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Abstract In this paper we show that some nonsimply connected manifolds without
conjugate points exhibit rigidity phenomena similar to that studiedi®$, section 1.5].

This is a companion paper t&€{KlI1] that deals with the simply connected case. In
particular, we show that one cannot make a nontrivial, compactly supported, change to
a complete flat metric without introducing conjugate points.

1. Introduction
In a companion papeCirKI1 ] we showed that if X, gx) is a complete simply connected
manifold without conjugate points then the product manifdifl go) = (X x R, gx xdt?)
has the property that any metrig on M without conjugate points that agrees wih
on the complement of a compact gétmust in fact be isometric tgo. We refer to this
situation by the phrase ‘there are no nontrivial NCP perturbation@fgs) supported
on K'. The purpose of this paper is to extend this result to certain nonsimply connected
manifolds.

Our first theorem is that all noncompact flat manifolds have a similar rigidity property.

THEOREM 1.1. Let (M, go) be a complete, noncompact flat manifold. Then any metric
without conjugate points oM which agrees withgg outside a compact st C M is
isometric togo.

The case wheréM, go) is compact is contained in Burago and lvanov’s recent proof
of the Hopf conjecture that an-torus without conjugate points must be fl&ulv]
(proved after the first draft of this paper was written), but the general noncompact case
does not follow from their methdd The case whera/ is isometric toE” was studied
for n = 2 in [GrGu] and for alln in [Cr1] (also see Cr2]).

Many of our results involve a growth condition on the fundamental group. So we
need the following definition.
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Definition 1.2.Let I be a finitely generated group. Then we will say tRagirows more
slowly thanr" if for any choice of finite generating sé& < I', we have

. Car r <
im digeTl |lglz <1} 0
r—00 rh

where|- |z : ' — R denotes the word norm dn defined by the generating sEt (see
[Grm]).

We call a Riemannian manifold, go) an NCP manifold if it is complete and has no
conjugate points. In particular, the universal cowéris diffeomorphic toR". For
K C M, an NCP perturbation oM supported onk, or an NCP perturbation of
(M, K, go), we mean a Riemannian metric such that(M, g) is an NCP manifold
andg = go on M — K. Such a perturbation is called trivial if is isometric togo.

Our second theorem states a special case of what we can show in a more general
setting.

THEOREM 1.3. Assume thatX, gx) is a noncompact manifold without conjugate points
wherem1(X) has polynomial growth. 1K C X x R is a compact totally convex subset
(i.e. any geodesic segment with endpointKidies in K), then there are no nontrivial
NCP perturbations ofX x R, gx x dt?) supported ork .

The condition of total convexity oKX above is quite strong and there are many other
cases where we can prove the nonexistence of NCP perturbations. However, every case
that we can handle does involve a growth condition on the fundamental group.

To consider compact subseksof a Riemannian manifoldM, g) that are not totally
convex, we will need to consider the uniofi;(K, g), of the geodesic segments M
with endpoints inK. We can now state a general theorem.

THEOREM 1.4. Let (X, gx) be a noncompact (n-1)-dimensional NCP manifold such that
m1(X) grows slower than” and g an NCP perturbation ofX x R, K, go) whereK is
compact. Then i€1(K) is bounded and if at least one of the following hold:

(1) (X, gx) has no focal points;

(2) m1(X) grows slower than”—1;

(3) (X, gx) = (Y X R, gy +dt?);

(4) K is totally convex;

theng is isometric togo.

One can see some of the added complications wi€K) is not trivial by considering
compactX and the metricg; = f?(t)gx x dt?> where f(t) = 1 for ¢ ¢ [—1, 1] and
f(@) > 1forr e (—1,1). Although g1 will have conjugate points, it is not hard to see
that geodesics that do not stay in the perturbed region have no conjugate points (in fact,
they are lines when lifted to the universal cover). The existence of geodesics that stay in
the perturbed region (or more generally return to it for arbitrarily large parameter values)
will be a new complication. In particular, it will become important to show that their
unit tangent vectors form a set of measure zero in the unit tangent bundle.

Hence a crucial ingredient in the proof of Theorems 1.3 and 1.4 is Lemma 4.4. Later
we state a version holding for compact smooth domains (i.e. compact sets with smooth
boundaries that are the closure of an open set), which may be of independent interest.
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PROPOSITION1.5. Let (M", g) be a manifold without conjugate point C M a
connected compact smooth domain, dhe: i, (71(K)) C my(M) wherei : K — M is
the inclusion. Assume that grows more slowly than”. If W ¢ 7#73(K) C SM is a
measurable subset of the unit sphere bundl&fodvhich is invariant under the geodesic
flow, thenW has Liouville measure zero.

2. Notation and preliminaries

We will always assume that geodesics are parametrized by arc length unless otherwise
stated. We will often consider two NCP metrigs and g on a given manifoldM.

S(M, go) andS(M, g) will represent the respective unit sphere bundles: i§ a g-unit

vector of M (i.e. v € S(M, g)) theny, will represent theg-geodesic withy’(0) = v.

We similarly define thego-geodesicyy,, if v € S(M, go). We will let g' (respectively,

g¢) represent the geodesic flow for timgi.e. g'(v) = y,(#).

If K is a subset of\f we let Q;(K) = {v € S(X, g)| there arer; with t;, — +o0
and y,(;) € K}. We let Q;(K) = —Qf (K), QfZ(K) = Qf(K) U Q;(K), and
Q. (K) = Q;(K) N Q. (K). We note thatQ;r(K), and hence; (K), ngt(K), and
Q,(K) are invariant under the geodesic flow 60X, g). Furthermore, ifv € Q,(K)
then the geodesig, lies in the setC1(K) defined in the introduction. We can similarly
defineQ} (K), 2, (K), Q (K), and,,(K).

Let (M, go) be an NCP manifoldk ¢ M a closed subset, andan NCP perturbation
of (M, K, go). If yo is a go-geodesic such that)(r) ¢ Qj;o(K), i.e. there is numbeN
such thaty(t) € K for |t| > N, then ag-geodesicy is said to be a compact perturbation
of yo if y(t) = yo(¢) for all |¢| > N. The point here is thaty has a compact perturbation
if the g-geodesic that coincides withy(z) whenr € (—oo, —N] also coincides (including
parameter) when € [N, c0).

We will call the perturbation &ns equivalenperturbation if forv € S(M — K, go) N
QT (K, go) thenv e S(M — K, g) N QT (K, g) and forv € S(M — K, go) — Q* (K, go)
thenyg, has a compact perturbation in

We will often be considering productd = X x R’ whereX (which is not necessarily
compact or simply connected) has an NCP megsicand M is given the product metric
g0 = gx X gk, Wheregg is the Euclidean metric. An important special case for us is when
I = 1. B(a) will represent the ball of radius in R'. We will usery andny to represent
projection onto the factors (supressing the expogrand will call a vectorn which is
tangent to a Euclidean factor (i.ex.(v) = 0) avertical vector, and one tangent to an
X factor (i.e.7g.(v) = 0) ahorizontal vector. We will letS"™(M) = {v € S(M) | v is
not horizonta).

Let K be a subset a#/ such thatrz(K) is compact. We note th&* (K, go) consists
of only horizontal vectors. An NCP perturbatignof (M, K, go) will be called aweak
lens equivalencé for each nonhorizontad € S(M, go), yo, has a compact perturbation
in g. It will be called alocal lens equivalencéf there is ane > 0 such that for
everyv € S(M) such that|rx,(v)| < €, yo, has a compact perturbation in A lens
equivalent perturbation is of course a weak lens equivalence, which is in turn a local
lens equivalence.
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LEMMA 2.1. Let (M, go) be an NCP manifold whose universal cov@t, go) is (X x
R', go), where(X, gx) is a simply connected NCP manifold agg = gx x gz. Let
K be a compact subset dff whose liftK c M is a subset off x B(a). Letg be
an NCP perturbation of M, K, go) such that the induced metric (also callgdl on M
is a weak lens equivalent perturbation 6f7, K, go). If VoI(C1(K, go)) is finite and
Vol (€2, (K)) = 0 (i.e. 2,(K) has Liouville measure zero) th&l (K, go) = Vol(K, g).

Proof. Since VolC1(K, go)) is finite and K C Ci(K), it is sufficient to show that
Vol(C1(K, go)) = Vol(Ci(K,g)). We define a smooth mag’ : S"™(M, go) —
S(M, g) — Q,(K) defined byF(v) = y'(0), wherey is the g-geodesic which is the
compact perturbation of thgy-geodesicyy,. It is easy to see thak is the identity on
STN(M —C1(K), go) and mapss™(C1(K), go) injectively to S(C1(K), g). Itis also clear
that F is a conjugacy of the geodesic flows, iE.o g5 = g’ o F. From this and the
invariance of the Liouville measure under the geodesic flow one see¢ tpatserves
the Liouville measure. Later we will show th#it = S(C1(K, g)) — F(S™(C1(K, go)))
has Liouville measure zero. This, combined with the invariancé afnder the deck
group, and the fact that the horizontal vectors form a set of Liouville measure zero, tells
us that VolC1(K, go)) = Vol(C1(K, g)) and hence yields the result.

To see thatW has Liouville measure zero, we note thidt can be described as
{v e S(C1(K), g) | Tr(¥y(1)) € B(a) for all timest} = Q(K) U2, W,H U U2, W,
whereW," = {v e W | y,(t) ¢ K for all t > i}, andW,” = —W;". Thus we need
only show that for every integer > O the setW," (and henceW,") has g-Liouville
measure zero. Fare W™ andr > i, y,(t) is ago-geodesic such thatz (v, (1)) € B(a).
Henceng(y,(¢)) for t > i is in fact a single point. Thus for > i, wz.(y,(t)) = 0.
Now by the invariance of the Liouville measure under the geodesic flowe see
Vol(W;") = Vol(g! (W;")). Now g'(W;") C {v e S(M — K, go) | mz.(v) = 0} which has
go and hence-Liouville measure zero. The lemma follows. O

PROPOSITION2.2. Let (M, go) be an NCP manifold whose universal cov@t, go) =

(X x R', go), where(X, gx) is a simply connected NCP manifold aggl= gx x gr. Let
K be a compact subset &f whose liftK c M is a subset ok x B(a). Letg be an NCP
perturbation of(M, K, go) such that the induced metric (also callgdlon M is a local
lens equivalent perturbation afV, K, go). ThenVol,(K) > Vol (K) with equality if
and only ifg is isometric togg.

A proof of Proposition 2.2 may be found §Y.
Combining Proposition 2.2 with Lemma 2.1 we get the following.

COROLLARY 2.3. Let (M, gg) be an NCP manifold whose universal coued, go) is
(X x R!, go), where(X, gx) is a simply connected NCP manifold aggl= gx x gr. Let
K be a compact subset & such thatVol(C1(K, go)) is finite and whose lifk c M is
a subset o x B(a). Letg be an NCP perturbation afM, K, go) such that the induced
metric (also calledg) on M is a weak lens equivalent perturbation @, K , go). Then
g is isometric togo if and only ifVol, (€2, (K)) = 0.

Remark.The proof of Proposition 2.2 and Corollary 2.3 hold more generally than for
compact subset& . In particular, they hold i has finite volume and(K) is compact.
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However, Proposition 2.2 does not hold for arbitrary finite volume sets since there are
closed (and open) finite volume subseks, of R? such that every line intersect§ in

a noncompact set and hence any NCP perturbation is a lens equivalence. Furthermore,
there areK c R? of finite volume that admit NCP perturbations. On the other hand,
we have no counterexample to Corollary 2.3 when it is only assumed'tli&t, go) has

finite volume.

3. Busemann functions and lens equivalence

We will say v € S(M,g) is a ray if the geodesig, is a ray in the sense that
d(y(0), y()) =t for all t > 0. We can then define the Busemann functipn ¥ — R

by b,(x) = lim,_, o d(x, y,()) —t. We note thatb,(y,(t)) = —t for ¢+ > 0 (or for

all ¢ if y, is a line, i.e. minimizes between any two points on it). In the case when
M is a simply connected NCP manifold thép is defined for allv € S(M, g). For

v e S(M, go) we use the notationg, for the Busemann function. I € S(M, g) is a

ray andx € M we can define the horobaBl,(x) = {y € M | b,(y) < b,(x)} and the
horospheredB,(x) = {y € M | b,(y) = b,(x)}. Similarly, forv € S(M, go) a ray we

can defineBg, (x) andd Bg, (x).

The reader is referred td] for results on Busemann functions on simply connected
NCP manifolds. In particular, Busemann functions aré®, and the vector field
V(x) = Vb,(x) is a unit vector field whose integral curves are precisely those geodesics
y such thatdb,(y (¢))/dt = 1.

If M is a simply connected NCP manifold, C M is closed, and € S(M —C, g) is
a ray, then the shado(C, v) of C is the set{x € M | yvp,)(t) € C for somer < 0}.

Now if g is a perturbation ofM, C, go) then we also have thate S(M — C, go) and
it is easy to check that foy € M — S(C, v) we haveb,(y) = bg,(y).

On simply connected NCP manifolds,ifis the outward normal atto B,(x) (i.e.v =
Vb, (x)), then, by an easy triangle inequality argumehtix)N B, (x) C dB,(x)NIB,(x).

We will use this fact extensively. We will also use the fact that on product manifolds
(X1 % X2, g1 X g2) We haveb, (x1, x2) = aib,, (x1) + azb,,(x2), wherer;,.(v) = a;v; and
v; € S(X;, gi).

If (M, go) = (X x R', gx x gr), where(X, gx) is a simply connected NCP manifold,
we will let SJ(M) = {v e S(M) | 7r(yo (1)) ¢ B(a) for anyt > 0}. The point is that
if g is any NCP perturbation ofM, X x B(a), go) then forv € S (M) we have that
Y, (1) = Yoo (¢) for all ¢t > 0.

LEMMA 3.1. Let (M, go) be an NCP manifold and c M compact. Assume that
(M, g0) = (X x R', gx x g), where(X, gx) is a simply connected NCP manifold, and
further assume thak C X x B(a). Let g be an NCP perturbation ofM, K, go). Then
there is a constan€ (go, g) such that for every, y € M we haveld(x, y) — do(x, y)| <
C(g, 8o)- o

In particular, for each nonhorizontal vectar € S(M — X x B(a)) and for every
x € M we havelb,(x) — bo,(x)| < C(g, go). Furthermore, for every € SH(M) and
everyx € M — X x B(a), we haverg,(Vb,(x)) = mr.(Vbgy(x)) = mr«(—v). In the
special case thatX, gx) is also Euclidean we have thatb,(x) is a parallel field on
M — X x B(a).
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Proof. Sincen1(M) acts co-compactly o, we havecgzgo < & < c2go for a suitable
constantc;. Let xq, xo be such thatrg(x;) € dB(a). Let (0(2), 10(2)) € X x R! be the
geodesic fromx; to x,. The length ofrg is less than 2. Let y(¢t) = (y (1), mr(x1))
and 7p(1) = (x(x2), T0(t)) be curves inM. y is both ag and agy geodesic (and
hence mimimizing) of lengthL, while the g length of T is <24, and theg length of
7 iS <2ac;. The pathy U 7 goes fromx; to x, SO we see by the triangle inequality
that L — 2a < dp(x1,x2) < L +2a and L — 2ac, < d(x1,x2) < L + 2ac1, and hence
|d(x1, x2) — do(x1, X2)| < 2a + 2acy = ca.

Let x and y be in M such thatrg(x) and wx(y) lie outside B(a) — dB(a). Let
¥ : [0, do(x, y)] — M be thego-geodesic fromx to y. By the convexity ofX x B(a)
eithery missesX x B(a) or there is an intervak{, r,] such thatyNX x B(a) = y ([t1, f2])-
Now

do(x, y) do(x, y(t1)) + do(y (t1), ¥ (£2)) + do(y (t2), )

> d(x,y(t) +d(y(t), y(t2)) —c2+d(y(t2), y) = d(x, y) — ca.

\Y

Similarly starting with theg-geodesic fromx to y we conclude tha#l(x, y) > dp(x, y) —
C2.

If mx(x) € B(a) — dB(a), there is a poink such thatrgz(x) € dB(a), do(x, X) < a,
andd(x, x) < ac;. Similarly for y. Hence the lemma will hold for alt andy if we
take C(g, go) = c2 + 2a + 2ac;.

The Busemann functions, and by, are limits asr — oo of functions b,(x) =
d(y,(t),x) —t andbg, = d(y,(t), x) — t, respectively. Since for > 0, v, () = y0,(?),
we see thatb, (x) — bo,(x)| < C(g, go) and hencéb, (x) — bo,(x)| < C(g, go)-

We now compare the gradients 6f and bg, at a pointx for v € Sj(M). Let
w = Vb,((x)) and assume that € S;(M) (otherwise—w € S; (M) and the proof goes
through). Sinceb,(y,(s)) = s + b,(x), we see thatbg, (v, (s)) — s| < 2C(g, go) and
hencey,, (s) is asymptotic toVbyg,; thus g, (w) = mg.(—v). In the case wheliX, gx)
is Euclidean we see that is parallel to—wv. O

LEMMA 3.2. Let (X, gx) be an NCP manifoldk c X x B(a) C X x R' be a (not

necessarily compact) subset, apcin NCP perturbation ofM, K, go). Assume further
that for eachv € S} (M) and for everyc € M — X x B(a) we haveb, (x) = bg,(x). Then

g is a weak lens equivalence.

Proof. It is sufficient to prove weak lens equivalence for the induced metric&fom et
Yo be a non-horizontago-geodesic.rz (yo(t)) = L(t) for some lineL(t) € R'. We may
assume thalL(r) ¢ B(a) whenever ¢ [—d, d]. In particular,v = y{(d) € SJ(M). Let
x = yo(—=d), y = yo(d), y be theg-geodesic fromx to y with y(d) = y, y(—=d’) = x,
andw = y'(d).

We first show thatv € S;(M). If tr(y([—d’,d]))NB(a) = @ theny (t) = y(¢) (and
d = d’) for all ¢ since thery is agop-geodesic fronx to y. If ng(y ([—d’, d]))NB(a) # @
then, sinceB(a) is convex,mg(y (t)) ¢ B(a) fort ¢ [-d’',d] sow € S;(M).

We see that 2 = do(x, y) = b, (x) = b,(x) < d(x,y), with the equality holding if
and only if x = y,(—2d). On the other handf(x, y) = b, (x) = bgy,(x) < do(x, y).
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Thus the equality holds and we see thdt) = y,(¢) is a compact perturbation gf(z)
and thus thag is a weak lens equivalence. O

4. Liouville measure of2(K)
When considering NCP perturbations,of (X x R', K, gx x gg) in the case whera/
is not simply connected, one of the major problems is to show thai?/oK)) = 0.
When (X, gx) has negative curvature we can show tfa{K) contains no open sets,
but this gives us no information about the Liouville measure. In general, this seems to
be a very hard problem and it is the principal obstacle to extending Theorem 1.3 to a
much broader class of produck x R. In this section we show that a2, (X)) = 0
under auxiliary assumptions concerning volumergrgrowth.

Let C ¢ M, andC C M be the pre-image of in the universal coveM of M. We
will say that C has volume growth less thatt if there is a functionf(r) > 0 with
lim,_ o f(r) = 0 such that, for everg € C, Vol(C N B(Z,r)) < f(r)r".

For (M, g) an NCP manifoldW c SM a subset of the unit tangent bundleg M,
andr > 0 we will let BY(x,r) = {exp.(tV) | V. € WNT,M and 0< ¢t < r} be
the W-ball at x of radiusr. We similarly define theW-sphere,S" (x,r). Let 7(W)
represent the projection d¥ to M, and BY (x, r) represent a¥-ball in the universal
cover centered at a point that projectsxt¢hence only defined up to the deck group).

The proof of Theorem 1 of(Qr3] involves integration over the unit sphere bundle
S(M) of a compact NCP manifold/. Restricting these arguments to a subBetof
S(M) yields the following.

THEOREM 4.1. Let (M, g) be an NCP manifold andV ¢ SM be a measurable subset
such that:

1) w=-w,

(2) W is geodesic flow invariant;

(3) 7 (W) has finite volume and bounded curvature.

Then for each fixed > 0

. _Vol(w)
Ave(VOI(BT(x, 1)) = Yo

where the average is taken over alle 7 (W) with respect to the Riemannian measure
and \Vol(W) represents the Liouville measure Wf.

The proof is given irg7 and involves the volumes d¥-spheres.

Remark.Both Theorems 1 and 3 ofCf3], including the equality discussions, have
analogues in this setting; however, they will not be needed in this paper.

We will apply this theorem wheV = Q(K). We let C»(K) denote the projection
of Q(K) to M and note thaC,(K) C C1(K).

COROLLARY 4.2. LetK be a compact subset of an n-dimensional complete NCP manifold,
M. If C1(K) (or C2(K)) has finite volume, bounded curvature, and volume growth less
thanr", thenQ (K) has Liouville measure zero.

https://doi.org/10.1017/50143385798108210 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798108210

820 C. B. Croke and B. Kleiner

Proof. SinceC,(K) C C1(K), we need only prove th€,(K) version. LetW = Q(K),
C = C2(K), M be the universal cover a¥f with covering projectionp, C = p~(C),
and W = (p,)"%(W). Now for x € 7(W), and¥ € M such thatp(¥) = x we see that
BY(%,r) c C N B(,r) and hence VaBY (%, r) < Vol(C N B(&,r)) < f(r)r", where
f(r) comes from the definition of volume growth less théh Hence Theorem 4.1
along with the assumption thaf,(K) has volume growth less thart implies that
Vol(W) = 0. O

If g is an NCP perturbation ofM, K, go), thenC1(K, g) = C1(K, go); however, it
is not in general the case th@s (K, g) = C2(K, go) even though both are subsets of the
setC1(K, g) = C1(K, go)-

COROLLARY 4.3. Let g be an NCP perturbation ofM, K, go), where K is a compact
subset of am-dimensional complete NCP manifoM. If C1(K, go) has finite volume,
bounded curvature, and volume growth less th&mwith respect togo, then2,(K) has
Liouville measure zero.

Proof. We first note thatC;(K, g) has finite volume, and bounded curvature since
Ci1(K, go) and C1(K, g) are the same subsét and disagree metrically only on the
compact setk. Thus by Corollary 4.2 we need only show th@thas volume growth
less thanr”". Sinceg and go only disagree on a compact set there is a constant
such that for every vector, (1/co)go(v,v) < g(v,v) < cogo(v,v). Hence for any

¥ € M, By(x,r) C By (&, cor), and for any subse§ C M, Vol (S) < cf Vol (S).
Hence VoL(C N By(%,7)) < VoI (C N Bgy(E, cor)) < cpVoly,(C N Byy(F, cor)) <

g fo(cor)(cor)", where fo comes from the definition of having growth rate less than
r" in go. SO we can takef (r) = cg"fo(cor) and the corollary follows. O

These results are related 4@ growth via the following lemma.

LEMMA 4.4. Let M be an n-dimensional NCP manifold such that(M) grows more
slowly thanr", and B a bounded subset. Then the $8t= {v € SM | y,(t) € B for
all 7} has Liouville measure zero.

Proof. Fix xo € B and letD be such thatB C B(xp, D). Let ¥ be any generating set
of w1(M) which includes all elements of; which can be represented by loopsratof
length less thanB. We will let p : M — M be the projection from the universal cover,
andxg € p~(xg). Forr > 0 let N(r) = {X; € p~1(xo) | %; can be connected t&, via a
path inp~Y(B(xo, D)) of length less than+2D}. Letx € B andx € p~1(x)NB(%o, D).
Then eachy € BY (%, r) can be connected toby a path of length less thanin p~1(B),
and hence irp~1B(xo, D). Since there is som& € p~1(xo) with § connected to; in
B(x;, D) we see thak; € N(r). Thus
BY& rc |J BG.D).
X EN(r)
Hence Vo{BY (x,r)) < #N(r) Vol(B(Xg, D)).
By Theorem 4.1, we need only show |im, #N (r)/r" = 0 to complete the proof.
To do this we will show that eack € N(r) is of the forma(xp) wherea € 71(M) and
la|s <r/D + 2, and then the lemma follows from the growth rateretM).
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Fix X; € N(r) and lett(r), 0 <t < L <r+ 2D, be a path with arc length parameter
from %o to X; in p~X(B(xo, D)). For each integer k¥ j < [L/D] let o; be a path of
length less thaD from z(Dj) to anx;, € p~(x0). Letx;, = o andx;, ., = %;. Thus
it is easy to see that for each<0;j < [L/D] there is a path of length less tha3rom
x;; to x;;,, and hence there is ag € ¥ such thaty; ,, = o;(x;). So we see that for
o =apLp] ... 210, X; = «(Xp), and|a|y < r/D + 2. The lemma follows. O

Applying the above lemma witl® = C»(K) we have the following.

COROLLARY 4.5. Let M be ann-dimensional NCP manifold such that(M) grows more
slowly thanr", and K a compact subset. [f,(K) is bounded thef2(K) has Liouville
measure zero.

Of course the same holds @f,(K) is bounded, since thefi;(K) is also bounded.

Proof of Proposition 1.5The proof is the same as that of Lemma 4.4 except that we
take D to be the intrinsic diameter ok (i.e. for every two points ik there is a path
between them ik of length < D), take X to be a generating set df including all
elements representable by loops lyingknof length less than B, and make sure that
all the paths we choose lie ik instead ofp~1(B(xo, D)). O

5. Flat case
In this section we will prove Theorem 1.1.

We begin by recalling some facts about flat manifolds ($€ka]). If (M, go) is
a complete flat manifold, then we may identify its universal co¥emwith Euclidean
spaceE", and there is ari(M)-invariant k-dimensional affine subspac& < E" with
A¥ /(M) compact. We will writeE” = AF x R'. Consequently, for every > 0 the
a-tubular neighborhood oA*/71(M) C M is compact, and so we may assume without
loss of generality thatM, g) is an NCP perturbation ofM, C, go), where C is such
an a-tubular neighborhood. Passing to universal covers, we find(i#fag) is an NCP
perturbation of(E”, C, 3o) whereC = {x € E" | d(x, A¥) < a} = A* x B(a). In
particular, sinceC is convex we see that;(K) c C and hence Corollary 4.5 tells us
that Q,(K) has Liouville measure zero.

By Lemma 3.1 we see that if € S(M — C), thenVb, is a constant vector field on
E"—C.

In the casecodimensiofd*) > 2, E" — C is connected, s&7 (b, — bg) = 0 forces
b, = b°. By Lemma 3.2 M, %) is thus a weak lens equivalent perturbatiori &, C, go).
Corollary 2.3 now gives the result.

When A* has codimension one” — C has two components, each isometric to a
half-space. We know that g-geodesic starting in one half-space which is not parallel
to the hyperplanes boundir@ will intersectC in a finite segment, and re-emerge in the
other half-space with the same direction (measured with respdtt)to

After passing to a twofold cover if necessary, we may assumeMhhts two ends,
and that(M, go) is isometric to a Riemannian produt x N where N is a compact
flat manifold. Our setC is isometric to/ x N for some intervall = [a, b]. If the
perturbation ofgy is supported away frondC, then we may form a smooth closed
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Riemannian manifoldX by gluing together the two (isometric) boundary components of
(C, g) by the obvious map.
We now claim thatX has no conjugate points. To see this, note thatdéf S(M, )
with 7 (v) € 9C, theny, carries a global solution of the Riccati equation which is zero
on the portion ofy, lying outsideC. Hence any geodesic iX which hits a copy of
dC will carry a global solution of the Riccati equation which is zero near each copy of
dC in X; in particular, such a geodesic has no conjugate points. On the other hand, if
a geodesic inX never hits a copy 06C, then it lies in a copy ofC, %), so it has no
conjugate points.
Note that for each choice afe S(C, g)|s¢c, we obtain a vector field oX which looks
like the gradient of a Busemann function. The union of the images of these (smoothly
varying) vector fields contains everything b2t C) U Vert, which has measure zero in
SX. Hence the results ofgrKI2 ] imply that X—and consequentlyM, g)—is flat.
Alternatively, one could apply the recent result of Burago and Ivamw] that a
torus without conjugate points must be flat. O

6. X xR

In this section we consider perturbationof (X x R, K, go) whereK is compact and

g0 = gx x dr? for more generalX, gx). WhenX is compact and not flat there is very
little more we can say. So we will be most interested in the case wi&rgy) is not
simply connected, not flat, and not compact. The proof of such rigidity theorems breaks
up into showing that V@k2,(K)) = 0, and thatg is a weak lens equivalence.

PrROPOSITIONG.1. Let (X, gx) be a noncompact (n-1)-dimensional NCP manifold gnd
an NCP perturbation of X x R, K, go) whereK is compact. Theg will be a weak lens
equivalence if at least one of the following hold:

(1) (X, gx) has no focal points;

(2) m1(X) grows slower than”—1;

(3) (X,gx) = (Y x R, gy x dt?);

(4) K is totally convex andr;(X) has polynomial growth.

Before proving the proposition we need a preliminary lemma.

LEMMA 6.2. Let (X, gx) be a simply connected manifold with no focal points, and
v e SX). If f:X — RisacC*?! function onX such that|Vf(x)| = 1 and
|by(x) — f(x)] < C for all x € X and some constant, then f(x) = b(x) + ¢ for
some other constart

Proof. We first note that the integral curvesr) of V f are geodesics. To see this, #€t),
0 <s <d(y(r), y(t2)) be the minimizing geodesic from(z1) to y (2). Then integrating
gx(Vf(z(s)), '(s)) we see that, — 11 = f(y(r2)) — f(y(t1) < d(y(t), y(t2)), and
hencey is a geodesic.

Fix x € X and letw = —Vf(x) andu = —Vb,(x). Let g(t) = b,(y, () —
fw@®) = by(yy(@®) +t — f(x). Now if w # u we see thag’(0) > 0. Furthermore,
since there are no focal pointg, is convex, and hencg”(t) > 0, and thusg is
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unbounded. This contradicts the assumption of the lemma and hence we conclude that
V f = Vb, and the lemma follows. O

Proof of Proposition 6.1We will let M = X x R, K C X x [—a,a], andM = X x R
represent the universal covering space. bLet Sj(M) and fix ro ¢ [—a,a]. By
Lemma 3.1, the gradients of the restrictionstgfand bg, to X x {fo} have the same
constant normw. They thus, after multiplying by /&, induce functionsb® and g, on

X with gradients of norm one and of a bounded distance from each other. Furthermore,
sincego is the product metri®y, is a Busemann function of.

Proof of (1).By Lemma 6.2 we see tha@f°(x) = bg;(x) + ¢ for some constant. On
the other hand, sinc& is noncompact an& is compact, there is ary € X such that
(xo, f0) is not in the shadows(K, v); henceb,(xq) = bo,(xo) and hence: = 0. Thus
Lemma 3.2 gives the result.

Proof of (2).For D > 0 andC C X let T, (C) represent thed tubular neighborhood of
C. Let WP ={w e S(X) | yu(®) € Tp(mx(K)) for all ¢}, wherery is the projection
from M to X. Assumption (2) of Proposition 6.1 along with Lemma 4.4 tells us that
WP (and hence its liftW? to S(X)) has Liouville measure zero for ald > 0.

Let S° = 73(S(K,v) N X x {fo})), i.e. the shadow ak. Now if y(s) is a gradient
geodesic ob (x) on X and for somesg, ¥ (so) ¢ S, thenbg (v (so)) = b°(y (s0)) and
ngjv(y(so)) = Vb?(y(s0)). Thusy(s) is also a gradient geodesic 6P, and we see
that bg;(y(s)) = bl(y(s)) for all s. On the other hand, if(so) € S then for some
t € [—a,a] we have(y(so + ((to + 1) /1 —a?)), 1) € K S0 y(so + (to/~/1—a?)) €
Tprz(K) whereD = (a/+/1—a?). Thus ify(s) € % for all s, theny (s) € Tpmz(K)
for all s, i.e.y'(s) € WP.

Let y be ag-geodesic withv = y'(0) € Sj(]VI) andngr(y(@)) < —a forallt < T.

If mx.(y' (1)) /|7 (y'(T))| ¢ WP, the above tells us that,(y (1)) = bo,(y (1)) for
all + < T. This also holds fory, a go-geodesic withv = y;(0) € Sj(M) and
mr(yo(t)) < —a for all t < T. That is, if mx.(Y{(T))/|Imx«(V{(T))| ¢ WP, then
by(yo(t)) = boy(yo(t)) forall t < T.

We finish the proof by modifying the proof of Lemma 3.2. It is sufficient to prove
weak lens equivalence for the induced metricsMn Let y, be a non-horizontako-
geodesic inM. We can assume (by changing the orientation and shifting the parameter
of yy if necessary) that g (yo(¢)) = bt for some O< b < 1. Letd > a/b, x = yp(—d),

y = yo(d), andv = yj(d). Since WP has measure zero we can choases S(M)
converging tov such thatrx. (v, (—2d))/|mwx.(y, (=2d))| ¢ WP, Letx; = Yo, (—2d)
andy; = yo,(0). We see that 2 = do(x;, yi) = boy, (x;) = by, (x;) < d(x;, y;), and
hence taking limitsio(x, y) < d(x, y). On the other hand, if is the g-geodesic fromx
to y (with y(0) = y), let w = ’(0) and as above choose converging tow such that
T (Y, (—2d)) /|74 (v, (—2d))| & WP, Let x] = you,(—2d) and y] = yo,,(0). Then
d(x], y!) = by, (x]) = bow, (x}) < do(x{, y}), and taking limitsd(x, y) < do(x, y). Thus
we get for every largel, 2d = do(yo(d), yo(—d)) = d(yo(d), yo(—d)) and we see that
yo has a compact perturbation and thus thas a weak lens equivalence.
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Proof of (3).As usual we will letM = X x R, K C Y x B(a) C X x [—a,a], and
M=XxR=Y xR? represent the universal covering space. We willdet Y x B(a)
soK C C.

We will prove the result using Lemma 3.2. To that enduet SJ(M).

We first study the product metrigo. For eachy € Y let P, = {y} x R? be the
totally geodesic two plane througly, 0, 0). Sincegg = gy x dz? wheredz? is the
flat metric on R?, we see that, for every e Y, bov|p, is linear and the level set,
LSoy(r,s) = 0Boy(r,s) N Py, of bgy|p, through (r, s) is the straight line perpendicular
to the projection ofv to R2. It is also easy to see that the shad®wC, v) N P, is
the a-tubular neighborhood of the ray through the origin parallel and opposite to the
projection ofv onto R?.

For ease of discussion we will put coordinaiess) on the planeP, such thatr is
the positiver-axis. Sobg,((r,s)) = L(r) for some linear function. : R — R with
L'(r) > 0.

By applying Lemma 3.2, we need only show that andb, agree onP,— B(a). Since
boy and b, agree onM — S(C, v), we have for(r,s) € P, — S(C,v), b,(r,s) = L(r).
For (ro, so) € Py With ro > a let v = Vb, (ro, s0) € T(y,,50)M be the outward normal to
the level set ob,. Thend By (ro, so) intersectsP, in a line, LSy (ro, so), through(ro, so)
(since it coincides withd Boy (ro, so) N P,) which must lie ‘to the right’ of the level set
LS, (ro, so) Of by, (i.e. if (r1,s1) € LSy (ro, s0) thenb, (ry, s1) > b, (ro, s0)).

Forro > a and|sg| > a we haveLS, (rg, so) N {(r, $)||s| > a} = {(ro, $)||s| > a} and
henceL S,y (ro, s0) = {(ro, s)}. Hence it is easy to see that for ay, s1) € LS, (o, 0)
we haver; < rp. On the other hand, if is chosen large enough such that
LS,(ro,2a) C {(r,s) | r > a} and (r1,s1) € LS,(ro, 2a), then the above argument
forces the set(ro, s) | Is| > a} to lie to the left of the lineL Sy, (1, s1) (¥ = Vb, (r1, 51))
through (r1, s1) and hence; > rg. Thus forrg sufficiently large the lines = ry are
level sets ofb,|», and henceb, andbo, agree on all ofP, — B(a). Case (3) follows.

Proof of (4). First note thatr1(K) = 71(X x R) = m1(X) (since X is connected) as
loops in X based at some point € K are homotopic to geodesic loops basedpat
which lie entirely in K since K is totally convex. 71(K) has polynomial growth, so
it is a virtually nilpotent group by Grm], and hence it is virtually Abelian bydrS].
The homological dimension of,(K) is less tham — 1 sincer1(K) = 71(X) and X is
noncompact; hence: (K) is virtually Z* with k < n — 1, and we are reduced to case (2)
of the proposition. O

Proof of Theorem 1.3y the proof of part (4) of Proposition 6.1, we know that(K)
has growth slower than digX). Hence we may apply Corollary 4.4, Proposition 6.1,
and finally Corollary 2.3 to conclude thatis isometric togo. O

We can now combine the results §&f and 6 with Corollary 2.3 to prove Theorem 1.4.

7. Jacobi tensors and proofs
We will be considering Lagrange tensors along a geodegic (For a detailed discussion
see EsOY and [E].) These are tensorgl, which satisfy:
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(1) the Jacobi equation
A@®)"+ R()A(@) =0

whereR is the curvature tensak(., y'(1))y’(t);

(2) A'(t)A~1(r) is symmetric wheneveA ! exists;
(3) A(z) is nondegenerate in the sense thatAgy NkerA’'(r) =0

For v € SM there are two such Lagrange tensors algng(the geodesic with
y’(0) = v) of interest to us. J, will be the Lagrange tensor witll,(0) = 0 and
J)(0) = Id. A, will be the Lagrange tensor witl,(0) = Id and A, (0) = 0. J, and
A, are Lagangian since Jacobi tensors (i.e. tensors satisfying (1) above) which satisfy
(2) (respectively, (3)) for some must satisfy (2) (respectively, (3)) for all If we fix
an orthonormal basis fart, then with respect to parallel bases alongwe can think
of J,(¢) and A,(¢) as matrices where the columns represent Jacobi fields with respect to
these bases.

It is not hard to check, since, is Lagrange (seeFsO9g), that if A,(¢) is nonsingular
for all ¢ € [0, s] we have

To(s) = Ay(s) / ATOATE @ dr. (1)
0

When y, is a geodesic in an NCP manifold we define a tengdfv) =
lim, oo Jé,v(—t)Jg_,i(—t). Note that.), (— t)J_l( 1) is a tensor at,(0) for all ¢ that
represents the second fundamental form of the sphere of radargered ay, (—t). See
[EsOS for a proof thatU (v) exists. We will letu(v) = tr(U (v)). Then it is easy to see,
by looking atu(v) as the limit of mean curvatures of spheres, th@at) + u(—v) > 0.

If M is an NCP manifold andv C SM is a measurable set, invariant under the
geodesic flow, such that(W) has finite volume and bounded sectional curvatures, then
(as was shown inHsOS and [G]) «(v) is bounded and varies measurablyinfor
v € W. Hence we can defing)/ = [, u(v) dv wheredv is the normalized Liouville
measure, i.edv = (1/Vol(W)) dv. We note, in particular, that wheaW = W we have
hf}’ > 0. We remark in passing that whé#i = SM then hLV is the measure entropy of
the geodesic flow (sed-fMa]).

The following lemma is Lemma 1 oJr3].

LEMMA 7.1. Let J, andu be as above. Then

! 1 s n—1
det(J, (1)) > |:/ exp{i[/ u(gtv)dz — 2/ u(gtv) dz:|}dsi| .
0 n—1[Jo 0

Proof of Theorem 4.1.
Ave(Vol(SY (x, 1))

_ W/ det(J, (1)) dv

Vol(W) 1 ] .o et
VO|(7T(W))|:// { [/0”<8 v>dz—2/0 u(g v)dz“dsdv]

by Lemma 7.1, the definition afv, and a Helder inequality. Hence by changing the
order of integration, and then applying Jensen’s inequality to the convex function exp
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we see

~ 1/(n—1)
Ave(Vol (8Y (x, 1)) VoI (T (W))
[ Vol (W) ]

l 1 s
/ / exp{ ! [/ u(gtv)dz — 2/ u(gzv)dz“%ds
0o Jw n—1]Jo 0
1 1 s
/ eXp{/ ! [/ u(gv)dz — 2/ u(gzv)dz:| %} ds.
0 wn—1[Jo 0

Now the fact that/v and W are invariant under the geodesic flg# yields

//u(g%)dz%:/ / u(g%)%dz:/ / u(v)%dz:thl‘iv.
w Jo o Jw o Jw

Applying this to the above inequality yields:

|:Ave(V0|(§(x, 1)))Vol(n(W>>]l/("_D _ / ] exp{l - ZShW} ds = 1
- 0 1 1 -

v

v

\Vol(W) n—

where the last inequality follows (after performing the integral) sihk,‘ez 0. Thus we

see that Avevol(S(x, 1)) > (Mol(W)/ Vol (w (W)))I"~. Integrating both sides dsruns
from O tor yields the theorem. O

The next lemma is the primary ingredient in the proof of Proposition 2.2. We will
let B""1(¢) represent the-ball in E"~1, dx represent the standard volume form, and
7 : B"(e) x R — B"(¢) represent the projection.

LEMMA 7.2. Let (M, go) be an NCP manifold and’ ¢ M compact. LetFy : B"1(¢) x
R — M be a smooth injective map such that:

(1) F;(go) is a product metric;

(2) for each fixedx, yo, (t) = Fo(x, t) is a geodesic parametrized by arc length;
(3) thereis aT such thatFy *(C) c B"(e) x [T, T].

Letg be an NCP perturbation gfy supported orC, which is a local lens equivalence in
the sense that all ‘nearly verticago-geodesics (i.e. those with initial tangents sufficiently
close toyy, (1) for somex andr), haveg-geodesics that are compact perturbations. Eet
B"~Y(¢) x R — M be the corresponding map ta/, g) using the compact perturbations
v.(#). Let ug (respectively,u) be the pullback undef, (respectively,F) of the go-
Riemannian measure (respectivegyRiemannian measure). Defirfg: B" () — R
(respectivelyf) by fo(x) dx = 7, (1o |52 c)) (respectively f).

Thenfy(x) > f(x) for all x with equality holding if and only if"*(g) is also a product
metric (hence isometric t&; (go)).

Proof. Since ¢ and gy agree outsideC we can assume that~1(C) = Fo‘l(C) =
B" () x [-T,T]. Forx € B"1(e) we will use the notationA(x, ) (respectively,
J(x,1)) for the matrix representation ol (r + T) (respectively,J,(t + T)), where
v = ¥, (=T)) = y/(—T), along the g-geodesicy,(r) with respect to a parallel
orthonormal basis. We similarly defingy(x, t) and Jo(x, t) along thegg-geodesicyg,;
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we choose the orthonormal basis to agre€xat-7). Sincegg is the product metric
Ao(x,t) =Ild and Jo(x, 1) = (¢t + T) Id.

If for some 1o, A(x, ) is singular (sayA(x, to)7 = O for somer € R"~1) then there
would be a Jacobi fieldj (i.e. j(t) = A(x, t)F), alongy, such thatj(zp) = 0 and ()
is parallel and hence bounded fox —T. However, since the curvatures are bounded
alongy,, Theorem 1 of EsOY says that there are no such Jacobi fields. Hefce 1)
is always nonsingular.

With respect to our chosen orthonormal baségs, t) representsi F(x, t) restricted
to vectors perpendicular tp;(r). So we see thak" is an immersion and

T T
folx) = / Det(Ag(x, 1)) dtdx =2T and f(x) = / Det(A(x,t))dt dx.
-T -T

By the local lens equivalence, nearly verticgJ-geodesics have-geodesics as
compact perturbations. Hence, by taking variations of such geodesics, we see that
Jacobi fieldsjo(r) and j(r) along y, and yo., respectively, withjo(=7T) = j(-T)
and jo(=T) = j'(T) have jo(t) = j(¢) for all t & [T, T] (note y,(t) = yo.(t) for
t € [T, T]). Hence we see that Jacobi tensors algngand yo, with the same initial
conditions at—T must agree for ¢ [T, T]. (Note that this does not necessarily mean
that they have the same matrix representation since parallel basesyaland yo, that
are the same for < —T may differ by a fixed orthogonal transformation for> 2r.
However, the determinants will be the same.) Thus we see from equation (1)

Det 1 TA—l A d
e [ﬁ/ (x,1) (x,1) t]

-T

Det 1A—1 HJ(x, T
ﬁ (xs ) (-xv )

1
= Det[ZTAol(x, T)Jo(x, T)} =1

Using the above equation and the convexity of D&t on the space of self-adjoint
positive definite matrices (se8&,[11.8.9.5]) we see that

l T
fx) = ZTﬁ/;T Det(A(x, t))dt

v

1 T
2T Det /2 [ﬁ / A o, A (x, 0 dt] = 2T = fo(x).
-T

The equality holds if and only iA=2(x, r)A~(x, #) is constant irr, and hence is the
identity. But this is the case if and only i(x, ¢) is orthogonal, hencd’(x, 1)A=(x, t)
is skew symmetric. On the other hand, we know tRatx, 1)A~%(x, t) is symmetric,
thusA’(x,t) = 0 andA(x, t) = Id. Hence equality holds if and only i (x, ) = Id. If
equality holds for allk we see thatF'*(g) is isometric toF*(go). O

Proof of Proposition 2.2If M is itself a product with a line then Lemma 7.2 gives the
result rather easily. In our more general setting we need to be somewhat more careful.
We will assume that is the maximum such tha/ = X x R’ and K C X x B(a)

for some choice ofX (if M is Euclidean, for example, there are a lot of choices for
splittings). This maximality implies that the deck group,M), acts so as to preserve

the splitting.
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We let H, be the collection of verticab € S(M, go). Ho carries the natural
n-dimensional foliationF, with leaves consisting of parallel vectors. We defieo be
the collection ofv € S(M, g) such that there is ae R with y,(r) € M — X x B(a) and
V(1) € Ho. H C S(M, g) is invariant under the geodesic flow gf and since the amount
of time thaty, spends inX x B(a) is uniformly bounded fon € H (see Lemma 3.1), it
is clear thatH is a closed submanifold of(M, g). We may define a foliatiotF of
by declaring the leaves to be the setsvof 7 such thaty/(r) € S(M — X x B(a)) is
parallel to a fixedw € S(M — X x B(a), £0)- H is invariant under the natural action of
T (M) on S(M, g), and we set{ = H /w1 (M) C S(M, g).

It is obvious thatm, maps each leaf ofF, diffeomorphically onto M, where
7o S(M, go) — M is the projection. It is also true that is a diffeomorphism on
each leaf ofF. This follows since for each leaf of there is a natural diffeomorphism,
d, to the corresponding leaf of,, and the compositiorr o d~! o no‘l is a proper (by
Lemma 3.1) immersion (by the argument th&fx, r) is nonsingular in the proof of
Lemma 7.2) and hence is a diffeomorphism.

We now put a measure on each leaf B (respectively,7) by pulling back the
Riemannian volume form froniM, go) (respectively,(M, g)), and define a transverse
measure onF, (respectively,F) by identifying the leaf space afy (respectively,f)
with the set of directionss’~! in R, and using normalized Lebesgue measureSon.
Combining these two measures, we get a meagigren Ho (respectively,iz on )
such thatro, jio (respectively, /i) is the Riemannian volume o/, go) (respectively,
(M, %)). If we let Gy (respectivelyG) be the orbit space doffy (respectively;H) under
the geodesic flow, theG, andG are naturally diffeomorphic; moreover, using the local
product structures of the measures and applying Lemma 7.2 locally on the lea#gs of
and 7 we see that the pushforward pf s g, ., 10 G =~ Go under the quotient map
H — G is greater than or equal to the pushforwardi@f,, 1 7, s, t0 Go under the
projectiony —> Go, with equality only if the leaves of correspond to parallel vector
fields on(M, g).

If we denote byug (respectivelyu) the corresponding measurestify (respectively,
‘H), then m.uo (respectively, m,u) will be the Riemannian measure fdiM, go)
(respectively(M, g)). In particular, we havgfmﬂ,lm w = Vol (K) andeomal(K) n=
Vol (K). If we now letGy (respectivelyG) be the orbit space ofly (respectively,H)
under the geodesic flow, then agails and G are naturally diffeomorphic; and the
pushforward ofu|,-1x) t0 G ~ Go under the quotient mafp{ — G is greater than
or equal to the pushforward Qfol|,-1x) t0 Go under the projectiort{, — Go, with
equality only if the leaves of correspond to parallel vector fields oM, 3).

Thus we see that VP(K) > Vol (K), with equality holding only ifg is isometric

to go. O
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