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We propose a simple, robust and efficient sloshing model that accounts for breaking
phenomena evolving in rectangular tanks and in shallow-water conditions. The model
has been obtained by applying Fourier analysis to Boussinesq-type equations and
using an approximate analytic solution for the vorticity generated by wave breaking.
The toe of the breaker and the intensity of the vorticity injected at the free surface
are computed on the basis of literature results for coastal-type breakers. A first
experimental campaign has been used to calibrate the turbulent viscosity of the
sloshing model, while a second campaign has been run as final validation. The
overall good agreement between the numerical outputs and the experimental data
confirms the reliability and robustness of the proposed model.
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1. Introduction

Sloshing is a phenomenon that characterizes the liquid inside a tank excited by an
external force. Depending on the forcing excitation and on the filling depth, sloshing
flows may be very violent, inducing significant global and local loads on the tank
walls (see Faltinsen, Landrini & Greco 2004) and increasing the risk for the integrity
of the structure. Hence, the study of sloshing is of interest for several branches
of engineering, including marine, aerospace and civil engineering. Specifically, it is
particularly important for liquified natural gas (LNG) carriers, which must operate
in several filling conditions, varying from almost completely to barely filled. For
all these reasons, the construction of a model that correctly predicts the sloshing
dynamics is very important.

Generally, both analytic and numerical models for sloshing flows only deal with
non-breaking waves and, consequently, this significantly restricts their range of
applicability. The majority of literature models rely on the use of potential theory
(see e.g. Faltinsen et al. 2000; Faltinsen & Timokha 2001, 2002; Bredmose et al.
2003). Obviously, potential theory is not suited to describe sloshing characterized
by rotational flows and, eventually, breaking events. A different approach is possible
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in shallow-water conditions where depth-averaged models are widely used and well
established. In this context, a way to describe both breaking phenomena and vorticity
dynamics is already available (see Veeramony & Svendsen 2000) and the inclusion
of the vortical and turbulent terms in the model equations is straightforward.

The aim of the present work is to extend the model proposed in Antuono et al.
(2012) (valid for rectangular tanks in shallow-water conditions) to account for
wave-breaking events. The model equations are derived from the work of Antuono
& Brocchini (2013) and reduce to those of Antuono et al. (2012) when waves are
non-breaking. In more detail, the proposed scheme relies on the use of a Fourier
decomposition to transform the original system of partial differential equations into
a system of ordinary differential equations. The approach proposed by Veeramony &
Svendsen (2000) has been adapted to this framework and has been used to account
for wave breaking and vorticity generation. Specifically, breaking events are detected
on the basis of a critical wave slope criterion: where the wave slope exceeds a critical
value, the wave is assumed to break, and there vorticity is injected into the liquid
as proposed in Veeramony & Svendsen (2000). The injected vorticity becomes the
boundary datum at the free surface for the linearized equation of the vorticity. Finally,
the analytic solution of the linearized equation is used to evaluate the vortical and
turbulent terms inside the model equations. The liquid (which is incompressible and
viscous) is assumed to be initially laminar and to become turbulent as a consequence
of the breaking events.

Because of the complexity of the phenomena under investigation, some simplifica-
tions are necessary. Similarly to the majority of depth-averaged models, a Boussinesq
closure has been used for the turbulent terms. Further, the turbulent viscosity has been
assumed to be constant all over the liquid domain. This is a simple but reliable and
accurate enough approach. In Veeramony & Svendsen’s (2000) model, the boundary
conditions for the vorticity are assigned along the lower boundary of the ‘wave roller’
n. (different from the free surface). Here we simplify this approach and make the
assignment directly along the actual free surface, that is, 7.

Suitable modelling of wave breaking allows for the study of violent sloshing
motions, which cannot be described by the existing modal schemes. In fact, the
shallow-water sway cases considered in the present work are characterized by
A*/hi =0(1) (where A* is the forcing amplitude and Aj is the mean water level) while
the experiments used to validate the existing models prescribe A*/h§ < 0.25 (see e.g.
Chester & Bones 1968; Lepelletier & Raichlen 1988; Faltinsen & Timokha 2002).
For the roll motion, a straightforward comparison between different experimental
campaigns is more difficult, since the dynamics is strongly influenced by the position
of the axis of rotation with respect to the centre of mass. The experimental set-up
described in the work of Olsen & Johnsen (1975) is fairly similar to the one we
use here. However, in that case, the largest roll angle is 0.2°, while in our case the
maximum angle is 1°. The largest angles are those in the experiments of Ardakani
& Bridges (2012). These have been used to validate a sloshing model built on
the nonlinear shallow-water equations. This latter choice allowed a straightforward
modelling of the wave breaking but disregards the description of dispersive effects.
Because of the use of the nonlinear shallow-water equation, the wave-breaking
phenomena are only roughly modelled, lacking a correct description of vorticity
injection at the free surface and of turbulence.

Being based on depth-averaged equations, the proposed model is expected to work
properly in shallow-water conditions, that is, for ij/L* < 0.1 (where L* is the tank
length). Specifically, it has been validated for 0.03 < A§/L* < 0.125, showing a good
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L*

FIGURE 1. (Colour online) Sketch of the tank and the frame of reference.

behaviour also in the lower range of intermediate-depth conditions. Incidentally, we
underline that simulations in very shallow depths represent a challenge for sloshing
schemes, because of the strong role played by nonlinearities. In these conditions,
sloshing models based on potential theory may be affected by convergence problems
and/or reduced accuracy (this is reported, for example, in Faltinsen & Timokha (2002)
for hj/L* < 0.05).

In summary the model we propose, being based on Fourier analysis, is a very
robust, computationally cheap and powerful tool for calculations of sloshing motions
characterized by breaking events. Further, its accuracy, already good and largely
dependent on the chosen turbulence closures, can eventually be improved by use of
more sophisticated closures.

The paper is structured as follows. The next section (§2) details the definition of
the model. A second part is devoted to the calibrations of the turbulent viscosity
(§3.2) through a first set of experimental data (§3). A third part (§ 3.3) describes the
validation of the proposed model and the analysis of its limits of applicability (§3.3.1)
by means of data collected within a second, specifically designed, experimental
campaign. Both experimental campaigns include a variety of breaking events,
spreading from bores to plunging breaking waves. Finally, some concluding remarks
(§4) summarize the essence of the work.

2. Governing equations

Hereinafter, unstarred variables indicate dimensionless quantities, while starred
variables indicate dimensional ones. The frame of reference is that of the tank, and
x* and z* indicate the horizontal and vertical coordinates respectively (see figure 1).

Further, we denote by 7§ and hj the reference wave amplitude and the mean water
depth. Then, the total water depth is given by d = h + en, where € indicates the
nonlinearity parameter (i.e. € = nj/hj). Because of the scaling, # =1, and it can be
neglected in the equations that follow. In any case, we prefer to keep the symbol £ to
make the derivation of the model straightforward. One second important parameter is
w = hjj/L*, because it measures important features of wave propagation. Specifically,
a motion evolves in shallow-water conditions when p < 0.1, in intermediate-water
conditions for 0.1 < u <0.24, and in deep water for u = 0.24 (see e.g. Faltinsen &
Timokha 2002). Since this parameter appears as a multiplicative factor of frequency
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dispersive terms, it is also called the dispersive parameter. Hereinafter, we assume that
@ < 1, consistent with the shallow-water approximation. Denoting the gravitational
acceleration by g*, the adopted scaling reads
L*
xX'=L%, Z"=hygz "= = t, u*=e\/g*hju, 2.1a,b,c,d)
8 hy

*

=nin, W =hih o= %a), Vi = whin/g g v, (22ab.cd)
0
where u* is the horizontal velocity, w* is the vorticity and v} is the turbulent viscosity.
The governing equations of the sloshing model have been obtained from the work of
Antuono & Brocchini (2013) by approximating their scheme to the order O(eu?, u)
(all the details of the derivation may be found in appendix A). They read

nt + (dU)x == 09
M2h2 MZ €n €n €n
Ut+6UUx_F2(t)nx_ 7Umt+7 dZ d§ R)nxtds
¢
+5 { / R dz] — 4oyt U — 4oy / Rudz @3)
1( ) 2 4
—va wd{ dz=M(x) m + O(ep”, 1),

where U is the depth—averaged V610C1ty and M (x) is the modulating term described in
Antuono et al. (2012). The symbols F; and F,, respectively, indicate the horizontal
and vertical components of the exciting force and are included inside the governing
equations by using the same procedure as described in Antuono et al. (2012). The
expressions for Fy, F, and M(x) are detailed at the end of the present section. The
turbulent terms have been expressed through a Boussinesq closure, and the turbulent
viscosity, vr, has been assumed to be constant in the liquid field. This is a simple but
reliable and accurate enough approach. Finally,

€n 1 €n €n
R=—/ a)d§+d/ dz/ wdg. 2.4)
z —h z

Following the work of Veeramony & Svendsen (2000), the vorticity is assumed to be
known and is modelled through an approximate analytic solution (see appendix A.3
for the details of the computation). Following the work of Antuono et al. (2012), we
write

n=Y_ H,()cos(nmx), U= _ U, sin(nmx), (2.5a,b)
n=1 n=1

en—z

—.

®=Y > ¢uu(®) sin(nmy) sin(mry) with y=— (2.6)
n=1 m=1

The variable y is used to simplify the assignment of the vorticity injection at the free

surface. These expressions are rewritten by using complex numbers as follows:

H” (t) inmx U" (t) inmx
n=) —H-em e (2.7a,b)
nez ) oo nez
w= > GunsinGmmy), (2.8)
nez m=1
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with H_,=H,, U_,=-U, and ¢_, ,, = —¢,, for all meZ. The use of Fourier series
to describe the flow quantities even for breaking events is possible because we use
depth-averaged equations. In this context, the free surface (as well as the remaining
flow variables) is always single-valued and, in the occurrence of breaking events, it
represents a mean surface elevation. The wave breaking and the vorticity injection at
the free surface are then modelled by using ad hoc models (as described in appendices
A.2 and A.3).

Substituting the above expressions into the system (2.3) and dropping all terms that
are O(ep?, u*), we obtain

H, + nmhU, + e — }:U#UﬂﬂJ7ﬁU]—
pEL
2.2.212 ;
) Wncm-h 2 2 2 G
U,,(l—’rs)—{—nanH + B,U, —I—e— ZZ:U WUnp + 0" Z(mx)3 2.9)
pe
pm¢n —p,m 2 2.2 2 ¢nm Fl
+ dvpp*n® U, — vep*n®n =M,—,
ZZ e T r Z(mx) .

peEZ m=1

where x = m/h is the (dimensionless) wavenumber associated with the vertical direc-

tion and
2h* v \ /2 s 2 2
bo=(1+5 ) (o) +avinie (2.10)

where v =v*/(uhi+/g*hi) is the dimensionless kinematic viscosity of the liquid and
D* is the tank breadth. As explained in Antuono et al. (2012), the coefficient g,
takes into account the dissipation caused by the boundary layer along the tank wall
and the viscous dissipation inside the liquid bulk (see e.g. Lamb 1945; Antuono &
Colagrossi 2013). In particular, the term (4vyu*n’n*U,) represents the dissipation due
to turbulence. In any case, since turbulence is generated by wave breaking, this term
is switched on only when breaking occurs. Otherwise, it is set to zero.

Before proceeding to the analysis, we briefly recall the expressions for the forces
F, and F,. These have been derived in Antuono et al. (2012) and are very similar
to the Lukovsky formulas (see e.g. Faltinsen & Timokha 2009). Denotmg the tank
acceleration by ay = (ay,1, o2, 0) and its rotation by R= (0, 0, 0) (here 6 is the angle
between the horizontal axis of the frame of reference of the tank and the horizontal
axis of the fixed frame of reference), we have

Fi(t) =—sinf —ay cos6 —ag, sin6 + uzé(zc —20) + uéz(xc —Xxg) + 2,u2éwc,
@2.11)

Fz(t) =—cosf + ao, 1 sin 6 — dop,» COS 0 — /_,Lé(xC — XU) + /,Lzéz(ZC — Z()) — ZMGMC
(2.12)

Here, xc and z. are the coordinates of the centre of mass of the tank, uc and wc¢
its velocity components, and x, and z, the coordinates of the centre of rotation.
Specifically,

oL =14+ =0 HA@) . L1 & THAe))?
)CC=L {2+Z TEZI’I,Z hg ) ZCZhO —2+Z|: Zhg :| ,

n=I
(2.13a,b)
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while the centre-of-mass velocity is simply given by the time derivative of the centre-
of-mass position,

+00 ; +00
[-1+ (D" H,() H,() .
ul.=L* L ., wh= 1 H* (). 2.14a,b
¢ Zzl: n2n? hy ¢ Z:; 2h} () ( )
At each time step we first integrate the continuity equation and find H:f for each n,
and then we use these solutions to update the centre-of-mass velocity and integrate
the momentum equation. Finally, the argument of the modulating term is given by

M,=-2 [(_llzn_l] for ne Z\ {0}, My=0. (2.15a,b)

More details can be found in Antuono et al. (2012).

Hereinafter the proposed model is referred to as the ‘modal system’ or ‘modal
method’, because of its similarity to the multi-modal schemes generally used for the
analysis of sloshing phenomena (e.g. Faltinsen er al. 2000; Faltinsen & Timokha
2002; Hill 2003). In any case, the procedure used to obtain system (2.9) is somewhat
different from that used in the models of Faltinsen er al. (2000) and Faltinsen
& Timokha (2002). Those rely on an estimate of the mode magnitude and on a
subsequent truncation (the reference parameter is ¢ =A*/hf). In the proposed model,
we do not give any estimate but retain a large enough number of modes to describe
the wave focusing and breaking.

3. Applications

The analysis that follows is divided into two parts. In the first one we use numerical
solutions and experimental measurements to calibrate the turbulent viscosity of the
proposed model. The experimental data are those of the campaign described in
Bouscasse et al. (2013), while the numerical solutions have been obtained by using
the §-SPH (smoothed particle hydrodynamics) model proposed in Antuono et al.
(2011). In the second part, we deal with the validation of the model. For this
purpose, a novel specific experimental campaign has been carried out.

The sloshing phenomenon is characterized by natural frequencies of oscillation.
These are derived by using the linear theory as a first-order approximation and read

o, =\/gnk  tanh(nk*h*), n=1,2,3,..., (3.1)

where k* = t/L* is the wavenumber associated with the tank dimension. For ease of
notation, the lowest natural frequency (that is, n = 1) is denoted by o. A violent
surface-wave response may take place when the forcing frequency is close to o,
regardless of the forcing amplitude. This resonant excitation ceases at a critical
frequency o, close to o due to a bifurcation phenomenon explained in Faltinsen
et al. (2000). Resonance arises also around higher natural frequencies (that is, n > 1)
even if these, generally, induce a weaker wave response.

Depth-averaged models (like the present one) and asymptotic shallow-water modal
schemes (e.g. Faltinsen & Timokha 2002) generally predict linear dispersion relations
that differ from the exact one and provide a good approximation only in shallow-
and intermediate-water conditions. In any case, all the sloshing experiments and
simulations shown in the present work are within such a range.
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FIGURE 2. (Colour online) The experimental set-up.

3.1. CNR-INSEAN experimental set-up

The tank used during the experimental campaigns at CNR-INSEAN is L* =1 m
long and D* = 0.1 m wide, and is filled with water up to a height A* (see
sketch of figure 1). The geometry of the tank, i.e. D*/L* = 0.1, ensures an almost
two-dimensional (2D) flow in the main tank plane. The experimental set-up is shown
in figure 2.

The first experimental campaign is that described in Bouscasse et al. (2013).
Three capacitance wave probes are placed at the sides of the tank. The first one nj is
positioned at a distance of 1 cm from one side, the second one nZ at distance of 5 cm
and the third one n%, at the middle of the tank. During the tests, flow visualizations
have been performed through a digital video camera (JAI CV-M2). This camera has
a spatial resolution of 1600 x 1200 pixels and frequency rate equal to 15 Hz. It has
been placed in front of the tank and sufficiently far from it to record the global
behaviour of the propagating wave. Finally, a wire potentiometer has been used for
a direct measurement of the position of the tank. Particular care has been devoted to
the synchronization of the several acquisition systems with different sampling rates,
used for the recording of the signals.

For the second campaign, a solution of water and fluorescein has been used to trace
the evolution of the free surface. The experiment has been conducted in a darkened
room, and the fluorescein solution has been excited by using five blue light-emitting
diodes (LEDs) (480 nm, 3 W) placed at a regular distance below the tank bottom.
The flow evolution has been recorded through two cameras (Falcon 1.4M100 Dalsa)
with a spatial resolution of 1400 x 1024 pixels and frequency rate equal to 100 frames
per second. The free surface has been detected by using an in-house code for image
analysis.

For the tank motion, an ad hoc mechanical system has been used. Specifically, we
considered a sinusoidal motion for both sway and roll cases with an initial ramp, to
avoid an impulsive start — see Antuono et al. (2012) for more details. When the ramp
ceases, the sway and roll forcing are respectively given by

X (1) = A" sin(0 1), 0(1) = 6 sin(o"1"), (3.2a,b)

where o* is the angular frequency, A* is the displacement amplitude and 6, is the
angle (in radians) between the horizontal axis in the frame of reference of the tank
and that of the Earth. The centre of rotation is set in the middle of the tank bottom.
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A*/Rs RS/LY oF (s7V) o*/o) Motion regime Breaking type

Series 1  0.500 0.060 2.3961 0.874,1.192 Weak/moderate Bore/plunging
Series 2 0.800 0.125  3.3936 1.00 Strong Plunging
Series 3 2.333 0.030 1.7018  1.230, 2.307 Strong/weak Plunging/bore

TABLE 1. The first experimental campaigns considered in the present work.

3.2. Calibration of the turbulent viscosity

From the first experimental campaign, we consider three configurations of sway
motions in shallow-water conditions. These are summarized in table 1, and, once
a steady state has been reached, they are all characterized by breaking waves.
Specifically, moderate breaking events occur in Series 1 while strong breaking waves
are generated in Series 2 and 3. The modal method has been implemented by using
200 modes in the x direction and 50 along the vertical direction. All the results may
be taken as converged ones.

The main mechanism of energy dissipation is related to the turbulent terms and,
consequently, to the value of the turbulent viscosity. According to Cox, Kobayashi &
Okayasu (1995), the turbulent viscosity in the shallow-water regime has to vary in the
following interval:

vy = uvrhi/ g hi = (0.03-0.04) kg </ g* hi. (3.3)

The above formula has been derived for coastal flows, but the sloshing simulations
that implement v3 in such a range appear to be somewhat too energetic in comparison
to experimental data and SPH simulations. Then, we analyse the sloshing model by
varying vy over a wider range (specifically, uvr =0.03, 0.06, 0.09, 0.12) and compare
the results with both the §-SPH scheme and the experimental measurements.

The first case is Series 1 with o* =2.094 s™! (i.e. 0*/o* = 0.874, see figure 3).
Breaking events are very weak and, consequently, only minor differences are observed
on varying vy. The overall match with the §-SPH and the experiments is very good.
Figure 4 shows the results obtained with the same configuration (Series 1) and o* =
2.856 s7! (i.e. 0*/o* = 1.192). In this case, breaking events are stronger and the
action of turbulent terms is more evident. Specifically, the trough between the two
highest peaks of the signal tends to reduce as vy increases. Again, the overall match
with the §-SPH and the experiments is good.

The second case is more problematic and is described in figure 5 (Series 2,
0*=3.393 s7!, 0*/o* =1). Here, breaking events are very intense and both the §-SPH
and the experimental data are characterized by a sawtooth signal. For vy = 0.03/u
and 0.06/u, the turbulent terms are too weak and a two-peak signal is obtained.
Conversely, a good agreement is obtained for vy =0.09/x and 0.12/u, even if the
last case does seem a bit too dissipative.

The last configuration (Series 3) is the most energetic. Figure 6 shows the
test with o* = 2.094 s™! (i.e. o*/0* = 1.230, very close to bifurcation). In this
case, the proposed model cannot dissipate enough energy through wave breaking
and the solution is that of a typical undular bore, i.e. made of wave trains with
large oscillations. An increase in vr reduces these oscillations, with a consequent
improvement of the agreement, but cannot completely dissipate them. We anticipate
that this behaviour generally characterizes those simulations with large values of
A*/hi and small values of u =hj/L*. A more detailed analysis is given in §3.3.1.
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@ —— Modal (vy = 0.03/u) () — Modal (v = 0.03/u)
----- 8-SPH
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(d) —— Modal (vr = 0.06/n)
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FIGURE 3. (Colour online) Series 1, 0*=2.094 s~ (0*/o* =0.874), and x*/L* =0.05.

One further interesting case is represented by Series 3 with o* = 3.927 s7! (i.e.
o*/o¥ =2.307). In this case, the frequency is beyond the bifurcation point (close
to the second natural frequency of oscillation) and the dynamics is not very strong.
The free-surface signal is ‘asymmetric’, that is, the signal measured at x*/L* = 0.05
is not a simple temporal translation of the signal measured at x*/L* = 0.95. The
comparison for different values of vy is shown in figures 7-10. Apart from the
last case (vy =0.12/u), the modal method predicts an asymmetric behaviour of the
free-surface signal. However, the signal for vy =0.03/u is too energetic and, further,
does not predict the doubly periodic modulation that characterizes the experimental
measurements and the 6-SPH results at x*/L* = 0.05. On the contrary, the signals
obtained by using vy = 0.06/u (figure 8) and vy = 0.09/n (figure 9) show a good
agreement with both the §-SPH results and the experiments. The above analysis
suggests that a suitable choice for the turbulent viscosity for sloshing problems is

Vi = popht /g ~ (0.06-0.09)7\ /g . (3.4)

Specifically, we choose vy =0.08/u for the numerical simulations of §3.3.
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(a) —— Modal (vr = 0.03/u) ) —— Modal (vr = 0.03/u)
----- §-SPH

0.06 0.06

0.04 0.04

= 00 0.02
< 0 0
~0.02 ~0.02

—~

FIGURE 4. (Colour online) Series 1, 0* =2.856 s~ (0*/0} =1.192), and x*/L* =0.05.

We here underline that the model proposed in Antuono et al. (2012) (which does
not account for wave breaking) cannot describe the test cases shown up to here. In
fact, lacking the dissipation mechanisms due to the vorticity and turbulence, it is
affected by large spurious oscillations that make the simulations unstable.

3.3. Validation

In this section we deal with the validation of the proposed model. This has been
carried out on the basis of the data collected through the second experimental
campaign described in §3.1, in which both sway and roll motions have been
accounted for. The filling configurations are briefly summarized in tables 2 and 3,
and include both moderate and strong motion regimes, varying from very shallow
depths (hi/L*=0.034) to almost intermediate depths (Aj/L* =0.089). The comparison
between the numerical outputs and the experimental measurements has been done
on the basis of the free-surface evolution at four locations, namely x*/Lx =
0.05, 0.1, 0.2, 0.3, and at fixed time instants (all over the tank width). We start by
describing the cases in deeper water, and we leave the cases with Ahj/L* = 0.034 to
the end of our discussion, since these deserve a more detailed analysis.
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(@) —— Modal (v = 0.03/u)  (p) — Modal (v = 0.03/p)
----- 8-SPH

(©) —— Modal (v7 = 0.06/w)
fffff Exp. data -----6-SPH

(e) —— Modal (v = 0.09/w)
fffff Exp. data -----§-SPH

fffff Exp. data -----6-SPH

t/T t)T

FIGURE 5. (Colour online) Series 2, 0*=3.393 s~ (6*/o) =1), and x*/L* =0.05.

Sway A*/R: R:/L* oF (s7') o*/oF Motion regime Breaking type
Series SI ~ 1.00 0.034  1.8178 1.25 Moderate Bore
Series S2  1.00  0.069  2.6052 1.10 Strong Plunging
Series S3  0.60  0.089  2.9745 0.95 Strong Plunging

TABLE 2. The second experimental campaigns. The sway motion.

The first case is a sway motion at A4’/L*=0.089 with 0*/0* =0.95 (Series S3). This
is characterized by a strong dynamics with violent breaking events, which develop in
the form of travelling bores. The free surface predicted by the model is compared with
the experiments in figure 11 at fixed positions. At x*/L* =0.05 (figure 11a) both the
experimental and numerical signals are characterized by a sawtooth profile, which is
typical for a travelling bore. At x*/L*=0.1 (figure 11b) the signals display secondary
peaks, which become more pronounced at x*/L*=0.2, 0.3 (figure 11c¢,d). The overall
match is good even if a careful analysis of these signals shows that the experimental
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FIGURE 6. (Colour online) Series 3, 0* =2.094 s™' (0*/o = 1.230), and x*/L* =0.05.

Roll 0 (rad) h3/L* oF (s7') o*/o} Motion regime Breaking type
Series R1  w/180 0.034 1.8178 1.20 Moderate Bore
Series R2  w/180 0.069  2.6052 1.00 Strong Bore
Series R3  w/180 0.089  2.9745 1.10 Strong Bore

TABLE 3. The second experimental campaigns. The roll motion.

data (which are synchronous with the numerical ones at x*/L* = 0.05, that is, close
to the wall) tend to slightly anticipate the numerical outputs at x*/L* =0.2, 0.3. This
phenomenon can be easily explained by looking at the global free-surface evolution.
Figure 12 displays some snapshots of the free-surface evolution along with the contour
of vorticity field as predicted by the proposed model. The black solid lines represent
the experimental data. The numerical and experimental free surfaces are initially in
synchronization close to the right wall (figure 12a,b). As the wave moves towards


https://doi.org/10.1017/jfm.2014.127

https://doi.org/10.1017/jfm.2014.127 Published online by Cambridge University Press

A shallow-water sloshing model for wave breaking in rectangular tanks 449

—— Modal (v = 0.03/p)
0.04 F ——- Exp. data

t/T t/T

FIGURE 7. (Colour online) Series 3, o* =3.927 s™! (0*/o} =2.307), and (a,b) x*/L* =
0.05, (¢,d) x*/L* =0.95.

(@ 006§ PAPOTS o (oosp PO
t —— Modal (v = 0.06/p) <------ boo--- 4 - —— Modal (v = 0.06/p) ~------ boo--- 4
0.04 F ——- Exp. data N R 0.04F ------ §-SPH Aol
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18 19 20 21 22 23 24 18 19 20 21 22 23 24

t/T t/T

FIGURE 8. (Colour online) Series 3, o*=3.927 s~! (6*/0o} =2.307), and (a,b) x*/L* =
0.05, (c,d) x*/L* =0.95.

the opposite wall, the experimental wavefront breaks and several splash-up cycles are
generated (figure 12¢). This phenomenon cannot be described by the numerical model,
which, based on depth-averaged equations, tends to keep the front of the travelling
bore more compact and localized. This leads to a delay of the numerical signal with
respect to the experimental one (figure 11c,d). In any case, the wave-breaking process
seems to be properly described, as shown by the large amount of vorticity generated
by the numerical model (figure 12¢). When the travelling bore reaches the opposite
wall, the numerical and experimental free surfaces return to be in synchronization.
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0.04fF - Exp.data ..o . 004}

t/T t/T

FIGURE 9. (Colour online) Series 3, 0*=3.927 s™! (6*/0} =2.307), and (a,b) x*/L* =
0.05, (¢,d) x*/L* =0.95.

—— Modal (v =0.12/p) - - ,,,,, 3 . ——— Modal (v =0.12/p) - ,,,,, ;
0.04F ~==" Exp. data n SRR 0.04F - 8-SPH ‘

t/T t/T

FIGURE 10. (Colour online) Series 3, 0*=3.927 s~ (6*/0}=2.307), and (a,b) x*/L* =
0.05, (¢,d) x*/L* =0.95.

The delay of the numerical results in comparison to the experimental data is,
generally, not so evident from the signals recorded at fixed positions because of
the large velocity of the wavefront but, nonetheless, is always present. This is, for
example, what happens for the roll case described in figures 13 and 14 (Series R3
with 0*/o} = 1.1). In this case the advance is rather small (figure 14c) and it is,
practically, imperceptible in figure 13. In any case, the overall behaviour is the same
as for the previous case and it is observable also in the cases that follow.

For hi/L* =0.069, we considered a sway case with o*/o = 1.1 (Series S2) and
a roll case with o*/0 =1 (Series R2). The comparisons with the experiments are
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FIGURE 11. (Colour online) Series S3, o* = 2.826 s™! (0*/o} = 0.95). Comparison
between the proposed model (solid line) and the experiments (dot-dashed line).
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FIGURE 12. (Colour online) Series S3, o* =2.826 s™! (o*/o* =0.95). The contour lines
of the vorticity field as predicted by the sloshing model (dashed lines for negative values,
solid lines for positive values) and the free surface measured during the experiments (thick
black solid lines) at different time instants.

shown in figures 15-18. The overall agreement is good even if for the roll case the
experimental signals at fixed positions are disturbed by some spurious oscillations (see
figure 17). These are probably due to a small swirling motion that is generated inside
the tank. In any case this does not influence the overall behaviour of the experimental
test. For Series S2 and R2 we selected some interesting snapshots of the free-surface
evolution. Specifically, let us focus on figure 16(d) and figure 18(d). In both these
panels a single free-surface bump evolves just after the run down at the sidewall of
the tank. Similarly to the experiments, the proposed model remarkably predicts two
breaking events: one due to the breaking front of the travelling wave and the other
one caused by the wave run down at the wall. Although the second breaking event
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FIGURE 13. (Colour online) Series R3, o* = 3.272 s7' (06*/o = 1.1). Comparison
between the proposed model (solid line) and the experiments (dot-dashed line).
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FIGURE 14. (Colour online) Series R3, 0* =3.272 s™! (6*/o} =1.1). The contour lines
of the vorticity field as predicted by the sloshing model (dashed lines for negative values,
solid lines for positive values) and the free surface measured during the experiments (thick
black solid lines) at different time instants.

is only roughly described (the experiments show a strong and persistent vortex close
to the bottom corner of the tank), this is sufficient to provide a fair approximation of
the wave-breaking dissipation.

The last part of the present analysis is devoted to the cases characterized by very
shallow depths, that is, Series S1 and R1 (hj/L* =0.034). Both these cases display
some analogies and a similar evolution. The free-surface time histories are shown in
figures 19 and 21. In comparison to the experimental measurements, the numerical
signals are characterized by several oscillations even if the overall behaviour is
represented fairly well (see also figures 20 and 22). Similarly to the sway case
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FIGURE 15. (Colour online) Series S2, o* = 2.866 s~' (0*/o = 1.1). Comparison
between the proposed model (solid line) and the experiments (dot-dashed line).
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FIGURE 16. (Colour online) Series S2, o*=2.866 s™' (0*/o* =1.1). The contour lines
of the vorticity field as predicted by the sloshing model (dashed lines for negative values,
solid lines for positive values) and the free surface measured during the experiments (thick
black solid lines) at different time instants.

described in figure 6, these oscillations, typical of undular bores, are probably due
to an underestimation of the wave-breaking dissipation. The excess of energy excites
the dispersive mechanisms described by the model and leads to the generation of
undular-type wave trains. Such a phenomenon highlights some possible limits of the
proposed model in describing breaking events in very shallow water. This issue is
addressed in the following section.

3.3.1. Limits of applicability
As a final part of the present work, we inspect the limits of applicability of the
proposed model. A preliminary condition that must be satisfied for the consistency of
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FIGURE 17. (Colour online) Series R2, 0*=2.605 s™! (0*/0* =1). Comparison between
the proposed model (solid line) and the experiments (dot-dashed line).
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FIGURE 18. (Colour online) Series R2, o* =2.605 s~! (¢* /o =1). The contour lines
of the vorticity field as predicted by the sloshing model (dashed lines for negative values,
solid lines for positive values) and the free surface measured during the experiments (thick
black solid lines) at different time instants.

the scheme is F;/u = O(1). For the roll motion we assume that (xc — xq), (zc — 2o)
and wc are of order one. Since the axis of rotation has been placed in the middle
of the tank bottom and the angle of rotation is small, the above conditions are
largely satisfied in all the roll cases shown in the present work. Assuming that the
motion of the centre of mass is weak, we can approximate (xc —xo) and (z¢c — zo) by
using the coordinates of the centre of mass in still-water conditions. We denote these
approximated terms by £, and ¢, respectively. Under these assumptions, F;/u = O(1)
may be reduced to the following bounds:

sin 6 ap,1 ..
T o(l), T o), ax=0(1), pbt;=0(),
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FIGURE 19. (Colour online) Series S1, o* = 2.272 s7' (0*/o = 1.25). Comparison
between the proposed model (solid line) and the experiments (dot-dashed line).
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FIGURE 20. (Colour online) Series S1, 0*=2.272 s! (0*/o} =1.25). The contour lines
of the vorticity field as predicted by the sloshing model (dashed lines for negative values,
solid lines for positive values) and the free surface measured during the experiments (thick
black solid lines) at different time instants.

624, =0(1), ubwe=0(). (3.5a,b,c,d,e,f)

Since we have assumed that £, we = O(1) and u < 1, the fifth condition ensures the
fulfilment of the last one (which is neglected hereinafter). Further, we drop the bound
on aop,, since the verticalacceleration is not considered in the present analysis. The
remaining terms are evaluated by using the dimensionless forms of the expressions in
(3.2a,b), that is

x(t) =Asin(ot), 0(t) =06y sin(ot). (3.6a,b)
We obtain the following conditions:

6 Ao?
D_o1), 2T =0Q1), wubot,=0(), 0502, =0(1). (3.7a,b,c,d)
2 2
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FIGURE 21. (Colour online) Series Rl, o* = 2.181 s7' (6*/0* = 1.2). Comparison
between the proposed model (solid line) and the experiments (dot-dashed line).
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FIGURE 22. (Colour online) Series R1, 0*=2.181 s! (6*/o = 1.2). The contour lines
of the vorticity field as predicted by the sloshing model (dashed lines for negative values,
solid lines for positive values) and the free surface measured during the experiments (thick
black solid lines) at different time instants.

In the roll cases shown in the present work, £, =h/2 while £; =0 and, therefore, the
last bound can be neglected. In dimensional variables, the remaining conditions are
equivalent to the following requirements:

6o A*(0*)? _ Oo(0*)23

Y=—= 0(1)’ Vo = — = 0(1), V3 = 0(1) (3.861,b,C)
m g

It is understood that the above conditions are valid for a circular frequency below the
bifurcation frequency, that is, for o* < o,". The values of y;, y, and y; for the sloshing
cases described up to here are summarized in table 4. In all cases the third condition
is largely satisfied, since its values range from 10~ to 1072 (note that 6, is expressed
in radians). The condition on y; is always fulfilled as well, even though it somehow
seems too elusive, since spurious oscillations may already arise for y; > 1/2. For y,,
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Sway and roll o* (s7!) 7 v V3 €5 €30
Series 1 2.856 — 6.93 — 1.08 —
Series 2 3.393 — 7.51 — 2.40 —
Series 3 2.094 — 34.76 — 2.00 —
Series S1 2.272 — 15.48 — 1.32  0.88
Series S2 2.866 — 12.13 — 1.66 1.09
Series S3 2.826 — 5.49 — 1.68 1.12
Series R1 2.181 0.513 — 0.0085 1.32 0.97
Series R2 2.605 0.253 — 0.0121 1.08 0.72
Series R3 3.272 0.196 — 0.0190 1.12 0.79

TABLE 4. The values of the parameters y;, y, and y; defined in (3.8a,b,c). The parameters
€5 and €3, have been computed by using the free-surface signals at x*/L* = 0.05 and
x*/L* =0.3 (that is, nZ and n3,).

the proposed model proved to work properly up to y, >~ 10, that is, a bit beyond the
bound in (3.8a,b,c). For larger values, the numerical results are affected by spurious
oscillations whose intensity increases as ), becomes larger and larger. Consistently,
the worst case is that of Series 3 with o* =2.094 s~! (figure 6) where y, = 35.
Further conditions that have to be satisfied are eu? < 1 and u* < 1. For sloshing
motions the dispersive parameter p depends only on the tank geometry (while, for
example, in the case of coastal flows it depends on the wavelength). This implies
that, if the tank dimensions ensure u? < 1, the proposed model can properly describe
sloshing cases with € = O(1), that is, highly nonlinear phenomena. This is clearly
shown in the last column of table 4, where the value of € has been computed by
using the free-surface signals at x*/L* =0.05 and x*/L* = 0.3 (that is, n{ and n3)).

4. Conclusions

Following the approach described in Antuono & Brocchini (2013), the sloshing
model proposed in Antuono et al. (2012) for rectangular tanks in shallow-water
conditions has been extended to include wave-breaking processes. The vorticity field
has been obtained by solving the linearized equation of the vorticity with free-surface
boundary conditions that have been derived from the criteria typical of near-shore
circulation models and described in Veeramony & Svendsen (2000). In agreement
with the majority of depth-averaged models, the turbulent terms have been modelled
through a Boussinesq closure while the turbulent viscosity has been assumed to be
constant all over the liquid domain. The intensity of the turbulent viscosity has been
calibrated by using the experimental campaign described in Bouscasse et al. (2013),
while a second experimental campaign has been specifically conceived to validate the
model.

Both sway and roll motions have been analysed, as well as different filling depths
and moderate to strong breaking events (from bores to plunging breaking waves). In
all cases the model proved to be robust and reliable in the prediction of the sloshing
phenomena and to be effective in a wider range of filling depths and excitation
amplitudes than other existing shallow-water sloshing models (see e.g. Faltinsen &
Timokha 2002; Hill 2003; Antuono et al. 2012).

Some spurious oscillations, probably caused by an underestimation of the wave-
breaking dissipation, have been observed for very shallow depths and large excitations.
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This suggests that some care has to be used when dealing with this kind of
configuration. Specifically, we observed that the proposed model applies better to
sway cases characterized by 3, < 10 and to roll motion with y; < 1/2.

Apart from these limits, the proposed scheme may be regarded as a valuable tool for
the prediction of sloshing phenomena in shallow-water conditions. In general, sloshing
flows involve rather complex phenomena, including breaking wave, multiphase flows,
splash-up and so on, which are extremely difficult to reproduce numerically. Numerical
models based on the solution of the Navier—Stokes equations, although theoretically
able to reproduce these phenomena, are extremely time-consuming. Further, they often
show some difficulties for long-time simulations (e.g. problems in satisfying mass and
energy conservation due to numerical dissipation).

In this context, the construction of an efficient numerical model for shallow-water
condition, like the proposed one, is very useful. First, its coupling with potential flow
methods for ship motion predictions can be useful to estimate the mutual interaction
between ship motions and the sloshing flows in internal tanks. Second, the capability
to capture the occurrence of wave breaking in the tank can be useful to estimate
the occurrence of strong local impact loads on the tank wall, eventually triggering
hydroelastic effects.
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Appendix A. Derivation of the sloshing model

Let us consider the one-dimensional semi-integrated model proposed in Antuono &
Brocchini (2013). The velocity field is decomposed into a depth-averaged component
and a deviation, that is, u = U + du, where

1 [
u(t,x,z) =U(t, x) +éu(t, x,z) with U(t, x) = p / u(t, x, z) dz. (A1)

—h

The deviation is given by

€n 1 €n €1
Su=—u’ {/ wxdg‘—d/ dz/ wxdg}—i—R, (A2)
z —h z
€n 1 €n €n
R=—/ wd§+d/ dz/ wd¢ (A3)
z —h z

where

and o is the vorticity field (horizontal component only). This variable is assumed
to be known and is modelled similarly to the work of Veeramony & Svendsen
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(2000). Neglecting the turbulent stresses at the free surface and at the bottom, the
one-dimensional semi-integrated model reads

n + (Ud) =0,
Mz €n d EMZ €n M( N d
U UU,+n+ — T, — ¢
M©® )

w [ T
+e—+— [ TPdz+pu’*— =0,
d /—h ! ¢ o d

d

where

€n €n €n
T = / wde, M<x>:{ / Buzdz] , T("):[ / (ﬁz)dz} . (ASa,b,c)
z —h x —h X

€n €n
M(z):|:/ uwd{] —w?, T<Z>=[/ (itﬁ/)d{:| — (W), (A6a,b)

A Boussinesq closure is adopted to estimate the turbulent terms:
(%) = =2vru,, (W) =—=2vrw., (W) = —vr(u, + u’wy). (A7a,b,c)
Hereinafter, we neglect all terms that give contributions of order O(eu?, u*) inside
system (A 4). First, we derive an approximate expression for the vertical velocity w.
The continuity equation and (A 2) for du give
WM:_UX_(SM);:_UX_R)C—’_O(I‘(?)a (A8)

while the boundary condition at the free surface is wl,, = 1, + O(e, €u?). Then,
integrating over the depth, we obtain

€n
w=mn,+U.en—72z) +/ R.d¢ + O(e, ). (A9)

Using the above expression and 1, = —hU, 4+ O(e) (the continuity equation of the
system (A 4)), we find

(en —2)* < < )
T:—hUx(en—Z)—i-UxT—i- d¢ R.d& +O(e, %), (A 10)
» / Todz= / & / d / Row & + O(epi?., 1.
h
(A11)
Similarly, we obtain
€ w__ € - 2

-MY = - R°dz| + O(en?), (A12)

d dl|/)., N

MZ MZ €n
" TW = —2v 0> U, — 2vT7 R dz+ O(ep?, u). (A 13)

—h
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For the last turbulent term, we first simplify the turbulent stresses as follows:
(W) = 2vru, = 2v;U, + 207R, + O(u?), () = —vrw + O(u?). (Al4a,b)

Then, we obtain

/ T(Z)dz = —vT/ [/ a)dg] dz — 2vp U,

—2vrh/ R dz+ O(ep®, ). (A15)
—h

A.1. Details of the computation
Using the summation in (2.8), we find

€n mrrx +00 d)nm()
/ wdl = Z Z [—1 + cos(mmy)], (A 16)
z neZ
e X (D)
R = —d% 5 mzz; = cos(my). (A17)

Then, it follows that

€n
/ Rudz = 0(), (A18)
—h
€n €n s 1nnx +00 ¢nm([)
wde| dz =h Z(nn Z +0(@), (A19)
—h z xx neZ
L Y o e N dSnm(t)
/ dz/ d{/ Ry dg = 1> (n )2 Z S+0().  (A20)
—h < ¢ nez ( )
For the nonlinear term, we obtain
d? : X, (1) b, (1
R = -7 p% elPromx ”ZZI L‘;; ) qu’; ) cos(rmy) cos(smy), (A21)

and, integrating, we find that

€n & e = Bpn (P (0)
/h dez:—§ Z i(p+4q) Z#. (A22)

2
p.q€L m=1 (mTE)

Then, it follows that
L[ PO TR () Pgun (1)
— R*dz| =K P e O(e). A23
dU Z] 2 pram—g— ) TEOLET H0O. (A2

x P.q€Z m=1

For the sake of simplicity, the above term may be rearranged as follows:

L[ ¢pm(t)¢n_pm()
d[/ dez} hzz(nn) ZZ + 0(e). (A 24)

h neZ peZ m=1

IVLT[)C
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A.2. Breaking criterion and boundary conditions

In Veeramony & Svendsen (2000), the inception of breaking for the weakly nonlinear
model was placed at the wave location where the free-surface slope exceeded 20°,
that is, where |n}.| > tan(w/9). We follow this criterion, but add a further condition to

be fulfilled for breaking to occur. Specifically, we also require (u*nk.) < —0.05/g*hg.
This ensures that breaking occurs in the same direction as wave propagation and
avoids unphysical breaking events associated with the wave trains that are generated
in sloshing motions. As a preliminary check on the proposed breaking criterion, we
simulated the same sloshing cases as considered in Antuono et al. (2011). Indeed,
since these are characterized by non-breaking waves, the numerical simulations should
coincide with those shown in Antuono et al. (2011). In all cases we did not observe
any difference, thus confirming the reliability of the breaking criterion.

The breaking point is, generally, at the toe of a steep wave. In Veeramony &
Svendsen’s model, the interval of wave breaking grows during the evolution and,
finally, extends from the breaking point up to the first peak of the wave. The
time scaling of its evolution is related to the wave period. Since this approach
is unnecessarily too complex for the sloshing model at hand, we simplify it as
follows. We neglect the growth of the breaking interval during evolution and assume
that it immediately extends from the breaking point up to the roller end point.
Specifically, the end point is set where the free-surface slope is smaller than 5°, that
is, |n%| < tan(ww/36). The breaking point and the roller end point are updated during
the evolution of sloshing.

In Veeramony & Svendsen’s (2000) model, the boundary conditions for the vorticity
are assigned along the lower boundary of the ‘wave roller’ 1, (generally different from
the free surface) in the spatial interval over which breaking occurs. We simplify this
approach and make the assignment directly along the actual free surface, that is, 7.

Let us denote by x}, and x’ , the initial and end points of the breaking region and,
for the sake of simplicity, let us assume that x} . <x* ,. Then, according to Veeramony

ini end’

& Svendsen, the boundary datum for the vorticity is

vy = 4 LFTSWLL = e I = (7 =) 0], € L Xl ) o)
0, elsewhere,
where ¢* = (x} , — x7,) and W, is a factor that derives from the representation of
Veeramony & Svendsen’s results into our scaling. Specifically,
Uiht
Wy = ——! (A26)

0— * * ’
wg (h3)?
where h{ and U} are the depth and velocity measured at x},,, and A} is the depth at

Xend -

A.2.1. Detection of x,; and x},,
The detection of x!, and x}, , by directly using 5}, is not reliable. Indeed, n}
generally presents oscillations, which may lead to the detection of spurious breaking
events. These, in turn, may induce further oscillations, leading to a feedback mecha-
nism that makes the computation unstable.
For this reason (and exclusively for the detection of x} . and x*

ini end
is used to smooth n}.. Specifically, we define

1 X HA* )2

(ne) =~ / s ds*. (A27)
/l XE—A% )2

), a suitable filter
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Using (2.5), it is easy to show that

. 2 . [nk*a*
- Z nk*H sin(nk*x") sin
nk*A* 2

2H* . [ nk*A*
= — Z L sin(nk*x*) sin 2 , (A28)

(m)

/1*

where k* = w/L* is the wavenumber. The first expression in (A 28) highlights how
the smoothing procedure modifies the original expression of n}.. The terms obtained
through the smoothing decrease like 1/n and ensure a smaller content of high-order
frequencies in the smoothed signal. The final expression in (A 28) suggests what
the order of magnitude of A* should be. Specifically, we require that the smoothing
procedure does not change its characteristics by varying the tank dimensions or the
filling depth. Since we only have two spatial lengths, the only possible choices for
A* are A* =al* or A* = Bh*, where « and B are dimensionless parameters. Using the
adopted scaling, we find

Ne =—€N E nmH, sin(nmx), (A29)
r=al* = nL)=—€ g 2—" sin(nmx) sin <n—a> (A 30)
= Nex) = " d R
=B = (g.)=—¢ E 2—" sin(nmx) sin ( ﬁ,u) (A31)
= )= — — n n— .
" - /3 2

It is evident from the above expansions that the smoothing in the final expression
changes its intensity over the modes because of the inner dependence on w. On the
contrary, in the expansion obtained by setting A* =« L*, the parameter u appears as a
magnitude parameter. This is consistent with the expansion for the original signal, n%..
As a consequence, in all the simulations shown in the present work, we use A* = aL".
Since the smoothing length has to be consistent with the shallow-water approximation,
we also require o < 1. Specifically, we found that o« = 0.1 is a good and reliable
choice. In fact, a larger value would lead to a damping of the original signal, while a
smaller value would not eliminate the high-frequency oscillations in 5}, thus causing
instabilities.

A.3. Vorticity solution
Hereinafter, we follow the procedure described by Veeramony & Svendsen (2000) and

adapt it to the proposed modal scheme. Let us consider the linearized equation for the
vorticity field along with the boundary conditions:

Wy = vT(Mza)xx + a)ZZ)»

a)|z:en - a)f(xa t)’
A32

w|z=7h == 07 ( )

w|x:0 = C()|)c:L =0.
Differently from Veeramony & Svendsen (2000), we retain the dependence on the

variable x since we need to modulate the free-surface boundary datum, wy, along the
tank width.
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Now, let us introduce the coordinate y= —(en — z)/d. This new variable allows the
liquid domain (x, z) € [0, L] x [—h, €n] to be mapped into (x,y) € [0, L] x [—1, 0] and
makes the assignment of the boundary conditions easier. Dropping the higher-order
terms, the system (A 32) becomes

®yy
w, = vy (Mzwxx + h—’;)
wly—o = wy(x, 1), (A 33)
w|y=71 == O,
a)lx:O = a)|x:L =0.

It is convenient to place the free-surface boundary datum inside the vorticity equation.
Thus, we set

=0+ @+ Doy, (A34)
and (A 33) becomes

~ 2~ Wyy 2
W; = V7 | L Wxy + ﬁ + (y + 1)(_a)ft + vrib wf,xx)a

E(V)|y=0 - &;|y=71 = 0’

(A35)
Z[)|x:0 = CA&'X:L =0.

Since we want to express the solution as a series of modes depending on both the x
and z coordinate, we need to expand w, wy and (y+ 1). Let us focus on the first term.
To satisfy the boundary condition, one must have

+oo +o0 intx 00
5= 20t sin(amn) sin(mmy) = 3 ez, 3" @o0) sin(mmy).
1

n=1 m=1 nelR m=1

(A 36)
Similarly, one has
+00 inmx
. e

wp(x, )= fu(t) sin(nmx) =Y S h®, (A37)

n=1 neR

and f, is defined later. Care must be taken with the last term. Indeed, the series
of sines for (y 4+ 1) corresponds to the Fourier series of a sawtooth profile with a
discontinuity at y =0. A straightforward representation of such a datum would lead
to large oscillations near the discontinuity (the Gibbs phenomenon), which may also
affect the solution. To avoid this issue, the term (y+ 1) has been smoothed as follows
(y being negative by definition):

G+ 1D~ GG+ —e”) with b=50 (A38)
and
+0o0
O+ D —e”) =) "8, sin(mmy). (A 39)

m=1

Substituting these expression into (A 35), we obtain
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2 2

§n,m + vr <M2T[2n2 + hm > én,m = _Sm (f;1 + VTluthznz n)- (A 40)

Substituting (2.7), (A 36), (A37) and (A39) in (A34), we find

d)n,m = én,m + Smf;la (A 41)

and we can rewrite (A 40) as

) s o 2m vrim?
¢n,m + Vr | L TTn + — ¢n m = h2 Smfn (A 42)

Assuming that the vorticity is initially zero (that is, ¢, (%)) = 0), we obtain the
following solution:

2 2
G (1) = <W> m/fn(f) exp |:_VT <M2ﬂ2n2+ ) (t— T)} dr. (A43)

A.3.1. Numerical evaluation
The time evolution of ¢, , is obtained by rearranging (A 43) as follows:

2 2
Gum() = (”T“ " ) / £u(2) exp [—VT <M2n2n2+ h’" ) (z—r)] de

2 2

+ exp |:—1)T (uznznz n hm ) At] o (t — AT) . (A 44)

Then, we just need the value of ¢, ,, at (t — Atr) and the value of f, in [r — At, t]. Some
care is required to compute the time integral. Indeed, it is not advisable to apply the
trapezoidal rule directly, because we would obtain an expression for ¢, , () that would
lead to non-convergent series in m. To overcome this issue, it is convenient to expand
f» in a Taylor series as

Jn(®) = fot — A1) 2
A (t =0+ 0(AP),

(A45)

L:(0) =£,(0) +£,(0) (T — D) 4+ O(AP) =£,(1) +

and to substitute this expression inside the above integral. For the sake of simplicity,
we set

2m2
C= <M2n2n2+ " ) (A 46)
Then, we obtain

t
/ fa(m)e TP dr
t—At

(1 —e €2 fu® —fut — AD] [1 = (1 4+ CADe= A
c [ At } [ C?

—£.(1) ] + O(AP).

(A47)
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This result is somewhat similar to the trapezoidal rule and has the same order of
accuracy.
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