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In this article we give several results amultivariate and univariajestochastic
comparisons of generalized order statistit® give conditions on the underlying
distributions and the parameters on which the generalized order statistics are based
to obtain stochastic comparisons in the stochadtspersivehazard rateand like-

lihood ratio ordersOur results generalize some recent results for order stafistics
record valuesand generalized order statistics and provide some new results for
other models such dsrecord values and order statistics under multivariate imper-
fect repair

1. INTRODUCTION

The stochastic comparison of probabilistic models is a growing field of research in
applied probability Fields where these results can be applied include reliability
economicsinsuranceepidemiologyand so forthsee Miiller and Stoya26] and
Shaked and Shanthikumggi]).

During the last 10 years great number of articles have dealt with stochastic
comparisons of order statisti€and the more general model of coherent sysjems
and the main applications of such results are given in reliab8iome recent arti-
cles on the subject are by Belzunégancg Ruiz, and Ruiz[2], Belzunce Ruiz
and Ruiz[6], Belzunce and Shakgd], Boland Hu, Shaked and Shanthikumar
[9], Boland Shakedand Shanthikumdr0], Hu and Wei 17], Khaledi and Kochar
[21,22], Kochar[23], Lillo, Nanda and Shake@25], and Nanda and Shak¢#a7].

Another model that has received much attention recently is the model of epoch
times of nonhomogeneous Poisson and pure birth proceSsegomogeneous
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processes are of interest not only in reliability but also in insurasgielemiology
and so forthAlso, the epoch times of a nonhomogeneous Poisson process corre-
spond with the record values of a proper sequence of independent and identically
distributed(i.i.d.) random variablesFor these mode)8elzunce Hu, and Khaledi
[3], Belzunce Lillo, Ruiz, and Shakedl4], Belzunce and Ruig5], and Belzunce
and Shaked7] provide several results about stochastic comparisons

Given the similarity between some structural properties of order statistics and
record valuesKkamps[19,20] proposed the model of generalized order statistics
which includes as particular casesandom vectors of order statistics and record
values This model covers some other models of interest in applied probability

There are some partial results about stochastic comparisons of generalized order
statistics as can be seen in Kampk8,20] and more recently in Franc®uiz, and
Ruiz[13]. However most of these results are given in the univariate case and under
some restrictive assumptions on the values of the parameters of the generalized
order statisticswhich limits the applicability of such results

The purpose of this article is to give conditions on the distributions and the
parameters on which the generalized order statistics are based to obtain stochastic
comparisons of generalized order statistidsese results are given in most cases in
the multivariate case and try to impose less restrictive assumpthaextend some
recent results given for order statistics and record valued we give applications
to some other modelés we will see latgrthe generalized order statistics are a par-
ticular case of the epoch times of a proper nonhomogeneous pure birth paoogss
from known results about stochastic comparisons of this midepossible to derive
results for generalized order statistitlowever in some caseshese results can be
given under weaker conditioyes we will show latefThe article is organized as fol-
lows. In Section 2we introduce several models of random vectors with ordered com-
ponentssuch as order statistiggcord valuegyeneralized order statistiand epoch
times of nonhomogeneous pure birth procesSeseral distributional properties of
interest will also be giverin Section 3we describe several conditions to obtain sto-
chastic comparisons of generalized order statistitSection 4we consider a sim-
ilar problem but in this case for spacings of generalized order statiSiacnish, in
Section 5we give some applications of these results

In this article “increasing” and “decreasing” mean “nondecreasing” and “non-
increasing’ respectively Also, given a random variabl¥ with continuous distri-
bution functionF and densityf, F = 1 — F denotes the survival functiof/F is the
hazard rateandF ~* denotes the inverse of the distribution functiaich is under-
stood to be the left-continuous ana this article the results are given for contin-
uous distributionsexcept for the results about the likelihood ratio oragnich are
given for absolutely continuous distributions

2. PROBABILISTIC MODELS OF RANDOM VECTORS
WITH ORDERED COMPONENTS

Perhaps the most well-known model of random vector with ordered components is
the random vector of order statisticSiven a set ofn i.i.d. random variables
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Xi,..., Xy, if we arrange these random variables in ascending order of magnitude
then the random vector of the ordered quantiti¥s), ..., X)) is called the ran-
dom vector of order statistics

Other models are given from the epoch times of a counting proEesgxam-
ple, we can consider the epoch times of a nonhomogeneous Poisson counting pro-
cessA counting proces$N(t), t = 0} is a nonhomogeneous Poisson process with
intensity functionr = 0 (/" r (u) du = oo for all t = 0) if the following hold

1. {N(t), t = 0} has the Markov property
2. P{N(t + At) = n+1|N(t) = n} =r(t)At + o(At),n= 1.
3. P{N(t + At) > n+ 1|N(t) = n} = o(At),n= 1.

If we denote byT, = inf{t:N(t) = n} the epoch times of the nonhomogeneous
Poisson processlearly the components of the random vector of the firepoch
times (Ty,...,T,), are ordered

Epoch times of nonhomogeneous Poisson processes can be introduced as record
values of a proper sequence of random variables

Let{X;}i2, be a sequence ofiid. random variables and denote by

L) =1,
Ln+1) =min{j > L) :X; > X (n}

the record timesthen the record values are defined as

{XL(n)};m.ozl-

fee]

Now, if we consider a sequeng; }i2, of i.i.d. random variablegr.v.'s) with
hazard rate, then

Tn st XL(n)’

where theT,’s are the epoch times of a nonhomogeneous Poisson progils
intensityr.

In order to present a unified approach to study order statistics and record val-
ues(and a variety of models of ordered random variahl&amps[19] introduced
the concept of generalized order statistics

Next, we give the definition of generalized order statistics following Kamps
[19,20].

DEFINITION 2.1: LetnE N, k=1, my,...,m  ER,M =3 'm,1=r=n—-1,
be parameters suchthgt =k+n—r+M, =1forallr € 1,...,n—1, and letm=
(My,...,my_1) if n =2 (M & R arbitrary if n = 1). We call uniform generalized
order statistics to the random vectdU; n mk),--->Umnmk) With joint density
function

h(uy,...,u,) = k< ]:[ yj>< ]:[ (1- uj)mj)(l— Uyt
j=1 j=1
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on the cond = u; =---= u, = 1. Now, given a distribution function F, we call
generalized order statistics based on F to the random vector

(X(l,n,ﬁ’i,k)"”aX(n,n,mk)) = (F_l(U(l,n,m,k))’---’ F_l(U(n,n,rﬁ,k)))-

If F is an absolutely continuous distribution with denditghe joint density
function of (X, n mkys---» X(n.nmk) IS given by

fF(Xpyeony, Xp) = k( ]:[ y]->< ]:[ If(x,-)mif(x,-)> F(x,)Kf(x,) (2.1)
j=1 j=1

onthe condc1(0) = x; =---= x, = F1(1).

Several models of ordered random variables are included in this mAslele
have mentioned previouslgrder statistics and record values are a particular case
of this model Takingm, = 0 for alli = 1,...,n — 1 andk = 1, we get the order
statistics from a distributiofr, and takingm, = —1 for alli = 1,...,n — 1 and
k =1, we get the firsth record values from a sequence of random variables with
distributionF. Some other models contained in the generalized order statiGiizS
model will be seen in Section 5

A property that will be used later is that GOS from a continuous distribution
form a Markov chain with transition probabilities
F(t)
F(s)

Another random vector with ordered components that has recently received
great interest is the model of the finstepoch times of a nonhomogeneous pure
birth (NHPB) processSuch processes are called “relevation counting processes”
in Pellerey Shaked and Zinn[28]. Epoch times of NHPB processes correspond
also to Pfeifer’s record value®feifer[29] established a model of record values
based on a double sequence of nonidentically distributed random variables

Applications of NHPB processes in insuranceliability theory epidemiol-
ogy, and load-sharing models can be found in Belzunce.¢#flHu and Parf16],
Pellerey et al[28], and ShakedSpizziching and Sutef33].

A NHPB process is a Markovian point process in which the jump intensity at
any timet depends not only ohbut also on the number of jumps before time.

Formally, we consider a point proce$é= {N(t), t = 0} such that the following
hold:

Yr
P[X(r,n,mk)>tX(,_l,n,mk)zs]=< > fort=sandr=2,...,n. (2.2)

1. N has the Markov property
2. P{N(t + At) = n+ 1|N(t) = n} = r (t)At + o(At),n= 1.
3. P{N(t + At) > n+ 1|N(t) = n} = o(At),n=1,

Ther,’s are nonnegative functions that satisfy

f r\(x)dx=o0 forallt=0.
t
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In a distributional theoretical sense GOS are contained in the model of epoch
times of a NHPB proces€onsider GOS based dhwith failure rater and param-
etersk, n, andM,,r =1,...,n — 1; then

(X(l,n, mK)seees X(n,n, m,k)) st (Tl, ces ,Tn),

where theT;’s are the epoch times of a NHPB process with intensities(k + n —
i + Mj)r, fori=1,...,n. This relationship will be used later to obtain stochastic
comparisons of GOS from some previous known results about NHPB processes

3. STOCHASTIC COMPARISONS OF GENERALIZED ORDER STATISTICS

In this sectionwe give several results about stochastic comparisons of. @®&e
will see some of them are given for the whole random vector of generalized order
statisticsfrom which we can obtain stochastic comparisons of the coordiriEtese
results extend some recent results given by other authors

We start by considering the usual multivariate stochastic oR#=rall that given
two n-dimensional random vectors andY, thenX is said to be less thari in the
multivariate stochastic ordédenoted byX =, Y) if E[¢(X)] = E[¢(Y)] for all
increasing functiong : R" — R, provided the previous expectations existthe
univariate case given twou's X andY with distribution functiond= andG, respec-
tively, X =g Yifand only if F = G.

As we have mentioned in the previous secti@DS can be considered as a
particular case of epoch times of NHPBor this last modelBelzunce et al[4]
gave conditions in TheoremBL under which two random vectors of epoch times
of NHPB processes are ordered in the multivariate stochastic.d@deh condi-
tions can be translated into conditions for the multivariate stochastic order of two
random vectors of GOS based on distributiéhand G. In fact, under the hazard
rate order ofF andG (see the definition of the hazard rate order Igtere get the
multivariate stochastic order of the corresponding random vectors of generalized
order statisticsHowever as we see nexthis result can be given under weaker
conditions

THeoreM 3.1: Let X and Y be r.v.’s with distribution functions F and G, respec-
tively, and letX = (X(L nmK)s---» X(n,n,mk)) andY = (Y(l,n,ﬁ‘l,k)a . ,Y(n,n,m,k)) be
random vectors of generalized order statistics based on F and G, respectively. If
X =4, then

X =Y.

Proor: We prove the result by constructing random vectérandY on the same
probability space witiK =4 X andY =4 Y, such thaP(X = Y) = 1, and the result
follows from Theorem 8.1 in Shaked and Shanthikun{&d]. LetX = (Xy, ..., X,)
andY = (Y,...,Y,) be random vectorsvhere

>A(r = Fil(U(r,n,mk))
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and
Y, = G (Ui nmi)

and (U nmis----Unnmk) be the random vector of uniform generalized order
statistics Clea[ly X andY are defined on the same probability spaaad by
Definition 21, X =i X andY = Y. On the other hand

n
PIX=Y]=P ﬂ (X, =F Ui nmi) =G Ui nmi) =Y) | =1
r=1

where the last equality follows from the assumptir=g; Y. The result follows
from Theorem 4.1 in Shaked and Shanthikum[&1]. u

The multivariate stochastic order is preserved under marginalizakivere-
fore, if X =4 Y, any subset of coordinates of the random vector of GOS baséd on
is smaller in the stochastic order than the corresponding subset of coordinates based
on G. In particular we can obtain the following result

CoroLLARY 3.2: Let X and Y be r.v.’s with distribution functions F and G, respec-
tiver, and letX = (X(L nmK)s---s X(n, n, mk)) andyY = (Y(l, n,mKk)s - - ’Y(n,n,ﬁ‘l,k)) be
random vectors of generalized order statistics based on F and G, respectively. If
X =4Y, then

Xinmio =st Yenme foralr=1...,n

This corollary extends Theorem23of Franco et al[13] to the more general
case in which then;’s are not equal

Given two nonnegative random variablEsandY with hazard rates ands,
respectivelythen X is said to be less thavi in the hazard rate ordédenoted by
X=,Y)if r(t)=s(t) forallt = 0. This order can be characterized in terms of the
survival functions as followsX =y, Y if F/G is decreasingwhereF andG are the
survival functions ofX andY, respectively

This partial order is stronger than the stochastic ofde; <,,, = =), so the
previous theorem is given under weaker conditions than those that follow from Theo-
rem 311 in Belzunce et al4]. Under the hazard rate order assumptibis pos-
sible to obtain the stronger result of the multivariate hazard rate order of generalized
order statisticfwe refer the reader tf31] for the definition of the multivariate
hazard rate orderThe following result follows from Theorem.B2 by Belzunce
et al [4].

THeoreM 3.3: Let X and Y be r.v.’s with distribution functions F and G, respec-
tively, and letX = (X(L nmK)s---> X(n, n,f‘h,k)) andY = (Y(l, n,mk)s e« - ,Y(n,n,mk)) be
random vectors of generalized order statistics based on F and G, respectively. If
X =Y, then

X =Y.
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Remark 3.4.The hazard rate order is not known to be preserved under marginal-
ization; thereforewe cannot obtain from the previous result the hazard rate order of
the corresponding coordinates partial result in this direction is given in Theo-
rem 33 by Franco et a[13] whenm; =m, foralli=1,...,n— 1.

Next, we provide a result for the general cdie., when them/sdo not need to
be equal To provide the resulive recall first, the following equality given recently
by Cramer and Kamplsl1].

The hazard rater,, of the rth generalized order statis¥g , m «) based on an
absolutely continuous distribution functiéf with hazard rate(t), is given by

A (1) = r(Oh (F(1)), (3.1)

whereh, is defined by

zG"? [z

h(2) = —

r,0
Giy
0

YiseesVr
')/1_1,...,'yr _1

Yire-osVr ’
ds
'yl_l,...,’yr -1

z€ (0,1),
S

andG is a particular Meijer'sG-function Cramer and Kampgl1] show also(see
Remark 47) thath, (z) is decreasing i
Next, we give the following result for the hazard rate order

THEOREM 3.5: Let X and Y be absolutely continuous r.v.’s with distribution func-
tions F and G and with hazard rates r and s, respectively. kgt X vy and Y; n m «

be the rth generalized order statistics based on F and G, respectively=lf X,
then >gr,n, m, k) =hr Y(r,n,l*r‘n,k)-

Proor: From(3.1), the hazard rates of(; n m K andY nmk are given by
r(h (F(t) and s(t)h (G(1)),

respectively
From the conditionX =y, Y, we get thatr (t) = s(t) andF(t) = G(t). Now,
given thath, (z) is decreasing iz, we get the following inequality

rt)h. (F(t)) = s(t)h, (G(t))
and therefore the result u

Next we consider the multivariate likelihood ratio ordeet X andY be two
n-dimensional random vectors with density functidpsandfy, respectivelyWe
say thatX is less tharY in the multivariate likelihood ratio ordedenoted by =,,
Y, if (O anddenote respectivelythe minimum and the maximum operatigns

fX(Xl’ X27"~5Xn)fY(yl, y25-"5yn)
= fx (X1 Oy1, X OYo, ..o, X Oyn) fy (X Oy, Xo OYa, .o, Xa Oyn)

https://doi.org/10.1017/50269964805050072 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964805050072

106 F. Belzunce, J.-A. Mercader, and J.-M. Ruiz
for all (X4, Xo,..., X,) and(ys, Ys, ..., ¥n) in R" (see Shaked and Shanthikunpat,
Chap 4, and references therdin

A property that will be used in the proof of the following theorem is that the
likelihood ratio order is stronger than the hazard rate o(der =, = =;,).
THEOREM 3.6: Let X and Y be absolutely continuous r.v.’s with distribution func-
tions F and G and with hazard rates r and s, respectively.Xet (Xq nmks---»
Xinnmi) @ndY = (Y nmus---» Yin.n.mk) b€ random vectors of generalized order
statistics based on F and G, respectively. If (a) @0 for all i and X =, Y
or(b) m = —1foralli, X =, Y, and gr is increasing, then

X=,Y.

Proor: By (2.1), we have that the joint density function &f = (X1n m k- -
Xin,n,mk) is given by

f(x) = k< n]:[ yj><n]_[ (If(xj))mif(xj)>(lf(xn))"1f(xn) forall 0 <x; <---<X,
i=1 j=1

and the joint density function of = (Y30 mk)---» Yinmk) iS given by

n—1

a(y) = k(H %)(H (G(y,»))mjgwj))(G(yn))k1g<yn>,
j=1

j=1

forall0 <y, <---<y,.

Therefore we have to prove that
<J_n1—[i(lf(xj Oy;)™f(x Dm))(lf(xn Oy (%0 OYn)
X <?_1_[11(G(xj Oy;)™g(x; D)/;))(G_(xn Oy ) 1g(Xy Oyn)
= (jn_l:[ll(lf(xj))mif(xj)>(lf(xn))k1f(xn>

x ( 1] <G<yj))”ﬁg(yj))(G(yn»k-lg(yn).
j=1

If we consider the seE = {i = n— 1:x =y}, then the previous inequality is
equivalent to
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( [T (F(x Oy,)mf(x; Dy,»))(ﬁ(xn Oy (%0 OYyn)
ieE
X ( TT(G(x Dy, )™g(x Dy,—))(é(xn Oyn) g%, Oyn)
j€E

= (H (ﬁ(xj>>mjf<xj>><ﬁ<xn>>k*1f<xn>

=3

x ( 11 (G(yj>>mig<y,-))(G(yn)wlg(yn).

jEE
From the assumptioK <, Y (= X =, Y) in parts(a) and(b), we have
(F (X OYn) (%0 Oyn) (G (X, Oyn))<g(X, Dyn)
= (F(%) (%) (G(Yn) g (Ya)-
Now, under the assumptions in pde) we have thatfor all j € E,
(FOy)™F(y)(G(x))™g(x)
= (FOy))™T (%) (G(y,))™a(yy).

Therefore under the conditions in pata), we get the result
On the other handunder the assumptions in pdhy), we get that for alj € E,

(FOy)™T Oy (Gx))™g(x)
= (F(y D™ (y)(GOx)) ™ *s(x))
= (FOq))™f () (G(y;)™a(y;)
= (FOO))™ ™ () (G(y; )™ s (y)).
Again, under the assumptions in pdh) we get the result u

The likelihood ratio order is preserved under marginalizatiberefore we
have the following result

CoroLLARY 3.7: Let X and Y be r.v.’s with distribution functions F and G, respec-
tively, and letX = (X(L nmK)s---» X(n, n, mk>) andyY = (Y(l, n,mK)s -« ,Y(n, n,m, k)) be
random vectors of generalized order statistics based on F and G, respectively. If (a)
m; = 0foralliand X=, Y or (b) m= —1foralli, X =, Y and gr is increasing,

then

X(r,r‘l,ﬁ‘l,k) S" Y(I’,n,ﬁ‘l,k) fOI’ a||l’ = 1,...,n.

Part(a) of this corollary extends Theorem43by Franco et a[ 13] to the more
general case in which the,’s are not equal

Now, we consider a different probleridve consider stochastic comparisons of
two random vectors of GOS with different parameters but based on the same dis-
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tribution F. We start by giving a simple result for random vectors of uniform gen-
eralized order statistics

THeoREM 3.8: Let U = (Ugnmis---sUnnme) and V. = (Manm.kys--»
Vinn.m, k) be randonvectors of uniform generalized order statistics with param
eterskandmi=1,...,n—1,andKandnj,i =1,...,n— 1, respectively. Then,
U=, Vifandonlyifk=k’andm=m, foralli =1,...,n—1.

Proor: From Definition 21 we need to prove that

n—1
(L1 u)* (L= vp)¥ * IT @ = )™ — o™
j=1
n—1 -
(1 - (un Dvn))k71(1 - (un Dvn))kLl H (1_ (uj DUJ ))mj (1 - (uj DUJ))mj,

j=1

foral0<uy=---=us<landO<v; =---=p,< 1
The previous inequality holds if and only if

(1_ Uj)mj(l_ Uj)mj/
(1_ (Uj DUJ ))mj (l_ (Uj DUJ))mJ!

=1 foralj=1..,n—-1

and

(1_ un)k_l(l_ Un)k,_l -
(1_ (un Dvn))k_l(l - (un Dvn))k,_l B

foral0<uy=---=us<landO<v;=---=p,< 1
Now, it is easy to see that the previous inequalities are equivaldettl’ and
m=m, foralj=1,..,n-1 n

Now, from the preservation of the multivariate likelihood ratio order under
increasing transformations of each individual coordirfage{ 31, Thm. 4.E.2]), we
can obtain the following result

THEOREM 3.9: Let X = (X(Ln,mk)wn’x(n,n,mk)) and X' = (X(l,n,m’,k’)’-'-’
Xawnm.xy) be randomwectors of generalized order statistics based on the same
distribution F and with parameters k andm=1,...,n—1, and K and nj, i =
1,...,n—1, respectively. Ther =, X’ ifand only if k= k’ and m = m; for all i =
1,...,n—1

Now, a combination of Theorem.8 and Theorems.3, 3.3, and 36 leads to
the following result

TueoreM 3.10: Let X and Y be r.v.’s with distribution functions F and G, respec-
tiVely, and letX = (X(l, nmk)see-s X(n) n, m, k)) andY = (Y(l, N, K )s e 7Y(n, n, m, k’)) be
randomuvectors of generalized order statistics based on F and G and with param
eterskandmi=1...,n—1,andKand nf, i =1,...,n — 1, respectively. Let us
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suppose thatle k’and m=m; foralli =1,...,n— 1. Then, we have the following
results:

(i) f X =4Y, thenX =4 Y.
(i) fX =pY,thenX =, Y.
(i) f(@m =0o0orm ZOforaIIi =1,...,n—land X=,Yor(b)m= -1
orm = —1foralli=1,...,n—1, X =n Y, and gr is increasing, then
X =Y.

To finish this sectionwe consider two results under the dispersive order
assumption

Given two random variablesandy, with distribution function$- andG, respec-
tively, we say thai is less tharY in the dispersive ordeidenoted byX =g, Y) if
(see[24]):

G *(p) — F*(p) isincreasing ip € (0,1) (3.2)
or, equivalentlyin the continuous casé
F1(G(y) —F XG(x) =x—y forallrealx<y.

Shaked and Shanthikumg?2, p. 16] consider the following multivariate gen-
eralization 0f(3.2).

Let X = (Xy,...,X,) be a random vector and consider the transformation
¥ :(0,1)" — R" defined by

W (UgyeeeayUn) = (Xgyevey Xn)s
where thex;’s are defined recursively by
X1 = Fr *(uy)
and
Xi = Rt ica(Ui[Xg, ..., x—q) foralli=2,...,n,

Where F,' is the inverse of the marginal distribution oK, and
,,,,, i—1(WXq,...,X_1) is the inverse of the conditional distribution Xf given
thatXl = Xl,...,X 1= Xj-1.

Now, given Wy and Wy for two random vectorsX andY, of dimensionn, a
multivariate generalization dB.2) is the condition

Wy (u) — Wy (u) is increasing iru € (0,1)". (3.3)

Next, we show that under the dispersive ordefFadndG, then(3.3) holds for
the random vectors of GOS basedBandG.

TueoreM 3.11: Let X and Y be r.v.’s with distribution functions F and G, respec-
tively, and letX = (X(Ln,mk)"n’x(n,n,mk)) andyY = (Y(l,n,mk)’~-"Y(n,n,mk)) be
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random vectors of generalized order statistics based on F and G, respectively. If
X =disp Y, then
X =<gisp Y.
Proor: We observe first that
Fx_(llynymk)(ul) =F 11— (1—-u))

and
Fix o ol Xanmio =Xt Xonmio=x_n(Ur) = F 711 = F(X, 1) (1= u)7)
and the same holds fof; that is
Gylymo(U) = G L~ (1—up)™™)
and
G mioMmmio =1 Yot nmio=yr_0 (Ur) = GTHL = G(¥r-1) (1 — u)¥).
Therefore we just need to prove that
G1-(1—u)¥Y"—F*(1—-(1—uy)¥™ isincreasingiru; € (0,1) (3.4)
and
G 1-G(Yr-) A= u)") = F 1= F(x-1)(1—u)"")
is increasing inu,,...,u,;) € (0,1)" (3.5)

forallr =2,...,n, wherex, = F (1 — F(X_1)(1 — u,)¥”) andy, = G *(1 -

G(Y,_1)(1 — u,)Y). If we define recursively the valugs =1 — (1 — u,)Y" and
pr=1—(1—-p_)@—u)Y "D forr =2,...,n,itis not difficult to see that
(3.4) and(3.5) are equivalent to

G Y(p,)—F Yp,) isincreasingim, € (0,1) (3.6)

forallr =1,...,nand thafp, is an increasing function dfi,, ..., u,). Thereforethe
result follows from the assumptiok =g, Y. u

Again, condition(3.3) does not imply the dispersive order among coordinates
However it is possible to obtain such resuls we show in Theorem.B2. The
result is easy to obtain observing that the distribution functioX of, m ) based on
an arbitrary distribution functiof is given by

Fnmio(X) = @ n(F (X)),

where®, , is the distribution function of the uniform generalized order statistic

Uir,nmi-
Now, we have the following result
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THEOREM 3.12: Let X and Y be r.v.’s with distribution functions F and G, respec-
tively, and letX = (X(L nmK)s---» X(n’n’mk)) andY = (Y(l,n,ﬁ‘l,k)a . ,Y(n,n,m,k)) be
random vectors of generalized order statistics based on F and G, respectively. If
X =gisp Y, then

X(r,n, m, k) Sdisp Y(r, n, m k) -

Proor: The proof follows by observing that
F)Z(rl,n,mk)GY(r,n‘m,w(X) = F71®E%®r,nG(X) = FilG(X)‘ u

Similar results hold for the convestar-shapedand superadditive orders

Given two random variablesandy, with distribution function$- andG, respec-
tively, we say thaX is less tharY in the convexstar-shapedsuperadditiveorder
(denoted byX =y« sy Y) if

G 1(F(x)) — xis convex(star-shapedsuperadditiviin x = 0. (3.7)
Under the same arguments as in Theoreh?3wve get the following result

THeEOREM 3.13: Let X and Y be r.v.’s with distribution functions F and G, respec-
tively, and letX = (X(L nmK)s---> X(n’n’mk)) andY = (Y(l,n,ﬁ‘l,k)a . ,Y(n,n,m,k)) be
random vectors of generalized order statistics based on F and G, respectively. If
X =cysu Y, then

x(r, n, m, k) St:x[*, su] Y(r, n, m k) -

4. STOCHASTIC COMPARISONS OF RANDOM VECTORS OF SPACINGS
OF GENERALIZED ORDER STATISTICS

In this sectionwe provide conditions for the stochastic comparisons of spacings
from random vectors of generalized order statistics

Given a random variabl¥ with distribution functionF and a random vector of
GOSX = (X nmk>---» X(n.nmk) based o, we will denote the spacings froX
BY Scr.nmio = Xirnmi ~ Xi-1nmi fOr r =2 andSy g nm = X,nmu, and the
random vector of spacings froi by

Sy = (S((l,n,mk),---,S«n,n,mk))-

We start giving conditions for the multivariate stochastic order of random vec-
tors of spacings from GQ&s we will see laterthe following result is given under
weaker conditions than those that follow from TheoretD4of[4].

THeoREM 4.1: Let X and Y be r.v.’s with distribution functions F and G, respec-
tiVG'y, and letX = (X(L nmK)s---s x(n,n,mk)) andyY = (Y(l,n,ﬁ‘l,k)7 . ,Y(n,n,m,k)) be
random vectors of generalized order statistics based on F and G, respectively. If

X Sdisp Y, (41)
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then

Sx =stSy. (4.2)

Proor: We proceegdas in Theorem 3, to construct two rangom variables,
and Sy on the same probability spacsuch thatSy = Sk, Sy =« Sy, and

P[Sx=5,]=1
Let us consider a random vectdr= (V;,V,,...,V,) such thatv = X. Then
we define
gx = (Vi,Vo = Vq,...,Vh = Vi)
and

Sy = (G F(V1),G F (Vo) — G IF(Vy),...,G F(V,) — G F(V, 1))
Clearly Sy =4 Sy and
P(GIF(V,) =y,G IF(V2) =Vs,...,GIF(V,) = VY,)
= P(F(V1) = G(y1), F(V) = G(Y2),...,F (V) = G(yn)
=PUaxnmi =G(¥1),Uz,nmi = G(Y2),...,Unnmi = G(Y¥n)

=P(Yonmew =YY nmw =Y Yonmk = Yn);

therefore Sy =4 Sy.
Now, sinceF =4, G andVj_; =V,

G'F(V) -G 'F(V_1) =V, -V,
and thereforeP[Sy = 5,] =1 [ ]

If we denote byr andsthe failure rates oK andY, respectivelythen the con-
ditions given in Theorem.40 of[4], translated to this context arét) = s(t + x),
t,x = 0. Now, from Proposition £ of [4], this condition is stronger than the dis-
persive order oK andY. By the preservation of the stochastic order under margin-
alization we obtain Theorem.Z by Kampg 20, p. 183].

Next, we proceed to give a result for the stochastic comparison of univariate
spacings with gaps and from random vectors of GOS with different dimensions

In order to state the resulive need first the following two technical results
Let X be a random variable with continuous distribution functrnd letX =
(Xwnmk»---> Xmnmk) be a random vector of generalized order statistics based
onF. Let us denote the spacing betwggh andgth coordinates fronX by §, ., =
Xgnmk — X(p,nmk for p < ag. Then we have the following result

LEMMA 4.2: Let X be a random variable with continuous distribution function F,
let X = (Xznmk»---» Xin.nmk) be arandom vector of generalized order statistics
basedon F, andletp=m= —1forallr =1,...,n— 1. Then, we have the following:
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(i) If X has a decreasing failure rate (DFR), th¢&, .n|X(pnmi = Y] is
stochastically increasing in & R.
(”) [%pn|x(pnm,k) y] _SI[SIH‘X(InFﬁ,k) y] fOI’ a”yand fOI’ a”p>|
andg—j=p—-i=m-n.
Proor: (i) We consider first the casa # — 1. After some computationsve have
that the survival function ofS; p.n| X(p,n, mk = Y] at a pointx is given by

_ F(x+
Mp,q(x|y) = Hp,q<¥>’

(y)
where
all/ig—p—1 (-1)} )
H, (1) = K . ————— (M Dityg

with

q

H Yi

i=p+1

Kpq = :
P (@-p-DmE )P

Clearly H, 4(t) is an increasing function arfél(x + y)/F(y) is increasing iry
if Xis DFR, and therefore M, 4(x|y) is increasing iry.

Form = —1, the proof follows taking limits whem — —1. It is not hard to
prove thaf{ S, p.n| X(p.n,m k) = Y] converges in distribution taS; p.n| X(p,n, =ik = Y]
whenm — —1. By the preservation of the stochastic order by the convergence in
distribution we get part(i) whenm = —1.

(ii) Letus considep =i andg—j = p — i = m— n. In this caseit can be easily
checked thd:tU(q’ n, m, k) | U(p’ n,mk) = X] =gt [U(j, n, m, k) | U(i, nmk — X] , WhereU(r, n, m k)
denotes the uniform generalized order statisfi¢®e proof is easy and can be ob-
tained by showinginstead of the stochastic ordl¢hne likelihood ratio ordemMow,
by the preservation of the stochastic order by increasing transformatienget
[31 p: n|X(p n,mk) — y] Zst[S i n|x(| n,mk) — y] for all yand for a”p> | andq _] =
p—i=m-n. [ |

Now, we recall the following result

ProprosITION 4.3: Let{X;(0),0 € X} and{X,(9),0 € X} be two families of ran-
dom variables. Le®, and ®, be two random variables with supportsii Let Y,
and Y, be two random variables such that ¥, X;(0;), i = 1,2. Sufficient condi-
tions for the implication

0:=40, = Yi=4Y,
to be true for every such, and 0, are
X1(0) = X,(0) forallg e X
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and E[¢(X1(0))] or E[¢(X5(6))] or both are increasing i for every increasing
function¢.

Belzunce and Shakdd] prove similar results for théncreasing convex and
concave order and mention that these results can be generalized itectieasing
convexs-orders described in Denultefévre and Shakel12]. In particular when
s =1, we get the stochastic order arilerefore the previous result

Let X andY be rv.’s with continuous distribution functions and G, respec-
tively, and letX = (X(l,n,mk)’ ey X(n, n,mk)) andY = (Y(:Ll,m,k)’ . ,Y(I,I,m,k)) be ran-
dom vectors of generalized order statistics base& andG, respectivelylLet us
denoteﬁ,i:n = X(j,n,mk) - X(i,n,m,k) forO=i <J =n and\/j,m = Y(j,l,mk) - Y(i,Lm,k)
for0=i < j = 1. Then we have the following result

THEOREM 4.4: Under the above notation, if either X or Y or both are DFR and
X =Y, then

S.iin =stVgpi1 Wheneverp=iandgq—j=p—i=Il—n (4.3)

Proor: We give the proof for the case whénis DFR; in the other casahe proof
is similar

By Theorem 41 and the preservation under convolution of the stochastic order
we get that§, . =g Vg, pa @and thereforg we just need to prove

S.in=«S,ptWhenevep=iandqg—j=p—i=l—-n. (4.4)

Now, consider X,(6) = [S,i,n|x(i,n, mk 0], ©, = X, n, m k) X,(0) =
[So.011 X(p,1,mi =01, and0; = X5 | mi- ThenS j.n =« X1(01) andS, . = X2(0>).
Now from our Lemma £ and Theorem B in Kamps[20, p. 182], these random
variables satisfy the conditions of Propositioi8 4nd therefore § ., =g §; pu
whenevep=iandg—j=p—i=Il—n.

Now, we consider the multivariate likelihood ratio order of random vectors of
spacings from GOS

THEOREM 4.5: Let X and Y be r.v.’s with distribution functions F and G, den-
sity functions f and g, and failure rates r and s, respectively, andXlet
(X nmis--> Xnnmi) andY = (Y nmks---» Yin.nmk) be random vectors of gen-
eralized order statistics based on F and G, respectively. If (&,XY, m = 0 for
allj=1,...,n—1andif f or g or both are logconvex, or (b) X, Y, m = —1
forallj =1,...,n—1,randfors and g are logconvex, angf $s increasing, then

(Sxanmis-+Sknnmi) =i (Svwnmis-->Svnnmir) foralln=1 (4.5)

Proor: (@) First, we note that the multivariate density functionsSfandS, are
given respectively by
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and
n—1 j j m n _ n k—1
s, (Xayeees Xn) = k( I1 y;g<2(xi)>é<2(xi)> )g<2(xi)>G<E(xi)>
j=1 i=1 i=1 i=1 i=1
forx;, =0, foralli=1,...,n

Let us suppose théis logconvex(and in fact, F is also logconvek the proof
in the other case is similddnder this assumptigmve have the following inequality

ls, (Xe Oy, .., Xy Oyn)ls, (X Oy, .., X, OYn)

_h
N
L=
X
O
=<
N————
T
-
LM
x
O
<
\/x
L
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Now, given thatg/f andG/F are increasing functions amd = 0 and from the
previous inequalitywe get the following inequality

ls, (X1 Oy, Xy Oy)ls, (X Oy, X, OYn)

=g (X1,+-» Xn) s, (Y15-+5 Yn)

and therefore the result
(b) In this casewe write the multivariate density functions 8§ andS, respec-
tively by

ls, (X1, .5 Xn)
:k(:i_[lly,)(:]_[ir(Z(x)) (E(X)> 1) <2(X)> (E(X)> 1
:]?xl, eer Xn)

I (e )e(Zo0) JofZe)e(Z00)

forx; = O, for all i =1,...,n. Now, the proof follows as in the previous casel

n’:|

To finish this sectionwe consider again the situation of generalized order
statistics based on the same distribution but with different parameigst we
give a result for the multivariate stochastic ordehich follows from Theorem 40
in [4].

THEOREM 4.6: Let X = (Xznmkys-->Xnnmk) and X' = (X nm.kys---
Xanm. k) be randomvectors of generalized order statistics based on the same
distribution F and with parameters k and;m = 1,...,n — 1, and K and n{,

i =1,...,n — 1, respectively. If F has a decreasing failure rate ané=kk’ and

m =mforalli =1,...,n—1, thenX =, X'.
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For the multivariate likelihood ratio ordeit is possible to get a result under
stronger conditionsvhich improves the conditions that follow from Theorer %
in [4].

THEOREM 4.7: Let X = (Xinmky---> Xinnmk) and X' = (X nm kys---
Xanm. k) be randomvectors of generalized order statistics based on the same
distribution F and with parameters k and;m = 1,...,n — 1, and K and n{,
i=1,...,n—1, respectively. If X has a decreasing and logconvex failure rate and
k=k'andm=m{foralli =1,...,n—1, thenX =, X".

Proor: The proof follows the steps similar to the proof of Theorer 4 u

Again, as in Section 3we can combine Theoremsl4and 45 with Theo-
rems 46 and 47 to get stochastic comparisons of random vectors of spacings of
GOS bhased on different distributions and different parameters

5. APPLICATIONS

In this sectionwe apply the previous results to several models of random vectors
with ordered componentés a particular caseve obtain several results given by
other authors and we also give some new reshAlsswe have mentioned in Sec-
tion 1, most of the results given by other authors for generalized order statistics are
given under the assumption that = mfor all i = 1,...,n, which is not valid for
some modelsas we will see in this section

5.1. Order Statistics

Order statistics from a sample af.d. random variables are a particular case of
GOS wherk=1andm; =0foralli =1,...,n— 1. Therefore most of the previous
results can be applied to order statistansd in fact these results extend some known
and recent results about order statisticsparticular from Theorems 5, 3.6(a),
3.11, 3.12, and 313, we obtain Theorems.2, 2.2, and 23 in [6], Lemma 3a) in

[1], and Theorem &.6in[31]. Also, from Theorems 4, 4.4, and 45(a), we obtain
Theorem 61 in [9] (see also Lemmas(B) and 3c) in [1]), Theorem 3L in[17],
and Theorem 2 in [23], respectively

5.2. Record Values

Whenk =1 andm; = —1foralli =1,...,n — 1, we get the random vector of the
first n epoch times of a nonhomogeneous Poisson protesact, the results given
in Sections 2 and 3 extend recent and known resutparticular from Theo-
rems 31, 3.5, 3.6(b), 3.11, 3.12, and 313, we obtain Proposition.8 in[34], Theo-
rems 34 and 36 in[4], Theorem 31 in[5], Theorem 310 in[4], and Theorem 2 in
[14]. From Theorems 4 and 45(b), we obtain Proposition.20 in[34] and Theo-
rem 45 in [4].
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5.3. kRecord Values

A generalization of the previous model is the case in wikiéh N, obtaining what
is calledk-records(se€[ 20, Sect 1.5] for references

Let {X;}iex be a sequence ofiid r.v.'s with distribution functionF and let
k € N. Denoting the sequence kth largest order statistics by

(Xj7k+],j)j:k,k+],...,’
the rv.’s given by
Lk(1) = 1,
L(n+ 1) = min{j > L(N): X jr—1 > Xikm, Lkm+k—1)

are called the record times and the quantities
Xikimy = Xikmy, Lkn) +k—1

are calledkth records ok-records

For this modelthere are no results about stochastic comparisatieast as far
as we knowthus from the results given in the previous section®g get a great
variety of results in this contextvhich generalize the results given for the usual
record valuegk = 1).

5.4. Order Statistics Under Multivariate Imperfect Repair

An interesting model contained in the model of generalized order statistics is the
model of order statistics under multivariate imperfect rep&fe consider the fol-
lowing minimal repair policy introduced by Shaked and ShanthikU®@l. nitems
start to function at the same time Opon failure an item undergoes a repdif i
items(i = 0,1,...,n — 1) have already been scrappélden with probabilityp; . 1,
the repair is unsuccessful and the item is scrapped with probability 1- p;. 1,
the repair is successful and minimal

Let us now considen items with ii.d. random lifetimesrTy,...., T,, with the
same distributiofr and density functiofi Let (T4, ..., T(n)) be the ordered random
lifetimes resulting fronTy,...., T, under a minimal repair policy as abqwvie joint
multivariate density function ofT(y), ..., Ti,) is given by

n
f(ty,....t) = n ] p () (F(g)n I+ Dpaa=t foro<t; < ... <t,.
j=1

This density function is a particular case of the density of generalized order
statistics based dRwith parameter& = p,andm; = (n—j+1)p,— (n—j)p1 — 1.
Thereforewe can apply previous results to get stochastic comparisons for this.model
For examplefrom Theorem 3, we get as a particular case Theorem 1 given by Hu
[15]. Theorems % and 47 can be applied to provide stochastic comparisons of
spacings for this model
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If we chooseF (x) =1 — e~ % x> 0, then the joint density of the corresponding
generalized order statistics is the density of Weinman’s multivariate exponential
distribution For this modelit is not required thap; be a probabilityit can be any
positive real numbeAgain, we can apply the previous results for this model

Recall also that Theorem&and Theorems.8 and 47 and their consequences
can be applied to compare different modédg., order statistics from.i.d. r.v.’s
and order statistics under multivariate imperfect repair
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