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Abstract. We establish rather general and simple theorems implying, among other
things, the pseudo-(un)stable manifold theorem, Sternberg’s theorem on smooth conjugacy
between hyperbolic germs of maps or vector fields, and results of Fenichel, Hirsch, Pugh
and Shub on existence, uniqueness and structural stability of stable or unstable manifolds
at compact invariant manifolds. The Perron—Irwin approach via sequence spaces plays a
crucial role.

0. Introduction

Recall that a semi-conjugacy between twomaps f : X — X andg : Y — Y is a map

h: X — Y suchthatho f = goh. The starting point of the present work is the remark that

h is a semi-conjugacy if and only if its graph is invariantby f x g : (x, y) — (f(x), g(»)).

This remark induced in us the temptation to prove new results about invariant manifolds

from which known and, hopefully, unknown (semi-)conjugacy results would follow.

The point is that, for each conjugacy result, the more abstract invariant manifold
theorem(s) from which it can be deduced will have many more consequences, due to basic
remarks like the following.

° Given a diffeomorphism / of a manifold M into itself and A : M — R, the vector
field X on M satisfies h*X = AX if and only if X(M) C TM is invariant by
hy: (x,v) = (h(x), AM(x)Dh(x)v).

. Given a vector field X on M with flow A" and a g-form o on M, the g-form w on M
satisfies Lyw = o if and only if its image w (M) C A? T*M is invariant by the flow
By (x, p) — (B (x), (p + fé h*a(x) ds) o (Dh(x)~1)9).

Our first test was the following theorem, due to Sternberg [19]. Let M and N be two

manifolds, then two smooth hyperbolic diffeomorphism germs f : (N, b) — (N, b) and

g : (P,c) — (P, c) are smoothly conjugate if and only if they are formally conjugate.

In 1993, we were able to formulate and prove a generalization of the stable manifold
theorem implying Sternberg’s theorem when f is a contraction (or dilation) germ [3]:
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the very simple proof, inspired by Irwin’s previous work [13], consisted of applying the
ordinary implicit function theorem in an appropriate sequence space—we shall be a little
more precise later.

We then turned to the truly hyperbolic case where f is neither a contraction nor a
dilation. By a standard result—which can be deduced in a purely ‘algebraic’ way [6, 4]
from the simple invariant manifold theorem in [3]—there is a smooth diffeomorphism
germ ¢ : (N,b) — (P, c) such that 9~ o0 g o ¢ and f have infinite contact along the
unstable manifold W* of f: Sternberg’s theorem then follows from the following more
precise fact: there exists a smooth conjugacy between f and g which has infinite contact
with ¢ along W*.

In terms of invariant manifolds, here is the situation: the diffeomorphism germ 4 :=
f x g leaves invariant the submanifold germ Wy := graph(¢|w«) of M := N x P, the
graph W of ¢ is formally A-invariant along Wy, and we want to find an /-invariant smooth
submanifold germ W (the graph of the conjugacy) having infinite contact with 114 along Wy.
Thus, Sternberg’s result follows from the following theorem.

THEOREM. Let M be a manifoldandh : (M, a) — (M, a) a smooth map germ preserving
a smooth submanifold germ Wy at a, assume that L := T,h leaves invariant some vector
subspace S of E := T,M containing Sy := T,Wy and denote by A (respectively B, A1)
the endomorphism of S (respectively E /S, S/So) induced by L. Assume that:

(i)  the endomorphisms A1, B are invertible; and

(i)  the spectral radii of A and A1 satisfy p(A1) < 1 < p(A).

Then, for each germ W at a of a smooth submanifold of M containing Wy, satisfying
W =35 and formally h-invariant along Wy, there exists an h-invariant germ W at a of
a smooth submanifold of M having infinite contact with W along Wy.

This statement—established later as Theorem 3.4.1—is much more general than needed
for Sternberg’s theorem: for example, we do not assume / to be a product f x g nor even
a cross-product as in the applications mentioned earlier. We were determined to prove
it using the Perron—Irwin approach via sequence spaces, as we strongly suspected that the
range of the method could be extended far beyond its known limits. The programme turned
out to be more difficult than expected.

To convince ourselves that the theorem was true, we first introduced [6] a simple-
minded blow-up to obtain the existence of a C* invariant manifold W for every finite
k as a corollary of the pseudo-(un)stable manifold theorem [14, 10]—see the proof of
Theorem 3.4.1 later—hence a simple new proof of Sternberg’s theorem in the C" category,
r < 0o. However, as pseudo-stable manifolds are not unique in general, there was no hope
of passing to the limit when k — oo.

The invariant manifold W itself is far from unique anyway: for example, under the
hypotheses of the general Sternberg theorem as previously stated, assuming f to be
‘truly hyperbolic’, the space of conjugacies between f and g is infinite dimensional
since the centralizer of f is an infinite dimensional sub-group [1] of the group of smooth
diffeomorphism germs (N, b) — (N, b).

To get uniqueness in our theorem, we have to make the problem more global: we may
assume that M is the product Sy x S1 x U of three vector spaces, thata = 0, Wy = Sp x {0},

https://doi.org/10.1017/50143385703000701 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385703000701

Stable manifolds and the Perron—Irwin method 1361

W = So x S1 x {0} and (using a bump function on Sp) that 4 is defined in an open ‘tube’
So x B around Wy and equal to L off some bounded neighbourhood of 0. Then, in some
smaller (closed) tube Sy x B’, it can be shown [4, 5] that W exists, is unique and is the
graph of a function ¢ : Sy x B{ x {0} — U, where B{ is a closed ball in S;. In fact, the
result holds under less restrictive hypotheses, yielding a version of the previous theorem
where the fixed point a is replaced by an invariant torus.

Its proof follows Irwin’s idea: if W exists, then, for each point zg € W close enough to
Wo, the sequence z, = h"(zo) must lie in the Banach space S, . of those sequences
(zn) = (64, xu, yu) in M such that A7"6,, u"x, and v™"y, are bounded}, where
A, i, v are positive constants with A > 1, u < 1 (slightly larger than p(A;)) and v
arbitrarily small (because of the infinite contact). If we can show that, in some tube around
Wy = {(x,) = 0 and (y,) = 0} in this sequence space, the solutions of the equation

Vn (S N in+1 = h(Zn) (1)

form the graph of an implicit function (yg, (z4)n>0) = P (6, x0) whose yg-component ¢
has infinite contact with 0 along xo = 0, then our result will be established: the graph of
¢ will be a manifold W having infinite contact with W along Wy and it will be s-invariant
because the sequence (z,+1) obviously satisfies (1) when (z,) does; moreover, it will be
unique since any other W must be contained in this one by its very definition.

To prove that ¢ exists and is unique, we wanted to do the usual thing: denoting the
points of M by (6, x, y) and the components of & by e, f, g, invert g with respect to y, call
the resulting function G and rewrite (1) as

()707 (Zn)n>0) = (G(e()s X0, yl)s (e(anl)v f(anl)v G(env Xn, )’n+l))n>0)~ (2)

Then came a real problem: except when Wy = {0} as in [3], the right-hand side of (2)
does not define (for fixed (fp, xp)) a contraction Ag, x, of some tube in (yo, (2n)n>0)-
space: to obtain a contraction, one should choose u, v greater than 1, in which case any
neighbourhood of Wy contains sequences for which (x,, y,) is unbounded and Ay,
undefined. Trying to extend # was not a good idea, since our previous work [1] had
convinced us that (semi-)local uniqueness is essential in such matters.

The solution of the dilemma took us quite a while, for it is somewhat subtle: one
should indeed work in some closed tube 7 around W, in the natural sequence space
Sy, v but endowed with the norm of Sy ., v, for suitable constants py > 1 and vy > 1.
This approach is successful because 7 is a closed subset of the Banach space S, ., v, and,
now, every Ag, », is a contraction of this closed subset if the radius of the tube is small
enough.

Smoothness again was a slight problem since the interior of 7" in Sy 4, v, is empty,
making ordinary differential calculus irrelevant. After some time, we were able to extend
the work of de la Llave and Wayne on pseudo-stable manifolds [10] to get what we wanted.

The method was now almost applicable to all kinds of problems involving invariant
manifolds. The missing test before the final state of the work [5] was normal hyperbolicity
[11, 12]. The new difficulty was nonlinearity, as the maps were now defined on a fibre

1 Endowed with the norm |(z;)| = sup,, max{A "6y |, u ™" |x |, v""|yn|} for suitable norms on Sy, Sy, U.
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bundle over an arbitrary compact manifold M. In particular, we wondered what was
the appropriate space of sequences in M. The answer came when we discovered which
statements to prove: the appropriate space is just the space of all sequences in M, endowed
with various complete metrics (denoted later by d,., k¥ > 1), all of which define the product
topology.

The aim of the present paper is not to rewrite [12] by Irwin’s method (this will be done
in [5]) but to state and prove general results—Theorems 1.2.1, 1.3.1 and 2.2.2—implying
a substantial amount of the theory and going beyond normal hyperbolicityt. These results
are rather strikingly simple and their Lipschitzian part holds in complete metric spaces.
Even though they might not surprise a careful reader of [12] (at least in the bounded case),
they can be considered as new. The proofs are anyway: they are given in detail for the first
time (in [4], we ran out of steam after proving that the invariant manifold is C'—and the
problem was very different, both more specific and more complicated).

In the first section, we state and prove our results about stablei subspaces in the
Lipschitz category. The second section, on smoothness, makes the Irwin—de la Llave—
Wayne method work in a very general nonlinear setting§, yielding sharp regularity results.
In the third section, we present a short list of consequences (including a slightly acrobatic
proof of Theorem 3.4.1, stated earlier), to be completed elsewhere [5]. Its purpose is to
show how the simple but extremely general results of the first two sections can be used in
non-trivial concrete situations; for example, §§1.3 and 3.2 provide a really short and easy
proof of the Hopf bifurcation phenomenon for maps.

1. The Lipschitz bones of the theory

1.1. Hypotheses. Given a complete metric space X and a complete subspace Y of a
metric space F, we endow X x F and Z := X x Y with the product space distance
d((x,y), (x',y")) := max{d(x, x’), d(y, y')} and consider a Lipschitzian map & = (f, g) :
Z — X x F with the following properties:

Hypothesis 1. There is a positive constant pal such that we have d(g(x, y), g(x,y")) >
pald(y, y’) forall x, y, y'. Thus, each g, : y = g(x, y) is injective.

Hypothesis 2. We have Y C gy(Y), hence the formula G(x,y) := g;l(y) defines a
Lipschitzian mapping G : Z — Y.

It follows that the Lipschitz constant vo of G with respect to Y is at most pg. We denote
by wo its Lipschitz constant with respect to X, by A, Uits Lipschitz constant with respect
to both variables and by «¢ that of f.

A model situation and some comments. It might be good for the reader to have in mind the
following typical situation: Z is the product B’ x M x B" of a closed ball B® in a Euclidean

+ Hence the titles ‘pseudo-(un)stable manifolds’ later.

I Although the word has another dynamical meaning, it would be better adapted to our results than ‘invariant’,
for we never assume our maps to be invertible. By the way, this is what makes the proof of smoothness—inspired
by [10]—a bit elaborate, as we could not find any nice trick avoiding higher-order derivatives in the general case.
§ It can be made into a theory of smoothness and implicit functions extending [16] to maps between countable
products of manifolds, which may not be so uninteresting.
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space E°, a complete Riemannian manifold M and a closed ball B* in a Euclidean space
E" and either (in§1.2) X =B xMand F = E*,or(in§1.3) X = Band F = M x E"“.

In the language of [11], Hypothesis 2 then means that / is ‘outflowing’ in the F
direction: when M is compact, Z is a very primitive version of Conley’s isolating blocks,
as in [15] (see also [9] and the references therein).

1.2.  ‘Pseudo-stable manifolds’.

1.2.1. Statement of the main theorem.

THEOREM 1.2.1. Assume Y bounded and o + vomax{kg, 1} < 1 (respectively
max{kg, 1} < Ag). Then, the points z € Z such that the sequence (h"(2)),eN is well
defined in Z form the graph W* of a Lipschitzian function ¢ : X — Y whose Lipschitz
constant satisfiesT Lip(¢) < wo/(1 — voko) < 1 (respectively Lip(p) < Aal < 1)

Note. In set-theoretic language,

W= (\h"(2).
neN
The boundedness of Y is essential: for instance, if ¥ = F (which, under the other
hypotheses of the theorem, must then be unbounded since each g, expands it), then

Wé=Z.

1.2.2.  Proof of Theorem 1.2.1 when X is bounded. The subspace W¥ is the set of those
z0 = (x0, yo) € Z for which we can define a sequence ze = (Z5)neN = (Xn, Yn)neN in Z
by

Vrn e N zyq1 = h(zp). 3)

Thus, what we wish to show is that the solutions of (3) in the sequence space S := Z

satisfy one of the following two equivalent conditions:

) their zo-components form the graph of a Lipschitzian function ¢ satisfying the
required estimates;

° they form the graph of a function (yo, (zn)n=0) = P(x9) whose yp-component ¢
is Lipschitzian and satisfies the required estimates—of course, the z,-component of
@ (xo) is A" (xo, ¢ (x0)).

Our hypotheses on /& imply that (3) is equivalent to

(30, (Z)n=0) = A(Ze). “4)

where
A(ze) = (G(x0, y1), (f (2n-1), G(Xp, Yn+1))n=0)- ©)

Let7 =Y x ZY be the set of all ug = (y0, (zn)n=0), Yo € Y, z, € Z. Clearly, (5) defines
amap Aof S = X x 7 into 7. In order to obtain ® by the contraction principle, we
endow S and 7 with suitable complete metrics:

T For example, if g = 0, then G is a function of y alone which, as a contraction, has a unique fixed point ¢, and
@ is the constant c.
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LEMMA 1. Fork > 1, the set S is made into a complete metric space S, by the distance

dic(ze, 2,) == supk "d(zn, z,).
neN
Hence T is a complete metric space I for the induced metric (viewing 7 as a fibre of the
natural projection S = X x 7 — X), namely

dy (e, 1)) := max {d(yo, ¥o), supk ""d(zp, z;)}.
n>0
Proof of Lemma 1. The function d,, well defined because Z is bounded and « at least
equal to 1, is obviously a distance on S. If (z1) peN is a Cauchy sequence in Sy, then each
€49 peN is a Cauchy sequence in the complete metric space Z and, therefore, has a limit
zZn € Z: by a quite standard argument, 7P tends to ze := (z,) in S, when p —> Q. O

LEMMA 2. There exists k > 1 with puo + vok < 1 and ko < « (respectively with
Ko < kK < Mg), for any such k, the Lipschitz constant of A : S = X x T, — T is
less than 1.

Why Lemma 2 implies Theorem 1.2.1 (except the precise estimates on Lip¢). Here and
often in the following, we shall use the following obvious result:

LEMMA 3. Given two metric spaces A\, F, assume that A x F is equipped with the product
space distance and that F is complete. If the Lipschitz constant of C : A x F — F is less
than 1, then the map Q2 which to A € A associates the unique fixed point of F +— C(A, F)
satisfies Lip Q2 < LipC < 1.

Proof of Lemma 3. The identity (1) = C(A, 2(A)) implies the inequality Lip 2 <
Lip(C) max{l, Lip Q} and Lip©2 > 1 would lead to the contradiction 0 < (1 —
LipC) Lip2 < 0. a

By Lemma 2, we can apply Lemma 3 to A = X, F = 7, and C = A. Denoting by ®
the corresponding €2, we see that the solutions of (4) do form the graph of a function ®:
since the Lipschitz constant of ® as a map into 7, is less than 1, so is the Lipschitz constant
of its yp-component . O

Proof of Lemma 2. The existence of x follows at once from our hypotheses. We wish to
find a constant ¢ < 1 such that

VZe, 2, €S, di(A(zs), A(z})) < cdic(2e,2,)- (6)
Now, for every positive integer n, we have

K" d(f (zn—1), £ ) < k"0 d(zn-1,7,_,)
<k Yok T d (21, Z;_l))

< K*IKodK(z.,Z/.)
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and similarly for every integer n, setting v, := (X, Yn+1),

k"d(G(vn), G(v))) < k" (pod (xn, X)) + vod (Ynt 1, Ypip))
< polc™"d (i, ) + vorc (" d (Y1, ypy1))
< (po + vor) max{k ~"d (xp, ), k" d (Vns1, Vi)
< (10 + voKk)dy (Ze, 2,)
(respectively

k"d(G (va), G())) < k" (hy" max{d(xn. x}). d(yuy1. Yy 1))

n

< ichg " max{ic ™"d (X, x), k " d (Yug1 Yy
<Ay die(ze, 7))
Hence, (6) follows with

c= max{/cfllco, o + vok} (respectively ¢ = max{/cfllco, Kkal}). O

Proof of the estimates on Lip . We already know that ¢ satisfies
Lipp < 1. (7
Case 1. We have g(x, ¢(x)) = ¢(f(x, p(x))), 1.e. o(x) = G(x, p(f (x, ¢(x)))); hence,
d(p(x), (x") < pod(x, x') +vod(p(f(x, p(x))), p(f(x', 9(x"))))
< pod(x, x") + v Lip(p)d (f (x, p(x)), f(x', p(x")))
< pod(x, x") + rovo Lip(p) max{d (x, x'), d(p(x"), p(x'))}
< (1o + kovo Lip @) d(x, x")
by (7) and Lip ¢ < o + kovo Lip ¢, as required.
Case 2. Similarly, we have
d(p(x), p(x)) < Ay max{d(x, x'), d(p(f (x, p(x))). o(f (", p(x")}
< &y max{d(x, x'), Lip(@)d (f (x. ¢(x)). f(x", p(x))}
< Xal max{d(x, x"), ko Lip(¢)d (x, x')}
< Xal max{1, ko Lip ¢}d (x, x')

and, therefore, Lipp < Ay Umax({1, «o Lip ¢}: since the inequality ko Lipp > 1 would
yield 0 < (1 —kalxo)Lipfp < 0, we do have Lip ¢ fkal. O

1.2.3.  Proof of Theorem 1.2.1 for unbounded X. What is nice in the previous proof is
that we can work in the space S of all sequences in Z. When X is not bounded, this is not
possible since d, is not defined on the whole of S>. However, the proof is exactly the same
as before, taking this time for S, one of the ‘natural’ sequence spaces. We let the reader
check the following analogue of Lemma 1 (we can keep the same notation since the S
defined here consists of all sequences in Z when X is bounded):
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LEMMA 4. For k > 1, the set S, of those zo € S such that (k ~"d(a, z,))neN is bounded
for some (and therefore every) a € Z is made into a complete metric space S, by the
distance

dic(ze, 24) == supk""d(zn, 2.
neN

Hence, the set T, defined by Sy = X x T (which consists of those us € T such that the
sequence (k ~"d(a, zp))n>0 is bounded for some a € Z) is a complete metric space for the
induced metric

d (e, 1) := max{d (yo, y0), sup " d(zn, 2,)}.

n>0

LEMMA 5. Fork > max{l, ko}, every sequence z, in Z satisfying (3) must lie in S.

Proof. Let D denote the diameter of Y. The inequality
d(xXp+1, Xn42) = d(f(zn), f(Zn+1)) < k0, d(Zn, Zn+1)
<« max{d(xy, xp+1), D}

yields inductively d(x,,, x,4+1) < «" max{d(xo, x1), D}, from which we obtain

K" —
d(xp, x,) <
K —

1
1 max{d(xg, x1), D}.

LEMMA 6. There exists k > 1 with uo + vok < 1 and ko < « (respectively with
Ko < k < Ao): for any such k, (5) defines a map A : S — T, whose Lipschitz constant is
less than 1.

This lemma leads to the same conclusion as Lemma 2. The only new feature in its proof
is the inclusion A(S,) C 7,, which we let the reader check.

1.2.4. A simple particular case: stable manifolds. Here is a link with the simplest
invariant manifold theorem:

THEOREM 1.2.2. Assume Y to be bounded and ky < 1 < Ag (which is the case for
max{kg, o + vo} < 1). Then, the hypotheses of Theorem 1.2.1 are satisfied and W* is the
stable manifold of the unique fixed point a of h: for ko < k1 < 1 and z € W?, the distance
d(h"(z), a) is an o(kY).

Proof. The hypotheses of Theorem 1.2.1 clearly are satisfied. As the mapping z +>
(f(2), G(2)) of Z into itself is a strict contraction, & has a unique fixed point a = (b, ¢).
The rest follows at once from the following observation, which we let the reader check.

LEMMA 7. Forl < k < Ao, the hypotheses of Lemma 6 are satisfied and, for each x € X,
the set {ue € 7 /max{d(yo, ¢), sup,-o Kf”d(zn, a)} < d(x,b)} is a closed subset of T,
invariant by the strict contraction ue — A(x, us) of T, and, therefore, containing its fixed
point ®(x).
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1.3.  ‘Pseudo-unstable manifolds’.

1.3.1. Statement of the main theorem.

THEOREM 1.3.1. Assume X bounded, ko < 1 and po + voko < 1. Then, there is a
Lipschitzian function W : Y — X with the following property: its ‘graph’ x = ¥ (y)
is the set W" of those z = (x,y) € Z such that there exists a sequence (z,) in Z with
20 = z and h(zy4+1) = 2z for every integer n. The Lipschitz constant of  satisfiest
Lipy < 2kovo/(1 + /T = 4komovo) < 1. The restriction of h to W* N h=Y(W") is a
bijection h, onto W", hence, the sequences (z,,) considered in the definition of W" are of
the form z, = h;"* ().

Note. When Z is compact,
W = ﬂ h(2).
neN
The boundedness of X is essential: for instance, if each f¥ : x — f(x,y) satisfies
fY(X) = X (which, under the other hypotheses of the theorem, must then be unbounded
since fY contracts it), then W5 = Z

1.3.2.  Proof of Theorem 1.3.1. As it is very similar to the proof of Theorem 1.2.1, we
shall give fewer details.

Proof when Y is bounded. The subspace W* is defined as the set of those zg = (xo, yo) € Z
for which there exists a sequence zo = (25),eN = (X, Yn)neN in Z satisfying

We shall show that the solutions z, € S = ZY of (8) form the ‘graph’ of a function
(x0, (Zn)n=0) = W (yo) whose xo-component v is Lipschitzian and satisfies the required
estimates. Then, W* will be the ‘graph’ of .

Moreover, the invertibility of A, will follow. Indeed, if z, € S satisfies (8), so does
(zZn+1)neN, hence zo = h(z1) belongs to h(W*"). This proves that &, is onto. If it were
not injective, there would exist two different points z’, z” € W with h(z') = h(7") =
z = (x,y) € W". Denoting by (z;,)n>0 and (z,,)n>0 two sequences with z; = 2/,
7] = 7", h(z), ) =z, and h(z, ) = z, for every positive integer n, we would get two
different solutions z, € S = ZN of (8) with yo =y, namely (z, (z),)n>0) and (z, (z))n=0),
contradicting the fact that W takes only one value at y. a

Our hypotheses on 4 imply that (8) is equivalent to

(x0, (Zn)n>0) = B(zd), 9)
where
B(ze) := (f(z1), (f @n+1), G(Xn, Yn—1))n>0)- (10)
LetU = X x ZN" be the set of all ue = (x0, (Zn)n=0), X0 € X, 20 € Z. Clearly, (9) defines
amap 3 of S into 4.

+ For example, if kg = O, then f is a constant b and ¥ = b.
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For v > 1, we let U, denote U/, endowed with the complete metric induced by d,
(viewing U as a(ny) fibre of the natural projection S > z4 > yg € Y), namely

d, (U, u,) := max {d(xo, x4), sup v "d(zp, z;)}.

n>0

By Lemma 3, applied to C(yo, (x0, (Zn)n>0)) = B(ze), the following lemma does imply
that the solutions of (8) form the ‘graph’ of an implicit function (xg, (zn)n=0) = Y (y0)
whose xo-component v is Lipschitzian and satisfies

Lipy < 1. (11)

LEMMA 8. Forv > land jupv +vg < v < KO_I, the Lipschitz constant of B : S, — U,
is less than 1.

Proof of Lemma 8. Given z,, 7, € S, for every integer n € N, we have
v A (f (znt1), f(Z:,Jr])) < v "kod(zn+1, Z;l+])

“n—1
vig(v™" d(zn+1aZ;,+1))

< viody(Ze, 70)

IA

and similarly for every positive integer n, setting w,, := (x,, yn—1),
v d(G(wn), G(wy)) < v (od (xXn, X) 4 vod (Yn—1, Yp_1))
< po(™"d(n, x,)) +vov ™ 0T d (it )
< (po + vov™ ) max{v™"d (en, x,), v d (a1, 521}
< (o + vov~)dy (ze. 20).
Hence, we do get Lip B < max{vkg, uo + vov_l} < 1. O
Proof of the estimate on Lipy. Giveny,y’ € Y,letu,u’ € Y be defined by (¢ (u), u) :=
h (W (y), y) and (Y @'), u') := b (Y (y"), y). We have
dW ), ¥y =d(f @), u), f @), u))
< o max{d (y(u), Y ('), d(u, u")} = rod (u, u)
by (11) and
d(u,u’) = d(GW W), y), G, y))
< pod (Y (), ¥ () + vod (y, y)
< po Lip(¥)d (u, u') 4+ vod (y, y').

Hence, d(u, u’) < vo/(1 — o Lip¥)d(y, y’) (because the inequality o < uo + vo < 1
and (11) yield uo Lipyy < 1) and, therefore,

Ay, v < —20 iy, ),
’ = T— poLipy) 7
thus, we get
KoVo - KoVQ -1

Lipy < - =<
l—poLlipy = 1 —po
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The first inequality holds for

\/_7
2K0Vo or Lipy > 1+ 41 4/(0;1,01)0.

Li <
Py = 1+ /1 —4kourovo 2140

The latter is excluded since we have o + kovg < 1, hence 1 — 4xouovg > (1 — 2;L0)2 and

1+ V1 —4dkopovo 141 —2pu0 -1

2u0 20
Thus, we have
2
Lipy < Foro ,
1 + /1 — 4kopovo

which is less than 1 because, for xovp # O, the inequality uo + xovp < 1 yields
1 — 4kopovo > (1 — 2kovp)?2, hence

2K0V0 2Kk0V0

< <1
1+ /1 —4kopovo 14+ |1 — 2kgvp]|

Proof for unbounded Y. The proof is the same as before with v > 1, taking for S, the
space of those sequences z, in Z such that v™"d(z,, a) is bounded for some (hence any)
a € Z, on which d, is a complete metric. This works because every sequence z, in Z
satisfying z, = h(zy+1) for all » must lie in this new S,: indeed, denoting by D the
diameter of X, we have

d(}’n+ls Ynt2) = d(G(anrl , }’n): G(xn+2: .Vn+1))
< wod(Xp+1, Xp+2) +v0d (V> Yn+1) < o D +vd(yn, yn+1)s

which yields inductively

v —1

1 oD +v"d(yo, y1)

d(Yn, Yns1) <

and, therefore,

—1

vt —1
% v—1

woD + d(yo, yl)) .

1.3.3.  Link with hyperbolic fixed points.

THEOREM 1.3.2. Assume X,Y to be bounded, ko < 1 and o + vo < 1. Then, the
conclusions of both Theorems 1.2.1 and 1.3.1 hold. In fact, h has a unique fixed point a,
which, of course, lies in W* N W* and we have the following:

(i) For each z € W5, the sequence z,, = h"(z) tends to a; more precisely, for
Ko < k1 < 1, the distance d(zy, a) is an o(Kf’).
(ii) For every z € W', the sequence z, = h,"(z) tends to a; more precisely, for

povi +vo < vi < 1, the distance d(z,, a) is an o(V}).
(iii) The intersection W* N W* equals {a}.
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Proof. The hypotheses of Theorems 1.2.1 and 1.3.1 are, of course, satisfied and we already
know (Theorem 1.2.2) that 4 has a unique fixed point and that (i) holds.

Denoting by D the diameter of Z, the proof of (ii) is very similar: with the notation
of 1.3.2, each (x, (zu)n=0) = B((x,y), (zx)n>0) maps the closed subset U, o) =
{(x, (Zn)n>0) / sup, v;"d(zn,a) < D} of U, into itself, hence its fixed point W(y) lies
in u(v| ,a)-

To prove (iii), we should show that a is the only point in W* N W¥, i.e. the only
(x,p(x)) € WS such that x = v (¢(x)), which is clear: the strict contraction ¥ o ¢
has a unique fixed point b, hence a = (b, ¢(b)).

1.4. Link with more general invariant manifold theorems. We first provide some further
analysis of the situation.

1.4.1. Pseudo-unstable manifolds are stable.

THEOREM 1.4.1. Under the hypotheses of Theorem 1.3.1 with ko + poLipy < 1, we

have
Ko
ks i = —— <1
1 —poLipy

and, forz = (x,y) € h’l(Z),

d(h(z), W") <d(f (@), ¥(8(2))) < ksd(x, ¥ (). (12)
Hence, for every z € Z, the (finite or infinite) sequence z,, := h™(z) satisfies

d(zn, W*) < d(xn, ¥(yn)) < kg d(x0, ¥ (30)).

In particular, if h maps Z into itself, then, for every z € Z, the distance from h'" (z) to W"
isa O(k}).

Note. The additional hypothesis xg + o Lip ¥ < 1 is satisfied in the applications which
I know since g is very small.

Proof of the theorem. The first inequality in (12) is clear since d(f(z), ¥ (g(z))) is the
distance from %(z) to (¥ (g(z)), g(z)), which belongs to W*. In order to prove the second,
let us introduce the point 7/ = (¥ (y'),y") € W such that g(z') = g(z), namely
7= h;l(lﬁ(g(z)), g(2)). The identities y = G(x, g(z)) and y' = G(¥(y), g(2)) yield

d(y,y") < pod(x, ¥ (y"). (13)
As ¥(g(2)) = f(z'), we have
d(f(2),¥(g(2)) =d(f(z), f(Z) < kod(z,2') = kod(x, ¥(y)) (14)
since d(z,7)) = max{d(x, ¥(y)),d(y,y)} = d(x, ¥ (")) by (13) and the inequality
o < o + voko < 1. Now, we have
dx, v (y)) <d@x, v () +dW ), v (') <dx, ¥ () +Lip(y)d(y, y')
< d(x, ¥ () + po Lip(¥)d (x, ¥ ()

by (13) and, therefore, d(x, ¥ (y")) < 1/(1 — o Lip(¥))d (x, ¥ (y)). Hence, (12) follows
from (14).
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1.4.2. Pseudo-stable manifolds are unstable.

THEOREM 1.4.2. Under the hypotheses of Theorem 1.2.1, assume vy + kovo Lipp < 1.
We then have k, = vo/(1 — kovo Lip @) < 1 and, for z = (x,y) € h=1(2),

d(z, W) <d(y, p(x)) < kud(g(2), 9(f (). 5)

Hence, every (finite or infinite) sequence (z,) in Z such that h(zy4+1) = zn for every n
satisfies
d(zp, W*) < d(yn, 9(x2)) < kyyd(y0, ¢(x0)).

In particular, for Z C h(Z), every z € Z is the zo term of such an infinite sequence (z,)
and d(z,, W*) is a O(k}).

Note. As before, the additional hypothesis vy + kovg Lip @ < 1 is satisfied when po and,
therefore, Lip ¢ is small.

Proof of the theorem. The first inequality in (15) is clear because d(y, ¢(x)) is the
distance from z to (x, ¢(x)), which belongs to W¥. Let us prove the second: since

gx, 0(x)) = @(f(x,@x))), we have p(x) = G(x,¢(f(x,¢(x)))) and, of course,
y = G(x, g(2)), hence

d(y, ¢(x)) =d(G(x,8(2), G(x, 9(f(x, 9(x)))))
< vod(g(2), ¢(f (x, p(x)))). (16)

Now, the estimates

d(g(@), p(f(x, 9(x)))) < d(g2), p(f(2)) +d(p(f(2), p(f(x, p(x))))
<d(g(2), o(f(2))) + Lip(p)d(f (), f(x, p(x)))
<d(g@), ¢(f(2)) + ko Lip(p)d(y, ¢(x))

and (16) yield d(y, ¢(x)) < vod(g(z), ¢(f(2)))+kovo Lip(¢)d(y, ¢(x)), from which (15)
follows at once.

1.4.3. A first step in the world of normal hyperbolicity.

THEOREM 1.4.3. Given three metric spaces Z°, Z¢, F* and a subset Z" of F", assume

Z5,7Z¢, Z" complete and let h be amap of Z := Z° x Z° x Z" into Z° x Z¢ x F*".

(i)  If the hypotheses of Theorem 1.2.1 are satisfied by h, X = Z° x Z°, F = F" and
Y = ZY, then the set of those z € Z for which (h" (2)),eN exists is the graph W* of
a Lipschitzian function ¢ : Z° x Z¢ — Z" with Lipgp < 1.

(i)  If the hypotheses of Theorem 1.3.1 are satisfied by h, X = Z°, F = Z° x F" and
Y = Z¢ x Z", then the set of those z € Z for which there exists a sequence (Z,),eN
with h(zy+1) = z, and zo = z form the ‘graph’ W" of a Lipschitzian function
v Z¢x Z" — Z% withLipy < 1.

(iii) If the hypotheses of both (i) and (ii) are satisfied, the h-invariant set W¢ := WS NW*
is the ‘graph’ of a function x = (x°, x"*) : Z¢ — Z* x Z" satisfying Lip x* < Lip ¢
and Lip x* < Lip¢.
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@iv) If, moreover, the map h, viewed as in (i), satisfies the hypotheses of Theorem 1.4.17,
then W* is the stable subspace of h at W€, meaning that, for every z € W*, the
distance d(h" (z), W€) is a O (k}).

(v)  Ifthe hypotheses of both (i) and (ii) are satisfied and, moreover, the map h, viewed as
in (ii), satisfies the hypotheses of Theorem 1.4.2, then W" is the unstable subspace
of h at W€, meaning that, for every sequence (z,) as in (ii), the distance d(z,, W¢)
isa O(k}).

Proof. (i), (ii), (iv) and (v) follow tautologically from Theorems 1.2.1, 1.3.1, 1.4.1 and
1.4.2 respectively.

Let us prove (iii). W€ is defined by the equations x = (0, ¢(x,0)) and y =
(0, y),0): applying Lemma 3 to the map Z¢ x Z" > (0,y) — o0, y),0)
(respectively Z¢ x Z° 2 (6,x) — ¥(0, ¢(x,0))), whose Lipschitz constant is at most
that of ¢ (respectively ), we do see that the unique fixed point x*(6) (respectively x*(6))
of y —» (0, y),0) (respectively x — (6, ¢(x,0))) is a Lipschitzian function of
satisfying Lip x* < Lip ¢ (respectively Lip x* < Lip ). o

Note. In our model situation with M compact, the situations (iii)—(v) correspond to the
‘absolutely normally hyperbolic’ case of [12].

2. Smoothness

As in the previous section, we shall state and prove very general results, whose proof is not
substantially easier in the model situation introduced in §1.1, except when M is a point,
a vector space or a torusf. The manifolds we consider are separable Banach manifolds
(separability is not essential).

2.1.  Some notation and background.

2.1.1. Definition of integer and non-integer smoothness. We write r € HNQJr if either
r € [0, +o00] or r = k~ for some positive integer k, in which case we set s < k= < k for

reals < k,[k7]:=k—1,k —[k7]:=1and x T = xF for positive x.
For finite r € f&%, amap is called C” if it is
° [r] times differentiable, with an [r]th derivative which is locally Holder continuous
of exponent r — [r], when r is not an integer and
° r times differentiable with locally uniformly continuous rth derivative§ when r is an
integer.

2.1.2. Higher-order derivatives in a nonlinear framework. Given r > 1 in Hi_i_, if
f is a C" map between two manifolds M, N equipped with C" linear connections

+ We are not totally sure that this additional hypothesis is needed but it is satisfied in the applications we know
of. The same remark applies to the additional hypothesis in (v).

% In the first two cases, the exponential is very simple and there is no problem with its injectivity radius or the
definition of higher-order derivatives: this last feature is common with the torus case, which can be made a little
simpler by working in the universal cover.

§ On a finite dimensional space, this is the usual notion.
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(see Appendix B), then, for each positive integer k < r and each x € M, we can define a
continuous symmetric k-linear map D’; f i (TeM)k — Tri)N by

D)/j f = D* fx(0), where fy := exp}(lx) of oexp, (local inverse).

This defines a section D¥ f of the vector bundle L’S‘ (TM, f*TN) over M whose fibre over
x is the space Lf(TxM , Tr(x)N) of continuous symmetric k-linear maps of (T, M Y into
Tf(x) N.

‘Landau’ notation. For finite integer (respectively non-integer) r, the notation f(x, h) =
O, (|h|") means that limy_¢ |2|~" f (x, h) = O (respectively that |2|~" f (x, h) is bounded
for small enough h) locally uniformly with respect to x. The following result is proven in
Appendix B (which provides a definition of Finsler manifolds).

LEMMA 9. Let M, N be Finsler manifolds endowed with C” linear connections, r € @4..
Forr < oo, given a continuous map W : M — N and locally bounded sections Wi of
Li (TM,V*TN), 1 < j <[r], the following two conditions are equivalent.

(i) Themap ¥ is C" and DIV = jI1W/ 1< j <[rl.

(i) We have W, (h) — W h — ... — wlIplrd| = O, (|n]").

C” functions on closed subsets. Under the hypotheses of Lemma 9, given a closed subset
FofM,a continuqus function ¥ : F — N will be called C" when there exist bounded
sections W/ of L§ (TM,¥V*TN) above F, 1 < j < [r], such that (ii) is satisfied.
By Whitney’s extension theorem, if M is finite dimensional, then such a W can be extended
to a C" function on a neighbourhood of F.

2.2. Hypotheses and statement of the theorem.

2.2.1. Basic additional hypotheses. In addition to the hypotheses stated in §1.1, we
assume that, for some r > 1 in R, we have the following.

Hypothesis 3. The spaces X, Y are closures of open subsetst in complete C"+2 Finsler
manifolds E, F respectively.

Hypothesis 4. The map h is C". More precisely, f and G are well defined, Lipschitzian
and C” in an open neighbourhood U of Z in E x F.

2.2.2. Statement of the smoothness theorem for compact Z.

THEOREM 2.2.1. Assume Hypotheses 1—4 are satisfied and Z is compact.

° Under the hypotheses of Theorem 1.2.1, for each k € @Jr with 1 < k < r and
wo + volc(])‘ < 1 (respectively K(/)‘ < Ao), the function ¢ is C¥ in the sense of Whitneyi;
in particular, when X is a manifold with corners, W* is a C* manifold with corners
whose (intrinsic) interior is the graph of ¢ restricted to the interior of X.

7 This hypothesis could be considerably weakened but, in the applications I know of, it is satisfied and X, Y are

submanifolds with corners.
¥ As we assume 1 < r and g + vokg < 1 (respectively kg < Ag), ¢ always is cl.
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° Under the hypotheses of Theorem 1.3.1, if k € I@.,. satisfies 1 < k < r and
no + U()Ké/k < 1, then r is C¥ in the sense of Whitney*; in particular, when Y is a
manifold with corners, W* is a C* manifold with corners whose (intrinsic) interior
is the graph of r restricted to the interior of Y.

2.2.3. Additional hypotheses on X, Y, F in the non-compact case. Endowing E x F
with the Finsler metric

[6z| := max{|6x|, |6y]}, b6z = (8x,8y) € TuE x T\, F =T, (E x F),

we assume E,F equipped with C” linear connections such that there exist positive
constants ¢, &', C, o with the following properties.

Hypothesis 5. For each z = (x, y) € Z, the exponential exp, = exp, X exp, is defined on
the whole of the tangent space T, (E x F) = T, E x T\, F and we have

d(x,exp, 6x) < Cléx| forx € X, éx € T, E and |6x| < ¢,
d(y,exp, 8y) < C|8y| foryeY, 8y € TyF and |8y| < e.
Hypothesis 6. Each e; := exp, |{j5z)<¢} (i.€. ex X ey 1= €Xp, |{jsx|<e} X exp, [{18y|<¢}) With
z = (x, y) € Z is adiffeomorphism onto an open neighbourhood 2, (¢) = Qx (&) x 2, (¢)
of zin E x F containing the open ball B,(&') and we have
|ex_1(x/)| < Cd(x,x") forx € Xandx' € Q,(e),
le; ' ()] < Cd(y.y") foryeYandy € Q).

Hypothesis 7. The definition domain U of f and G contains every exp, 6z with z € Z,
6z € T,(E x F) and |§z] < «.

LEMMA 10. If Hypotheses 3 and 4 hold and Z is compact, then there exist linear
connections and constants ¢, &', C, a satisfying Hypotheses 5-7.

Proof. The Levi—Civita connections of arbitrary complete Riemannian metrics on E, F
will do. |

Notes. To avoid unnecessarily strong hypotheses, the connection is only loosely related to
the metric.

In the model situation introduced in §1.1, the reader may, nevertheless, assume M
endowed with the Levi—Civita connection and E® x M x E" with the product metric
connection, for which exp, 6z = (zs + 9z, exp,, 8zc, Zu + 8zu) (setting z = (Zs, Zc» Zu)
and 6z = (8zy, 82¢,824)), hence C =1 and ¢ = ¢'.

2.2.4. Additional hypothesis on h in the non-compact case. As f, G are Lipschitzian,
there exists @ > 0 (which we may assume to be that of Hypothesis 7) such that, for all

+ As we assume 1 < r and pg + vokg < 1, the function i always is cl.

https://doi.org/10.1017/50143385703000701 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385703000701

Stable manifolds and the Perron—Irwin method 1375

72,7 € Z withd(z,7)) < Ca, both d(f(z), f(z')) and d(G(z), G(z')) are less than &’.
Hence, for every z € Z, we can define C" maps

foi=e;iyo0 foexp, i {8z € TL(E x F) : |82] < a} = Tf»X, -
G.:= eg(lz) oGoexp,: {8z € T.(E x F) : 8z < a} — Tg(,)Y,

and (taking a smaller « if necessary) we assume the following.

Hypothesis 8. For every positive integer j < r, we have

yj= sup max{|D’ f:(82)|,|D' G:(82)|} < o0
z€Z,|8z]| <
and, moreover:
° for integer r, continuity of D" f, and D" G, at 0 is uniform with respect to z € Z;
and
° for non-integer r, there exists a positive number § such that, for every z € Z and
every 6z € T,(E x F) with |6z] < o, we have

max{| D" £,(82) — D! £,(0)1, IDV1G . (82) — DG (0]} < Bl8z|"~ L.

Notes. When Z is compact, Hypothesis 8 follows automatically from Hypotheses 3
and 4 (together with Lemma 10, this proves that Theorem 2.2.1 is a particular case of
Theorem 2.2.2). Otherwise, it is a very strong hypothesis, as shown in the model situation
(1.1) when M is a vector space.

The derivatives of G can be computed from those of g as in linear spaces, since the
usual expression of the derivatives of a composed map remains valid for the derivatives
introduced in §2.1.2 [1]. It follows, for example, that, when the DJ g’s are bounded, so are
the D/ G’s (which is the essence of Hypothesis 8).

2.2.5. The smoothness theorem.

THEOREM 2.2.2. Assume Hypotheses 1-8 satisfied.

) Under the hypotheses of Theorem 1.2.1, for each k € HNQJr with 1 < k < r and
no + U()K(]; < 1 (respectively K(])‘ < Ao), the function ¢ is C¥ in the sense of Whitney+;
in particular, when X is a manifold with corners, W* is a C* manifold with corners
whose (intrinsic) interior is the graph of ¢ restricted to the interior of X.

. Under the hypotheses of Theorem 1.3.1, if k € ]RS{» satisfies 1 < k < r and
wo + U()Ké/k < 1, then  is C* in the sense of Whitney¥; in particular, when Y is a
manifold with corners, W* is a C* manifold with corners whose (intrinsic) interior
is the graph of r restricted to the interior of Y.

2.3.  Proof of Theorem 2.2.2.

2.3.1. Proof in the case of Theorem 1.2.1, second hypothesis. We assume kg > 1:
otherwise, by Theorem 1.2.2, W* is the stable manifold of the fixed point of &, a well-
known situation [13, 4].

+ For the same reason as in Theorem 2.2.1, it always is C 1
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Notation and idea of the proof. We denote by T, S, ze € S, 0 > 1, the Banach space of
all §z¢ = (824)peN With 8z, € T, (E x F) and |62, := sup{™"]8z,]} < oo. Similarly,
welet T,,,7,., us € 7, be the Banach space of all us = (8y0, (824)n>0) With 8yg € Ty, E,
8zn € T, (E x F) forn > 0 and |8u,|, := max{|8yol, sup, ™ "|8z,]} < ocoF.
For zo € S, we define the ‘derivatives’ D/ A(ze),1 < j < r, by componentwise
differentiation: setting v, := (X, yn+1), we let
D’ A(ze)8z{ := (D’ G (v0)8v], (D’ f(za-1)82;_;, D! G (02)8v))n=0)

n—1°

for 8z = (824), 8z, € T, (E x F); similarly,

exp;,, 8ze := (€Xp,, 6Zn)neN-

Under the hypotheses and with the notation of Theorem 1.2.1 (second case), we shall show
that the maps .4 and @ considered in §1.2.1 are C kas maps into 7, for suitable «, A, in the
sense of Lemma 9(ii); in particular, ¢ is C k.

This forces us to consider A;,, ¥, and, in particular, to define them since, for arbitrarily
small 6z4 € T;, Sk, ze € Sk, the distance between the z,, components of A(expz. 8ze) and
A(ze) can be greater than the injectivity radius of the exponential. The crux of the proof is
that this is not a real problem, as we can then define the §z,-component of A, (§z.) to be
(almost) any element of the tangent space, for example zero:

Extension of f;, G, and definition of A;,. Foreach z € Z, we extend the two functions f;
and G, defined by (17) to the whole of 7,(E x F) by letting

f:(6z) =0 and G;(6z) =0for|éz| > «;
for ze € S, if §z¢ = (82n)neN satisfies 6z, € T3, (E x F) for every n, we then set

Az, (82¢) 1= (Gvy(8v0), (fz,_; (82n—1), G, (8Vn))n>0)-

LEMMA 11. Ifk,r €e Randk € I@.,. satisfy 1 <k <randl < Kk < A, then the function
Ais CK as amap S, — T, in the following sense: for zo € S, and 8z4 € T,,S,, we have

[k] 1 . )
‘AZ. (BZ.) - Z FD']A(ZQ)BZZ

j=1

= 0., (16z4/%) (18)
A

uniformly with respect to Z,.

Proof. We shall provide an explicit treatment for the X components, the case of the Y
components being entirely analogous.
(a) For |6z, | > o, Hypothesis 8 yields

Kl ,
for@Bzn) = Ffo(Zn)azz

j=1-"

Kl ‘
> i D’ f(zn)8z;

=1

(k]
Vj i
<y 7’,|az,,|f; (19)

=17

+ Note that, for > 1, every neighbourhood of zero in these ‘tangent spaces’ contains sequences such that (8yy)
is unbounded; hence, S;;, 7, are not Banach manifolds in general since Y at least is bounded (just consider the
case where it is a ball).

% These brutal extensions do not rely on any special property of the Banach space T;(E x F).
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moreover, we have «"|8z¢|x > |6z, > . Hence, n > (loga — log|8ze|«)/logk and,
therefore, by (19),

LI ,
EACHEDY D7 @dan
j=17"

K] . RIS , ,
< 16zal 27" Zl 7’!|5zn|f < 2 7-’!|5z.|f"(r1xf)”
j= j=

k.,
= (2 FrtJaer =
]:

which does tend uniformly to O when |§z4|, — O.
(b) For |8z,| < a, we consider two cases.
(by) If we have k < [r], then, setting £ := [k] + 1, Hypothesis 8 yields

[k]

18ze] K2 7"

[k] .
Z Lj'aj—k) (A~ ickyloga—log [szal) /logi
=17

1 ; L1 —p
for®z) =Y = DI fan)szh| = | | ————D"f., (t62,)82} dt
| !
=l o [kl
Ye ¢
< Z|81n| >
hence
LN : ve
1820l 27" | fon B2za) = ) Ffo(zmz-,i e A T

j=1
—1 kyn Yt [k]+1—k
=< (}" K ) 7 |8Zn| .

o If k is not an integer, we just note that the right-hand side is at most (y/£!)aF1+1-k
which provides a uniform bound and (together with what has been done in (a) and
the analogous estimates for G) yields our lemma.

o The case of integer k is a bit subtler: the previous estimate and the inequalities
18zn] < @, [62n| < k"|8Z0]« yield

k

1 . .
fanza) =Y Ffo(znwzﬁ

=1

1824|752 7"

= ()rlKk)n% min{a, K" 8z |« }

whose right-hand side does tend to O uniformly with respect to n when [6z¢|, — 0
since (A1) — 0 when n — oo.
(by) For [r] < k <r, setting £ := [r] = [k], we have

[k] 1 ; i 1 (1 _ t)ﬂ—l ' ' ‘
Sz Bzn) — Z ? D’ f(zn)dzn = /(; @T(D Jzu (t820) — D" f,(0))éz, dr.

=F )
o If r is not an integer, Hypothesis 8 yields

[k] .
AGAEDY %D-’f(znmzz

Jj=1

B

szw—k,

1824 KA 7" < ek

from which we conclude as before.
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° Otherwise, we have k = r = £ and
. LIRS ,
182l 27" £ Bzn) = D FD/f(znwzé
j=17"
()\—IKk)n . .
< ———— max |D’ f; (18z,) — D' f,(0)],
k! 0<r<l

whose right-hand side does tend to O uniformly with respect to n and z, when

|6ze|,x — O for the following three reasons:

—  we have that (A 1«%)" — 0 whenn — oo;

—  Hypothesis 8 yields maxo<<1 |D' fs, (t824) — D' £, ()] < 233

— again by Hypothesis 8, |D" f; (t6z,) — D" f;,(0)| — 0 when |6z,|] — O,
uniformly with respecttot € [0, 1] and z, € Z. O

LEMMA 12. Let 74 = (x,ue) €S =X x 7.

(i) For u > 1, the partial 301.A(zs) with respect to x defines a continuous linear map
01 Aoy : ToE — T Az, Ty and we have sup,, [31.A(ze) | < 00.

(i) For ko < pm < Ag the partial 03.A(zs) with respect to T defines a linear strict
contraction 3 A(ze) . 0f T A(z,) Ty and we have sup,, [02.A(ze) | < 1.

Proof. (i) is obvious because the variable xg appears only in the first two components of A.
To prove (ii), we use the estimate |Df (z)| < Lip f (see Appendix B): given z, € S and
8ze € T;,S;,, we have

IDF (zn-1)8zn—1] < W HUDF @ae DI ™" 8z0—1]) < 1 k01820l
and, setting v, := (X, Ynt1),
1 DG (Un)8va| < wIDG W)™ 180a]) < g 182l

llco,p,)»al}<l. O

hence |92.A(ze) | < max{p™
We can consider in the same fashion higher-order derivatives.

LEMMA 13. If p = (u1,...,pj) € RS, 1 < j < r, satisfies p; > 1, 1
i < j, then every D/ A(zs), 2o € S, defines a j-linear continuous map D-jA(z.)u of

IA

T, .Sy x - x T, Sy, into T ATy j» whose norm is a bounded function of ze.
Proof. For ((Szi, R (Sz{) €T, Sy x -+ x TZ.SM, we have
(1 1) "ID? f(zne1) G20y, ..o, 82 )

< (i) 7D ey 8z D 1820y D)

< (w7 ylzal o 1828,
(since D/ f(z) = D/ f,(0) by definition) and, as the y;’s are > 1,

(1 - ) "D G (o) Bu), . .., Sup)|

< i DI Gy s - Y sl

1 4
S wjYildzeluy o 1828 ;- =
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Definition of @, : exp;l(X) — Tow)Te, x € X, k > 1. Setting

D(x) = (yo(x), Zn(x))n>0) = (o (x), (xn(x), ¥u(x))n>0) (hence yo(x) = @(x)),

we define

8P (x) = Px(8x) = (Byo(x), (822 (X))n>0) = (8yo(x), (8xn(x), 8yn(X))n>0)

by
5, (x) = e;nl(x)(xn(expx 8x)) ford(x,(x), x,(exp, 8x)) < €',
" ' 0 otherwise,
5y, () €, ) n(exp, %)) for d(ya(x), yu(exp, 8x)) < &',
o otherwise.

The following lemma is crucial.

LEMMA 14. Set F(x) := (x, ®(x)) and 6F(x) := (6x,8P(x)). If » € Rand k € ]RS{»
satisfy 1 <k <r and K(]; < A < X, then we have
[k] 1 . )
‘5@@) — D = D/AF())SF ()| = 0.(18x]") (20)
— J° A
j=1
uniformly with respect to x.

Proof. Let us choose k with /c(’)‘ <Kk <

CLAIM 1. For |6x| < &, we have |6F (x)|, < Cc? Lip(F)|6x|.

Indeed, the definition of éz,, and Hypothesis 6 yield |§ F (x)|, < Cd,(F(x), F(exp, 6x)),
hence |§ F (x)| < CLip(F)d(x, exp, éx) < Cc? Lip(F)|§x| by Hypothesis 5. O
Applying (18) with z, = F(x) and 8z, = 8 F (x), and using Claim 1, we get

ko 4
ApBF () = DI AFONSFGY | = Or () (IBF (0)[f) = O (18x%)
j=17" A

uniformly with respect to x: we should, therefore, prove that
8P (x) — Ap)(BF (X)) = OX(ISka) uniformly with respect to x. (2))]

Set xo(x) := x, dxo(x) := 8x and v, := (X, yut1). The relation Ao F = &
means that x, = f oz,—1 n > 0) and y, = G o vy; therefore, the x,-component
8xp(x) = fr, ) Bzp—1(x)) of P (x) — Ap)(§F (x)) is

{Sx,,(x) for d(zy—1(x), zn—1(exp, 8x)) > o and d (x, (x), x,(exp, 6x)) < €&,

0 otherwise

and its y,-component 8y, (x) — Gy, (x)(8v,(x)) is

Syn(x) ford(v,(x), vy(exp, 8x)) > a and d(yn(x), y,(exp, 8x)) < €,
0 otherwise.
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For d(zp—1(x), zn—1(exp, 6x)) > « and d(x, (x), xn(exp, 8x)) < &, we have
o < d(zy—1(x), Zu—1(exp, 8x)) < k"~ Lip ®d (x, exp, 8x) < k"' C Lip ®|6x|
:|5xn(x)| < Cd(xp(x), xn(exp, dx)) < C¢’;
hence, |8x| 7% < (k" 'C a~! Lip ®)* and

n>1+4 (loga —log|éx| —log(C Lip ®))/ logk,
18] KA 8x, (x)| < CFHle’ (k1o Lip @) (A~ 1k

similarly, for d (v, (x), v, (exp, 8x)) > « and d(y,(x), yn(exp, 6x)) < &, we get

n>—1+ (loga —log|6x| — log(C Lip ®))/logx,
18x]7KA" |8y, ()] < C¥Fle/ (k™! Lip ®)F (A= 1ickyr.

From these two sets of estimates, (21) follows at once. O

The following is the last step of the proof.

LEMMA 15. If A € Rand k € HNQJr satisfy 1 < k < r and K(]; < A < Ag, then the
Sunction @ is C K as a map of X into T;, in the following sense: there exist bounded
D/®(x) € L{(X, Tow)Tp), 1 < j < [k], x € X, such that

= 0, (|8x/%)

‘ [£]
A

1 ) )
®,(5x) — Z 3 DI ® (x)8x’
=1

uniformly with respect to x. In particular, the first component ¢ of ® is C¥, as required.

Proof. Estimate (20) reads

‘(Id — HAF ()8 (x) — NAF(x)sx — > %DJA(F(x))aF(x)f'

2<j=1k1 7 A
= 0, (|5x]"),

which, by Lemma 12(ii), is equivalent to

= 0, (8x1h), (22)

‘(SCI)(x)—AICD(x)Bx— Z %Bf'(x)aF(x)f'
. A

2<j<[k]

where

BJ(x) := (Id — B A(F (x)))~! o DI A(F (x)),
A1<I>(x) ={d - azA(F(x))A)—l o 01 A(F (x)).

CLAIM 2. Lemma 15 is true for k <2~ and Di®d = Ald,

Indeed, (22) reads [8® (x) — A d(x)8x |5 = O (|8x|5). ]

+ Compare with [10].
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Estimate (22) will enable us to construct the derivatives of &, given by the same
induction formula as in the normal situation of calculus in Banach spaces: setting
Sid(x) = (1/i)D'd(x)8x!, 8'F(x) := (8x,8'®(x)) and §' F(x) = (0, 8 ®(x)) for
dx € Ty X, we should have

_D%(x)ax —ZZ T B @SIF @M ST IR @M 23)

j=1 m

where the second sum is taken over those m € N¢~! such that Y m; = j and Y im; = £.
The following statement will be proved by induction.

CLAIM 3. For every integer £ € [2,r] and every pair (k¢, j1¢) € ]RS{» x Rwitht < ky <
L4+ 1, kg <rand /c(])“Z < e < Ao, the function ® is C* as a map of X into Ty, in
the sense of Lemma 15 and D*® is given by (23). More precisely, the Taylor remainder
pe(x,8x) :=8D(x) — Zf 8'd(x) satisfies

pe(x, 8)] 0, = O (16x]%0). (24)

Proof. Assuming (24) true for smaller ¢’s (a reasonable induction hypothesis by
Claim 2) and taking k := k¢, A := pg in (22), we get

P (x, 8x) = ZZml B R RIS = 0,
e

where the second sum is taken over those m € N¢~! such that Y m; = j and Y im; = ¢

and

s b ifi =0
Ri = Ri(x, 8x) := (6x, po(x, dx)) ifi :
0, pi (x,8x))  otherwise.

Since pi_1(x, 8x) = 8'®(x) + p;(x,8x), 1 <i < £, we shall have established (24) if we
can prove that
|BI ()R - R R R RS = O (16x(%) (25)
form, #0,1 <n <4¥¢,Y m; = jand ) im; = £. Now, by our induction hypothesis, we
know that
[Ro(x, 8x)|y = Ox(|8x]) for ko < po < Ao,
IR (x, 8x) |, = Ox(16x[%) for kg’ < pui < hoand 1 <i <k <i+1<¢.
Case 1. If we have £ < ky; < (€ + 1)7, then, by Lemma 13, (25) will hold if (setting
ko := 1) we can choose such uo, ..., u¢—1 and ky, ..., ke—1 with
my+moky+ -+ me_1ke—2 —ky—1 + ky = ke,
m m (26)
1 -1, —1 _
Mo =My Hy_1Mn = e
If we look for a solution such that k; — i is the same §k for 1 <i < £ — 1, the first equation
reads

X mi+ma+--+me_1 +D8k+> o —Dm; ifn=1,
(= == .
my+ (my+ - +me_1)8k+ 3 ;o (i — Dm; + 1 otherwise;
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hence,
J—mi+k;—1¢ ke—£€—1 .
_ =1 e 1fn=1,
Sk — j—mp+1 j—mp+1
- ke —€—1 ke —€—1
J m1.+ ¢ =1+£.7 otherwise.
J —mj J —mj
Aswehave £ < ky < (£ +1)",wedoget0 <8k < 17. If we take
po=p* and pi=pi’M, 0<i<g,

(26) is satisfied and the estimates 1 < K(];‘ < pg < Mo yield ko < po < Ap and
Kol < i < 20,0 < i < €, hence (25).

Case 2. 1f kg = (£ + 1)7, everything works as in Case 1, taking k; = (i + 1)~ and
pi = pltOED o <y,

Case 3. When k; = £, we can do exactly the same as in Case 1 if m; = j,n = 1 orif
m; = j—1,1 <n < {; indeed, we get that 6k = 0; hence, k; =i,0 < i < £, and the
very special meaning of O, (|8x|¢) for integer £ is not a problem. Otherwise, we modify
the strategy of case 1 a tiny bit: instead of solving (26), we solve

my 4+ moky + -+ mg_1ko—y — kn—1 + kn = ky,
my me—1 —1
Ko - Hy_p Hy_1Hn = [Le
for some k;, slightly greater than £. The same arguments as in Case 1 yield

|BIGORY" - Ry T Ry Ry - RYS |y = O (18x[0) = O, (18x[). =
2.3.2.  Proof of smoothness in the other cases.

The case of Theorem 1.2.1, first hypothesis. Still assuming ko > 1, Lemmas 11 and 13
are unchanged, and Lemma 12 is true provided the condition kg < @ < Ag is replaced by
ko < pand wo + vou < 1. We can then state and prove the following revised lemma.

LEMMA 15. If» e Randk € ]RS{» satisfy 1 <k <r, /c(])‘ < M and o + vor < 1, then the
function ® is C* as a map of X into T;, in the previous sense.

Proof. We follow the same lines as before: by Lemma 11, we obtain (18) for 1 < k < r
and1 < k% < A to get (20), we need @ to be Lipschitzian into 7., which, by Lemma 2, is
the case for kg < « and po+ vok < 1; by the new version of Lemma 12(ii), we can deduce
(22) from (20) provided we have ko < A and o + vor < 1. These three conditions can be
realized if and only if we have o + volc(])‘ < 1,1 < k < r, in which case the rest of the
proof is unchanged. a

The case of Theorem 1.3.1. It is very much the same, mutatis mutandis, i.e. replacing
A, k, ® by B, v, U respectively. We assume o + vg9 > 1: otherwise, by Theorem 1.3.2,
W*" is the unstable manifold of the fixed point of 4.

Again, Lemmas 11 and 13 are unchanged and Lemma 12 is true under the condition
nov + v < v < /co_l, ie. vo/(1 —pup) < v < /co_l. We can then state and prove the
following re-revised lemma.

https://doi.org/10.1017/50143385703000701 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385703000701

Stable manifolds and the Perron—Irwin method 1383

LEMMA 15. IfA € Randk € Hi_i_ satisfy 1 <k < rand (vo/(1 — mo))* < A < KO_I, then
the function W is C* as a map of Y into U, in the previous sense.

Proof. We follow again the same lines: by Lemma 11, we obtain the revised (18) for
l<k<randl < vk <A to0 get the revised (20), we need W to be Lipschitzian into
U,, which, by Lemma 8, is the case for vo/(1 — up) < v < Ko_l; by the new version
of Lemma 12(ii), we can deduce (22) from (20) (revised versions) provided we have
vo/(1 — o) <A <y ! The estimate vo/(1 — wp) > 1 implies that these three conditions
can be realised if and only if we have (vo/(1 — Mo))k < K(;l, i.e. ,u,()—i-v()lcé/k < 1, in which
case the rest of the proof goes as before. a

3. Examples and consequences
3.1. The ‘saddle—node—saddle’ bifurcation. Consider the family

E,(x,y) = (u1 +uzx —x3)3x + yody, u € Rz,
of vector fields on R2. Clearly, for fixed small positive r,r’, the hypotheses of
Theorem 1.2.1 are satisfied with X = [—r,r] and Y = [—r’, 7] by the time one (or any
positive time) %, of the flow of &, for every small enough u € R? and, of course, W* is
{y = 0}. When the polynomial map x — u; + usx — x> has only one real root, we get
the stable manifold (in the given rectangle) of the corresponding saddle point of &,; when
it has three real roots, W* is the union of the node of &, and the stable manifolds of its two
saddles.

The hypotheses of Theorem 1.2.1 are satisfied for positive time by the flowf of the
unfolding associated to the family, i.e. the vector field £ on R* defined by Eu,x,y) =
(1 + uzx — x3)dx + ydy, with X 1= {(u,x) € R¥/|u| <&, |x| <r}and Y := [/, r].
Moreover, given such X, Y, this remains true for any two-parameter family 7, of vector
fields on the plane, C Iclose enough to &, (indeed, transversality of each &, with |u| < ¢
to {|x| = r} and {|y| = r'} at every boundary point of [—r, ] x [—r/, '] is a C°-open
condition). The W* we get for 1 has the following properties.

° It contains (by its very definition) every (u, x) € Z with n,(x) = 0.

) By a standard argument, it is the same for every positive time of the flow, hence 7 is
tangent to it.

Its smoothness (which depends on how small ¢, r, ' are and how C!-close 7 is to &) tells

us that the W* C [—r, r] x [—r/, r'] associated to each 1, depends nicely on u. Of course,

if 77 is C*-close enough to £, the same ‘saddle-node—saddle’ bifurcation will occur as in

the model case.

These results can be deduced from the centre manifold theorem (see §3.3); however,
as centre manifolds are not locally unique in general, uniqueness requires additional
arguments, whereas Theorem 1.2.1 implies it at once.

3.2. Hopf and Hopf-like bifurcations for maps. Let F, be a smooth (enough) one-
parameter family of maps of the plane into itselff near O; assume that Fp(0) = 0 and

T Which leaves invariant each ‘slice’ u = constant, on which it is the flow of &,.
I By the centre manifold theorem given later, such a family may be obtained as the restriction to a centre manifold
of a family G, defined on a manifold of finite or infinite dimension not less than 2, near a fixed point of G.
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that the eigenvalues «g, &g of D Fp(0) have modulus 1 but do not satisfy ozg = 1 for
p = 1,2,3,4. As we have o9 # 1, the solutions (u, z) of the equation F,(z) = z
form near O the graph of a smooth implicit function x; hence, the change of variables
(u, z) — (u,z — x(u)) allows us to assume that F;,(0) = O near u = 0.

Since the eigenvalue «g of D Fy(0) is simple, there exists a smooth map « : (R, 0) —
(C, ap) such that the eigenvalues of DF, (0) are a(u), a(u) for small u. We make the
(generic) hypothesis d/d ulu—ola(u)|? # 0, which, after a smooth change of parameter u,
becomes |oz(u)|2 =1+u.

By normal form theory, we may assume that R> = C and that, for some smooth complex
function 8, each z > F,(z) — z(a(u) + ,3(u)|z|2) with # small vanishes at order 3 at 0.
Hence, |F}, (re"9)|2 =r2(1 +u — c@)r?) + R, (re'?), where c(u) := —2Re e(a(u)m)
and R, is a smooth family of maps vanishing at order 4 at z = 0. Assumingt c(0) > 0, we
can conjugate each &, by a homothety depending smoothly on u so that c(u) = 1; hence,
finally,

|FL,(1’e"9)|2 = r2(1 +u—r+ r3(p(r, 0,u),

Fu(re') . >4 @7
Fure®) — SPIE+y W) +30r™+ry . 6.u).

where @, ¥, y, § are smooth real functions.

If we had ¢ = 0, then F, would leave the circle |z|> = u invariant for positive u.
To investigate the behaviour of a more general F; near this circle, we introduce a small
positive parameter ¢ and write

r? = 84(U +x), 6= e 't and u=c¢*U
with (x,t,U) € [—1, 1] x R/2weZ) x [4, 5].

LEMMA 16. Inthese new coordinates, the ‘unfolding’ (z, u) — (F,(z), u) is expressed as
a map hg which, for small enough ¢, satisfies the hypotheses of Theorems 1.3.1 and 1.4.1
with X = [—-1,11and F = Y = (R/2neZ) x [4, 5], moreover, if the family F, if C*,
the smoothness of the map \ associated to h = he by Theorem 1.3.1 tends to infinity when
e — 0.

Proof. By (27), the X-component f;(x,t, U) of h; is
x(1 = e*(U + x)) + (U + x)> 0> (U + x)'/?, 711, e*U)
and its Y-component g (x, ¢, U)
(t + ey (*U) + (U +0)8(*U) + " (U + x>y (U + x)V/?, 711, 6*U), U).

It follows that i, maps Z = X x Y into itself for small ¢ and satisfies Hypothesis 1.1
with kg = 1 — &* 4+ O(&d), no = 0(&d) and vg = 1 4+ O(&”) and, hence, our lemma by
Theorems 1.3.1, 1.4.1 and 2.2.1. O

T The other generic case ¢(0) < 0 (pessimistic version of the Hopf bifurcation) can be obtained from this one by
replacing the original F, by F; )
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Combining this lemma with (27), we see that there exist positive numbers 1, ¢ such that,
for [u] < ¢ and 0 < |z| < 7, the sequence A, (z) tends to O for u < 0 and to an embedded
circle Cy, close to |z| = u for u > 0. Moreover, if the family F), if C°°, the smoothness of
the surface Sy, := U0<u<u0 C, x {u} tends to infinity when uy — 0 (but the smoothness
at (0, 0) of the ‘paraboloid’ S,, U {(0, 0)} depends on the smallest positive integer p for
whichaf = 1).

Generalizations. The Hopf bifurcation of Poincaré first return maps means the bifurcation
of an attracting periodic orbit of a flow into an attracting quasi-periodic invariant 2-torus, a
phenomenon which has drawn much attention [17]. Generically, it is not true [8] that such a
2-torus can bifurcate into an attracting invariant 3-torus, etc. However, families of invariant
tori of every dimension < n (and other interesting compact invariant manifolds) can appear
locally in generic n-parameter families F,, of maps of a space of dimension (at least) 2n into
itself (part of this is work in progress by Mathilde Kammerer). The difference with n = 1
is that complicated phenomena as in [7] can occur in the (closed) complementary subset
of the set of values of the parameter for which there are attracting or normally hyperbolic
invariant manifolds.

3.3.  Local pseudo-stable manifolds and stable foliations.

3.3.1. Hypotheses. We consider a local C" map i : (V,0) — (V,0), r > 1, where
V is a Banach space. We assume that O is a u-hyperbolic fixed point, meaning that the
spectrum of L := Dh(0) does not meet the circle of radius u > 0 centred at 0. Hence,
we may assume that V is the product E x F of two Banach spaces and that L = A x B,
where A (respectively B) is an endomorphism of E (respectively F') with spectral radius
p(A) < u (respectively with ,o(Bfl)’1 > /).

3.3.2. Local pseudo-(un)stable manifolds. For u < 1 (respectively > 1), it is easy
[13, 4] to prove that there is a unique A-invariant manifold germ W* (respectively W*) with
tangent space E x {0} (respectively {0} x F) at 0, called the local u-stable (respectively
w-unstable) manifold of 4, and that it is C”. In the remaining cases, let us prove the
following theorem.

THEOREM 3.3.1. For p(A) > 1, if E admits a C" bump functiont 0, then, for every finite
k € Hi_i_ with ,o(A)k < ,O(B_l)_l and 1 < k < r, there is an h-invariant C* submanifold
germ W* whose tangent space at 0 is E x {0}.

For p(B~Y~! < 1, if F admits a C" bump function, then, for every finite k € ]RS{» with
p(B’l)k < ,o(A)*1 and 1 < k < r, there is an h-invariant C* submanifold germ W*
whose tangent space at 0 is {0} x F.

Proof. We sketch the proof of the first half, leaving the second to the reader. If we choose
norms defining the topology of E and F so that the norms of A and B are close to their

T That is a C" function 6 with values in [0, 1], equal to 1 near 0 and to 0 off the unit ball, all of whose derivatives

are bounded, such that D"19 is uniformly continuous for € N and Hélderian of exponent r — [r] for non-integer
r < oo. Such a 6 exists if E is a finite dimensional or Hilbert space, for example.
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spectral radii, then, for small enough positive &, the hypotheses of Theorems 1.2.1 and
2.2.27 are satisfied by X = E, Y = B.(0) C F and h := h, given by

L(x,y) for |x| > ¢,

he(x,y) =
(. ) L(x,y)+6( 'x)(h — L)(x,y) otherwise,

with ko, Ao close to |A|, |B~!|~! respectively. Smoothness increases (but the size of the
part of W* which is invariant by the original / decreases) when ¢ — 0. The W* we get for
he contains the origin by its very definition. Its tangent space at 0 is the only L-invariant
subspace complementary to {0} x F, namely E x {0}. O

Some definitions and comments. The manifold W* (respectively W*) is called a (u)-
pseudo-stable (respectively pseudo-unstable) manifold of h at 0. They are not unique in
general. For p(A) = 1 (respectively p(B~1)~! = 1), W* (respectively W) is called
a centre-stable (respectively centre-unstable) manifold. For r = oo, they are not C*° in
general.

If (and only if) both a centre-stable and a centre-unstable manifold exist, we can write
V as the product V¥ x V¢ x V* of three L-invariant closed subspaces, corresponding
respectively to the parts of the spectrum of L lying inside, on and outside the unit circle.
Any centre-stable manifold is tangent to V¥ x V¢ x {0} and any centre-unstable manifold,
to {0} x V¢ x V¥, Their intersection, tangent to {0} x V¢ x {0}, is called a centre manifold.

With the notation of the previous proof, for fixed small enough &, every C'-small
enough perturbation of h, satisfies the hypotheses of Theorems 1.2.1 and 2.2.2; the
example of the saddle—node bifurcation shows that the invariant manifold we get does
not necessarily contain any fixed point or invariant compact subset.

As far as I know, the technical novelty in Theorem 3.3.1 is that we do not assume the
existence of a bump function on V itself. The pseudo-unstable case might be of interest in
the study of parabolic semi-flows near a stationary point.

3.3.3. Local stable foliations. The proof of the following consequence of Theorem
3.3.1 provides a transition to the next section (the result itself can be improved [5] by
avoiding blow-up, and we state neither the entirely analogous result for unstable foliations
nor the obvious hypotheses about bump functions):

COROLLARY 3.3.2. Assume A invertible and r > 2. Then, for every finite k € Hi_i_ with
1l <k <r—1 pApB Y < 1 and p(A)p(B¥p(B~Y) < 1, there exists an
h-invariant C* local foliation whose (h-invariant) leaf through 0 is tangent to E x {0}.
In particular, if h has a centre manifold, then, for every finite k € I@.,. withl <k<r—1,
there are C¥*1 centre-stable manifolds of h, and each one of them admits an h-invariant
C* foliation whose leaf through 0 is the stable manifold.

Proof. The second statement is obtained by applying the first to the restriction of &
to a Ck*! centre-stable manifold (which exists by Theorem 3.3.1 since we can find a
decomposition L = A x B with p(A) =1 < o(B~H~1 < p(B)).

T With plain ordinary derivatives, exp, 6z = z + dzand C = 1.
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To prove the first statement, note that & has a C**! pseudo-unstable manifold W* since
we have p(B~ )1 < p(A)~!: conjugating i by a C¥t! local diffeomorphism of the
form (x, y) = (x — ¥ (y), y), we may assume that r = k4 1 and W* = {0} x F'. We shall
define our local invariant foliation by a local C fibration 77 : E x F — F = W", tangent
at 0 to the canonical projection. First, we make two basic remarks.

° The foliation defined by the fibres of & is A-invariant if and only if 7 is a semi-
conjugacy between h and go = h|w«, which means that 7 o h = go o w: denoting by
f, g the components of &, we see that go(y) = g(0, y).

° A map 7 is a semi-conjugacy between & and gy if and only if its graph is invariant
by h x go : (x,y,2) = (f(x,y), g, y), go()).

Hence, we are looking for a & x go-invariant germ of a C¥ submanifold (the graph
of ) whose tangent space at 0 is the graph {(x, y, z) : z = y} of the canonical projection
ExF — F.

Conjugating h x go by the change of variables (x, y, z) — (x, y, z — y), this amounts
to looking for a germ W of a C¥ submanifold tangent to {z = 0} at 0 and invariant by

1:(x,y,2) — (h(x,y),g0,y+ z) — g(x,y)). Now, the differential of 4] at 0 being
A X B x B, such a W is not a (pseudo-)stable or (pseudo-)unstable manifold. In order to
get it as a consequence of Theorem 3.3.1, we have to do something, namely a blow-up e
which will ‘chase the spectrum of the second B away from the origin’.

LEMMA 17. Let F = L(E, F), and let e be the map (x,y,7) — (x,y,Zx) of E X F X F
into E X F x F. Then there exists a C¥ dlffeomorphlsm germ hi:(E x F x F 0) —
(ExFx F 0) admitting a C* pseudo-stable mamfold W tangent at 0 to a complementary
subspace of e=1(0) and such that hy o e = e o hi.

Corollary 3.3.2 follows immediately: since W is the graph Z = @(x, y) of a C* map
vanishing at 0, the hj-invariant set W = e(W) is the graph z = @(x, y)x of a C¥ map
tangent to 0 at 0.

Proof of Lemma 17. The first and last components of 41 o e(x, y, 7) are
1
a(x,y)x, wherea(x,y) :=/ o01f(x,y)dt € L(E, E),
0
and
1
b(x,y,2)x, whereb(x,y,2):= / (—01g(tx,y) + 0280,y +tZx) 0zZ)dt € L(E, F).
0

As a(0) = A is invertible, it follows that we can define /2; near 0 by
hi(x, y,2) := (h(x, y), b(x, y,2) 0 alx, )~ );

hence,

Dhy(0) =

* O

0 O

B 0],
x B

where B € L(F,F) is given by B = B o 7o A~!. Since we have p(B~1)~! =
p(B~ l) 1,0(A) LS ,o(B)k = ,o(A X B)k, we can apply Theorem 3.3.1 with h := ﬁl,
A_AxBandB_BtogetW ]
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3.4. Conjugacies and such. We now come to the situation considered in the
introduction.

3.4.1. An exotic way to Sternberg’s theorem. We explained in the introduction how
Sternberg’s theorem can be deduced from the following result, which we shall now prove
using Theorems 1.2.1 and 2.2.2:

THEOREM 3.4.1. Given a Banach manifold M, let h : (M,a) — (M, a) be a smooth
map germ preserving a smooth submanifold germ Wy at a. Assume that L := T h leaves
invariant some factor subspace S of E := T,M containing Sy = T,Wo, and denote
by A (respectively B, A1) the endomorphism of S (respectively E /S, S/So) induced by L.
Assume that:

(i)  the space Sy admits a smooth bump function;

(il)  the endomorphisms A1, B are invertible; and

(iii) we have p(A1) < 1 and p(A) > 1.

Then, for each germ W at a of a smooth submanifold of M containing Wy, satisfying
W =S5 and formally an h-invariant along Wy, there exists a h-invariant germ W at a
of a smooth submanifold of M having infinite contact with W along W.

Proof. In [6], we deduce from the pseudo-stable manifold theorem that, for each finite
k > 1, there exists an h-invariant germ Wy at a of a C* submanifold of M having
kth-order contact with W along Wy. The proof goes as follows. We may assume
(M, W, Wy, a) = (E, S, S.0), choose a complementary subspace U (respectively Si)
of S (respectively Sp) in E (respectively S) and identify E to SxU = Sp x S1 x U. For each
positive integer ¢, let 17/3 = Lf(Sl, U) and E@ =V x 17/3. If the ‘blow-up’ e : E@ — E
is defined by e (6, x, ¥) := (6, x, yx%), we get as in the proof of Corollary 3.3.2 a smooth
germ hy : (Eg, 0) —> (Eg, 0) such that e; o hy = h o ¢;: indeed, denoting 'the components
of h by «, B, y, we have (8, y)(0,0,0) = 0 (invariance of Wy) and 8'2’)/(0, 0,00 =0
for every integer j (formal invariance of W); hence, B o e¢(0,x,y) = be(0, x, y)x and
yoer,x,y)=ce(0,x, y)x‘, wheret

1
be(e,x,&)=/ (080, 1x, 15x°) + 3380, tx, t5xH)3x "N dr € L(S)),
0
(28)

1 1—¢ 14 -
ce(e,x,&)zfo (( 7 ) af*‘y(e,rx,())x+83y(9,x,r&x€)&> di € Uy.

As by(0) = A is invertible, it follows that we can take

he(0,x, ) = (@@, x, 5x°), B@, x, 5x°), ce (8, x,5) o (be(8, x, 7)™ HH.  (29)

Since Dhe(0) = A x By with B¢y = B oy o (A7)!, we have p(A)f < p(B; )~ =
p(B~H™1p(A1)~¢ for large enough ¢ > k, in which case, by Theorem 3.3.1, there exists
an hg-invariant germ VT’@ at0e E ¢ of a C* submanifold whose tangent space at 0is S x {0}.
As Wg is the graph of a ck germ @g : (S,0) — (17, 0), the h-invariant germ Wy := eg(VT/g),
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graph of ¢ : (6, x) — @ (6, x)x", is the germ of a C¥ manifold having the required contact
with S along Sp.

Unfortunately, as pseudo-stable manifolds are not unique, we cannot ‘pass to the limit’
when k — oo: this proof does not yield a smooth W but only a C* one for every finite k.
We shall now see that the problem can be solved using Theorems 1.2.1 and 2.2.2 instead
of Theorem 3.3.1.

For small positive ¢, we define a smooth A, : Sy x {|x| < €} x {|y| < ¢} — E extending
h by the formula

L©®,x,y) for |0] = ¢,

ES(97X7 y) = -1 .
LO,x,y)+u(e'0)(h—L)@#,x,y) otherwise,

where u is a smooth bump function on Sy. Clearly, the C ! norm of h, — L tends to 0
when ¢ — 0, all the derivatives of /1, are bounded for small enough ¢, the subspace
Wo = So x {(0, 0)} is he-invariant and the subspace W = S x {0} is formally /-invariant
along Wy. The following lemma is not difficult to check.

LEMMA 18. If we fix a small enough ¢ < 1, set h := h, and denote its components by
o, B, v, then there exists a non-increasing sequence (n¢) of positive numbers < ¢ and a
sequence (k¢) of positive numbers < 1 such that the following properties hold for every
large enough ¢.

(i)  Theorems 1.2.1 and 2.2.2 applies to the map hy defined by (28) and (29) with
X =Xy:={0.x)€S:|xl <njand¥ =Yy := (e € Ue : |5e| <} for
each positive n < ng. This yields a unique h¢-invariant manifold W, graph of the
restriction to X, of a function @¢ : Xy, — Yy, ¢ whose smoothness tends to infinity
with £.

(i)  Each sequence (0, Xn, yn) = hy; (0, x, 0e(0, x)) satisfies |x,| < kj|x]|.

Now, for large m < ¢, the ‘blow-up’ ¢}’ : X;, x Y3, ¢ — Xy, x Yy, »n defined by
e; (0,x,y0) = @, x, $ex*=™) is such that h,, o e, = ey’ o hg; hence, g (6,x) =
e (0, x)xtm in Xy, by uniqueness. It follows that ¢, is as smooth as ¢, in X, and,
therefore, in the whole of X, by (ii). Since the smoothness of ¢, tends to infinity with £,
we conclude that each ¢, with m large enough is C*°. Hence, the h-invariant manifold
W = e, (W), graph of x — ¢, (0, x)x™, is C* and satisfies all our requirements. O

The manifold W we get at the end of the proof is unique [5] but this requires a more
classical blow-up or a more direct proof (needed anyway [4, 5] to get a C* invariant W for
a C” map without requiring r to be too large).

3.4.2. Some comments on this approach. Even though the version of Theorem 2.2.2
needed in this case is much easier than the general one, it is not clear that the proof of
Theorem 3.4.1 is simpler than the usual proofs of Sternberg’s theorem! However, using
the basic remarks at the beginning of the introduction, Theorem 3.4.1 can easily be shown
to imply that every formal first integral of a hyperbolic germ of a diffeomorphism or vector
field is the jet of at least one smooth first integral, every element of the formal centralizer
of the germ is the jet of at least one element of its smooth centralizer, etc.
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The reader may wonder why such a general result as Theorems 1.2.1 and 2.2.2 is used
here. An answer is that what we have just done for fixed points applies to invariant
manifolds. For example, we can prove along the same lines the following result [5].
Let V be a compact submanifold of a manifold M and let hg : (M,V) — (M,V)
be a smooth germ of a diffeomorphism, ‘normally hyperbolic’ in the following very
weak sense: as usual, its differential leaves invariant the direct sums of 7V with a
stable and with an unstable bundle, one of which is contracted and the other expanded
but there is no comparison with what happens on V. Then, every smooth germ
hy : (M,V) — (M,V) formally conjugate to ho (along V) is smoothly conjugate
to it. This is proven in [1, (4.2.3), Theorem 2] for trivial bundles. Such results are
essential in the local classification of Z¢ x R™-actions [1, 2], yielding, for example,
[1, 5] the following generalization of Sternberg’s theorem: given mutually commuting

germs hy, ..., hy, X1, ..., X, vanishing at 0 € R” of diffeomorphisms and vector fields
whose differentials at O are in a general position, they are simultaneously conjugate to
another such family 4, ..., k), X/, ..., X,, if and only if the two families are formally

(simultaneously) conjugate.

3.5. Twisted bundles and some further work. How could a result like Theorem 1.2.1,
about maps defined on a trivial bundle and satisfying a resolutely non-intrinsic hypothesis
as far as bundles go, be applied in twisted bundles? The answer is at the beginning of
the proof of the main result (Theorem 4.1) in [12]: if & : (M, V) — (M, V) is normally
hyperbolic at V, then M can be viewed near V as a vector bundle over the direct sum F
of TV and the unstable bundle (for example). This vector bundle M — F can be made
into a sub-vector bundle of a trivial vector bundle E x F — F to which & can be extended
trivially (composing the original & with the orthogonal projection), yielding a map which
satisfies the hypotheses of Theorem 1.3.1 in the ‘absolutely normally hyperbolic’ case.

The general normally hyperbolic case, where the ‘contraction’ of % in the X direction
and its ‘expansion’ in the Y direction are compared only in each fibre of the projection
(x, ¥) = x, can be treated by a refinement of the methods described here [S].
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taught me much of the little I know in mathematics. I thank Alain Chenciner, Albert
Fathi, Francois Laudenbach and Eduard Zehnder for their support and the referee for their
remarks.

A. Appendix. A converse of Taylor’s formula

LEMMA A.1. Let E, F be Banach spaces and r a finite element of HNQJr. Given @ :

(E, x0) — (F,yo) and @/ (E,xg) = LI(E,F), 1 < Jj < [rl], the following two

conditions are equivalent.

(i) Thegerm ®isC and D/® = j!®J, 1< j <][r].

(i) We have that ®(x + h) — ®(x) — ®L(x)h — -+ — U)K = O, (|h|") and the
&/ ’s are germs of bounded functions.
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Proof. First observe that, for 0 < r < 17, there is nothing to prove. Otherwise, setting
p = [r], (i) yields

)4 1
O(x +h) — d(x) — Z &/ (x)h' = / p(1 — )P~ NP (x + th) — ®P(x))h? dt;
1 0

hence, (ii) (recall that ®P = (1/p!) DP ® is assumed uniformly continuous if » = p).
To prove that (ii) implies (i), let us first assume p = 1. Then, (ii) implies that ® is
differentiable, that ®' = D® and that, if v € E satisfies |v| = 1,

|~ (@D (x + h + [h|v) — D(x 4+ k) = D' (x + h)v + O, (|| ™)
uniformly with respect to v; now, again by (ii), the left-hand side also reads as
Ih| "N (@D (x + h + [h|v) — D(x + h))
= [h|7H (@ (x) + D (x)(h + |h]v) — (D (x) + D' (x)h)) + O (|h]")
= @' () v+ 0, (I

uniformly with respect to v. Subtracting these two estimates of the same thing, we see
that (®'(x + k) — ®'(x))v = O, (Jh|"~!) uniformly with respect to v and, therefore,
®!(x + h) — @ (x) = O, (Jh""1), which proves that &' is C" 1.

For p > 1, we can make the induction hypothesis that our lemma is true for [r] =
p — 1; thus, if (ii) is satisfied, as ®” is bounded, we know that @ is C?~! and that
®/ = (1/jhD/® for 1 < j < p — 1. Hence, we just have to prove that ®7~! is
C"~P*! and that D®P~! = pdP. The proof is very much the same as before: setting
Ay®P(x) = &(x + w) — &(x), we shall give two different estimates of

p—1
(p—1
AP (A )P D+ ) = (RPN Y (=P (” ; ) ®(x + 1 + jlh|v)
j=0
for |v| = 1: by (ii), setting 0= @,
1P (A )P D (x + h)

p—1 14
= |h|7PT Y (=P (” J_ 1) D o (x + W (GlhIv)* + O (Jh P

j=0 k=0

p p—1 ‘ p_l
Z'h'pHZ‘Dk(”h)('h'”)kZ“”p]( j )J"‘+ox(|h|”’+‘)

k=0 =

= (p— DIOP x4+ h)vP~ ! 4 O, (|| 7P Hh (A1)

(uniformly in v) becausef

p—1
=1 .
3 (—1yri <p - )J"=(p— DI (A-2)
=0 g
f As (f) *=p (?: ;) J¥= ! for positive j, p. k.
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Now, (ii) also yields

WP (A )P D (x + )

—1
— |h|—l7+1 1)2:(_1)17—1—.1' (P _ 1)
J

J=0

OF(x)(h + jlh|v)* + O (Jh"PFh

Mm

>~
Il
(=]

p—1 p k
= [P (=Pt (” . )Z Z( )<1>k(x)h"—@(j|h|v)‘Z
i=0 /=0 =0
+ Oy ([h|"~PTh
p—1
= [h|7P*! Z Z( )@"(x)h”uhw% D o (=npt (” N 1) j*
=0 (=0 =0 J
+ox(|h|’—”“)
= (p— DIOP ()P~ + pldP ()b~ + O, (Jh] P T (A.3)

(uniformly in v) by (A.2). Subtracting (A.3) from (A.1), we get that
(p = DUPP ™ (x + k) — P71 (x) — p@P ()P~ = O (AP
uniformly with respect to v and, therefore,
O~ (x + h) — @771 (x) — p@P (x)h = Ox (|A"~"*D),

which enables us to conclude, applying the first step to &7~ O

B. Appendix. Finsler manifolds, connections and Lemma 9

B.1. Finsler manifolds. A C" Finsler manifold, r > 1, is a connected C” Banach
manifold M endowed with a Finsler structure, which means the following: each tangent
space TyM is endowed with a norm | - |, defining the original topology on 7T, M, and
the map TM > (x,v) — |v|, is continuous: more precisely, for each chart x of M
and each a € M, we have that lim,_,, |(Txx) "' Tux (v)|x = |v|, uniformly with respect
tov € {|v], < 1}. Every piecewise C! continuous arc ¥ : [0,1] — M has a length
L(y) = fol ly’ )1y dt, and we can define the (geodesic) distance between two points
a,b e Mtobed(a, b) = inf£(y), the infimum being taken on all piecewise C! continuous
arcs y : [0, 1] — M such that y(0) = a and y (1) = b. This does make M into a metric
space.

In the proof of Lemma 12, we used the fact that every C! map f between Finsler
manifolds satisfies Lip f > sup |T, f|. The proof goes as follows: for every C! arc y
in a Finsler manifold, lim,_ o+ e 'd(y(0), y (¢)) = ly'(0)]y (0); therefore, for |v], = 1,
y(0) = x and y'(0) = v, we get

T f(v)] = SEI& e d(f(y (), fly () < Lipfgl_ifzf)l+ e71d(y(0), y(¢)) = |v| Lip f.

B.2. Connections. Recall that a C" connection C, r > 1, on a C"t2 manifold M
modelled on a Banach space E is a C" field TM > x +— H, of horizontal subspaces:
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each H, is a complementary subspace in T, (T M) of the vertical space Vi, kernel of the
differential at x of the canonical projection ¢ : TM — M; hence, we may identify
the connection to the field of projections T, (T M) — V, with kernel H,; now, since
Vy is the tangent space at x of the fiber T; ()M, it is canonically isomorphic to it and
a connection C can be viewed as a field of linear maps C : T, (TM) — Ty )M such
that each Cy|y, is the canonical isomorphism. A C ! path ¢ in TM is called horizontal
or parallel if it satisfies ¢/(t) € Hc( or, equivalently, Dc/dt(t) := Ce)(c'(t)) = 0 for
every t. A C? path y in M is called a geodesic of C if y : 1t — (y(t),y'(t)) € TM is
parallel.

In a chart of M, the points of TM can be written (x, v) € E? and each horizontal
space is the graph of a continuous linear map —I'(, ) : E — E, the connexion being the
field of linear maps (6x, 6v) + v + I'(x )0x. The connexion is called /inear when
I'(x,v) is a linear function of v, in which case we write I'y (v, dx) = I'(x,.)0x; thus,
a linear connexion is described in a chart y by its ‘Christoffel map’ I, which to each
x € Imy C E associates the continuous bilinear map I'y of E x E into E. A path
y in M is a geodesic if and only if, for each chart x of M at some point of Imy, the
function x(¢) := x(y(t)) satisfies x”(r) + FX(,)x’(t)2 = 0. As this is a second-order
equation, there is an open neighbourhood V of the zero section in T M such that, for each
(a, v) € V, there exists a unique geodesic y : [0, 1] — M with y(0) = a and y’'(0) = v.
Setting exp, tv := y (), the map V > (a,v) — exp, v is C": it satisfies exp, 0 = a and
(by its very definition) Tp exp, = Id7, ;. Hence, there exists an open ‘tube’ W C V around
the zero section such that the map W > (a, v) — (a, exp, v) is a C"-diffeomorphism onto
an open neighbourhood of the diagonalin M x M.

B.3. ProofofLemma9. Clearly, W is C” neara if and only if W, is C" near 0. Near each
a € M, we may identify M, N to E := T,M and F := Ty)N by exp,, expy, and
replace the Finsler structures by the fixed norms | - |4, | - |w(q), Which, in our identification,
are uniformly equivalent to the Finsler norms nearby.

Assuming that ® := ¥, is C”, for each x near a = 0 and each small 7 € E, we have
(since ¥ = @ in our identification)

4 [r] 1 . 4 .
W (h) = expg,,, Pexp, h) = 2} ﬁDf (€XPg ) 0P © exp, ) (0)h/ + O (|h|")
=
oy .
=Y = DiWh! + 0. (1),

=1/
hence (ii). Conversely, if (ii) holds, then, setting v := exp;1 (x + h),

CD(.X + h) — CD(.X') = exp(p(x) \Ijx (U) — equ>(x) O

[r]

- equ)(x) <Z \yz Uj + OX(|U|r)) - expfb(){) 0;
=1

as we can write Taylor expansions v = Z[lr] vk (x)hF 4+ O, (Jh|") and (since @ is

CONtinuoOUs) €XPg(y) W — €XPg(y) 0 = Z[lr] exr(X)wk + O (Jw|"), it does follow that ®
fulfils criterion (ii) of Lemma A.1. O
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