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We develop a weakly nonlinear model of duct acoustics in two and three dimensions
(without flow). The work extends the previous work of McTavish & Brambley (2019
J. Fluid Mech., vol. 875, pp. 411-447) to three dimensions and significantly improves
the numerical efficiency. The model allows for general curvature and width variation
in two-dimensional ducts, and general curvature and torsion with radial width variation
in three-dimensional ducts. The equations of gas dynamics are perturbed and expanded
to second order, allowing for wave steepening and the formation of weak shocks. The
resulting equations are then expanded temporally in a Fourier series and spatially in terms
of straight-duct modes, and a multi-modal method is applied, resulting in an infinite set
of coupled ordinary differential equations for the modal coefficients. A linear matrix
admittance and its weakly nonlinear generalisation to a tensor convolution are first solved
throughout the duct, and then used to solve for the acoustic pressures and velocities. The
admittance is useful in its own right, as it encodes the acoustic and weakly nonlinear
properties of the duct independently from the specific wave source used. After validation,
a number of numerical examples are presented that compare two- and three-dimensional
results, the effects of torsion, curvature and width variation, acoustic leakage due to
curvature and nonlinearity and the variation in effective duct length of a curved duct due
to varying the acoustic amplitude. The model has potential future applications to sound in
brass instruments. Matlab source code is provided in the supplementary material.
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1. Introduction

Brass instruments are understood to sound brassy due to nonlinear wave steepening within
the instrument (Hirschberg et al. 1996). This has been observed experimentally for a
trombone (Hirschberg et al. 1996; Rendén ef al. 2010) and for a trumpet (Pandya, Settles &
Miller 2003; Rendén et al. 2013), and is supported by relatively simple physical models
(e.g. Gilbert, Menguy & Campbell 2008). In these studies, attention is often given to the
width, or bore, of an instrument, and its variation along its length. Varying the bore so
that it progressively gets wider lowers the amplitude of the outward-propagating wave,
resulting in less nonlinear steepening and a less brassy sound. Conversely, a cylindrical
bore that does not widen (such as is necessary for a trombone slide to be able to slide)
allows nonlinear steepening to occur, exciting higher harmonics and leading to a more
brassy sound. Myers et al. (2012) even proposed a dimensionless brassiness parameter B
based on the bore variation in order to quantitatively classify musical instruments by their
brassiness. Most of the modelling in this area assumes plane-wave propagation and straight
ducts, although Fernando & Druon (2011) allowed for non-plane-wave propagation by
introducing a cross-duct modal expansion while retaining the straight-duct approximation.

However, very few brassy-sounding musical instruments are straight; for example, a
traditional Bb trumpet has a duct that, if straightened, would be approximately three times
as long as the instrument. In order to investigate the acoustics of curved ducts, Félix &
Pagneux (2001) generalised the multi-modal method previously developed by Pagneux,
Amir & Kergomard (1996) for ducts with width variation. While initially developed in
two dimensions, it was subsequently extended to three (Félix & Pagneux 2002). The multi-
modal method involves the projection of the curved-duct acoustics equations for pressure
and velocity onto a basis of straight-duct modes, converting the governing partial differen-
tial equations (PDESs) into an infinite coupled set of ordinary differential equations (ODEs)
for the amplitude of each mode. The ratio of the velocity and pressure, known as the ad-
mittance, is then taken, and a Riccati-style equation for the admittance is solved. As well as
being computationally tractable, this formulation has the potential to provide better physi-
cal intuition than, for example, direct numerical simulation, as the admittance encodes the
downstream effects of the duct geometry independently of the form of the acoustic wave
introduced upstream. This will be seen below, as we will follow a similar procedure here.
However, this multi-modal method depends on the linearity of the acoustic equations, and
so0 is not able to model the weak nonlinearity necessary for investigating brassiness.

The tuning of a wind instrument is given by the effective length of the duct, and acoustic
modes travelling around the outside of a duct bend would see a different effective length
compared with acoustic modes travelling around the inside of a duct bend, resulting in a
different resonant pitch. Brass instruments shift their pitch slightly when played louder.
Could perhaps nonlinear steepening affect the effective length of a duct bend? Could
instruments be designed for pitch stability as the sound amplitude is varied? Or, if curved
ducts behave similarly to straight ducts, is it possible to say why and to quantify the extent
to which they do so? Such an analysis would require a framework capable of analysing
nonlinear acoustics in curved ducts.

Recently, McTavish & Brambley (2019) combined the curved-duct linear multi-modal
method of Félix & Pagneux (2001) with the straight-duct nonlinear multimodal method
of Fernando & Druon (2011) to describe the weakly nonlinear acoustics of curved ducts
in two dimensions. Even restricted to two dimensions, the algebraic complexity of the
resulting system was prohibitive, and so a linear matrix and nonlinear tensor convolution
notation was developed. Because the matrices and tensors involved in the governing
equations varied as the duct geometry varied, the technique was computationally
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inefficient; nonetheless, it was possible to analyse a range of curved geometries in both
the linear and nonlinear regimes.

The aim of the work presented here was originally to extend the two-dimensional
analysis of McTavish & Brambley (2019) to three dimensions. In so doing, a modified
mathematical framework was developed that combines both two- and three-dimensional
cases, is computationally more efficient and is easier to understand in terms of the interplay
between the nonlinearity and the duct geometry (consisting of width variation, curvature
and, in three dimensions, torsion). Section 2 derives this mathematical framework from
the governing fluid mechanics equations, resulting in the multimodal set of governing
ODEs valid in both two and three dimensions given in § 2.6. These equations are then
solved using the multi-modal method in § 3, first by introducing the admittance (§ 3.1)
and then by truncating and numerically solving (§ 3.5). A number of numerical results
are then presented in §4, including validation for a straight duct (§4.1), a constant
curvature bend in two and three dimensions (§§4.2 and 4.3) and an exponential horn
(§4.4), along with more interesting cases involving combinations of curvature, width
variation, torsion and nonlinearity. In particular, the leakage of acoustics from a duct
owing to either curvature or nonlinearity is demonstrated in § 4.6, a direct comparison of
two-dimensional results against three-dimensional results made possible by the combined
mathematical framework is given in § 4.8 and an investigation of the effective acoustic
length of a bend is given in §4.9. The results are summarised and discussed in the
concluding §5, together with possibilities for future work. Matlab source code that
produces the results shown here is provided in the supplementary material available at
https://doi.org/10.1017/jfm.2026.11220, along with videos animating some of the figures.

2. Formulation of the governing equations

In this section, we derive the governing equations in the weakly nonlinear limit that will
be solved in subsequent sections. The derivation follows that of McTavish & Brambley
(2019), although here we do not limit ourselves to only two dimensions.

2.1. Derivation of the weakly nonlinear equations

We start with the equations of mass and momentum conservation for an inviscid fluid

900 ~ . A(aa n AA) .
— +V(pu)=0, p|—+4+u-Vu)=-Vp, 2.1)
ot ot

where 0, p and u are the fluid density, pressure, and velocity respectively. Dimensional

quantities are written with hats here. In this paper, we work in either two or three

dimensions; note that in n dimensions, these give us n + 1 equations in n + 2 variables

(one density, n velocities and one pressure). We therefore close the system of equations

using the equation of state in combination with the thermal energy equation for an

adiabatic gas (consistent with an inviscid non-heat-conducting fluid)

. .~ . DS

p=p(S,p), ~ =0, (2.2)
Dt

where § is the fluid entropy. Since we are interested in acoustics, we expand these

equations for a small perturbation about an ambient state of rest. To do so, we first need

some notion of size, so we introduce reference quantities and non-dimensionalise. Let

the ambient density, pressure and entropy be denoted by oo, po and So, respectively. The

ambient speed of sound ¢ is then given by

A

T I
=L (5. S, 2.3)
90 |35
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where the subscript zero here and elsewhere in this section denotes evaluation at the
ambient state. Using pp and ¢o, non-dimensional variables are defined by setting

p=pop. @=dcou. p=poép. (24)

We also need spatial and temporal reference scales. The spatial reference length scale is

denoted £, typically given by the inlet radius of the duct. The time scale is then ¢/ fo, so
the non-dimensional operators are

N 1 0 Co 0
o af 4y ot

We now perturb about an ambient state of rest
p=1+p, u=0+u', p=po+p, (2.6)

taking o’ ~ p’ ~ |u'| ~ M, where M « 1 is the perturbation Mach number. Since we
are interested in weak nonlinearity, we will neglect terms of O(M?3) or smaller but
retain both the linear acoustic O(M) and weakly nonlinear O (M 2) terms. Using the
non-dimensionalisations (2.4, 2.5) in the governing (2.1) and substituting the perturbed
quantities (2.6) then results in

3/)/ / / / / ’ /apl ’ / 3
E%—V-u:—pV-u —u-V,o:,oE—u-Vp + O(M°), 2.7a)
ou’ ou’
5+ Vp'=—u'-Vu' — p/w + Oo(M?). (2.7b)

Here, and in what follows, we write the linear acoustic O (M) quantities on the left-hand
side of equations and the nonlinear O (M 2) terms on the right-hand side. Note that in
(2.7a) the linear expression V - u’' = —dp’/dt + O (M?) was substituted in the right-hand
side, resulting in an expression that is still correct to O (M?). This is a technique we will
make further use of below.

Since we are primarily interested in acoustic perturbations, we will neglect entropy
perturbations, so that §" =0 and so S=58 everywhere. This means all perturbations are
adiabatic, and so we may eliminate either the pressure or density perturbation using the
expanded equation of state

72 3 1 l 1 82p 72 3
pPT+OWM) < p=p—im p-+OM°), (2.8)
S

f_ o, 19
p - 10 + 2 8,02 s
where the second-order partial derivative is evaluated at the ambient state (pg, Sp), and
the identity p’ = p’ + O(M?) has been used to rearrange between the left and right
expressions. If we consider a perfect gas, a consequence of adiabaticity is that (p/po) =
(p/po)Y, where the adiabatic index vy is the ratio of specific heats. Consequently, for a
perfect gas

2

o 9P| _vpo 9?p po ¢
G=77 == and 5| =y(y-D5=r-D=2, 2.9)
apls  Po 90”5 Py 0

so that po=1/y and 8%p/dp?|s = (y — 1) when po =1 and ¢y = 1. In what follows, for
simplicity we will use this perfect gas notation, although the derivation is general provided
it is taken that y = 1 + 8% p/dp?|s and py is not assumed to be 1/y.
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We now eliminate the density perturbation p’ using (2.8), and, correct to O(M?) and
dropping the O (M?) from each equation for brevity, this finally results in

op’ ap’ 19
E-{—V.u/:yp/g_u/.Vp/zig(yp/Z_F“l/lZ)’ (210(1)
ou’ w1
8—’; —{—Vp/:—u/-Vu/—p/a—l; =3V —u' -V, (2.10b)

where again the O (M) identity du’/dt = —Vp' + O(M?) from the left-hand side of
(2.10b) has been used to rearrange the right-hand sides of both equations.

2.2. Further assumptions

Equations (2.10) may be simplified further. Taking V of both sides of (2.105), we apply
symmetry of mixed partial derivatives on V Vp’ and find that the spin tensor of the velocity
is linearly constant in time, i.e.

0

a(Vu/— (Vu)') =0+ oM?). (2.11)
If we assume all acoustic variables to be periodic, we can define a time-average (e), and
then deduce that

Vu' — (Vu)! =(Vu' — (Vu)T) + o(m?). (2.12)

Having worked to a relatively high degree of generality so far, we now outline a hierarchy
of physically justified assumptions, ordered by strength, that will simplify the coming
calculations.

(1) Assumption 1 (weakest): taking the time average of (2.10a) shows that V . (u’) =
o(M?), meaning (u’) corresponds to a steady, viscosity-free incompressible mean
flow to the order considered here. Under these circumstances, we would expect
this mean flow to be vorticity free, implying V(u’) — (V(u’'))T = O(M?), and
consequently, in light of (2.12), that (2.10b) may be equivalently written as

ou’ / 1 2 72

5 TV —2V(p lu'|%). (2.13)
This assumption may also be justified by noting that we would expect the flow in a
musical instrument to be vorticity free.

(i) Assumption 2a (stronger): on top of assumption 1, by taking a time average of (2.13)
we see that the quantity (p’) — (1/2)(p’> — |u’|?) is spatially constant, where the
constant corresponds to an O (M) change in the far-field ambient pressure pg. By
suitably choosing pp we may therefore set this change in ambient pressure to be zero,
and consequently (p’) = O(M?).

(iii)) Assumption 2b (also stronger): on top of assumption 1, we may assume the mean
flow (u’) to be identically zero. This is justified by imposing an inlet condition
with no mean flow, and noting that no mean flow is induced by the non-zero
frequency modes. Thus, (#’) = 0. This agrees with our physical intuition that, when
musical instruments are played, no flow of significant Mach number is expected. This
assumption would therefore be valid for musical instruments, but perhaps not for,
for example, thermoacoustic engines, where the acoustics driving a mean flow is an
important component of the engine.
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Henceforth, we will take all of these assumptions to be true. Defining the coefficient of
nonlinearity By := (y 4+ 1)/2, and introducing the O(M?) quantity Q' := (p’?> — |u'|?)/2
(which could arguably be thought of as a Lagrangian of the perturbation), we have

op’

0 ou’
L 4Veu=— 2_0), —+Vp=V0Q. 2.14
o7 +V-.u at(ﬁop Q') a7 +Vp 0 (2.14)

Note that By has been written with a zero subscript in order to avoid confusion with the
spatial-mode enumerator 8 used later on.

2.3. Fourier modal decomposition
At this point, because we are interested in tonal acoustics, we assume a base frequency w
and decompose pressure and velocity into Fourier modes by writing
o o
Pa.n= Y Plx)e ™, dx.n= Y U'x)e . (2.15)
a=—00 a=—00

Here, w is a dimensionless frequency, representing the Helmholtz number. To ensure that
p’ and u’ are real, we must have P~% = P%* and U~% = U%*, where an asterisk denotes
the complex conjugate. Our equations for p’ and #’ (with a = 0 modes discounted due to
assumptions 2a and 2b above) become

—iawP*+V.U%= —iaw( -0+ Y ﬁoP“_be>, (2.16a)
b#0,a
—iawU® + VP* = VQ°, (2.16b)

where Q' has a Fourier series coefficient given by

1
0'=> > petpt—yeth.uh. (2.17)

b#0,a

For brevity, we will now assume PY = U = 0 and simply sum over all b.

2.4. Duct coordinate system

2.4.1. The coordinate system in two dimensions

As shown in figure 1 (left), the two-dimensional duct is defined by a centreline g (s) (where
s is the arclength parameterising distance along the duct), a total width at each point
X (s), and independently varying wall widths X_(s) < 0 and X4 (s) > 0, defined such that
X(s)=X4+(s) — X—_(5). (The choice to include independently varying wall widths was
made early in the formulation of the model, in order to increase the degrees of freedom; in
this paper, however, we take the centreline to remain in the centre throughout. Asymmetric
wall-width variation would be an interesting area of future study, for example for ducts
with cavities on only one side.) The direction along the duct is the longitudinal direction,
and the direction perpendicular to this is the transverse direction. The longitudinal
direction has coordinate s, and for the transverse direction we introduce a coordinate
x €[X_(s), X+(s)]. This coordinate basis arises from the Frenet—Serret frame defined
by the centreline g (s), i.e. the tangent and normal unit vectors ¢ and n satisfying

dq_t dr dn

=t —= — = —«t, (2.18)
ds ds ds

Kn,

1030 A19-6
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Outlet

Inlet
Outlet 6= 6o(s)

Figure 1. The duct geometry in two dimensions (left) and three dimensions (right). A Frenet—Serret frame is
employed in each case, with centreline g (s), tangent ¢#(s) and normal n(s); additionally, in three dimensions
we have a binormal b(s). The two-dimensional duct has independently varying wall widths X (s) and X_(s),
whereas the three-dimensional duct has a single axisymmetrically varying wall-width R(s).

with the scalar « (s) representing the curvature of the duct. Any point in the duct then has
coordinates (s, x) and position vector
x =q(s)+ xn(s). (2.19)

A differential dx and a metric dx - dx may then be calculated, from which we may read
off the Lamé coefficients and (s, x) basis vectors

hy=1—kx, hy=1, e,=t, e,=n. (2.20)

This is all of the machinery necessary to project the governing (2.16). Setting U¢ =
Ules + Vie,, we get

10U 1 3(hyV®
—ilawP® + — +— (s VT _ —iaw( § BoP4t Pl — Q“), (2.21a)
b

hy 0s hy  0x

1op* 190° 9P 9Q°
—ilawU® + — = , —lawV* .
1awlU” + I ds T 1awV*® + Py

(2.21b)

We now proceed to eliminate the transverse velocities. Since we are neglecting O (M?) or
smaller terms, we can form an expression for V¢ in terms of the other acoustic variables

1 9 1
V= — (Pa_Qa)’ with Qa:§Z<Pa—be_Ua—bUb+

9, Paby, Pb)
law 0x ;

(a — b)bw?
(2.22)
where 9, denotes d/0x and the error in this expression for Q¢ is O(M?). Since our

eventual goal is to obtain ODEs in s for spatial-mode coefficients of P and U¢, these will
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be simplest to implement if we have as few s-derivatives present as possible. Therefore,
we also wish to eliminate s-derivatives from the right-hand sides of our equations, using
O (M) substitutions of the form

9 P

S

=iawh,U* + O(M?). (2.23)

Once we have eliminated V¢ and all s-derivatives at second order, we are left with

ove . T, . 92 € 97 pa
—jaw R
s s a’w? 9x? a’w? Ox

1 92 K 9
. —b pb
_law{ —Bohs Y _ P*PPP 4 [hs (1 - mm) + _aZa)ZE} Q“}, (2.24a)
b
apPe
—iawh,U*
S
1 92 o, U by, pb
_; —b b X X
—lwth{Ua [(a—b)—b(l-i-mﬁ)}[) +T}

b
(2.24b)

The other piece of information that needs expression in the coordinate system is the hard-
walled boundary condition # - vy = 0 at x = X, where v is the normal to each duct wall
(distinct from the Frenet—Serret normal n). The duct walls are defined by the equations
x — X1(s) =0, so the normals are vy =V (x — X1)=e, — (d; X1/ hs)es. The boundary
condition is then given by the equation

X4 hy 0

U“W =h, V9 = e (P“— Q% at x=Xi(s). (2.25)

2.4.2. The coordinate system in three dimensions

Later on we will be projecting the equations onto a basis of functions representing the
modes of a straight duct. The construction of such a basis is much easier and cleaner with
separable boundary conditions in three dimensions, so here we drop the asymmetry about
the centreline to focus on three-dimensional ducts with circular cross-sections; a constraint
most brass instruments adhere to. However, as well as bending in the plane, the duct may
now twist out of it, complicating the Frenet—Serret frame.

As shown in figure 1 (right), we begin once more with a centreline ¢ (s), but this time
have a single radius function R(s). The longitudinal coordinate is s as before, and two
more variables span the plane perpendicular to the centreline tangent. The Frenet—Serret
frame now has an extra vector and a corresponding extra scalar

dg ; dt dn ; b db 296

it ds_Kn’ dS—K—i-r, i n. (2.26)
Here, b is the binormal (satisfying b = ¢ x r) and t is the torsion. We now introduce polar
coordinates r € [0, R(s)] and 6 € [0, 277) in the transverse plane, but rather than rotating
this polar frame in line with the rotation of the basis vectors n and b, we leave an extra
degree of freedom here by also introducing a phase shift, or twist, 6y(s), that may vary
along the duct (following the work of Germano 1982), so that any point x is given in these
coordinates by

x=¢q(s)+rcos(d —6y)n+rsin(@ — 6y)b. 2.27)
1030 A19-8
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The corresponding metric dx - dx is then

dx - dx = ds?[1 — &7 cos(@ — 6g) + r2(0) — ©)*] + dr? +r? d6> — 2ds dor? (9} — ©).
(2.28)

An orthogonal coordinate system requires that there be no cross-term differentials in
the metric: to achieve this, following Germano (1982), we utilise the extra degree of
freedom and take 9(’) = 1. The Lamé coefficients and (s, r, 8) basis vectors can then be
written as

hs=1—«krcos(@ —6p), h,=1, hg=r, e;=t, (2.29a)

e, =ncos(0 —0y) +bsin(@ —6y), eyg=—nsin(@ —6y) +bcos(@—06y). (2.29b)

We decompose the velocity in the same way as before, but now with an extra coordinate,
ie. U =U%; + V%, + W%ey. The mass and momentum (2.16) become

1 oU“4 1 a(rh,V? 1 a(hyWe
Cigope 4 20, L OURYVE) L O )=iaw<_BOZP“be+Qa),

hy 0s rhy ar rhy 00 -
(2.30a)
19Ps 190 P a 19P* 130
—iawU* + — =— Q , —iaa)V”—i—8 =8Q , —iaa)W“—l——a :_8Q .
hy 0s hs 0s ar ar r 00 r 060
(2.30D)
Proceeding as before, we find expressions for V¢ and W¢ in terms of P¢ and U“
1 9 1 2
Vli=——(P'- 0%, W'=——(P"-0%, (2.31)
iaw or iawr 060
with
1 v,pi~b.v,pb
a a—b pb a—byrb i 4
== PP-U"°U"+ ——— |, 2.32
0 22( T bbe? ) (232

b

where we have introduced the transverse gradient V, = e;d, + }eo dp which acts only in
the r, & plane normal to the centreline. We also define, for any function f, the Frenet—
Serret normal derivative (FSND)
B 0 in(@ —6p) 0
U o Vf = cos(@ — 8y L — SO = %) o7
on or r a0

This is a useful quantity, since it allows us to commute the transverse gradient with the
longitudinal scale factor A, as in

Vi (Vi f)=(hsVi—kdn)f and Vi(hf)=(hsV} —2kdy) . (2.34)

This contrasts with the two-dimensional derivation, where both the transverse gradient and
the FSND collapse onto the x-derivative (the former as a vector in the e, direction, the
latter as a scalar). Once we have eliminated the s-derivatives as before, we then have

aue v?2 K 9
as ¢ |:hs (1 + a2w2> 4202 5] P

. B V? kK 9
=1aa){—ﬂothP“ ”Ph+[hs(l—m)+m%]Q“}, (2.35a)

b

(2.33)
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9P V2 v,.ueb.v,pt
3 —iawthaziwhSZ{U“‘b[(a—b)—b<l+—’)]Pb+;}'
N
b

b2w? bw?
(2.35b)

Finally, the hard-walled boundary condition in three dimensions requires the normal
v, which we calculate similarly to earlier as v =V (r — R)|,—g = (¢, — R'es/ hy)|,=&.
Plugging this into # - v|,=r = 0 gives

hs 0

_(Pa_Qa)}

(2.36)

R/Ua|r:R = (hsva)lr:R = |:
law or

r=R

2.5. Spatial modal decomposition

At this point, we expand each of P and U in terms of a basis of straight-duct modes.
We will ultimately be solving for the coefficients of the series expansions, which will only
depend on s with all transverse variation being contained within the basis functions.

2.5.1. The spatial modes in two dimensions
The variables P¢ and U? are expanded as

PY=3" PLS)Wals.x), U= Ul(s)Vals, x), (2.37)

a=0 a=0

with every v, satisfying

(i) Helmholtz’s equation with eigenvalue A, in two dimensions (scaling out the
eigenvalue’s X-dependence for convenience)

aZwa /12
P + X_‘é]pa =0; (2.38)
(i1) a normalisation condition
Xy
(Yo, ¥p) =8up, Where (Yo, Yp) = Va¥p dx; (2.39)

(iii)) and a Neumann condition on the duct walls (which ensures that the requisite Sturm—
Liouville properties hold, while maintaining consistency with the no-penetration
condition)

Yy
0x

=0. (2.40)

x=X4

Solutions to the Helmholtz equation are quantised by the boundary conditions, giving
solutions

Yo = 8 COS[M] Ay =am (2.41)
Ol_ﬁ X ’ o ’ .

for o € Ny, with Cy, to be +/2 — §,0 ensuring orthonormality.
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2.5.2. The spatial modes in three dimensions
In three dimensions, the expansions are similarly written as

o o
= PiVals,rn0), U= Ug(s)Yals,r.0), (2:42)
a=0 a=0
with every ¥, satisfying the Helmholtz equation in the circular cross-section with
Neumann boundary conditions. This gives

Vo = CRJ(/l r/R)cos(pa(Q 0o) — 5"‘”), (2.43)

Jr 2

where C, ensures orthonormalisation, A, is the eigenvalue, p, € Ny gives the azimuthal
order and &, € {0, 1} effectively provides both sine and cosine solutions. Defining j ;, 4 tobe
the gth zero of J/ (x), we have 1, = j/ for g, € Ny independent of &,. Hence, modes
are given by a bijection between « GIP\TO and (py, 9u, Ex) € No x Ng x {0, 1}, although
modes that are identically zero are skipped (such as (0, 0, 1), (2, 0, 0), (2, 0, 1), (4, 0, 0),
etc.). For orthonormality, we have

o1
|Jo(10qa)| , P =0,
Rp2m -1
(Va, ¥p) :/ VaYprdrdd = Co= 1 Do’
040 E 1_ 2 |‘]Pa(j[/2aqa)| 5 Po #0
Paqa

(2.44)

2.6. Spatial projection and notation

Now that we have defined the spatial basis functions, we follow McTavish & Brambley
(2019) in projecting the governing (2.24, 2.25) or (2.35, 2.36) onto the spatial modal basis
(2.41) or (2.43) to form an infinite set of ODEs for the coefficients Ug and PJ. This is
achieved by multiplying each of the governing equations by the spatial basis functions g
and integrating across a duct cross-section, using the orthogonality of the spatial basis
functions in the process. The result is simplified greatly using a compact notation, which
we now introduce.

For each a € N, let p® denote the vector of coefficients PJ for o € Ny, and similarly
let u“ denote the vector of coefficients UJ. We use Roman letters as superscripts for
the temporal Fourier modal decomposition, and Greek letters as subscripts for the spatial
modal decomposition. For each of these vectors, matrices M with coefficients Mg act in
the normal way

=Y Mgy (2.45)

For the weakly nonlinear terms, we define a quadratic operator M with coefficients Mg, ,
which acts on vectors y and z as

(M(y.2)), =2 > Magyypzy. (2.46)
B=0y=0
We also use the operator shorthand
(M + NI Ay, z) = M(y, z) + My, Az). (2.47)
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Unlike in McTavish & Brambley (2019), here, we choose a decomposition into matrix
and quadratic operators that depends only on the modal basis and not on the variable s
or any physical parameters. This allows for a unified approach to both the two- and three-
dimensional cases listed above, and, since physical quantities such as curvature x occur
explicitly, the effects of the physical quantities can be isolated and better understood. The
algebra behind the manipulations needed to get to the governing equations is given in
Appendix A. In two dimensions, this results in

d X' (s) X' (s) ~ "
[£+ o o) A}u (5)

. K(s)z 4
—iaw |:<I za)ZX(s)2) ((1 — Kk ()X_(s)I— /c(s)X(s)A) — m} p(s)

law
X (s)

Y1 = Bo(( = k()X (NT— kX () A)(p* (), p*())
b

2
n [ It A—) (1= kX (NI — k()X (5)A)

a’w?X(s)?
n k(A TPT6), pP(9)) — @b (), ub(s))
202X (s) 2
A2 ke (s) A"
(I+ m) (1= k() X_ ()T — k()X (5)AY) + ZoXE)

+

2(a — b)bw? X (s)?

x(p*7(s), pP(s)) ¢ ,

(2.48q)

[d _X'(s) wr X/ XL (s) % A7

ds 2X(s) X(Gs) ]P (s) —iaw[(1 — k()X ()= k()X (s)A]u’ (s)

X ()t X_(s)

:m;{( X X

v_v‘) (@' (s), u®(s))
. A?
+ 1a)|:((1 —k()X_(sNT — k()X (5)A) <l, (a—b)l—b (l— m»

(1 — k()X _ ()T — k()X (5).A"
bw?X(s)?

](u”‘%» pb<s>>},
(2.48b)
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where the matrices and tensors are defined in Appendix A.l and are independent of s.
Likewise, in three dimensions, using the derivation in Appendix A.2, we arrive at

d R(s) .
(£+ R) W+ ‘L'(S)H) u’(s)
. A? K(s)z u
. iaw A? /c(s)z
= JRG) 2 (14 ) @R + 2
y (pb(s), pP(s)) — (W™ (s), u®(s))
2
A2 X W kA
X (I+ —azsz(s)z) (" — k()R (s) AY) + CoRG)
2(a — b)bw?R(s)?
—Bo (Z—k()R(5)A) |(p*"(5). p(9)) ¢, (2.49a)
i _ R/(S) T T a s _ a
(ds RG) W' —t(s)H )p (s) —iaw(I—k(s)R(s)A)u’(s)

~ VAR & | R

x <I, (a —b)l—b(l

Ly { B W s, u 5)) +iw[ (T~ k(5)R(EA)
b

A? TP~ k(s)RSAY b
- u ) )
bZa)zR(s)2>> baw?R(s)? ]< (). p (s))}
(2.49D)
where again the matrices and tensors are defined in Appendix A.2 and are independent
of s.
The equations have a structure common to both two and three dimensions, and can be
written compactly (as detailed in Appendix B) as

d [u“ a ut b ua—b ub
w() =2 () o) (o)) e

a a
in terms of square blocks L% =: (ll:}, tg) and ‘cubic blocks’
3 Ly

(N (b Nab@a=b yb) 4 N (pa=b | pb)

N a=b |\ pbo )|~ byna—b b bya—b by |’ (251
p p NP =", u?) + N3°u=", p°)

where the equivalent terms N§? = N = N¢ = N¢> = 0. We recall that P, ¢ = P¢* and

that PO9 = 0 by our earlier assumptions of real variables and vanishing time averages. Note
that, as expected, the weakly nonlinear terms will mix the effects of different frequencies.
We will now work in terms of these quantities, so that everything we do will apply in both
two and three dimensions.
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In summary, the governing equations are (2.48) in two dimensions and (2.49) in three
dimensions, and can be combined and written as (2.50). Greater numerical efficiency
has been achieved through the transferral of s-dependence from matrices to the scalars
multiplying them (since this allows the matrices to be pre-calculated rather than requiring
recalculation at each step). Upper (Roman) indices are Fourier series modenumbers while
lower (Greek) indices are duct modenumbers.

3. Solution of the governing equations

Here, we solve the above governing equations using a multi-modal method, inspired by
Félix & Pagneux (2001) and McTavish & Brambley (2019). We first truncate the number
of spatial modes to omax and the number of temporal modes to apmax, before introducing
the concept of an admittance which relates velocities to pressures.

3.1. Admittance

The admittance, Y, and its inverse the impedance, Z, characterise the relationship between
acoustic pressure and acoustic velocity. The admittance and impedance are defined here as

u’ = Yapa + Zyabu’afb’ Pb>, pa = Z%° + Z Zab<ua7b’ ub>‘ (31)
b b

The first of these relations may be used to eliminate the velocity from the governing (2.50),
which results in a Riccati-style equation for the s-evolution of the admittance

ay« ajavya awya afa a

=YY LY - YL L, (3.2a)
dyah a b,ya—b b a b,ya—>b b,ya—b b b
P =— YONSP(YO2, ¥2) — YONGZ(YOP Iy + NYP(YO 2 Y2) + NG

VL VLS L LY L YL G2

These equations will be solved to find the admittance, which encodes the acoustic
properties of the duct. Once the admittance is known, the acoustic pressure may be solved
for by substituting the admittance definition (3.1) back into the governing (2.50), giving
dp?
ds

— (Lg y¢ +LZ) pa +Z (Lgyab +'/\/z31b<ya—b’ Yb> +/\/z71b<ya—b’ I>)<pa—b’ pb>,
b
(3.3)

with the velocities then given by the known admittance and pressure from the admittance
definition (3.1). In order to solve the first-order (3.2), a known value of the admittance must
be given as a boundary condition at some point in the duct, for example, at the outlet. We
next investigate special values of the admittance that might be used as boundary conditions
for (3.2).

3.2. Invariant admittances

We consider admittances that solve (3.2) and are constant in s, therefore having a vanishing
s-derivative. Physically, these invariant solutions represent the admittances of ducts for
which no s position is distinguishable from any other. Such a duct would have a constant
radius, curvature and torsion, leaving the possibilities of: (i) an infinite straight duct;
(i1) an annulus (two dimensions) or torus (three dimensions); and (iii) an infinite helical
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duct. Because of the quadratic term in the evolution equation for Y, there is more than
one constant solution for a given geometry. Here, a ‘4’ solution will be constructed from
the set of eigenvalues that represent waves either decaying or propagating in the positive
s-direction, and a ‘—’ solution will be constructed from the eigenvalues representing
growth in the positive s-direction or propagation in the negative s-direction. These are
respectively the positive and negative characteristic admittances. We denote by (u?*, p*)
disturbances propagating in only the positive + or negative — directions, and define

uai — Yaipa:l: + Z yabi <p(a—b)i’ pbi>’ (3461)
b

pai — zaiuai + Z Zabi<u(a—b)i, ub:t>‘ (34b)
b

The linear characteristic impedances Z“% are the inverses of Y“*; the nonlinear

characteristic impedances are found by the weakly nonlinear inversion rule Z** =
_za:l:yab:l:(z(u—b):l: zbi>‘

3.2.1. Straight-duct characteristic admittances
This computation will be done in the general case in order to lay the groundwork for the
curvature/torsion cases, where the diagonalisation is less trivial.

For a straight duct, the matrix L? is constant, and given by settingxk =t =X'=R' =0

W [0 L
r'=(_, : (3.5)
L; 0

where I; is diagonal and Zg is proportional to the identity. We seek a solution to

d [u® —a (u®
L)e)

which takes the form p* =¢“ exp(¥“s), with ¢ an eigenvalue and ¢“ the corresponding
eigenvector of L. We use the fact that for invertible matrices A and D

det (é g) = det A det (D— CA_IB) = det Ddet (A - BD! C). 3.7

With this in mind, we know that the characteristic equation reads
0=det|:za — 7 (é (;)] = det ((79)’1- L5L5). (3.8)

Because Z§Z§ is diagonal, we may directly read off the eigenvalues. Since we have
. —-a - da
truncated to amax spatial modes, and therefore both L, and L 5 are amax X &max, We see that

there are precisely amax solutions for 7"2, of which some are positive and some negative
(depending on the frequency w, since this is determining whether the modes are cut-on or
cutoff). Thus, there will be a set of distinct eigenvalues {7:‘;}?:3 that are exclusively in R™
or iR™, corresponding to forward-decaying or forward-propagating modes, respectively.
These will be used to build the positive characteristic admittance; each will meanwhile
have a mirror image in either R™ or iR ™, used to construct the negative characteristic
admittance.

We may now partition the eigenvectors into two sets, those corresponding to {73}2‘:‘6

and those corresponding to {—y %}%™% denoted ¢“*. Splitting them (as we have split Za)

a=0"
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into upper and lower vectors (Egﬁ Egiz), and eliminating the upper vectors, we get
TA7%at _ —a2-at
LiLye, =V a (3-9)

Because EZJE and ¢;, , satisfy the same equation, we can choose EZJE =C,, 5 = Cy »; further

. . . T ag —a2 —a . . .
to this, we may note that (3.8) implies that LZL; =T"", where T“ is a diagonal matrix
Omax

with entries given by the elements of {y g}, . Defining a matrix C" with each column
being a different ¢f, , (arranged so as to match the ordering of T), we then see that

—a5a—A =—=a2 Adgaga
LiLC =C'T" =C'L5L,. (3.10)

. —a . . . . L .
Since C commutes with a diagonal matrix with unique entries, it too must be diagonal,

. . . . —da
so having not yet normalised the eigenvectors, we can now simply choose C = I The
admittance is then simple to construct from substituting it into the lower block of (3.6),

. gaygat = . . T .
getting L;l Y** =+£T". In both two and three dimensions, L;l =iawl, so we have

— 1 — _
Y et T= 1Y 3.11)
law

For clarity, the admittances in two dimensions have the following explicit expression:

T . i 22 22
Wiy =isew| = fsen (1= 150 ) +1 - e

and the three-dimensional case is identical, only with an R in place of every X. We can
then easily write down the definition of the straight-duct cutoff frequency for each mode
in two and three dimensions

, (3.12)

;"‘ 2-D,
a5 =10 (3.13)
2 _ 3D,
aR(s)

and note that @ increases with the spatial modenumber, while having the opposite
relationship with the temporal modenumber.
In order to calculate the nonlinear characteristic admittances, we substitute the linear
characteristic admittances into (3.2b), and look for fixed points
—a— —a—b — a—b b —
0= — YaN7ab<Ya ’ I>+Mab<ya ’ Y )+N6ab
— < a+ —a—bg a—b —bgb
;y“bi[Y“Lg’ﬂL;’ YU 4+ (LY )]. (3.14)
If we note that the square-bracketed quantity is actually equal to T +(T" 7b, h+{, Tb),
a sum of three diagonal matrices each acting on a different component, then we may simply

divide through by this, pointwise, for each entry of j)abi, getting

e (Nlab<?a—b’ ?b> +N6ab _ ?a/v.c;b<?a—b’ I))

ab
Vapy =+

P — Yy, (315

— —a—b . —
VetV 47
Obviously we will run into problems if the denominator of this turns out to be zero: this

would constitute a resonant triad (see e.g. Protas, Kang & Bustamante 2024). Empirically,
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we do not seem to run into this problem in the straight-duct case, but for the more
complicated characteristic admittances that follow there seems to be no such guarantee.
We avoid the problem of singular entries in the characteristic admittance by excising them
from the matrix when a resonant triad is found, but proper work on the avoidance/physical
significance of them should at some point be conducted.

3.2.2. Other characteristic admittances

If instead we were to consider the characteristic admittance of an infinitely long duct
with constant curvature, the eigenvalues would remain on the real/imaginary axes,
but the eigenvector matrices would cease to be diagonal, resulting in a slightly more

. . . L . oa .
complicated expression for the corresponding characteristic admittance Y . Including
torsion in addition would cause the eigenvalues to bifurcate into the complex plane:

. - . Sat .
as a result the torsional-duct characteristic admittances Y “~ would no longer satisfy

Sat Sa— . . . C
Y =—Y" . For completeness, expressions for these quantities are derived explicitly in

Appendix C, although here we will only make use of the straight-duct admittance above.

3.3. Splitting operators

By using the characteristic admittances defined above, we can split waves into forward-
and backward-going parts

u =u't+u', pi=p*t+pi. (3.16)

We may perform this decomposition from the total pressure by defining linear and
nonlinear splitting operators $¢* and S+

pai — Saipa + Z Sabi <pa—b’ pb>’ (317)
b

a similar procedure could be defined for the velocity. Assuming we have picked a charac-
teristic admittance, we now proceed to calculate these splitting operators in terms of that
characteristic admittance. Restricting ourselves to the linear case for a moment, we have

pa:I: — pa _ pa:F — pa . za:F(ua _ ua:l:) — (I— ZoF Ya)pa + ZoF Ya:l:pa:i:’ (318)

so that

pa:I: — (I_ za:F Yai)—l(l_ za:F Ya)pa — Sa:l: a’ (319)
which may equivalently be written more compactly as
St = (Yot — yaT)~l(ye _ yaT), (3.20)

If the above equations are expanded to second order in terms of S+, we find S** to be

Sabi — (Yai _ Ya:F)—l (yab _ yab+<s(a—b)+, Sb+) _ yab—<s(a—b)—, Sb_)).

(3.21)
The decomposition (3.16) may worry some readers, in that our model is weakly nonlinear
but here we assume a linear decomposition, i.e. that p® = p** + p“~. This also worried
the authors. A weakly nonlinear correction term to this decomposition may be added, p¢ =
prr+piT 4>, C* (p*=t, p’), and a similar term to the u® decomposition. Simple
algebra then shows that any arbitrary choice of these correction terms is mathematically
consistent, and so here we take them to be zero; indeed, taking the cross-term to be non-
zero would break the interpretation of a decomposition into upstream and downstream
modes. Note that weak nonlinearity is still accounted for in the decomposition through the

1030 A19-17


https://doi.org/10.1017/jfm.2026.11220

https://doi.org/10.1017/jfm.2026.11220 Published online by Cambridge University Press

F. Jensen and E.J. Brambley

S* terms in (3.17). In fact, this may not be surprising when we consider that the acoustic
disturbance is a sum over modes, p' =3}, , Py¥oe ', which is necessarily a linear
decomposition at each axial duct location, and that the separation into downstream- and
upstream-propagating sound just involves rewriting this modal expansion as two sums.

3.4. Pressure boundary condition

When we come to solve these equations, we prescribe the admittances at the duct’s outlet,
amounting to a radiation condition, before solving, in order, (3.2a) and (3.2b). After this,
we know everything about the global radiative properties of the duct, and correspondingly
we have only a first-order ODE (3.3) to solve for the pressure. For musical instruments, the
pressure perturbation is prescribed by the musician, who disturbs the internal air column
of the instrument at the inlet, meaning that the pressure is specified at the entrance (taken
here to be at s = 0) and solved forwards from there.

One matter that is not entirely clear from a mathematical point of view is that of the
musician’s interaction with reflecting waves. Should the musician’s playing amount to
a prescription of the forward-going pressure only, meaning that waves reflected back
impact without consequence on the source? Or should it rather be a prescription of the
total pressure, meaning that the musician is adapting to the impact of the reflections
they themselves generated? In brass instruments, it is thought that a feedback loop is
formed between backward-going waves and the player’s lip response to them: however,
this complication is avoided here for simplicity, and we choose only to specify the forward-
going pressure at the inlet, p™(x, t)|s—0, with corresponding coefficient p“*(0), and
convert this (for the purpose of solving the equation) to the total pressure with the inverse
splitting operator

P (0) = (Sa+)—l [pa+(0) _ Z Sab-i-((s(a—b)-i-)—lp(a—b)-i-(o)’ (Sb+)_1pb+(0)>].
b

(3.22)
The simplest boundary condition for the pressure is that of a sinusoidal piston source at
s =0, given by pT(x, t)|s—0 = M sin(wt) (where we recall M is the perturbation Mach
number, introduced in § 2.1), and projected onto the coordinate basis as

My Acs(o)sgn(a)s‘aL 150{0
2i ’

where A (0) = X (0) in two dimensions and 7 R(0)? in three. We can also consider non-
plane modes. In two dimensions, for a variable-width straight duct (with width variation
symmetric about the centreline), symmetric and antisymmetric modes are uncoupled, so
there is a family of pressure distributions inaccessible to the plane-wave inlet condition.
The ‘fundamental’ member of this family is the first antisymmetric mode, so we can
consider a variant on condition (3.23) where the §,0 is replaced with a &41.

This effect is amplified for any variable-width straight duct in three dimensions,
where modes of different azimuthal wavenumber are uncoupled, resulting in uncountably
many mutually inaccessible families of pressure distributions. The ‘fundamental’ of each
therefore represents another possible inlet condition, meaning we replace the §,0 with a
dpyndq,1 for any n of our choice.

PiT(0)= (3.23)

3.5. Numerical method

3.5.1. Truncation
When solving this infinite set of coupled ODEs numerically, we must truncate both the
number of spatial and temporal modes used. If we pick maximum values of each, we
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then have spatial modes ranging from 0 to oy, and temporal modes ranging from —apmax
t0 amax. This would mean that we have (o¢tmax + 1)(2amax + 1) equations to solve for
P2, (@max + 1)?(2amax + 1) for Yo and (ctmax + 1)3 (2amax + 1)? for yggy. However,
by our previous assumptions we are neglecting zero modes, and all of our acoustic
quantities being real implies that P, ¢ = P¢* and U, ¢ = UZ*, resulting in (max + 1)@max
independent equations for P§ and (ormax + 1)2apmay for Yz,s-

A slightly messier calculation at this point puts the number of independent entries of
yggy at (0max + 1)3(2amaX — 1)amax- More entries may yet be discarded, however, since
discrete convolutions behave strangely upon truncation; if a and b range from —apax to
amax then a—b ranges from —2apyax 10 2amax, SO as a consequence, at each time step, for
every triple («, B, y), there is an ab matrix ygj; v of which the only calculable entries form
a banded matrix (with bandwidth apax), resulting in apax (@max + 1) lost entries. Having
exploited the conjugacy property already, this means a subtraction of amax(dmax + 1)/2
entries from the total, resulting in 3(omax + 13 amax (@max — 1) /2 independent entries for
the nonlinear admittance.

3.5.2. Numerical solver

We use a fourth-order Runge—Kutta method to integrate the admittance and pressure
equations in s. Unless otherwise specified, we use the adaptive-step solver ode45 in
Matlab, although for one case in §4.4 we use a fixed-step solver, as that proves more
accurate in the neighbourhood of a cusp in the duct diameter.

3.5.3. Numerical viscosity

One of the pitfalls of truncation is the pooling of energy at higher modes. This can be
countered by employing a numerical viscosity, which we do by subtracting a new term E“
from the right-hand-side of the pressure (3.3). Here, we take this to be

M -1 2wBoM
E%= vy lalwBo log(1— |al pe ~v0|a| P
1+ MBows

Pg, (3.24)

Amax Amax

where vy is a positive scalar determining how great an effect we want the viscosity to have.
The second approximation here is in the limit of small s relative to the shock-formation
distance 1/MpBow, and with 1 < |a| <K amax (Where energy pooling starts to occur). This
choice of numerical viscosity is informed by the truncation error for a sawtooth plane wave
in a one-dimensional duct, and is discussed further in § 4.1 below.

The physical molecular viscosity could also instead be considered as a starting point,
and comparing the result of one-dimensional numerical sawtooth stabilisation with its
physical counterpart, we find that the first-order correction term agrees with the a? factor
from the second approximation, but also that the combined shear and bulk viscosities
41/3 + ¢ must be approximately equal to 280 M /amaxw. This calculation may be found in
Appendix D.

3.5.4. Alternative numerical damping

Numerical instabilities can also arise in linear problems. If a node occurs in the pressure
(scenarios involving this are discussed in § 4.5), this causes a singularity in the admittance.
Such singularities may be avoided (or ‘dampened’) by the addition of a small imaginary
part to the frequency w, which corresponds to a sound source slowly exponentially growing
in time, and therefore a wave pattern that slowly exponentially decays in space away
from the source. This technique is borrowed from stability analysis (e.g. Briggs 1964;
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Bers 1983), where adding an imaginary part to the frequency w is used to guarantee a
causal solution.

3.6. Modal resolution

The following test cases require different numbers of modes depending on what physics
is being considered. For linear acoustics, spatial modes are the only limiting factor: when
comparing with pre-existing linear work, we use the previous resolution as a benchmark
(e.g. amax = 30 for figure 4), but when comparing with results, we pick a new standard
(taking armax = 50 for figures 7, 8, 9, 10). In all of these cases the absence of nonlinearity
allows us to set amax = 1, and unoptimised Matlab code run on a standard laptop finishes
in the order of seconds.

Where nonlinearity comes in, memory requirements are likely to exceed that of a
standard laptop, although all results here have been computed on a single desktop with
128 GiB of memory. For most of these computations (i.e. Figures 3 and 6-16) spatial
resolution is necessary, so we take amax = 10 and omax = 10, and computations take of the
order of tens of minutes. For figure 2, we consider only plane waves in a straight duct, so
we can take amax = 0 and amax = 100; while this does not exceed the memory limit, the
calculation now takes of the order of half a day to compute using a single core.

The numerical procedure converges as the number of temporal and spatial modes is
increased, and the truncations above are sufficient for accurate results in all of the cases
presented here. A demonstration of the numerical convergence with the number of modes
is provided for a constant-curvature bend in three dimensions in § 4.3 below.

4. Results

We now consider applying the procedure above to a number of test cases. The numerical
Matlab code to compute these cases is provided in the supplementary material.

4.1. A straight duct of constant diameter

The simplest test geometry in either two or three dimensions is that of a straight duct with
constant diameter. For a plane piston source, the equations are simplified greatly, both
by the absence of curvature and width-variation terms, and also by the collapsing of the
spatial-mode vectors onto a single scalar component. The admittance equations are then
solved trivially, since the boundary condition is a constant solution, giving

1 a—2b
Y (s) =1, bi(s)=— + ) Vs. 4.1
This holds in both two and three dimensions, and we write A, for the area of the duct
cross-section so that we can work in generality. Plugging these into the pressure equation,
we get (again in both cases, once we substitute the value of Zggp)

dpr¢

0 . a
=1awP;y +
ds 0

% 3 [~ apo+ (a—2b0)] PP, 4.2)
cs b

but the second term in the square bracket here vanishes upon summation. Since the zero
mode ¥y does not depend on s for a straight duct, we can multiply through by it, getting
an equation for Fourier coefficients

apa i
—iawpe _ 4P Y patph, (4.3)
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This equation was solved up to shock formation by Fubini (1935) (for any boundary
conditions both periodic and odd in t), in the form of a sine series for the pressure

% = Xa: By sinfaw (t — 5)]; B, = %Ja (ao), (4.4)

where 0 = MByws is the arclength normalised by the shock-formation distance. Fay (1931)
found a post-shock-formation solution in the form of a sawtooth wave

2
T a(l+o0)’

valid for o Z 3. Blackstock (1966) matched these two solutions with the following two
terms:

4.5)

B,

2 2 4
B,=—Py + / cosa(P —o sin @) dP, (4.6)
am ano Jo,,

where the shock amplitude Py, and phase @y, satisfy
Py, =sin(o Pyy,), @y, =0 sin Dg,. 4.7

For o < 1, the only solution for (Py;,, @yp) is (0, 0), so the first term vanishes and the
second becomes the Fubini solution. As ¢ grows greater than 1, two more solutions appear
either side of 0; the relevant solutions here are the positive ones. For o £ 57/2 more
solutions appear; we remain interested from this point in the minimal positive solution for
each of Py, and @g;,. Since @y, converges to 7w from below, the second term tends to O,
while the first term behaves like the Fay solution.

The numerical viscosity used here, described in § 3.5.3 above, is justified by considering
the truncation error of a sawtooth wave when substituted into (4.3). The sawtooth wave as
derived in Fay (1931) has Fourier coefficients given by

iM eiaws
pe = S 4.8)
a(l+o0)
so the terms missing if we truncate the nonlinear term in (4.3) to a finite sum are then

. . sgn(a)amax

o 1awfo/Acs > a—b np 1a0BoN Acs a—b pb

E¢ = —2 E P P° — T E P P
R b=a—sgn(a)amax,

b#0,a b#0,a
4.9)

iwﬂomMZCiaws i Sgn%max a
a+ 0)2 b=—00, b=a—sgn(a)amax, 2(a—Db)b

b#0,a b0,a
where the limits on the second sum ensure that for both positive and negative b, |a — b|
may never exceed amax. By carefully splitting the summands into partial fractions, which
make the sums easier to compute, we gain a form which has integral bounds that we use to
calculate the numerical viscosity. This is done in detail in Appendix D, and results (with
the inclusion of the viscous scale factor vg) in (3.24).

We can compare our numerics with this. This can be done in both two and three
dimensions; figure 2 compares various modes in the two-dimensional case, for a
simulation with 1 spatial mode (since no spatial coupling is induced for this geometry
anyway) and 100 temporal modes. As one would expect, good matches are achieved for
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Figure 2. Comparison of numerically calculated mode amplitudes (dashed) with those predicted by the
Blackstock solution (solid), using the code in two dimensions. (a) Shows modes 1 through 7, while (b) shows
10 through 70. Truncation was taken at omax = 0 and amax = 100.

the lower (dominant) modes, while for higher modes the numerical solutions undershoot
at first and over-compensate later on. We have achieved matches of equal quality with the
code in three dimensions.

Eliminating spatial variation in favour of higher temporal modes is a useful special case
because it allows for the calibration of the numerical viscosity. Figure 2 was created with
vo = 1, because higher scale factors than this place far too much damping on the higher
modes, while lower factors allow instabilities to build up much more quickly. In light of
this, all other nonlinear calculations take vy = 1 as well.

4.2. Constant curvature in two dimensions

In two dimensions, McTavish & Brambley (2019) considered linear and nonlinear
propagation around a constant-width bend, first computed in the linear case by Félix
& Pagneux (2001). This provides a test case for the combination of curvature and
nonlinearity. Figure 3 reproduces figure 7 of McTavish & Brambley (2019), with all of the
same parameters, i.e. (for constant duct width X) a bend of curvature 8/5X located at a
distance 2X downstream of a plane piston source of frequency 3/ X, with truncation taken
at 10 spatial modes and 10 temporal modes, plotted in the linear regime and nonlinearly
for M =0.05, 0.10 and 0.15. Good agreement is observed.
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(b)
3

0 1 2

Figure 3. Pressure (normalised to the source amplitude) in a bend identical to the one used in McTavish &
Brambley (2019), with a plane piston source of frequency 3/ X, for (a) linear, (b) M = 0.05, (¢) 0.10 and (d)
0.15. Truncation was taken at &max = @max = 10. An animated version of this figure is available as Movie 1 in
the supplementary material.

4.3. Constant curvature in three dimensions

In three dimensions, no published work exists that can be used to test the combined effects
of curvature and nonlinearity, but in the linear case Félix & Pagneux (2002) provide an
example that may be tested against. Here, for constant duct radius R, a plane piston source
of frequency 2.4/ R is placed at the mouth of a bend of curvature 4/5R, and a cross-section
through the half-plane is plotted alongside the outlet’s circular cross-section. Comparing
figure 4 with figure 2 of Félix & Pagneux (2002), we again see good agreement. Truncation
was taken at 30 spatial modes to match their calculation, with the usual 1 temporal mode
in the absence of nonlinearity.

For this geometry, we also follow Félix & Pagneux (2002) in the inclusion of a
convergence study for the spatial modes. As well as their two definitions of the error
involving integration along a surface, we also calculate a volumetric error, which behaves
similarly. The reference solution p,.r was calculated here with amax = 50 and amax = 1.
Figure 5 shows the result. As with Félix & Pagneux (2002), there is uneven behaviour
due to the different effects of higher azimuthal or radial resolution; nonetheless, for error
metrics €] and €3 the inclusion of more modes never causes the error to grow, and even
for error metric €; the solution is clearly still converging as more modes are included. The
error definitions are
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Figure 4. Pressure (normalised to the source amplitude) in a bend identical to the one used in Félix & Pagneux
(2002), with a plane piston source of frequency 2.4/ R, plotted both through the midplane and across the duct
outlet in the linear regime. Truncation was taken at omax = 30 and amax = 1. An animated version of this figure
is available as Movie 2 in the supplementary material.

log; (error)

Number of spatial modes

Figure 5. Numerical convergence in a three-dimensional planar bend for three definitions of the error,
detailed in (4.10). Here, amax = 1, and so the number of modes is oyax + 1.
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In figure 6 the same geometry has a plane piston source of frequency w = 2.4/ R prescribed
in the total pressure at the top left, for various Mach numbers. We see good agreement both
with the published linear work of Félix & Pagneux (2002), where evenly spaced peaks and
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Figure 6. Pressure (normalised to the source amplitude) in a bend identical to the one used in Félix & Pagneux
(2002), with a plane piston source of frequency 2.4/R, for (a) linear, (b) M = 0.02, (¢) 0.05 and (d) 0.10.
Truncation was taken at amax = @max = 10. An animated version of this figure is available as Movie 3 in the
supplementary material.

troughs travel around the outside of the bend, and also with the unpublished nonlinear
work of McTavish (2018), where the contours are deformed by the steepening of the peaks
as the Mach number is increased. To match the latter calculation, 10 spatial modes and 10
temporal modes were used.

4.4. An exponential horn

The exponential horn is a convenient geometry: if an approximation is made allowing only
plane waves to propagate, an analytical solution (Webster 1919) exists, with the growth rate
of the horn acting to dampen oscillations. The geometry is best parametrised across both
two and three dimensions by specifying the growth exponent of the horn’s cross-sectional
area, i.e. by setting

A (0) exp(2ms) s €0, so],

A =
(=140 exp(2ms,)  § > So,

.11

so that the radial growth factor in two dimensions is doubled relative to that in three.
The section of duct with s > s, forms the infinite straight duct providing the characteristic
admittance boundary condition Y% = Y¢* at the outlet s = s¢. Since we are only interested
in plane waves, the (scalar) linear admittance equation (in the variable radius region)
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becomes

dy« . 2 a :
=—iaw(Y*)" - 2mY* +iaw, (4.12)
s

with the boundary condition at s =s, being Y¢ =1 (which also holds for all s > s,).
Solving this ODE, we find that

Ng CoSng(so —s) — (law — m) sinng (s, — 5)

Y (4.13)

T ngcosng(s, — ) — (iaw +m) sinng (s, — s)°
for s < s,. Here n, is a quantity satisfying n2 = a?>w? — m?, which is real in the case of
cut-on modes and imaginary otherwise. Having found Y¢, it may now be plugged into the
equation for the pressure, which in the plane-wave case reduces to

dPy | (m+iawY*)P§ s<so,

= 4.14

ds iaw Py s> Sy, (4.14)

with our initial condition being

M/Ac (0
P§ = —2iCS( )8“’|lsgn(a), (4.15)
or alternatively
P(? _ M«/A.CS 0) 5'”“sgn(a) N4 COSNgSy — (iac.o + n'i) sin n,s, (4.16)
2i Ny COSNgS, — law Sin ngs,

if we wish to specify only the forward-going pressure. Solving this equation, with
condition (4.15), the pressure is

, (417

Msgn(a)slal! Ng cosng(s, —s) — (law +m) sinng (s, — )
———VAx(0)

Py (s) = ; ;
2i Ng COS ngs, — (iaw + m) sin ngs,

and if we specify the forward-going pressure instead, m disappears from the bracketed
term in the denominator.

To test our code on this geometry, we follow McTavish & Brambley (2019) in
considering a two-dimensional horn of inlet width Xj, length 4.5X; and width increase
ratio of 16, and a plane piston source of frequency of 0.955{ (s0) =0.957/ X (s,) for the
inlet condition on the total pressure (where we recall the definition of the cutoff frequency
from (3.13)). With 50 spatial modes and 1 temporal mode (since with no nonlinearity
there is no temporal coupling) a good match is observed with their results in the linear
case (figure 7).

Further to this, a more direct comparison with Webster’s analytical approximation is
shown in figure 8, where the root-mean-square (r.m.s.) pressure at the centreline is plotted
(in contrast to McTavish & Brambley (2019), the analytical solution is calculated for the
whole domain, including the straight-duct section post-outlet). We achieve a very good
match by restricting our calculation to plane waves only: this is achieved with a fixed
(and very small) stepsize method, since the discontinuity in X’ at the outlet is severe
enough to cause errors in a variable stepsize solver like ode45. In contrast, the 50-mode
calculation disagrees very obviously with the Webster approximation, showing that the
Webster approximation will necessarily fail to capture the spatial coupling effects of a
duct bell.
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Figure 7. Pressure (normalised to the source amplitude) in an exponential horn identical to the one used in
McTavish & Brambley (2019), with a plane piston source of frequency 0.956% (s0) =0.957/ X (s,), for (a)
linear, (b) linear, quarter of a cycle later. Truncation was taken at amax = 50 and amax = 1. An animated version
of this figure is available as Movie 4 in the supplementary material.
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Figure 8. The r.m.s. pressure along the centreline of the exponential horn for two different modal resolutions,
compared with the plane-wave approximation (Webster 1919). Mode coupling induced by the variation in duct
width causes the plane-wave approximation to be an inaccurate one for this geometry.

4.5. An inverse exponential horn in two dimensions

If we consider an ‘inverse’ exponential horn, that is, one that narrows rather than widening,
we introduce the possibility of nodes. This is because waves are now reflecting to a
much greater degree, so cancellations can occur. This effect is most readily observed with
antisymmetric waves (and in fact cannot occur in a straight duct when considering only
plane waves). Since antisymmetric waves are uncoupled from symmetric ones in a straight
duct, there are grounds to consider the derivation of an analogous Webster-like solution
to the first antisymmetric mode. We will solve only the two-dimensional problem here,
since the three-dimensional problem is complicated by a greater number of ways to break
azimuthal symmetry. As with the Webster solution, this discussion also covers only linear
acoustics in this geometry.

When the Webster solution is derived, we consider a single-mode truncation of (2.50)
for straight ducts of variable width (whose centreline is always in the middle of the duct,
so X4 = —X_ = X/2) in the linear regime. As such, we have no N'*?, and L% (which for
a =1 we call L) reads
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/ - 2
il ZX_X <WT —Z\T)

The non-coupling between symmetric and antisymmetric waves is encoded here by the fact
that the matrix W — A has non-zero entries only where the column index and row index
are either both even (antisymmetric) or both odd (symmetric). In particular, this results in
the following 2-mode truncation of (2.50):

uo x 1oy . ! 0 2 o
d u _ﬁ 0 2 1w 1 T u
~a = 0 1--% ! (4.19)
s | Po / Po
o (10 X (10 -
Wl 1 ox \0 2

Solving the symmetric problem (uq, pg) results in the Webster horn equation, while
solving the antisymmetric problem (1, p;) results in the following equation for p; (from
which we henceforth drop the subscript 1, as with u1):

ds? .
1

d? n? ,

P_ |:4m2 —w?+ —2e4""'5} p=0, (4.20)

X
where for inlet width X; we have now substituted in the two-dimensional inverse
exponential horn definition X := X .e~2Imls_f we use the substitution o = e2mls /2\m| Xi,
this reduces to the modified Bessel equation
d¢p | dp
2 2 2y, —

o @quo@—(v +07)p=0, (4.21)
where v is defined by v2 = 1 — w?/4m?, and takes purely real values or purely imaginary
values, depending on whether w exceeds 2|m|. This equation has two solutions, /,,(¢') and
K, (o). In Appendix E we derive the solution for the pressure in detail, finding that K, (o)
dominates for most of the duct. Nodes are then found at roots of this function, i.e. roots

Snode Of Kim(ﬂez‘m|s/2lm|xi)-

We can test our code on this geometry as well. To form a good physical picture of where
the admittance singularities are, we may exploit the lack of coupling between symmetric
and antisymmetric modes in this geometry to eliminate the plane-wave component from
the solution altogether. To do this we make use of the alternative inlet condition mentioned
in § 3.4. Figure 9 shows the pressure distribution lined up with a demonstration of the
admittance singularity in this geometry. This was calculated with 50 spatial modes and
1 temporal mode (since we are testing just linearity here), for a duct of length 4.5X; and
decrease ratio of 4. As mentioned in § 3.5.4 we add a small imaginary part to the frequency
to ‘dampen’ any singularities. The frequency is then (5 4+ 0.011)/ Xj, resulting in a value of
Im(v) high enough that the first root of K, (o) is within the duct domain, causing a node
in the pressure, observable a little beyond s = 0.5.

Figure 10 compares the results of a single-spatial-mode calculation with the 50-mode
calculation (the same frequency, and therefore the same stabilising imaginary part, were
used on the single-mode calculation). We find that the coupling is very minimal: while
the 1-mode line matches the analytical solution exactly, the 50-mode line is a lot closer
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Figure 9. Pressure (top, normalised to the source amplitude) inside an inverse exponential horn, with an
antisymmetric source of frequency (5 + 0.017)/ X, together with the normalised deviation of the admittance
from the characteristic admittance (bottom). Truncation was taken at amax = 50 and amax = 1. An animated
version of this figure is available as Movie 5 in the supplementary material.

than it was in the case of the Webster plane-wave solution. We conclude from this that
antisymmetric sources induce less coupling than symmetric plane-wave ones.

4.6. Curvature and width variation combined

We can use the inverse exponential horn to demonstrate mode coupling. In the linear case,
if we send in an antisymmetric source and the duct is straight, only antisymmetric modes
will be excited. This symmetry can be broken in multiple ways. If nonlinearity is included,
higher-order temporal harmonics will be coupled, and this can include symmetric modes
(a physical argument for this is that the nonlinear terms are quadratic in the pressure, so
two odd pressures will multiply to create an even one). Alternatively symmetric modes of
the same temporal order can be picked up if the originally straight duct is bent. Symmetric
modes can include plane waves, which have the property of always being cut-on, so we
see that for an antisymmetric source of a certain frequency, propagating waves will only
‘escape’ the duct if (a) they are allowed to steepen or (b) the duct is bent.

Figure 11 displays this phenomenon of ‘acoustic leakage’, for the same inverse
exponential horn as in figure 9. An antisymmetric inlet source of frequency 1/X; is used:
this ensures that all non-plane waves are cutoff at the outlet. We see plane-wave tunnelling
induced both for a straight duct with Mach number 0.05, or in the linear regime with a
curvature of 0.2/ Xj. Truncation was taken at 10 spatial modes and 10 temporal modes for
each of these calculations.

While acoustic leakage from an inverse exponential horn does not bear particular
application to brass instruments, it is an interesting object of study in its own right given
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Figure 10. The r.m.s. pressure along the wall of the exponential horn for two different modal resolutions,
compared with the analytical solution.

the potential wider scope of duct acoustics beyond musical instruments. It is included here
as example of a phenomenon that can now be analysed owing to the present framework.

4.7. Torsion
Our framework allows us to investigate the effects of torsion on both linear and nonlinear
acoustics. To this end, we examine helical ducts of constant wall radius R and curvature
Kk, with various torsions 7. For each helix, we have a duct centreline given by

q(s)=(acoss,asins, bs), (4.22)

where a is the helical radius, 27 b is the pitch of the helix, and s is a transformed arclength.
These are given in terms of x and t by

T
G=L, b=——, §=vKkZ+12s. (4.23)
K%+ 12 k2412
The binormal is calculated as b =+/k2 + t2(bsin§, —b cos§, a). At each point along
the centreline, this vector points upward with a degree of backward tilt parallel to the

centreline to make it perpendicular to the tangent vector. The angle between b and the
vertical is calculated with the dot product to be

cosfp=b-e, =avk?+12, (4.24)

so if we wish to know the vertical distance from a point 5o to the duct wall above, we
consider the hypotenuse of a right-angled triangle with adjacent side of length R and an
angle of 8, between. This distance is therefore

R RVk? + 12

= . 4.25
cos 6y, K ( )

We also know from the definition of the helix that the vertical distance between point S
and point sg + 27 (where the centreline next passes over it) is 27b. Therefore, for non-
self-intersection, we require that 2 b be greater than twice the vertical centreline-to-wall
distance calculated above. This constraint yields the following condition for the helical
duct:
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Figure 11. Pressure (normalised to the source amplitude) for an antisymmetric source of frequency 1/X; in an
inverse exponential horn for (@) linear, straight, (b) M = 0.05, straight and (c) linear, k = 0.2/ X;. Truncation
was taken at max = @max = 10. An animated version of this figure is available as Movie 6 in the supplementary
material.

0> (TR + 3R> R)* + (3R — )k R)*(TR)* + (k R)°. (4.26)

All of the helical ducts we consider have curvature given by x R =2/3. We consider three
torsions: TR = 0.16 (just large enough to avoid self-intersection), TR =0.2, and TR = 1.
All are compared in the linear case in figure 12, while the second is held fixed for varying
Mach number in figure 13. We use a frequency of o = 0.956} =0.95 x 1.8412/R and
truncation for all helical calculations is taken at 10 spatial modes and 10 temporal modes.

Each of these examples shows how torsional coupling causes a planar source to become
non-planar at the duct outlet. It is also clear from figure 12 that (for all of the torsions
we consider) the highest peaks and lowest troughs in the pressure occur on the outside of
the helix, which is consistent with what was observed both in two- and three-dimensional
planar bends. Figure 13 shows that when the amplitude is high enough, the peaks and
troughs then lose their even spacing as the wave steepens along the outside of the helix.
The effect of the 6yp(s) coordinate twisting due to the helical coordinate system is less
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Figure 12. Linear pressure field (normalised by the Mach number) on the walls of a helical duct for the three
torsions TR =0.16, 0.20 and 1.00, with a plane piston source of frequency w = 0.955% =0.95 x 1.8412/R,
viewed from two different angles in each case. Truncation was taken at omax = amax = 10. An animated version
of this figure is available as Movie 7 in the supplementary material.

visible in the static images shown in figures 12 and 13, but is more evident in the animated
versions of them shown in Movies 7 and 8 in the supplementary material; the wave at the
outlet is seen to spin as it propagates due to the helical nature of the duct.

4.8. Comparison of two and three dimensions

Width variation should not, by itself, produce significantly different effects between two
and three dimensions, since the same symmetry is being broken in each case. Torsion
is only possible in three dimensions, so does not invite comparison. Therefore, we will
concentrate here on the difference between the effects of curvature in two and three
dimensions. We consider a duct of width X; = 1 in two dimensions, and radius R; =0.5
in three. In each case, there are straight sections of length 7/4 either side of a right-angled
bend with bend radius 5/4. We prescribe a piston source of frequency 9/2: figure 14
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Figure 13. Pressure field (normalised by the Mach number) on the walls of a helical duct with torsion TR =
0.20, for M =0.05 (a,b), 0.10 (c¢,d) and 0.15 (ef), with a plane piston source of frequency w = 0.956} =
0.95 x 1.8412/R. Truncation was taken at &max = dmax = 10. An animated version of this figure is available as
Movie 8 in the supplementary material.

compares the pressure fields in the linear case with those of Mach number 0.1. In figure 15,
we plot the spatially averaged outlet pressures against time, as a means of demonstrating
the bend’s effect on a piston source. Truncation was taken at 10 spatial modes and 10
temporal modes for each calculation.

We note that while the two cases seem to steepen equally, the effective acoustic length
of the bend differs between them. The three-dimensional outlet pressure is consistently
‘ahead’ of the two-dimensional outlet pressure for both linear and nonlinear regimes,
suggesting that the effective bend length is longer in two dimensions. It may also be
observed that the two-dimensional calculations exhibit more transverse oscillations than
in three dimensions: this is unsurprising, since that is the only possible plane of oscillation
in two dimensions, whereas in three dimensions there is an entire circular surface of
oscillation at each s.
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Figure 14. Forward-going pressure (normalised to the source amplitude) in an extended bend with a plane
piston source of 9/2, for (a) linear, two dimensions, (b) nonlinear, two dimensions, (c¢) linear, three dimensions
and (d) nonlinear, three dimensions. Truncation was taken at &max = dmax = 10. An animated version of this
figure is available as Movie 9 in the supplementary material.

4.9. Effective acoustic length of a bend

We can also examine the competing effects of curvature and nonlinearity. We calculate
the cross-sectional-average pressure two wavelengths along the centreline from the inlet,
for a range of different bend angles and Mach numbers, while keeping the arclength
along the centre of the bend constant. The boundary condition at the inlet ensures that
the average pressure across the inlet will pass upwardly through zero at t =7 /w, and
downwardly at t = /2w. In a straight duct, the average pressure across a surface two
wavelengths along would match this, but curvature causes a deviation of these upstroke
and downstroke crossings, which we call Ar. We then define a bend correction factor
B :=2cAt/Ax, where Ax is the difference in arclength between the outer wall of the
duct and the centreline for that particular bend angle. This parameter is equal to 1 for a
wave travelling along the outside of the bend, and —1 for the inside. We can also choose
whether to use the deviation time At for the upstroke of the wave, or the downstroke.
Figure 16 shows upstroke and downstroke values of B for three duct radii. Each data point
on these contour plots is the result of a calculation with 10 spatial modes and 10 temporal
modes.
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Figure 15. Forward-going pressure (normalised to the source amplitude), averaged over the inlet, the outlet in
two dimensions, and the outlet in three dimensions, in the linear regime (a) and for M = 0.10 (b). Truncation
was taken at max = dmax = 10.

From the upstroke plots we see that for greater bend angles (and correspondingly tighter
bends), nonlinearity plays a bigger role in forcing the wave around the outside of the bend,
whereas for smaller bend angles, the bend angle takes over as the determining parameter.
The downstroke plots are less conclusive, but they do exhibit the emergence of a local
minimum in B as the radius is varied.

5. Conclusions

We have presented a numerically tractable mathematical framework for solving for weakly
nonlinear acoustics in curved ducts of varying width, along with a number of numerical
examples of its use. The framework unifies both two- and three-dimensional governing
equations, and allows for torsion in three dimensions. The framework is numerically
tractable in that it may be written in terms of large matrices and tensors that are invariant
along the duct, unlike previous work in two dimensions where the large matrices and
tensors varied with the duct geometry and therefore needed computing at each point along
the duct (McTavish & Brambley 2019). The method follows the multi-modal method of
Félix & Pagneux (2001, 2002), solving first for the admittance (a generalised ratio of
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Figure 16. Upstroke (a,c,e) and downstroke (b,d,f) values of B, for X =3 (a,b), 3/2 (c,d) and 3/4 (e.f).
Truncation was taken at o¢max = @max = 10.

acoustic velocity to acoustic pressure) throughout the duct from the outlet to the inlet, and
then using this admittance to calculate the acoustic pressure and velocity from the inlet
to the outlet. This has the advantage that the effects of the duct geometry are encoded in
the admittance and may be analysed independently of the particular acoustic source used.
The unification of two and three dimensions allows for comparison between the two cases
(such as was shown in figure 14).

The method has been validated for a range of duct geometries where there are known
analytical solutions or published numerical results. Nonlinear steepening is validated
against the Fubini (1935), Blackstock (1966) and Fay (1931) solutions for a straight duct
in § 4.1. Width variation in the linear case is validated against the Webster (1919) solution
for an exponential horn in § 4.4; this test case highlights the inaccuracy of approximating
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the full sound field by a plane wave in Webster’s solution, which can be reproduced in our
framework by restricting our solution to a single spatial mode or relaxed by allowing for
many more spatial modes. Curvature is validated in two dimensions in § 4.2, in the linear
regime against a result of Félix & Pagneux (2001) and in the nonlinear regime against
a result for the same geometry of McTavish & Brambley (2019). The three dimensional
equivalent in §4.3 is validated against a result of Félix & Pagneux (2002) in the linear
regime, and against an unpublished result of McTavish (2018) in the nonlinear regime. This
extensive validation gives confidence that the combination of width variation, curvature,
and nonlinearity is correctly modelled both in the mathematical framework and in its
numerical implementation.

A number of duct geometries have then been investigated numerically. These include
a demonstration of wave leakage, where the inclusion of either slight curvature or slight
nonlinearity can cause waves to propagate through a duct in which they would otherwise
have been totally reflected (§ 4.6). Examples with torsion in three dimensions (§ 4.7) show
plane waves becoming localised on the outside of the duct curve. The unification of two-
and three-dimensional equations allows for the comparison of the two in § 4.8, showing
that between two and three dimensions, wave steepening appears comparable but the
effective acoustic length of a bend is different.

The effective length of a bend is investigated further in two dimensions in §4.9. By
considering the time lag in a wave propagating around a bend, a bend correction factor B
is introduced, taking the value 41 for a wave propagating around the outside of the bend
and —1 for a wave propagating around the inside of the bend. These results are presented
in figure 16, and suggest that for higher curvature bends nonlinearity plays a bigger role
in forcing wave propagation around the outside of the bend, whereas for lower curvature
bends, the curvature takes over as the determining parameter. This tool could potentially
be used in the future to investigate whether resonant frequencies are likely to change when
the sound amplitude is varied.

An obvious motivation of this work was the potential application to sound in brass
instruments, where the brassy sound is caused by nonlinear wave steepening within
the instrument. The use of the admittance (both the usual linear admittance and its
weakly nonlinear extension) makes the present framework well suited to this, as a duct’s
resonances could be investigated by solving for the admittance without needing to model
or specify a sound source at the inlet. Moreover, the bend correction factor of §4.9
could be used to investigate whether instruments are likely to become sharper or flatter
when played at louder or quieter volumes, and potentially even whether an instrument
could be designed to have a stable pitch independently of the volume at which it is
played.

The numerical solution for the admittance, and then for the pressure and velocity, is
relatively standard, and future work could consider other methods of numerical solution.
As described in § 3.5, the infinite series of ODEs is truncated to a finite system by
specifying a maximum number of temporal and spatial modes. Since this truncation
prevents the cascade of energy to higher modes and leads to artificial energy accumulating
in the highest non-truncated mode, an artificial viscosity is added to help dissipate energy
at higher modes. This artificial viscosity is akin to the real molecular viscosity of the gas.
However, the dominant energy loss mechanism for acoustics in a duct is friction with the
walls, which has been previously modelled using a fractional derivative approach (see, e.g.
Rendén er al. 2010, and references therein); a similar technique could be investigated for
inclusion in the present model. The now finite set of ODEs is then integrated here using
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a standard Runge—Kutta method, either with a fixed (Runge—Kutta fourth-order, RK4)
or adaptive (Runge—Kutta fourth-order five-stage, RK45) method. More sophisticated
numerical methods that take note of the Riccati-style nature of the equations being
integrated are also possible. For example, Pagneux (2010) used a Magnus—Mobius scheme
in the linear case to avoid singularities of the admittance caused by the presence of pressure
nodes in the duct. Since the extension of Magnus schemes to nonlinear equations is
possible (Casas & Iserles 2006), potential future research might investigate the use of a
weakly nonlinear Magnus—Mobius scheme for at least the admittance integration.

In order to calculate the admittance within the duct, a known admittance must be
applied, for example at the duct outlet. In all of the examples presented here, a non-
reflecting admittance representing an infinite straight duct of constant width was used as
the outlet admittance, as discussed in § 3.2. One obvious outlet admittance for a musical
instrument would be that of a duct exiting into an infinite space; such a situation may be
modelled in the linear case either exactly using a Wiener—Hopf technique (Munt 1977)
or approximately using an outer duct with absorbing walls (e.g. Félix et al. 2018), but
the authors are not aware of a nonlinear, or even weakly nonlinear, equivalent. Both the
open duct exit admittance and the directivity pattern of the far-field radiation would be
interesting avenues of future research.

Other possibilities for future research might involve the inclusion of a mean flow within
the duct (e.g. Mangin et al. 2023), ducts with acoustically lined walls (e.g. Bi et al. 2007),
the investigation of other nonlinear effects such as resonant triads (e.g. Protas et al. 2024)
and musical dynamics owing to the feedback loop between a musician’s lips and the
reflections from the waves that they generate, or other modal representations that might
yield faster numerical convergence (e.g. Maurel, Mercier & Pagneux 2014).

Supplementary material and movies. Supplementary material and movies are available at https://doi.org/
10.1017/jfm.2026.11220.
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Appendix A. Spatial projection in more detail
A.l. Two-dimensional spatial projection

The goal here is to project (2.24) onto the basis of spatial modes (2.41). This is achieved
by multiplying each equation by a mode v, and integrating over a duct cross-section.
If the expansions (2.37) are then employed, the acoustic mode coefficients may then be
factored out of the integral, which becomes a matrix with rows in « and columns in
the expansion dummy variable 8, dependent only on the local geometry. However, the
Neumann boundary condition (2.40) prevents us from expanding any first derivatives of
acoustical quantities on the boundary, which means we may not expand second derivatives
of acoustical quantities within integrals, and must instead use integration by parts to
remove the x-derivatives and then expand once it is safe to so.
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If we start with the left-hand side of (2.24a), we get
/X+w U oln (14 92 £ 0] palg @ X+and
o —1law | hy — | = — X = — o X
Y as a’w? 0x? a’w? dx ds \Jx_

pPY — Kl//aP“:|
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- XL (V)

¥ a’w? " ox dx
+

X_

i JP? d(WYahy
_ [x; (VaU°) ) } e [wa : Wahs)

X+ 3, 1 32(Wyh Ay
—/ lU"+iaa) (hslpmt > Wah) T v ) P?dx.
X_ N a

as w?  0x? a’w? Ox

(AL)

Terms , and | 4 | are the result of bringing the partial s-derivative on the U¢ outside

of the integral, whereas terms | 3 |and | 5 | are the result of removing all of the x-derivatives
from the P¢ via integration by parts (in particular, the second derivative has been removed
by a double application of integration-by-parts to produce the first two constituent terms

of ). Term | 1 |is an exact s-derivative of the projection of U¢ onto the basis, i.e.

d X+ d X+ d du¢

£ U%x )= — Ulgdx | = — sapUjf | = —2,

ds < . Va ) ds /X Va ; s¥p ds ; ap™p ds
(A2)

by mode orthogonality. Term | 2 | combines with the first term of | 3 | to form the left-hand
side of the hard-walled boundary condition (2.25), leaving a term that is O (M 2), while
the second two terms of | 3 | cancel with one another due to the Neumann condition on the
duct modes. Finally, ’s second term, by the Leibniz rule, makes -2 lots of the third
term added to a term involving the second derivative of a spatial mode, which by (2.38)
may be turned into multiplication by a squared eigenvalue. Thus, expanding into spatial
modes, we have

/’ﬂw ove . I, 4t 32 € 97 paly
—iaw | hy —_— |- x
. Y| as : a’w? 9x2 a’w? dx

d X 9y, 1 9097
= Sap— — T gdx | UG+ — | gy ——
;(aﬂds /X as Ve x) ﬂ+iaa)|: sV ax j|

X_

, A2 X+ Ko X0y,
_lawZ[(l_M—g)ﬂ)/;{ hywad/ﬂdx—m/}; WWﬁdX] Pg
(A3)

Apart from the term involving Q¢ (which will be dealt with later), we have integrals,
with two subscripts, summing over their second subscripts with acoustical quantities that
have only one subscript. In other words, this is standard matrix-vector multiplication,
so we may drop the sigmas in employment of the summation convention (for clarity,
in all of the expressions henceforth « is the free suffix, while, 8, y and § are dummy
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suffices for use in summation). Furthermore, we will define a shorthand for any mode-
integral matrices: the integral of two modes is written as ¥, with Greek letter subscripts
denoting the mode numbers, while bracketed subscripts denote derivatives of the modes
in question (curly brackets are s-derivatives and square brackets are x-derivatives, with a
square bracket around all subscripts meaning that this is a boundary term). Finally, any
non-mode functions present in the integral appear in square brackets after the subscripts.
This notation is the same as was used in McTavish & Brambley (2019). For example,

+ al/’a al/’ﬁ
ds 0x

X
(a)p1lf (s, x)]  would mean / f(s, x)dx. (A4)
X_

With this notation in hand, the projected left-hand side becomes

d 1 30+
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. A s
—law |:<5ay - aza);;(z) ﬁ[h 1- 202 a]ﬁj| P,B = O(Mz)
(AS5)

where A is a matrix with entries given by Ay, = 1404y (n0 sum).
We now turn to the right-hand side of (2.24a). Its first term projects very easily, giving

Xt
/ —iawPohsu Y PP PPdx = —iawBoWapy L] Z PEPP. (A6)
X_
b
where the ¥ matrix notation has been naturally extended to third-rank tensors, which
contract with acoustical quantities on subscripts 2 and 3. The next term on the right-hand
side becomes

. Xy 1 92 K
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This is more or less the same manipulation as took place on the left-hand side, only now
with Q¢ in the place of P“ and some sign changes. After the same cancellations have
been made, and we switch to the ¥ notation (which requires the terms making up Q¢ to
be expanded into spatial modes), we get

, X+ 1 92 P 909 7x+
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The first term here is exactly the leftover boundary term from the left-hand side; this
will therefore cancel when they are combined, meaning the projected mass conservation
equation is

d . 4 PRI b
Su d__lI/{})Uﬁ—laa) l—m Yausl s]_mw[a]ﬂ P,B
=iaa)Z { - ﬂOWaﬂy[hs]PgibP)l;
b

a—b pb a—byrb
s A2 Wsg [h, N7 Pﬂ PV_Uﬂ Uy
+ a8+TX2 spy[hs] + —— 2 2 @18y >
Pa be

A2 K B
+ |: (50:8 + sz) Dsigiryilhs] + mlp[a][ﬂ][y]} 2(a — b)ba? } (A9)

Projecting (2.24b) proves easier, since there are no boundary-term cancellations; care
is only needed when dealing with the second x-derivative on the right-hand side. The
left-hand side requires no integration-by-parts this time, due to the absence of any
x-derivatives, so we simply have

X+ 9P . a d a __ a

) Yy 5 iawh U ) dx = 80,,35 + Yuipy | Pg —1awWeplhslUg. (A1)
The term involving (a — b) on the right-hand side is dealt with very easily, and the final
term is effectively a repeat of the final term in (A8). This leaves only the term with the

82/9x2, which must be integrated by parts before an expansion of the pressure into spatial
modes may take place

X

X+ 1 92pP b apb 7"
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We know from the hard-walled boundary condition that the 8 P?/dx in the boundary term
must turn into a U? (i.e. something expansible), and having now (legally) expanded the
P? inside the integral, we may now simply reverse the integration-by-parts (and employ
the summation convention over y), giving

e iwhy o Y —bU“—bLaZPb de=| X 0ty — X W, | Y U UL
sVa P2l 9x2 I R 713 ~ T lapy] BTy
- b b

b —b nb wy X+ bAg)/ —b pb
. a— . a—
+iw Eb [mhslﬂau P ox ] +1w Eb DR X2 Yapslhs ]U P
(A12)

The 9, /dx in the second boundary term causes it to vanish, by the Neumann condition
on spatial modes. Thus, this term has been dealt with, and the projected momentum
equation is
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where the ‘4’ and ‘—’ superscripts on boundary terms indicate that only a single side of
the boundary is being evaluated.

In theory, we have now done all of the work required to turn these equations from PDEs
to ODEs and the next step would be to put them into a computer and solve them. However,
more work may now be done to these equations in order to make them numerically
efficient to solve. At present, we have a countably infinite set of coupled vector ODEs
in s with matricial coefficients that also depend on s, meaning that a solver would need
to update the value of each matrix at each point along the duct. This is missing a trick,
however, since each of these matrices’ s-dependence may be factored out into the form of
s-dependent scalars such as «, while the matrices themselves are constant, and thus only
need to be defined before solving. This also has the advantage of added clarity, since it will
clearly highlight which terms in the equations are responsible for different geometrical
irregularities. In two dimensions, we have s-dependence in the integration limits X_ and
X+, which is removed via the substitution £ = (x — X_)/ X, so that the integration limits
are now 0 and 1. Expanding & and factoring the « out then just leaves 1/+/X in front of
the modes, which can also be factored out. If we apply this technique to one of the matrices
from (A13), we get

X+ c,C - X_ -X_
Waﬂ[hs]=/ “Lh cos (aax — )cos (aﬂx = )dx

1
= (1 —kX_)8up — kX / CoCpE cos(AaE) cos(ApE)dE
0

= (1 — Kk X_)8up — k X Bapl€], (Al4)

where we have adopted a new notation = for the constant matrices, analogous to the ¥
notation but now with different limits and a different integration variable. In order to deal
with s-derivatives, we note that

a‘”“—_i’ X x Wy e X 0o\ X 09
T =y Ve ( X=X = (wa+ 535) ¥ 0
(A15)

and a more convenient form may be found for some of the right-hand-side terms involving
derivatives on multiple indices, by use of the Leibniz rule. The two relations necessary
for this are

A+ 2 -2

- K

Yapliyilhs] = %Waﬁy[hs] — *Wapy + 5 ¥apy); (Al6a)
G+ -2 2

Y 1Blly1 = T Yoy + 573 7% Yiapy]- (A16b)

In §2.6 we introduced a compact notation which computationally and algebraically
simplified the equations. In the new notation, (A9) and (A13) can be rewritten as
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where
1= 8up, Wap = dap +251a1pl¢ ], (Al18a)
Agp = Euplél, Ays = Elap, (A18b)
Tapy = Eapy Aupy = Eapyl€], (A18¢)
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At = S >+<2 ) +A—§, (A18g)
~1 ~(AZ ] 1A% — A2 A% _
Gy ALl <2 ) + A (A18h)

The names of these matrices have been chosen to represent the geometric irregularities
whose influence upon the equations they modulate, i.e. W for ‘width’, and A for
‘annularity’ (one matrix, A is used for both, so a single name had to be picked).
Calligraphic tensors are related to sans-serif matrices with the same name, i.e. Zog0 = lyg.
(A17) are (2.48) in the main text.
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A.2. Three-dimensional spatial projection

Projection of the governing equations is complicated by the extra dimension, however,
fortunately, all boundary terms in 6 disappear due to periodicity of the spatial modes. Thus,
we only need to worry about boundary terms in r. To help with this, some quick formulae
are introduced for integration by parts (over a duct cross-section S, with differential dS =
rdrd@) involving the transverse gradient and FSND

//vazzgdS:/Ozn [rfg—f]Rde—//th.VtgdS
[T e

f/ f—dS on [r cos¢fg] do — // g— ds. (A19Db)

Note that we introduce here a shorthand ¢ for use in this appendix, defined as ¢ : =6 —
6o (s). Using the formulae above, we can project the left-hand side of (2.35a)

//w W oy (142 €9 ds = / Yo UdS
s | ds aw? a’w? dn - o
27 : a R
oP d h
_/ R (ryoUY) | + % [rwahs —r Wahs) P% — kr cos qu//aP“} dé
0 R QW ar ar 0

2
// 81//O[U”—{—laa) <hswa 2V — > (hs¥a) + ZK 23¢ )Pa ds.
S

on

(A19a)

(A20)

Asin (A1), we have brought the s-derivative on the U¢ outside of the integral, and removed
all of the transverse derivatives from the pressure via integration by parts, so that all

derivatives now act on the 1, mode. Once again term combines with the first bit
of term | 3 | to form the linear part of the boundary condition (2.36), while the rest of term
cancels, and term | 5 | changes after an application of the Leibniz rule, leaving

[l 1+ 35) -] s
= (s~ [ Hevgas) vg+ L o2 ]
—iaw[( 2R2> //h Valp dS — — 2//S We 5d5} P§. (A21)

We can use the same shorthand for these matrix integrals as we did earlier, introducing
‘| |’ as a subscript notation for the FSND, and round brackets for 6-derivatives, so that
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the projected left-hand side of (2.35a) becomes

d 1 [ 90
(saﬂd — Wia)p [r]) Uf + — [rh Voo ] do
0 0

2
—iaw | | 6oy — l Y. glrhs] — LlI/ [r1| PS = O(MZ) (A22)
ay T n2R2 | CvBUTsIT a3 T lelp B ‘

Turning now to the right-hand side of (2.35a), we have an easy first term, followed by
some derivatives of Q¢, which will be removed by integration-by-parts as they just were
with the pressure on the left-hand side

2 K
1aw//1/fa[ ( 2’2>+a2 28”]Q“dS

2 a
=/ %[ rh, ‘/faaQ 8(h 1/IO{)Q + k7 cos P, O° ]
0

e e [ %

Switching to the ¥ notation and maklng some cancellations, we get

a a
1aa)f/1/fa[ S( 2w2>+a2K23 ]Qa — Fhyy —— Q ] do

+1aw Sas + TRZ qj&ﬁy[rh I+ 2 w2 l1/|06|/3V [r] Z
b

A2
+ [ (80,5 + TRz) (Wsip1y1[rhs] + Wsgy ) Lhs/1])

R

0

a—b pb
P
K B Y
+ —3 5 (Plaipilr] + ‘1’|a|<ﬁ)<y>[1/r])] Eb 3G —bypa? } (A24)

Combining this with the left-hand side of (2.35a), the same leftover boundary term
vanishes, to give the full projected mass conservation equation

d _ 2 K 4
Sap P {a},g[r]) —iaw l_aza)—sz wo,ﬁ[rhs]—mww[r] Py

=iaw Y { — BoWapy[rhs1P5 " PY
b

2 a—b pb _ yra—bysb
s A_ W h X Py Py —Ug Uy
+ s Lo R2 B/Sy[r s]+ 20)2 |a\ﬂy[r] B

A2
+ [ <5a6 + TRQ) (Ws111[rhs] + Ws gy s/ 71)

K Pg—be
14
t 33 (Paisinlr] + Yiaipyon [1/ rl)} 2a—b)ba? } (A25)
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As before, the left-hand side of the momentum conservation (2.35b) has no boundary
cancellations, so projection is very straightforward

[l (5

Finally, the right-hand side of (2.35b) requires only that we deal carefully with the
tranverse Laplacian, which produces a boundary term

; V2 . 2w -b o o PP R
/[ iwh wo, YU b( = b) dSZla)/O [rhswa;mU bWL do
o f [ (s vithavave - Vi plas. (A27)
b

As took place in two dimensions, the boundary term here becomes a U4~?U?, which can
be expanded, and the other term has its integration by parts reversed once more, leaving

//la)hlﬁa U”b< bb— )dS Rw[aﬂy]ZU “ub

d .
) ds = (5(1’3& + Wa{ﬁ}[r]> Pg — laa)lpalg [rhs]Ug. (A26)

o —b —b ‘/’V b i A2 b pb
. a—
—lwfo Z " hs YU o by | do +1a)z = sz Wapslrhs UG P
0
(A28)
The leftover boundary term here cancels due to the Neumann condition on the spatial

modes, so the full projected version of (2.35b) is

d . -
(B + ap1r1) P — iauplrhJUS = Rtap Y U570
b

A}
+Hiw Z {‘I’aﬂa[rhs] [(a —b)dsy —b (583/ S 2>i|
- b*w*R

+ Yarpiiyilrhs] + Wap)onlhs/rl }

' Ut pb. (A29)
@

B a

We now have the same task of rewriting these equations in a more numerically efficient
way. The added complication in three dimensions is that these are double integrals,
which means that they must be split into separate radial and azimuthal parts; nonetheless,
everything may still be made independent of s just as before. The notation for the split
integrals is very similar to that of the ¥ matrices, e.g.

1 9
Ha[ﬁ][f(x)]zcacﬂ/ Jpa(/lax)a [Jpﬁ(/i,sX)] f(x)dx, (A30)

x=0
and

Do lz@)] =~ / " cos (put - &%) o [eos (ps — 85 )]s ao. a3
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Once again, we need to know how s-derivatives of modes work: in three dimensions, the

relevant equation is
0y R’ RV Vg
=—— — , A32
os R (ww or )] " o0 (A32)

while the analogous improved forms of matrices with derivatives on multiple subscripts
are

Yarpiinilrhs] + Wapyonlhs/rl

G+ -4 p
= Tlpalgy[rhs] — KW gy [r] + qu[aﬁy][r cos @], (A33a)
Y9a i1y 1] + Plaig)on[1/7]
G+ 4 -4 2 p2 1
= Palpy [r] + “Yiapy)lr s @] — S Wi@py1lsin g1.

2R 2R2

(A33b)
Equipped with the above, (A25) and (A29) become

d R Y A? A |,
<ds + — W+ TH) u —l1aw {(I m) (I KRA) 2w2R:| P

2

iaa) A KVZ (pa_b’ pb> - (ua_b7 ub)
T > |:<l+ SR 2) (Z—«kRA)+ zsz] 5

A? KZA
2 2
(I+ a2w2R2) (I —KRA ) + a’w’R

Z(Cl—b)ba)sz _:BO (I_KRA) (Pa_b7 pb> )

_l’_

’ /
(i — 5 wT — rHT) pt — iaa)(l— KRA)u“ ; Z {EV_V(ua_b, u’)
b

ds R TR R
tiw |:(I—KRA) <I, (@a—b)l—b (I_ b2222R2 >+ zib;ggfﬂ b, b>} ,
(A34b)
where
Agg = A8ap, Py = padap. (A35)
Wop = 8up + Miaiplx*1Pup,  Hup = Muplx1Pw)p, (A36)
Ayp = Myp[x?]Pgplcos p1, Zaﬂ = Mg1[x]1DPoplcos @] — MypP(o)plsin @], (A3T)
Tapy = Hapy[x1Papy. Wapy = Hiapy1Papy (A38)
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Aapy = apy [x2]¢aﬁy [cos @], Zaﬁy = M1y [x]1DPapy[cOs @] — My, P(w)py [sin @],

(A39)
;‘aﬂy = a1 Papy [cOs @], *ZZ/S)/ = Iiopy1P(a)py[sin D], (A40)
and the eigenvalue-modified matrices 74, A* and A" are defined by
A1)+ (I, A®) — A?
I,]=I< ) >+<27 ) , (A41)
AL D+ (LAY - A% ~ A
ao AN A g 2 (A42)
2 2
1 ~(AL D+ (LAY — A2 (A2-PHA- A"
T gl >+<2, )~ 4> 2)A A At

As before, notation has been chosen such that curvature acts through annularity matrices
(A etc.), width variation through W, and with the new quantity, torsion, through a helicity
matrix H. (A34) are (2.49) in the main text.

A.3. Evaluation of integrals

Here, the mode integrals employed in the projection of the governing equations above
are calculated explicitly, where possible. These are the expressions used when performing
computations, in order to save time.

A.3.1. Integrals from the two-dimensional formulation

We have
Eup = bap. (Ad4)
~ Sap ((=D)**F —1) (@* + B?)
Eoplé]= B3 + CaCp (@2 — B2)272 ’ (A43)
- _ ) (_1)a+/3 -1
Sialp = V20" Cp— 7 (A46)
. (1 = 840) V202Cg(—1)2th
Etalpl§1= bup 3 + (1 = dup) P (A47)
_ CaCﬂ
Eopy = E(‘Swﬂ,y + Sja—pl.y ) (A48)
Epy[E]= E‘xﬂ)’ + C“Cﬂcy ((_1)a+ﬂ+y - 1) 1
ST 42 @+B+7)?
+ : + : + ! ) (A49)
(@+B—9)? @—B+y)? (@—B+y)?)
. aCgCy ((—D)* Y —1) ( L S )
(A50)
Elapy) = CaCpCy ((—1)*TFH7 1), (A51)
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By = CyCpCy (=) TPY, (A52)
Elapy1 = CaCpCy. (A53)
A.3.2. Integrals from the three-dimensional formulation
We have
1
Iyp =CaC,3/ Ipe (Aax)Jpy (Apx)dx, (A54)
0
1
Iyplx]=CyCg / xJp, (/lax)Jpﬂ (Apx)dx, (A55)
0
1
Moplx?] = CoCp / X2 T (AqX) T (Apx)dx, (A56)
0
1
H[a]ﬁ [x]= CaC,B / [pa Jpa (Agx) — /lax-lpa+1 (/lax)] Jpﬂ (/lﬂx)dx, (A57)
0

1
Mig1p[x°] =cacﬁ/ X [ Pad py (AaX) = AaX Tpy1(AaX) ] Jps(Apx)dx,  (A58)
0

Pap = B py+pp.0 T 8pyps)Be,es (A59)

P(ayp = —Pa (=158, py Bttt (A60)
Daplcos p1= £ [(~158p,p1 +-1p,py11] B (A61)
Dyplsin @] = % [8patps.l + (—1)% (po — PB)S I py—ppl 1] Beqttp.1s (A62)
P()plsing] = —% (80418 p4082,0 + (P = P)S|po—ppl. 1] St (A63)

The linear coefficient matrices in three dimensions always consist of a combination of a
IT with a @, which rarely simplifies further, although the notable cases are the identity

Ia,ﬁ = Haﬁ [x](pozﬂ = 504,3’ (A64)
and the helicity matrix
Hap = Map[X1®(e)p = — pa(—1)%8e, 425,18 pu py sy - (A65)
Likewise,
1
Mypy, = CoCpC,y / Ty (X)) T (Apx) T, (2, x)dx, (A66)
0
1
Mypy[x]=CuCpg Cy/ XJpy (AaX)Jpy (Apx) T, (A x)dx, (A67)
0
1
Mypy[x*] = CoCsCy / X2 Ty (Aax) T s (Apx) T, (A, x)dx, (A68)
0

1
Mgy [x] = Cac,gcy/ (Pad po (Aax) — Aax Jpy11(AaX)) T ps (ApX) T, (A x)dx,
0
(A69)
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iapyi[x] = CoaCpCy Jp, (Aa) Jps (A8) I p, (Ay), (A70)

1
Popy = 5(5pa+pﬁ+py,0 + (_1)§a5pﬂ+py,pa + (_1)5/38170(4‘17%[7/3

+ (=D 8 pytps.p, ) (Stutes+8,.0 — Seatstt, 2): (AT1)

1
Popylcos ¢l = ( Patpp+py 1T (= 1% “S|pg+py—palil T (= 1% P8\ patpy—ppls1

+ (DT S ptpp—py 1) (eutiy8,.0 — Sttt 2) (A72)
. p B
¢(O{)ﬂy[51n ¢] = 40[ (6Pa+Pﬂ+Py 1+ 8|Pﬁ+17y —pals 1(_1)pﬁ+l7}/ Patéa
+ 81 putpy—ppl 1 (F PP T 8y, L1 (= )PP TP ])
X (8 +65-+6,.0 — Seu+eutt, 2)- (A73)

Appendix B. Definitions of block matrices
In this appendix we detail the entries of the block matrix L and block tensor A“? from

a L(l
(2.50). In terms of square blocks L4 =: I ™21 e have a two-dimensional L¢
1 L L
X’ X~ A? KA
La — a“w a“w , (Bl)
b¢ X~
iaw(I— KX A) W Y’AT
and a three-dimensional L*
R/ A? A
Le — a‘w-R a‘w-R ’ (B2)
R/
iaw(I— kRA) EWT—{—rHT

and in terms of ‘cubic blocks’

./\/7111’ _Ngb N‘gzb _Ngb
Na ,B,0:tmax = (A/gb sz ’ NO‘ sBsmax+1: 2otmax+1 — j\/‘l71b stlb ’ (B3)

we have, in two dimensions

. 2 ~
b ilaw A kA
_/\/51' :_ﬁ |:<I+ m) (I KX.A)+ 20)2Xi| R (B4)
1 X’ X
Afg‘b:ﬁ< W W ) (B5)
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A2 KZA
I+ —— )| (7 — kX AL —_—
, . iaw ( + a2w2X2> ( X AY) + 202X
(B6)
. 2 A Pl
p @ A ' —kXA
j\/’7’ = ﬁ {(I— kX A) <I, (a—b)l-b (I— b2w2X2> >+ bl X2 , B7)
and in three dimensions
b law A? K A
M= _2ﬁR |:<I+ a2w2R2> T—kRA+ aza)sz|’ ®8)
R
b _
NP = — W (B9)
A? 1 1 /<J4~l/l
N — by 199 <I+ “2‘”2R2) T
o =N T AR 2(a — b)baw? R? ~hE—kRA) .
(B10)
. 2 1 Pl
p i@ 3 g 3 A 7' —kRA
7 = —ﬁR {(I kRA) <I, (a—b)I—-b (I b2a)2R2> > bl R , (Bl

while in both two and three dimensions .A/gb = /\/Zb = /\/’;b = ./\/gb =0.

Appendix C. Characteristic admittances of non-straight ducts
This appendix deals with the non-straight-duct versions of § 3.2.1.

C.1. Curved-duct characteristic admittances
When we introduce curvature, the straight-duct operator from (3.5) retains its block

structure
0 L
=\|.q ; (CDH
not, X' or R’ L3 0

with the difference that l:; and lv.; are no longer diagonal. They do remain symmetric,

L =L

however (by inspection in lig’s case, and by a complicated integration-by-parts in i;’s).
The eigenvalues y¢ now satisfy (from (3.7))

0 = det [i_“ — (é 7)] — det ((,7“)21— i.;’i.;), (C2)

so they will exhibit the same properties as before (purely real/imaginary and being

. . . . . vaval, © 42 .
mirrored either side of the origin). We once again have L 5 chgjz =(y O?)chji, so a single
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. T . e . .
lower-eigenvector matrix C still exists, but this time it is non-diagonal. Substituting the
admittance into the lower block this time, we get

LV E =2C'T", o V“izi(i_g)* C'ric) = . (@)

The nonlinear characteristic admittance takes a bit more work this time: the term
multiplying Y“"" in the nonlinear admittance equation is no longer diagonal. We have
already diagonalised lu_;l Vai, but we also need to diagonalise Vailv_g. To do this we note
that (3.2a) is satisfied by (Y“)” as well as Y, so with symmetric l:g, we have

vaty vavat va. T v v a\ T
YL =LY T=+(C) ' (C)". (C4)
With both diagonalisations we now have
v abi 1, 2P\—1
aﬂy =+ Z )w (C )ey

£,0,€
[(é“)T[Nfb(W"’, V)+ " v Ry ) (€ ,éb)]we
X .

vE+ v b

(C5)

C.2. Torsional-duct characteristic admittances

The final parameter that we can switch on is torsion, and this is only possible in the three-
dimensional case. When we do so, the matrix L% becomes

L L
= (~L ~i) , (C6)
no R/ L 3 Ll

Ta Ta . . Ta . . . .
where L, and L; remain real and symmetric, and L, is a real antisymmetric matrix
(apparent by direct calculation of the matrix H). Since a linear combination of the identity
and an antisymmetric matrix is non-singular, we know that the characteristic equation
reads

‘=1L

0=det ([Lf — 71 - [T} - 7 NLS[L] - 71 'T5). ()
but also, from the alternative expression in (3.7), that we have
0=det ([L} - 1 — L3[L} — 1] "LS[L] - 7°1)). (C8)

The expression on the right will have the same determinant if we take its transpose.
Doing so reverses the signs on every term except those with a I, demonstrating that the
eigenvalue mirroring property remains, even if the eigenvalues are no longer necessarily
on the real/imaginary axes. We may still partition them into two matched groups, so we
define

Vo oo = {7 :Re(¥*) <0} U {y“ :Re(y*) =0, Im(¥*) > 0}, (€9)

a set that we use to construct the positive characteristic admittance. These correspond to
purely forward-propagating waves, as well as forward-decaying waves that may propagate
either forwards or backwards.

We must also now keep track of eigenvalue signs when defining eigenvectors If we

define the diagonal I matrix, and a general acoustic eigenvector (¢ “il, Co. 2) there will
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. . ~at . . .
exist matrices €, constructed from an ordering of either the ‘4’ lower eigenvectors or
the ‘—’. The lower-block admittance equation is then

L7 4 INEH =2E T w0 Vo= (18) [L 28 @Y 7]
(C10)

from which we deduce that the torsional entries Z”{ have caused a symmetry breaking
between the positive and negative characteristic admittances. When it comes to computing
the nonlinear admittances, we once again must take a transpose

+ ~ ~a\T ~at\ —T=a ZaE\T
YL - L= (L3V"7 + L) =+(C7) T, (Cl1)
meaning that the nonlinear characteristic admittances are given by

ab:l:_:t Z Ca:l: {a (a b):l:) (Cb:I:)

aﬂy
£,0,€

|:(Ca ) [Nlab<y(a b)x )/Jj:) —Y N7 (Y(a_b)i,l)] (“é(a—b)i’ "C‘bi)]

113
~, ~a—b | ~ :
ﬂ+ﬁ + 78

(C12)

Appendix D. Viscosity in more detail
D.1. Numerical viscosity calculation
A more detailed derivation of the numerical viscosity term in (3.24) is presented here.
Starting from (4.9), the summand may be split into partial fractions as
a 1 1
= + —
2(a—b)b 2(a—>b)

and when summed from —oo to oo this becomes —1/a. This can be folded into the other
sum, so that the error becomes

(D1)

ia)ﬂo «/A_csteiaws Sgn%max 1 Sg“%max

E? = — 4 - (D2)
2 _
2(1 + 0) b=a—sgn(a)amax., b=a—sgn(a)amax,
b#a b#0
The first sum is split as
sgn(a)amax 1 2a—sgn(a)(amax+1) sgn(a)dmax 1
— = + —.
> > > oz O3
b=a—sgn(a)amax., b=a—sgn(a)amax 2a—sgn(a)amax,
b#a b#a

with the second term vanishing due to symmetric limits and an odd summand about b = a.
The second sum is treated similarly
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sgn(a)dmax 1 sgn(a)amax —a sgn(a)amax 1
UL TET LR L e
b=a—sgn(a)amax. b=a—sgn(a)amax,  5gn(@)(@max+1)—a

b#0 0

and this time the first term vanishes. Both of the remaining sums, with the correct
substitution, become

2a—sgn(a)(amax+1) sgn(a)amax lal—1
1 1 sgn(a)
— = - = _— D5
Z a—>b Z b Z Amax — b (B3)
b=a—sgn(a)amax sgn(a)(amax+1)—a b=0
so then the error becomes
pa _ 10Pov/Ag M & osen@)  lalwpoM P IS 06
(1+0)2 b—=0 Amax — b I+o =0 amax_b‘
The sum has upper and lower bounds in the form of integrals
la]—1 dx la|—1 1 la]—1 dx
R R
0 Omax — X b—0 Amax — b 0 amax — (x + 1)

We choose the lower bound as the approximation to the sum since the upper bound’s
integrand is singular at its upper limit. Thus, evaluating the integral and including the
viscous scale factor vy, we arrive at (3.24).

D.2. Physical viscosity calculation

If we instead consider physical viscosity in one dimension, the (single) momentum
equation picks up an extra term

0
—iawU% + (D8)

ds 3 asz  ds
while the mass conservation equation is unchanged. We still wish to use the Riccati
method, which requires our two equations to be first order in s; this can be achieved by
substituting the O (M?) expansion of dU%/ds from the mass conservation equation here.
That substitution results in

—i U”—l—(l—' (4—“+ >>8Pa
law 1aw 3 ¢ Py

_ 00t (4u d a=bpb _ pa

= 1aa)( 3 —’r{) a5 (Eb BoP " P° —Q ) (D9)

The s-derivatives of O(M?) terms may now have linear terms substituted into them. For
notational ease, we define a modified frequency for each temporal index, and absorb both
viscosities into a single constant

P (4M ) ?U* 90"

iaw I Y7}
Q4= pA=—+, (D10)
1 —iawn 3
so then we have
oP4 2004 0
- U= — poR*—Y " pebpb, D11
as as Po as Xb: ( )
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Defining the one-dimensional admittances in the usual way, we end up with the following
two equations for them

Y Q0¥ fido, (12
ds
ab
d?i; ==Y (Y + 0Pyl 4+ 2P YP)
S
_ L f(@eryat g gryry (Y4 apoe
VTR 2
+ S (ay +ava—bvb—bY“Ya—”—(a—b)Y“Y”)}- (D13)

Since we are working in one dimension, the admittances must be characteristic, and so we
have the solutions

Y Y —texp (—% [sen(l —iawit) — 1]) VI —iawiil, (D14)

—ab:l: 1 a_b—a—b b_b ‘_/_ o a
Y \/_R{@ Y +.(2Y)<2:|:,u,30.(2
+17w(ay FaV Y _pyiY i (a—b)?“?”)}/
(9“ Yt Qo byt Qb7b) . (D15)

Assuming jx is small, first-order expansions of these quantities may be found, although the
nonlinear admittance only appears in O (M?) terms to begin with, so its second term here
will eventually be O (M 2 ), and thus discarded. Hence, we have

s 2J/7R 2

suggesting that in order to stabilise a truncated sawtooth wave the physical viscosity would
need to be around i ~ 289 M /amax .

dpg i
- maw[Pg—lawﬂOZ PY- bpo} TR pa. (D16)

Appendix E. Inverse exponential horn in more detail

This appendix contains a more detailed presentation of the analytical solution to the
inverse exponential horn’s first antisymmetric mode equation, discussed earlier in § 4.5.
By use of the substitution o = me2lmls /2|m| X;, we reduced the problem to the modified
Bessel equation

2EP, dp W2 +02)p =0, (E1)
U__ 1% o
do? do pP=

where v is defined by v? = 1 — w?/4m?, and takes purely real values or purely imaginary
values, depending on whether w exceeds 2|m|. If v is not a real integer, then the solution
is given by

p(o) =c1l,(0) + 2K, (0). (E2)
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The velocity was eliminated in the derivation of (4.20), but can be retrieved from the fourth
row of (4.19), since we have
dp
ds
and thus the velocity is given by

/
|

2|m|
_1a)u—i——p = u(o)=— ” [op'(0) + p(0)]. (E3)

u(o) = | | [cll (o) + 2K, (0)] where I,(0):= ol (o) + 1,(0), (E4)

with K, (¢') defined similarly. We then have an admittance given by

Yoy 4@ _2mleily(@) + c:Ko(0) (E5)
p(@) o c1l(0)+ 2Ky (o)

Applying the boundary condition Y (0,) =Y, we get

v( 0p) — le K, (o0) iv(a)_ fv(o'o) leOI (00) I&,(O’)
2|m| 2|m| 2|m|

Y(o)= , (E6)

o — p—
[K (00) — 2| |K (%)} I, (o) — [1 (00) — 2| |1 (%)} K, (o)
where the characteristic admittance Y, is given by plugging the definition of X, into (3.12)

= = i 4—1’)120’2 4m20'02
Y,=7Y(o,) =exp vy sgn|{l— 3 —1 1 - e

Specifying the total pressure at the inlet, we match the overall remaining constant with
(3.23) to get

(E7)

iwY, iwY,
Mm |: v(00) — |m| v(o'o)i| I,(o) — |:I (00)_ 2m |I (Go):| K,(o)

2i

plo)= T, o7, :
|:K (00) — 2(m| —2K (00)j| L, (07) — |:I (00) — 2m| I (Go):| K, (o)
(E8)

The boundary condition at the duct outlet o, can be rewritten as a vector orthogonality
condition in two dimensions, i.e.

¢ 1 (0) Yo\ (L) | _
(02) ' [“" (K;(m) + (1 2m] ) (Kvwo))} =0 )

Note that 7, (0') and I/ (o) are exponentially growing functions, while K, (¢0) and K| (o)
exponentially decay. Unscaled, these functions will therefore be of very different orders
of magnitude at the outlet. This relation, however, effectively sets the vector (c1, ¢3) to be
‘asymptotically orthogonal’ to the Bessel function vector, meaning that the two terms in
both the velocity and the pressure are instead of comparable order at the outlet. If we then
move backwards from the outlet, the K functions will grow rapidly while the I functions
decay, so for most of the duct the K functions will dominate. For higher frequencies,
v can become imaginary, causing K to oscillate towards the inlet: these oscillations will
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Figure 17. Figure comparing the (real parts of the) logarithmically plotted modified Bessel functions (7, (¢)
in blue, K, (¢) in red), along an inverse exponential horn of length 4.5X; and width decrease ratio of 4, for a
frequency of 0.5/X;. The r.m.s. pressure (according to this analytical solution) normalised by Mach number is
logarithmically plotted in black.

pass through zero, resulting in pressure nodes, which cause singularities in the admittance.

We note that for the inverse exponential horn, the lowest-mode admittance singularities
. 2 .

correspond approximately to roots of K. m(ne Imls /2|m|X;). Figure 17 shows

these relationships in more detail, for a frequency low enough that oscillations do not
yet occur.

Another feature of this geometry (or any geometry with width variation) is that turning
points can occur, i.e. points where a mode can go from being cut-on to cutoff. These
are significant because they correspond mathematically to the eigenvalue ¥ for that
particular mode passing from the real axis to the imaginary axis, and therefore necessarily
passing through zero. Since the splitting operators then involve the inverse of a matrix with
a zero eigenvalue, this results in singularities in the forward and backward-going pressures
at this point. By inverting (3.13) for o =@, 4o = am, and X = X;e2!mls | we note that the
location of the turning point for mode (a, «) is

1 ) awX; (E10)
s;p=—10 .
tp 2|m| g o
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