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ABSTRACT

A generalization of range-value-at-risk (RVaR) and tail-value-at-risk (TVaR) for
d-dimensional distribution functions is introduced. Properties of these new risk
measures are studied and illustrated.We provide special cases, applications and
a comparison with traditional univariate andmultivariate versions of the TVaR
and RVaR.
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1. INTRODUCTION

Entities with several dependent portfolios, such as insurance companies and
financial institutions, are allocating risk capital and comparing each business
line and each single risk. These amounts are generally calculated using a risk
decomposition technique which is applied to a total aggregate amount. The
latter is usually obtained by means of a risk measure applied to an aggregate
portfolio. To this end, risk measures are applied to the sum of all risks (thus
considering their dependence) but without considering that some clusters of
homogeneous risks might exist, which would be beneficial from a modeling
perspective and which would provide more accurate results once risk measures
are applied to the portfolio.

Top-down risk decomposition approaches consist of finding the total risk
capital which must be allocated to the aggregate portfolio, traditionally based
on a univariate risk measure applied to the aggregate portfolio, assuming that
risks can all be pooled and mitigate one another. Then, from that amount,
the split of capital to each component is conducted. The Euler principle, see
McNeil et al. (2015), is an example of such a risk decomposition technique,
which assumes a total portfolio composed of a linear combination of risks.
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Bottom-up approaches use the amount allocated to each individual risk to
built the total amount allocated to the portfolio. Factor-based and quan-
tile approaches are examples of bottom-up approaches; see, for example,
Rubin et al. (2009) and Kim and Hardy (2009) for more information of risk
decomposition techniques, applied in an actuarial context.

The most influential regulatory frameworks in the insurance and finance
industry, the Basel Accord and Solvency Directives, allow for flexibility when
it comes to measuring risks, whether that is for comparison or capital alloca-
tion purposes. In the United States, Generally Accepted Accounting Principles
are providing rules and guidelines in order to calculate capital allocation. In
most other industrial countries, International Financial Reporting Standards
are used for that same purpose. Internal models and measures are encouraged
by regulators. Moreover, there is an increased interest toward multivariate risk
measures, as have been presented and shown to be effective in providing a more
representative share than risk decomposition techniques applied to univariate
risk measures. A first application of level curves for risk management purposes
has been presented in Cherubini et al. (2004). Then, Embrechts and Puccetti
(2006) presented level sets, developed and redefined as multivariate lower and
upper orthant VaR in Cossette et al. (2013). Based on this definition, Cossette
et al. (2016) developed multivariate lower and upper orthant tail-value-at-risk.
Di Bernardino et al. (2013), Di Bernardino et al. (2015) and Ben Tahar (2006)
also presented different definitions of multivariate VaR and conditional tail
expectation.More recently, Maume-Deschamps et al. (2017) presented a multi-
variate extension of expectiles, where the risk decomposition is embedded in the
risk measure and the multivariate version of expectiles presented assumes risk
mitigation throughout the portfolio, but allows for a multivariate model which
presumably has a better fit for the considered data. Based on the multivari-
ate geometric quantiles defined in Chaudhuri (1996), Herrmann et al. (2018)
developed multivariate geometric expectiles. While univariate expectiles can be
defined for random variables with finite first moment (see Newey and Powell,
1987), multivariate extensions are based on the existence of second moments
(see Herrmann et al., 2018; Maume-Deschamps et al., 2017).

In this paper, we introduce multivariate geometric extensions of range-
value-at-risk (RVaR) and TVaR. In the univariate case, RVaR is an attractive
alternative to commonly used risk measures as it is robust, see Cont et al.
(2010), and does not require moment restrictions. Contrary to multivari-
ate expectiles, geometric RVaR overcomes the necessity to impose second
moment conditions, which is relevant for heavy-tailed distributions. Moreover,
compared to the alternative multivariate VaR and TVaR risk measures men-
tioned above, multivariate geometric risk measures allow for more flexibility
as the customary univariate confidence levels are replaced with a multi-
variate index. This allows to assign an index to each (random) risk that
is part of a portfolio. We also study properties of multivariate geometric
RVaR and TVaR and provide several characteristics of these multivariate risk
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measures. Furthermore, we compare them and analyze their behavior under
different dependence structures.

In Section 2, we present univariate VaR and multivariate geometric VaR
and provide further insight into multivariate geometric quantiles. In Sections 3
and 4, multivariate geometric TVaR and RVaR are introduced and the choice
of the multivariate index replacing the univariate confidence level is discussed.
Section 5 is dedicated to studying the properties of these new multivari-
ate geometric risk measures. Section 6 contains illustrations, special cases
and examples of the multivariate geometric RVaR (and thus TVaR). Final
conclusions are drawn in Section 7.

2. GEOMETRIC QUANTILES AND VALUE-AT-RISK

As an alternative to interpreting quantiles as the generalized inverse of the
associated distribution function, quantiles can be obtained implicitly as min-
imizers of a suitable expected loss function. Denoting by ρα the check function
(or pinball) loss

ρα : R→ [0,∞), ρα(t) �→
∣∣α − 1(−∞,0](t)

∣∣ |t| , (2.1)

the α-quantile F−1(α) of a distribution function F can be obtained as

F−1(α)= argmin
c∈R

E [ρα(X − c)] , α ∈ (0, 1). (2.2)

This observation has opened up different branches of research: in a univariate
context, Koenker and Bassett (1978) introduce quantile regression by introduc-
ing covariates into (2.2), while Newey and Powell (1987) define expectiles based
on a modification of (2.1). By providing multivariate counterparts to (2.1) and
(2.2), Chaudhuri (1996) introduces multivariate geometric quantiles.

In this paper, we focus on a related multivariate concept. In order to estab-
lish the notation we will use for the remainder of this article, we provide a
streamlined introduction to multivariate geometric quantiles in the following
paragraphs, but refer to Chaudhuri (1996), Girard and Stupfler (2015, 2017)
and Herrmann et al. (2018) for a more detailed discussion. We denote by
‖x‖2 = √

x	x and 〈x, y〉 = x	y the Euclidean norm and inner product of two
vectors x, y ∈R

d . The open unit ball in R
d is denoted by Bd = {x ∈R

d : ‖x‖2 <

1} ⊂R
d . We generally consider a d-dimensional random vectorX ∈L1(�,F , P)

defined on the underlying probability space (�,F , P) and a fixed index vector
α ∈Bd generalizing the univariate confidence level. In analogy to the uni-
variate case, the vector α ∈Bd is of dimension d, assigning a single index to
each random variable. The corresponding multivariate geometric quantile, or
multivariate geometric VaR, is defined as

VaRα (X)= argmin
c∈Rd

E [�α(X − c)]. (2.3)
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While (2.3) generalizes (2.2), the appropriate multivariate version�α of the loss
function ρα is defined by

�α : Rd → [0,∞), t �→ �α(t)= 1
2
(‖t‖2 + 〈α, t〉), α ∈Bd . (2.4)

As shown in Chaudhuri (1996), the right-hand side of (2.3) is always finite and
the minimization is thus well posed; the resulting geometric VaR is the unique
minimizer of (2.3). It is important to notice that the univariate version of geo-
metric VaR implied by (2.3) is based on a confidence level α ∈ [−1, 1], instead of
the traditional α ∈ [0, 1]. The traditional confidence level in [0, 1] can be recov-
ered by an appropriate linear re-indexing; see Section 6.3 and also Herrmann
et al. (2018) for an in-depth discussion. To clearly distinguish both concepts in
the univariate setting, the standard quantiles with α ∈ [0, 1] are denoted by F−1,
while univariate geometric quantiles will be denoted by VaR. Denoting by X
a random variable with quantile function F−1

X , we then have for α ∈ [0, 1] the
connection

F−1
X (α)=VaR(2α−1) (X ).

Equation (2.3) can also be interpreted from the viewpoint of penalization.
For c ∈R

d , we denote by Pα the function

Pα(c;X)=
d∑
i=1

αi (E[Xi]− ci),

for given weights αi and finite expectations E[Xi]. Combining (2.4) with the
linearity of the expectation operator we find that

VaRα (X)= 1
2
argmin
c∈Rd

E [‖X − c‖2]+Pα(c;X). (2.5)

As noted by Chaudhuri (1996), for α = 0 the geometric VaR equals the spa-
tial median; see Small (1990) for an overview on multivariate medians. The
additional term in (2.5) can therefore be interpreted as a penalization term.
When αi 
= 0, Pα penalizes the difference between E[Xi] and ci, and the geo-
metric VaR is thus the penalized version of the spatial median. Likewise, the
geometric expectiles of Herrmann et al. (2018) can be interpreted as penalized
versions of the component-wise mean.

In comparison to other generalizations of quantiles to d > 1, geometric
VaR has a number of attractive properties; see Theorem 2.1. While properties
(1)–(3) are directly taken from Chaudhuri (1996), we prepare our discussion of
(6) by providing a general proposition concerning properties of radially sym-
metric random vectors, including, for example, elliptical models as a special
case.
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Proposition 2.1 (Mean symmetry for minimal expected loss). Denote by X a

radially symmetric random vector around μ ∈R
d such that X− μ

d= μ −X, and
by L a loss function, L : Rd → [0,∞). For the minimizer of the expected loss
v(X)= argminc∈Rd E [L(X− c)], we then have that

1
2 (v(X)− v(−X)) = μ.

Proof. We first note that v is a translation invariant functional, that is, for
a fixed x ∈R

d we have v(X + x)= v(X)+ x. Furthermore, we have that

E[L(−X − (v(X)− 2μ)]=E[L(−(X − μ)− v(X)+ μ)]
=E[L(−(X − μ)− v(X − μ))]
=E[L((X − μ)− v(X − μ))],

where the last equation follows from radial symmetry. The right-hand side is
minimized by definition of v(X − μ). Therefore, the left-hand side is minimized
leading to v(−X)= v(X)− 2μ. Rearranging terms then leads to the result. �

We can now go on to summarize properties of VaR in the following
theorem.

Theorem 2.1 (Properties of geometric VaR). Denote by X,Y ∈L1(�,F , P) two
d-dimensional random vectors and by α ∈Bd a fixed index vector. Then

(1) VaRα (X+ x)=VaRα (X)+ x for any vector x ∈R
d (translation invari-

ance),
(2) VaRα (σX)= σ VaRα (X) for any scalar σ > 0 (positive homogeneity),
(3)VaRAα (AX)=AVaRα (X) for any orthogonal matrix A ∈R

d×d
(rotation),

(4) VaRα (X)=VaRα (Y) for all α ∈Bd if and only if FX = FY for all x ∈R
d

(distributional equality),
(5) VaRα (−X)= −VaR−α (X) (sign change) and
(6) if X is radially symmetric around μ ∈R

d then 1
2

(
VaRα (X)+

VaR−α (X)
)= μ (location symmetry).

Proof. Properties (1)–(3) are established in Chaudhuri (1996), while (4)
is derived in Koltchinskii (1997). Item (5) follows as a corollary from (3)
when considering A= −Id and −α. To establish (6), we combine (5) with
Proposition 2.1 to obtain μ = 1

2 (VaRα (X)−VaRα (−X))= 1
2 (VaRα (X)+

VaR−α (X)). �
Geometric VaR has also been studied from the viewpoint of multivariate

extreme value theory in Girard and Stupfler (2015, 2017). Generally it holds
that ‖VaRα (X)‖2 → ∞ if ‖α‖2 → 1, even if the support of X is bounded.
Furthermore, VaRα (X)/ ‖VaRα (X)‖2 → β when α → β, with ‖β‖2 = 1. This
shows that geometric VaR asymptotically shares the same direction as the
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index vector. Under integrability conditions on the second moment, see Girard
and Stupfler (2015), the covariance matrix of X determines the magnitude of
VaRα (X) in an asymptotic sense. In case the integrability conditions fail, it is
the index of multivariate regular variation of the density of X that governs the
asymptotic behavior of VaRα (X); see Girard and Stupfler (2017).

3. MULTIVARIATE GEOMETRIC TVAR AND RVAR

In this section, we provide multivariate definitions of TVaR and RVaR based
on geometric VaR discussed in Section 2. In the univariate case, TVaR of a
random variable X : � →R and a confidence level α ∈ (0, 1) is defined as an
appropriately weighted integral over sufficiently extreme scenarios, given by

TVaRα (X )= 1
1− α

∫ 1

α

F−1
X (u)du; (3.1)

see Kaas et al. (2008) or McNeil et al. (2015), amongst others. From a theoret-
ical point of view, TVaR is an attractive choice among possible univariate risk
measures, due to the fact that it is coherent in the sense of Artzner et al. (1999)
and TVaR takes tail risk into account.

As defined in Cont et al. (2010), RVaR is obtained as a generalization of
TVaR when considering two confidence levels 0� α1 < α2 � 1 leading to the
definition

RVaRα1,α2 (X )= 1
α2 − α1

∫ α2

α1

F−1
X (u)du. (3.2)

In contrast to TVaR, RVaR leads to a robust historical risk estimator.
However, this advantage comes with the drawback that RVaR is not coherent;
see Cont et al. (2010) for details.

An alternative representation of TVaR and RVaR can be given in terms
of the conditional expectation of a uniformly distributed random variable
U ∼U ([0, 1]) with density fU (u)= 1[0,1](u) as

E
[
F−1
X (U) |U ∈ [α1, α2]

]= 1
P[U ∈ [α1, α2]]

∫
[α1,α2]

F−1
X (u)fU (u)du (3.3)

= 1
α2 − α1

∫ α2

α1

F−1
X (u)du=RVaRα1,α2 (X );

clearly, TVaR is obtained in the same way when setting α2 = 1. Our exten-
sion of TVaR and RVaR to the multivariate setting is based on the conditional
expectation in (3.3). Instead of conditioning on an interval [α1, α2], however,
we condition on a subset D of the closed unit ball when d > 1.

To prepare our generalization, we first discuss the uniform distribution on
the closed unit ball B

d = {x ∈R
d : ‖x‖2 � 1} based on the Euclidean norm ‖x‖2.

Following standard multivariate analysis, the volume of the d-dimensional unit
ball is given by
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λ
(
B
d)= π d/2

�(d/2+ 1)
,

where �(x) denotes the gamma function.We therefore define the uniform prob-
ability measure μ on B

d
by normalizing the Lebesgue measure λ, that is, for

every Borel measurable subset D⊆B
d
we set

μ(D)= λ(D)

λ
(
B
d) = �(d/2+ 1)

π d/2
λ(D).

The density of μ with respect to λ is consequently given by the constant

fμ : Rd → [0,∞), u �→ fμ(u)= �(d/2+ 1)
π d/2

1
B
d (u).

Here, 1
B
d denotes the indicator function of the set B

d
, that is, 1

B
d (u)= 1 if

u ∈Bd
, and zero otherwise. We are now prepared to establish the definition of

geometric RVaR.

Definition 3.1 (Geometric RVaR). Denote by U a random vector uniformly
distributed on Bd. The geometric range-value-at-risk GRVaRD (X) of a d-
dimensional random vector X based on a measurable set of index vectors D⊆B

d

with μ(D)> 0 is defined as

GRVaRD (X)=E[VaRU (X) |U ∈D]. (3.4)

Considering that TVaR is a special case of RVaR when α2 = 1 in the uni-
variate case, it is appropriate to write GTVaRD (X) instead of GRVaRD (X)
whenever D extends to the boundary of B

d
. For absolutely continuous ran-

dom variables in the univariate case, RVaR as defined in (3.3) can equiva-
lently be formulated in an expected-shortfall-type fashion as RVaRα1,α2 (X )=
E
[
X |X ∈ [F−1

X (α1), F−1
X (α2)

]]
, where 0� α1 < α2 � 1. While this opens the pos-

sibility for a multivariate generalization along the lines of Definition 3.1, we
focus on the proposed generalization of TVaR and RVaR for the remainder of
this article.

It will often be advantageous to rewrite (3.4) in terms of an integral.
Comparable to the univariate case, GRVaR can be expressed by

GRVaRD (X)=E[VaRU (X) |U ∈D]= 1
μ(D)

∫
D
VaRu (X)μ(du)

= 1
μ(D)

∫
D
VaRu (X)

�(d/2+ 1)
π d/2

λ(du)

= �(d/2+ 1)
π d/2μ(D)

∫
D
VaRu (X)λ(du), (3.5)
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where we understand that the integral over a vector of functions denotes
component-wise integration.

Concerning the choice of the uniform distribution on B
d
, we remark that

any distribution on B
d
reducing to the uniform distribution on [−1, 1] in the

one-dimensional case could be used to provide a generalization of GRVaR in
the spirit of Definition 3.1. We focus on the uniform distribution on B

d
as

it naturally generalizes the uniform distribution on [−1, 1] and allows for an
efficient Monte Carlo simulation of relevant subsets of B

d
; see Algorithm 6.1.

Just as in the case of the univariate version of geometric VaR, the univari-
ate version of GRVaR following from our Definition 3.1 is based on confidence
levels α1, α2 ∈ [−1, 1] instead of the traditional α1, α2 ∈ [0, 1] as in (3.2). As men-
tioned before, the traditional confidence levels in [0, 1] can be recovered by an
appropriate linear re-indexing.

4. CHOICE OF INDEX LEVEL SETS

In the univariate case, the integration domain [α, 1) in case of TVaR or [α1, α2]
in case of RVaR is chosen to represent extreme quantiles of the underlying
risk. In light of the multivariate framework in Definition 3.1, the integration
domain now needs to be replaced with a subset of the closed unit ball D⊆B

d

representing extreme quantiles for d > 1.
In pursuit of this effort, we introduce for 0� α1 < α2 � 1 the ring

D(α1, α2)= {u ∈R
d : α1 � ‖u‖2 � α2} ⊆B

d
.

This set consists of all index vectors α ∈Bd
that can be used as a basis to

compute VaRα (X) and lead to high quantiles in this sense. For reference, we
compute the measure of D(α1, α2) under λ and μ as

λ(D(α1, α2))= π d/2(αd
2 − αd

1 )
�(d/2+ 1)

and μ(D(α1, α2))= αd
2 − αd

1 .

Given that the univariate TVaR and RVaR are typically defined as the
integral over high confidence levels in one direction, that is, the integration
is carried out over [α, 1) and not over (0, 1− α]∪ [α, 1), a suitable subset of
D(α1, α2) needs to be selected in order to arrive at an intuitive generalization.
Compared to the univariate case, the multivariate setting offers more choice in
the sense that high quantiles can, for example, be characterized by requiring all
indices to be positive, that is, considering extreme outcomes in all variables, or
by requiring at least one index to be positive, that is, considering outcomes that
are extreme in at least one variable.

We establish two valid generalizations of the univariate case by intersecting
D(α1, α2) with the appropriate orthants (subsets ofRd that generalize quadrants
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FIGURE 1: Integration domains D+(0.5, 0.9) (left, gray) and D−(0.5, 0.9) (right, gray) for d = 2. The set
D(0.5, 1) is indicated by the solid and dashed circles.

of R
2 for dimensions d > 2). For a vector s ∈ {−1, 1}d , the corresponding

orthant is defined as

Os = {x ∈R
d | sixi � 0 for all 1� i� d}. (4.1)

We will define O+ =Os+ and O− =Os− to denote the orthants based on s+ =
(1, . . . , 1) and s− = (−1, . . . ,−1). To capture high quantiles in all directions,
it is therefore reasonable to consider the set D+(α1, α2)=D(α1, α2)∩O+. High
quantiles in at least one direction can be captured withD−(α1, α2)=D(α1, α2)∩
(∪s∈{−1,1}d ,s 
=s− Os). By symmetry, it is clear that sets of the form B

d ∩Os all have
the same μ measure, and that their measures sum up to one since they parti-
tion B

d
. We therefore have μ(B

d ∩Os)= 2−d for all s ∈ {−1, 1}d . As D(α1, α2) is
also symmetric, we get by the same argument

μ(D+(α1, α2))= αd
2 − αd

1

2d
and μ(D−(α1, α2))= (2d − 1)(αd

2 − αd
1 )

2d
. (4.2)

We remark that in the univariate case O+ =O− = [0,∞) and therefore
D+(α1, α2)=D−(α1, α2)= [α1, α2]. Taking �(3/2)= √

π/2 into account, we
recover the univariate Equations (3.1) and (3.2) for GRVaRD+ (X) and
GRVaRD− (X) based on (3.5).

For d > 1, the equality of D+ and D− breaks down as can be seen from
Figure 1, which shows the index vector sets D+(0.5, 0.9) and D−(0.5, 0.9) for
d = 2.

Aside from specific choices of D, the general behavior of GRVaR with
respect to D is also of interest. As summarized in Girard and Stupfler (2017)
and shown in Chaudhuri (1996) and Koltchinskii (1997), the mapping α �→
VaRα (X) is one-to-one, continuous and has a continuous inverse. As such,
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basic topological properties of the index sets D are preserved under the map-
ping. If D is a closed set, then the image of D under VaR is closed. The
same preservation property also holds for open, (path-) connected and com-
pact sets. Furthermore, sets D1 and D2 that are not intersecting are therefore
also separated under the mapping D �→VaRD (X). In view of D+ and D−,
this implies an order in the sense that the image of disjoint rings, for exam-
ple, D(α1, α2) and D(α3, α4) for 0� α1 < α2 < α3 < α4 � 1, under VaR is forced
further outwards from the center given by the spatial median VaR0 (X) when
α2 → 1. In line with this observation, we have in general for a random vector
X that ‖VaRα (X)‖2 → ∞ if ‖α‖2 → 1, as shown in Theorem 2.1 in Girard and
Stupfler (2017). There is however no guarantee that the images of D+ and D−
under VaR stay ring shaped.

5. PROPERTIES OF GEOMETRIC RVAR

In this section, we set out to study the properties of GRVaR. We start
by considering the impact of a nonrandom shift of the underlying random
vector.

Proposition 5.1 (Translation invariance). For a d-dimensional random vector X
and a ∈R

d , we have GRVaRD (X+ a)=GRVaRD (X)+ a.

Proof. Component-wise integration leads to

GRVaRD (X + a)= �(d/2+ 1)
π d/2μ(D)

∫
D
VaRu (X + a)λ(du)

= �(d/2+ 1)
π d/2μ(D)

∫
D
(VaRu (X)+ a)λ(du)

= �(d/2+ 1)
π d/2μ(D)

∫
D
VaRu (X)λ(du)+ �(d/2+ 1)

π d/2μ(D)

∫
D
aλ(du)

= �(d/2+ 1)
π d/2μ(D)

∫
D
VaRu (X)λ(du)+ a

μ(D)

∫
D

μ(du)

=GRVaRD (X)+ a. �

Following translation invariance, we next consider the impact of scal-
ing. From a practical perspective, it is important to understand how GRVaR
behaves when one, for example, changes the monetary unit.

Proposition 5.2 (Positive homogeneity). For a d-dimensional random vector X
and a positive scalar σ > 0, we have GRVaRD (σX)= σ GRVaRD (X).
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Proof. Via component-wise integration, we obtain that

GRVaRD (σX)= �(d/2+ 1)
π d/2μ(D)

∫
D
VaRu (σX)λ(du)

= �(d/2+ 1)
π d/2μ(D)

∫
D

σ VaRu (X)λ(du)

= σ
�(d/2+ 1)
π d/2μ(D)

∫
D
VaRu (X)λ(du)= σ GRVaRD (X).

�
In the following proposition, we study the impact of applying an orthogo-

nal matrix to X and the underlying set of index vectors. As a special case, this
operation encompasses a reordering of the entries ofX or switching signs when
going from losses to gains.

Proposition 5.3 (Rotation). For a d-dimensional random vector X and an orthog-
onal matrix A ∈R

d×d , we define the corresponding rotated integration domain
by D̃=A[D]= {Aα ∈Bd

: α ∈D} ⊆B
d
. Then we have that GRVaRD̃ (AX)=

AGRVaRD (X).

Proof. Due to the orthogonality of A, we have |det JL| = 1, where
L(x)=Ax is the linear mapping connected to A and JL is the Jacobian matrix
of first derivatives. This leads to∫

D̃
VaRv (AX)λ(dv)=

∫
D
VaRAu (AX)λ(du)=

∫
D
AVaRu (X)λ(du)

=A
∫
D
VaRu (X)λ(du),

where we used the integral transformation theorem and the fact that
VaRAu (AX)=AVaRu (X); see Theorem 2.1 (3). Including the normalizing
constants in the integrals then gives the result. �

After we have established basic transformations in Propositions 5.1–5.3, we
now turn to symmetry properties. For a given set of index vectorsD, we denote
by −D= {−α : α ∈D} the corresponding set with flipped signs. Based on the
symmetry relations for VaR, we can recover a similar result for GRVaR.

Corollary 5.1 (GRVaR vector sign symmetry). For a random vector X, we have
that

GRVaRD (−X)= −GRVaR−D (X).

Proof. This follows from Proposition 5.3 withA= −Id and a starting index
set −D. �
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In case the underlying random vector X is radially symmetric, it is possible
to establish symmetry of GRVaR similar to Theorem 2.1 in case of geometric
VaR.

Proposition 5.4 (GRVaR location symmetry). For a random vector X radially
symmetric around μ and a set of index vectors D, we have that

1
2 (GRVaRD (X)+GRVaR−D (X)) = μ.

Proof. Combining Theorem 2.1 (5) and an integral transformation with
φ(x)= −x as in Proposition 5.1, we have that

GRVaRD (X)= �(d/2+ 1)
π d/2μ(D)

∫
D
VaRu (X)λ(du)

= �(d/2+ 1)
π d/2μ(D)

∫
D
2μ −VaR−u (X)λ(du)

= �(d/2+ 1)
π d/2μ(D)

∫
D
2μλ(du)− �(d/2+ 1)

π d/2μ(D)

∫
D
VaR−u (X)λ(du)

= 2μ −GRVaR−D (X),

from which the result follows by rearranging the terms. �
Just as the geometric VaR, GRVaR also uniquely identifies the underlying

distribution function as shown in the following proposition.

Proposition 5.5. For two random vectors X and Y, we have GRVaRD (X)=
GRVaRD (Y) for all measurable subsets D⊆Bd if and only if FX(x)= FY(x) for
all x ∈R

d .

Proof. If FX = FY , we immediately have VaRu (X)=VaRu (Y) for all
u ∈Bd and hence GRVaRD (X)=GRVaRD (Y) for every measurable D⊆Bd .
For the other implication denote by B

(
Bd
)
the Borel sigma algebra of Bd .

Neglecting the constants, we have from GRVaRD (X)=GRVaRD (Y) that∫
D
VaRu (X)λ (du) =

∫
D
VaRu (Y)λ (du) ∀D ∈ B

(
Bd
)

⇔
∫
D
VaRu (X)−VaRu (Y)λ (du) = 0 ∀D ∈ B

(
Bd
)
,

which implies by a standard contradiction argument that VaRu (X)−
VaRu (Y)= 0 for almost all u ∈Bd . Invoking Theorem 2.1 (4), we have
FX = FY . �
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Taken together, Propositions 5.1–5.4 show that GRVaR inherits the sen-
sible behavior of geometric VaR regarding transformations and symmetries.
Similarly to Theorem 2.1 in case of VaR, we summarize in Theorem 5.1 the
properties of GRVaR established in Propositions 5.1–5.5 and Corollary 5.1.

Theorem 5.1 (Properties of GRVaR). Denote by X ∈L1(�,F , P) a random
vector and by D⊆B

d
a fixed index vector set. Then

(1) GRVaRD (X+ x)=GRVaRD (X)+ x for any vector x ∈R
d (translation

invariance),
(2) GRVaRD (σX)= σ GRVaRD (X) for any positive scalar σ > 0 (positive

homogeneity),
(3) GRVaRD̃ (AX)=AGRVaRD (X) for any orthogonal matrix A ∈R

d×d ,
where D̃=A[D] (rotation),

(4) GRVaRD (X)=GRVaRD (Y) for all measurable subsets D⊆Bd if and
only if FX(x)= FY(x) for all x ∈R

d (distributional equality),
(5) GRVaRD (−X)= −GRVaR−D (X) (sign change) and
(6) if X is radially symmetric around μ then 1

2

(
GRVaRD (X)+

GRVaR−D (X)
)= μ (location symmetry).

While Theorem 5.1 discusses the behavior of GRVaR for general index
sets D, additional properties can be deduced for D+ and D−. As discussed
at the end of Section 2, geometric quantiles asymptotically share the same
direction as their underlying index. This especially implies that the signs of
the components of VaRαu (X) are equal to the sign of the components of
u, ‖u‖2 = 1, when α → 1. Regarding GRVaR as an average over VaR, this
implies in case of D+(α1, α2) that component-wise values of GRVaRD+(α1,α2) (X)
eventually increase when α2 → 1. The asymptotic growth rate of ‖VaRα (X)‖2
is known under moment conditions, see Girard and Stupfler (2017), and in
a regular variation framework, see Girard and Stupfler (2015). In case of
D−(α1, α2) it is not straightforward to parse out the component-wise behavior
of GRVaRD−(α1,α2) (X) for α2 → 1 since (asymptotically) the additional values
gathered by increasing α2 are not all of the same sign. While the construction
of D−(α1, α2) drops the orthant O− where all index components are negative,
implying that for each index component there is one more orthant of posi-
tive values compared to negative ones, the precise effect on GRVaRD−(α1,α2) (X)
cannot be directly determined and again depends on the growth rate of
‖VaRα (X)‖2 for α in each orthant component of D−(α1, α2).

A similar effect holds when considering GRVaRD+(α,1) (X) and
GRVaRD−(α,1) (X) for α close to one which is done in Section 6.3; see
especially Figure 2. While the ordering with respect to α ∈ {0.94, 0.95, 0.96} in
case of D+(α, 1) is expected, Figure 2 shows that the same order also holds for
D−(α, 1) in this case.
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FIGURE 2: Top: First component (left) and second component (right) of GRVaRD+ (α,1) (X) for
α ∈ {0.94, 0.95, 0.96}. Bottom: First component (left) and second component (right) of GRVaRD− (α,1) (X) for

α ∈ {0.94, 0.95, 0.96}. In all cases, the distribution of X = (X1,X2) has margins Xi ∼ �(i, 0.1) joined by a
Clayton copula with Kendall’s tau τ ∈ {0, 0.01, 0.02, . . . , 1} and computations are based on 25,000

independent uniform draws from D+(α, 1) and D−(α, 1), and a sample size of 25,000 of the underlying joint
distribution of X.

6. ILLUSTRATION

In this section, we discuss special cases for which it is possible to obtain
(semi-)closed-form expressions for GRVaR. Moreover, we provide numerical
illustrations for a number of different random vectors in order to highlight
the impact of changing margins and dependence structure, and compare mul-
tivariate GTVaR with univariate TVaR-based risk decomposition technique.
This particular example is also used in order to provide corresponding indices
when comparing GRVaR with univariate RVaR.
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6.1. Semi-closed-form solutions

A closed-form solution of GRVaR is only possible, if geometric VaR can be
obtained explicitly. As a first candidate, we consider the bivariate uniform
distribution on [a, b]= [a1, b1]× [a2, b2]. In order to compute VaRα (U) for a
random vector U ∼U ([a, b]), we compute

E[‖U − c‖2 ]= 1
(b1 − a1)(b2 − a2)

∫ b1

a1

∫ b2

a2

√
(x− c1)2 + (y− c2)2dydx

= 1
(b1 − a1)(b2 − a2)

∫ b1−c1

a1−c1

∫ b2−c2

a2−c2

√
x2 + y2dydx, (6.1)

where an integral transformation was used. Given two arbitrary constants C1

and C2, we introduce the auxiliary functions

h1(x, y)= 1
2

(
y ‖(x, y)‖2 + x2 log

(
y+ ‖(x, y)‖2

))+C1,

h2(x, y)

= −x3 + 6xy ‖(x, y)‖2 + 3y3 log (‖(x, y)‖2 + x)+ 3x3 log (‖(x, y)‖2 + y)
18

+C2,

where we have d
dxh2(x, y)= h1(x, y) and d

dyh1(x, y)= ‖(x, y)‖2. Using Fubini’s
theorem, the integration in (6.1) can thus be carried out as

E[‖U − c‖2 ]

= h2(b1−c1, b2−c2)−h2(a1−c1, b2−c2)−h2(b1−c1, a2−c2)+h2(a1−c1, a2−c2)
(b1−a1)(b2−a2)

.

Combining this with the univariate expectations E[Ui]= (bi − ai)/2 leads to a
closed-form solution of the objective function in (2.5). However, to actually
compute VaR, the minimization in (2.5) still has to be carried out. This requires
to take derivatives with respect to c1 and c2 which is intractable.

Aside from the uniform distribution, a distribution with independent
normal margins leads to simplifications. We denote by Z ∼N (μ, Id) a
d-dimensional random vector with independent components which have pos-
sibly distinct means but unit variance. The norm χ = ‖Z‖2 of Z follows
a noncentral chi distribution, and the density of χ follows directly from
that of the noncentral chi-square distribution (see Johnson and Kotz, 1970,
Chapter 28). The expectation of χ is essentially derived in Nuttal (1975,
Equation (10)). After slight rearrangements, we have

E[χβ ]= 2
β
2 �
(
d/2+ β

2

)
�(d/2)

M
(

−β

2
; d/2;− 1

2 ‖μ‖2
2

)
, β > 0, (6.2)
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where �(x) denotes the gamma function and M(a; b; z) denotes the confluent
hypergeometric function of the first kind, also known as Kummer’s func-
tion. For the rising factorial a(n) with a(0) = 1 and a(n) = a(a+ 1)(a+ 2) · · ·
(a+ n− 1), we have

M(a; b; z)=
∞∑
n=0

a(n)zn

b(n)n! = 1F1(a; b; z).

M(a; b; z) is therefore a special case of the generalized hypergeometric function
pFq; see Abramowitz and Stegun (1972).

Based on (6.2), the objective function in (2.3) can now be computed in
closed form. For σ > 0 and the random vector σZ with Z as above, we have
that

E[�α(σZ − c)]= σE[�α(Z − σ−1c)]= σE[
∥∥Z − σ−1c

∥∥
2
]+ σPα(σ−1c;Z)

= σ

√
2�
(
d+1
2

)
�(d/2)

M

(
− 1
2
;
d
2
;−

∥∥μ−σ−1c
∥∥2
2

2

)
+σ

d∑
i=1

αi(μi−σ−1ci).

(6.3)

With the derivative d
dzM(a;b;z)= a

bM(a+ 1;b+ 1;z), see Equation 13.4.8 in
Abramowitz and Stegun (1972), Equation (6.3) leads to an expression for the
gradient ∇cE[�α(σZ − c)]. We then find VaRα (σZ) as the vector c for which
∇cE[�α(σZ − c)]= 0.

Similarly to the case of the uniform distribution, independent normal
margins do not lead to a closed-form expression for geometric VaR, but a
closed-form expression of the associated objective function. Given that closed-
form solutions are hard to obtain, we consider numerical approximations next.

6.2. Numerical computation

While closed-form expressions for GRVaRD (X) are hard to derive for a given
random vector X, we can use the conditional expectation formulation from
Definition 3.1 to numerically compute GRVaRD (X). RecallingU ∼U (Bd

)
, we

can rewrite GRVaRD (X) as

GRVaRD (X)=E[VaRU (X) |U ∈D]= E[1D(U) VaRU (X)]
P[U ∈D] (6.4)

= 1
λ(D)/λ(Bd)

∫
D
VaRu (X)

1
λ(Bd)

du

=
∫
D
VaRu (X)

1
λ(D)

du

=E[VaRV (X)], (6.5)

where V is distributed uniformly on D, that is, V ∼U (D). Equations (6.4) and
(6.5) open up the possibility for numerical computations. To utilize either (6.4)
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or (6.5) in our setting, it is necessary to draw uniformly from either Bd in case
of (6.4), or D+ and D− in case of (6.5). To this end, we provide the following
algorithm which generalizes the well-known uniform sampling algorithms for
balls; see, for example, Section 3.29 in Fishman (1996). An in-depth discussion
of alternative sampling schemes for Bd and the connections between them can
be found in Harman and Lacko (2010).

Algorithm 6.1. Uniform distribution on D(α1, α2)
To generate a pseudo-random vector U following a uniform distribution U(D(α1, α2)) on
D(α1, α2), execute the following steps:

(1) Draw Y= (Y1, . . . ,Yd ), where Yi ∼N (0, 1) and all Yi are independent for i ∈ {1, . . . , d}.
(2) Draw V ∼ U([0, 1]).
(3) Return U =

((
αd2 − αd1

)
V + αd1

)1/d
Y/ ‖Y‖2.

It is clear that Y/ ‖Y‖2 is distributed uniformly on the sphere and hence the
distribution of U in Algorithm 6.1 is spherical in the sense of Fang et al. (1990,
Chapter 2). Utilizing Fang et al. (1990, Theorem 2.9), it is further straightfor-
ward to show that the density ofU is constant and hence uniform onD(α1, α2).
A formal argument for the uniformity of U on D(α1, α2) is provided in the
Appendix. By setting α1 = 0 and α2 = 1 the standard algorithm to sample from
Bd is recovered.

Reflections can further be used to obtain a uniform sample from D(α1, α2)
that is only contained in a given orthant Os; see (4.1). This finally allows to
sample uniformly from D+ and D−.

Proposition 6.1. Denote byU a random vector distributed uniformly on D(α1, α2).
For s ∈ {−1, 1}d , the random vector s |U| = (s1 |U1| , . . . , sd |Ud | ) is then uni-
formly distributed on D(α1, α2)∩Os.

Proof. Without loss of generality, we show that |U| = (|U1| , . . . , |Ud |) is
uniformly distributed on D(α1, α2)∩O+. First note that we have λ(D(α1, α2)∩
O+)= λ(D(α1, α2))/2d by symmetry. To show that |U| is uniformly distributed
on D(α1, α2)∩O+, we therefore have to show P[|U| ∈A]= λ(A)/λ(D(α1, α2)∩
O+)= 2dλ(A)/λ(D(α1, α2)) for any set A⊂D(α1, α2)∩O+. Setting

sA= {x ∈R
d | x= (s1a1, . . . , sdad), (a1, . . . , ad) ∈A}

for s ∈ {−1, 1}d , we have
P[|U| ∈A]= P[U ∈ ∪s∈{−1,1}d sA]=

∑
s∈{−1,1}d

P[U ∈ sA]=
∑

s∈{−1,1}d
λ(sA)/λ(D(α1, α2))

= 2dλ(A)/λ(D(α1, α2)),

where the last equation follows from λ(s1A)= λ(s2A) for s1, s2 ∈ {−1, 1}d since
the Lebesgue measure is invariant under orthogonal transforms. �
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Numerical approximations based on (6.4) have the advantage that a global
sampling algorithm on Bd is sufficient to arrive at the approximations

E[1D(U) VaRU (X)]≈ 1
M

M∑
i=1

1D(ui) VaRui (X), (6.6)

P[U ∈D]≈ 1
M

M∑
i=1

1D(ui), (6.7)

where (ui)Mi=1 is a sample of uniform pseudo-random vectors on Bd . While this
strategy is applicable for any D, it features two distinct disadvantages. First,
approximating P[U ∈D] via (6.7) in (6.4) leads to division by a random and
possibly small quantity. Numerical errors in (6.7) can therefore destabilize the
computation as a whole. Second, even if P[U ∈D] is known in closed form,
as, for example, in case of D+ and D−, see (4.2), only roughly μ(D) sample
points effectively contribute to the calculation of (6.6) due to the term 1D(ui).
Whenever possible, we therefore suggest to rely on (6.5) for the numerical
computation where we discuss the specific cases D+ and D− next.

In contrast to the general applicability of (6.4), using (6.5) is only possible
when a uniform sampling algorithm forD is available. In this case however the
resulting algorithm is more efficient since every observation contributes to the
result and there is no division by a random quantity. For a sample (vi)Mi=1 of
pseudo-random vectors on D, the approximation is simply given by

GRVaRD (X)≈ 1
M

M∑
i=1

VaRvi (X). (6.8)

In case ofD+, we can directly apply (6.8) in conjunction with Algorithm 6.1 and
Proposition 6.1 to obtain a uniform sample onD+. In case ofD−, it is necessary
to split the implied integration region D in (6.5) as D− = ∪ s∈{−1,1}d

s 
=(−1,...,−1)
Ds, where

Ds =D(α1, α2)∩Os. With uniformly distributed random vectors Vs ∼U (Ds)

and U ∼U (Bd
)
, we then have

GRVaRD− (X)= 1
P[U ∈D−]

∫
Bd

1D−(u) VaRu (X)
1

λ(Bd)
du

= 1
λ(D−)/λ(Bd)

∑
s∈{−1,1}d

s
=(−1,...,−1)

∫
Ds

VaRu (X)
λ(Ds)

λ(Ds)λ(Bd)
du

=
∑

s∈{−1,1}d
s 
=(−1,...,−1)

λ(Ds)
λ(D−)

E[VaRVs (X)]

= 1
2d − 1

∑
s∈{−1,1}d

s 
=(−1,...,−1)

E[VaRVs (X)],
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where the last line follows since λ(D−)= πd/2(αd2−αd1 )(2
d−1)

�(d/2+1)2d and λ(Ds)= πd/2(αd2−αd1 )
�(d/2+1)2d

independently of s. The individual expectations E[VaRVs (X)] can now
be approximated by sampling uniformly from Ds via Algorithm 6.1 and
Proposition 6.1.

All proposed approximations of course hinge on the possibility to compute
geometric VaR, either in closed form or numerically. Aside from the discussion
in Section 6.1, the numerical computation of geometric VaR via a Newton–
Raphson-type iteration is discussed in Chaudhuri (1996). Alternatively, VaR
can be computed by directly applying numerical minimization algorithms to an
empirical version of (2.3). Also, in principle, (6.4) and (6.5) open the door for
applying various variance-reduction techniques such as quasi-random numbers
or importance sampling.

Alternatively to a random sampling strategy, nonrandom numerical inte-
gration schemes can be used to evaluate GRVaRD (X). Quasi-random sampling
is available in arbitrary dimensions and generally leads to a reduced variance
compared to Monte Carlo sampling. For details on available error estimates
and theory, see Lemieux (2009).

As an alternative, numerical integration techniques can be utilized. In this
case, it is more suitable to integrate with respect to the Lebesgue measure λ.
In order to compute GRVaRD (X), we are therefore forced to evaluate the
integral

�(d/2+ 1)
π d/2μ(D)

∫
D
VaRu (X)λ(du);

see (3.5). We will focus on the integral involving VaRu (X), while leaving aside
the implicit integral in μ(D). Numerical integration schemes are in most cases
presented for a hyper-rectangular integration domain ×d

i=1[ai, bi] for d = 2 or
d = 3. When D is not of rectangular form, an appropriate coordinate transfor-
mation is therefore necessary to follow this approach. For example, for d = 2
the sets D+(α1, α2) and D−(α1, α2) can be represented in polar coordinates as

D+(α1, α2)= {(x, y) ∈R
2 : x= r cos (ϕ), y= r sin (ϕ), r ∈ [α1, α2], ϕ ∈ [0, 1

2π ]},
D−(α1, α2)= {(x, y) ∈R

2 : x= r cos (ϕ), y= r sin (ϕ), r ∈ [α1, α2], ϕ ∈ [ 32π , 3π ]},
where the connected set [ 32π , 3π ] in case of D− is from a numerical point of
view favorable compared to the unconnected set [0, π ]∪ [ 32π , 2π) linked to
the standard parameterization ϕ ∈ [0, 2π). Using integral transformation, the
target integral for D+(α1, α2) can then be rewritten as∫

D+(α1,α2)
VaR(u1,u2) (X)du1du2 =

∫ 1
2π

0

∫ α2

α1

rVaR(r cos (ϕ),r sin (ϕ)) (X)drdϕ

≈
M∑
k=1

βkrk VaR(rk cos (ϕk),rk sin (ϕk)) (X), (6.9)
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where the node points (rk, ϕk)Mk=1 and weights (βk)Mk=1 are implied by the respec-
tive quadrature rule. Care has to be taken not to use a quadrature rule that
places node points on the boundary r= 1 in case of GTVaR, since then geo-
metric VaR is undefined. One example of an integration rule that does not place
node points on the boundary is Gaussian quadrature; see Stoer and Bulirsch
(2002) for details and a general introduction to numerical quadrature.

6.3. Numerical illustrations

One can interpret multivariate geometric risk measures as a risk decomposition
technique embedded in an aggregate risk measure, since one computes allo-
cated amounts based on a formula which aggregates risks. In this application,
we compare multivariate GTVaR with a TVaR-based risk decomposition tech-
nique, where the expectation of each one of the random variables is calculated,
conditional on the aggregation of all dependent risks. For more details on the
TVaR-based risk decomposition technique, we refer the reader to Cossette et
al. (2012) and references therein.

Consider a bivariate portfolio S=X1 +X2, where each Xi follows a
Gamma distribution with parameters (γi, β), where γi = i and β = 0.1 for
i ∈ {1, 2} such that E[X1]= 10 and E[X2]= 20. Moreover, assume a depen-
dence structure represented by a Clayton copula, with dependence param-
eter θ . In the independence case (θ = 0), we can easily obtain F−1

S (0.99)=
84.06025, TVaR0.99 (S)= 96.38035, which can be analytically decomposed into
amounts allocated for each Xi, i= 1, 2, that is, TVaR0.99 (X1;S)= 32.12678
and TVaR0.99 (X2;S)= 64.25357, where TVaRκ (Xi;S)=E[Xi|S>VaRκ (S)],
i= 1, 2; see Cossette et al. (2012) for details. Then, using a positive depen-
dence structure betweenX1 andX2 represented by θ = 1.2, we have F−1

S (0.99)=
90.09976, TVaR0.99 (S)= 102.74714, which can be analytically decomposed
into amounts allocated for each Xi, i= 1, 2, that is, TVaR0.99 (X1;S)= 37.21703
and TVaR0.99 (X2;S)= 65.53011.

We now turn toward a comparison of GRVaR and the TVaR decomposi-
tion of Cossette et al. (2012) outlined above. To do so, we consider GRVaR
based on four index sets that all extend to the boundary of Bd and hence
GRVaR can be interpreted as geometric TVaR in this case. For 0� α < 1,
we consider the introduced sets D−(α, 1) and D+(α, 1). To add one additional
degree of freedom, we also consider rotations of D−(α, 1) and D+(α, 1) around
the origin. For ϕ ∈ [0, 2π), the rotation can be accomplished by multiplying an
element u of an index set by a rotation matrix

Rϕ =
(
cos (ϕ) − sin (ϕ)
sin (ϕ) cos (ϕ)

)
,

leading to the rotated index sets RϕD−(α, 1) and RϕD+(α, 1). The rotated
index set naturally combines with the properties of GRVaR, especially
Proposition 5.3. For a given vector c= (c1, c2), we then proceed to find
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TABLE 1

VALUES OF α∗
± AND (α∗

±, ϕ
∗
±) SUCH THAT THE RESULTING GRVaR BASED ON D±(α∗

±, 1)
OR Rϕ∗±D±(α∗

±, 1) IS CLOSE TO c1 = (32.12678, 64.25357) (FOR θ = 0) AND c2 = (37.21703,
65.53011) (FOR θ = 1.2) IN EUCLIDEAN DISTANCE.

Specification θ = 0 θ = 1.2

α∗
+ 0.8374934 0.8798641

GRVaRD+(α∗+ ,1) (X) (42.76010, 52.55561) (46.22415, 55.38499)
α∗

− 0.9855055 0.9902669
GRVaRD−(α∗− ,1) (X) (42.64916, 52.07197) (46.40202, 54.56433)

(α∗
+, ϕ

∗
+) (0.8678664, 0.3381556) (0.8962714, 0.2598723)

GRVaRRϕ∗+D+(α∗+ ,1) (X) (32.12678, 64.25357) (37.21699, 65.53013)

(α∗
−, ϕ

∗
−) (0.9891655, 5.066231) (0.9920267, 4.977593)

GRVaRRϕ∗−D−(α∗− ,1) (X) (32.12706, 64.25359) (37.21715, 65.53020)

Computations of GRVaR are based on a sample size of 20,000 of the
underlying joint distribution of X and a two-dimensional Gauss–Legendre
product quadrature scheme with 502 node points as outlined in (6.9), where
the integration domains are [α∗+, 1]× [ϕ∗+, ϕ∗+ + π/2] and [α∗−, 1]× [ϕ∗−, ϕ∗− +
3π/2] in case of bivariate optimization. Optimal values are found via a
derivative free Nelder–Mead optimization method.

the values of α or (α, ϕ) that minimize the Euclidean distance between the
geometric TVaR of X = (X1,X2) and c via

α∗
± = argmin

α∈[0,1]

∥∥GRVaRD±(α,1) (X)− c
∥∥
2
, or

(α∗
±, ϕ

∗
±)= argmin

(α,ϕ)∈[0,1]×[0,2π ]

∥∥GRVaRRϕD±(α,1) (X)− c
∥∥
2
.

Based on the TVaR decomposition of Cossette et al. (2012), we use
c1 = (32.12678, 64.25357) in case of independence, while for positive depen-
dence we use c2 = (37.21703, 65.53011).

The results are reported in Table 1. We see that with a single free parameter
it is not possible to find an index α∗

± that yields a close fit. The standard domains
D+(α, 1) and D−(α, 1), which are motivated by theoretical considerations, do
therefore not lead to very close fits. When allowing for additional rotation, the
two parameter models on the other hand yield very close numerical values in all
cases, which highlights the versatility of the suggested approach. However, we
do not consider this an intrinsic shortcoming of the suggested domainsD+ and
D−. Instead of trying to reproduce the risk decomposition exactly, these index
sets are motivated to complete the picture of the risk inherent in X when com-
bined with other approaches. Furthermore, we use this example to exemplify
the difficulty of comparing parameter values across different generalizations of
multivariate TVaR that are designed for different circumstances.

To get a better understanding of the behavior of geometric GTVaR, we
consider, for the same marginal setup, changes in the underlying dependence
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structure. To cover the full range of possible parameter values for θ in [0,∞),
we parameterize the Clayton copula via Kendall’s tau. For the Clayton cop-
ula, Kendall’s tau is given as τK = θ/(θ + 2) and we consider values of τK in the
grid [0, 0.01, 0.02, . . . , 1], where the limiting case τK = 1 leads to a comonotonic
dependence structure. For a better comparison, we compute GRVaRD+(α,1) and
GRVaRD−(α,1) for different levels α ∈ {0.94, 0.95, 0.96}. Figure 2 shows in the
top row the first and second components for GRVaRD+(α,1), while the bottom
row shows the first and second components for GRVaRD−(α,1). It is interesting
to see that larger values of τK lead overall to smaller values of the compo-
nents of GRVaRD+(α,1) and GRVaRD−(α,1). Modulo the inherent randomness in
the sample and the calculations, this decrease seems to be monotonic in terms
of τK . This also fits with the observation that in case of the comonotonic limit
(τK = 1), one of the lowest component-wise values is attained. At the same time,
the curves are ordered in accordance to the values of α. While the curves gen-
erally decrease as a function of τK , this effect is more pronounced for the index
set D+(α, 1) compared to D−(α, 1). The fact that the values of the first compo-
nent are for both index sets lower than those of the second fits with the fact that
the mean and variance of the first margin are lower than those of the second
margin in the given example. For the Gamma distribution �(γ , β) with density
x �→ f�(x;γ , β) and quantile function p �→ F−1

� (p;γ , β), the TVaR is given as

TVaRα (X )= γ
(
1− f�

(
F−1

� (α;γ , β);γ + 1, β
))

β (1− α)
, X ∼ �(γ , β).

In terms of the marginal TVaR, we therefore have for the first compo-
nent TVaR0.94 (X1)= 38.13411, TVaR0.95 (X1)= 39.95732 and TVaR0.96 (X1)=
42.18876, while we have for the second component TVaR0.94 (X2)=
57.03272, TVaR0.95 (X2)= 59.17963 and TVaR0.96 (X2)= 61.79073. Comparing
the marginal values with the component-wise values of GRVaR reported in
Figure 2, we see that GRVaR based on D+(α, 1) results in higher component-
wise values regardless of the strength of dependence measured in τK . On the
other hand, the index set D−(α, 1) leads uniformly to lower component-wise
values.

To better understand the relationship to the univariate TVaR, we con-
sider an alternative representation. Recalling (3.1) for the first component of
X = (X1,X2) with U ∼U ([0, 1]) and α ∈ (0, 1),

TVaRα (X1)= 1
1− α

∫ 1

α

F−1
X1
(u)du=E

[
F−1
X1
(U)|U � α

]
,

we can in the same spirit integrate the first component of the bivariate geo-
metric value-at-risk VaRα (X)= (

VaR1
α (X), VaR2

α (X)
)
. This requires adjusting

the confidence level from (0, 1) to (−1, 1) via α̃ = 2α − 1. Comparable to the
univariate case, we can now integrate the first component of geometric VaR
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1
1− α̃

∫ 1

α̃

VaR1
(u,0) (X)du=E

[
VaR1

(Ũ ,0) (X) | Ũ � α̃
]

= 1
2(1− α)

∫ 1

2α−1
VaR1

(u,0) (X)du, (6.10)

where Ũ ∼U ([−1, 1]). The index (u, 0) is comparable to the univariate confi-
dence level since it is aligned with the first coordinate axes. A comparison of
VaR1

(u,0) (X) and VaRu (X1) can be found in Herrmann et al. (2018). The con-
nection between (6.10) and geometric GTVaR can be seen when considering
the marginal and conditional distributions of a random vector that is uni-
formly distributed on B2. When U = (U1,U2) is uniformly distributed on B2,
the marginal distributions are given by the Wigner semicircle distribution with
density

fUi (u)=
2
π

√
1− u21[−1,1](u), i ∈ {1, 2}.

The marginal density given U2 = u2 is however uniform on
[−√1− u22,√

1− u22
]
, specifically we have

fU1|U2 (u1|u2)=
1

2
√
1− u22

1[−√
1−u22,

√
1−u22

](u1).
For U2 = 0, the distribution of U1 |U2 = 0 is hence uniform on [−1, 1]. When
denoting this conditional random variable by Ũ , that is,

Ũ = U1 |U2 = 0 ∼ U ([−1, 1]),

we have that

E

[
VaR1

(Ũ ,0) (X) | Ũ � α̃
]
=E

[
VaR1

U (X) |U ∈D(α)], (6.11)

where D(α)= {(x, 0) ∈R
2|2α − 1� x� 1} = {(x, 0) ∈R

2 | α̃ � x� 1}. The right-
hand side of (6.11) is the first component of GRVaRD(α). This shows that
comparing (3.1) to (6.10) falls into our framework when considering the specific
set D(α).

In Figure 3, we compare the two approaches visually for the previously
considered joint distributions with gamma margins and a Clayton copula. To
this end, we introduce four two-dimensional random vectors X i = (Xi1,Xi2),
i ∈ {1, 2, 3, 4}. The first margins Xi1, i ∈ {1, 2, 3, 4}, have parameters (γ , β)=
(1, 0.1), while the second margins Xi2, i ∈ {1, 2, 3, 4}, have parameters (γ , β)=
(2, 0.1). In case of X1, both components are independent, while the margins
of X2 are joined by a Clayton copula with parameter θ = 1.2. For X3 we con-
sider the comonotonic copula, while X4 follows the counter monotonic copula
model. Both copulas fit into our discussion as they are limiting cases of the
Clayton copula model; see Nelsen (2006, Chapter 4.2). Figure 3 shows the
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FIGURE 3: TVaRα (X11) for α ∈ [0, 0.005, . . . , 0.995] (dotted-dashed). First component of GRVaRD(α) (X1)
(orange, solid), GRVaRD(α) (X2) (violet, solid), GRVaRD(α) (X3) (light orange, dashed) and GRVaRD(α) (X4)
(light violet, dashed). Numerical integration of (6.10) via Gauss–Legendre quadrature with 45 node points.
Each value of geometric VaR based on 15,000 pseudo-random draws from X i, i ∈ {1, 2, 3, 4}. Mean (dashed)

and median (dotted) of X11 in black.

resulting univariate TVaRα (X11) (which is equivalent to TVaRα (Xi1) for i ∈
{2, 3, 4}) in black (dotted-dashed line), while the first entries of GRVaRD(α) (X1)
and GRVaRD(α) (X2) are given in orange and violet (solid lines). The first
entries of GRVaRD(α) (X3) and GRVaRD(α) (X4) are given in light orange and
light violet (dashed lines). While TVaRα (X11) can be computed in closed
form, the integral in (6.10) used to compute the first entry of GRVaRD(α) (X i),
i ∈ {1, 2, 3, 4}, is numerically evaluated by Gauss–Legendre quadrature with 45
node points. In this case, the integrand given by geometric VaR is numeri-
cally computed based on 15,000 pseudo-random draws from X i. For reference,
the mean and median of X11 are shown in dashed and dotted black lines. As
shown in Figure 3, the first component of GRVaRD(α) (X i), i ∈ {1, 2}, is higher
than TVaRα (X1) for the considered α ∈ [0, 0.005, . . . , 0.995]. Furthermore,
the dependence present between the components of X2 leads to higher val-
ues of GRVaRD(α) (X2) compared to GRVaRD(α) (X1). It is interesting to note
that GRVaRD(α) (X3) and GRVaRD(α) (X4) eventually form an envelope for
GRVaRD(α) (X1) and GRVaRD(α) (X2) when α is large enough. While we have
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for large values of α the intuitively expected order where higher values of asso-
ciation between Xi1 and Xi2 lead to higher risk measure values, this is not the
case for lower values of α where the comonotonic dependence structure yields
the lowest risk measure values.

In all cases, we numerically recover GRVaRD(0) (X i)=E[X1], i ∈ {1, 2, 3, 4}.
While this is in line with our expectations from the univariate theory, it remains
an open problem to formally show the following two equalities:

GRVaRD(0) (X)=E[X1],

GRVaRBd (X)=E[X]= (E[X1], . . . ,E[Xd ]).

Both equalities generalize TVaR0 (X )=E[X ] to the multivariate case by maxi-
mizing the considered index set and are numerically verified for the considered
examples.

7. CONCLUSION

We defined multivariate versions of TVaR and RVaR. Our generalizations
were based on the geometric quantiles introduced in Chaudhuri (1996) for
which we derived a previously unknown symmetry property; see Theorem 2.1
(6). Comparable to the univariate case, GRVaR is defined in terms of a con-
ditional expectation of geometric VaR for extreme index vectors. In case of
geometric VaR, the index vectors are d-variate vectors that replace the cus-
tomary univariate confidence levels, leading (in general) to a multivariate
conditioning set. We discussed the construction of index sets which are suitable
to capture extreme index vectors in the multivariate case and identified two
index sets that capture either component-wise or jointly extreme risks which
we studied in detail. Furthermore, geometric GTVaR and GRVaR are shown
to be well-behaved under the most common transformations such as transla-
tion, scaling and reordering. They are also shown to inherit previously derived
symmetry properties from the underlying geometric quantiles.

We also discussed possible avenues of computing geometric GTVaR and
GRVaR. Aside from semi-closed-form solutions for special cases, we discussed
Monte Carlo simulation techniques for our functionals and compared them
numerically to risk decomposition techniques for sums of random variables.
The Monte Carlo computation of GRVaR is facilitated by a new uniform
sampling scheme for rings and their intersection with orthants that generalizes
known sampling schemes for the unit ball. Compared to the risk decomposi-
tion technique of Cossette et al. (2012), the indices used for geometric GTVaR
are substantially different. This highlights the need for further investigation of
the interpretation of the indices. Furthermore, increasing the positive depen-
dence in the considered Clayton copula-based model leads to a slight decrease
in the component values.

In order to compare geometric GTVaR to univariate TVaR, we also studied
the difference between univariate TVaR and the first component of geometric
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GTVaR for a suitable index set. For the considered models, geometric GTVaR
based on this index set is higher than the comparable univariate TVaR. For
high confidence levels, the geometric GTVaR values are furthermore ordered
with higher values of the parameter of the underlying Clayton copula, that is,
stronger dependence in the sense of concordance. While higher values of the
parameter lead to higher values of the first component of geometric GTVaR,
the mean is recovered as a special case when the integration set is maximized
as expected from the univariate case. We leave other possible multivariate
expected-shortfall-type generalizations discussed in Section 3 and the open
problems discussed at the end of Section 6 for further research.
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APPENDIX: UNIFORMDISTRIBUTION ON D(α1, α2)

Denote by Y = (Y1, . . . ,Yd ), Yi ∼N (0, 1) a vector of mutually independent standard
normals and by V ∼ U([0, 1]) a standard uniform random variable independent of Y.

Then the random vector U =
((

αd2 − αd1

)
V + αd1

)1/d
Y/ ‖Y‖2 follows a spherical distri-

bution, where the random vector Y/ ‖Y‖2 is uniformly distributed on the sphere and

R=
((

αd2 − αd1

)
V + αd1

)1/d
is the corresponding radial part with distribution and density

function

FR(u)=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0, for u< α1,

ud−αd1
αd2−αd1

, for α1 � u� α2,

1, for u> α2.

fR(u)=

⎧⎪⎨⎪⎩
dud−1

αd2−αd1
, for α1 � u� α2,

0, otherwise.

By Fang et al. (1990, Theorem 2.9), this implies that U has a density, where the density
generator g fulfills

dud−1

αd2 − αd1

= 2πd/2ud−1

�(d/2)
g(u2).

Using fU (x)= g
(‖x‖22 ) and d�(d/2)/2= �(d/2+ 1), the density of U is then given as

fU (x)= �(d/2+ 1)

πd/2
(
αd2 − αd1

) ,
which is the normalization of the Lebesgue measure of D(α1, α2) implying that U is
uniformly distributed.

https://doi.org/10.1017/asb.2019.31 Published online by Cambridge University Press

https://doi.org/10.1017/asb.2019.31

	MULTIVARIATE GEOMETRIC TAIL- AND RANGE-VALUE-AT-RISK
	MULTIVARIATE GEOMETRIC TAIL- AND RANGE-VALUE-AT-RISK
	Introduction
	Geometric quantiles and value-at-risk
	Multivariate geometric TVaR and RVaR
	Choice of index level sets
	Properties of geometric RVaR
	Illustration
	Semi-closed-form solutions
	Numerical computation
	Numerical illustrations

	Conclusion


