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Abstract. In this paper we consider random dynamical systems generated by compositions
of one-sided independent and identically distributed random diffeomorphisms of class
C? on a compact manifold. We prove an entropy formula for such random dynamical
systems without assuming the SRB condition. This result is the random version of the
main result obtained by Ledrappier and Young (The metric entropy of diffeomorphisms.
Part II: Relations between entropy, exponents and dimension. Ann. Math. 122 (1985),
540-574).

1. Introduction

In smooth ergodic theory of deterministic dynamical systems, a remarkable result
concerning the relationship between entropy and Lyapunov exponents is Pesin’s entropy
formula. It states that, if f is a C? diffeomorphism on a compact Riemannian manifold M
preserving an SRB measure w, then Pesin’s identity

hu(f) = / D o ni@) mi(x) du,

holds, where A;(x),1 < i < r(x), denote the Lyapunov exponents of f at the point x,
with m;(x),1 < i < r(x) their multiplicities and A, (f) the entropy of the system
f (M, n) <. Pesin [10] first established the identity assuming the absolute continuity
of u with respect to the Lebesgue measure on M. (See [8] for an alternative proof.)
Without the SRB condition, Ledrappier and Young [4] proved a generalized entropy
formula for the above system. The formula looks like Pesin’s, and is the following:

hu(f) = f Y @y du,
i
where the A;(x)’s are as before, but y;(x) denotes, roughly speaking, the dimension of u

in the ‘stretching (or unstable) directions’ corresponding to A; (x) at the point x; the y;’s
are called the transverse dimensions.
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The question naturally arises if a similar result holds true for random dynamical systems
(RDSs). We give an affirmative answer by proving in this paper that the entropy of an
independent and identically distributed (i.i.d.) RDS associated with an invariant measure

u is indeed
/ > L@ty dp,
i

where the y;’s have geometrical meanings similar to those in the deterministic case (see §2
for the explicit definition for the y;’s).

Ledrappier and Young mentioned these y;’s in [S]. Their result concerns the relations
between the (pointwise) dimension of the sample measures and Lyapunov dimension under
some absolute continuity conditions on the invariant measure. We believe that the above
random version of the generalized entropy formula is known to them, although they did not
mention this clearly. In view of the importance of such a formula, we think that a rigorous
proof should exist somewhere. We provide this in this paper.

The proof of our result follows essentially the idea presented by Ledrappier and
Young [4]. Also it involves tedious techniques that are parallel to those obtained
by Ledrappier and Young [6] for RDSs. So we will concentrate upon the necessary
modifications and omit the proof of most of the parallel arguments, for which we refer
the reader to Liu and Qian [7].

The paper is organized in the following way. Section 2 is devoted to fixing required
notions and to the formulation of the main result. In §3, we give some preliminary results.
Sections 4 and 5 consist of the proof of the main result in the ergodic case for the unique
two-sided extension of our one-sided system. Section 6 completes the proof without the
ergodic assumption. Our result for the one-sided system then follows readily.

2. Required notions and statement of the main result

2.1. The general setting. In this paper, M will always be an m-dimensional smooth
and compact Riemannian manifold without boundary, with anorm | - |on TM. Let ¥ :=
Diff? (M) be the space of all C? diffeomorphisms on M equipped with the C? topology and
v a Borel probability measure on X. In what follows we will denote by B(X) the Borel
o-algebra of a topological space X. Put (2, F, vZ+) = S'OO(E, B(X), v). Thus oL s
a probability on (€2, F) which is invariant under the left shift operator & on 2. For each
w € Q write w = (fo(w), f1(w),...) and define

2.1

= fo—1(@)o---0 fo(w) ifn >0,
“ 7 \id ifn =0.

This set-up will be referred to as X (M, v) in the rest of this paper.
Define

+00
@, F* 0 =] B(®).v)

and write w = (..., f_1(w), fo(w), fi(w),...) for w € Q*. The left shift operator on Q*
will still be denoted by 6. We also define f;} for w € Q@* and n € Z similar to (2.1), only
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adding that
= (fp)™, ifn <o.

Also there are two skew product maps,
O:QxM-—>QxM, (w,x)— Bw, fo(w)x)

and
O:QV'xM—> Q" xM, (0,x)~ (Bo, fo(w)x),

associated with 2 x M and Q* x M respectively.

2.2. Invariant measures and sample measures. Let X1 (M, v) be given. We denote by
o the o-algebra generated by {A x M : A € F*}.

Definition 2.1. An invariant measure of X+ (M, v) is defined as a probability . on M such
that

/fudv(f)=u-
)

Such invariant measures always exist. We denote by M (X (M, v)) the set of all
invariant measures of X+ (M, v). Clearly a measure u is invariant with respect to
XT (M, v) if and only if o2 % W is ®-invariant. For each u € M(XT (M, v)), there
exists a unique ®@-invariant measure ©* on * x M which has marginal measure W2t x "
on  x M. This measure u* has marginal measure vZ on Q*. (See [6] or [7, p. 251.)

Since Diff?(M) is a Polish space (see Hirsch [2]), (2% x M, u*) with the u*-completion
of F* x B(M) constitutes a Lebesgue space. According to Rokhlin [11], one can speak
of the conditional measure w, of u* on {w} x M (identified with M) for vlae. w.
{1 weqr is vZ-mod 0 uniquely defined and is called the family of sample measures of
w*. Clearly the sample measures have the invariance property fu’ = wpa, for any
n € Z and v4-ae. .

From now on X* (M, v) associated with an invariant measure p will be referred to as
XT(M, v, ) with its unique extension on Q* x M denoted by X (M, v, u*).

Definition 2.2. © € M(XT(M,v)) is said to be ergodic if ® : (Q* x M, u*) <> is
ergodic.

2.3. Lyapunov exponents. Throughout this paper, it is always assumed that the
probability v on Diff?(M) satisfies

/(mg+ |flc2 +logt 1 f7 o) du(f) < +o0, (2.2)

where |g|2 denotes the usual C?normof g € Diff?(M) (see [9] or [7, p- 23D).

Let A1(x) > A2(x) > --- > A,(y) be the distinct Lyapunov exponents of XT(M, v, 1)
at a regular (in the sense of Oseledec) point (w,x) € Q x M, with multiplicities
mi(x), ma(x), ..., my)(x). Note that these numbers are independent of w € Q. By (2.2),
all Lyapunov exponents are finite numbers.
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Now we apply the Oseledec multiplicative ergodic theorem to the two-sided RDS
X (M, v, u*), yielding the following. There exists a ®-invariant Borel set A* C Q* x M
with full u*-measure. For each (w, x) € A*, there is a splitting of T, M,

I''M = Ei(0,x) ® E2(0,X) ® -+ @ Ey(x)(w, x), 2.3)

such that dim E; (w, x) = m;(x) fori =1,...,r(x) and
1

lim —log|Ty fl&] = ri(x), forallé € Ej(w, x) \ {0}.
n—=+oo n

Let u(x), c(x) and s(x) be the number of positive, neutral and negative Lyapunov
exponents at (w, x) € A™* respectively, i.e.

ux):=#Hl <j<rx):1j(x) >0}, 2.4
cx)=#Hl1<j=<rx) :1j(x) =0} 2.5
sx)=#l<j=<r(x) :1j(x) <0} (2.6)

When p* (or equivalently w) is an ergodic measure, all numbers r (x), u(x), c(x), s(x)
and {A; (x),m;(x) : 1 <i < r(x)} will be constants for u*-a.e. (w, x) € A*. In this case,
we omit the x’s for simplicity of notation.

2.4. Pointwise dimensions and transverse dimensions.

Definition 2.3. Wi(w,x) = {y € M : lim sup, oo (1/n)logd(f,"x, f,"y) <
—A;(x)} is called the ith unstable manifold of X'(M, v, u*) at (w, x), where (w, x) € A*
and 1 <i <u(x).

The W!(w,x)’s are all Cl'! immersed submanifolds of M tangent at x to
@;:1 Ej(w, x) respectively. Hence each Wi (w, x) inherits a Riemannian structure
from M. This gives rise to a Riemannian metric, written déw) x)(" -), on each leaf of
W' (w, x).

Definition 2.4. A measurable partition n of Q* x M is said to be subordinate to the
Wi-manifolds if for u*-a.e. (w, x), no(x) = {y : (w,y) € n(w,x)} € W (w, x) and
N (x) contains an open neighborhood of x in Wi(w, x).

We have included in §3.3 an outline of the construction of such partitions. See also
[7, pp. 94-101] for a similar construction.

Definition 2.5. A measurable partition 7 is said to be increasing if @5 > 75, and to be a
generator if B(ny) — B(Q* x M), (u*-mod 0) as n — +o00, where g := Vizo Oy
and B(n) denotes the o -algebra generated by measurable n-sets.
In what follows we will define notions of transverse dimensions along unstable
manifolds.
Let ¢ > 0. For each (w, x) € A*, put
B (w,x;8):={y e W(w,x): déw’x)(x, y) < ¢}

Letn; > m > --- > n, be a sequence of measurable partitions of Q* x M with each
n; subordinate to the corresponding W’ -manifolds. The canonical system of conditional
measures of  associated with 7, ,, is denoted by {(u})y"}.
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We define the lower and upper pointwise dimension of w* along W'-manifolds at
(w, x) € A* with respect to the partition »; by

8; (@, x; n;) = lim inflog(ug)y™ (B' (@, x; £))/ loge, 2.7)
E—>
5i (w, x; ;) = limsup log(u) ¥ (B' (w, x; €))/ log e. (2.8)
£—0
Sometimes we write §; (w, x; n;, u*) := §;(w, x; n;) to indicate the dependence of this

quantity on p*. Other notations have similar meanings.

The following proposition tells us that the lower and upper pointwise dimension of p*
along W-manifolds coincide. We call this common value the pointwise dimension of i
along Wi -manifolds. It will be verified in §§5 and 6.

PROPOSITION 2.1. Ifn; is an increasing generator subordinate to W' -manifolds, then
8 (@, x; mi) = 8i(w, x; ni) =: 8i(w,x), p*-ae (v x),

where 8; (w, x) is O-invariant and depends only on x. So we write §;(x) = §;i(w, x).
Furthermore, §; (-) does not depend on the choice of such n;.

PROPOSITION 2.2. Letd;(x),i = 1,...,u(x) be introduced as above and define y; (x) :=
8i(x) — 8i—1(x) for u*-a.e. (w, x) and 1 <i < u(x) (where §o(x) :=0). Then

0<yi(x) <mi(x) fori=1,...,u(x).

The number y; (x) is called the transverse dimension of u on W/ Wi=! at x.

2.5. Statement of the main result. The main result of this paper is the following theorem.

THEOREM 2.3. Let X (M, v, ) be given. Then the following entropy formula holds:

hu(XT (M, v)) =/Z)»i(X)+Vi(X)dM- 2.9)

‘We state some corollaries of Theorem 2.3 that are known results.

COROLLARY 2.4. (Ruelle’s inequality) For any system XT (M, v, i) we have
hu (X (M, ) < f 3 ki) mi) dpe.
i
COROLLARY 2.5. If i is an SRB measure of X+ (M, v), then Pesin’s entropy formula
hy (X (M, v)) = f Y oM@ Tmix) du
i

holds.

Corollary 2.4 follows readily from Theorem 2.3 and Proposition 2.2. If x is an SRB
measure then sample measures {1} },, have absolutely continuous conditional measures on
W*-manifolds (see [7]) and so 8, (x) = >/, m;(x), which implies that y; (x) = m;(x)
for 1 <i < u(x). So Corollary 2.5 follows from the theorem.

We will prove Theorem 2.3 in §§3—6. Before this, we make in advance the assumption
that i (and hence u*) is ergodic for simplicity of presentation. It is used only in §§3-5.
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3. Preliminaries

In this section, we state some preliminary results which will be very useful in subsequent
sections. First we will introduce in §3.1 Lyapunov charts. In §3.2 we state some
propositions about unstable manifolds, each of which is analogous to a certain statement
in [7] and can be proved following the same lines. Hence the proofs are omitted. In view
of these propositions one can compare the induced metric d! n X)(-, ) on Wi(w, x) with
the original metric d(-, -) on M via Lyapunov charts. Then we include in §3.3 an outline
of the construction of measurable partitions subordinate to W'-manifolds. Some useful
measurable partitions are also constructed. Finally in §3.4 two types of transverse metrics
are built on quotient spaces.

3.1. Lyapunov charts. As usual, | - | denotes the norm on TyM. We write R” =
R™ x ... x R"™ and for each z € R™, let (z1, z2, . . ., 2r) be its coordinates with respect
to this splitting. The usual standard norm of Euclidean space will always be denoted
by || - ||. Since we want to employ the following so-called Lyapunov charts to obtain
estimations on the unstable sets and center unstable sets, for i = 1,...,¢c + u write
R .= Rmittmi Rr—@) .= Rmi+1++mr gnq put

RO (p) 1= {z e R™THmi 1 1z < p),
R0 (p) := {z € R™M+TH0r - 17 < p),

R(p) :==f{z=(z1,...,2) €R" : |zl < p, 1 <i <r}.
For each z € R™ write z := (z1,...,z) and 7~® := (zi+1, - --,2zr); and define
maximum norms || - [|"and || - |} on R™ = R™! x .. x R” and R" = R® x R~ by
Izl == max |z],
1<i<r

max(||z ), 127D ).

Izl -

Let 0 < & < (1/(100m)) min{|A; — A;|, |Ai| > 0 : i # j}and e~ «+106 4 3¢ < 2,
Put 1o := max{|};| : 1 <i <r}+ 2¢. Now we introduce the Lyapunov charts, the analog
of that given in [4] with slight modifications to meet the requirements of the following
proposition; the proof is parallel and hence omitted (see for instance [3]).

PROPOSITION 3.1. There exists a ®-invariant Borel set Afj C A* with full p*-measure

and a Borel function | : A(*; — [1,+00) with 1(@F(w, x)) < efl(w, x) for all

(w,x) € Af such that at each (w, x) € Ay, there is an embedding @ x) : R(p) — M

(p = l(w, x)™") satisfying the following.

(1) P, (0) =x and ToP(y, x) takes R™ onto E;(w, x) fori = 1,...,r respectively.
Furthermore, ®, xy = exp, oT0® (w.x) R (p)-

(2) Let Hi ) = CI)(:)}w,x) o fYo®and HY, . = <1>(:),‘,(w,x) o £ o @, ) be defined
wherever they make sense. Then for eachn € Z,1 <i <r and z € R™,

exp(ni; — |nle) |zl < I ToH,

(w,x

2l < exp(nd; + |nle)llz]l.
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(3) IfLip(g) denotes the Lipschitz constant of the function g, then

Lip(H(a),x) - TOH(w,x)) =<e,
Lip(H ' —ToH ' )<e

(w,x) (w,x)

and

Llp(TH(w,x)) E 8[(&), -x)v
Lip(T.H,!\)) < el(w, x).

(4)  Foranyz, 7 € R(p) one has
Ki'd(® 12, Pond) < 2 — 2l < o, x)d(P w02 P
for some universal constant Ko > O.

The above {® (4, 1)} (w.x) € A(*; will be referred to as a system of (¢, [)-charts.

3.2. Some estimations on unstable manifolds. Let A = {(w, x) € A("; l(w, x) <o}
be a non-empty set with Ip > 0. Put E@ (w, x) := @;‘:1 Ej(w,x) and E"~D(w, x) =
@;‘=i+1 Ej(w,x)fori =1,...,c+u. Nowfixani < u.

PROPOSITION 3.2. For each n € 7%, there exists a continuous family of C' embedded

(Z;Zl mj)—dimensional disks {Win(a), X)}w.x)en in M and numbers oy, B and yy,

which depend only on i, € and ly, such that the following statements hold true for every

(w, x) € A.

(1)  There exists a cll map géw)x)’n:O,,(a), x) = E'~ 9@ " (w, x)), where Oy(w, x)
is an open subset of E® (O™ (w,x)) which contains E® (@O (w,x)) N
Tf(;n M), such that:

@) &l n (0 =0

(i) Lip(gl, ),) < Bu Lip(Tgl, 1) < Bus

(ii1) Win (w, x) = exp yon Graph(géw)x)’n) and Win (w, x) is tangent to E®@™"
(w,x)) at f,"x.

@) fo oy Wan(@, 1) C W, (@, x).

B iy S mwn Y folnwm? = VnexD((=Ai + 46)Ddly ., (3,2, for
y,z € W, (w, x) andl € Z*, where dé)
forneZ".

(4 an = a0e™ ", By = Poe’™, yu = yoet.

—"(w,x)(" -) is the distance along Wi,, (w, x)

Let {P (o, x)}(w,x)e Al be a system of (g, [)-charts. Sometimes it is necessary to reduce
the size of the charts. Let § € (0, 1] be a reduction factor. For (w, x) € Aé, define

S (w, x) == {z e RU(w, x)™") : |H" 2]l < 81O (w, x))~", n > 0},

(w,x)

that is, @, x)S5" (w, x) consists of those points in M whose backward orbit under actions
f(z)"x), n > 0 stays well inside the domains of the charts at f_"x for all n > 0. It is called
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the center unstable set of X'(M, v, u*) at (w, x) associated with ({q)(w,x)}(w,x)eAS’ 8).
On S5"(w, x), one clearly has

H" =H"! N :

(0,x) 7 O (w,x) ° (@x)' 1 z L

We introduce the local i th-unstable manifolds of X'(M, v, u*) at (w, x) associated with
({® w0} @.x)eass 8)- Itis defined to be the component of Wi, x)N® (0 RGI(w, x)71)
that contains x. The CID(_wI’X) -a),x),ﬁ

proposition characterizes W("w’ 0, s(x). See [7, pp. 146-147] for the proof of a similar
result.

-image of this set is denoted by W(’ (x). The following

PROPOSITION 3.3. Let {Cb(w,x)}(w,x)eA(’; be a system of (¢, 1)-charts.
() If0 <8 < e ™7¢and (w, x) € AL, then:
i Wi s(X) is the graph of a C ! function

(»,x),
i RO —1 ~r—(i) 1
8w,y P RV @El(@,x)7) - RV, x)7)

with géw)x)(O) = 0and Lip(géw)x)) <1;
(ii) W(lw,x)’s(x) C- C W s C S5 (@, x).
(2) If0 <8 <e 2072 and (v, x) € A}, then:
(1) H(w,x)W(lw,x),g(x) NREU(O(w, x))_l) = W(l.)(w,x),g(fix);

i) S§"(w,x) N Wi, x) =W, . x).

(w,x)

Fix (w, x)eAf. Let §€(0, %]. Consider now ye®, »)S5" (@, x) with (w,y) € Ag.
Let W,
28l (w, )™ XR’_(i)(4SZ(w, x)~1)] that contains y. Then @y, ) W(iw,x),za(y) contains an
open neighborhood of y in W' (w, y) and is also referred to as a local ith unstable manifold
of X(M, v, u*) at (w, y) (although in general c1>(w,x)w(iw,y),25(y) + <I><w,x>W{w,x),25(y)).
The following proposition holds analogously to Proposition 3.3.

.2s(Y) be the CID(LU]x)—image of the component of Wi (w,y) N @, n[RY

PROPOSITION 3.4. For each (w, x) € A("; and 1 <i < u the following hold.
(1) LetO<é§ < %e—ko—e. Ify € ®u,x)Ss" (@, x) with (w, y) € Aj, then:

@) W(i ).26 (y) is a graph of a C' function

w
8oy ROl x)™") — RO @sl(w, 1))

with Lip(g(,, ) < 1;
(D) Wi, 02500 C oo C W, ) 55(0) C SG5 (@, x).
(2) Let 0 < & < fe72072 [fy € ®( 0SS (w,x) with (0,y) € A} and
Ly € oS (O (w, x)), then
H(a),x) W(iw,x),ZS(y)
NIRY 281, x) ™) x RO @810, x) ™)1 € W )25 (fo))-
(3) Let0<d< %6_2)"0_28. For u*-a.e. (w, x) € Aj:
@) ify € P0)Ss" (0, x) with (0, y) € A, then
55 (@, x) N @) W@, y) C W, ) 25(3) C Sig (@, ) N D W (@, );

(w,x) (@,x)

https://doi.org/10.1017/50143385703000178 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385703000178

Entropy formula for random dynamical systems 1915
) ifye CID(w,x)W(“w!x)’S(x) with (w, y) € A}, then

Wi, 260 C WL 2500 fori=1,..,u—1;

(i) ify,y € CD(w,x)W(”w’x) s@) with (@, y), (@, Y") € Aj, then either

Wiwx.25(¥) = W(lw,x),ZS(y,)
or otherwise the two terms in the above equation are disjoint.
The following proposition describes the actions {H("w’ x)}nez.

PROPOSITION 3.5. Let 0 < 8 < e ™. For each (w,x) € Af and 1 < i < u the

following hold.

(1) Ifz,7 e Re ™3 (w, x)™Y), then Hy x)2, Hiw.x)Z € RUO(w, x))™!) and
IHwx)z — Hexd I < 2z = ).

Q) Ifz.2 eR@lw,x) ™Y and |z — |, = 129 — 2/}, then

1Hw.1)2 = Hw.0Z l; = 1(Hwn2)” = (Hw.o) Ol = 7)1z = 2|1
-1 —1 s i

() NHpgyz = Hi 2l < ez = 2|, V2, 2/ € W, ) 5(x).

@ NHG oz = Hg o Z sy < €z = 2 lliy,, V2,2 € S5%(e, X).

(5) Let0 <8 < %e’zko’zs. For p*-a.e. (w,x) € A}, if y € @(o,0)S5" (0, x) with
(w,y) € A}, then

—1 —1 ) i
IH, e — H W2l < ez = 2Nl forallz,2' € W, ) 55 (9).

After an easy computation one has the following lemma which says that the metrics
déw,x)(" -) and d (-, -) are locally equivalent within &, ) W("w’x)’a(x), a neighborhood of x
in W' (w, x).

LEMMA 3.6. Ify,z € Q(w,x)W(’w’x) s(X), then

d(y,2) < dj, (¥, 2) < 2KollD ) .y — P} 2l < 2Kol (@, ¥)d(y, 2).

(o,
3.3. Related partitions.  First we include here an outline of the construction of partitions
subordinate to W’-manifolds, which follows the same lines presented in [7]. It is simpler
because p* is now assumed to be ergodic.
Fix an i < u. Let [y be large enough such that A (see §3.2) has positive measure.
Then there exists an increasing sequence {A}ic7z+ of compact subsets of A such that

w*(A\ Ui Ak) = 0. Fix a k with *(Ag) > 0. Let pg > 0 be a number such that the
exponential map exp, : Ty M (po) — B(x, po) is a C* diffeomorphism for every x € M.

PROPOSITION 3.7. Let {W’l’;)c(w,x)}(w,x)eAk be a continuous family of C! embedded

(Z'IZ 1 mj)-dimensional disks described in Proposition 3.2 with n = 0 and suitable o
' 1 i S Y .

such that Wy (@, x) C (e x) W(’w,x)’g(x), where § = ze 0*e Then the following hold.
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(1)  There exists Ay > 0 such that forall y, z € Wl’;)c(w, x)andn > 0,
Ay ()" Vs fu"2) < Axexp(—n(hi — 28))d(, (7, 2)-

(2) There exist # € (0,po/4),& € (0,1) and d > 27 such that for all p € (0, F]
and (w,x) € Ap, if (@,x") € Bpa(w,x;8p) := {(@,%) € A @ dw,®) <
gp,d(x,x) < &p), then Wl’;)c(w/, x') N B(x, p) is connected with its d'-diameter
less than d ; and the map

(@, x') > Wi (@, x") N B(x, p)

is a continuous map from Ba, (w, x; €p) to the space of subsets of B(x, p) (endowed
with the Hausdorff topology).
(3) Letp € (0,7] and (w,x) € Ap. If (&, x'), (&, x") € Bp, (@, x; €p), then either

Wi (@, x') N B(x, p) = W, ") N B(x, p)

or otherwise the two terms in the above equation are disjoint. In the latter case, if it
is assumed moreover that x" € Wi (&', x'), then

d{yy (v, 2) > d > 2F

(@ X)N B(x, p) and z € Wi (o, x") N B(x, p).

(4) There exists R > 0 such that for each (w, x) € Ay, if (@', x") € Ba,(w, x; €p) and
y € WI"OC (ai/, x") ﬂ B(x,7), then Wl’OC (o', x") contains the closed ball of center y and
d'-radius R in W (o', x').

foranyy € W;

We now choose in Ay a density point (w*, x*). For each p € [F/2, 7], put

Sp = U {0} x [Wio(@,x) N B&*, p)],
(w,x)EBA, (w*,x*;8p)
and let &, be the partition of Q* x M into all sets {w} x [W/l’;)c(a), x)NB(x*, p)], (w, x) €

Bp, (0*, x*; €p) and the set Q* x M \ S,. We now define a measurable function
Bo: S, > RT by

N D 1 —n * n(ii—2¢) P
Bp(w, y) = ;QE{R’ 2—Akd(f‘” Y, 0B(x™, p))e Yk

By arguments analogous to those in the proof of Proposition IV.2.1 in [7], we know that
there exists r' € [F/2, 7] such that B,» > 0 u*-a.e. on S; := S,/, and define

400
=57=\/0"%".
n=0

Clearly, £ is an increasing generator subordinate to W!-manifolds of X' (M, v, u*).

Let us introduce some more related partitions in order to make use of the geometry of
Lyapunov charts in the evaluation of local entropy in §§4 and 5. Let {® 1) }(w,x)e Ay bea
system of (e, /)-charts and § € (0, 1—166_2()"0+8)) be a reduction factor. Then there exists a
measurable partition D of Q* x M such that:
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(1) DF(x) C P, Ss" (w, x) for u*-ae. (v, x);
(2) o <Dand Hy=(Dlo) < +o0;
B) {8, Q*xM\S;} <Dfori=1,...,u;
4 {E, Q* x M\ E} < D, where E will be specified later in §3.4.
Now define n; := & v D7 fori =1, ..., u. We have the following proposition.

PROPOSITION 3.8. {n;}{'_, satisfy the following statements:

M m>m>->m '

(2) the n;’s are increasing generators and 0; ,(x) C <I>(w,x)W(’w)x)’5(x) for u*-a.e.
(w, x);

3) hz*((@,m):hz*(@,&)fori=1,...,u, where

1
o 1 ZH (" .
W (@) = lim ~ Hy (3o
@)  for u*t-a.e. (w,x)and?2 <i < u, if (w, y) € ni(w, x) N A}, then

Do,y Wi by 250 N i (¥) = Mi1.0())

and
O ' ni—1(®, ¥)) = ni—1(O© (@, y)) O~ (i (w, x)).

3.4. Transverse metrics on ni(w,x)/ni—1 with 2 < i < u. Let {Cb(w,x)}(w,x)eAg
be a system of (e, [)-charts. Fix (w,x) € A(*;. Let 1 < i < u and § :=
Texp(—io — €). Denote by L(R®, R"~@) the space of all linear maps from R® to
R=®, By Proposition 3.4(1)(i) we know that, if y € CD(w,x)Sg“ (w, x) with (w, y) € A,

e L(R®, R~y with ||P(i

w’x))y” < 1 such that

then there exists a unique P(w) )y

T,d ! )E“)(w, y) = Graph(P|

(w,x w,x),y)'

Define
Ei

o) 1V € PonS"(@,%) : (@,y) € Aj) = LRV, R™™D);
Yy = P('w’x))y.

The following proposition says that the map E’('w’ ) is Lipschitz for all (w, x) € A§.
PROPOSITION 3.9. For each (w, x) € A("; and1 <i <u, Eiw!x) is a Lipschitz map and

Lip(LE, ) < Dol(w, x)?,

(w,x)
where Dy > 0 is a number depending only on the exponents and €.

Let n;’s be introduced as above. For 2 < i < u, we now define two metrics on the
factor-space n; (w, x)/n;—1 for u*-a.e. (w, x). We shall actually deal with »;’s restricted to
a certain measurable set with full u*-measure. Now we choose a ®-invariant measurable
set Ay C A with u*(Ay) = 1 such that for each (w,x) € A| the requirements of
Proposition 3.8 are satisfied. We then put

/. .
n; ~=’Ii|A6: i=1,...,u.

In what follows we define two transverse metrics on 1} (w, x)/n;_, for u*-a.e. (w, x) € Ay,
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First we give a point-dependent definition. Let (w, x) € Af. From Proposition 3.8, we
know that forevery y € n;)w(x), W(’;i)’za ) iqtersects {0} x R’_(’:_l) at exactly one point.
We denote the ith coordinate of this point by ¢;, € R™. Clearly ¢ is the ith coordinate of
the point (0, géw’x))y(O)). Fory,y' € n;’w(x), define

0, ) = 11gy = 2Ll

By Proposition 3.8, c?fw o0 -) induces a metric on 7} (w, x)/n;_, fori =2,..., u.
We can express the above metric in another way using Lemma 8.3.1 in [4]. First, let

P R = Rt RO — it

be the natural projection map. Then for each (w,x) € A fixed, P(u)|W<“w e is a
lipeomorphism between W(“w!x)’a(x) and its image. Fori = 1,...,u — 1, define foliations
by

Flyo =12 € p“W, o501y € Py W, 1) 150, (@, y) € Ag),

where T € (0, %8—2()»0-%)). By Proposition 3.9, these foliations satisfy the requirements

of Lemma 8.3.1 in [4] with p = Sl(w,x)"Y and C = Dol(a),x)z, providing § and ¢

small enough. Hence, according to Lemma 8.3.1 in [4], there exists a map [y, x) =

(I(lw’x), e I("wyx)) R®(p) - R™ such t_hat:

(1) I(w,x) is a homeomorphism between R® (p) and its image;

(2) for every 2,2’ € R@(p), 1), @) = 1}, ,@&) for j =i+ 1. uiffZ €
Fly(@);

(3) both [, x) and I(;l) x) are Lipschitz with Lipscf_litz constant depending only on C.

Let gy x) = (n(lw’x), R n("w’x)) : W(”wyx)’rs(x) — R® be given by

T(w,x) = lw,x) p(u).

We have §; =7l od !

(w,x) (w,x)

y foreach y € n;  (x) with 2 < i < u. Clearly 7, y)
is a lipeomorphism between W("w’ )78 (x) and its image with Lip(7(, x)), Lip(rr(;){ X)) <
N(w, x), where N (w, x) depends only on /(w, x) and the Lyapunov exponents. Moreover,
rr(w,x)W("w x) s(») liesona lezl m j-dimensional plane parallel to R® x {0} x --- x {0}
and if W(lw,x),é(y) # W(’w)x)’a(y/), then n(w,x)W(’w’x))
distinct planes.

Though déw,x)(’v -) is a metric on n;(w, x)/n._,,in general déw,x)(W ) # diwyx,)(', -) for
x' e n;,w(x) with x” # x. Now we need to rectify this situation to give a point-independent
definition.

Let (w*, x*) be as introduced in §3.3 corresponding to Ag. Then there exist positive
numbers tg and s with 0 < 19 < }—te_z()‘(’*"” and a set

5(») and n(w,x)W(’ s(») lie on

,x),

E := B (0, X% 50/2)
such that the following (a) and (b) hold true (where p = Tl l).
(@) Let (w,x) € Ap withx € @ ,»R(p). Fori =1,...,u — 1,if (w, y) € Ay and
y € CID(w,x)W(“w %) Toa(x) N &=, x+R(P), then there exists a map

hi

o)y RO@p) - RTO2p)
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with Lip(h’&wyx)!y) < % and
Graph(h{,, ., ,) = P o) © Plw.r) W0 s(3) NR(2H).
(b) Foreach (w, x) € E and 1 < i <u — 1, define a foliation by
Flye vy o) = (" (Graph(h{, . 1)) 1y € Py Wi, 1) 1050 N P xnR(D)}.
Then by Lemma 8.3.1 in [4], there exists a map
I x). () : RO () — RW

satisfying the requirements analogous to the above (1)—(3) for /(4 x)-
We then define a map 7 = (7!, ..., 7%) : :jf) O"E — R as follows: for each
(w,y) € E, suppose y € <I>(w)x)W(”wyx)’TO§(x) N &+ 9 R(P) with (w, x) € Ag, then

(u)

T(w,y) = I(w*,x*),(w,x) op o CD(_wl*,x*)y

and in general, let 7 (w,y) = (O (w,y)), where n(w,y) = inflk > 0 :
O©%(w,y) € E}. Then fori = 2,...,u we define a point-independent metric on
n(w, x)/n;_, by

iy (@, 7). (@, Y) = |7 (@, y) =7 (@, y)], forall (@,y), @,y € nj(w, x).
The above metrics satisfy the following two propositions.

PROPOSITION 3.10. Letz € W*

(@.x) s With) <7 < e M3, Then for1 <i <u,

Li+3e

||7Té-)(w,x) o Hpxzll <e ||7T(lw,x)Z||'

PROPOSITION 3.11. There exists Ny > 0 such thatforall y, y' € ’71/' X)) with (v, x) € E,

Ny'dl, (@), (@.Y)) <d}, (@, ). (@) < Nod, (@, ), @, ).

4. Definition of local entropy along unstable manifolds

In this section, we will define quantities named local entropy along unstable manifolds.
These quantities play an important role in our arguments. In the ergodic case, the notion
of local entropy along the W-manifolds is described by a number /; which measures the
amount of randomness along the leaves of W-manifolds. As Ledrappier and Young have
done in [4], although there are several equivalent definitions, we take a pointwise approach
following [1].

Lete > 0. For (w, x) € Afandn € Z*, put

B (w,x;n,¢) = {v e W (w, x) :dgk(w’x)(fa]ﬁx, fa]jy) <efor0 <k <n}

Let 7 be a measurable partition of * x M subordinate to W!-manifolds. Define
1 .
h;(w, x; &,1) = liminf ——log(u}) 7 (B' (w, x; n, €)),
n——4o00 n

_ 1 .
hi(w, x; &, 1) := limsup —— log (1)} (B' (@, x; n, €)).

n—+oo N

https://doi.org/10.1017/50143385703000178 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385703000178

1920 M. Qian et al

Clearly these functions are measurable. Furthermore, we define the lower and upper local
entropy along W'-manifolds at (w, x) with respect to i by

hi(w,x;n) = lim h(w, x; &, 1),
e—0

hi(w, x;n) = lirrbﬁi(w, x;€,1).
E—>

These limits exist because £; (w, x; ¢, ) and hi(w, x; €, 1) increase as € |, 0.
Let & be an increasing generator subordinate to W’-manifolds.

PROPOSITION 4.1. h;(w, x; &) = E,-(a),x;gi) = h; = Hp(&|O& v o), up*ae
(w, x).

Proposition 4.1 tells us that the lower and upper local entropy along W' -manifolds with
respect to & are coincident. From the proof below and the ergodic decomposition of u*
in §6, we know that in general /; is a ®-invariant function independent of the choice of &;.
In view of Corollary VI.1.1 of [7], h; depends only on x for u*-a.e. (w, x). So we write
h; = h;(x) and call it the local entropy along wi -manifolds at (w, x). This completes the
definition of A;.

Let us first introduce some facts and postpone the proof of Proposition 4.1 until the end
of this section.

LEMMA 4.2. Let « be a partition of Q* x M with H,»(a|o) < +o00. If € is an increasing
generator, then

1
lim —;log(uz))i‘“([(ot VElw) = Hix(E|OE Vo), p*ae (w,x)eQ" x M.

n—+00

LEMMA 4.3. There exists a partition o of Q* x M with H,x(a|o) < 400 such that
[ag V &ilo(x) C B'(@,x:1,8), n = np(,x)
for w*-a.e. (w, x), where ng : Q* x M — Z7T is a measurable function.

Proof of Lemma 4.2. Define I (n|€)(w, x) := —log(u, E‘”(nw(x)). We have

1 ; 1 1 & o
—I((a vV EIE) (. x) = —T(@|§) (@, x) + = > I(a VEIOE Va_)(O (@, x)), 4.1)
n n n =0

where aﬂk = \/ljsz O Ja. Putl, ;= I(aVE|OE \/Ol:,b and /* := sup, > I,. One can

prove that [ I*(w, x) du* < Hy(a V &|o) + 1 and that {,,, B(agn VEVOEVo)lisa
supermartingale. Therefore

L!
Iy —— Iss.
nr-ae.

Hence the second term on the right-hand side of equation (4.1) tends u*-a.e. to a
@-invariant Borel function F € L!. Then by the ergodicity of x*, one has

lim lI((oz\/é)g)(a),x)=/qu*=/Ioodp,*.
n—4+oon
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Hence the limit function in (4.1) is constant almost everywhere and is therefore equal to

lim 1H (v ENIE Vo),

n—-+00

which can be written as

. 1 n . 1 n —n
nlgl-loo ;HM*@O & Vo) +n£r_|1rloo ;Hu*(o‘o'@ EvVvo).

The first term is equal to H,«(§|®& Vv o). The second term goes to 0 since @ "¢
generates. m]

Proof of Lemma 4.3. Without loss of generality, let & and S; be as introduced in §3

and 0 < § < %8—210—28. Let {Cb(w,x)}(w,x)eAg be a system of (e, [)-charts. Put 3} =

Si N{(w, x) € Aj : l(w, x) < lp}, where [y is large enough such that ,u*(S’,') > 0.
First we define ny, n_ and ng : §; — Z* by
ny(w,x):=inf{n > 0: O (w,x) € S},
n_(w,x):=inf{n > 0: O "(w, x) € Si},
no(w, x) ;= inf{n > 0: O (w, x) € S;}.

Then let ¥ : Q* x M — R be given by

2[5 l ef()LOJre) max(n+(w,x),n,(w,x))’ if (w,x) € Sis
Y(w,x) =170

_— otherwise.

2Kolo

Finally we define 11 by replacing max(n, n_) in the definition of ¢ by n.

Since [ —logy du* < oo, there exists a measurable partition o of Q* x M with
H,x(a]o) < oo such that ., (x) C B(x, ¥ (w, x)) for almost every (, x).

Let (w, x) € 3‘,-. We will write ny = ny(w, x) and ngp = ng(w, x) for simplicity of
notation in the rest of this section. We assert that the following three claims are true.

CLAM 1. Ify € CID(w)x)W("w’X)!B(x) satisfies ||<I>(_wl!x)y||/. < lpY+(w, x), then
iy ooy (5. fA9) <8 for0 < j<ny
and fu"y € Pors w0 Wi (4 1) 5 (for
CLAIM 2. Ify € [aglu(x) N CD(w,x)Ww ) 5(X) for some n > 0, then
dé_)j(w,x)(flix, fl-gy) <8 for0<j<n.
CLAIM 3. Ify € [y’ V &ilo(x), then
@/(wx)(f X, fJY)<5 for0 < j <no

and faljoy € ®®"0(w>x)W(i-)"O(w,x),,g(fal}Ox)'
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Let us postpone the proof of the above claims and first proceed with the proof of
Lemma 4.3. Consider now an arbitrary point (w, x) with the property that ®" (w, x) € S;
infinitely often as n — Fo00. If y € (o V &;)w(x) with n > ng, then by Claim 3,

d; ’(wx)(f]x fly) <8 for0<j<ng

and £,y € Deno (. X)W),,O(w ), s(fw x). Therefore one can apply Claim 2 to f,,°y,

yielding that
d! ,(wx)(f x, f 'y) <8 forng<j <n,
which implies y € Bi(w, x; n, 8) for all y € [ao V &ilw(x). O
Proof of Claim 1. It follows from our assumptions on y and Proposition 3.5(1) that
H(’w x)cb(wl oY W(),(w 0. B(fwx) and (note that Ay > A1 + 2¢)
H, @ o ¥ll; < 1190 yll; exp(jro)  for j > 0,

e M173(©%(w, x))"! forall 0 < k < j. This is

guaranteed for j < ny. Since Wé)/(w . a(fufx) is a graph over R® (81(®/ (w, x))~") with
slope < 1, one has

_ - L ,
Aoy (A, ) < 2Kl @) fIYIi <8 for0<j<ny. D

provided that ||<I>(_wyx)y||’ exp(kAo)

IA

IA

Proof of Claim 2. First observe that if y € «a,(x), then ||<I>(_wl!x)y|| < lyy(w, x)
loy4(w, x), so we have the desired conclusion for 0 < j < ny. Furthermore, if
n=nyandy € [agly(x), then fu*y € agniu(fu™x) N <1>(-)"+(w,x)W(".)nﬂw,x),(;(ka).
Therefore we can apply Claim 1 to f,, "y with ®"+(w, x), fo'x and f,"y in place of
(w, x), x and y respectively. An inductive argument completes the proof of Claim 2. O

Proof of Claim 3. To prove this claim, let us assume that (w, x) & S; and for simplicity
of notation write k = ng — n_(®"(w, x)). That is, k is the largest integer < 0
such that @ (w,y) € §;. Clearly ny (@ (w,x)) = ng — k = n_(0"(w, x)).
Since ® "¢ is increasing as n — 400, we have O (w, y) € é(@k(w, x)) and fa’jy €

CDOk(w X)W@)k(w ), a(ka) by our choice of S;. Also ¥ is chosen in such a way that
fw (atgro (fin'x)) lies well inside the charts at f,,°" I x for j=1,2,...,n0 — k. Hence
1P ok o) Fos Yl = IIH(w 9%, x)yll
< IH{ P oyl < -
< IH @0 oyl = 1050 0 f20v ]
<y (0™(w, x)) < lopr4 (0w, x)).
Therefore, by Claim 1, Claim 3 holds true. O

Proof of Proposition 4.1. 1t follows directly from the definition of &, (w, x; &) together
with Lemmas 4.2 and 4.3 that &; (w,x;&) < Hu(§&10& v o) for p*-ae. (w,x).
What remains is to verify

hi(w,x; &) > Hu»(§109& Vo), pae. (w,x)e Q" xM. 4.2)
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We know that
Hy(§i10& v 0) = Hy» (07 '§i1& v o) = / —log(1) (O )0 (X)) dpt*,
where the term after log is a conditional measure of the denoted set. Put

g(w, x) = —log(5) 3 (07 '&)0(x)),
As = {(w,x) € Q* x M : B (w0, x; 8) C & o (x)}.

Since & is an increasing generator subordinate to W-manifolds, one has As 4 and
w*(As) 1 1asé§ | 0. Hence, given ¢ > 0, there exists ' > 0 such that for each § € (0, §'),

/ glw,x)du* > Hy»(§|©& v o) —e.
014

Put Ul(w,x;n,8) = N{(O*&),(x) : 0 < k < n,OKw,x) € As}. Then
B[(a),x; n,8) C Ui(a),x; n, §). Hence

‘Ei,w ‘Ei,w

—log(uip)x (B (@, x;n,8)) > —log(uis)y” (U' (w, x; n, 8)). 4.3)
Furthermore, we will prove that for u*-a.e. (w, x),
: ) n—1

—log(up)i (U (@, x:n.8) = > _(lg-14, - (O (@, X)), (4.4)
k=0

which combined with inequality (4.3) implies
1 *\Siw i 1 = k
——log(ui)y (B (@, x;1,8)) = = (114, - 8)(O" (@, x)).
n nt=

Then applying Birkhoff’s ergodic theorem, one has for each § € (0, §')

b0 6= [ gndi = He 108 Vo) .
O~ 1A
Now we return to the proof of the assertion (4.4). Let t(w,x;n) := max{0 < k <
n: OF(w, x) € As), where max ¥ := +o0. For u*-a.e. (w, x) fixed, T(w, x; n) is a finite
number with sufficiently large n by Poincaré’s recurrence theorem. This together with the
condition that &; is an increasing generator yields

T(w,x;n)—1

—log(i)y (Ui @, xin, ) = Y —log(ui)© W (@ g, (x))
k=0

T(w,x;n)—1

> Y (lg-ia, - 9O (@, 1)
k=0
n—1
= (g4, - 8O (@, x)). o
k=0
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5. Estimates of local entropy along unstable manifolds

In this section we will estimate local entropy along unstable manifolds through Lyapunov
exponents and transverse dimensions. To be explicit, we will prove in this section via
Propositions 5.1, 5.3, 5.4 and 5.5 that

8; =0, =:8 fori=1,...,u,
where §; = §; (w, x) and §; = §; (w, x), and
vi =6 —68-1=0; —hi—1)/\ <m;, 1=<i=<u, (5.D
with §p := 0 and ho := 0. Thus the identity hM(XJF(M, v)) = ?:1 A y; follows from

hy = B (©) = hy (XF (M, ).

5.1. Estimate of local entropy hi. The local entropy h; measures the amount of
randomness along the leaves of W!-manifolds and can be formalized as follows.

PROPOSITION 5.1. For u*-a.e. (w, x), 81(w, x) = $1(w,x) =:61 =t y1and hy = A1y1.
From the definition ofgl and §,, it is clear that 0 < y; < mj.
Proof. Let§ > 0 be a sufficiently small number. We divide the proof into two parts.

(i) First for each y € Bl(w, x; pp) (Where p, = [exp(—n(r1 + 2¢))/2Kol(w, x))]8),
one has y € ngc (w, x) and d} )(x, ¥) < p,. Hence, by Proposition 3.5 and Lemma 3.6,

(w,x

one has foreachk <n flij IS WILC((Bk(a), x)) and

k k -1 k -1 k
dé)k(w’x)(fwxv wa) E 2K0”<D®k(w’x) o fa)x - (DG)k(w,x) o fwy”,]

=2Kol| H{,, ., o P ¥}

< 2Kol(w, x)d(x, y) exp(k(r1 + 2¢))

< 2Kol (@, 2)djg, ) (x, y) exp(k(r1 + 2€)) < 9.
Hence B!(w, x; Pn) C BY(w, x; n, 8) for u*-a.e. (w,x) and all n > 0. This implies
hi < Xd;.

(ii) We then prove that i1 > A101. Let the &’s be as introduced in §3.3. By Lemma 4.3

there exists a partition o such that (a(’)l V E)e(x) C Bi(w,x:;n,8) for all n >

no(w, x). Therefore, for each y € (o V &)w(x), one has fy € W/]i)c(G”(w, x)) and
dn (o) (fsx f4¥) < 8. By Proposition 3.5(3)

; -1 - -1
déw’x)(x, y) < 2KO||<D(w’x)y”; = 2KO||H@nn(w)x) © ¢@»1(w,x)f£y||/1
< 2Koexp(n(—hi + 26D 1P gy ) Loy Il}

where by Lemma 3.6, ||<I>(__),ll(w’x)fa')’y||:» < (O (w, x))dé.)n(w,x)(fu'fX, foy) < 8l(w, x)e".
Hence d! . (x, y) < 2Kpdl(w, x) exp(n(—A; + 3¢)). This implies for u*-a.e. (w, x) that

(w,x)
(@f V &)o(x) C B (@, x; 2Kodl (@, )e " %) n = np(w,x).  (5.2)
Leti = 1. By Lemma 4.2 we have proved h| > 2181. O
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5.2. Estimate of local entropy h; from below with 2 < i < u. In view of (5.2),
Proposition 4.1 and Lemmas 4.2 and 4.3, the following lemma holds.

LEMMA 5.2. Let N be a positive integer. Let o be as introduced in Lemma 4.3. Then there
exists a Borel function i : Q* x M — Z% such that for p*-a.e. (w, x) there are infinitely
many n > max(i(w, x), 1/¢) satisfying the following (where 2 < i < u):

(1) [& Vaflox) C B (o, x; 2Kodl (w, x)e"*i73¢);

@ —(1/mlog(u})y ™ (g lo () = hiot — &

3)  —(1/m) log(ui)s ([f(0)) < hi + &

@ L:=B""(@,x;2Ko8N1e ")) C &1 0 (x);

5) log(ub)y ™ (L)/(—(n = (ki —38)) < 81 +e;

(6) log(uy, 50 (B (o, x; 4KoSN1e "3y /(—n(h; — 3e)) > §; —&.

We then give a lower bound of the local entropy %; in terms of Lyapunov exponents and
pointwise dimensions.

PROPOSITION 5.3. For2 <i < u and u*-a.e. (», x), (hi — hi—1)/ i = 8; — 8i_1.

Proof. Let " := {(», x) : i(w, x) < N1}. Then I" 4 and u*(I) 4 1 as N; — +o0. Put

Any = (@, %) : ()i @ N Ty = L)) and o, x) < N1}

Obviously, Ay, 1 and u*(Ay,) 1 1. Therefore, for u*-a.e. (w, x) fixed, one can assume
that (w, x) € Ay, for some N; large enough. According to Lemma 5.2(5),

(o) (LN Ty = L) (L) = Lexp(=n(hi — 36)(Bi—1 + ©)).

But by Lemma 5.2(2) one has (113)7 " ([ 1o () = (15)3 " ([ 1o(y)) < e~ hiz175)

foreachy € L N I,. Hence

#loglo() 1y € LNTL} =y

()i (L N L)/ exp(—n(hi—1 — &)
Sexp{n[hi—1 — & — (A —38)Gi—1 + o)1}
On the other hand, according to Lemma 5.2(1), we have

[& V aflo(y) C B (@, y; 2KoSN1e™"%173) forall y € T,

i—1
(w,x)

v

v

Clearly dfw’x)(x, y) <d (x, y) for all y € L. Therefore
[& Vagle(y) C B'(w, x; 4KodN1e " *738)) forally € LN T,
Hence
log(1%)3” (B' (o, x: 4Ko8 Ny "% =3)))
= log #{l& V e§lu(y) : 3 € L N Fu) + logmin(uf)i (16 V af1o(»)

> log#{[ef]o(y) 1 y € LN T} +log m}in(ui‘, i"‘”([ag]w(y))

> —log2 —n[h; —hi_1 + 2+ (L —3e)(Si_1 + o).
Comparing with Lemma 5.2(6), one has
(6i —8i—1 —2&)(Aj — 3e) < elog2+h; —hj_1 + 2e,

which implies Proposition 5.3 by letting ¢ — 0. a
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5.3. Estimate of local entropy h; from above with 2 < i < u. Let the number Ny, the
map 7' : n;(w, x) — R™, and metrics géw,x)(" -) and c?fw!x)(-, -) on n;(w, x)/n;—1 be as
introduced in §3. We denote (,uj;)zi"” by pf(w ) for simplicity of notation. Since o < n;,
/,Ll(w,x) is also viewed as a Borel measure on 7; (w, x) = {@} X 1; ,(x) in this subsection.

Write 77; 1= (7?1, LAY ni(w, x) —> R® and put
Bl(w,x: p) = {(@.y) € ni(w,x) :d},, ,, (@, %), (@) < p}.
Then we define transverse dimensions as follows.

Definition 5.1.
logut  (B'(,x; p))
yi(w, x) := liminf (@,x)
p—0 logp

is called the transverse dimension of n; /n;—1 at (w, x).
Definition 5.2. For eachy € n; ,(x),

logv({z € RV : |lz; — 7 (w, V)|l < p})
log p

Vi(w, y; w,x) = li[r)n%inf
is called the transverse dimension of W' (w, x)/ Wi~ at (w, y), where v := H’éw,x) o ﬁfl
is a Borel probability on R®).

Now we introduce the main results for this subsection.
PROPOSITION 5.4. Given 8 € (0, 1). We have for sufficiently small § and u*-a.e. (w, x)
i + B)Yi(w,x) = (1 = B)(hi —hi—1 — B)
and 0 < yi(w, x) < m;. Hence hj — hj_1 < Aim;.

PROPOSITION 5.5. Given 8 € (0, 1). For p,’(w yaey € Ni.w(x), one has y;(w,x) =
Vi(w, y; o, x) and

(I=B8)hi —hi—1 —B)
A+ B .

Hence, by letting § — 0, we obtain (h; — hi—1)/XAi <&; —&;_;-

8; —8;_1 = vi(w,y;w,x) > (5.3)

Proof of Proposition 5.4. Let e~ N E) 1 with g € (0, 1) (this holds true

provided w*(E) is small enough). We will prove that for u*-a.e. (w, x)

log ptf,, . (B' (@. x: p)
log p

(A + B) lim i(I)lf > (1= B)hi —hi—1 — B). (5.4
p—

The first conclusion then follows immediately from this together with Lemma VI1.6.4

in [7] and Proposition 3.8. The second conclusion follows from the definition of y; and

Lemma 4.1.4 in [3] since the point-independent metric di(-,-) on ni(w, x)/ni—1 makes it

isometric to a subset of (R™, | - ||).
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Now we come to the proof of (5.4). First fix ¢ € (0, 8/3). Let 7\6 be a set as chosen
in §3. Recalling that u (A’ ) = 1 and ®A’ = A’ for the sake of presentation we may
assume that A6 =Q*x M.

We divide the proof into four parts following the lines presented in [7].

(A) Before proceeding with the main argument, we record some estimates analogous to
those in [7, p. 171]. For § > 0, define g, g5 and g, : 2* x M — R by

g@.y) = piz (@70 (. ),

1 /
l(w>y)( l( 7y,5)) é’(w y5)) ( ) i (a) })

gs(w,y):

,y) ;= inf , ),
gx(®,y) Sngs(w y)

where Q := {e~ % HDINS 11 j e ZF).

According to Proposmon 3.8, one has g(w, y) = u(w })(((9 ni—1)(w, y)) for u*-a.e.
(w, y). For each § > 0, one can check that the functions (w, y) ,u(w’y)(B (w, y;8))
-1, A. . A~
and (w, y) — MTS”W’ (B'(w, y; 8)) are measurable and u’(w y)(B’ (w,y;8)) > 0 for
u*-a.e. (w,y). Since Hu*(®_17]i|ni> < 00, one has pf(w y)((®_1ni)(w, y)) > 0 for

u*-a.e. (w, y) and
Iy (B (@, 33 8) N (O~ (@, y)
1l 3 (Bl (@, y; 8))

*® i Bi w,y; 8 )
_ oy WOV (@ ).
Wiy (Bl (@, 3 ))
Therefore gs is measurable for each fixed § > 0. The measurability of g, is obvious.

We assert that gs — g, u*-ae. on Q x M when § € Q and § — 0 and
that — [logg.du* < +oo. To see this, first consider one element of n; at a time.
Fix (w, x). Substitute (n;(w, x), uiw)x)) for (X, m) in Lemma 6.3 of [7, p. 168], let
T =7 : ni(w,x) —> R® and let @ = (@’lni)lm(w,x). Then we can conclude that
g, > glw, ), Miw)x)—a.e. as 8 € Q and § — 0 and that for u*-a.e. (w, x),

gs(w,y) =

—/logg*(w,z)u’(w,x)(dz) < —/10g<5i1;(f)g{s(w, z))u’(w,x)(dz)

L
<H, (O 'miln) +1ogc(2m;) +1 < 400,
=
where c(-) is as in Besicovich’s covering theorem (see [7, p. 166]).
(B) The purpose of this step is to study the induced action of ® on e-! i (w, x))/ni-1
— ni(w, x)/ni—1 with respect to the metrics d ( -) and dwx)( -). Consider
(w,x) € Q* x M. The pomt (w, x) will be sub]ected to a finite number of /L -a.e.
assumptions. Let 7y < t; < --- be the successive times 1 when ®'(w, x) € E with
to < 0 < t1. Note that fg is constant on 1; (w, x). For large n and 0 < k < n, define

a(w, x; k) as follows: if t; < k < tj11, then

a(, x; k) = B (0w, x; N2 e~ GrthYn=t))),
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‘We now claim that
a(w, x; k) N O ') (O (w,x) c O la(w, x; k + 1). (5.5)

In fact, if k # ¢; — 1 for any j, then @ka(a) x: k) Ny (O Y (w, x)) = a(w, x; k + )
automatically since d®k (@, ( -) and d®A 1 ( -) are defined by pulling back to E.
The case whenk =1; — 1 for some j reduces to the following consideration. Let (w, y) €
E and let 1+ > 0 be the smallest integer such that ®'(w, y) € E. Let (w,2) €
(® ') (w, v). It suffices to show that

At (1)@ (@, 1), 0 (@, 2)) < Nge' WA, (@, ), (@,2)).

First c?gw (@), @,2) < Nodl,, (@, ), (@,2)). Then for k = 1,2,....1,
Proposition 3.3 tells us that

Lok 0. (@ (@, 1), 0@, 2)) < 4P, (@, ), (@, 2)).
We pick up another factor of Ny when converting back to the d'-metric at ©(w, y)
(see Proposition 3.11). What we claimed above is thus proved.

(C) It is easy to see that there exists a ®-invariant Borel set A C Q* x M with full
w*-measure such that, if (w, x) € Z then I’Léw,x)(éi (w, x;8)) > 0forall § € Q. We now
estimate uiw)x)(ﬁi(w, x; e~ Rt n—to(@.x))yy — ,u’('w’x)(a(a), x: 0)) for (w, x) € A which
will be subjected to a finite number of assumptions that hold almost everywhere. Write

T-1

: H’@k(w x)(a(w X3 k))
y a(w, x;0)) =
R 1 I Mo )@@, X3 K+ 1) W)

(a(w,x;T)),

where T = [n(1 — ¢)]. First note that the last term < 1. Foreach 0 < k < T, by the
®-invariance of ©* and by the uniqueness of conditional measures one has

Kok o.x) (@@, X3 K)) ©~ 11 (0 (w, x)))
(a(w,x;k+1))

i
Kok (w,x)

Wit .1y (@ 1@, x1 k + 1)

i = M’(_‘)k(w’x)(a(w7 X3 k))
H‘@k-f—](w’x)

This is less than or equal to

Mgk () (@(@. X1 K)
(©~1n)(Ok(@, X)) Na(w, x; k)

,. Mok (@7 1) (O (@, ) (5.6)
Kok (w.x)
by (5.5). If gs is defined as in (A), the first quotient in (5.6) is equal to
[85(w.xnd) (O (@, )T,

where 8(, x; n, k) = e~ *+PE1i @D NIk widh i = #{0 < i <k : O (w, x) € E).

Write I (w, x) := —log u’&wyx)(((a_ln,-)(a), x)). Then the second term in (5.6) is equal
to e~ 1(©“ @) Hence

log V‘iw x)(éi(w X; e—(Ai+ﬁ)(n—to(w,x))))

T—1

<- Zlogga(wx ni (O (@, 1)) — Z 1(©*(, x)).
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Multiplying by —1/n and taking lim inf on both sides of this inequality,

log ptf,, ) (B (@. x: p))

log p
[(Bl (@, x; e Gith n=i0@.00)))

(Ai + B) liminf
p—0

e

=Gi+h) yinigg log e—(itp)n
[n(1-8)] 1 =)l
> liminf 108 85(@.x:nk) (OF (@, ) + lim_— Y~ 1(0F(w. x)).
n—+00 e n—+o00 n
k=0 k=0

The last limit = (1 — g)Hm((a*lmm,-) = (1 — e)h; by Birkhoff’s ergodic theorem.
Hence Proposition 5.4 is proved if we show that

(n(1-2)]
lim sup —— 3 10g g5 O (@, 0) < (I —e)(hig +26).  (5.7)
n—+oo N 17H
(D) We now prove the last assertion (5.7). It follows from (A) that there is a measurable
function § : Q* x M — R such that for u*-a.e. (w, x),if 8 € Q and § < §(w, x), then
—log gs(w, x) < —logg(w, x) + €. Since f —log g« du* < 400, there is a number §,
such that if A = {(w, x) : §(w, x) > &4}, then fQ*XM\A —log g« du* <e.
We claim that for u*-a.e. (w, x), if n is sufficiently large, then é (w, x; n, k) < §, for all
k < n(1 — ¢). First by the Birkhoff ergodic theorem, there is a positive integer Ni(w, x)
such that forn > Nj(w,x), #{0 <i <n: O (w,x) € E} < ZnM*(E). Ifn > Ni(w, x),
then for each k < n(1 —¢) one has ¢, (w, x) <k < n(l —¢) and

S(w. x:n, k) = e—(x,-+/3)(n—zjk(w,x))N§jk < ef()h,-Jrﬁ)enN(‘)ln/L*(l:?)'

Since e’(k"*ﬁ)eNg”*(E) < 1, 8(w, x; n, k) is less than 8, for sufficiently large n. Thus

[n(1=8)]

—log gs(w.x:n.k) (®k (w, x))
k=0

[n(1-e)] [n(1-e)]

< ) (logg@ . x)+e)+ Y —logg.(0 . x)
k=0 k=0
OF(w,x)eA O (w,x)¢A

and the lim sup we wish to estimate in (5.7) is bounded above by

(1 —@[/—loggdu*—i—e—i—/ —logg*du*}.
Q*x M\ A

Recalling that g(w,x) = ué;lx)((G’lm,])(w,x)) for w*-a.e. (w,x), we have
—lo gdp,* = H *(®_177i—1|77i—1) which is equal to /’l‘ﬂ(@, ,'_1) = h,'_l b
g 1 q nw y
Proposition 3.8(3). This completes the proof. a

Proof of Proposition 5.5. 1t follows from the Lipschitz property of 77; together with the
definition of 7; and y; that for u*-a.e. fixed (w, x) and u’&wyx)-a.e. Y € i p(x),

Yi(w, y; 0, x) = pi(w, x),
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if we assume /,Liw %) ( Unzo @"E) = 1. Hence, from Proposition 5.4, we may assume that

(I —pB)(hi —hi—1 — B)

ﬁi(ﬁi_lz; w,x) > , v-ae.zeRD,

A+ B
Consider now the partition of ; (; (w, x)) € R® = R~ x R™ into planes of the
form {z = (z1,22,...,2i) € RO . z; = constant}. Using the Lipschitz property of 7; and

the definition of §; and v, one can easily verify that at v-a.e. z € R®

logv, ({w € RE=D : jw — z(@=D
3;_1(w, x) < liminf og vz; ({w |lw—2z""D) < p})

p—0 log p
and - )
I e RYW . —
8. (@, %) = liminf ogv(fw lw—z| < ,0})’
p—0 log o
where v, is the conditional measure of v on {z = (z1, ...,z) € R® : z; = ¢} (hence v,
can be viewed as a Borel probability measure on RY~1). Lemma 11.3.1 in [4] then tells
us that inequality (5.3) holds for “l(w x)-ae. Y. O

6. The general case: without the ergodic assumption

Proof of Theorem 2.3 for the general case. If u* is not ergodic, then according to [7,

p. 132], there exists a unique (u*-mod 0) measurable partition 79 of Q* x M into a

collection of disjoint sets {éa}ae.A and Q" x M\ Uyen C‘a such that:

() Ugea Co has full 1* measure for any u € M(X* (M, v));

(ii) foreacha € A, @’16‘0[ = éa, and there is a measure p, € M(XT(M, v)) such
that its extension pj is concentrated on éa and O : (C’a, Pa) < is ergodic;

(iti) forany u € M(XT(M,v)), {p}laecA is a canonical system of conditional measures
of u* associated with 7jg;

(iv) for any u € M(XT(M,v)), the o-algebra consisting of all measurable 7jo-sets
equals ;2*-mod 0 the o-algebra B! := {A € B+ (Q2* x M) : O~14 = A).

By arguments analogous to Lemma IV.2.2 in [7], one can prove that

Bl cB*, w*modO,

where B" := {B e B(Q*x M) : B = ﬂ(w)x)eB{a)} X W“(a),x)}. Hence one can easily
check that &, Vo refines 7)o, where &, is a partition of Q* x M subordinate to W*-manifolds.

Therefore the transitivity of conditional measures (see [12]) implies that
(n* bro [(p;)w]ii’”, for u*-a.e. (w,x) € Cy, foralla € A.

w’X

Then results in §§4 and 5 tell us that for u*-a.e. (w, x) € éa anda € A
hi(w, x; &, 1*) = hij(w,x; &il¢ . pg) = hp:(Olg, &ilg,)
= hi(®, X3 &ile,, p3) = hi(w, X3 &, k")
and
8@, x3 &, 1) = 8;(w, x; &ilp,» ) = 8i @, X3 &ile s p2)
=8i(w, x3 &, 1) =1 8i(w, x; &, ).
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Since yi(w, x; u*) = Si(w,x:&, u*) — Si—1(w,x; &1, u*), it follows from
equation (5.1) that

ho.@le,. &ile,) = h3.Ole . §i-1lp,)
Ai(x)

Yilw, x; 1) = yi(w, x: py) =

holds for p*-ae. (w,x) € C, and @ € A. Hence the y;’s are almost everywhere
®-invariant functions. In view of Corollary VI.1.1. of [7, p. 132], the y;’s are indeed
functions well defined almost everywhere on M.

Furthermore, the entropy map hz* (®) is affine with respect to u*, i.e.

15:(0) = f 1 (©) dj(@),

where p is a probability measure on A. Hence, by h, (Xt (M,v)) = hj;(@) and
hg* (®) = hg* (®|@a’ &, le,)s Theorem 2.3 holds true. ]
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