JOURNAL OF FINANCIAL AND QUANTITATIVE ANALYSIS Vol. 56, No. 6, Sept. 2021, pp. 2039-2071
© THE AUTHOR(S), 2020. PUBLISHED BY CAMBRIDGE UNIVERSITY PRESS ON BEHALF OF THE MICHAEL G. FOSTER
SCHOOL OF BUSINESS, UNIVERSITY OF WASHINGTON

doi:10.1017/5S0022109020000642

Dynamic Compensation Under Uncertainty
Shocks and Limited Commitment

Felix Zhiyu Feng
University of Washington Foster School of Business
ffeng@uw.edu (corresponding author)

Abstract

This article studies dynamic compensation and risk management under cash-flow volatility
shocks. The optimal contract depends critically on firms’ ability to make good on promised
future payments to managers. When volatility is low, firms with full commitment ability
implement high pay—performance sensitivity to motivate effort from managers, and they
impose large penalties on the arrival of volatility shocks to incentivize prudent risk man-
agement. In contrast, firms with limited commitment may allow excessive risk taking in
exchange for low pay—performance sensitivity. When volatility becomes high, firms with full
commitment defer compensation more, whereas firms with limited commitment must expe-
dite payments.

. Introduction

Firms today rely heavily on incentive pay, which constitutes the majority of
overall firm cost as well as total employee compensation. Economically, the prev-
alence of incentive pay stems from the uncertainty over how managers’ perfor-
mance reflects their true effort. Moreover, uncertainty shocks have been argued as
an important contributing factor to business cycles. In particular, many studies (e.g.,
Bloom (2009), He and Krishnamurthy (2013), Atkeson, Eisfeldt, and Weill (2017),
and Di Tella (2017)) document the sudden and drastic escalation of uncertainty as a
prominent feature of financial crises, during which times corporate compensation
practices usually come under intense public scrutiny.

Despite the importance of understanding the relationship between compensa-
tion and uncertainty, theoretical models that study this relationship have been
mostly static (e.g., Diamond (1998), Biais and Casamatta (1999), and Palomino
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and Prat (2003)). Recently, the continuous-time contracting techniques pioneered
by DeMarzo and Sannikov (2006), Biais, Mariotti, Plantin, and Rochet (2007), and
Sannikov (2008) allow the study of dynamic agency and risk management while
maintaining analytic tractability. However, among existing models, the uncertainty
shock either terminates the contract immediately (DeMarzo, Livdan, and Tchistyi
(2013)) or is assumed to be transitory (Li and Williams (2018), Wong (2019)),
leaving the contracting environment unchanged before and after the shock. Argu-
ably, neither approach is ideal when uncertainty shocks represent persistent changes
to economic regimes, as in the case of financial crises. Moreover, all of the
aforementioned studies assume that firms have perfect commitment power, which
is generally hard to come by in practice.! Importantly, the concern over firm
commitment varies with the degree of uncertainty and is likely the greatest when
uncertainty is high and firm value is low.

The innovation of this article is thus twofold: First, it offers a theoretical
framework that studies the dynamic interactions between compensation and
permanent uncertainty shocks. The basic structure involves a principal-agent model
with multidimensional moral hazard and regime switching in uncertainty. Second,
the article highlights the importance of commitment power on the principal’s side
when reconciling the theoretical predictions with empirical observations. In par-
ticular, the predictions of the model when the principal has only limited commit-
ment power may shed new light on managerial compensation and risk choices in
practice, especially during crisis times.

In the baseline model, a firm hires a manager to run its operations. The
manager privately controls the productivity and riskiness of the firm’s operations.
Riskiness is modeled as the arrival intensity of a volatility shock, after which the
firm’s cash flows become permanently more volatile. The firm must offer sufficient
incentives to the manager to not only work hard to achieve high productivity but
also to exercise prudence to achieve low risk because the manager would prefer to
do neither. The contract uses promises of future compensation, that is, the man-
ager’s continuation utility, to provide the necessary incentives. Continuation utility
increases whenever the firm realizes high cash flows and is not hit by the volatility
shock, and it decreases otherwise. Once it clears a “payment” hurdle, the manager
gets to cash out the difference (in the forms of cash bonuses or stock dividends);
once it falls below a “termination” hurdle, the manager is fired.

Absent any other contracting friction, the optimal contract of the baseline
model implements low risk from managers by imposing a large penalty for the
arrival of the volatility shock and uses high pay—performance sensitivity (PPS) as an
incentive for high productivity. When the volatility shock arrives, the contract
raises the payment hurdle. This means that the manager must achieve stronger
cumulative performance before receiving actual payments, effectively making the
manager’s compensation more back-loaded during high-volatility times.

"For example, at-will employment is ubiquitous in many countries: Firms can terminate employment
contracts without having to establish just cause or give warning. They may default on labor contracts
because of limited or costly access to financial markets (e.g., Palacios and Stomper (2014), Ellul,
Pagano, and Schivardi (2017)). Finally, firms can also liquidate at any time, after which they are no
longer liable for any future compensation promised to employees.
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This benchmark theoretical prediction, however, does not reconcile with
empirical findings on how managerial compensation varies with firm risk. For
example, Peters and Wagner (2014) show that at the industry level, higher volatility
of equity value is strongly associated with higher current compensation, whereas
Edmans, Gabaix, and Jenter (2017) find a similar relationship based on firm-level
volatility.” The financial sector’s behavior during the Great Recession is also at
odds with the benchmark result. Despite being in a period of heightened uncer-
tainty, many firms actually expedited their employees’ compensation.® Overall,
huge losses of company wealth notwithstanding, many bankers and executives
accused of being responsible for leading their firms into financial turmoil still
received substantial compensation. Public questioning of the fairness of the current
compensation structure and scholarly debate over its efficiency, unsurprisingly,
ensued.

In light of these observations, I reexamine the implications of uncertainty for
compensation and find that the discrepancy between the benchmark predictions and
actual observations stems from an overlooked but critical market friction: firms’
ability to commit to long-term incentive contracts. I show that the theoretical
predictions of the model are drastically different when firms have only limited
commitment, that is, when they can unilaterally terminate contracts at any time.
Limited commitment restricts firms’ ability to use promises of future payments as
incentives, exacerbating the moral-hazard problem. Consequently, firms with lim-
ited commitment may forgo prudent risk management in order to reduce the
incentive necessary to maintain high productivity. In other words, they may allow
excessive risk taking in exchange for the low PPS needed. When the volatility shock
arrives, the total surplus of the contractual relationship decreases, and firms with
limited commitment are forced to Jower the payment hurdle and award managers
cash payments after small positive performance. That is, managers’ compensation
becomes less back-loaded during high-volatility times.*

The results of this article have potential policy implications. High compensa-
tion during financial turmoil is often regarded as a sign of managerial entrenchment
and suboptimal contracts. In the aftermath of the Great Recession, many blame the
managerial compensation scheme for not aligning managers’ interests with those of
investors, and the widely touted solution is delaying and capping executive com-
pensation.’ However, the effectiveness of such measures hinges on the credibility of
firms’ promises to pay the full value in the future. If managers believe that firms’

2See Edmans and Gabaix (2016) for a summary of existing theories and empirical findings on
volatility and managerial compensation.

3For example, Bank of America announced in 2009 that it would accelerate the vesting period of its
employees’ stocks from 2012 to 2011, stating that such action is “critical for retention of talent” during
volatile times. Deloitte reported instances of financial firms lowering performance hurdles during the
crisis so that employees would still be entitled to payments such as bonuses. See Forbes Insights (2009)
and Management Today (2010).

“These managers are, however, simultaneously subject to a higher probability of contract termina-
tion. The overall effect of the volatility shock on their continuation utility is still negative. As such, those
payments should not be construed as a “reward” for excessive risk taking.

SFor instance, the Troubled Asset Relief Program (TARP) limits the ability of the executives of
TARP firms to cash out their restricted stocks until the government is repaid in full. See TARP Standards
for Compensation and Corporate Governance, 74 Fed. Reg. 28,394, 28,410 (June 15, 2009).
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ability to deliver on promised future payments will be compromised during times of
stress when investors withdraw investment, they will demand even higher and more
immediate compensation during such times. Moreover, the lack of commitment can
limit the extent to which risk-taking behaviors will be penalized and may in turn
lead managers to expose firms to even greater risks ex ante.

This article bridges several strands of literature. It follows DeMarzo and
Sannikov (2006), Biais et al. (2007), Sannikov (2008), and Zhu (2013) in modeling
productivity management. It belongs to the broad research on risk management in
static settings (e.g., Diamond (1998), Biais and Casamatta (1999), Palomino and
Prat (2003), Hellwig (2009), and Ray and Robson (2012)) and in dynamic settings
(Makarov and Plantin (2015), Barron, Georgiadis, and Swinkels (2020)). These
studies typically have a 1-dimensional agency problem: The agent either chooses
effort or risk. In contrast, this article allows the agent to take both actions privately.
The agent’s risk choice is modeled as the arrival intensity of a regime switch of cash-
flow volatility, adopting the technique from Hoffmann and Pfeil (2010), Piskorski
and Tchistyi (2010), Narita (2011), and DeMarzo, Fishman, He, and Wang (2012).
These studies, however, assume exogenous probability of the regime switch,
whereas this article features endogenous probability and hence endogenous risk-
taking incentives.

The interaction of dynamic productivity and risk management in this article
shares the most similarities with DeMarzo et al. (2013), Li and Williams (2018), and
Wong (2019) but with critical differences. First, a central message of DeMarzo et al.
(2013) and Wong (2019) is that incentives for high productivity increase the agent’s
desire for excessive risk taking. Consequently, high effort and efficient risk man-
agement may not be simultaneously feasible. In my model, incentives to prevent
excessive risk taking lead to stronger incentives being required to maintain high
productivity. The optimal contract may forgo efficient risk management even when
it is jointly feasible with implementing high productivity. Put differently, whereas
existing studies consider two mechanisms that determine the optimal risk choice,
incentive compatibility (IC) and the agent’s limited liability, I consider an additional
mechanism: the principal’s optimality. Second, the “risky” events in Li and Williams
(2018) and Wong (2019) incur an exogenous amount of capital/cash-flow losses.
This implies that the effect of the risky event is transitory: Each event results
in some loss of the agent’s continuation utility (the state variable), but the contract-
ing environment is the same before and after the occurrence of such an event. This
article, in contrast, considers a persistent shock from which the loss of firm value is
endogenous because of the difficulty of maintaining high productivity in the high-
uncertainty state. The contracting relationship can continue after the volatility
shock arrives, but the environment is different. This also differs from DeMarzo
et al. (2013), in which the risky event exogenously terminates the contract imme-
diately. Consequently, the model of this article is arguably more suitable for
studying the compensation and risk-management practices following market-wide
events such as financial crises.

Finally, all of the aforementioned studies assume full commitment on the part
of the principal, whereas my article highlights that the implications of uncertainty
for managerial compensation are distinctly different under limited commitment.
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To the best of my knowledge, this is the first article to jointly consider
2-dimensional dynamic moral hazard (productivity and risk management) in the
presence of volatility regime switching and limited commitment.

The article evolves as follows: Section I describes the main model and the
optimal contract. Section III derives the model implications and discusses their
empirical relevance. Section [V explores several extensions. Section V concludes.
All proofs are in Appendix A.

Il. Model

The model is introduced in 2 steps. First, I describe a principal-agent envi-
ronment with volatility regime switching and characterize the optimal contract,
assuming that the principal has full commitment power. Then, I relax the assump-
tion of full commitment power and derive the new resulting optimal contract.

A. Basic Environment

Time is continuous. A principal (she), representing a firm, must hire an agent,
representing a manager (he), to run a project. Both the principal and the agent are
risk neutral. The cash flow Y, of the project is as follows:

(1) dYt:(lu_St)dt"_O-tdZt,

where Z; is a standard Brownian motion. The agent manages the cash-flow
growth rate, or the productivity of the project, via a binary variable s,€{0,S}
(S >0), representing active productivity management (i.e., high cash-flow growth
1) and passive productivity management (i.e., low cash-flow growth x—S). In
standard moral-hazard problems, these are often referred to as “working” and
“shirking.” Shirking results in lower productivity but also private benefit (specified
later) for the agent. The principal observes Y, but not s,. She discounts future cash
flows by r and the agent by y >, so the agent is more impatient. The agent is
protected by limited liability via an outside option with a value normalized to
0. The principal has an outside option V' >0, which can be interpreted as the
firm’s liquidation value or the net profit from firing the old manager and hiring a
new one.

The volatility of the cash flow, o;, is stochastic, taking one of two values, a;
or oy, where o; < gy, representing, respectively, “normal” and “crisis” times. For
simplicity, I assume that the economy starts with o; and transitions to oy, the arrival
of which is characterized by a Poisson (jump) process N;. The oy, state is absorbing
(no jumping back to o;), but the main results of this article remain under recurring
states (details available from the author). Because there can be at most one state
transition in equilibrium, I refer to it as the volatility shock. This volatility shock can
be contracted on because it is publicly observable.

The arrival intensity of the volatility shock is an endogenous choice of the
agent. | assume that the shock arrives with Poisson rate 7 + a, where = > 0, and
a€{0,4} is a binary choice between a prudent action (low risk) and a risky action
(high risk), respectively. The agent chooses a privately and derives personal benefit
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by opting for the risky action. Here, a can be understood as the agent’s risk
management, and @ = A represents excessive risk taking that is undesirable to the
principal but can only be eliminated through effort that is costly for the agent.®
Because there is a positive probability (z > 0) that a volatility shock will arrive even
if the agent acts prudently, the agent’s actual risk-management choice remains
unobservable to the principal. Finally, there is no risk-management choice after
the volatility shock arrives because the o, state is absorbing.

In sum, the agency problem (in the low-volatility state) is 2-dimensional:
It can manifest in the agent’s productivity-management choice s and in his risk-
management choice a. I assume the agent’s personal benefit, denoted as B(s,a), has
the following properties:

Assumption 1. B(0,0) =0; B(S,0) =4S, 1€(0,1); B(0,4) =4, 6€(0,1); and

0*B(s,a)
0.
dsda <

In words, the agent prefers not to “work hard” in general, whether the job is
to maintain a high level of productivity (s =0) or a low level of risk (a =0).
He derives no personal benefit from the (s =0,a =0) action profile and enjoys
maximum personal benefit by avoiding both management duties. However, the
personal benefit of avoiding one duty and that of avoiding the other are (imperfect)
substitutes, captured by the negative cross-derivative. If the action space is con-
tinuous, this is equivalent to the personal-benefit function being jointly concave in
the two choice variables. This is economically reasonable: Concave personal
benefit is necessary for a well-defined, socially optimal choice of actions. In the
case of binary actions, a jointly concave private benefit B(s,a) implies that
max {AS,54} < B(S,4) <AS+04.7

An important result to be derived in this article is that although both low
productivity and excessive risk are socially suboptimal, it may not be optimal for the
principal to prevent both. To reduce the complexity of the analysis, for most of the
article, I impose the following assumption:

Assumption 2. S is sufficiently large such that the principal always prefers to
implement high productivity (s = 0).

5One can also interpret 7 as systemic risk and a as idiosyncratic risk. Although the elimination of the
latter is possible, it requires due diligence on the part of the manager, which is personally costly to him.

”An example of B(s,a) that s‘atisﬁes Assumption 1 is the constant elasticity of substitution (CES)
function B(s,a) = [(As)’ + (6a)’} with p > 1. Alternatively, one can write the model in terms of costly
effort, and the assumption would be that the cost function is jointly convex: The marginal cost of effort in
maintaining high productivity is increasing with the level of effort in sustaining low risk. The model is
written based on personal benefits mainly because of its simpler exposition: The term B(s;,a;)dt in
equation (3) and the term da in equation (8) are both 0 under IC. If the model is written based on costly
effort, there would be extra terms in equations (3), (8), and (9) and a number of other places. Appendix B
shows that the assumption of joint concavity or convexity is equivalent to a risk-averse agent with a
nonadditive utility function and a continuous-action space.
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This is a standard simplification, particularly in studies that also involve risk
management (e.g., DeMarzo et al. (2013), Wong (2019)). Detailed discussion on
the exact requirement for high productivity to be always optimal is provided in
Section IV.

B. Incentive Compatibility

To find the optimal contract, it is necessary to establish the IC conditions first.
Formally, let (€,F,P) denote the probability space and {F,},,, the filtration
generated by the cash-flow history {¥,},., and the state-transition history {N,} 5.
A contract specifies a nondecreasing payment process {Ci} 5 to the agent, a stop-
ping time 7 when the contract is terminated, and a sequence of recommended actions
{8¢};50-{a};50- Given the contract, the agent chooses a given set of actions
{$,a,} 50" The agent’s objective function is the expected discounted value of con-
sumption plus private benefits:

(2) Wi’& :Eg’& |:J e_y(u_t) (dcu +B(»§u,&u)du)|.7:t .

t

As in the previous literature, W, is referred to as the agent’s continuation utility.
A contract is defined as being incentive compatible if (s;,a;) = (5:,a;)|so. The
following proposition characterizes the dynamics of #; and the IC condition:

Proposition 1. Given any contract and any sequence of the agent’s choices, there
exist predictable, finite processes f,(0<¢<r) and ¢, (0<t<t), such that in the low-
volatility state, /¥, evolves according to

3) dW, = yW.dt — B(ss,a;)dt —dC+ B,(dY ; — (u— s;)dlt)
—¢,(dN;— (r+a,)dt).
The IC condition is

4) {sr,a:} = argr?%x B(51,ar) — P51 — ¢,a.

If (s=0,a=0) is implemented, then
(3) AW, =yWdt —dC,+ p,01dZ, — §(dN, — mdt).

If (s=0,a=A) is implemented, then
(6) dW, =yW,dt — 5Adt — dC;+ B,0/dZ, — (AN, — (x+ A)dt).

dW, and the IC condition in the high-volatility state follow equations (3) and (4)
with ¢, =a,=0.

Equation (3) can be derived using the standard martingale method in
Hoffmann and Pfeil (2010), Piskorski and Tchistyi (2010), and DeMarzo et al.
(2012). The first three terms on its right-hand side reflect dynamic promise
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keeping, and the last two terms reflect the agent’s incentives. f, is the agent’s
PPS: For every dollar of extra cash flow (dY, — (u —s,)dt), the agent’s continu-
ation utility changes by S, dollars. ¢, is the adjustment of the agent’s continuation
utility when the volatility shock occurs. If ¢ > 0, it acts as a punishment to the
agent. Before the volatility shock hits, the agent is compensated with (z + a;)¢, to
keep W a martingale.

The IC condition in equation (4) is the solution to a maximization over
the agent’s flow payoff. For the contract to implement a particular (s,a) combina-
tion, it must be that the agent does not derive a higher payoff from any other
combination. This allows me to derive the IC conditions, summarized as the
following:

Proposition 2. {s;=0,a,=0} are implemented if and only if
(ICia=0)  B2h $20,

and {s; =0,a, = A} are implemented if and only if

(IC:a=4) ﬁ,zbzmax{i—(é—;ﬁ)g,W}, ¢, <.

In particular, ¢ < 6 implies b < 4.

Intuitively, because the agent prefers to perform neither active productivity
management nor prudent risk management, in order to implement s =a =0, the
contract must provide the agent with sufficient “skin in the game” (f>1) and punish
the agent with a sufficiently large penalty (¢>0J) whenever the volatility shock
occurs. In contrast, to implement s =0 and @ = 4, the principal cannot punish the
agent too much (¢ < J).

Importantly, if the contract allows excessive risk taking, the minimal degree of
PPS () needed to maintain high productivity is lower than that needed when the
contract also incentivizes low risk. That is because the agent’s marginal private
benefit from adopting passive productivity management is 4 when a=0 and
(B(S,4) —0A4)/S < A when a = A. In other words, when free from the duty of risk
management, the agent requires less incentive to focus on the duty of productivity
management. This result plays a critical role in the later analysis of which level of
risk the optimal contract implements.

C. Optimal Contract with Full Commitment

I now proceed to solve the optimal contract, assuming first that the principal
has full power of commitment. The principal’s objective function is the expected
discounted value of the cash flow minus payments to the agent, with the expectation
taken under the probability measure associated with the agent’s choices (5,4a):

t

(7) Vi =E, U e (dY, —dC,) +e V| F,|.
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The optimal contract is defined as a contract that i) maximizes the principal’s
objective function over the set of contracts, ii) satisfies the IC conditions, and
iii) grants the agent nonnegative initial utility W,. The optimal contract can be
summarized with two endogenously linked value functions of the principal, one for
each volatility state, given as the following:

Proposition 3. The optimal contract under volatility regime switching with full
commitment on the principal’s side is characterized by a pair of concave and twice-
differentiable value functions V;(W), je{l,h} defined on We[0W ], respectively.
Vi(W) solves the following Hamilton—Jacobi-Bellman (HIB) equation in the low-
volatility state:

®)  VA) = ax g+ =t (e V0 + ooV ()

+(@+a)[Va(W —¢) = Vi(W)],

subject to the IC condition (IC: a=0) if a=0 or (IC: a=4) if a=A. W[C is
chosen such that V}(W{)=—1 and V{ (W{)=0. Payments to the agent
dC, = max { W, — WZC,O}. The contract terminates when W =0, at which point
Vi(0)=r.

V(W) solves the following HIB equation in the high-volatility state:
1
©) VL) = e RV 0) 4 3T 7).

subject to V), (W,i:) =—1 and Vj(W§)=0. Payments to the agent
dC,= max {W,— W ,0}. The contract terminates when #, =0, at which point
Vi(0)=V.

In the high-volatility state, there is no future state transition and thus no risk-
management choice. The HIB equation and the associated boundary conditions for
V', are identical to those in DeMarzo and Sannikov (2006). Nevertheless, two
features of V', are worth mentioning because they are related to the case of limited
commitment, to be discussed later.

First, 7}, is concave, and because f only appears on the V), (W) < 0 term, it is
always optimal to choose = A. Intuitively, f is set at the minimal level allowed
by the IC condition because the cost of incentivizing productivity management is
captured by the likelihood of hitting the termination boundary W =0 (i.e., the
likelihood of a costly separation as a result of bad luck). Conditional on the contract
being incentive compatible, the principal prefers the lowest possible variability in
dW, which comes from the lowest possible level of PPS. This is an important
mechanism in play throughout the model.

Second, the payment boundary 7§ is a reflecting boundary. Once crossed, an
instant payment dC, = W, — W,? is made to bring W, back to Wf.* W,f is optimally

8W,§ can be interpreted as a bonus hurdle or, as shown by DeMarzo and Sannikov (2006), the
dividend payment boundary if the contract is implemented with inside equity.
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set based on two conditions: a “smooth-pasting” condition V), (Wf) =—landa
“super-contact” condition ¥}, (W} ) =0.” Substituting those boundary conditions
back to the HIB equation yields

(10) rVa(W5) +yWs =u

Intuitively, it is beneficial to postpone payment to the agent by making W,?
larger because doing so reduces the risk of early contract termination. Postponing
payment is sensible until the condition in equation (10) is met, when “the principal
and agent’s required expected returns exhaust the available expected cash flows”
(DeMarzo and Sannikov (20006)). I refer to equation (10) as the optimal payment
frontier. This frontier is “second best” compared with the “first-best” frontier
r(V+ W) =u. The efficiency loss from the second-best frontier stems from the
fact that the agent is impatient and discounts his promised utility by y >, in
addition to the possibility of contract termination. The position of Wf in relation
to this frontier relies crucially on the principal’s having full commitment power and
will be reexamined later under limited commitment.

The value function in the low-volatility state, V;(W), has one major difference
from that in the high-volatility state: Besides f, the principal now has two additional
controls: ¢ and a. Compared with equation (9), the HIB equation for V (W),
the additional term [—da+ (m+a)g]V)(W) in equation (8) comes from the
promise-keeping terms in dW (equation (3)), and the additional term
(r+a)[Vi(W —¢)—V(W)] reflects the expected change in the principal’s valu-
ation due to the possibility of the volatility shock.

The optimal choices of f, ¢, and a naturally depend on the state variable .
Therefore, they should always be understood as concise representations of S(),
#(W), and a(W). The following corollary summarizes how they are determined:

Corollary 1. For any We|[0,Wf], the principal’s optimal controls
{B(W),¢(W),a(W)} have the following properties:

* [is chosen such that the IC condition (IC: @=0 or IC: a = 4) always binds. That is,
BW)=Aifa(W)=0,and B(W)=b<Aifa(W)=A.
* ¢ is chosen based on three conditions:

— The IC condition (IC: a =0 or IC: a = 4) is met; that is, g(W)>d if a(W) =0,
and ¢(W) <difa(W)=A.

— The agent’s limited liability is not violated; that is, (W )<W.

— Ifneither the IC constraint nor the limited-liability constraint is binding, then
(W) solves Vi, (W —¢(W)) =V (W).

°Specifically, smooth pasting exists because the principal can always make a lump-sum payment
of dC to the agent, moving the agent from W to W —dC and changing the principal’s value by
V(W —dC) —dC. Super contact exists because W ¢ is optimally chosen and the principal has linear
utility, so the marginal value of continuation utility ¥, (W) must also vary smoothly. See Dumas (1991)
for a general discussion of the smooth-pasting and super-contact conditions.
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* ais chosen by comparing the total payoff to high and low risk; that is, a(W) = 0 if
1 " 1 "
(D) SRV (W)2($=)AVI(W)+35b a1V (W) +AV s (W =) = Vi(W)].

These properties are intuitive. First, as in the case of the high-volatility state, £
only appears on the V' (W) < 0 term. Therefore, it is optimal to set § to its minimal
value allowed by the IC condition. Second, ¢ is bounded by the IC condition and the
agent’s limited-liability constraint. If neither is binding, ¢ satisfies a first-order
condition, which implies that the marginal value of the agent’s continuation utility
to the principal before the volatility shock equals that after the shock. Finally, the
choice of a depends on the total payoff to high and low risk. The left-hand side of
equation (11) is the cost of implementing low risk (V) (W) <0). As stated in
Proposition 2, incentivizing lower risk requires stronger incentives (f = 1) to main-
tain high productivity. The right-hand side is the cost of allowing high risk, which is
composed of three parts: the (¢ — J)4 term coming from the drift of d in equation
(6); the cost of the productivity-management incentive, which is now lower than
that on the left-hand side (f = b < 1); and the increasing probability of the volatility
shock and the loss of firm value V(W —¢) — V(W).

In sum, the optimal contract when the principal has full commitment power is
a pair of value functions V(W) and V', (W), both defined between a termination
boundary and a payment boundary. Meanwhile, £ is set to the minimal value required
to maintain high productivity, and ¢ is set based on a slope-matching (optimality)
condition, subject to the IC constraint and the agent’s limited-liability constraint.

An example of the optimal contract is illustrated in Figure 1. Note that the
value function in the high-volatility state is lower for any given W, which supports
the interpretation of the high-volatility state as the “crisis” state. High volatility
implies lower firm value because more volatile cash flows increase the likelihood of
(unfortunate) termination of the manager, which is necessary in order to provide the
manager with incentives for high effort. Another important observation is that the

FIGURE 1
Optimal Contract: Full Commitment

Figure 1 plots the principal's value functions under different cash-flow volatility ¢ ; and with full commitment on the pr\'ncg)al’s
side. The parameter valuesare V=0.5,y=0.04,r=0.02,x=0.5,1=0.2,0,=0.28, 5, =0.306, 7=0.001and 6 = 0.1. W} and
WE indicate the payment boundaries, and rV Wc) +ch = indicates the “optimal payment frontier.”
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payment boundary is higher in the high-volatility state ( W,f > WIC). This result is
examined in more depth in Section III and is subject to significant changes when
limited commitment is introduced.

D. Optimal Contract with Limited Commitment

So far, the structure of the optimal contract relies on the principal’s commit-
ment to all future payments once the contract is signed. However, before the agent’s
continuation utility /¥ hits the payment boundary W¢, the agent is not actually paid.
His continuation utility measures the present value of the total amount of payments
he expects to receive in the future, only if the principal honors the contract. In
practice, the principal will likely be tempted to exercise her outside option, which is
liquidating the project and receiving V/, if firm value V" drops below her liquidation
value before W reaches the payment boundary. If payment enforcement is not
perfect, the optimal contract will consequently be different.

In this article, I consider a simple yet standard form of limited commitment:
The principal can terminate the contract anytime. Once the contract is terminated,
both parties receive the value of their outside option: V for the principal and O for the
agent. Conditional on the continuation of the contract, the principal can still commit
to all payments once the payment boundary is reached.'? This assumption of limited
commitment implies a participation constraint for the principal:

(12) VW)=V Vje{l,h}.

Considering only the high-volatility state (and thus dropping the state sub-
scriptj) for amoment, the principal’s value function must lie in the area bounded by
W>0, V>V and the “optimal payment frontier” »¥V' (W) +yW =u (i.e., equation
10). Consequently, the boundary condition for the payment boundary W depends
on whether the value function crosses the optimal payment frontier first or the
principal’s participation constraint ¥ (W) =V first. If the value function meets
the former first, the super-contact condition holds, V" (WC) =0 is still true, and
the commitment constraint is not binding. If the value function reaches V(W) =V
first, the principal cannot delay cash payment to the agent as much as she wants to
without violating her participation constraint. Thus, it must be that 7V (W) +yW < u
for all W. This inequality, combined with the principal’s HJB equation,
implies V(W) <0 for all W, including at the payment boundary. That is, the
super-contact condition V" (WC) =0 is replaced with a physical boundary con-
dition V' (W€) =r."

'"More precisely, the principal can commit to a continuous path of dC, but not a discrete one. This is
mainly a technical assumption to ensure that a reflecting payment boundary is still well defined. One
might think that a limited-commitment principal should also not be able to “commit” to terminating the
contract immediately when the agent’s participation constraint binds. For example, she may “reset” the
contract through renegotiation. I address this concern in Appendix C and show that the main results
remain intact under different versions of limited commitment.

""Meanwhile, the smooth-pasting condition V' (W€) =—1is still true under limited commitment
because the principal can still make a lump-sum payment of dC to the agent, moving the agent from ¥ to
W — dC and changing the principal’s value by V(W —dC) —dC, as long as V(W )>V is satisfied.
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Let X represent any variable X in the limited-commitment environment. The
following proposition summarizes the optimal contract under limited commitment:

Proposition 4. The optimal contract under volatility regime switching with limited
commitment on the principal’s side defines a pair of value functions V;(#) and
payment boundaries V~VJC., j€{1,h}, where V;(W) satisfies the same ordinary differ-
ential equation (ODE) as equation (8) and I7h(W) satisfies the same ODE as (9),
subject to boundary conditions IN/j(O) =V and 17_1-/ ( VNVJC> =—1, and

(13) Vi (W5) =0 i ¥,(W5) =V, and

(14) IZ(VT/]C) =V, otherwise .
The optimal choice of f, ¢, and a follows the same rules described in
Corollary 1.

The boundary conditions specified in this proposition imply that the optimal
contract can be categorized into three types, depending on when the limited-
commitment constraint binds. One: It is not binding in either volatility state.
Two: It binds in one state but not the other, and because higher volatility implies
lower firm value, the state in which it binds must be the high-volatility state. Three:
It binds in both states. Clearly, type 1 is equivalent to the contract with full
commitment, whereas type 3 offers the sharpest contrast. For the remainder of
the article, I restrict discussion to the third type. That is, | make the following
assumption:

Assumption 3. The model parameters are such that under full commitment,
viwy)<v.

Holding other parameters constant, DeMarzo and Sannikov (2006) show that
both a larger o; and smaller y —r lead to a lower V; (W7} ). Either would suffice in
this model.'?

A numerical example of the optimal contract under limited commitment is
shown in Figure 2, using the same parameter values as in Figure 1. Note that in
Figure 1, firm value in both states is below the liquidation value V. Therefore, the
payment boundaries in either state cannot be sustained without full commitment by
the principal. That is, Figure 2 illustrates the type of contract in which limited
commitment binds in both states. Comparing to Figure 1, both value functions are
lower than their previous counterparts because of the additional binding-
commitment constraint. Moreover, there is a significant change to the position of
the payment boundaries: The boundary is lower in the high-volatility state, the
implication of which is discussed in detail next.

Moreover, Assumption 3 is mainly for simplifying the analysis and not necessary for most of the
ensuing results. A case in which equation (14) binds only in the high-volatility state (a type 2 contract)
can produce very similar results.
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FIGURE 2
Optimal Contract: Limited Commitment

Figure 2 plots the principal's value functions under different cash-flow volatility o; and with limited commitment on the
principal’s side. Parameter values are the same as in Figure 1. 17!/, and |7Vh indicate the payment boundaries in the low-
and high-volatility state, respectively. V(VV ):1 indicates the principal’s participation constraint due to her limited
commitment.
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lll. Contract Implications

In this section, I derive implications of the optimal contract under different
levels of commitment and discuss their empirical relevance. Three implications are
presented: The first pertains to the payment boundary, the second pertains to the
optimal level of risk management and PPS, and the third pertains to the agent’s
compensation in the presence of the volatility shock.

A. Theoretical Predictions

The contracting implications for the payment boundary can be summarized as
follows:

Prediction 1. When volatility becomes higher, the optimal contract under full
commitment raises the payment hurdle, whereas the optimal contract under limited
commitment lowers the payment hurdle.

As shown in Figure 1, under full commitment, the payment boundary is higher
when volatility is higher. That is, W§ > W¢. Intuitively, because the cost of
providing incentives to the agent is the possibility of early termination after suffi-
ciently poor performance, it is higher when volatility is higher because higher
uncertainty of cash flows increases the likelihood of sufficiently poor performance
and the subsequent early termination. The principal adjusts the contract optimally
by extending the payment boundary W,f further, which allows the agent to build up
a larger amount of continuation utility and thus lower the likelihood of early
termination.

In contrast, as shown in Figure 2, under limited commitment, the payment

. e . ~C =C .
boundary is lower when volatility is higher. That is, W, < W, . The reason is that
limited commitment implies that the contract must guarantee the principal at least
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V, which restricts the amount of future cash flow generated by continuing the
project that can be credibly pledged as compensation to the agent. Higher volatility
increases the likelihood of early contract termination and thus reduces the total
value generated by the contract. A principal lacking the ability to commit to future
payments is forced to lower the performance hurdle because she can credibly
promise less compensation.

The contracting implications for optimal risk management and PPS can be
summarized as follows:

Prediction 2. High risk is always implemented near the termination boundary.
Away from that boundary, the optimal contract under full commitment implements
low risk and thus a high PPS, whereas the optimal contract under limited commit-
ment may implement high risk and a lower PPS.

The fact that the contract cannot prevent high risk near the termination boundary
is straightforward: When W is too low, in particular if W < J, then the agent’s limited
liability implies p<W < 0, and high risk taking cannot be prevented. This intuition is
similar to that featured in previous studies (e.g., DeMarzo et al. (2013) and Wong
(2019)) regarding why socially suboptimal risk taking is inevitable even under the
optimal contract. Put differently, the principal is “constrained” in her risk-management
policy because incentivizing low risk is simply not feasible when W is too low.

Away from the termination boundary, the principal becomes “unconstrained”
in her risk-management choice: It is possible to either incentivize low risk or allow
high risk. Her exact choice depends on the trade-off summarized in Corollary 1.
Most importantly, there is a benefit for allowing high risk in exchange for a lower
PPS (p) required. Take the risk choice at the payment boundary as an example.
Under full commitment, the cost of providing incentives for maintaining high
productivity, captured by the V(W) term in the HIB equation, is 0 at the payment
boundary (V] (W) =0, as in Proposition 3. In contrast, under limited commitment
when the principal’s participation constraint is binding, tlle// cgnctract cannot
completely eliminate the cost of productivity management (¥, (Wz ) <0, as in
Proposition 4. Because the agent’s private benefit from low productivity and from
high risk are substitutes, the principal may find it optimal to forgo active risk
management, allowing the agent to take high risk in exchange for the lower PPS
needed to still maintain high productivity.

Figure 3 provides an illustration of this intuition. Each graph plots three value
functions: {V;,a=0},{V;,a=A},and V';,. Here, {V;,a = 0} should be understood
as implementing a = 0 whenever it is “feasible.”!? The value function correspond-
ing to implementing low risk is higher than that corresponding to high risk under
full commitment. In contrast, under limited commitment, although the commitment
constraint is binding for both level of risk choice, the one corresponding to high risk
is less severely affected by the commitment constraint and thus is higher, thanks to
the smaller f (the variation in dW) when high risk is allowed.

Prediction 2 relies on the assumption that the agent’s private benefit from low
productivity and his private benefit from high risk are substitutes. In other words,

3That is, W>¢, where ¢ follows the slope-matching procedure specified in Corollary 1.
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FIGURE 3
Value Functions under Different Risk Choices

Figure 3 presents the value functions under different risk choices. The solid line represents the value function of the contract
thatimplements low risk (a=0) whenever it is feasible (i.e., W>¢, where ¢ follows the slope-matching procedure specified in
Corollary 1. The dotted line represents the value function of the contract that always implements high risk (a = A). The dashed
line represents the value function in the high-volatility state. Parameter values are the same as those in Figures 1 and 2.
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the cross-derivative of B(s, ), as stated in Assumption 1, is negative. Alternatively,
Prediction 2 also holds if the agent bears a private cost of taking the socially optimal
actions (s = 0,a = 0) and the cost function is jointly convex in (s,a). This version of
the model is presented in Appendix B, where I also assume the agent is risk averse
with a continuous-action space. The resulting IC conditions show that the degree of
PPS needed to maintain any level of productivity is still higher if the principal also
wishes to implement lower risk, and Prediction 2 would still apply if the limited
commitment constraint is binding and the cost of incentives for high productivity
cannot be completely eliminated, even at the payment boundary.'*

The intuition behind Prediction 2 also sheds light on which parameters are
important for this prediction to hold. First, it naturally depends on the cross-
derivative of B(s,a). The more negative the cross-derivative is, the more likely
Prediction 2 holds. Meanwhile, it also depends on the parameters that affect the cost
of incentives for productivity management. Those are the parameters appearing in
the V7 (W) term in the HIB equation, in particular, A (which determines the level of
PPS needed for high productivity) and ¢; (which determines the volatility of the
agent’s continuation utility under the incentive contract). The higher they are, the
more likely Prediction 2 applies.

'“The assumptions of a risk-neutral agent and binary actions in the main text are made primarily for
simplicity of exposition. As a result of those two assumptions, B(S,4) being jointly concave is necessary
for a meaningful interaction of the two private actions. If B(S,4) is linear in S and 4, the two private
actions are completely independent of each other. However, this should be regarded as a special case only
because if the agent is risk averse and actions are continuous, assuming that B(S,4) =AS+04 is
equivalent to assuming that the utility function is additive (i.e., u(c,s,a) =u(c) + As + da), which is
arguably very restrictive. In short, one can assume either linear utility with a jointly concave private
benefit function or concave utility with linear private benefits. Instead, having linearity everywhere
would eliminate any interesting interaction between the two private actions.
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Prediction 1 and 2 together imply the next result:

Prediction 3. With full commitment, entering the high-volatility state causes the
agent’s continuation value to be adjusted away from the payment boundary, and the
agent will only be paid in the future after a long series of strong cash flows. With
limited commitment, entering the high-volatility state causes the agent’s continu-
ation value to be adjusted toward the payment boundary; the agent will be paid after
only a short spell of good performance.

This result is a combination of the position of the payment boundary and the
level of the agent’s continuation utility after the volatility shock hits, which is
captured by W — ¢. Under full commitment, the payment boundary is higher in
the high-volatility state (Prediction 1). Moreover, because the contract implements
low risk near the payment boundary (Prediction 2), the punishment ¢ when the
volatility shock occurs is large. Together, these imply that the agent’s continuation
utility immediately after the volatility shock (W — ¢) is far away from the payment
boundary. As a result, the agent must produce strong cumulative performance that
raises W sufficiently high in order to clear the hurdle for cash payments. In
comparison, under limited commitment, the payment boundary is lower in the
high-volatility state. Because the contract implements high risk near the payment
boundary, the punishment ¢ cannot be too large. Consequently, W — ¢ is close to the
payment boundary, and a small success that raises W marginally is enough for the
agent to receive monetary payments.'>

Figure 4 illustrates this intuition by demonstrating how ¢ varies with the
agent’s cumulative performance. In both graphs, W< represents the region in
which the contract is terminated once the volatility shock arrives. Conditional on
survival (i.e., W > W), each dotted segment links the agent’s continuation utility
before the volatility shock (the circles on V; (%), the solid line) with that after the
shock (the circles on V', (W), the dashed line). The projection of those segments on
the W-axis measures the size of ¢. Under full commitment, the optimal contract
implements low risk; thus, ¢ must be large enough, and the agent’s continuation
utility after the volatility shock is substantially lower than the payment boundary
W¢.1© Meanwhile, the optimal contract implements high risk under limited com-
mitment; agents are more likely to receive cash payments jvcith a small amount of
good performance after the shock because ¢ is small and W, is low.!”

B. Empirical Relevance

The theoretical predictions of the model can help reconcile empirical obser-
vations regarding risk management and compensation in practice. Because high
risk in this model is undesirable to the principal but generates private benefit to the

1>Whereas high risk is always implemented for low ¥, regardless of the commitment level, contracts
with low W are more likely to be terminated if the volatility shock occurs.

1%For example, if the volatility shock occurs at W = W,C, then ¢>0 implies that the agent’s contin-
uation utility after the volatility shock is W& — 6, and its distance to the high-volatility-state payment
boundary is (W5 — W{) +4. e e e

'7For example, if the volatility shock occurs at W = I, , as long as W, — ¥, < J, his continuation

utility after the volatility shock is very close to W,f because ?; (ch) = 17;, (Wf) =-1.
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FIGURE 4
Changes in W upon the Arrival of the Volatility Shock

Figure 4 displays ¢, the changes in the agent’s continuation utility at the time of the volatility shock, determined according to
Corollary 1. Each dotted segment links the agent’s continuation utility before the volatility shock (the circles on V, (W), the solid
line) with that after the shock (the circles on V,(W), the dashed line). W represents the cutoff point where contracts with
W < W are terminated when the volatility shock arrives. Parameter values are the same as those in Figures 1 and 2.
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agent, one can interpret the agent’s tendency to pick a=4 as a risk shifiing
behavior. Although both canonical agency theory (e.g., Jensen and Meckling
(1976)) and modern dynamic agency models (e.g., DeMarzo et al. (2013), Wong
(2019)) predict risk shifting among distressed firms, the empirical evidence on
when risk shifting takes place has been largely mixed. On the one hand, Eisdorfer
(2008) and Landier, Sraer, and Thesmar (2015) show that firms increase risk taking
following poor performance. On the other hand, Andrade and Kaplan (1998), Gilje
(2016), and Aretz, Banerjee, and Pryshchepa (2019) find no evidence that risk
shifting occurs only among distressed firms. The articles by Rauh (2008) and
Huang, Sialm, and Zhang (2011) paint a similarly mixed picture in the asset-
management industry.

Prediction 2 offers an explanation for this discrepancy by revealing a relation-
ship between risk shifting and firm performance different from existing models.
Among firms with strong commitment power, the model generates a time-series
prediction whereby firms engage in risk shifting only after a series of negative
shocks. However, among firms with different levels of commitment, the model
makes a cross-sectional prediction whereby even firms with strong histories of
performance may optimally choose to engage in risk shifting if they lack commit-
ment power. Given that most empirical studies utilize a sample of firms within
certain industries or over certain time periods,'® the mixed empirical evidence
regarding the relation between risk shifting and a firm’s performance history may
be attributed to the average commitment power of the specific industry or time
period studied.

In terms of managerial compensation and turnover, Predictions | and 3 offer
results consistent with empirical findings (e.g., Kaplan and Minton (2012), Eisfeldt

8For example, Landier et al. (2015) focus on the financial industry, whereas Gilje (2016) focuses on
energy firms.
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and Kuhnen (2013), and Jenter and Kanaan (2015)) and anecdotal evidence regard-
ing the compensation practice during market downturns. In particular, observations
from the Great Recession suggest that the high level of cash payments can be
attributed to firms setting lower performance hurdles. Importantly, the model
distinguish PPS (measured by f,) from the actual payments (measured by dC,)."”
In addition to allowing risk shifting in exchange for lower PPS, firms without strong
commitment power are also more likely to make larger immediate payments to their
managers conditional on negative uncertainty shocks. These results provide theo-
retical support for empirical studies based on observed compensation practices, for
example, Peters and Wagner (2014), who find higher industry-level equity volatility
associated with higher managerial compensation, and Edmans et al. (2017), who
find a similar relationship based on firm-level volatility.

It should be emphasized that although the majority of existing studies focus on
executive compensation, the increasing adoption of incentive contracts for rank-
and-file employees suggests that the predictions of this article may be applicable to
a broader range of nonexecutive employees as well. Moreover, existing studies
typically do not explicitly control for firms’ ability to commit to long-term labor
contracts. Empirical work that examines executive compensation or general labor
costs while taking into account firms’ commitment power should help better test the
theoretical predictions of this article.?”

IV. Discussion and Extensions

This section provides additional discussion regarding three crucial elements of
the model: first, the advantage of modeling uncertainty shocks through endogenous
regime switching; second, the interpretation of the high-volatility state as the
“crisis” state; and third, the possibility of state-varying outside options.

A. Regime Switching Versus Comparative Statics

This subsection demonstrates the importance of modeling uncertainty shocks
as the endogenous regime switching of cash-flow volatility. To do so, I compare the
predictions introduced in Section III with those made from two simpler bench-
marks: first, removing regime switching entirely and replacing it with comparative
statics of volatility from standard 1-dimensional moral-hazard models (e.g.,
DeMarzo and Sannikov (2006) or Zhu (2013)); second, maintaining regime switch-
ing of volatility but removing risk management (i.e., assuming the arrival intensity
of the volatility shock is exogenous). I refer to the first benchmark as comparative
statics and the second as exogenous regime switching.

"“Thus, the model’s main predictions are complements to findings of studies on risk and PPS (e.g.,
Edmans, Gabaix, and Landier (2008), Cheng, Hong, and Scheinkman (2015)).

200ne measure that potential empirical studies could plausibly use as a proxy for commitment is legal
protection at the regional or country level. In the state of New York, judges on average favor employers
during labor disputes involving cash payments. The burden is on the employees to provide evidence that
they are entitled to their bonuses and other incentive pay. In contrast, California is more lenient to
employees in similar disputes. More broadly, European countries generally have stronger protection for
employees relative to the United States.
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Of the three predictions introduced in Section III, Prediction 1, a statement
regarding the positions of the payment boundary, can be obtained under the
comparative-statics benchmark. Indeed, the shape of the value functions plotted
in Figures 1 and 2 can be replicated using DeMarzo and Sannikov (2006) or Zhu
(2013) with two different levels of volatility. The implication of limited commit-
ment remains the same: Under full commitment, an increase in cash-flow volatility
o in DeMarzo and Sannikov (2006) or Zhu (2013) would result in an increase of
the payment boundary W¢. Under limited commitment, an increase in cash-flow
volatility decreases the payment boundary for the same reason as given in the
analysis following Prediction 1.

Meanwhile, Prediction 2, which is a statement involving the agent’s
risk choice, is naturally missing in both the comparative-statics and the
exogenous regime-switching benchmarks. Besides the direct implication for risk
management, the contracting implication for the PPS of managerial contracts,
which stems from the interaction between the incentives for productivity manage-
ment and for risk management, also no longer exists without agency frictions in risk
management.

Interestingly, Prediction 3, which is a statement on the dynamics of
compensation after the volatility shock, is actually a joint result of both limited
commitment and private risk management. This is because Prediction 3 hinges
critically on the distance between the agent’s continuation utility and the payment
boundary after the volatility shock. In the comparative-statics benchmark, such a
distance does not exist because there is no volatility shock and, therefore, no
discontinuous jump in the agent’s continuation utility (i.e., ¢ is not defined). In
the exogenous regime-switching benchmark, when the volatility shock arrives,
although the payment boundary W,f moves up under full commitment, the agent’s
continuation utility also jumps upward (i.e., ¢(W) > 0 for sufficiently high ).
Intuitively, this is because higher volatility makes incentives for high productivity
more costly by increasing the likelihood of contract termination. Because the
volatility shock contains no information about the agent’s private action, the
optimal contract raises the agent’s continuation utility to reduce the likelihood of
contract termination. Consequently, it is possible that agents entering the high-
volatility state can still receive cash payments just after a short series of high cash
flows, despite the fact that the payment boundary has also been raised. In contrast,
when risk management is also part of the agency frictions, Prediction 2 shows that
the optimal contract will implement low risk under full commitment for sufficiently
high continuation utility. The implementation of low risk requires that continuation
utility jumps downward when the volatility shock arrives as a form of punishment.
As aresult, the combination of the upward movement of the payment boundary and
the downward jump of the continuation utility implies that the agent receives cash
payments only after a long positive series of outcomes under full commitment
contracts.

In short, although a simpler model may be able to predict similar movements
of the payment boundaries under different levels of volatility, the main predictions
of this article for risk management, contract PPS, and the dynamics of compensa-
tion following volatility shocks rely critically on modeling volatility shocks
through regime switching with endogenous intensity.
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B. Real Impact of Volatility Shocks

Throughout the article, the high-volatility state is interpreted as the “crisis”
period. Although it is true that in this model, firm value is lower in this state, it is also
reasonable to imagine a crisis being the state in which average productivity is low:
that is, a lower drift (1) of the cash-flow process. In this subsection, I compare the
differences of a drift-shock model with the current volatility-shock model. I argue
that modeling the crisis as a volatility shock provides more generality than model-
ing it as a drift/productivity shock.

The first and foremost difference is that a negative drift shock may produce
Prediction 1 of the article but does not necessarily imply the other two predictions.
It does not imply Prediction 2 because while the agent’s payment boundary W<
decreases with u, the value function at the payment boundary V(WC) does not
necessarily also decrease.’! Put differently, the drift shock when W is sufficiently
close to the payment boundary does not necessarily imply a negative event for
the principal. Therefore, the principal’s optimal risk-management policy for suffi-
ciently high W is theoretically ambiguous. Similarly, because Prediction 3 relies
critically on knowing the principal’s risk-management policy, the ambiguity in such
a policy for sufficiently high ¥ will lead to ambiguity in the prediction regarding
the dynamics of compensation after the drift shock arrives. In sum, modeling the
crisis as a volatility shock allows a richer set of results and clearer predictions than
does modeling it as a drift shock.

Moreover, a volatility shock in this model can actually induce an endogenous
decrease in cash-flow drift. To see this, it is necessary to first examine the condition
under which high productivity is preferred by the principal. Consider the high-
volatility state under full commitment. A contract that involves no payment but
simply allows the agent to shirk forever defines a pair of payoffs (W, V) for the
agent and the principal, respectively, where

(15) WS:A_S;
Y
1 AS
(16) VS:_<,“__>~
r Y

The following proposition characterizes the condition for always maintaining
high productivity under the optimal contract:

Proposition 5. ITmplementing s, = 0 is always optimal if and only if
(17) Vs<min V(W) +2(Ws = W)V (W),

where j€{l,h}, and Wgs and Vg are given by equations (15) and (16),
respectively.

2IRecall that the payment boundary under full commitment is set at ¥’ ( WC) +yW€ =pu. When y is
lower, W€ is also lower, but the change in V(WC) is unclear.
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Proposition 5, simply put, says that whether the optimal contract allows
shirking or not depends on the level of Vg. High productivity is preferred by the
principal only if S is sufficiently low (thus Assumption 2). If equation (17) does not
hold, the principal may be better off stopping incentive provision sometimes, and
the agent will choose to shirk, receiving no payment while being compensated by
his private benefit from shirking. The optimal contract is static, unrelated to the
agent’s performance, and therefore involves no termination.

In particular, it is possible that equation (17) is satisfied in one state only.
The optimal contract may prevent shirking only in the low-volatility state and
switch to the static contract in the high-volatility state. In that case, the dynamics
of the optimal contract follow the system described in Propositions 3 and 4, with
one difference: The value function V7, is replaced by the static payoff given by
equation (16).%2

The change in the agent’s equilibrium effort is a feature of increasing volatility
but not necessarily of decreasing profitability. Although lower average cash flow u
does bring down firm value under an incentive-compatible contract for any given
W, it does the same to V5. As aresult, s = 0 can still be the optimal effort to induce.
In contrast, Vg does not depend on o. Therefore, when volatility becomes higher,
firm value becomes lower until eventually falling below Vg, at which point the
incentive-compatible contract becomes dominated by the static contract, a unique
feature of stochastic volatility.

C. Outside Options

I have so far assumed that the principal and the agent receive constant outside
value whenever the contract is terminated. Although this simplifies the analysis, it is
notnecessary to establish the findings of this article. In this subsection, I discuss one
straightforward variation of making the outside options state contingent and show
that the main results still hold.

Suppose firms can replace the incumbent manager with a new manager
anytime by paying a search cost C¥ (as in, e.g., Krishna, Lopomo, and Taylor
(2013)). The contract with the new manager will specify an initial W, which
maximizes firm value in that state. That is, V =V ;(W*)— CR, where
W* =argmax V ;(W). Figure 5 illustrates an example of the value functions
and payment boundaries with state-contingent outside (liquidation) value for the
principal.

Under both full commitment and limited commitment, the liquidation value is
lower in the high-volatility state. However, the positions of the payment boundaries
still resemble the baseline case shown in Figures 1 and 2. That is, the payment
boundary is higher in the high-volatility state under full commitment and lower in
the high-volatility state under limited commitment. Intuitively, higher volatility
implies a lower value of the principal’s outside option, which reduces the tightness
of the commitment constraint. Therefore, whether the payment boundary in the
high-volatility state is higher or lower simply depends on whether the decrease

2Consequently, #(W) is also different. Once the volatility shock occurs, the agent’s continuation
utility may jump to Wy instead of the state-contingent jumps described in Corollary 1.
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FIGURE 5

Endogenous State-Contingent Liquidation Value

Figure 5 plots the value functions with endogenous state-contingent V ;, je{/, h}. The full-commitment case is shown in Graph
A. The limited-commitment case is shown in Graph B. Parameter values are the same as in Figures 1 and 2.
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in V; or the increase in o; dominates, which is an empirical question outside the
scope of this study.?® In short, large variations in volatility relative to small changes
in the outside option would likely produce results consistent with those of the
present model.

D. Alternative Commitment Mechanism

Economic research has long recognized that firms do not possess full com-
mitment power over labor contracts.”* Recent research (e.g., Palacios and Stomper
(2014), Ellul et al. (2017)) shows that firms can also default on labor contracts
because of limited or costly access to financial markets. Furthermore, most of these
studies also assume that firms, in addition to not being able to commit to inter-
temporal compensation, also cannot commit to terminal payments, such as sever-
ance pay.”’ In practice, severance pay, especially for incentive purposes, is rarely
paid in the event of firm liquidation, and its execution is also subject to changes in
the external environment.>®

Z31f contract termination is interpreted as replacing the incumbent manager, it is also unclear whether
the value of the principal’s outside options decreases unambiguously during high-volatility, crisis times.
Because more managers are laid off during those times, the search cost CX could be either lower, due to a
larger managerial talent pool, or higher, due to greater information asymmetry regarding the true ability
of the potential replacement manager.

2*Many studies of risk sharing in labor contracts emphasize the lack of commitment on the firm’s side
(e.g., Thomas and Worrall (1988), Abreu, Pearce, and Stacchetti (1990), Ray (2002), Grochulski and
Zhang (2011), and Miao and Zhang (2014)). More generally, the relational contract literature (e.g.,
Atkeson (1991), Levin (2003), and Opp and Zhu (2015)) studies the lack of commitment for both
contracting parties.

ZFor instance, Berk, Stanton, and Zechnar (2010), Ai and Li (2015), and Bolton, Wang and Yang
(2019). Even when severance pay is included in managerial contracts, as long as it is not fully
guaranteed, limited commitment obtains, and the argument of this article still applies.

26For example, during the bankruptcies of Hostess Brands Inc. and Hawker Beechcraft Corp., the
U.S. Justice Department blocked proposals to grant extra bonuses to the executives of those companies.
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Although mechanisms that provide managers with payments at the time of
contract termination exist, it is unlikely that their implementation can avoid the
limited-commitment problem. Imagine that a firm sets up an escrow account with
balance ¥ and allows the agent to withdraw the balance in the event of contract
termination. This mechanism for implementing the terminal payment, however,
must necessarily give the principal access to the account in order to update W
according to the agent’s performance while at the same time forbid the agent access
to the account to prevent balance manipulation. This is essentially giving firms the
control right to the account and asking them to “commit” to paying the agent out of
the balance of that account, which is effectively no different from giving firms the
control right to cash flows, as this article assumes. In other words, the same limit on
commitment remains because it is intrinsically difficult to prevent the principal
from reducing the balance of any account to which she has the exclusive control
right before the agent can withdraw from it.

V. Conclusion

It has been argued that the buildup and sudden release of risk within the
financial industry is the preeminent feature of financial crises. Moreover, the
bankers and executives seemingly responsible for the aggressive risk taking still
received substantial compensation in the wake of the recent crisis. To make sense of
these observations, this article derives the optimal contract in a principal-agent
model where the agent has private control over both firm productivity and risk (the
probability of a volatility shock). Uncertainty and agency frictions require the
provision of incentives in the form of back-loaded compensation, which increases
with good performance in the absence of the volatility shock. The agent receives
payments only if his cumulative performance exceeds a performance hurdle. Thus,
specific features of the compensation contract depend crucially on the degree to
which firms can credibly pledge future payments: Firms that lack sufficient com-
mitment power may allow managers to take on large risks in exchange for the lower
PPS needed to maintain high productivity. When uncertainty is high, the value of
continuing operations is low, and commitment-constrained firms must provide
managers with more immediate compensation. They do so by lowering the perfor-
mance hurdle, which takes on the appearance of rewarding managers for excessive
risk taking by means of less back-loaded compensation.

There are several directions in which this model might be fruitfully extended.
Consider, for example, liquidity management and financing policies in response to
volatility shocks. Recent empirical articles (e.g., Campello, Giambona, Graham,
and Harvey (2011)) compare liquidity management and financing policies under
different market conditions. A slightly modified dynamic model 4 la Bolton, Chen
and Wang (2011) or Decamps, Gryglewicz, Morellec, and Villeneuve (2016) would
be neatly equipped to provide theoretical insights into the empirical observations
documented. Finally, as the global economy dives into another crisis triggered by
the 20192020 coronavirus pandemic, it would be interesting to test the theoretical
implications of this article in this new environment.
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Appendix A. Proofs

Proof of Proposition 1. Consider dW, in the low-volatility state. Define the agent’s
total expected utility received under a contract conditional on his information at
time ¢ as:
. T T
G, =E" U e dcC, +J e "B(sy,a,)du|F,|,
0 0
where the process G = {G,, F;0<t <t} is an F, martingale. The expectation is taken
with respect to the probability measure induced by {$,a}. Then, by the martingale
representation theorem, there exist J, predictable, integrable processes f and ¢,
such that

1

(A-1) G,:GO+J

ot
e B 0y dZ5 —J e " ¢(dN? — (m +ay)du).
0 0

Differentiating equation (A-1) and substituting in the definition of Wf*‘s’ yields
dG, = e "dC,+e "' B(3,a)dt —ye "' Witdt + e AW,
therefore,
AWt =yWiidt —dC, — B(3,a)dt + B,01dZ;* + ¢ (dN? — (w+ay)dt),

which implies the evolution of the agent’s continuation utility given in equation (3), the
evolution given in equation (5) for {3,a} = {0,0}, and the evolution given in equation
(6) for {s,a} ={0,4}. Proof of dW, in the high-volatility state follows the previous
argument without the terms associated with dN, and ¢.

To prove the IC condition, let G, denote the payoft to a strategy consisting of
{§,a} until time ¢ < 7 and {s,a} thereafter; then

t t
G, = J e MdC, +J e "B(s,a),du+e "W
0 0
Differentiating G, yields
@"dG, = B(s,a)dt — B(s,a)dt + B,(5; — s;)dt + p,o1d 2
- ¢t(&l - a[)dt +4, (dN? - (71' +a;— a,)dt).

If equation (4) does not hold on a set of positive measure, then the agent could choose
{8,a}, such that

B(S"&) + B8 —¢,a; > B(s,a) +B.5: — da;.

Therefore, implementing {5,a} = {s,a} requires equation (4). O
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Proof of Proposition 2. Given equation (4), implementing {s,a} = {0,0} requires
that

(A-2) S —pS <0,
(A-3) 04 — ¢4 <0,
(A-4) B(S,4) —pS — ¢4 <0.

The first two lines imply >4 and ¢ > 6. Together, they imply the third line because
B(S,4) <AS+ 04 <pS+¢A.
Similarly, implementing {s,a} = {0,4} requires that

(A-5) B(S,4) — 64— BS <0,
(A-6) SA—¢A >0,
(A-7) AS+¢A—BS — 64 <0.

The first line implies # > (B(S,4) — 04)/S. The second line implies ¢ < &. The third line
implies > (AS — (6 —¢)A4)/S. Because B(S,A4) <A +1S, these conditions together

imply

O

B IS—(5—¢)4 B(S,A)—d4
[ >b= max { 5 , 5 }
Proof of Propositions 3 and 4. Full commitment. In Proposition 3, the value
function V(W) is identical to the value function in Proposition 1 in DeMarzo
and Sannikov (2006), with a mere change of notations. The proof is thus omitted,
and the existence and concavity of V(W) are taken as given in the following
argument. This reduces the complexity of the analysis of V;(W) in Propositions
3 and 4 because the term V(W — ¢) in the HIB equation (8) can be regarded as
a known function of W, therefore reducing equation (8) to a standard second-
order ODE for V;(W). Consequently, the proof associated with the value function
V(W) largely follows the procedure in Hoffmann and Pfeil (2010), Piskorski and
Tchistyi (2010), and Li (2017), with one technically minor difference in the argu-
ment for concavity, which is shown as follows: Define the social surplus
F\(W)=V, (W)+W.F;(W)and F;(W) satisfy the following:

(A-8)  (r+(z+a)Fi(W)=u+(r—y)+ oW —(x+a)p(W))F/ (W)

+/%F;”(W) +@+a)[(W =) Fa(W —¢) = Vi(W)],

B

(A-9)  (r=p)F;(W)=(r=y)+ (W = (x+a)p(W))F] (W) +=

F'(w).

From the boundary conditions, there exists >0, such that F} (W€ —¢)<0
and F}'(WC—¢g)>0. Assume that there exists a point W =sup{W < Wy :
F/(W)>0} (ie., W is the largest point below which F is not concave). Then,
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by continuity, F'(W)=0 and F"(W) <0, which, from equation (A-9), implies
that F)(W)>1. Now consider two points W' < W < W? close to W, such that
F/ (W) >0>F] (W?) and W'F)(W') = W?F}(W?). Evaluating equation (A-8) at

W' and W?yields F'(W') > F' (W?), in contradiction to F'j(W) > 1. Therefore, F; (and
V1) must be strictly concave.

Verification. Let Ty denote the time of the volatility shock and W ;- denote the
agent’s continuation utility before the shock. Let V(W,0;) denote V,(W,)
V(W) if o0, =0y, (6, =0;) at t. Given equation (3) and by Ito’s lemma, for any
incentive-compatible contract at time 7€[0,7Azy], it must be that

(A-10) ViWo)=e TV (Wr,01) — G — G, — Gs,
where
T ﬂZ
ay Gi=[ eTom —@ranriono Ly on)
t
T

Hara)VaWe ~4) = V(W )< - | Tk,

and
T T

(A-12) G, = ,J eV (w,-)dC,< fJ edc,,
0 0

T T
(A-13)  Gy= JO VW B odZ+ L VAW —¢,)— Vi(W, YJdN, =0,

where dN, =dN (— (m+a,)dt is the compensated (martingale) jump process. The
inequality for G; follows equation (8), and the inequality for G, follows Vj(W)>—1
and dC,;>0. The equality holds in both cases only under the contract characterized in
Proposition 3. The equality G3 =0 comes from the fact that Z, and N, are both martin-
gales. Therefore, we have

(tATN)
(A-14) V1<Wo—>zEJ e " (udt —dC,) + e Y (W (iper)s O enen)) |

0

which shows that V;(W-) is an upper bound for the principal’s expected discounted
payoff at time 0, and equation (A-14) holds with equality only when under the contract
described in Proposition 3.

Limited commitment. The proof of Proposition 4 follows the same procedure but
with one difference: One of the boundary conditions, the super-contact condition, is
replaced with the principal’s participation constraint. To see that this alternative
boundary condition does not change the concavity of the value function, recall that
in the high-volatility state, there is no risk-management choice, and f=21. The
social benefit function is F,(W) = V(W) + W at the boundary W satisfies:

rFr(WS) 4+ (y—rW< —u
Fy vy =T 0
2 h
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Recall that X denotes a variable X _under limited cgrgmitment. When the principal’s
participation constraint is binding, F, (W,?) =V + W, , which implies

~C

~n(~c\ rV+yW, —u

Fh(Wh): 1,252 :
24 O

Suppose F Z(VT/E) > 0; that is, rK+yVT/,f > . This implies that ?Z(VV?) > 0 because
Vil VT/,?) =VandrV, (W) + yVV,? > u. Compare this result to the case of full commit-
ment, where 7V, (W) +yW§ =p. If V~V}f < W¢, because V(W) +yW < u for all
W < W€, it must be that rV(VNVC) + yV~V§ < u, which implies Vh(VT/;) < 17;,(fo)

However, this is a contradiction to ¥, (W)>V,(W) for every W because imposing
limited commitment cannot increase the principal’s payoff above that without such a

. ~C ~ ~C ~ ~C ~C
constraint. If W, > WS, but V (W, )=V and V,(WS) <V, then Vi, (W, ) > Vi(W,,),
which is again a contradiction. The argument in the low-volatility state and the subse-
quent verification are similar to those used previously and are therefore omitted. [

Finally, Propositions 3 and 4 imply the following result, which is useful for
the discussion of contract implications in Section I11:

Corollary A.1. Under Assumptions 1-3, V(W) > V(W) and V;(W) > V(W)
for all W > 0. In particular, W§ > W¢ and VV; < VT/ZC

Proof. W< > W¢ comes directly from (DeMarzo and Sannikov (2006), Appendix

B). To show VT/,? < VT/[C, first notice that from the HIB equation (8), if V;(W) <
V(W) for some W >0, then the principal could set S(W) = Ao}, /0; > A, which
would satisfy the IC condition but increase her valuation. Thus, by the single-
crossing property in Zhu (2013), V(W) >V, (W),YW. The same applies to

the limited-commitment case; therefore, I7Z(W) > I7h(W),VW. Now suppose
~C ~C ~ ~C. ~ ~C ~ o~ .

W, >W,; then V,(W,)=V,(W,)=V, V,(W)=—-1 and the concavity of
V(W) imply that IN/h(VNV}?) > IN/I(VNV,?), a contradiction to V;(W) > V,(W),YW.
Therefore, it must be that VNV,f < VT/ZC L]

Proof of Proposition 5. The proof under full commitment follows the same argu-
ment as in DeMarzo and Sannikov (2006), Hoffmann and Pfeil (2010), and Zhu
(2013) and is thus omitted. Under limited commitment, this condition can be further
simplified to an explicitly lower bound for S using the model primitives, which is
summarized in the following corollary:

Corollary A.2. Under Assumption 3 and limited commitment, s =0 is always
optimal if

(A-15) S>i(]iy)(‘;‘—z>.

Proof. Substitute V;(W) and V'(W) from equation (17) using the fact that
V(W)=Y and V',(W)2 — 1 for all W under limited commitment. O
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Appendix B. Risk-Averse Agent and Continuous-Action Space

This article assumes that the agent is risk neutral and that the agent’s actions {a,,s, } are
binary. This is mainly for tractability, allowing the application of known techniques from
existing studies (e.g., Hoffmann and Pfeil (2010), Piskorski and Tchistyi (2010), and Li
(2017)) in deriving the optimal contract. However, the underlying mechanism and the
intuition of this article do not hinge on those assumptions. Here I present an alternative
version of the model in which the agent is risk averse with continuous-action space.
Specifically, the agent has the utility function

u(er,s,a0), $:€[0,S], a,€[0,4],

with the usual concavity restrictions u, > 0,u; > 0,1, > 0,1, < 0,uz < 0,14, <0. The
following proposition summarizes the agent’s continuation utility and the IC conditions:

Proposition 6. The agent’s continuation utility in the low-volatility state evolves
according to

(A-16)  dW,=yW,—u(cs,s,a;)dt +p,(dY; — (u—s;)dt) — ¢,(dN, — (r+ a,)dt).
The IC condition is

(A-17) {sva;} = argmax u(ce,$1,a:) — B8t — a4

That is, s, is implemented if and only if
(IC:s) B, =us(cr,s1,a,),
and q, is implemented if and only if

(IC: a) b =uq(cr50,ar).

The proof is similar to that of Propositions | and 2 and thus is omitted. The
IC conditions (IC: s) and (IC: a) imply a connection between incentives for productivity
management and incentives for risk management similar to that stated in Proposition 2.

To see this more transparently, assuming, for example, a constant absolute risk aversion
(CARA) utility function:

.
u(c,s,a) = ——e NetOst0"a),
n

where & and 6“ capture the marginal benefit from low productivity and excessive risk
taking. It is straightforward to see that (IC: s) and (IC: a) imply

Bi=—0nu, ¢,=—0"nu,,

and therefore

&
(C: {s.a}) b= (g5 )
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Comparing this result with that from Proposition 2, the most critical implication of
Proposition 2, that the level of incentive required for high productivity depends on the
level of incentive for low risk, remains intact. The lower the risk the principal wishes to
implement, the higher the PPS (f) she needs to provide in order to maintain her desired
level of productivity, which is exactly the takeaway of Proposition 2.

Appendix C. Renegotiation-Proof Contracts

In this article, the principal terminates the agent’s contract whenever W = 0 because of
the agent’s limited liability. However, a principal with only limited commitment power
may find it tempting to renegotiate the contract when W approaches 0. Although the
explicit analysis of renegotiation requires a slight modification of the model, the main
predictions are qualitatively intact, as explained in the following paragraphs.

Ifrenegotiation is allowed, that is, if the principal cannot commit to any termination
policy in addition to any discrete path of dC, then a feasible optimal contract must also
be renegotiation-proof. This requires the slope of the principal’s value function to be
nonpositive, which is mechanically ruled out in the main context of this article because
V(0)= V( VT/C) = ¥ when the limited-commitment constraint binds. Thus, a nontrivial
contract must have a region where the principal’s valuation is increasing in the agent’s
continuation value /. To allow a more meaningful discussion of renegotiation-proof
contracts and in light of existing studies (e.g., Aiand Li (2015) and Bolton et al. (2019)),
I now assume that the principal will only withdraw the investment when the firm value is
below a certain threshold (e.g., 0). The corresponding constraint on the payment
boundary is V(WC) >0, and the dynamics of the agent’s continuation value under
renegotiation-proof contracts follow:

(A-18) dW,=yW,dt — B(s;,a;) —dC,;+ B,(dY, — (u—s;)dt)
—¢,(dN,— (x+a,)dt) +dX,.

The new term dX; defines a reflecting termination boundary ¥ with boundary condition
V(W)=V and V'(W) =0. Termination is stochastic at this boundary with probability
dX,/W.

Figure 6 illustrates an example of the value functions for the renegotiation-proof
contracts, where both the endogenous renegotiation boundaries and the payment bound-
aries are displayed. Critically, the relative positions of the payment boundaries for both
the full- and limited-commitment contracts are still the same as those summarized in
Section III. Therefore, the renegotiation-proof contracts lead to the same predictions.

As a final remark, renegotiation-proofness is not a necessary feature for the contract
to be optimal despite limited commitment. The principal is still able to rule out further
renegotiation because the only action she cannot commit to is not to withdraw when firm
value is negative. In particular, the principal can commit to the random termination
schedule described previously, which is fundamental in maintaining proper managerial
incentives (see Anderson, Bustamante, Guibaud and Zervos (2018) for discussions
regarding the optimality of committing to random termination.) Further, the assumption
that investors withdraw their investment when firm value drops below 0 replaces the
earlier assumption of liquidation at any time. Firm value at the termination boundary is
still the liquidation value, and the principal is able to credibly commit to termination once
that boundary is reached.
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FIGURE 6
Renegotiation-Proof Contracts

Figure 6 plots firm value functions of renegotiation-proof optimal contracts. The parameter values are the same as those in
Figures 1and 2, except o) =0.36 and o), = 0.42. W represents the renegotiation boundary given by V(W) = Vand V(W) =0.
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