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Abstract. In this paper we show that some nonsimply connected manifolds without
conjugate points exhibit rigidity phenomena similar to that studied in [BGS, section I.5].
This is a companion paper to [CrKl1 ] that deals with the simply connected case. In
particular, we show that one cannot make a nontrivial, compactly supported, change to
a complete flat metric without introducing conjugate points.

1. Introduction
In a companion paper [CrKl1 ] we showed that if(X, gX) is a complete simply connected
manifold without conjugate points then the product manifold(M, g0) = (X×R, gX×dt2)
has the property that any metricg1 on M without conjugate points that agrees withg0

on the complement of a compact setK must in fact be isometric tog0. We refer to this
situation by the phrase ‘there are no nontrivial NCP perturbations of(M, g0) supported
onK ’. The purpose of this paper is to extend this result to certain nonsimply connected
manifolds.

Our first theorem is that all noncompact flat manifolds have a similar rigidity property.

THEOREM 1.1. Let (M, g0) be a complete, noncompact flat manifold. Then any metric
without conjugate points onM which agrees withg0 outside a compact setK ⊂ M is
isometric tog0.

The case where(M, g0) is compact is contained in Burago and Ivanov’s recent proof
of the Hopf conjecture that ann-torus without conjugate points must be flat [BuIv ]
(proved after the first draft of this paper was written), but the general noncompact case
does not follow from their method‖. The case whereM is isometric toEn was studied
for n = 2 in [GrGu ] and for alln in [Cr1] (also see [Cr2]).

Many of our results involve a growth condition on the fundamental group. So we
need the following definition.

§ Supported by NSF grants #DMS-9001707, #DMS-9505175 and #DMS-9626232.
¶ Supported by an NSF Postdoctoral Fellowship and NSF grants #DMS-9505175 and #DMS-9626911.
‖ Their approach makes essential use of the finiteness of volume.
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Definition 1.2.Let 0 be a finitely generated group. Then we will say that0 grows more
slowly thanrn if for any choice of finite generating set6 ⊆ 0, we have

lim
r→∞

Card({g ∈ 0 | |g|6 ≤ r})
rn

→ 0

where| · |6 : 0 −→ R denotes the word norm on0 defined by the generating set6 (see
[Grm ]).

We call a Riemannian manifold(M, g0) an NCP manifold if it is complete and has no
conjugate points. In particular, the universal coverM̃ is diffeomorphic toRn. For
K ⊂ M, an NCP perturbation ofM supported onK, or an NCP perturbation of
(M,K, g0), we mean a Riemannian metricg such that(M, g) is an NCP manifold
andg = g0 onM −K. Such a perturbation is called trivial ifg is isometric tog0.

Our second theorem states a special case of what we can show in a more general
setting.

THEOREM 1.3. Assume that(X, gX) is a noncompact manifold without conjugate points
whereπ1(X) has polynomial growth. IfK ⊂ X × R is a compact totally convex subset
(i.e. any geodesic segment with endpoints inK lies in K), then there are no nontrivial
NCP perturbations of(X × R, gX × dt2) supported onK.

The condition of total convexity onK above is quite strong and there are many other
cases where we can prove the nonexistence of NCP perturbations. However, every case
that we can handle does involve a growth condition on the fundamental group.

To consider compact subsetsK of a Riemannian manifold(M, g) that are not totally
convex, we will need to consider the union,C1(K, g), of the geodesic segments inM
with endpoints inK. We can now state a general theorem.

THEOREM 1.4. Let (X, gX) be a noncompact (n-1)-dimensional NCP manifold such that
π1(X) grows slower thanrn and g an NCP perturbation of(X × R,K, g0) whereK is
compact. Then ifC1(K) is bounded and if at least one of the following hold:
(1) (X, gX) has no focal points;
(2) π1(X) grows slower thanrn−1;
(3) (X, gX) = (Y × R, gY + dt2);
(4) K is totally convex;
theng is isometric tog0.

One can see some of the added complications whenπ1(X) is not trivial by considering
compactX and the metricg1 = f 2(t)gX × dt2 wheref (t) = 1 for t /∈ [−1,1] and
f (t) > 1 for t ∈ (−1,1). Although g1 will have conjugate points, it is not hard to see
that geodesics that do not stay in the perturbed region have no conjugate points (in fact,
they are lines when lifted to the universal cover). The existence of geodesics that stay in
the perturbed region (or more generally return to it for arbitrarily large parameter values)
will be a new complication. In particular, it will become important to show that their
unit tangent vectors form a set of measure zero in the unit tangent bundle.

Hence a crucial ingredient in the proof of Theorems 1.3 and 1.4 is Lemma 4.4. Later
we state a version holding for compact smooth domains (i.e. compact sets with smooth
boundaries that are the closure of an open set), which may be of independent interest.

https://doi.org/10.1017/S0143385798108210 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385798108210


Manifolds without conjugate points 815

PROPOSITION1.5. Let (Mn, g) be a manifold without conjugate points,K ⊂ M a
connected compact smooth domain, and0 = i∗(π1(K)) ⊂ π1(M) wherei : K → M is
the inclusion. Assume that0 grows more slowly thanrn. If W ⊂ π−1(K) ⊂ SM is a
measurable subset of the unit sphere bundle ofM which is invariant under the geodesic
flow, thenW has Liouville measure zero.

2. Notation and preliminaries
We will always assume that geodesics are parametrized by arc length unless otherwise
stated. We will often consider two NCP metricsg0 and g on a given manifoldM.
S(M, g0) andS(M, g) will represent the respective unit sphere bundles. Ifv is a g-unit
vector ofM (i.e. v ∈ S(M, g)) then γv will represent theg-geodesic withγ ′(0) = v.
We similarly define theg0-geodesic,γ0v, if v ∈ S(M, g0). We will let gt (respectively,
gt0) represent the geodesic flow for timet , i.e. gt (v) = γ ′

v(t).
If K is a subset ofM we let�+

g (K) = {v ∈ S(X, g)| there areti with ti → +∞
and γv(ti) ∈ K}. We let �−

g (K) = −�+
g (K), �

±
g (K) = �+

g (K) ∪ �−
g (K), and

�g(K) = �+
g (K) ∩ �−

g (K). We note that�+
g (K), and hence�−

g (K), �
±
g (K), and

�g(K) are invariant under the geodesic flow onS(X, g). Furthermore, ifv ∈ �g(K)

then the geodesicγv lies in the setC1(K) defined in the introduction. We can similarly
define�+

g0
(K), �−

g0
(K), �±

g0
(K), and�g0(K).

Let (M, g0) be an NCP manifold,K ⊂ M a closed subset, andg an NCP perturbation
of (M,K, g0). If γ0 is a g0-geodesic such thatγ ′

0(t) 6∈ �±
g0
(K), i.e. there is numberN

such thatγ0(t) 6∈ K for |t | > N , then ag-geodesicγ is said to be a compact perturbation
of γ0 if γ (t) = γ0(t) for all |t | > N . The point here is thatγ0 has a compact perturbation
if the g-geodesic that coincides withγ0(t) whent ∈ (−∞,−N ] also coincides (including
parameter) whent ∈ [N,∞).

We will call the perturbation alens equivalentperturbation if forv ∈ S(M−K, g0)∩
�+(K, g0) thenv ∈ S(M −K, g) ∩�+(K, g) and forv ∈ S(M −K, g0)−�±(K, g0)

thenγ0v has a compact perturbation ing.
We will often be considering productsM = X×Rl whereX (which is not necessarily

compact or simply connected) has an NCP metricgX andM is given the product metric
g0 = gX×gE , wheregE is the Euclidean metric. An important special case for us is when
l = 1. B(a) will represent the ball of radiusa in Rl . We will useπX andπR to represent
projection onto the factors (supressing the exponentl), and will call a vectorv which is
tangent to a Euclidean factor (i.e.πX∗(v) = 0) a vertical vector, and one tangent to an
X factor (i.e.πR∗(v) = 0) a horizontal vector. We will letSnh(M) = {v ∈ S(M) | v is
not horizontal}.

LetK be a subset ofM such thatπR(K) is compact. We note that�±(K, g0) consists
of only horizontal vectors. An NCP perturbationg of (M,K, g0) will be called aweak
lens equivalenceif for each nonhorizontalv ∈ S(M, g0), γ0v has a compact perturbation
in g. It will be called a local lens equivalenceif there is anε > 0 such that for
every v ∈ S(M) such that|πX∗(v)| < ε, γ0v has a compact perturbation ing. A lens
equivalent perturbation is of course a weak lens equivalence, which is in turn a local
lens equivalence.
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LEMMA 2.1. Let (M, g0) be an NCP manifold whose universal cover(M̃, g0) is (X̃ ×
Rl, g0), where(X̃, gX) is a simply connected NCP manifold andg0 = gX × gE . Let
K be a compact subset ofM whose lift K̃ ⊂ M̃ is a subset ofX̃ × B(a). Let g be
an NCP perturbation of(M,K, g0) such that the induced metric (also calledg) on M̃
is a weak lens equivalent perturbation of(M̃, K̃, g0). If Vol(C1(K, g0)) is finite and
Vol(�g(K)) = 0 (i.e.�g(K) has Liouville measure zero) thenVol(K, g0) = Vol(K, g).

Proof. Since Vol(C1(K, g0)) is finite andK ⊂ C1(K), it is sufficient to show that
Vol(C1(K, g0)) = Vol(C1(K, g)). We define a smooth mapF : Snh(M̃, g0) →
S(M̃, g) − �g(K̃) defined byF(v) = γ ′(0), whereγ is the g-geodesic which is the
compact perturbation of theg0-geodesicγ0v. It is easy to see thatF is the identity on
Snh(M̃−C1(K̃), g0) and mapsSnh(C1(K̃), g0) injectively toS(C1(K̃), g). It is also clear
that F is a conjugacy of the geodesic flows, i.e.F ◦ gt0 = gt ◦ F . From this and the
invariance of the Liouville measure under the geodesic flow one sees thatF preserves
the Liouville measure. Later we will show thatW = S(C1(K̃, g))− F(Snh(C1(K̃, g0)))

has Liouville measure zero. This, combined with the invariance ofF under the deck
group, and the fact that the horizontal vectors form a set of Liouville measure zero, tells
us that Vol(C1(K, g0)) = Vol(C1(K, g)) and hence yields the result.

To see thatW has Liouville measure zero, we note thatW can be described as
{v ∈ S(C1(K̃), g) | πR(γv(t)) ∈ B(a) for all times t} = �g(K) ∪ ⋃∞

i=0W
+
i ∪ ⋃∞

i=0W
−
i

whereW+
i = {v ∈ W | γv(t) 6∈ K for all t ≥ i}, andW−

i = −W+
i . Thus we need

only show that for every integeri > 0 the setW+
i (and henceW−

i ) hasg-Liouville
measure zero. Forv ∈ W+

i andt > i, γv(t) is ag0-geodesic such thatπR(γv(t)) ∈ B(a).
HenceπR(γv(t)) for t > i is in fact a single point. Thus fort > i, πR∗(γ ′

v(t)) = 0.
Now by the invariance of the Liouville measure under the geodesic flowgt we see
Vol(W+

i ) = Vol(gi(W+
i )). Now gi(W+

i ) ⊂ {v ∈ S(M̃ − K̃, g0) | πR∗(v) = 0} which has
g0 and henceg-Liouville measure zero. The lemma follows. �

PROPOSITION2.2. Let (M, g0) be an NCP manifold whose universal cover(M̃, g0) =
(X̃×Rl, g0), where(X̃, gX) is a simply connected NCP manifold andg0 = gX × gE . Let
K be a compact subset ofM whose liftK̃ ⊂ M̃ is a subset of̃X×B(a). Letg be an NCP
perturbation of(M,K, g0) such that the induced metric (also calledg) on M̃ is a local
lens equivalent perturbation of(M̃, K̃, g0). ThenVolg(K) ≥ Volg0(K) with equality if
and only ifg is isometric tog0.

A proof of Proposition 2.2 may be found in§7.
Combining Proposition 2.2 with Lemma 2.1 we get the following.

COROLLARY 2.3. Let (M, g0) be an NCP manifold whose universal cover(M̃, g0) is
(X̃×Rl, g0), where(X̃, gX) is a simply connected NCP manifold andg0 = gX × gE . Let
K be a compact subset ofM such thatVol(C1(K, g0)) is finite and whose liftK̃ ⊂ M̃ is
a subset ofX̃×B(a). Letg be an NCP perturbation of(M,K, g0) such that the induced
metric (also calledg) on M̃ is a weak lens equivalent perturbation of(M̃, K̃, g0). Then
g is isometric tog0 if and only if Volg(�g(K)) = 0.

Remark.The proof of Proposition 2.2 and Corollary 2.3 hold more generally than for
compact subsetsK. In particular, they hold ifK has finite volume andπR(K̃) is compact.
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However, Proposition 2.2 does not hold for arbitrary finite volume sets since there are
closed (and open) finite volume subsets,K, of R

2 such that every line intersectsK in
a noncompact set and hence any NCP perturbation is a lens equivalence. Furthermore,
there areK ⊂ R

2 of finite volume that admit NCP perturbations. On the other hand,
we have no counterexample to Corollary 2.3 when it is only assumed thatC1(K, g0) has
finite volume.

3. Busemann functions and lens equivalence
We will say v ∈ S(M, g) is a ray if the geodesicγv is a ray in the sense that
d(γ (0), γ (t)) = t for all t > 0. We can then define the Busemann functionbv : M → R

by bv(x) = limt→∞ d(x, γv(t)) − t . We note thatbv(γv(t)) = −t for t > 0 (or for
all t if γv is a line, i.e. minimizes between any two points on it). In the case when
M is a simply connected NCP manifold thenbv is defined for allv ∈ S(M, g). For
v ∈ S(M, g0) we use the notationb0v for the Busemann function. Ifv ∈ S(M, g) is a
ray andx ∈ M we can define the horoballBv(x) = {y ∈ M | bv(y) ≤ bv(x)} and the
horosphere∂Bv(x) = {y ∈ M | bv(y) = bv(x)}. Similarly, for v ∈ S(M, g0) a ray we
can defineB0v(x) and∂B0v(x).

The reader is referred to [E] for results on Busemann functions on simply connected
NCP manifolds. In particular, Busemann functions areC1,1, and the vector field
V (x) = ∇bv(x) is a unit vector field whose integral curves are precisely those geodesics
γ such thatdbv(γ (t))/dt = 1.

If M is a simply connected NCP manifold,C ⊂ M is closed, andv ∈ S(M−C, g) is
a ray, then the shadowS(C, v) of C is the set{x ∈ M | γ∇bv(x)(t) ∈ C for somet ≤ 0}.
Now if g is a perturbation of(M,C, g0) then we also have thatv ∈ S(M − C, g0) and
it is easy to check that fory ∈ M − S(C, v) we havebv(y) = b0v(y).

On simply connected NCP manifolds, ifν is the outward normal atx toBv(x) (i.e.ν =
∇bv(x)), then, by an easy triangle inequality argument,Bv(x)∩Bν(x) ⊂ ∂Bv(x)∩∂Bν(x).
We will use this fact extensively. We will also use the fact that on product manifolds
(X1 ×X2, g1 × g2) we havebv(x1, x2) = a1bv1(x1)+ a2bv2(x2), whereπi∗(v) = aivi and
vi ∈ S(Xi, gi).

If (M̃, g0) = (X̃×Rl, gX ×gE), where(X̃, gX) is a simply connected NCP manifold,
we will let S+

a (M̃) = {v ∈ S(M̃) | πR(γ0v(t)) /∈ B(a) for any t ≥ 0}. The point is that
if g is any NCP perturbation of(M̃, X̃ × B(a), g0) then for v ∈ S+

a (M) we have that
γv(t) = γ0v(t) for all t > 0.

LEMMA 3.1. Let (M, g0) be an NCP manifold andK ⊂ M compact. Assume that
(M̃, g0) = (X̃ × Rl, gX × gE), where(X̃, gX) is a simply connected NCP manifold, and
further assume that̃K ⊂ X̃ × B(a). Let g be an NCP perturbation of(M,K, g0). Then
there is a constantC(g0, g) such that for everyx, y ∈ M̃ we have|d(x, y)− d0(x, y)| <
C(g, g0).

In particular, for each nonhorizontal vectorv ∈ S(M̃ − X̃ × B(a)) and for every
x ∈ M̃ we have|bv(x) − b0v(x)| < C(g, g0). Furthermore, for everyv ∈ S+

a (M) and
everyx ∈ M̃ − X̃ × B(a), we haveπR∗(∇bv(x)) = πR∗(∇b0v(x)) = πR∗(−v). In the
special case that(X̃, gX) is also Euclidean we have that∇bv(x) is a parallel field on
M̃ − X̃ × B(a).
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Proof. Sinceπ1(M) acts co-compactly oñK, we havec−2
1 g̃0 ≤ g̃ ≤ c2

1g̃0 for a suitable
constantc1. Let x1, x2 be such thatπR(xi) ∈ ∂B(a). Let (γ0(t), τ0(t)) ∈ X̃ × Rl be the
geodesic fromx1 to x2. The length ofτ0 is less than 2a. Let γ̄ (t) = (γ (t), πR(x1))

and τ̄0(t) = (πX(x2), τ0(t)) be curves inM̃. γ̄ is both ag and ag0 geodesic (and
hence mimimizing) of lengthL, while theg0 length of τ̄ is ≤2a, and theg length of
τ̄ is ≤2ac1. The pathγ̄ ∪ τ̄ goes fromx1 to x2 so we see by the triangle inequality
that L − 2a ≤ d0(x1, x2) ≤ L + 2a andL − 2ac1 ≤ d(x1, x2) ≤ L + 2ac1, and hence
|d(x1, x2)− d0(x1, x2)| ≤ 2a + 2ac1 = c2.

Let x and y be in M such thatπR(x) and πR(y) lie outsideB(a) − ∂B(a). Let
γ : [0, d0(x, y)] → M̃ be theg0-geodesic fromx to y. By the convexity ofX̃ × B(a)

eitherγ missesX̃×B(a) or there is an interval [t1, t2] such thatγ∩X×B(a) = γ ([t1, t2]).
Now

d0(x, y) = d0(x, γ (t1))+ d0(γ (t1), γ (t2))+ d0(γ (t2), y)

≥ d(x, γ (t1))+ d(γ (t1), γ (t2))− c2 + d(γ (t2), y) ≥ d(x, y)− c2.

Similarly starting with theg-geodesic fromx to y we conclude thatd(x, y) ≥ d0(x, y)−
c2.

If πR(x) ∈ B(a)− ∂B(a), there is a point̄x such thatπR(x̄) ∈ ∂B(a), d0(x, x̄) ≤ a,
and d(x, x̄) ≤ ac1. Similarly for y. Hence the lemma will hold for allx and y if we
takeC(g, g0) = c2 + 2a + 2ac1.

The Busemann functionsbv and b0v are limits ast → ∞ of functions bt (x) =
d(γv(t), x) − t andb0t = d(γv(t), x) − t , respectively. Since fort > 0, γv(t) = γ0v(t),
we see that|bt (x)− b0t (x)| < C(g, g0) and hence|bv(x)− b0v(x)| < C(g, g0).

We now compare the gradients ofbv and b0v at a pointx for v ∈ S+
a (M̃). Let

w = ∇bv((x)) and assume thatw ∈ S+
a (M̃) (otherwise−w ∈ S+

a (M̃) and the proof goes
through). Sincebv(γw(s)) = s + bv(x), we see that|b0v(γw(s)) − s| < 2C(g, g0) and
henceγ ′

w(s) is asymptotic to∇b0v; thusπR∗(w) = πR∗(−v). In the case when(X̃, gX)
is Euclidean we see thatw is parallel to−v. �

LEMMA 3.2. Let (X, gX) be an NCP manifold,K ⊂ X × B(a) ⊂ X × Rl be a (not
necessarily compact) subset, andg an NCP perturbation of(M,K, g0). Assume further
that for eachv ∈ S+

a (M̃) and for everyx ∈ M̃− X̃×B(a) we havebv(x) = b0v(x). Then
g is a weak lens equivalence.

Proof. It is sufficient to prove weak lens equivalence for the induced metrics onM̃. Let
γ0 be a non-horizontalg0-geodesic.πR(γ0(t)) = L(t) for some lineL(t) ∈ Rl . We may
assume thatL(t) /∈ B(a) whenevert /∈ [−d, d]. In particular,v = γ ′

0(d) ∈ S+
a (M̃). Let

x = γ0(−d), y = γ0(d), γ be theg-geodesic fromx to y with γ (d) = y, γ (−d ′) = x,
andw = γ ′(d).

We first show thatw ∈ S+
a (M̃). If πR(γ ([−d ′, d]))∩B(a) = ∅ thenγ (t) = γ0(t) (and

d = d ′) for all t since thenγ is ag0-geodesic fromx to y. If πR(γ ([−d ′, d]))∩B(a) 6= ∅
then, sinceB(a) is convex,πR(γ (t)) /∈ B(a) for t /∈ [−d ′, d] so w ∈ S+

a (M̃).
We see that 2d = d0(x, y) = b0v(x) = bv(x) ≤ d(x, y), with the equality holding if

and only if x = γv(−2d). On the other hand,d(x, y) = bw(x) = b0w(x) ≤ d0(x, y).
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Thus the equality holds and we see thatγ (t) = γv(t) is a compact perturbation ofγ0(t)

and thus thatg is a weak lens equivalence. �

4. Liouville measure of�(K)
When considering NCP perturbations,g, of (X̃ × Rl, K̃, gX × gE) in the case whereM
is not simply connected, one of the major problems is to show that Vol(�g(K)) = 0.
When (X̃, gX) has negative curvature we can show that�g(K) contains no open sets,
but this gives us no information about the Liouville measure. In general, this seems to
be a very hard problem and it is the principal obstacle to extending Theorem 1.3 to a
much broader class of productsX × R. In this section we show that Vol(�g(K)) = 0
under auxiliary assumptions concerning volume orπ1 growth.

Let C ⊂ M, andC̃ ⊂ M̃ be the pre-image ofC in the universal coverM̃ of M. We
will say thatC has volume growth less thanrn if there is a functionf (r) > 0 with
limr→∞ f (r) = 0 such that, for everỹx ∈ C̃, Vol(C̃ ∩ B(x̃, r)) < f (r)rn.

For (M, g) an NCP manifold,W ⊂ SM a subset of the unit tangent bundle,x ∈ M,
and r > 0 we will let BW(x, r) = {expx(tV ) | V ∈ W ∩ TxM and 0 ≤ t ≤ r} be
the W -ball at x of radius r. We similarly define theW -sphere,SW(x, r). Let π(W)
represent the projection ofW to M, and B̃W (x, r) represent aW -ball in the universal
cover centered at a point that projects tox (hence only defined up to the deck group).

The proof of Theorem 1 of [Cr3] involves integration over the unit sphere bundle
S(M) of a compact NCP manifoldM. Restricting these arguments to a subsetW of
S(M) yields the following.

THEOREM 4.1. Let (M, g) be an NCP manifold andW ⊂ SM be a measurable subset
such that:
(1) W = −W ;
(2) W is geodesic flow invariant;
(3) π(W) has finite volume and bounded curvature.
Then for each fixedr > 0

Ave(Vol(B̃W (x, r))) ≥ Vol(W)

Vol(π(W))

rn

n

where the average is taken over allx ∈ π(W) with respect to the Riemannian measure
and Vol(W) represents the Liouville measure ofW .

The proof is given in§7 and involves the volumes ofW -spheres.

Remark.Both Theorems 1 and 3 of [Cr3], including the equality discussions, have
analogues in this setting; however, they will not be needed in this paper.

We will apply this theorem whenW = �(K). We letC2(K) denote the projection
of �(K) to M and note thatC2(K) ⊂ C1(K).

COROLLARY 4.2. LetK be a compact subset of an n-dimensional complete NCP manifold,
M. If C1(K) (or C2(K)) has finite volume, bounded curvature, and volume growth less
than rn, then�(K) has Liouville measure zero.
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Proof. SinceC2(K) ⊂ C1(K), we need only prove theC2(K) version. LetW = �(K),
C = C2(K), M̃ be the universal cover ofM with covering projectionp, C̃ = p−1(C),
and W̃ = (p∗)−1(W). Now for x ∈ π(W), and x̃ ∈ M̃ such thatp(x̃) = x we see that
BW̃ (x̃, r) ⊂ C̃ ∩ B(x̃, r) and hence Vol(BW̃ (x̃, r) ≤ Vol(C̃ ∩ B(x̃, r)) < f (r)rn, where
f (r) comes from the definition of volume growth less thanrn. Hence Theorem 4.1
along with the assumption thatC2(K) has volume growth less thanrn implies that
Vol(W) = 0. �

If g is an NCP perturbation of(M,K, g0), thenC1(K, g) = C1(K, g0); however, it
is not in general the case thatC2(K, g) = C2(K, g0) even though both are subsets of the
setC1(K, g) = C1(K, g0).

COROLLARY 4.3. Let g be an NCP perturbation of(M,K, g0), whereK is a compact
subset of ann-dimensional complete NCP manifoldM. If C1(K, g0) has finite volume,
bounded curvature, and volume growth less thanrn with respect tog0, then�g(K) has
Liouville measure zero.

Proof. We first note thatC1(K, g) has finite volume, and bounded curvature since
C1(K, g0) and C1(K, g) are the same subsetC and disagree metrically only on the
compact setK. Thus by Corollary 4.2 we need only show thatC has volume growth
less thanrn. Sinceg and g0 only disagree on a compact set there is a constantc0

such that for every vectorv, (1/c0)g0(v, v) ≤ g(v, v) ≤ c0g0(v, v). Hence for any
x̃ ∈ M̃, Bg(x, r) ⊂ Bg0(x̃, c0r), and for any subsetS ⊂ M̃, Volg(S) ≤ cn0 Volg0(S).
Hence Volg(C̃ ∩ Bg(x̃, r)) ≤ Volg(C̃ ∩ Bg0(x̃, c0r)) ≤ cn0 Volg0(C̃ ∩ Bg0(x̃, c0r)) ≤
cn0f0(c0r)(c0r)

n, wheref0 comes from the definition ofC having growth rate less than
rn in g0. So we can takef (r) = c2n

0 f0(c0r) and the corollary follows. �
These results are related toπ1 growth via the following lemma.

LEMMA 4.4. Let M be an n-dimensional NCP manifold such thatπ1(M) grows more
slowly thanrn, andB a bounded subset. Then the setW = {v ∈ SM | γv(t) ∈ B for
all t} has Liouville measure zero.

Proof. Fix x0 ∈ B and letD be such thatB ⊂ B(x0,D). Let 6 be any generating set
of π1(M) which includes all elements ofπ1 which can be represented by loops atx0 of
length less than 3D. We will let p : M̃ → M be the projection from the universal cover,
and x̃0 ∈ p−1(x0). For r > 0 letN(r) = {x̃i ∈ p−1(x0) | x̃i can be connected tõx0 via a
path inp−1(B(x0,D)) of length less thanr+2D}. Let x ∈ B andx̃ ∈ p−1(x)∩B(x̃0,D).
Then each̃y ∈ BW(x̃, r) can be connected tõx by a path of length less thanr in p−1(B),
and hence inp−1B(x0,D). Since there is somẽxi ∈ p−1(x0) with ỹ connected tõxi in
B(x̃i,D) we see that̃xi ∈ N(r). Thus

BW(x̃, r) ⊂
⋃

x̃i∈N(r)
B(x̃i , D).

Hence Vol(BW(x̃, r)) ≤ #N(r)Vol(B(x̃0,D)).
By Theorem 4.1, we need only show limr→∞ #N(r)/rn = 0 to complete the proof.

To do this we will show that each̃xi ∈ N(r) is of the formα(x̃0) whereα ∈ π1(M) and
|α|6 ≤ r/D + 2, and then the lemma follows from the growth rate ofπ1(M).
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Fix x̃i ∈ N(r) and letτ(t), 0 ≤ t ≤ L ≤ r + 2D, be a path with arc length parameter
from x̃0 to x̃i in p−1(B(x0,D)). For each integer 1≤ j ≤ [L/D] let σj be a path of
length less thanD from τ(Dj) to an x̃ij ∈ p−1(x0). Let x̃i0 = x̃0 and x̃i[L/D]+1 = x̃i . Thus
it is easy to see that for each 0≤ j ≤ [L/D] there is a path of length less than 3D from
xij to xij+1 and hence there is anαj ∈ 6 such thatxij+1 = αj (xij ). So we see that for
α = α[L/D] . . . α1α0, x̃i = α(x̃0), and|α|6 ≤ r/D + 2. The lemma follows. �

Applying the above lemma withB = C2(K) we have the following.

COROLLARY 4.5. LetM be ann-dimensional NCP manifold such thatπ1(M) grows more
slowly thanrn, andK a compact subset. IfC2(K) is bounded then�(K) has Liouville
measure zero.

Of course the same holds ifC1(K) is bounded, since thenC2(K) is also bounded.

Proof of Proposition 1.5.The proof is the same as that of Lemma 4.4 except that we
takeD to be the intrinsic diameter ofK (i.e. for every two points inK there is a path
between them inK of length ≤ D), take6 to be a generating set of0 including all
elements representable by loops lying inK of length less than 3D, and make sure that
all the paths we choose lie iñK instead ofp−1(B(x0,D)). �

5. Flat case
In this section we will prove Theorem 1.1.

We begin by recalling some facts about flat manifolds (see [Cha]). If (M, g0) is
a complete flat manifold, then we may identify its universal coverM̃ with Euclidean
spaceEn, and there is aπ1(M)-invariantk-dimensional affine subspaceAk ⊆ En with
Ak/π1(M) compact. We will writeEn = Ak × Rl . Consequently, for everya > 0 the
a-tubular neighborhood ofAk/π1(M) ⊂ M is compact, and so we may assume without
loss of generality that(M, g) is an NCP perturbation of(M,C, g0), whereC is such
an a-tubular neighborhood. Passing to universal covers, we find that(M̃, g̃) is an NCP
perturbation of(En, C̃, g̃0) where C̃ = {x ∈ En | d(x,Ak) ≤ a} = Ak × B(a). In
particular, sinceC̃ is convex we see thatC1(K) ⊂ C and hence Corollary 4.5 tells us
that�g(K) has Liouville measure zero.

By Lemma 3.1 we see that ifv ∈ S(M̃ − C̃), then∇bv is a constant vector field on
En − C̃.

In the casecodimension(Ak) ≥ 2, En − C̃ is connected, so∇(bv − b0
v) = 0 forces

bv = b0
v. By Lemma 3.2(M̃, g̃) is thus a weak lens equivalent perturbation of(M̃, C̃, g̃0).

Corollary 2.3 now gives the result.
WhenAk has codimension one,En − C̃ has two components, each isometric to a

half-space. We know that ag-geodesic starting in one half-space which is not parallel
to the hyperplanes bounding̃C will intersectC̃ in a finite segment, and re-emerge in the
other half-space with the same direction (measured with respect toEn).

After passing to a twofold cover if necessary, we may assume thatM has two ends,
and that(M, g0) is isometric to a Riemannian productR × N whereN is a compact
flat manifold. Our setC is isometric toI × N for some intervalI = [a, b]. If the
perturbation ofg0 is supported away from∂C, then we may form a smooth closed
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Riemannian manifoldX by gluing together the two (isometric) boundary components of
(C, g) by the obvious map.

We now claim thatX has no conjugate points. To see this, note that ifv ∈ S(M̃, g̃)
with π(v) ∈ ∂C̃, thenγv carries a global solution of the Riccati equation which is zero
on the portion ofγv lying outsideC̃. Hence any geodesic iñX which hits a copy of
∂C̃ will carry a global solution of the Riccati equation which is zero near each copy of
∂C̃ in X̃; in particular, such a geodesic has no conjugate points. On the other hand, if
a geodesic inX̃ never hits a copy of∂C̃, then it lies in a copy of(C̃, g̃), so it has no
conjugate points.

Note that for each choice ofv ∈ S(C, g)|∂C , we obtain a vector field onX which looks
like the gradient of a Busemann function. The union of the images of these (smoothly
varying) vector fields contains everything but�(C) ∪ Vert, which has measure zero in
SX. Hence the results of [CrKl2 ] imply thatX—and consequently(M̃, g̃)—is flat.

Alternatively, one could apply the recent result of Burago and Ivanov [BuIv ] that a
torus without conjugate points must be flat. �

6. X × R

In this section we consider perturbationsg of (X × R,K, g0) whereK is compact and
g0 = gX × dt2 for more general(X, gX). WhenX is compact and not flat there is very
little more we can say. So we will be most interested in the case where(X, gX) is not
simply connected, not flat, and not compact. The proof of such rigidity theorems breaks
up into showing that Vol(�g(K)) = 0, and thatg is a weak lens equivalence.

PROPOSITION6.1. Let (X, gX) be a noncompact (n-1)-dimensional NCP manifold andg

an NCP perturbation of(X×R,K, g0) whereK is compact. Theng will be a weak lens
equivalence if at least one of the following hold:
(1) (X, gX) has no focal points;
(2) π1(X) grows slower thanrn−1;
(3) (X, gX) = (Y × R, gY × dt2);
(4) K is totally convex andπ1(X) has polynomial growth.

Before proving the proposition we need a preliminary lemma.

LEMMA 6.2. Let (X, gX) be a simply connected manifold with no focal points, and
v ∈ S(X). If f : X → R is a C1,1 function onX such that|∇f (x)| = 1 and
|bv(x) − f (x)| < C for all x ∈ X and some constantC, thenf (x) = b(x) + c for
some other constantc.

Proof.We first note that the integral curvesγ (t) of ∇f are geodesics. To see this, letτ(s),
0 ≤ s ≤ d(γ (t1), γ (t2)) be the minimizing geodesic fromγ (t1) to γ (t2). Then integrating
gX(∇f (τ(s)), τ ′(s)) we see thatt2 − t1 = f (γ (t2)) − f (γ (t1)) ≤ d(γ (t1), γ (t2)), and
henceγ is a geodesic.

Fix x ∈ X and letw = −∇f (x) and u = −∇bv(x). Let g(t) = bv(γw(t)) −
f (γw(t)) = bv(γw(t)) + t − f (x). Now if w 6= u we see thatg′(0) > 0. Furthermore,
since there are no focal points,bv is convex, and henceg′′(t) ≥ 0, and thusg is
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unbounded. This contradicts the assumption of the lemma and hence we conclude that
∇f = ∇bv and the lemma follows. �

Proof of Proposition 6.1.We will let M = X × R, K ⊂ X × [−a, a], and M̃ = X̃ × R

represent the universal covering space. Letv ∈ S+
a (M̃) and fix t0 /∈ [−a, a]. By

Lemma 3.1, the gradients of the restrictions ofbv and b0v to X̃ × {t0} have the same
constant normα. They thus, after multiplying by 1/α, induce functionsbt0v andbt00v on
X̃ with gradients of norm one and of a bounded distance from each other. Furthermore,
sinceg0 is the product metricbt00v is a Busemann function of̃X.

Proof of (1). By Lemma 6.2 we see thatbt0v (x) = b
t0
0v(x) + c for some constantc. On

the other hand, sinceX is noncompact andK is compact, there is anx0 ∈ X̃ such that
(x0, t0) is not in the shadowS(K̃, v); hencebv(x0) = b0v(x0) and hencec = 0. Thus
Lemma 3.2 gives the result.

Proof of (2).ForD > 0 andC ⊂ X̃ let TD(C) represent theD tubular neighborhood of
C. Let WD = {w ∈ S(X) | γw(t) ∈ TD(πX(K)) for all t}, whereπX is the projection
from M to X. Assumption (2) of Proposition 6.1 along with Lemma 4.4 tells us that
WD (and hence its liftW̃D to S(X̃)) has Liouville measure zero for allD > 0.

Let St0 = πX̃(S(K̃, v) ∩ X̃ × {t0}), i.e. the shadow att0. Now if γ (s) is a gradient
geodesic ofbt00v(x) on X̃ and for somes0, γ (s0) /∈ St0, thenbt00v(γ (s0)) = bt0v (γ (s0)) and
∇bt00v(γ (s0)) = ∇bt0v (γ (s0)). Thusγ (s) is also a gradient geodesic ofbt0v , and we see
that bt00v(γ (s)) = bt0v (γ (s)) for all s. On the other hand, ifγ (s0) ∈ St0 then for some
t ∈ [−a, a] we have(γ (s0 + ((t0 + t)/

√
1 − α2)), t) ∈ K̃ so γ (s0 + (t0/

√
1 − α2)) ∈

TDπX̃(K̃) whereD = (a/
√

1 − α2). Thus if γ (s) ∈ St0 for all s, thenγ (s) ∈ TDπX̃(K̃)
for all s, i.e. γ ′(s) ∈ W̃D.

Let γ be ag-geodesic withv = γ ′(0) ∈ S+
a (M̃) andπR(γ (t)) < −a for all t < T .

If πX∗(γ ′(T ))/|πX∗(γ ′(T ))| /∈ W̃D, the above tells us thatbv(γ (t)) = b0v(γ (t)) for
all t < T . This also holds forγ0 a g0-geodesic withv = γ ′

0(0) ∈ S+
a (M̃) and

πR(γ0(t)) < −a for all t < T . That is, if πX∗(γ ′
0(T ))/|πX∗(γ ′

0(T ))| /∈ W̃D, then
bv(γ0(t)) = b0v(γ0(t)) for all t < T .

We finish the proof by modifying the proof of Lemma 3.2. It is sufficient to prove
weak lens equivalence for the induced metrics onM̃. Let γ0 be a non-horizontalg0-
geodesic inM̃. We can assume (by changing the orientation and shifting the parameter
of γ0 if necessary) thatπR(γ0(t)) = bt for some 0< b ≤ 1. Let d > a/b, x = γ0(−d),
y = γ0(d), and v = γ ′

0(d). SinceW̃D has measure zero we can choosevi ∈ S(M̃)

converging tov such thatπX∗(γ ′
vi
(−2d))/|πX∗(γ ′

vi
(−2d))| /∈ W̃D. Let xi = γ0vi (−2d)

and yi = γ0vi (0). We see that 2d = d0(xi, yi) = b0vi (xi) = bvi (xi) ≤ d(xi, yi), and
hence taking limitsd0(x, y) ≤ d(x, y). On the other hand, ifγ is theg-geodesic fromx
to y (with γ (0) = y), let w = γ ′(0) and as above choosewi converging tow such that
πX∗(γ ′

wi
(−2d))/|πX∗(γ ′

wi
(−2d))| /∈ W̃D. Let x ′

i = γ0wi (−2d) and y ′
i = γ0wi (0). Then

d(x ′
i , y

′
i ) = bwi (x

′
i ) = b0wi (x

′
i ) ≤ d0(x

′
i , y

′
i ), and taking limitsd(x, y) ≤ d0(x, y). Thus

we get for every larged, 2d = d0(γ0(d), γ0(−d)) = d(γ0(d), γ0(−d)) and we see that
γ0 has a compact perturbation and thus thatg is a weak lens equivalence.

https://doi.org/10.1017/S0143385798108210 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385798108210


824 C. B. Croke and B. Kleiner

Proof of (3). As usual we will letM = X × R, K ⊂ Y × B(a) ⊂ X × [−a, a], and
M̃ = X̃×R = Ỹ ×R2 represent the universal covering space. We will letC = Y ×B(a)
soK ⊂ C.

We will prove the result using Lemma 3.2. To that end letv ∈ S+
a (M̃).

We first study the product metricg0. For eachy ∈ Y let Py = {y} × R2 be the
totally geodesic two plane through(y,0,0). Sinceg0 = gY × dz2 where dz2 is the
flat metric onR2, we see that, for everyy ∈ Y , b0v|Py is linear and the level set,
LS0v(r, s) = ∂B0v(r, s) ∩ Py , of b0v|Py through (r, s) is the straight line perpendicular
to the projection ofv to R2. It is also easy to see that the shadowS(C, v) ∩ Py is
the a-tubular neighborhood of the rayτ through the origin parallel and opposite to the
projection ofv ontoR2.

For ease of discussion we will put coordinates(r, s) on the planePy such thatτ is
the positiver-axis. Sob0v((r, s)) = L(r) for some linear functionL : R → R with
L′(r) > 0.

By applying Lemma 3.2, we need only show thatb0v andbv agree onPy−B(a). Since
b0v andbv agree onM − S(C, v), we have for(r, s) ∈ Py − S(C, v), bv(r, s) = L(r).
For (r0, s0) ∈ Py with r0 > a let ψ = ∇bv(r0, s0) ∈ T(r0,s0)M be the outward normal to
the level set ofbv. Then∂Bψ(r0, s0) intersectsPy in a line,LSψ(r0, s0), through(r0, s0)
(since it coincides with∂B0ψ(r0, s0) ∩ Py) which must lie ‘to the right’ of the level set
LSv(r0, s0) of bv (i.e. if (r1, s1) ∈ LSψ(r0, s0) thenbv(r1, s1) ≥ bv(r0, s0)).

For r0 > a and |s0| > a we haveLSv(r0, s0) ∩ {(r, s)||s| > a} = {(r0, s)||s| > a} and
henceLSψ(r0, s0) = {(r0, s)}. Hence it is easy to see that for any(r1, s1) ∈ LSv(r0, s0)
we have r1 ≤ r0. On the other hand, ifr0 is chosen large enough such that
LSv(r0,2a) ⊂ {(r, s) | r > a} and (r1, s1) ∈ LSv(r0,2a), then the above argument
forces the set{(r0, s) | |s| > a} to lie to the left of the lineLSψ(r1, s1) (ψ = ∇bv(r1, s1))
through (r1, s1) and hencer1 ≥ r0. Thus for r0 sufficiently large the linesr = r0 are
level sets ofbv|Py and hencebv andb0v agree on all ofPy − B(a). Case (3) follows.

Proof of (4). First note thatπ1(K) ≡ π1(X × R) ≡ π1(X) (sinceX is connected) as
loops inX based at some pointp ∈ K are homotopic to geodesic loops based atp,
which lie entirely inK sinceK is totally convex. π1(K) has polynomial growth, so
it is a virtually nilpotent group by [Grm ], and hence it is virtually Abelian by [CrS].
The homological dimension ofπ1(K) is less thann− 1 sinceπ1(K) ≡ π1(X) andX is
noncompact; henceπ1(K) is virtually Zk with k < n−1, and we are reduced to case (2)
of the proposition. �

Proof of Theorem 1.3.By the proof of part (4) of Proposition 6.1, we know thatπ1(K)

has growth slower than dim(X). Hence we may apply Corollary 4.4, Proposition 6.1,
and finally Corollary 2.3 to conclude thatg is isometric tog0. �

We can now combine the results of§4 and 6 with Corollary 2.3 to prove Theorem 1.4.

7. Jacobi tensors and proofs
We will be considering Lagrange tensors along a geodesicγ (t). (For a detailed discussion
see [EsOS] and [E].) These are tensors,A, which satisfy:
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(1) the Jacobi equation
A(t)′′ + R(t)A(t) = 0

whereR is the curvature tensorR(., γ ′(t))γ ′(t);
(2) A′(t)A−1(t) is symmetric wheneverA−1 exists;
(3) A(t) is nondegenerate in the sense that kerA(t) ∩ kerA′(t) = 0.

For v ∈ SM there are two such Lagrange tensors alongγv (the geodesic with
γ ′(0) = v) of interest to us. Jv will be the Lagrange tensor withJv(0) = 0 and
J ′
v(0) = Id. Av will be the Lagrange tensor withAv(0) = Id andA′

v(0) = 0. Jv and
Av are Lagangian since Jacobi tensors (i.e. tensors satisfying (1) above) which satisfy
(2) (respectively, (3)) for somet must satisfy (2) (respectively, (3)) for allt . If we fix
an orthonormal basis forv⊥, then with respect to parallel bases alongγv we can think
of Jv(t) andAv(t) as matrices where the columns represent Jacobi fields with respect to
these bases.

It is not hard to check, sinceAv is Lagrange (see [EsOS]), that if Av(t) is nonsingular
for all t ∈ [0, s] we have

Jv(s) = Av(s)

∫ s

0
A−1
v (t)A

−1∗
v (t) dt. (1)

When γv is a geodesic in an NCP manifold we define a tensorU(v) =
limt→∞ J ′

gt v(−t)J−1
gt v (−t). Note thatJ ′

gt v(−t)J−1
gt v (−t) is a tensor atγv(0) for all t that

represents the second fundamental form of the sphere of radiust centered atγv(−t). See
[EsOS] for a proof thatU(v) exists. We will letu(v) = tr(U(v)). Then it is easy to see,
by looking atu(v) as the limit of mean curvatures of spheres, thatu(v)+ u(−v) ≥ 0.

If M is an NCP manifold andW ⊂ SM is a measurable set, invariant under the
geodesic flow, such thatπ(W) has finite volume and bounded sectional curvatures, then
(as was shown in [EsOS] and [G]) u(v) is bounded and varies measurably inv for
v ∈ W . Hence we can definehWµ = ∫

W
u(v) dv wheredv is the normalized Liouville

measure, i.e.dv = (1/Vol(W)) dv. We note, in particular, that when−W = W we have
hWµ ≥ 0. We remark in passing that whenW = SM thenhWµ is the measure entropy of
the geodesic flow (see [FrMa ]).

The following lemma is Lemma 1 of [Cr3].

LEMMA 7.1. Let Jv andu be as above. Then

det(Jv(l)) ≥
[ ∫ l

0
exp

{
1

n− 1

[ ∫ l

0
u(gzv) dz − 2

∫ s

0
u(gzv) dz

]}
ds

]n−1

.

Proof of Theorem 4.1.

Ave(Vol(S̃W (x, l)))

= 1

Vol(π(W))

∫
W

det(Jv(l)) dv

≥ Vol(W)

Vol(π(W))

[ ∫
W

∫ l

0
exp

{
1

n− 1

[ ∫ l

0
u(gzv) dz − 2

∫ s

0
u(gzv) dz

]}
ds dv

]n−1

by Lemma 7.1, the definition ofdv, and a Ḧoelder inequality. Hence by changing the
order of integration, and then applying Jensen’s inequality to the convex function exp
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we see [
Ave(Vol(S̃W (x, l)))Vol(π(W))

Vol(W)

]1/(n−1)

≥
∫ l

0

∫
W

exp

{
1

n− 1

[ ∫ l

0
u(gzv) dz − 2

∫ s

0
u(gzv) dz

]}
dv ds

≥
∫ l

0
exp

{∫
W

1

n− 1

[ ∫ l

0
u(gzv) dz − 2

∫ s

0
u(gzv) dz

]
dv

}
ds.

Now the fact thatdv andW are invariant under the geodesic flowgz yields∫
W

∫ t

0
u(gzv) dz dv =

∫ t

0

∫
W

u(gzv) dv dz =
∫ t

0

∫
W

u(v) dv dz = thWµ .

Applying this to the above inequality yields:[
Ave(Vol(S̃(x, l)))Vol(π(W))

Vol(W)

]1/(n−1)

≥
∫ l

0
exp

{
l − 2s

n− 1
hWµ

}
ds ≥ l

where the last inequality follows (after performing the integral) sincehWµ ≥ 0. Thus we

see that Ave(Vol(S̃(x, l))) ≥ (Vol(W)/Vol(π(W)))ln−1. Integrating both sides asl runs
from 0 to r yields the theorem. �

The next lemma is the primary ingredient in the proof of Proposition 2.2. We will
let Bn−1(ε) represent theε-ball in En−1, dx represent the standard volume form, and
π : Bn−1(ε)× R → Bn−1(ε) represent the projection.

LEMMA 7.2. Let (M, g0) be an NCP manifold andC ⊂ M compact. LetF0 : Bn−1(ε)×
R → M be a smooth injective map such that:
(1) F ∗

0 (g0) is a product metric;
(2) for each fixedx, γ0x(t) = F0(x, t) is a geodesic parametrized by arc length;
(3) there is aT such thatF−1

0 (C) ⊂ Bn−1(ε)× [−T , T ].
Letg be an NCP perturbation ofg0 supported onC, which is a local lens equivalence in

the sense that all ‘nearly vertical’g0-geodesics (i.e. those with initial tangents sufficiently
close toγ ′

0x(t) for somex andt), haveg-geodesics that are compact perturbations. LetF :
Bn−1(ε)×R → M be the corresponding map to(M, g) using the compact perturbations
γx(t). Let µ0 (respectively,µ) be the pullback underF0 (respectively,F ) of the g0-
Riemannian measure (respectively,g-Riemannian measure). Definef0 : Bn−1(ε) → R+

(respectively,f ) by f0(x) dx = π∗(µ0 |F−1
0 (C)) (respectively,f ).

Thenf0(x) ≥ f (x) for all x with equality holding if and only ifF ∗(g) is also a product
metric (hence isometric toF ∗

0 (g0)).

Proof. Since g and g0 agree outsideC we can assume thatF−1(C) = F−1
0 (C) =

Bn−1(ε) × [−T , T ]. For x ∈ Bn−1(ε) we will use the notationA(x, t) (respectively,
J (x, t)) for the matrix representation ofAv(t + T ) (respectively,Jv(t + T )), where
v = γ ′

0x(−T )) = γ ′
x(−T ), along theg-geodesicγx(t) with respect to a parallel

orthonormal basis. We similarly defineA0(x, t) andJ0(x, t) along theg0-geodesicγ0v;
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we choose the orthonormal basis to agree at(x,−T ). Sinceg0 is the product metric
A0(x, t) = Id andJ0(x, t) = (t + T ) Id.

If for some t0, A(x, t0) is singular (sayA(x, t0)Er = 0 for someEr ∈ Rn−1) then there
would be a Jacobi field,j (i.e. j (t) = A(x, t)Er), alongγx such thatj (t0) = 0 andj (t)
is parallel and hence bounded fort ≤ −T . However, since the curvatures are bounded
alongγx , Theorem 1 of [EsOS] says that there are no such Jacobi fields. HenceA(x, t)

is always nonsingular.
With respect to our chosen orthonormal bases,A(x, t) representsdF(x, t) restricted

to vectors perpendicular toγ ′
x(t). So we see thatF is an immersion and

f0(x) =
∫ T

−T
Det(A0(x, t)) dt dx = 2T and f (x) =

∫ T

−T
Det(A(x, t)) dt dx.

By the local lens equivalence, nearly verticalg0-geodesics haveg-geodesics as
compact perturbations. Hence, by taking variations of such geodesics, we see that
Jacobi fieldsj0(t) and j (t) along γx and γ0x , respectively, withj0(−T ) = j (−T )
and j ′

0(−T ) = j ′(T ) have j0(t) = j (t) for all t 6∈ [−T , T ] (note γx(t) = γ0x(t) for
t 6∈ [−T , T ]). Hence we see that Jacobi tensors alongγx andγ0x with the same initial
conditions at−T must agree fort 6∈ [−T , T ]. (Note that this does not necessarily mean
that they have the same matrix representation since parallel bases alongγx andγ0x that
are the same fort ≤ −T may differ by a fixed orthogonal transformation fort ≥ 2r.
However, the determinants will be the same.) Thus we see from equation (1)

Det

[
1

2T

∫ T

−T
A−1(x, t)A−1∗(x, t) dt

]
= Det

[
1

2T
A−1(x, T )J (x, T )

]

= Det

[
1

2T
A−1

0 (x, T )J0(x, T )

]
= 1.

Using the above equation and the convexity of Det−1/2 on the space of self-adjoint
positive definite matrices (see [B, 11.8.9.5]) we see that

f (x) = 2T
1

2T

∫ T

−T
Det(A(x, t)) dt

≥ 2T Det−1/2

[
1

2T

∫ T

−T
A−1(x, t)A−1∗(x, t) dt

]
= 2T = f0(x).

The equality holds if and only ifA−1(x, t)A−1∗(x, t) is constant int , and hence is the
identity. But this is the case if and only ifA(x, t) is orthogonal, henceA′(x, t)A−1(x, t)

is skew symmetric. On the other hand, we know thatA′(x, t)A−1(x, t) is symmetric,
thusA′(x, t) = 0 andA(x, t) = Id. Hence equality holds if and only ifA(x, t) = Id. If
equality holds for allx we see thatF ∗(g) is isometric toF ∗(g0). �
Proof of Proposition 2.2.If M is itself a product with a line then Lemma 7.2 gives the
result rather easily. In our more general setting we need to be somewhat more careful.
We will assume thatl is the maximum such that̃M = X̃ × Rl and K̃ ⊂ X̃ × B(a)

for some choice ofX̃ (if M̃ is Euclidean, for example, there are a lot of choices for
splittings). This maximality implies that the deck group,π1(M), acts so as to preserve
the splitting.
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We let H̃0 be the collection of verticalv ∈ S(M̃, g0). H̃0 carries the natural
n-dimensional foliationF̃0 with leaves consisting of parallel vectors. We defineH̃ to be
the collection ofv ∈ S(M̃, g) such that there is at ∈ R with γv(t) ∈ M̃ − X̃×B(a) and
γ ′
v(t) ∈ H̃0. H̃ ⊂ S(M̃, g) is invariant under the geodesic flow ofg, and since the amount

of time thatγv spends inX̃×B(a) is uniformly bounded forv ∈ H̃ (see Lemma 3.1), it
is clear thatH̃ is a closed submanifold ofS(M̃, g). We may define a foliationF̃ of H̃
by declaring the leaves to be the sets ofv ∈ H̃ such thatγ ′

v(t) ∈ S(M̃ − X̃ × B(a)) is
parallel to a fixedw ∈ S(M̃ − X̃ × B(a), g0). H̃ is invariant under the natural action of
π1(M) on S(M̃, g), and we setH = H̃/π1(M) ⊂ S(M, g).

It is obvious thatπ0 maps each leaf ofF̃0 diffeomorphically onto M̃, where
π0 : S(M̃, go) → M̃ is the projection. It is also true thatπ is a diffeomorphism on
each leaf ofF̃ . This follows since for each leaf of̃F there is a natural diffeomorphism,
d, to the corresponding leaf of̃F0, and the compositionπ ◦ d−1 ◦ π−1

0 is a proper (by
Lemma 3.1) immersion (by the argument thatA(x, t) is nonsingular in the proof of
Lemma 7.2) and hence is a diffeomorphism.

We now put a measure on each leaf ofF̃0 (respectively,F̃) by pulling back the
Riemannian volume form from(M̃, g0) (respectively,(M̃, g)), and define a transverse
measure onF̃0 (respectively,F̃) by identifying the leaf space of̃F0 (respectively,F̃)
with the set of directionsSl−1 in Rl , and using normalized Lebesgue measure onSl−1.
Combining these two measures, we get a measureµ̃0 on H̃0 (respectively,µ̃ on H̃)
such thatπ0∗µ̃0 (respectively,π∗µ̃) is the Riemannian volume on(M̃, g0) (respectively,
(M̃, g̃)). If we let G̃0 (respectively,G̃) be the orbit space of̃H0 (respectively,H̃) under
the geodesic flow, theñG0 and G̃ are naturally diffeomorphic; moreover, using the local
product structures of the measures and applying Lemma 7.2 locally on the leaves ofF̃0

and F̃ we see that the pushforward ofµ|π−1(X̃×B(a)) to G̃ ' G̃0 under the quotient map

H̃ −→ G̃ is greater than or equal to the pushforward ofµ0|π−1(X̃×B(a)) to G̃0 under the

projectionH̃0 −→ G̃0, with equality only if the leaves of̃F correspond to parallel vector
fields on(M̃, g).

If we denote byµ0 (respectively,µ) the corresponding measures inH0 (respectively,
H), then π∗µ0 (respectively, π∗µ) will be the Riemannian measure for(M, g0)

(respectively,(M, g)). In particular, we have
∫
H∩π−1(K)

µ = Volg(K) and
∫
H0∩π−1

0 (K)
µ =

Volg0(K). If we now letG0 (respectively,G) be the orbit space ofH0 (respectively,H)
under the geodesic flow, then againG0 and G are naturally diffeomorphic; and the
pushforward ofµ|π−1(K) to G ' G0 under the quotient mapH −→ G is greater than
or equal to the pushforward ofµ0|π−1(K) to G0 under the projectionH0 −→ G0, with
equality only if the leaves of̃F correspond to parallel vector fields on(M̃, g̃).

Thus we see that Volg(K) ≥ Volg0(K), with equality holding only ifg is isometric
to g0. �
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