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We develop an asymptotic theory for quadratic forms of the autocorrelations of
squared residuals from a GAR@pjq) model Denoting byf,(k), k = 1, these
autocorrelations computed from a realization of lengtive show that the statis-

tic N(Fy(iy), ..., Falic) VDR 2(Fa(iq), ..., Fa(ix))T, where D, is a matrix computed
from the dataconverges to the chi-square distribution wittdegrees of freedom
forany 1=i; < --- < ik. Our results are valid under weak assumptions on the
innovations and model coefficients that admit that arbitrary low-order moments
of the observations can be infinitEhe matrixD, and its asymptotic limiD de-
pend on the distribution of the innovatiors small simulation study illustrates
the theory and showsn particulay that using the matri®0 computed under the
assumption of normal innovations may lead to incorrect conclusions if the inno-
vations have a different distribution

1. INTRODUCTION

The present paper extends earlier results presented in Horvath and Kokoszka
(2001, where the asymptotic distribution of sums of squared residual auto-
correlations in an ARCIKp) model was considered under the assumption that
the realizations have finite fourth momein practical applicationshowevey

the most frequently used model is GARCHEL); see e.g., Chapter 15 of Hull
(2000 for an introduction and McNeil and Frefg000 for a recent applica-
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516 ISTVAN BERKES ET AL.

tion. We consider the more general GARCpJq) model If the parameters of a
GARCH(p,q) are estimated by the quasi—-maximum likelihood metffodthe
general resultscf. Lee and Hanserl994 Lumsdaine 1996 Berkes Horvath
and Kokoszka2001), it is implicitly assumed that the innovations have at least
four finite moments

The statistical methodology investigated in this paper is proposed by Li and
Mak (1994 and Ling and Li(1997), who aim at developing portmanteau tests
based on autocorrelations of squared residuals in a large class of heteroskedas-
tic time series modeldJsing Gaussian formalispthey derive the asymptotic
distributions of analogues of the Box—Pierce statisticese authors assume
the conditional normality and finite fourth moments of the observatiéws
argued by Lee and Hanséh994) (for an empirical studysee also Guillaume
DacorognaDave Miiller, Olsen and Pictet1997), these assumptions need not
necessarily be satisfied by models and time series encountered in econometric
applicationsand so an analogous theory under more general assumptions should
be developedAs in Lee and Hanse(1994) and Berkes et a[2001) we do not
assume that the innovations have a densityd we allow the observations to
have arbitrarily heavy taiJsso that even the expected value need not est
show that under these more general assumptions the estimated autocorrelations
are asymptotically normalVe then apply our results to construct a GARQkY)
specification testGoodness-of-fit tests based on model residuals have long been
an established tool in diagnostic checking of time series models with additive
noise see e.g., Chapter 8 of BoxJenking and Reinsel(1994) for an introduc-
tion and Hong(1996, de Jong(1996, and Bierens and Ploberg€t997) for
some new approachekh this paper we focus on a model with multiplicative
noise

Horvath Kokoszkg and Teyssiér€2001) obtains the asymptotic distribution
of the sequential empirical process of the squared residuals of ARCpto-
cesses and shows that it does not converge to a standard Gaussian, z@cess
in contrast to the approach considered in the present papsrunlikely that
asymptotically pivotal goodness-of-fit tests based on the empirical process can
be developedBerkes and Horvatli2002 extend the results of Horvath et al
(200)) to the setting considered in this paper whereas Horaokoszka and
Teyssiére(2002 study by means of simulations the corresponding bootstrap

tests
A GARCHY(p,q) process is defined by the equations
Y = Oxé€x (1.2)
and
k=0t X ayiit X Bod, (1.2)
1=i=p 1=j=q
where
w >0, a; =0, l=i=p, B; =0, l=j=q (1.3)
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are constant3Ne also assume that
{€;,—o0 < i < oo} are independenidentically distributed random variables
(1.4)

Nelson (1990 shows that in the case of GARQH1) sequence(1.1) and
(1.2) have a unique stationary solution if and onlyEfog(8; + a;€2) < O.
Bougerol and Picard1992a 1992h find necessary and sufficient conditions
for the existence of a unique stationary solutiof®f) and(1.2) in the case of
general GARCHp, ). To state their condition we must introduce further nota-
tion. Let

Tn=(B1+ a1€7,B,...,Bq-1) E RI
£,=(€2,0,...,0 e RI Y,

and

a=(ay,...,a, 1) ERPZ

(Clearly without loss of generality we may and shall assume (mpjg) = 2.)
Define the(p + q—1) X (p + g — 1) matrix A,,, written in block form by

T ,Bq a o

An:|q_1o 0 o,
& 0 0 0

0 0 I, 0

wherelq_; andl,_, are the identity matrices of sizp— 1 andp — 2, respec-
tively. The norm of anyd X d matrix is defined by

M| = sup{[Mx|q/[x[l4: x € R x # O},
where| || is the usual Euclidean norm inRRY. The top Lyapunov exponenf

associated with the sequench,,, —co < n < oo} is

. 1
y. = inf —1Elog||A0A1...AnH,

0=n<ow N
assuming that
E(log|Aol) < co. (1.5)

(We note that|Ay| = 1; cf. Berkes et al 2001) Bougerol and Picar@1992a
1992h show that if(1.5) holds then(1.1) and(1.2) have a unique stationary
solution if and only if

v, <O0. (1.6)
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Throughout this paper we will assume that conditih$)—(1.6) hold. Clearly
they are a minimal set of conditions for the existence and stationarity of the
GARCH(p,q) sequence

Lumsdaine(1996 studies the quasi—-maximum likelihood estimatordof
(w, a1, a,...,ap,B1,B2,...,Bq) fromy, ys,...,y, and proves itgweak con-
sistency and asymptotic normality for the GARCL) model We wish to note
that the consistencgand therefore the asymptotic normality als®locat i.e.,
in the definition of the quasi—-maximum likelihood estimatthhe maximum of
the likelihood function is computed in a small neighborhood dBerkes et al
(2002 remove some unnecessary conditions assumed by Lumgd&i96 and
extend the almost sure consistency and asymptotic normality to GARCH
sequencesThe conditions in Berkes et.dR001 are essentially optimaso we
follow their approach

We continue with the formal definition of the quasi—-maximum likelihood es-
timator for 8. First we define a sequence of functions by a recursi@t u =
(x,5t) € RP*9T1 s e RP, andt € RY. If g = p, then

Co(u) =x/(1—(ty + -+ +13)),
Cl(u) = S_I_)

Co(U) = s, + ty¢4(u),

Co(U) = 5+ 1,¢,_4(U) + -+ + 1,1 Ci(U),

Cpr1(U) =t Co(U) + -+ + ¢4 (u),

Cq(u) = t1Cq1(U) + -+ + tq_1 C(u),

and if g < p, the preceding equations are replaced with
Co(u) =x/(1—(ty + -+ +13)),
ci(u) = sy,

C(U) = s, +ty¢y(U),
Cqr+1(U) = Syuq + 11C4(U) + -+ + t5Cy(u),

Co(U) = 55+ t,C5_1(U) + -+ + t,Cy_g(U).
If i > max(p,q), then

Gi(U) = 161 (U) + G 5(U) + -+ + t4G_g(u).
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The logarithm of the quasi-likelihood function of the sampleys, ..., Y, is

given by

. 3 1 yZ

Co(u) = 1<Zk<n— 2[|ngk(u) + — )}

where

W(u) = co(u) + > c(u)yz,. (1.7)

1=i=k—-1
The quasi—-maximum likelihood estimator is defined as
6, = arg max_,(u),
ueuy
whereU is given by
U={u:ty+t+ - +1t;= poandu; = min(x,s;,S,,..., Sy, ty, b, ..., tg)
= max(X,s;,S,,...,S, t, th, ..., tg) = Uy},

U= (X5S...,S,t1,..., 1), withsome 0<u; <u,, 0<pg<1,

and qu; < po.

2. MAIN RESULTS
If the innovationse,,..., €, were observablean estimator for the autocovari-

ance function of the squared innovations would be

rn(k) = — E (e = (2 — D).

N «<i=n

(We assume irf2.5), which follows thatEe? = 1.) Because?,...,e2 are not
observablgwe replace them with the squared residuals

€|2:y| /Wi(én)v 1=i =n,

and we shall use
= - 2 (62— 1)(e?—1).
k<|<n

Our first result compares,(k) to r,(k). First we list the conditions that are
shown in Berkes et al200)) to be sufficient for the asymptotic normality of
nY2(6, — 0):
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€2 is a nondegenerate random varigble (2.1)
the polynomialsy; x + a, X2 + -+ + apyxP and 1— B X — Box? — -+ — B X9
are coprimes in the set of polynomials with real coefficients (2.2)
0 is in the interior ofU, (2.3)
Iti_rgt*“P{eg =t} =0 with someu >0, (2.4)
Ee2 =1, (2.5)
and

E|e2|?"® < oo with somes > 0. (2.6)

If k gets large themw, (u) of (1.7) can be replaced with

W (U) = co(u) + > c(u)yZ,. (2.7)

1=i<oo

Here the infinite series converges with probability one by Lemmasid 44
and relation(5.4), which follow. Let

Wé(o)]
Wo(8) |

We show in Section 4 that, is finite. We useu' to denote transpose of a
vector or a matrix

THEOREM 21. If (2.1)—(2.6) hold, then for ang < k < o
Fa(k) = ro(k) + (8 — 6,)c + 0p(n~1/2). (2.9)

According to Theorem .2 the first-order propertie§.e., the meanlaw of
large numbersare the same foff,(k) as forr,(k). However they differ in the
second-order propertigge., variance central limit theorem

Theorem 2L implies the asymptotic normality gf(k) for any 1= k < oo.

To get y?2-statistics we shall prove the joint asymptotic normality of
nY2(f,(ip),..., (i) for any 1=i; < i, < ... < ix. We start with the de-
scription of the asymptotic covariance matrixrof2(f,,(i,),..., fn(ix)). Let

dO = E(602 - 1)27

Ao = cov(£y(9)), (2.10)
and
Bo = E({5(0)), (2.11)
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where

1 2
£o(u) = —E{Iogwo(u) + W:(Ou)].

We note that the matrices i(2.10) and (2.11) have already appeared in the
asymptotic covariance matrix of/2(8, — 6) (cf. Berkes et al 2001) and they
were proved to be nonsinguldrheir appearance in our theorems is due to the
presence o8, in the definition of the squared residuaRor any 1= K < o
and 1=i; < i, < --- < ik let D be the matrix with elements

D(k k) = dg + dic;, Bo'cl + ¢, BotAgByteh

i

and

D(k 1) = déc, Bo'cl + ¢, BotAgBotel, if k# <.
THEOREM 22. If (2.1)~(2.6) hold, then

nY2(f,(iy), ..., f(ix)) => N(O,D), (2.12)

where NO,D) stands for a multivariate normal random variable with me@n
and covariance matriD.

Remark 11. Berkes et al(2001) prove thatA, = —By, if Eeg = 3 which is
satisfied e.g., if €y is standard normaln this caseD(k,k) = 4 + cikBglcl and
D(k,¢) = ¢, Botcl, if k# <.

Li and Mak (1994 and Ling and Li(1997) assume that conditionally on the
past they’s have normal distributionin our setting this reduces to standard
normal innovations;. In this caseour results accord with those of these authors

The covariance matrix in Theorem2?has a very special structurdeet C be
theK X (p + g + 1) matrix defined as

and letl ¢ denote theK X K identity matrix Using this notation we can write

D = dd(I + CSCT), (2.13)
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where
1 -1 1 -1 -1

S = d_2 BO + E‘ BO AoBo . (214)
0 0

THEOREM 23. If (2.1)—(2.6) hold and

P{e2 = t} is continuous, (2.15)
then
D is a positive definite matrix. (2.16)

Theorem 23 yields thatD ! exists The existence oD ! is used in Li(1992,
Li and Mak (1994, and Ling and Li(1997) without proving it

Combining Theorems.2 and 23 we get the convergence in distribution of
quadratic forms of,(i1), F(iz),..., fa(ik).

THEOREM 24. If (2.1)~(2.6) hold, then

N(Fa(in), s Fali DD H(Fo(in), .., Fali)) T = X2(K),
where y?(K) denotes a chi-square random variable with K degrees of freedom.

The matrixD is unknown in Theorems.2 and 23, and so these results can-
not be applied immediateljlowever D can be easily estimated from the data
Let

2
f(u) = 1{|ngk(u)+ Yi }

_5 W (u)

We note that®,_,_, 7.(,) = 0if nis large enoughHence

. 1 I I
An=— 2 (ei,(on))Tei,(on)

1<i=n

can be used to estimake,. We use

. 1 O
Bo=— X 6y,

n 1<i=n
1 Wi, (6,
Cn="—7 2 (&-1 ~k+l—(~n)’
n—Kk 1=i=n—k Wit (on)
and
. 1
dn2 = E (éiz_l)z
Ni<i=n
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to estimateB,, ¢, anddZ, respectivelyLet
éil,n
éi2,n

Iz
S
=]

ReplaciAngdo, C, and S with the corresponding estimators (2.13) and (2.14)
we getD, 1, our estimator foD 2.

THEOREM 25. If (2.1)~(2.6) hold, then

N(Fa(in)ss Faik ) DR (Falin), ..., Fa(i)) T = x2(K),
wherey2(K) denotes a chi-square random variable with K degrees of freedom.

The proofs of Theorems.2-2.4 will be postponed until Section Blext we
discuss a small simulation study to illustrate the applicability of our results

3. A SIMULATION STUDY

The goal of the small simulation study that we performed in conjunction with
the theoretical research presented in this paper was to develop some idea on
how the goodness-of-fit procedures we propose might perform in finite sam-
ples The results presented here are intended only to highlight some points of
interest and are by no means intended as a guide for practitidhars/thing,
we hope that our research and the simulation results presented in this section
will encourage further investigation of these tesiad this should lead to a
better fine-tuning of the finite sample procedurkss also possible that a more
extensive simulation study would modify our tentative conclusions

In all our simulations we estimated the GARCKIL) mode| which is most
frequently used in practic&Jnder the null hypothesis the simulated series fol-
low the GARCHZ1,1) model and under the alternative they do not follow
GARCH(1,1). Ling and Li(1997) perform a similar simulation study assuming
that the errors are normdtor this reason we focus here on nonnormal errors
We wanted to shed some light on the following questions

(1) If the innovations are very different from normddut the underlying model is
correctly specifiedis there a distinct possibility of arriving at incorrect conclu-
sions if one uses the statistic proposed by Ling andlBR7) (which was derived
under the assumption of Gaussian errors and should be used only for suc}Perrors

(2) Ling and Li (1997 assume finite fourth moment of the observatiobst our
theoretical results are valid without this assumptibo the tests have correct
size in finite samples when the fourth moment is infinite?
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Beyond these two questiognawe would like to see how much is gained by
applying the procedures proposed by Ling and(1997) and developed in
this paper rather than using the “standard” statisfi, ;. f2(i) and to have
some idea about the power of the test against some typical alternatives

With these questions in mind we considered the following test statistics

Q(K) = n(fo(2),..., Fo(K) DR H(Fo(D),..., Fo(K))T,

whereD,, is the estimator from Theorem® The analogue of the statist{g(K)

in situations in which weknowthat the errors are standard nornfat at least
have the same first four moments as a standard normal random varméble
Remark 11) is

Q@ (K) = n(Fy(D),..., Fa (KDDL} H(Fa(D),..., Fo(K))T,
whereD(® is the estimator of
D©® = 41, + CB;'CT,

obtained by replacing@ and B, with the estimates proposed in Sectionvee
also take a look at the statistic

QK =n 3 [F()]?
1=i=K
to see what conclusions a researcher not familiar with the theory developed in
this paper and the work of Ling and L1997 might arrive at if he or she
incorrectly used the “usual” statist@*(K). In our simulationswe treatedQ*(K)
as if it had the asymptotic chi-squared distribution wittdegrees of freedom
(in analogy toQ(K)). If we treated it as is usual in case of ARIMA modelas
if it had less tharK degrees of freedonits performance would be even worse
We present here detailed results for two models

(N1) 02 =w + ay? , + Bo2 4, o = 0.04, a =01, B =028,
(N2) 02 =w + ay? 1 + Bo2 4, o = 0.0, a = 0.5, B =0.5.

The parameters of the model N1 are typical for daily stock retumhereas
model N2 has very heavy tail®(]y| > u) ~ cu2, so that even the variance of
the observations is infinite

We considered sample of sizes 250 and.50fese are natural sample sizes
if one wants to model daily returns on speculative assets because there are about
250 trading days per yeaFhe empirical sizes are based 000 replications
and so the standard error of the size estimates is ab608&0

Comparing the entries in Tables 1 andv& see that using the “Gaussian”
matrix D(® instead of the matrisD,, can lead to enormous size distortions if
the errors are far from normadlouble exponential in this cask such cases
using the statistidQ*(K) instead of the correct statisti@(K) also causes a
very large size distortiofsee Table L The latter effect is not so noticeable if
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TaBLE 1. Frequencies of rejection at 5% significance level of the null hypothesis
of a GARCH(1,1) specification

Q(4) Q*(4) Q(6) Q*(6)
Model N1 n = 250 .037 447 .044 596
Model N1 n =500 027 538 032 684
Model N2 n =250 .020 A74 023 624
Model N2 n = 500 .037 576 .035 707

Note: The errors are double exponential and the maxjxs used

the innovationsare normal as can be gleaned from Tablevghich also shows
that in such cases using the matB¥®’ gives better results than usify,. To
estimateD one has to estimatg? and A, and this is not required when esti-
matingD®.

The empirical sizes of tests based on the stati®ti&) (see Table 1 are
smaller than the nominal size @5, even though the sample sizem# 500 is
quite large The situation here appears to be quite similar to what has been
observed for the statistiQ*(K) in the context of ARIMA modelgsee Box
et al, 1994 Section 82.2, where a discussion and further references are pro-
vided). To address this problem Ljung and B&978 modify the statisti®Q*(K)
by using a more accurate approximation for the variance of the white noise
autocorrelationdt might be interesting to see if such a finite sample correction
is possible in the present settinor samples of siza = 10® and the statistic
Q(K) the empirical size is aroun®4, but in applications stationarity of such
long samples may be questionab@bserve that for model Nisee Tables 1
and 2 the empirical size appears to be closer to the nominal size for250
than forn = 500. We repeated these simulations with different sets of random
numbers and slightly different models and this anomaly appears to exist when
B is close to 1 andx close to zerolt does not appear for other choices of
parameterge.g., model N2.

TABLE 2. Frequencies of rejection at 5% significance level of the null hypothesis
of a GARCH(1,1) specification

Q@) Q*(4) Q®'(6) Q*(6)
Model N1 n =250 412 447 550 596
Model N1 n = 500 479 538 642 684
Model N2 n = 250 427 A74 553 624
Model N2 n = 500 441 576 576 707

Note: The errors are double exponential but the mabf®’ is used

https://doi.org/10.1017/50266466603194017 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466603194017

526 ISTVAN BERKES ET AL.

TaBLE 3. Frequencies of rejection at 5% significance level of the null hypothesis
of a GARCH(1,1) specification

Q4 Q*(4) Q(6) Q*(6)

Model A1 n= 250 21 .23 .22 27
Model A1 n =500 .16 .26 .20 .27
Q®(4) Q*(4) Q©)(e) Q*(6)

Model A2 n= 250 43 .23 41 27
Model A2 n = 500 .56 .26 74 31

Note: The errors are standard normal

To investigate the power of the tests we focused on two alternatives

(Al) 02 =w+ ay? .+ B102 .1+ B0, o =0.01, a =01, B1=0.1,
B>=10.7,

(A2) o =0 + ay?, + B(1)oly, o = 001 a =01 B(t) = 08,
t=n/2,  B()=00, t>n/2

For sample sizes of 250 and 500 the power for the stat{3fi€) ranges
from 0.1 to 0.3, which accords with the low empirical size reported previously

In conclusion our limited simulation study indicates that the goodness-of-fit
tests based on the statistics studied in this paper may be quite useful when fi-
nite sample approximations to their distributions are better underdbobeéven
in the present form they may serve as preliminary diagnostic .t@uls study
clearly establishes that it is not acceptable to use tests derived under the as-
sumption of the normality of errors if these are far from normal

4. SOME TECHNICAL RESULTS

We start with a partial sum representationdgf— 6.

THEOREM 41. If (2.1)—(2.6) hold, then

A, is nonsingular, (4.1)

B, is nonsingular, (4.2)

and

~ 1 1 wi(0)

6,—6=— - (1-€) By + 0p(n"2). 4.3
" lszksn 2 “ w,(6) ° : (*9)

Proof Lee and Hansefil994) and Lumsdain€1996 obtain(4.1)—(4.3) for
GARCH(1,1) under stronger condition¥heorem 41 is proved by Berkes et al
(2009 under the present conditions for general GAR@kY) processes
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LEMMA 4.1. If (2.1)-(2.6) hold, then there i8* > 0 such that

ElV]° <o and Hod|? < . (4.4)
Proof Lemma 23 of Berkes et al(200)) yields (4.4).
Foranyy > 0letU(y)={ue U:|0 —u| =y} [ ]

LEMMA 4.2. If (2.1)—(2.6) hold, then for any-co < v < co there is a0 <
v < oo such that

Wo(8) \
E(uggg) WO(U)> < co. (4.5)
Also, for anyx > 0
[wo(u)] '\

E<528W> < oo (4.6)
and

E<sup||W (u)|) < c0. 4.7)

ueu O( )

Proof The result in(4.5) is a special case of Lemma73in Berkes and Hor-
vath (2001).

Combining Lemmas .2, 3.3, and 52 in Berkes et al(2001) and Lemma 4
we immediately obtain(4.6) and (4.7) (cf. also Berkes and Horvatt2001,
Lemma 34).

The next lemma wil be used to show thit* exists Let 1=<i; <i, < ...10x
and define

0 6
n = <62il -1+ WZEO; Zl, ,eziK -1+ WZEO; ZK>,

wherez, € RP*9*L 7« € RPT9*T gre constants

LEMMA 4.3. If (2.1)-(2.6) and (2.15) hold, theB}, = Ex"u is nonsingu-
lar and positive definite.

Proof Condition(2.6) and Lemma £ imply thatE| u|? < co and therefore
D;, exists Thus it is enough to prove thét, is nonsingular

We assume thdD, is singular and show that this assumption leads to con-
tradiction If Dy, is singulay then there areo and(A,,...,Ax) # 0 such that

s A<_., wo(6) )_)\0

1=j=K (0)
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Hence by(2.7) and Berkes et al2001) there are constantg), y4,... satisfying
lvil = O(p.) with some 0< p, < 1 such that

( S A€l )wow) = 3 vy e (4.8)
1=j=K 1=j<oo
By (1.1) and(1.2) we have that
Wo(8) = 0@ =a€2,0%,+ 0+ D ay)+ D B; 0'3]-. (4.9)
2=i=p 1=j=q

Replacingwy(8) in (4.8) with the expression ii4.9) we obtain that
a1<)\0 ZEK/\ €< ,)ezla' 1= A€2 ,10'0 vi€2,02, =2, (4.10)
=
where
2 'yjy§j+'yo+< > )\el—)\>< 2 a Y2, + 2 BJUEJ-).
2=j<co 2=j=K 2=i=p 1=j=q

It follows from the definition of the GARCH sequence thatis measurable
with respect tar (e2,,€2,...), theo-algebra generated iy ,,€2,.... Equa-
tion (4.10) yields that

Z + <w+ Z Q; y3| + E BJ(TE]>A1€E|1
2=i=p 1=j=q
€2, = , (4.11)

Ugl<a1<Ao 2 A 6,“) >
1=j=K

Condition(2.15) implies that

P{a1<x\0 D )\]e,,j> — oy = o} =0,

1=j=K

and because?; = w > 0, the right-hand side of4.11) is finite almost surely
If i, > 1 ori; =1 and\, = 0, then the right-hand side @¢#.11) is measurable
with respect to ther (e2,,e25,...). By (2.1) this contradictg1.4).

Now we assume that = 1 andA, # 0. We can rewritg(4.11) as

_}\10110'21641_'E 1[ <w+ 2 ay + 2 /31 1)

2<|<p 1<J<q
2 2 2 —
—al<)\0 - > )\jf—ij>0'—1 + ylo'_l] =Z.
2=j=K

The preceding equation is a quadratic functiore ®f. Because the coefficients
are measurable with respectdrﬁe 5, €25,...), the solutione?,, must be mea-
surable with respect to(e2,,€25,...), contrad|ct|ng(1 4) and(2.1). u
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The last lemma will be used to estimate the difference betweag¢n) and
W, (u). Let log"™x = logx if x = 1 and 0 otherwiselt is Lemma 22 of Berkes

et al (2001 and we state it here for easy referende denote logx = log x if
x = 1 and 0 otherwise

LEMMA 4 4. If {£,,0 =k < oo} is a sequence of identically distributed ran-
dom variables satisfying

Elog+ |§O| < 0,

thenX o, £ Z" converges with probability one for any| < 1.

5. PROOFS OF THEOREMS 2.1-2.4

Let

_ A YO T
ak(u>_k<2<n<wi(u) 1><Wik(u) 1)

and

- I Y
ak(U)_kzn(wi(u) 1>(Wi—k(u) 1>'

Elementary algebra gives

au)= X (e —1(e2—1)

k<i=n
+ Y P
B T A
+ 2 2_1)e? ﬂ 1
k<isn(€i ek Wi (u)
2 2
> g 2 Ji-k
! k<iEsn€i <Wi(U) 1) Elk<Wik(u) 1)
= Ak,l + Akz(u) + Ak’s(u) + Ak’4(u) (51)
and similarly
a(u) = Ay + Akz(u) + Ak,s(u) + Am(u), (5.2)
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where

o2
A|<,2(U) 2 € ( - 1> (Ei{k -1,

k<i=n i(u)

2
Aca(u) = > (e2—1e? k< k(u) 1>,

k<i=n

and

A _ o oy
Ao = 2 (5 1) (7505 1)

LEMMA5.1. If (2.1)—(2.6) hold, then there ig > 0 such that

max sup |a(u) — &(u)| = o(nY?*)) as (5.3)
0=k<n yeu(y)

for all 6" < &, whereé is defined in (2.6).

Proof By Lemma 31 in Berkes et al(2001) there is a constar@; such that

supc; (u) = C, pif9, 0=i< oo (5.4)

ueu

Hence

W () —mu|= > c(Wyr,=Cy > piiyt,= C.pd%¢, (5.5)
j=€<oo j=€<co

wherel = Y-, pif9y?,. By Lemmas 41 and 44 ¢ is finite with probability
one
Becausecy(u) = u; > 0 andc(u) = 0 for allu € U, we get

max suplAKz(u) A ()l

0=k<n ye
|wi (u) = W (u)|
= max > |2y~ 1le?o? sup— :
0=k<n  S=p, ueu Wi (U)W, (u)
5_2./; max 2 ‘E| k 1|y|2 Ja
uz 0=k<n g<j<n
_G 2 1] > piay? 5.6
= — ¢ max|eg | pcYi (5.6)
U7 = 1=k<n O=i<wo

because 0f5.5). Again using Lemmas.4 and 44 we conclude that

> ply? converges with probability one (5.7)

O=i<oo
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By (2.6) we have that

le? —1| = o(j¥?") as asj—>oo, (5.8)
and therefore byb.6) we have

max sup|AK2(u) A (u)| = o(n¥@+?)  as, (5.9)
O=k<n ye

Proceeding as i(5.6), by (5.5), (5.7), and(5.8) we have

max sup|A, s(u) — A s(u)|
0=k<n yeu

[W_(U) — Wiy (U)]

= max >, [e’—1|yZsup

0=k<n k<i=n ueU  Wim (U)W _y (u)
C;
= S imax > |e2—1yps
uf ° o=k<n S,
C €
= 25 max|ef —1] > pg/Iy?
l=i<n 0<t<oo
28 o(nW/(@+a), (5.10)
Next we write
| A a(u) — A|g4(U)|
o 1 1
= —1le | 0_i2_ -
2 w.<u) T W) W)
2
Ji_k 1 1
+ 62 2 .2 _
2 W (w | ’wi(U) W (u)
=20 (u) + Z2)(u). (5.11)
By (5.5) we conclude
<1> —K)/ o’
q ! —
(U) = %gkzn y| K€ | Wi(u) ‘
Using the definitions ofw;(u) and W; (u) with (5.4) and (5.5) we get for any
ueu
0'i2 1l =14 w; (6) w; (u)
W, (u) w; (u) W(U)
w; (0)
=1+ —
W|(u)< u |<%(>OC(U)yI J)
w; (0) C,
=1+ —(1+— JIyz
W(U)< ul isjz@ ) ’)
=1+ 1+ — pdd
wi(u>< 0 g) w >< 5)
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Hence(5.7) implies

Zih(u) = 25 > y2upo e
Ul k<i=n
C G-k wi(6)
+ 51+ — Me2
%§< §>k<2<nyl “ wi(u)

= Z > pd%y?} max e?
1=j<oo 1=i=n
C - w; ()
{ +—§ a2 max (e sup ——
{ i ( U >1<12<oopo g pis IUEU(E'/)Wi(u)
— 700 4 702

By (5.7) and(5.8) we have

max Z{*Y = o(nV?9) as
0=k=n

Let 0 < 8’ < & and choos&* so thats’ < §* < 8. Using (4.5) we see that
there arey > 0 andC, such that

e sup MOV _¢ (5.12)
<ueu<py>wi(U)> - '

Becausee? and (o2, W, (u)) are independentby (5.12) and the Markov in-
equality we have

w (@
P{ sup €? (6)
ueu(y) Wi (u)

= Xi 1/(2+5’)} = C2E|E§|2+8*X—(2+6*)i —(2+8*)/(2+§’)’

and therefore the Borel-Cantelli lemma implies

sup €? =0o(i V@) as.

ueu(y) W (U)

Thus we showed that

max sup Z&?(u) = o(nV?))  as,
O0=k<n ueU(y)

resulting in

max sup Z{h(u) = o(n¥@+)) as, (5.13)
0=k<n ueU(y)

Similar arguments yield

max sup Zo(u) = o(n¥?))  as (5.14)
0=k<n ueuU(y)
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Lemma 51 now follows from(5.9)—(5.11), (5.13), and(5.14). u
For any 0< L < oo let
Uy(L) ={ue U:||@ —u|| =L/nY2}.

LEMMA 5.2. If (2.1)—(2.6) hold, then foran = k < co and0 < L < o0
we have

sup |a(u) = (Ag; +n(@—u)ch)| = o(n¥?) as, (5.15)
ueuyU,(L)

as n—oo.

Proof Using Taylor expansion fow, (u) we get

Ao(u) = X el(ef— 1)gi2<L _ L)

k<i=n wi(u)  wi(0)
_ e — o [ MOV
= k;gnfiz(fiz—k 1)(e U)(Wi(0)>

~ 1S ot 1xo—m<ﬂﬂ§lyo—uf

2 k<i=n Wiz(gi)
,’ . T ./ .
- k;ﬁﬂ e20?(e? —1)(6 — u) wite ) wig) (i\'/;if\:\;' () 6—uT
= AL (W) + AZ(U) + AZ(u), (5.16)

where¢; satisfies|£& — 0| = |u — 8|. The Holder inequality(2.6), and (4.6)
yield E[(e2, — 1)w/(8)/w;(8)| < c. So by(2.5) and the independence of
andeZ , w/ (u)/w; (u) we have

w,(0) w/(8)
Ee?(elx — 1)< |(0)> = Ee?E(ely — )< .(0)) = cx.

For any 1= k < oo, {€2(eZ — 1)W/(8)/wW;(8), —oo < i < oo} is a stationary
and ergodic sequendcef. Stout 1974 Theorem 36.8) with finite mean so by
the ergodic theorem we conclude

Wr(o) T
= e2(e? —— | »c! as
kzm e (me ‘
Hence
sup |AL(U) —n(8 —u)cl| = o(n¥?) as. (5.17)
ueuyU,(L)
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Next we write

L? w: (9)

2 i

sup |A§<,)2(U)| =— > €’le?—1] sup
uEU,(L) N k<i=n veu, (L) W (V) ueu

w;" (u)
w; (u)

By the Holder inequality for all large enoughwe have
wi(8)  w(u)
Ee?le?,—1] su '
e |VEUHPL) W (V) veu Wi (u)
w; (6 w'(u
e 1) sup MO g IW W
veunL) Wi(V) veu Wi (U)

i ! (1+8)/5 \ 8/(1+8)
= (E|e2  — 1|1 5)Va+d (E( sup w; (6) [w" (u)] ) )

veu,L) Wi (V) wveu W (u)

: 2(1+8)/8 \ 8/(2(1+8))
= (Ele? - 1[**2)vVa+d (E( sup w; (6)
veu,L) Wi (V)

HWi”(u)” 2(1+68)/8 \ 8/(2(1+9))
X |E| sup———— < oo,
ueu W (U)

where in the last step we used the Cauchy inequdaltg), and Lemma 2.
Again using the ergodic theorem we get

sup |AZ ()] =0(1) as, (5.18)

ueU,(L)

asn—oo. Similarly to (5.18) one can verify that

sup |[AZ (W) =0(1) as, (5.19)

ueu,(L)

asn—oo. Putting togethe(5.16)—(5.19) we obtain that

sup |A2(u) = n(@ —u)c| = o(n¥?) as, (5.20)
ueuyU,(L)

asn—co.
Repeating the arguments leading(5016) we conclude

1 1
A s(u) = 2 e (ef — 1)Ui2k<w‘_k(u) - >

k<i=n Wi—k(o)
_ B _ Wi (6) \"
= k;gnfiz—k(fiz 1)(6 U)<—Wik(0)>

_1' 2 Eizka'izk(fiz_l)(o_U)<M>(0_U)T

2 Si=n W2 (€i-y)
(W (&) W (&)
+ 2 ot Do - u) TS
A() + AZ(U) + Ad(u),

6—uw’
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where &;_ satisfies|&_ — 0| = |u — 6|. Becausee? and {€? ,,w/_,(8)/
w,_.(8)} are independenby (2.5) and Lemma £ we have

_(8)\T k(8)\T
E(ei2—1)ei2k(xl'i0;> =E(ei2—1)Eei2k<vv\::E0;) -0

So the ergodic theorem yields

(1)
sup A

ueuyU,(L)

(] =o(n¥?) as,

asn—oo for any 0< L < oco. Similarly to (5.18) and(5.19) we have

sup [A%(U)|=0(1) as
ueuyU,(L)

and

sup |AZ(u)] =0(1) as.
uey,(L)

Thus we have established that

sup [Acs(u)| =o(n'?) as. (5.21)

ueu,(L)

Using the mean value theorem we conclude

2
sup [Ay4(u)] = L S €262, su [wi (W w; (u)
ueU, (L) N <i=n ueu W (u) uveU(L) W (V)
X su M Wi*k(u)

ueu Wi (u) u,veU,(L) Wifk(V),

so following the proof 015.18), using Lemma £ and the ergodic theorem we

have

sup |Ag4(u)] =0(1) as. (5.22)
ueU,(L)
Lemma 52 now follows from(5.1) and(5.20)—(5.22). u

Proof of Theorem 2. Putting together Lemmasband 52 we get that for
any 0=k < oo andL < o0

sup |&(u) — (A +n(@—u)ch)| = o(n¥?) as, (5.23)
ueUyU,(L)

asn—oco. We note that the random vectaib— €2)w/(0)/w;(8), —co < i < oo
are uncorrelated and have bounded second mognemtsy the Chebyshev in-
equality we have
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Thus by(4.3) we get
16, — 6] = Op(n~%2), (5.24)
and therefore Theorem2follows from (5.23). u

Proof of Theorem 2. By Theorems 2. and 41 it is enough to prove that

n"¥2 3 7--N(0,D), (5.25)
1=j=n
where
1 w'(0)
= (2= 1)(e?; 1) + = (2 1) =Byt
n; <(EJ )(GJ i ) 2(] ) ](0) 0 '1’

1 w/(6)
(€j2 _ 1)(61-2,iK —-1) + E (e? € -1 m BO ,K>

We note thatp,,m,,... are uncorrelatedstationary random vectarst is easy
to see thaEn; = 0 and because

OO
Ao= d2E<w0(0)> Wol6)

4%

(cf. Berkes et al 2001, the proof of Remark %) we getEannj =D.

Next we observe thaiq,7,,... iS a stationaryergodic procesdt is also a
martingale difference sequence with respect to dhalgebras generated by
{€,—o0 < j < i} with finite second momentdJsing the Cramér-Wold theo-
rem (cf. Billingsley, 1968 p. 49) and Theorem 23 of Billingsley (1968 p. 206)
we obtain(5.25).

Proof of Theorem 3. We note that

D = cov(ng)
W (0 Wy (0
=E(ed—12E{(e?, -1+ —— Wo(6) ) 1€ —1+ —— Wo(6) )
0(0) 0(0)
wo (0 0
X Ggi -1+ O( ) , .,Ggi _1+W0( )
! Wo(8) “ wo(8) X
wherez; = cij(Bgl)T/Z. Thus(2.6) follows from Lemma 43. ]
Proof of Theorem 2. It is an immediate consequence of Theore &nd
(2.16). [ ]
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Let

~

1 ~ ~
An(u) = = > (@) (),

1<i=n
> 1 pn
Bo(u) = — > &'(u),
N 15i=n

1 Wi (1)
Gn(U) = —— 2 — ) o
en(U) n—k 15%4((6 ) Wiy (U)

and

Wo(U)
Ao(u) = E(Lo(u)Te(u),  Bo(u) =Efg(u),  cl(u) = E|:(EEI<_ 1 }

Wo(U)

LEMMA5.3. If (2.1)—(2.6) hold, then there ig > 0 such thatAy(u), Bo(u),
andc,(u) exist for allu € U(vy),

sup [Aq(u) = Ag(uw)] = 0p(1), (5.26)

ueU(y)

sup B (u) — Bo(u)| = 0p(D), (5.27)

ueU(y)

sup € n(u) — ¢ (u)| = 0p(2), (5.28)

ueU(y)
and
d2—>d2 as, (5.29)
as n—oo.
Proof It is easy to see that

}[W()(u)_ , 0% Wé(U)}

W) =721 W@~ wo(u) wo(w

Using the Holder inequality(2.6), (4.5), and(4.6) we conclude

lwowl , , o8 |wa<u>|>2
Wolu)  ° Wo(u) wo(u)

[wg(u)] \? od |wg(u)]\?
_403{E< Wo(U) ) +E<E§wo(u> Wo(U) ) }

<

Ell(€o(u)Teo(w)] = C3E<
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for all u € U(y) assuming thay > 0 is small enoughThe existence oBq(u)
is proved in Lemma B of Berkes et al(2001). By the Cauchy inequalify(2.6),
and(4.6) we have

5 / 2\1/2
Ele2,—1] w = (E(e?,— 1)?)V? (E( Wo(U)|> > o,

Wo(U) Wo(U)

establishing the existence of(u) for all u € U.

Observing thanB,(u) = [(u), (5.27) is proved in Berkes et a{2001). The
proofs of(5.26) and(5.28) are similar so we provide an outline f@.28) only.
Following the proof of Lemma A one can verify that with a small enough
Yy > 0

sup |Ck,n(u) - ck,n(u)| = 0(1) as,

ueU(y)
where

1 W (U)
Cn(U) = —— (e2—1) ———.
o n—klszn_k LT ()
Introducing

1 W4 (1)
Con(W) = —— 3 (-1 =
e n—klszn_k LT Wi (u)
we write

Cn(U) — G n(U) =

D yi2< 1 1 )Wi'+k(u)

n—Ki=5h« W (6,,) - w;(8) J wi i (u)

1 1 1\ Wa(w)
n—k 152 yi2< )

i=n—k W (6,,) - W (8,) / Wi (u)

1 1 1\ wi(u)
i n—k 1<2:nkyi2<wi(0~n) - Wi(0)> Wi 1. (U)

= gih(u) + g (u).

Applying (5.5) there is a random variable® such that

L 1 W (W 1
suplgh (W =¢* —— 3 yPsup——~— pii=0 -] as

0
ueu N—Ki=i=h-k~ ueu Wi(u)
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by (4.6) and Lemmas 4 and 44. Using the mean value theorem we get with a
small enoughy that

sup g2 (w)|

ueU(y)

1 w; (u) [wi (u)] I/ (W]
=C,l8,— 0|| —— e? su : .
4 - k1<|§1 K u,veuey) W (V) ueu Wi(U) ueu Wigg(u)

By (2.6) and Lemma £ we obtain

) Wo(U) Iwo(u)| Iwic ()|
Eeg sup
uveu(y) Wo(V) ueu Wo(U) uweu Wi(u)

and therefore by the ergodic theorem we have

1 w; (u) [ (u)| Wiy (W)
e €2 su su su =0(1 as
K L ) S S @ oW

So(5.24) yields

sup g (W) = op(1)

uceU(y)

with somey > 0. The ergodic theorem implies that

Cn(U) = ¢ (u) foranyue U (5.30)
and

sup [lcia(u)] =0O(1) as (5.31)
ueU(y)

Putting togethef5.30) and(5.31) we conclude by standard arguments

sup e n(u) — ¢ (u)| = 0o(1) as.
ueU(y)

completing the proof of5.28).
Because by the independenceegfand w;(8)/wy(6) we have thatcy = 0,
(5.29) follows from Theorem 2. and the strong law of large numbers ®

Proof of Theorem &. Lemma 53 and(5.24) imply
Dt DY

and therefore the result follows from the central limit theorem in Theorgin 2
[ ]
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