficients fgk, (3.1) may be rewritten as

f̃L =
∑

k

∑
n

fLkn exp[−in(θ − χ)] exp(−iωkt + ik · rg), (3.2)

where χ is the angle between the x axis and k⊥. Substituting the equations of
motion in explicit form into (2.9) and using the expansions (2.12) and (3.2), after
some algebra we obtain an equation for fLkn as

∑
n

exp[−in(θ − χ)] exp(−iωkt + ik · rg)
{

(−ωk + kzVz + nΩ)fLkn

− e

m
Jn

(
k⊥VT

Ω

){[
kz

(
φk −

ωk
kzc

Ak

)
+
k⊥V⊥
c

cos(ϑ− χ)Ak

]
∂F 0

∂Vz

+
[
k⊥V⊥ cos(ϑ− χ)

(
φk −

Vz
c
Ak

)]
1
V⊥

∂F 0

∂V⊥

}}
. (3.3)

By use of recurrence relations for the Bessel functions, we can substitute
k⊥V⊥ cos(ϑ−χ)Jn → nΩJn in this equation, excluding the angle dependence. Thus
we obtain the following expression for the coefficients fLkn:

fLkn =
e

m

Jn(κζ)
−ωk + kzVz + nΩ

{
kz

(
φk −

ωk
kzc

Ak

)
∂

∂Vz

+nΩ
[(
φk −

Vz
c
Ak

)
1
V⊥

∂

∂V⊥
+

1
c
Ak

∂

∂Vz

]}
F 0 (3.4)
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where

ζ =
V⊥
VT

, κ = k⊥ρ =
k⊥VT

Ω
,

that is k⊥V⊥/Ω = κζ.
The expression (3.2) with (3.4) for fLkn gives the plasma linear response to mag-

netically incompressible electromagnetic waves with Bz = 0. For low-frequency
(ωk < Ω) KAWs, fLkn may be approximated as

fLkn =
e

m
Jn(κζ)[δn,0Û + (1− δn,0)Ŵ ]F 0Vk

c
Ak, (3.5)

where Vk = ωk/kz is the wave phase velocity along B0, and the following operators
have been introduced:

Û =
Vk

Vz − Vk

(
φk
Ak

c

Vk
− 1
)

1
Vk

∂

∂Vz
, (3.6)

Ŵ =
(
φk
Ak

c

Vk
− Vz
Vk

)
1
V⊥

∂

∂V⊥
+

1
Vk

∂

∂Vz
. (3.7)

In the case of a Maxwellian F 0, (3.4) reproduces that obtained by Sharma and
Tripathi (1988).

The Fourier amplitude fLk may now be expressed using fLkn:

fLk =
∑
n,l

exp[−i(ϑ− χ)(l − n)]Jl(κζ)fLkn. (3.8)

Averaging this over the gyroangle ϑ and using the low-frequency expression (3.5)
for fLkn, we get∫ 2π

0
dϑ fLk = 2π

e

m
{J2

0 (κζ)Û + [1− J2
0 (κζ)]Ŵ}F 0Vk

c
Ak. (3.9)

4. Nonlinear response
We use the same expansion as (3.2) for the nonlinear response fNL:

f̃NL =
∑

k

∑
n

fNLkn exp[−in(θ − χ)] exp(−iωkt + ik · rg). (4.1)

Substituting (4.1) for f̃NL into the second-order equation (2.8), we get∑
k

∑
n

(−ωk + kzVz + nΩ)fNLkn exp[−in(θ − χ)] exp(−iωkt + ik · rg)

=
e

m

∑
k1,k2

∑
s,l

exp[−is(θ − χ1)] exp[−i(ω1 + ω2)t + i(k1 + k2) · rg]Js(κ1ζ)

×
[
− i

Ω
G1 + k1⊥ · V⊥Ŵ1−ω1Q1

1
V1

∂

∂Vz
− (k1 × V⊥)z P1

1
V 2
⊥

∂

∂ϑ

]
×V1

c
A1 exp[−il(ϑ− χ2)]fL2l , (4.2)
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where

Gk = (k1 × k2)zPk, Pk = 1− Vz
Vk
−Qk, Qk =

Te
Ti

κ2

K2
k

,

and subscripts k, 1 and 2 denote dependence on k, k1 and k2 respectively. The linear
relation between potentials, φk = (1 − Qk)(Vk/c)Ak, is substituted for φk; then Û
and Ŵ become

Û =
Vk

Vz − Vk
(−Qk)

∂

Vk∂Vz
, (4.3)

Ŵ = Pk
1
V⊥

∂

∂V⊥
+

1
Vk

∂

∂Vz
. (4.4)

Again, by use of the recursion formulae for the Bessel functions, it is possible to
make the following substitutions in (4.2) (the prime ′ indicates the derivative):

k1⊥ · V⊥Js → sΩJs, (k1 × V⊥)zJs → ik1V⊥J
′
s,

∂

∂θ
→ −il.

Then, solving with respect to the series amplitude, fNLkn , one obtains

fNLkn =
Ω

kz(Vk − Vz)− nΩ

∑
k1,k2

∑
s,l

δ(k− k1 − k2)δ0
n−s−l

× exp[i(ωk − ω1 − ω2)t] exp[−i(χ− χ1)n] exp[−i(χ2 − χ1)l]Js(κ1ζ)Jl(κ2ζ)

×
[
iG1 − sΩ2Ŵ1 +

ω1

Ω
Q1Ω2 1

V1

∂

∂Vz
+ P1l

J
′

s(κ1ζ)
Js(κ1ζ)

k1⊥Ω
V⊥

]

×[δl,0Û2 + (1− δl,0)Ŵ2]F 0A1A2

B2
0
V1V2. (4.5)

We can now carry out the summations over l and s. By use of the summation
theorem for the Bessel functions (Abramowitz and Stegun 1965), one can check the
following relations:

exp[i(χ− χ1)n]
∑
s,j

δ0
n−s−lJs(κ1ζ)Jl(κ2ζ) exp[−i(χ2 − χ1)l] = Jn(κζ),

exp[i(χ− χ1)n]
∑
s,l

δ0
n−s−lsJs(κ1ζ)Jl(κ2ζ) exp[−i(χ2 − χ1)l]

=
κ1

κ
nJn(κζ) cos(χ− χ1)− iκ1ζJ

′(κζ) sin(χ− χ1),

exp[i(χ− χ1)n]
2
κ1

∑
s,l

δ0
n−s−lsJs(κ1ζ)J ′l (κ2ζ) exp[−i(χ2 − χ1)l]

= iJn(κζ) sin(χ2 − χ1)− i[Jn(κζ) + 2J ′′n (κζ)] sin(2χ− χ2 − χ1)

+2n
[
Jn(κζ)
κ

]′
cos(2χ− χ2 − χ1),

2
κ1

∑
s,l

δ0
n−s−llJ

′
s(κ1ζ)Jl(κ2ζ) exp(iχ2l + iχ1s− inχ) = −iJn(κζ) sin(χ2 − χ1)

−i[Jn(κζ) + 2J ′′n (κζ)]) sin(2χ− χ2 − χ1) + 2n
[
Jn(κζ)
κ

]′
cos(2χ− χ2 − χ1).
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With these, (4.5) gives

fNLkn =
Ω

kz(Vk − Vz)− nΩ

∑
k1,k2

δ(k− k1 − k2) exp[i(ωk − ω1 − ω2)t]

×
{[

iG1 − nΩ2Ŵ1 − nP1κ2ζ
J ′0(κ2ζ)
J0(κ2ζ)

+Q1Ω2ω1

Ω
1
V1

∂

∂Vz

]
× exp[−i(χ− χ1)n]Jn(κ1ζ)J0(κ2ζ)Û2

+
{
{Jn(κ1ζ)− Jn(κ1ζ)J0(κ2ζ) exp[−i(χ− χ1)n]}

(
iG1 + ω1ΩQ1

1
Vk

∂

∂Vz

)
−
[κ1

κ
nJn(κζ) cos(χ− χ1)− iκ1ζJ

′(κζ) sin(χ− χ1)− nJ0(κ2ζ)Jn(κ1ζ)

× exp[−i(χ− χ1)n]Ω2Ŵ1 − [ik1⊥k2⊥Jn(κζ) sin(χ2 − χ1)− nJ ′0(κ2ζ)Jn(κ1ζ)]

× exp[−i(χ− χ1)n]
k2⊥Ω
V⊥

]
P1

}
Ŵ2

}
F 0A1A2

B2
0
V1V2. (4.6)

Using the above expression for fNLkn , we find the Fourier amplitude averaged over
the gyroangle ϑ:∫ 2π

0
dϑ fNLk = 2π

∑
n

Jn(κζ)fNLkn

= 2πi
∑
k1,k2

δ(k− k1 − k2) exp[i(ωk − ω1 − ω2)t]
A1A2

B2
0
V1V2M̂12F

0, (4.7)

where the dominant terms in the operator M̂12 are

M̂12 = (k1 × k2)z
Ωi

kz(Vk − Vz)
[J0(κζ)J0(κ1ζ)J0(κ2ζ)P1(Û2 − Ŵ2)

+V 2
T (ζ/κ)J0(κζ)J ′0(κζ)Ŵ1Ŵ2].

The terms dropped here are of order β and (ω/Ω)2.

5. Nonlinear dispersion equation for KAWs
The expressions derived above provide a full kinetic description of excitation and
three-wave interaction among KAWs in a low-β plasma. With the help of the non-
linear response (4.7), it is possible to calculate perturbed currents and charges in
any plasma component α, provided the quasisteady distribution functions F 0

α are
known. Since the resonant (with waves) particle effect is primarily on the γL and
has only a minor influence on the M̂12, we restrict ourselves to isotropic functions
F 0
α with thermal spreading VTα. In what follows we consider the waves with phase

velocities V 2
Ti� V 2

k � V 2
Te, because strong electron Landau damping prevents the

existence of the KAW eigenmode at V 2
k ≈ V 2

Te.
Taking the equilibrium distribution functions to be Maxwellian for ions and elec-

trons, the calculations of the charge density and current density as velocity-space
integrals by use of (3.9) and (4.7) in (2.3) are straightforward. The resulting Fourier
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components of the linear charge and current perturbations are:

qLek =
ω2
pe

4π

(
− 1
V 2
Te

+ iδe

)(
φk −

Vk
c
Ak

)
, (5.1)

qLik =
ω2
pi

4π

[(
Λ0

V 2
k

+ iδi

)(
φk −

Vk
c
Ak

)
− 1− Λ0

V 2
Ti

φk

]
, (5.2)

jLek =
ω2
pe

4π
Vk

(
− 1
V 2
Te

+ iδe

)(
φk −

Vk
c
Ak

)
, (5.3)

jLik =
ω2
pi

4π
Vk

(
Λ0

V 2
k

+ iδi

)(
φk −

Vk
c
Ak

)
. (5.4)

From the quasineutrality equation (2.1) and Ampère’s law in the z direction
(2.2), we obtain the nonlinear equation for KAWs:(

1− iπ κ
2

K2
k

Te
Ti
V 2
Te

∑
α

nα
n0

me

mα

∂F 0α

∂Vz

∣∣∣∣
Vz=Vk

− ω2
k

k2
zV

2
AK

2
k

)
Ak

=
4π
k2c

[
jNLk − Vk

(
1− Te

Ti

κ2

K2
k

)
qNLk

]
, (5.5)

In the linear approximation, jNL = qNL = 0, we get the well-known KAW disper-
sion relation

ωk = |kz|VAKk, (5.6)

and the (quasilinear) increment (decrement)

γk =
π

2
ωk

κ2

K2
k

Te
Ti
V 2
Te

∑
α

nα
n0

me

mα

∂F 0α

∂Vz

∣∣∣∣
Vz=Vk

. (5.7)

The function

Kk = K(κ) = κ

(
1

1− Λ0
+
Te
Ti

)1/2

determines the dispersive properties of KAWs, Λ0 = I0(κ2) exp(−κ2),

F
0
α = 2π

∫
dV⊥V⊥J

2
0 (k⊥V⊥/Ωα)F 0

α(Vz, V⊥),

κ = k⊥ρi and I0(κ2) is the modif ied Bessel function. The dispersion function Kk

has the following asymptotics:

Kk ∼


1 +

1
2

(
3
4

+
Te
Ti

)
κ2 (κ2� 1), (5.8)(

1 +
Te
Ti

)1/2

κ (κ2� 1). (5.9)

In the above expressions we retain the possibility that in the resonant regions
of velocity space the distribution functions can deviate from the equilibrium ones,
which does not affect the wave dispersion but can change the wave growth (damp-
ing) rate due to Čerenkov resonance, which is important for KAW excitation and
dissipation. Also, the restriction to phase velocities Vk < VTe imposes the upper
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limit κmax ≈ VTe/VA on the possible perpendicular wavenumber of the Alfvén
eigenmode in a me/mi < β < 1 plasma.

As follows from (5.1), the density response of electrons is Boltzmannian owing to
their motion parallel to B0 in the parallel (electromagnetic) potential φk−(Vk/c)Ak.
In the large-wavenumber domain, 1 < κ < κmax, the function Λ0 → 0 and the ion
density response (5.2) becomes Boltzmannian too, but due to ion motion perpen-
dicular to B0 in the perpendicular (electrostatic) potential φk. In this latter case,
one can use the approximation (5.9) for Kk in the KAW dispersion relation (5.6).

6. Canonical equation and coupling coefficients of the three-wave
KAW interaction
In a Maxwellian plasma, the nonlinear (second-order) perturbations of charge den-
sity and current density due to KAWs are calculated as velocity-space integrals by
use of (4.7) in (2.3). Taking into account that the phase velocity of the µth wave,
Vµ = ωµ/kµz, can be positive (Vµ > 0 with kµz > 0) or negative (Vµ < 0 with
kµz < 0), we find the nonlinear current and density response at (k, ωk):

(jσk )NL = n0eVk
iV 2
A

2V 2
Ti

Ωi
ωk

∑
k1,k2

∑
σ1,σ2

δ(σk−σ1k1 − σ2k2) exp[i(σωk − σ1ω1 − σ2ω2)t]

×(s2K2 − s1K1)
(
s1
κ2

1

K1
+ s2

κ2
2

K2
+Kk

)
σ1σ2 (k1 × k2)z

Aσ1
1 A

σ2
2

B2
0

, (6.1)

(qσk )NL = n0e
iV 2
A

2V 2
Ti

Ωi
ωk

∑
k1,k2

∑
σ1,σ2

δ(σk−σ1k1 − σ2k2) exp[i(σωk − σ1ω1 − σ2ω2)t]

×Kk (s2K2 − s1K1)σ1σ2 (k1 × k2)z
Aσ1

1 A
σ2
2

B2
0

, (6.2)

where sµ = ∓1 for kµz ≶ 0 (µ = k, 1, 2), and kz is chosen to be > 0. The summation
over σ1, σ2 = ±1 introduces complex conjugate terms A+1

µ ≡ Aµ and A−1
µ ≡ A∗µ,

because only real parts should be taken for physical quantities entering binary
combinations. Subsequent substitution of (6.1) and (6.2) into (5.5) leads to the
dynamic equations for the Fourier amplitudes:(

∂

∂t
− γk

)
Aσk

=
∑
k1,k2

∑
σ1,σ2

δ(σk−σ1k1 − σ2k2)δ (σωk − σ1ω1 − σ2ω2)U (k, k1, k2)Aσ1
1 A

σ2
2 , (6.3)

with the matrix element of three-wave interaction

U (k,k1,k2) =
VA
4B0

(s1K1 − s2K2)
Kk

κ2

(
s1
κ2

1

K1
+ s2

κ2
2

K2
+
κ2

Kk

)
σ1σ2 (k1 × k2)z . (6.4)

In equation (6.3) we have restored the time derivative, making the inverse substi-
tution ωk → −i∂/∂t.

The expression (6.4) for the coupling coefficients is the main mathematical result
of the present paper. We see from (6.4) that three-wave resonant interaction among
KAWs is ‘local’ in k space, i.e. the wavenumbers of effectively interacting KAWs
are of the same order, k⊥ ≈ k1⊥ ≈ k2⊥. Note that a non-zero value of U (k,k1,k2)
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and a nonlinear (three-wave) coupling among KAW triads become possible owing
to the finite value of the ‘kinetic factor’ κ. In MHD Alfvén waves κµ = 0, making
K = K1 = K2 = 1, so that U (k,k1,k2) = 0 for resonant triads, in agreement
with the well-known fact that three-wave resonant interaction is impossible among
ideal-MHD Alfvén waves.

The matrix element U (k,k1,k2) is the key mathematical object in the nonlinear
wave theory. Once the matrix element has been found, one can follow theoretical
methods developed earlier to study the nonlinear properties of a given mode. Using
the expressions (6.3) and (6.4), in the next section we study the parametric decay
of KAWs, which is very important in the processes of nonlinear saturation of KAW
instabilities and in KAW spectral spreading.

7. Parametric decay of KAWs

The decay instability KAW → KAW + KAW in a hot plasma has been examined
by Erokhin et al. (1978), followed by other authors, but the common approach so
far has been some kind of two-fluid MHD. Here we present the first study of KAW
decay instability for an arbitrary value of the kinetic parameter κ, based on the
coupling coefficient (6.4) found from plasma kinetic theory.

Let us consider a pump KAW with frequency ωk, wave vector k, and amplitude
Ak, propagating in the z-axis direction, i.e. kz > 0. It follows from (6.3) that the
waves (ω1,k1, A1) and (ω2,k2, A2) can effectively interact with the pump provided
that the resonant conditions

k1 + k2 = k, (7.1a)

ω1 + ω2 = ωk (7.1b)

are satisfied. The dynamical equations for waves 1 and 2, coupled via the parametric
pump wave, are (

∂

∂t
− γ1

)
A1 = −U (k1,k,−k2)AkA∗2 ; (7.2)

(
∂

∂t
− γ2

)
A∗2 = −U (−k2,−k,k1)A∗kA1. (7.3)

Acting with the operator ∂/∂t − γ2 on (7.2) and excluding A∗2 by use of (7.3), we
get an equation for the amplitude A1 (the same equation for the amplitude A2 is
obtained in the same way):[
∂2

∂t2
− (γ1 + γ2)

∂

∂t
+ γ1γ2

]{
A1

A2

}
=U (k1,k,−k2)U (−k2,−k,k1) |Ak|2

{
A1

A2

}
A1A2.

(7.4)
An exponential, ∝ exp(δt), solution to (7.4) has

δ =
γ1 + γ2

2
±
[(

γ1 − γ2

2

)2

+ γ2
NL

]1/2

,
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Figure 1. Two possible channels for decay of the pump KAW k: (i) decay into two parallel-
propagating KAWs k → 1+2 (k1z > 0, k2z > 0); (ii) decay into two counterstreaming KAWs
k → 1′ + 2′ (k1z > 0, k2z < 0), where we have assumed 1′ = 1 for simplicity. The dispersion
of the MHD Alfvén wave ω = kzVA is shown for reference.

where the rate of nonlinear interaction

γ2
NL = Ω2

i

(
VA

4VTi

)2
K1K2(K2 − s2Kk)(s1Kk −K1)

κ2κ2
1κ

2
2

(
s1
κ2

1

K1
+ s2

κ2
2

K2
+
κ2

Kk

)2

× |κ1 × κ2|2z
∣∣∣∣BkB0

∣∣∣∣2 , (7.5)

and waves 1 and 2 grow if

δ > 0. (7.6)

For the rate of nonlinear interaction γNL to be real, i.e. γ2
NL > 0, the dispersion

functions Kµ must satisfy the following decay condition:

(K2 − s2Kk)(s1Kk −K1) > 0. (7.7)

In the case of weak wave–particle interaction, γ1, γ2 � γNL, the growth rate of
waves 1 and 2 is determined by the rate of nonlinear interaction: δ ≈ γNL. A
discussion of decay conditions and a presentation of the decay increment in general
form (Stenflo 1994) will be given in Sec. 8.

The decay condition (7.7) implies that at least one dispersion function of the
decay products should be less than the dispersion function of the pump wave
(γ2
NL < 0 for arbitrary s1 and s2 if both K1 and K2 > Kk). In what follows we

choose K1 < Kk; then decay is possible (i) into parallel-propagating decay KAWs,
k1z > 0, k2z > 0 (s1 = s2 = 1), and (ii) into counterstreaming decay KAWs, k1z > 0,
k2z < 0 (s1 = 1, s2 = −1) (here kz > 0 is chosen for the pump wave). The corre-
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sponding parallelograms in the (ω, kz) plane, based on triplets in the KAW spectra,
are shown in Fig. 1.

Let as consider these two cases separately.

7.1. Parallel-propagating decay KAWs (k1z > 0, k2z > 0)

As follows from (7.7) with s1 > 0 and s2 > 0, the decay process involving parallel-
propagating KAWs (ωk,k, Ak) → (ω1,k1, A1) + (ω2,k2, A2) can take place if the
dispersion functions of the decay productsK1 andK2 bound the dispersion function
Kk of the pump KAW:

K1 < Kk < K2. (7.8)

Since the function K is a monotonic function of its argument κ, we come to the
conclusion that the wavenumbers of the interacting waves must satisfy the following
ordering:

0 < k1⊥ < k⊥ < k2⊥ < 2k⊥. (7.9)

The last inequality here follows from combination of the resonant condition for
wave vectors with the second inequality.

For KAWs with weak dispersion, κ2, κ2
1, κ

2
2 � 1, we use the asymptotic (5.8) in

(7.5):

γNL = Ωi
VA

8VTi

(
3
4

+
Te
Ti

)
(κ2 + κ2

1 + κ2
2)[(κ2

2 − κ2
k)(κ2

k − κ2
1)]1/2

κκ1κ2

× |κ1 × κ2|z
∣∣∣∣BkB0

∣∣∣∣ (7.10)

For KAWs with strong dispersion, κ2, κ2
1, κ

2
2� 1, we use the asymptotic (5.8) in

(7.5):

γNL = Ωi
VA

4VTi

(
1 +

Te
Ti

)1/2

×κ + κ1 + κ2

κ

[
(κ2 − κk)(κk − κ1)

κ1κ2

]1/2

|κ1 × κ2|z
∣∣∣∣BkB0

∣∣∣∣ . (7.11)

Maximizing the above expressions for γNL with respect to the wavenumbers of
the decay products, one can obtain the rate of resonant decay instability of KAWs,
giving a good approximation for the rate of three-wave interaction in k-space. The
result is

γNLk = 0.375Ωi
VA
VTi

κ3

∣∣∣∣BkB0

∣∣∣∣ , (7.12)

with κ1 = 0.717κ and κ2 = 1.49κ for κ2� 1, and

γNLk = 0.25Ωi
VA
VTi

κ2

∣∣∣∣BkB0

∣∣∣∣ , (7.13)

with κ1 = 0.726κ and κ2 = 1.465κ for κ2� 1. Here we take Te = Ti for simplicity.
The expressions (7.12) and (7.13) show a strong dependence of the interaction rate
on the perpendicular wavenumber.

https://doi.org/10.1017/S0022377898007090 Published online by Cambridge University Press

https://doi.org/10.1017/S0022377898007090


Three-wave coupling and parametric decay of kinetic Alfvén waves 509

7.2. Counterstreaming decay KAWs (k1z > 0, k2z < 0)

In this case for weakly dispersing waves, κ2 � 1, instead of (7.10) and (7.12), we
have

γNL = Ωi
VA

4VTi

(
3
4

+
Te
Ti

)1/2 (κ2 + κ2
1 − κ2

2)(κ2 − κ2
1)1/2

κκ1κ2
× |κ1 × κ2|z

∣∣∣∣BkB0

∣∣∣∣ , (7.14)

with maximum growth rate

γNLk = 0.28Ωi
VA
VTi

κ2

∣∣∣∣BkB0

∣∣∣∣ (7.15)

at κ1 = 0.776κ and κ2 = 0.442κ.
For strong wave dispersion, κ2� 1,

γNL = Ωi
VA

4VTi

(
1 +

Te
Ti

)1/2

×κ + κ1 − κ2

κ

[
(κ2 + κk)(κk − κ1)

κ1κ2

]1/2

|κ1 × κ2|z
∣∣∣∣BkB0

∣∣∣∣ (7.16)

with maximum growth rate

γNLk = 0.18Ωi
VA
VTi

κ2

∣∣∣∣BkB0

∣∣∣∣ (7.17)

at κ1 = 0.707κ and κ2 = 0.704κ.

Comparing (7.12) with (7.15), and (7.13) with (7.17), we come to the conclusion
that in the long-wavelength domain decay is much more effective into counter-
streaming KAWs than into parallel-propagating KAWs In contrast, in the short-
wavelength domain decay into parallel-propagating KAWs dominates, although
the difference is not so large (by a factor of 1.6).

Let us estimate the threshold amplitude for decay instability in a Maxwellian
plasma when the growth of decay products due to nonlinear coupling via the pump
is balanced by their electron Landau damping. In a uniform plasma, the threshold
amplitude for the pump to excite waves 1 and 2 is obtained from the marginal decay
condition (7.6), γ1γ2 = γ2

NL, where γ1 and γ2 are to be determined from (5.7). In a
Maxwellian plasma, the electron Landau damping

γLk = −ωk
(
π

8

)1/2
VA
VTe

κ2

Kk
, (7.18)

and the threshold amplitude is∣∣∣∣BkB0

∣∣∣∣
thr
≈ 3.1

(
me

mi

)1/2
ω

Ωi

κ1κ2

κ2

(
k1zk2z

k2
z

)1/2 1
K

(
× 1

2κ
for κ < 1; s = 1

)
=
(
me

mi

)1/2
ωk
Ωi
csκ

σs , (7.19)

where s ≡ s2 and k1zk2z/k
2
z is expressed in terms of Kµ (see below) and estimated,

resulting in c−1 ≈ 0.4, σ−1 = 1 for κ < 1 and c−1 ≈ 0.5, σ−1 = −1 for κ > 1 (s = −1
for counterstreaming KAWs); and c1 ≈ 0.7, σ1 = −1 for κ < 1, and c1 ≈ 1.1,
σ1 = −1 for κ > 1 (s = 1 for parallel-propagating KAWs). Equation (7.19) shows
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the main tendency for the threshold to decrease with lower frequencies and/or
higher perpendicular wavenumbers.

Equations (7.12)–(7.19) clearly demonstrate a unique feature of low-frequency
(ωk/Ωi . 0.2) KAWs with κ ≈ 1 to become nonlinear at very small amplitudes
Bk/B0 . 10−3: even smaller than those predicted by Hasegawa and Chen (1992)
on the basis of qualitative arguments.

One should note that, although decay of the κ2� 1 pump into counterstreaming
KAWs is local in k⊥-space, it is non-local in kz-space because |k2z| /kz . κ2 � 1.
Thus this decay becomes impossible in a non-uniform plasma if the (large) parallel
wavelength of counterstreaming (decay) KAWs appears to be comparable to the
inhomogeneity scale: |k2z|−1 ≈ Lz. This places a restriction on the pump wavenum-
bers:

kzκ
2 > L−1

z . (7.20)

Also, the efficacy of this decay channel in a non-uniform plasma may be reduced
by the finite correlation length along field lines, Lc . Lz. Namely, from the con-
dition that the waves should overlap during the growth time, γNLk > VA/Lc, we
estimate the corresponding threshold for decay into counterstreaming KAWs as∣∣∣∣BkB0

∣∣∣∣
thr
≈ 2.5β1/2(kzκ2Lc)−1ωk

Ωi
, (7.21)

which is rather high compared with (7.19) near the upper boundary of the condition
(7.20) (i.e. for waves of low kzκ

2).

8. Discussion
The decay condition (7.7) follows directly from the resonant conditions (7.1). In-
deed, using in (7.1) the KAW dispersion relation (5.6), we get

|k1z|K1 + |k2z|K2 = |k1z + k2z|Kk = ± (s1 |k1z| + s2 |k2z|)Kk,

or
±s1Kk −K1

K2 ∓ s2Kk
=
|k1z|
|k2z|

> 0,

resulting in (7.7). Therefore the decay condition (7.7) holds automatically for three-
wave resonant interaction; this means that the expression (7.5) can be written as a
squared quantity, in perfect agreement with general three-wave interaction theory
(Stenflo 1994). In more detail, noting that

(K2 − s2Kk) (s1Kk −K1) =
[(k1z + k2z)K2 − s2kzKk] [s1kzKk − (k1z + k2z)K1]

k2
z

=
[s1 |k1z|K2 + s2 (ω2 − ωk) /VA] [s1 (ωk − ω1) /VA − s2 |k2z|K1]

k2
z

=
|k1z| |k2z|

k2
z

(s1K2 − s2K1)2 ,

we can rewrite (7.5) in the form

γ2
NL =

ω1ω2 |V |2

W1W2
,
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where Wk = |Bk|2 /4π is the KAW energy, and

V =
VA
VTi

Ωi
ωk

Kk(s1K2 − s2K1)
κκ1κ2

(
s1
κ2

1

K1
+ s2

κ2
2

K2
+
κ2

Kk

)
(κ1 × κ2)z

Bk
B0

B1B2

16π
.

It is interesting to compare the results of kinetic theory in the limit κ2 � 1
with those obtained in the past by use of the two-fluid MHD approach. To do this,
we note that only parallel propagation of interacting KAWs has been implicitly
implied previously (Erokhin et al. 1978; Voitenko 1989; Volokitin and Dubinin 1989;
Yukhimuk and Kucherenko 1993). It appears that the result by Erokhin et al. (1978)
is less than (7.10) by a factor of 1.75, and the decay instability condition is the same
as (7.9). An expression for |γNL| that is close to (7.10) (within a factor of 0.875)
have been found by Volokitin and Dubinin (1989) and Yukhimuk and Kucherenko
(1993), but, because of minor algebraic errors, an opposite sign of γ2

NL results in
a different instability condition, k1⊥ < k2⊥ < k⊥. This last condition evidently
cannot be satisfied for resonant decay including parallel-propagating KAWs (it is
incompatible with the matching conditions ωk = ω1 + ω2 and k = k1 + k2).

The dependence γNL ∝ k3
⊥ is the common result for all the above-mentioned

papers investigating parallel-propagating (k1z > 0, k2z > 0) waves for κ2
i � 1.

However, as we have shown in the previous section, it is much more effective for
the κ2 � 1 pump to excite two counterstreaming KAWs (k1z > 0, k2z < 0), in
which case a κ−1 times larger growth rate and γNL ∝ k2

⊥ dependence are found.
One should keep in mind the non-local character of this decay channel in kz space,
making it more sensitive to the effects introduced by plasma inhomogeneity.

As κ approaches 1, the growth rates of these two decay channels become of the
same order of magnitude, and for κ > 1 the decay into parallel-propagating waves
dominates.

9. Applications
(i) Kinetic Alfvén waves of a large amplitude Bk/B0 = 10−2–10−3, propagating
along the geomagnetic field lines in the auroral zones of the Earth’s magnetosphere,
have been observed by satellites at altitudes h = (0.1–2)×104 km on a background of
large-scale field-aligned currents (Gurnett et al. 1984; Dubinin et al. 1988). Current-
driven instability of KAWs can develop at altitudes h = (2–4)× 104 km and excite
the observed wave flux (Voitenko et al. 1990). For the magnetospheric conditions at
h = 4× 109 cm, where Ωi ≈ 10 s−1, VA ≈ 108 cm s−1, ρi ≈ 2× 106 cm and Ti = Te,
the exciting waves have wavenumbers k⊥ρi ≈ 0.5 and kzρi ≈ 0.05, and amplitudes
Bk/B0 ≈ 2.5× 10−3.

Let us consider the parametric decay of these KAWs, propagating towards the
Earth. Using the above parameters in (7.15), we find a growth rate γNLk ≈ 0.025
s−1. Since the decay growth time, τNL ≈ 1/γNLk ≈ 40 s, is less than the Alfvén-wave
propagation time, τA = ∆h/VA = 50–100 s, we conclude that KAWs excited at the
distant magnetosphere undergo a parametric decay instability, and the observed
wave spectra should be modified by three-wave couplings among KAWs.

With a field-aligned inhomogeneity Lz ≈ 104 km at h = (1–4) × 104 km, we see
that the conditions (7.20) and (7.21) are easily satisfied, while the Landau threshold
(7.19) places a restriction on the frequencies of unstable waves, ω/Ωi . 0.5, provided
their amplitudes are Bk/B0 ≈ 2.5×10−3. The lowest frequency (of the antiparallel-
propagating KAWs) is well above the decay growth rate, ω2 ≈ 0.5κ2ω ≈ 0.5 s�
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γNLk ≈ 0.025 s−1, and hence the weak-interaction approach is justified. Note that
the modified decay instability, including a very low-frequency wave ω2 < γNLk
(Dubinin et al. 1988; Volokitin and Dubinin 1989), has too long a growth time,
about 200 s, and thus cannot develop in our case.

(ii) Although the problem of coronal heating, especially in active regions, has
not yet received a definite answer, heating by an Alfvèn-wave flux seems to be the
most realistic mechanism. An energy flux F ≈ 108 erg cm−2 s−1 is required to heat
active-region coronal loops of length L ≈ 5 × 109 cm, where Te ≈ Ti ≈ 5 × 106 K
(Kano and Tsuneta 1996). Then, taking as typical for coronal loops B0 = 100 G and
VA = 108 cm s−1, we get the wave amplitude Bk/B0 = 3.5×10−2 and corresponding
(non-thermal) plasma velocity Vpl = 35× 105 cm s−1. It is interesting to note that
observed non-thermal broadening of spectral lines yields the same root mean square
velocities Vpl = (25–45)× 105 cm s−1 (Saba and Strong 1991).

The common difficulty of all heating mechanisms incorporating Alfvén waves is
their weak dissipation in the strong magnetic field B0 ≈ 100 G. We suggest that
this problem may be eliminated in a plasma with transverse (⊥ B0) inhomogeneity
of the Alfvén speed (scale LA ≈ 106 cm), where the growth of transverse wavenum-
ber k⊥ ≈ (ωk/LA) t brings about a kinetic effect of Landau damping (7.18) for
ωk & 1 s−1, or enhanced collisional dissipation for ωk < 1 s−1 (Voitenko 1994).
Then the condition of effective wave dissipation over a loop length L (& 109 cm),
γLk & VA/L, gives κ2ωk & VTe/L. Such a wave also becomes nonlinearly unstable
if γNLk & VA/L. Taking (7.15) for γNLk , we find that the condition for decay in-
stability of KAWs, heating coronal loops, is satisfied in a wide frequency range
ωk < 0.3 (VTe/ρi)Bk/B0 ≈ 0.5 × 106 s−1, covering the whole MHD spectrum.
Therefore the nonlinear spreading and turbulent character of Alfvén-wave spectra
should be taken into account when investigating plasma heating and current drive
in coronal loops (see e.g. Elfimov et al. 1996).

10. Conclusions
A dynamic equation governing the weak interaction between KAWs in a low-β
plasma has been derived using a plasma kinetic model. This allowed us to keep
kinetic and dispersive finite-ion-Larmor radius corrections in the nonlinear disper-
sion relation for KAWs. The general expression for the coupling coefficient of the
three-wave resonant interaction among KAWs with arbitrary values of the kinetic
variable κ has been calculated, and the growth rate and threshold amplitude of the
KAW decay instability in a Maxwellian plasma have been obtained. In the limit
k2
⊥ρ

2
i � 1 we found the growth rate scaling ∝ k2

⊥, more favourable for three-wave
resonant decay than the scaling previously elaborated, ∝ k3

⊥. The first study of
parametric KAW instability in the domain k⊥ > ρ−1

i has been presented, where
the same growth-rate behaviour, ∝ k2

⊥, is found. These results show a growing
efficiency of the three-wave interaction among Alfvén waves with growing k⊥.

The remarkable tendency of KAWs towards nonlinear destabilization at very
low amplitudes may be responsible for the turbulent character of waves observed
in different regions of space, such as the Earth’s magnetosphere and solar coronal
loops. At the same time, magnetospheric turbulence is sometimes observed in a
relatively high-β plasma, when waves with a significant compressional magnetic
component arise (Anderson et al. 1990). One should note that an essential feature
of the present paper (and many previous papers) is the restriction to the case of
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a low-β plasma, making it possible to decouple compressible modes, which greatly
simplifies calculations, allowing the use of a plasma kinetic model. In the above-
mentioned more general cases of high β, one should use different nonlinear models
(see e.g. Shukla and Stenflo 1995).

As follows from the decay conditions, the initial tendency of the spectral energy
spreading is into both higher and lower wavenumbers, but the dominant direction
of the energy cascade is still to be determined. Together with the finding of weak
turbulent spectra, this is the aim of the accompanying paper (Voitenko 1998).
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