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Abstract There exist uniquely ergodic bijective affine interval exchange transformations
of [0,1) having wandering intervals and such that the support of the invariant measure is
a Cantor set.

1. Introduction

Let I = [a,b) C R be a finite left-closed right-open interval. A bijective map
T : [a,b) — [a,b) is said to be araffine interval exchange transformatiqAIET)

if there is a finite sequence = yp < y1 < y2 < -+ < Ym—1 < Ym = b such that
foralli € {0,1,...,m —1}, T|, .. iS (continuously) differentiable and its derivative
is identically equal to a constant, s@y > 0. WhenT is discontinuous exactly at the
pointsyi, y2, ..., ym—1, We shall refer to

(y’ ‘}7) = ((y07 )’17 cec Ym), (VL J/27 cec Vm))7

wherey; = log g;, as thepair of vectors associated t@.

We say thatt : I — [ is aninterval exchange transformatiofiET) with associated
vectorx = (xo, x1, ..., Xy) if E is an AIET with associated pair of vectofs, 7), such
that y is the zero vector. Lef; = [c¢,d) be a proper subinterval of. We say that
the IET E is renormalizable (orV;) if there exists an orientation-preserving affine map
L:R — RsuchthatL(/;) =7 andL o E;0 L~1 = E, whereE; : Iy — I; denotes the
IET induced byE.

Let N be a finite sub-interval of eitheR or the circleS'. Let f : N — N be
piecewise continuous anél C N be an interval. We say that is a wandering interval
of the mapyf if: (i) J, f(J), ..., are pairwise disjoint intervals and (ii) the-limit set
of J is an infinite set.

The results of this paper are stated in next section. We prove the existence of uniquely
ergodic (bijective) affine interval exchange transformations qfljOhaving densely
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distributed wandering intervals and such that the support of the invariant measure is
a Cantor set. We study AIETs semi-conjugate to renormalizable IETs. These maps are
uniquely ergodicYed, [Mas]. We show that in many cases, the second vector associated
to the AIET determines the absence of wandering intervals. In this respect, Levitt showed
the existence of non-uniquely ergodic AIETs having wandering intervads]|

This work was motivated by Denjoy’s theorem: fifis a C*-diffeomorphism of the
circle, such that the logarithm of its derivative is a function of bounded variation, then
f has no wandering intervals. As IETs preserve Lebesgue measure, they cannot have
wandering intervals. In this way the supposition that a uniquely ergodic AIET should not
have wandering intervals seemed to be correct (see][and [CLR]). Other works that
reinforced this supposition are those of Guckenhein@arc], Yoccoz [Yoc] and Blokh
and Lyubich BL]. These results were generalized by the following theorem of de Melo
et al. [MMS]: if N (as above) is compact anfl: N — N is a C?>-map with non-flat
critical points thenf has no wandering intervals. (For a more detailed exposition of this,
we suggestNIS, Chapter 1V].)

2. Statement of the results

Let I = [a,b) C R be a finite left-closed right-open interval. L&t: I — I be an IET
with associated vector = (xg, x1, ..., x,). Denote byl; = [c, d) a proper subinterval
of I. Suppose thaf is renormalizable (or/;); that is, there exists an orientation-
preserving affine ma@ : R — R such thatL(I;) = I andL o E; o L™! = E, where
Ei: 1, — I, denotes the IET induced b¥. Giveni =0,1,...,m, letz; = L™(x;).

In this way, the sequence of discontinuitiesff is {z1, ..., Zu_1}-

Let A be am x m non-negative matrix whose entries afg; = #{0 < k < N; :
E*([zi—1,2i) C [x;—1, x;)}, whereN; is the least possible non-negative integer such that
for somez e [z;_1, z;) (and therefore for alt € [z;_1, z:)), ENi*lz € I;. We shall refer
to A as thematrix associated tqE, ;).

Let A,, be the cone of positive vectors iR". It can be seen that the matrig
associated tqE, I;) is aperiodic. Hence, by the Perron—Frobenius theor@am], .4
possesses exactly one probability right eigenveeter A,,; moreover, the eigenvalye
corresponding te is simple, real and greater than 1 and, in addition, all other eigenvalues
of 4 have absolute value less than It was proved by Veechvieg and Masur Mas]
that E (as renormalizable) is uniquely ergodic (the omlyinvariant measure is that of
Lebesgue). Moreover, following RauzR#&u], we conclude that

o = (X1 — X0, X2 — X1, ..., Xy — Xpp—1).

We say that an AIETT : [0, 1) — [0, 1) is semi-conjugatérespectivelyconjugatg to
an IET E if there exists a non-decreasing surjective (respectively bijective) continuous
maph :[0,1) — [0,1) suchthatE oh =hoT.

The first result of this paper is the following.

THEOREM2.1.Let E : [0,1) — [0,1) be a renormalizable IET with exactiy — 1
discontinuities and associated x m matrix A. Let A* be the adjoint operator ofd.
LetG* be theA*-invariant stable subspace &" and letG* be the(m — 1)-dimensional
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A*-invariant subspace d&™ such that the spectral radius gf*|g- is less than the spectral

radius of A*.

(@ Lety = (y1,v2,...,¥m) € R™. There exists an AIET : [0,1) — [0, 1) semi-
conjugate toE and with associated pair of vecto(s, y) if and only ify € G*.

(b) Lety = (y1,%2,.-.,¥m) € G°. LetT :[0,1) — [0, 1) be an AIET semi-conjugate
to £ and with associated pair of vecto(s, 7). ThenT is conjugate toE.

To state our second result, we shall restrict to a particular IET. det=

(a1, a2, a3, aq) € Aq be the probability (i.e. eadly > 0 and|a| = a1 tastaztags = 1)
Perron—Frobenius right eigenvector of the matrix

11
11
21
2 2

R Ok R
R ON PR

We consider Rauzy’s IER : [0, 1) — [0, 1) [Rau] which is determined by the following
conditions: R has associated vecter= (xq, x1, X2, X3, X4), Where

x0=0, x1=a1, x2=a14+ay, xz3=a1+ax+o3 xs4=1

and R(0) = R(xg) > R(x2) > R(x3) > R(x1) =0.

The mapR is renormalizable on the interval [81) and A is precisely the matrix
associated tqR, [0, «1)) [Rau]. It is numerically seen thak; < a4 and soR is also
induced on the intervaR ([0, «1)) and A is also the matrix associated (&, R([0, «1))).

The characteristic polynomial of is the reciprocal polynomial

=T+ 132 -7 +1

with four real rootsp~, A71, A, p satisfying

1

O<pl<rt<cl<ir<op.

Let A* be the adjoint operator of and letG* (respectivelyG*) be the vector 3-space
(respectively vector 2-space)*-invariant generated by the eigenvectors corresponding
to the eigenvalueg—1, 71, 1 (respectivelyp=2, A71).

THEOREM 2.2. One of the connected components, §ayof G* \ G* is such that, for all

7 = (y1, 2, ¥3, ya) € C, there exists a uniquely ergodic AIET : [0,1) — [0, 1)

with associated pair of vectoréy, 7) of the formy = (yo, y1, y2, y3, ya) and y =

(8, y1, v2. V3, ya), Satisfying the following

(@ [yo, y1) = [0, y1) is a wandering interval of" and, for alln € Z, T"([0, y1)) is an
interval,

(b) If 6 =U,zT"(]0, y1)), there exists a continuous bijective map

hi[0,1)\6 — [0,1)

such that, for ally e [0, 1) \ 6, Ro h(y) = ho T (y).
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3. Proof of Theorem 2.1(a)
We shall assume the notation of Theorem 2.1, the proof of which is shown in
Lemmas 3.3, 3.4 and 3.6 below.

A proof of the following easy lemma can be found, for instance,GuZ, Proof of
Proposition 1].

LEMMA 3.1.LetE : [0,1) — [0, 1) be an IET with every orbit dense.
(a) Givenn € N, there exist$ > 0 such that if/ c [0, 1) is an interval of length less
than g, then for allx € [0, 1),

#({x,Ex,...,E"x}NJ) <1l
(b) Givenanintervall C [0, 1), there existX = K (J) € N such that for allx € [0, 1),
#({x, Ex, ..., EKx} NnJ)y=>1

LEMMA 3.2.Let E : [0,1) — [0, 1) be a uniquely ergodic IET with every orbit dense.
LetA be the Lebesgue measure[0nl) and letJ be a subinterval of0, 1). Givene > 0,
there existsV € N* such that for allx € [0, 1) and for alln > N,

[t(x, J,n) — A(J)| <€,

where )
#j E/xeJ,0<j<n}

n+1

t(x,J,n) =

Proof.Let E : [0, 1] — [0, 1] be a uniquely ergodic extension Bf Denote the Lebesgue
measure on [0l] by A. Assume, by contradiction, that there exists- 0 such that for
eachN € N* we can findn = n(N) > N and a pointx, € E such that

IT(xn, J,n) = A(J)| > €.

It follows from Lemma 3.1 that the sequence of (Borel) probabilities

1 n
n — 8fx9
M n+1}; EJ(xy)

wheres, is the Dirac probability on [01] concentrated at, has a subsequence which
weakly* converges to a probability invariant by £ and such that

() =A())] =z €.

This is the required contradiction becaugds uniquely ergodicu (restricted to [01))
is invariant by E and thereforgx should be equal ta. O

LEMMA 3.3.Let T be a uniquely ergodic AIET such that all of its orbits are infinite
sets. Letu be theT-invariant measure and lety, y) be the pair of vectors associated
to 7', wherey = (yo, y1, .-+, Ym) @ndy = (y1, Y2, .-, ¥m). Then(ua, 2, ..., i) IS
orthogonal toy, whereu; = w([yi_1, yi)). Here,R™ is endowed with the usual inner
product.
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Proof. Supposing, by contradiction, that the lemma is false, we shall study only the case
in which for all i, 0 < u; and

O<pBi*-By?---Blim=c<1,

where 8; = exp(y;). Lete > 0 ands§ > 0 be so small so thak <
min{,u1/4, w2/4, ..., m/8} and
patove ghotore | glmtone 4§ <1,

for all possible choices of; € {—1, 1}.
By Lemma 3.2 we may choos¥ > 0 such that foralh > N,i =1,2,...,m, and
x €]0,1),
ITi(x,n) — il <e,

wherer; (x,n) = t(x, [yi—1, yi), n).

Take a subinterval c [0, 1) such thatu(/) > 0 is so small so that it € I and
T/x e I, for somej > 1, thenj > N. Suppose also that the endpoints/ofire not
endpoints of wandering intervals @f.

Under these circumstances, &sis a bijection, the maf’ : I — I induced byT
should satisfyI'(I) = I. Nevertheless, this is not the case because, as we shall see,
is a contraction: this will be the required contradiction. In fact, given I, there exists
j = j(x) > N such that

(Tx, T?,...., T xyn1 =9

but 7/x e I. Under these conditions, there exists a finite sulssef I such that, if
xel\Sandj=jx),T/is (left and right) differentiable at and

((Tj)/(x))l/j — ]l:l(qu) . ,3;2()"1') . .‘B;l,,,(x,j) < c+8 < 1

which implies that
(TH'(x) <(c+8) <1

and soT is a contraction. O

Let u be the spectral radius of. Denote byF (respectively*) the Perron—Frobenius
eigenspace associated to the eigenvalugf A (respectively of4*). Let
R"=F+¢G and R"=F"+G*

be the Jordan direct sum decompositions invariant4dognd A*, respectively. In this
way, the spectral radiug of A|g and.4*|g: is the same and & p < pu.

LEMMA 3.4. Under the above conditions, the orthogonal complensEntto F in the
usual inner product , ) of R, is G*.

Proof.As A = u~1A*|g- has spectral radius less than one, we havehiata contraction
in an appropriate norm af* (see MP, Proposition 2.10]).
In this way, ifw € G* andv € F we have that

0= <Iim Arw, v> —lim 2 (A w, ) = lim
n n M" n

—(w, A"v) = (w, v).
u
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This implies thatG* ¢ F+. As the dimensions of* and F* are equal, the lemma is
proved. O

LEMMA 3.5. Let (x1, xo, ..., x,,) be the vector associated 6. Letp = {1,2,...,m}
and letu : [0,1) — ¢ be given by (x) =i iff x € [x;_1,x;). Lety : ¢ — R be a map
such thaty = (v (1), y(2), ..., y(m)) € G*. Then there exists € [0, 1) such that
k

y(u(ij))> >0> Iimkinf (
=0

k
lim sup< y(u(ij))).
k )

J

J

Proof. Recall that(x; — xg, X2 — X1, ..., Xm —Xxm—1) € F. Givenn € N and$ € {-1, 1},
let A, (8) be the set ofc € [0, 1) such that, for somé& = k(x) > n, E* is continuous at

x and )
S(Zy(u(ij))) > 0.
j=0

Suppose that there existe [0, 1), ¢ > 0,n € Nands € {—1, 1} such that/ = [x, x+¢)
is disjoint from A,,(8). To fix ideas assume thét= 1.

Let (yo, y1, - .-, y¢) be the vector associated to the IEET, : J — J induced byE.
Giveni € {1,2,...,¢}, let N; be the least possible non-negative integer such that for
somey € [yi_1, y;) (and therefore for alp € [y;_1, yi)), ENtly e J.

We may takes > 0 so small that mifw; : 1 <i < £} > n. This and the assumption
thatJ N A,(1) = @ imply that, for alli € {1, 2, ..., ¢},

I =y@(i-1) + y@(Eyi—1) + -+ y@(ENy;_1)) < 0.

Hence, by rearranging terms in an appropriate way,
4
Y i =yl
i=1

14
D 0i = yiDly @i-D) + y @(Eyi1) + -+ y @(EN yi )]
i=1

= Z(x,- —x;i_1)yu(xi_1)) =0 (see Lemma 3.4).
i=1
As everyy;, — y;_1 > 0, we conclude that, for all € {1,2,...,¢}, I; = 0. From
this it can easily be seen that the lemma is true. So we may proceed assuming that, for
alln e Nands§ € {—1, 1}, A,(8) is dense. As these sets are also open and,d9 8
a Baire space, there existsbelonging toA, (1) N A, (—1) for all » € N. This pointx
satisfies the required inequalities of this lemma. O

LEMMA 3.6.Letp = {1,2,...,m} and lety : ¢ — R be a map such thaf =
Yy, y@),...,ym)) € G*. Then there exists an AIET : [0,1) — [0,1) semi-
conjugate toE and with associated pair of vecto(s, 7).

Proof. Let (xo, x1, ..., x,,) be the vector associated 0. Let x andu : [0,1) — ¢ be
as in Lemma 3.5. Lefa,},>1 be a sequence of positive integers such that, for all

y@(x) +y@(Ex)) + -+ y(E”x)) <0.
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Denote by, = §, and, for all integerg > 1,
9 = exXp(y (u(x)) + ¥ u(Ex) + -+ + y u(E*x)))8 ey
wheres, is the Dirac probability concentrated at Let
v, =c¢,(Po+ 1+ 4+ V1),

wherec, is the positive constant that makesa probability measure. By Lemma 3.5:
) lim,c, =0;
(2) lim, (ca[exp(y (u(x)) +y @(Ex)) + -+ y (u(E“x)))]) = 0;
(3) for all non-negative integetts, 91 = (exp(y (u(E*x)))) E .
These three facts imply that K is a subinterval of§;_1, x;), for somei € ¢, then
(4) Ilmn—>oo |vn(E(K)) - equ(l)) . Vn(K)| =0.
It follows from Lemma 3.3 and its proof that there exists a probabilityhich is a weak
limit of the sequencégv,}. Therefore,
(5) v(E(K)) = exply (i) - v(K).
This and Lemma 3.1 imply that is positive on open intervals.
We now define the map : [0, 1) — [0, 1) by

¢(x) =v([0,x)); #(0) =v(0.

Sincev is positive on open setg, is strictly increasing and so it has at most countably
many discontinuities. It is also clear thatis right semi-continuous. So the set

G=[0.D)\¢(0.D)

is the union of at most a countable many intervals of the typ®)[, which we callgaps
Define the mapg: = [0, 1) — [0, 1) by:

(i) h=¢ton[01 —G;

(i) h(x) =¢ Y(b),a <x < b, for each gapd, b) C G.

Since¢ ! is also right semi-continuous and increasing, it follows thas continuous,

non-decreasing ankl([0, 1)) =[O, 1).

Let us denote byJ| the length of the interval. If J = [a, b) is a gap,p = h(J)
is the discontinuity which generates it ands such thatp € [x;_1, x;) then, by (5), we
have that:

(6) J =h"YER()) is also a gap antl’| = exp(y (i) - |J|
i.e. E(p) is also a discontinuity foyp and the length of the gap generated Byp) is
exp(y () - v({p}) = exp(y (i) - |/].

Let us now define the affine map: [0, 1) — [0, 1). Initially, define (yvo, y1, ..., Ym)
in the following way:

o =0
vi = o) = v([0,x)), i=212....m—-1

Sincev is positive on open intervals we have that0yp < y; < --- < y,, = 1. On
each subintervalyf_1, y;) defineT in the following way:
() on [yi_1, y) \ G, h is one-to-one, so definB(x) = h1Eh(x);
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(i) on G, if J is a gap and/’ is the corresponding image gap given by stateniént
then defineT'|, : J — J’ linearly and orientation preserving.

Since(6) also says that each gap is the image of another gap, we have ithahe-to-one
and onto.

We can now finish the first part of this proposition.
(7) The mapT :[0,1) — [0, 1) defined above is an AIET semi-conjugateRo
Given [a, b) C [yi—1, yi), thenT ([a, b)) is an interval by definition. Iz andb do not
belong to a gap, in view of5), we have that

T () —T(a) =exply@)- (b—a).

So T is affine on fi, b) with slope exgy (i)). The same conclusion holds i,[b) is a
gap, as can be seen from the definition7of As for the semi-conjugation, if € [0, 1)
does not belong to a gap then (from the definition) we have Bidt) = AT (x). If x
does belong to a gap, let p = h(J) and letJ’ be the image gap given b). Then
T(p) € J andh(J') = E(p), SO Eh(x) = E(p) = hT(x). O

4. Substitutions and the Proof of Theorem 2.1(b)
Lemma 4.4 takes care of Theorem 2.1(b).

Let m > 2 be an integer and leW (¢) be the set of words on the alphabet
¢ =1{1,2,...,m} (i.e. the free associative monoid generatedg)y We shall assume
that the empty word does not belongWt(¢). Any mapx : ¢ — W(g) can be extended
to a mapr : W(p) — W(p), called asubstitution defined by recurrence as follows:

n(Vx) = a(V)r(x)
7(xV) T(x)m(V),

whereV € W(p) andx € ¢.
By induction onn it is easy to see the following.

LEMMA 4.1. GivenVy, Vo, ..., Vi, € W(p) andn € N, the following equation is satisfied:
" (ViVa--- Vi) = " (V)" (Vo) - - - 7" (Vi).

In this section we shall suppose that: W(p) — W(g) is a substitution such that,
for all i € ¢, 7 (i) has the form

7w(i) = Bj1Bj2--- Bin,.

Observe that the substitution induces the map* : ¢ — ¢" which takes the infinite
sequence
V= VgU1V2 - Uy -

to the sequence
7*(v) = BoB1B2--- By - - -,

where B,, denotes the block (i) = B;1Bi>--- Bin, if v, = i.

i
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Thelengthis the function? : W(¢) — N which takes the word@ to the non-negative
integer defined by recurrence:

L(x) = 1 forallxegp
LxV) = LVx)=£4V)+1 forallx egpandV € W(p).

Remark 4.2l et = be as above and suppose that, foriadl ¢, ¢(w(i)) > 2. If there

is ip € ¢ such that, for alli € ¢, B;x = ip then the transformatiom*, obviously
contracting for the natural metric agi', has a unique fixed point which is precisely the
infinite sequenca = lim,_. ., 7" (ip). The reader may easily find other weaker sufficient
conditions that guarantee the existence of the unique fixed point.

Let j € p and V = x1x2---x, be an element ofW(p) (where x; € ¢ for
k=1,2,...,s). Let
rj(V) =cardk : x, = j}

that is, the number of times that the letterappears in the word@. Let us denote by
r(V) the column vector

ri(V)

r2(V)
r(V) = :

rm(V)
Let A be am x m non-negative matrix whose entries aflg; = r;(7(i)) = #0 <k <
N; : Bix = j}. We shall refer tad as thematrix associated tor.
As (V) = Zjew ri(V)y and 7(V) = w(xp)m(x2)---7w(xy), the following matrix
equality can be deduced:
r(@(V))=A-rv), (1)

and therefore, for € g,
r(et (i) = A" - r@). 2)

In this way, fori € ¢ andn > 0 an integer,
r(z"(i)) is theith column of the matrix4”,

wherez%(i) =i and.A° denotes the identity matrix.
Any functiony : ¢ — R may be extended, by recurrence, to a papW(¢) — R
as follows:

y(Vx) =yV) =y(V)+yx), 3)
whereV € W(p) andx € ¢.

LEMMA 4.3. Let A and y be as above. Leg = (y(1), y(2), ..., y(m)) and denote by

A* the adjoint operator ofA.

(a) If y is an eigenvector ofi* with corresponding eigenvalue then for alln > 0 and
for x € g,

y (" (x)) = A"y (x).
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(b) If ¥ belongs to the stable space 4f, then
n'Lmoo y((@"(x))) = 0.

Proof. Let us prove (a):

y((x"(x))) = v-r@"(x)) (by definition)
= 7 -A'(r(x)
= My -rx)
= My ().
Let us prove (b). Observe that, bP, Proposition 2.10], lim., 7 - A" = 0.
Therefore,
’1ILmooy((n"(x))) = nILmoof -r(7"(x)) (by definition (2))
= nILmOO 7 - A" (r(x))
= 0.
This proves the lemma. O

LEMMA 44. letgp = {1,2,...,m} and lety : ¢ — R be a map such thaf =
Yy, y@2,...,ym)) € G°. LetT :[0,1) — [0,1) be an AIET semi-conjugate to
E and with associated pair of vectots, y). ThenT is conjugate toE.

Proof. Denote by : [0, 1) — [0, 1) a semi-conjugacy betwednandE (Eoh = hoT).

We say that an open non-empty intervalc [0, 1) is a gap ifz(J) is a one point set.

All we have to do is to show that there are no gaps. In this case the semi-conjugacy
h will be bijective and so a conjugation. Recall that sinftes renormalizable, there is

a sequence of IET%, : I, — I,, induced byE, such thatL.” o E, o L™" = E, where

L is an orientation-preserving affine map. Consequerftlynduces onl, = h=1(1,),

T, : I, — I,. The mapsT, also satisfyhT, = E,h. Since the itineraries of’ are

the same as those @& (in terms of the semi-conjugady) then, by the chain rule, the
derivatives of7,, satisfy

T, =exply(n"(@i), i=12...,m.
Let F, : [0,1) — [0, 1) denote the renormalization @f, to [0, 1). Then we also have
F, =exply(@"@(@))), i=12...,m.

By Lemma 4.3(b) we have thad, — 1 asn — oo for eachi = 1,2,...,m. If we
denote bykK, the interval on whichF, induces, then ad1| = (1/A) < 1, wherea is the
Perron—Frobenius eigenvalue, there exiggssuch that for alln > N,

K< —— <1
s+1

for somes > 0. We can also také&/y such that
s+1
s+ 2

(Fry >
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for 1 < k < Ny, where Ny is the maximum return time of each subinterval Bf
(No=max{} /L Aij;j =1,2,...,m}). Now if T has a gap/, then Fy, will have a
gapJ’. lteratingJ’ at mostNy times we will obtain a new gagy, C Ky,. Moreover,

s+1
Renormalizing/y, we obtain a new gagy, which satisfies
Nl = [Inol/ 1K ol
s+1 1
- s + - s +
s+ 2

= 1 1 J
- < +s(s+2)>.| |'

Arguing inductively, we get a sequen¢é'},-y, of gaps, where/! is the gap relative to

F,, such that
n—No+1
J=(1 I
[, 1 (+S(S+2)> [J7]

So|J;| — oo asn — oo which is a contradiction. O

5. |ETs and substitutions

An interval exchange transformation is usually defined as follows. Fix an integerd,

take ¢ to be an irreducible permutation — ¥j, 1 < j < m, which is to say
v({1,2,...,k}) = {1,2,...,k} impliesk = m. Givena = (a1, a2, ...,0,) € Ay,

one associateg = xo(a) = a, x; = xj(@) = a+Z{Zlai, withl<j <m, |a|=b—a,

and I = [xj—1(a), xj(@)) C [a,b) = I*. Also defineaj‘.” =ay1j, 1 < j <m. The
(o, ¥) IET, E = E, y, is the map ofl* defined by

Ex =x +xyi1(@”) —xi_1(a) (x € I%).

Let E : I — I as above and assume thas, x1, ..., x,,) is the vector associated to
E. Denote byl; = [c, d), a proper subinterval of. Suppose thaE is renormalizable
(on I); that is, there exists an orientation-preserving affine hapR — R such that
L(I;)) =1andLo E;o L™t = E, whereE; : I; — I; denotes the IET induced b#.
Letp = {1,2,...,m}. Giveni € ¢, letz; = L71(x;). In this way, the sequence of
discontinuities ofE; is {z1, ..., zm—1}. Proceeding inductively, we may find a decreasing
sequence of intervald,} and a sequence of IETS, : I, — I,, induced byE, such that
L"oE,o L™ = E. Moreover, ifI; C I thenn,I, is a one point set, sayy, called the
distinguished point ofE, 1), whose itinerary (under the map) will be described next.

Giveni € ¢, let N; be the least possible non-negative integer such that for some
z € [zi—1, z;) (and therefore for alt € [zi_1, zi)), EY*'z € I,. Letu :[0,1) — ¢ be
given byu(x) = iiff x € [x;_1, x;).

Consider the substitution

m:1 — uzou(Ezo)---u(EMzo)
712 = uu(Ez)- - u(ENz)

TIm — M(Zm_]_)M(EZm_l) e M(EN/”Zm—l)
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which gives the itinerary of the subintervals &f under the action of, until its return
to 1.

Under these conditions, if the distinguished paigt= N, 1, belongs to f;,_1, x;,),
then its itinerary is given by the infinite sequence

W =uouy---up---= lim 7" (o).
n—o00

This sequence:* is the unique fixed point of the map* : ¢ — ¢V that is
naturally induced by the map (see Rau]). In this way, for all integersk > 0,
E*po € [Xup—1, Xu,)-

If I; is of the form E, 1) andu* = lim,_ 7" (1) = wuouy---uy---, wherex is
now the substitution associated t&, I,), then po = lim,_..- E(¢) will be called the
distinguished point associatetb (E, I;). The itinerary of pg is given by the infinite
sequence

Uty - Up - -

where po € 1,,. Therefore, for all integers > 1, E¥"1pg € [x,,—1, x4,)-

Remark 5.1The matrices associated  andx (as above) are the same.

6. Rauzy's map

We consider Rauzy’s map. L&t : [0,1) — [0, 1) be the IET for whichm = 4, the
permutationy : {1, 2,3, 4} — {1, 2,3,4} is (142) ande = (o1, a2, a3, a4) € Ay is the
Perron—Frobenius normalized (ile] = o1 + a2 + a3+ a4 = 1) right eigenvector of the

matrix
111 1
1 2 1 1
A= 0 0 2 1
112 2

It has been observed tha < a4 and thatR is renormalizable on the interval
R(I) C If. In this case the associated substitution is

r(l) = 421
n(2 = 4221
n(3) = 433421
T4 = 43421

As R(I}) is of the form [, 1), the distinguished point associated @&, R(I})) is
lim,_,1- R(t) = R(x2(«)) and therefore if

uwt = 4...
ut = 43421 ..

u* = 434214334214221421 -
u* _— uluz...un...

denotes the fixed point of this substitution, thén=u, - - - u, - - - (Which starts ati, = 3)
gives the itinerary of the positive orbit dt(x,(«)).
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The matrixA has four real eigenvalues whose approximate values are
439026 1.83785 0544113 0.227777
Denote by the eigenvalue that is approximated by 1.83785 ang let{1, 2, 3, 4} and
y:ip—>R

be such that
y=uQ,y2,y?3),y#)

is a left eigenvector, having its last entry negative, corresponding to the eigenvalue
(i.,e. 7A = Ay). Up to multiplication by a positive real number, an approximate value
for y is:

(0.24624 0.540134 —0.732246 —0.333821.

We may extend/, by recurrence, to a map: W(¢) — R as in equation (3) o4.
Letn, k € N, with n > 1. Definey, : {V € W(p) : £(V) > n} — W(p) by

Y (V102 Up -+ Vpgk) = (V102 - - - V).
Let A : W(p) — (0, c0) be defined by
A(V) = exply (Y1(V))) + exply (Y2(V))) + - - - + exply () (V).
LEMMA 6.1. GivenVy, Vo, ..., Vi, € W(p), the following equation is satisfied:
A(ViVa--- Vi) = AV +exp(y (V1)) - A(Va)
+exply(ViVa)) - A(V3) 4 - - +exp(y (ViVa - - - Vic1)) - A(Vi).

Proof. We will prove the lemma fok = 2 only. LetV, W € W(p) and letn = £(V)
andm = £(W). Then

A(VW) = exply (Y1 (VW) + -+ exply (Y. (VW)))
+exp(y (Yns1(VW))) + - - - + eXply (Ynsm (VW)))
= exply(1(V))) + - +exply (¥n(V)))
+exply (¥ (V) + y (a(W))) + -+ + exply (¥ (V) + v (Y (W)))
= AV) +expiy(V)AW).

This finishes the proof. O
LEMMA 6.2. Let (a, b, —c, —d) = (0.25,0.55, —0.73, —0,33). Givenn € N, take
C = C(n) > 0 such that

AR"G) <C, i=123,4

If n > 1then, for allk € N, the following are satisfied:

(@) A" (4)) < C[1+6 exp(—A"d /2)+6° exp(—A"+1d /2)+- - -4+-65 exp(—A"T*+1d /2)];
(b) A(n"t(4)) < 6'C;

(c) A" (3) < 6'C;
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(d) A" (2)) < 6°C - expA* (WL A2 4 ... L A+ 1)(2b — d));
(e) A("* (1)) < 65C - exp " (Wt + 252+ A+ D(Eb —a)).

Proof. We use induction ot. Fork = 1 we have the following.
(&) By Lemma 6.1, Lemma 4.3(a), and because”(i)) < C, i =1, 2, 3,4, we have
that
A@™4) = A@E"@n" Q" @r"(Qr" (1)
= A(r"(4)

+A (" (3)) exply (7" (4)))
+A@@" (4) exply (x" (47" (3)))
+A " (2) exply (" (D" (37" (4)))
+A (7" (1) exply (7" (7" ()r" (47" (2)))
C+C - -expA*(y(4))
+C - expd"(y (3) + v (4))
+C - expA" (v (3) + 2y (4)))
+C - exp"(y(2) + v (3) + 2y (4)))
C + C -exp(A*(—d))
+C - expA'(—c — d))
+C - exp(A' (—c — 2d))
+C - expA' (b — c — 2d))

c[roves ()]

The last inequality comes from the fact that- ¢ — 2d < —d /2.
(b) Since each exponential in the penultimate inequality above is less then one, we also
have

IA

IA

IA

A(r"1(4)) < 6C.
(c) Asin (a), we have that

AR"™R) = A@E'"@A"R)r" Q)" D" (2)7" (1))
C + C - exp(\"(—d))

+C - exp(A' (—c — d))

+C - exp(\"(—=2c — d))

+C - exp(A" (—2c — 2d))

+C - expA (b — 2¢ — 2d))

C - (1+ expA'(—=d)))

6C.

IA

IAIA

(d) As before,
A@"™Q2) = A@"@n"(r" (2" (1)
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< C+C-exp\'(—d))
+C - expA" (b — d))

+C - exp(A"(2b — d))
6C - exp(A"(2b — d)).

IA

(e) Again,

AE"™HD) = AE@"@n"(Qr"(1)
C + C -exp(A'(—d))
+C - expA" (b — d))
6C - exp(\" (3b — d))

IA

IA

asb—d < 3b—d.

Suppose now that the equations are validf@nd we shall proceed to prove that they

are valid fork + 1.
@)
A(j_[n+k+l(4))
— A(JT"Jrk(4)71’"+k(3)71’"+k(4)71’"+k(2)71’n+k(1))
= A@"@)
+A@"(3)) exply (x" T (4)))
+AG@" () exply (x" T (@7 (3)))
+A@@"H(Q2) exply (" @ (" (4))
+AG@" D) exply (r" T @r " @) (@) r " (2)))

c[resnli () ool ()
senli ()]

+64C - exp"tr (—d))

+65C - exp\" K (—c — d))

+6C - exp V" AT+ A2 4 A+ 1)(2b — d)) - exp(V T (—c — 2d))
+6C - expA" AT+ A2+ A+ DEb—d)) - exph" T (b—c—2d))

< c. [1+6exp<k” (ij)) +62eXp<An+1 (‘j)) b
eonfe () evee ()]

The last inequality comes from the fact thilt —d < (. — 1)(=b + ¢ — 3d).
(b) By this same fact we have that

IA

A(T[n+k+l(4))
— A(ﬂn+k(4)ﬂn+k(3)ﬂn+k(4)7Til+k(2)n,ﬂ+k(1))

https://doi.org/10.1017/50143385797097666 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385797097666

1330

<

<

6‘c

+6C
+6C
+6C

() As above,

A (nn+k+1(3))

-

=<

R. Camelier and C. Gutierrez

- expA (—d))

- exp(A"tH (—c — d))

cexpA (AT R 2 A+ 1)(2b — d)) - exp(A TR (—c — 2d))
+6C -
6k+1C.

expA "W+ 2+ DEb-a)) - exph (b —c—2d))

A(nn+k(4)nn+k(3)nn+k(3)nn+k(4)nn+k(z)nn+k(1))

6‘C
+6C
+6C
+6C
+6C
+6C
6k+1C.

- exp(A" T (=d))

- exp(\V"tH (—c — d))

-exp(M"t(=2¢ — d))

cexpA (AT AR e A+ 1) (20 — d)) - expHH (= 2¢ — 2d))
cexpA" (AT A2+ DEb—d)) - exph" (b —2c—2d))

(d) In the same way,

A(nll+k+l(2))
A(T["+k (4)7Til+k (2)71,}1+k (2)71,}1+k (1))

=

=<

6C

+65C - expA" (W4 A2 A+ 1)(2b — d)) - exp(A" TR (—d))

+6C
+6fC

cexpA TR AR e A+ 126 — d)) - exp (b — d))
cexpA " AR P A+ DED - d)) - expl (2 — d))

6 exp " (W A 4 A+ (26 - ).

(€¢) From the fact that k 31 — 1),

A(nnJrkJrl(l))
A(ﬂn+k(4)ﬂn+k(2)ﬂn+k(1))

=

=<

6C

+6C - exp" (WL A2 4 A+ 126 — ) - exp TR (—d))
+6C - exp" W+ A2+ + DEb — ) - expV (b — d))
6“1C - exp (W + A+ A+ Db - d)). a

PrROPOSITIONG.3. The sum

Jim AT (@) = exply (un)) + Xply (uaiz)) + - + Xy stz ... ug)) + -

is finite.
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Proof. As —d/2 < 0, by using Lemma 6.2, with = 1, we conclude that thek (+ 1)th

root of J
C6 exp(—)?*k : 2)

goes to zero ak — oo. It follows from the root test that the required sum is finitel

7. The inverse of Rauzy’'s map
In the following we shall keep the notation of the previous section.

Let us takem = 4, let ¥ be the (124) permutation angl the Perron—Frobenius
normalized eigenvector associated to the matrix

2111
1 2 2 1
01 20
1111

Then the inverse of Rauzy’s map is the V) IET, F = F; y. It is clear that this map
is minimal, uniquely ergodic and self-induced on the last intergalg), 1).

LEMMA 7.1. The matricesA and B have the same eigenvalues. Moreover,

(&) (v1, v, v3,vq) is a left eigenvector ofd if and only if (vy, v4, v3, v1) IS a left
eigenvector ofB;

(b) (v1, v2, v3, v4)" is a right eigenvector ofd if and only if (vo, v4, v3, v1)" iS a right
eigenvector of3.

Proof. Let
01 00
0 0 0 1
M=10901 0
1 0 0O
It may be seen that
B=MAM™™ .

In particular,A and B have the same eigenvalues.

Let v = (vy, vo, v3, v4) @andu = (v, v1, V3, v2). We shall only prove that ib is a
left eigenvector ofA corresponding to the eigenvaldehenu is a left eigenvector oB
corresponding ta3. In fact,

uB = uMAM = vAM ™ = 5uM~t = su. O

Since ¢ is the Perron—-Frobenius normalized (right) eigenvector we have, by
Lemma 7.1, that
& = (51,62, 63, 81) = (a2, ay, a3, 01).
It can be seen numerically that < «», SOR is renormalizable on the intervﬂllf C If
and the substitution > 1124, 2— 12324, 3— 123324, 4— 124, denoted by,
gives the itinerary of the subintervals &f; c I; until its return toRI; .
Let IT: W(p) — W(p) be defined by recurrence as follows:
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(a)
na = 1124
2 = 12324
@) = 123324
4 = 124
(b)
[(viy = TI(V)IIGE)
nev) = HIOIY),
whereV € W(p) andi € ¢. Hence,
v — vlvz...vn...
= lim I1"(1)
= 1124112412324124.

gives the itinerary of the positive orbit of 8 Bo(&) = FB3(&).
As before, denote byl*: ¢ — ¢ the map which takes the sequence

W= wWiw: - Wy, -

to the sequence
IM*(w) = B1B2--- By, -+ -,

where B; denotes the block

1124 ifw; =
12324 ifw; =
123324 ifw; =
124 ifw; =

In this way v is the unique fixed point ofT*.
In view of Lemma 7.1, ify = (ao, bo, —co, —dp) is the left eigenvector ofd
corresponding to the eigenvaliie(considered in the previous section), then

['=((1),T(®2),T®), @) = (=bo, do, co, —ao)

is a left eigenvector oB also corresponding ta.
We may extend”, by recurrence, to a map : W(g) — R as in equation (3) o§4.

LEMMA 7.2. Let (=b,d,c,—a) = (—0.54,0.34,0.74, —0.24). Givenn € N, take
C = C(n) > O such that

AT"G) <C, i=12734

If n > 1then, for allk € N, the following are satisfied:
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(@) AT * 1) <cC [1—0— 6exp<—k”l27> + b? exp(—k”“b) oo

2
16 exp<_kn+klb>j| ;

2
(b) A1) = C-6Y
() AT (2) < C -6 expp" (W 1+r1k2 4. ..o A+ D(=b+d+c)+d)];
(d) AIT"™*3)) < C-6 expp (A 14+ 124 .. A+ 1) (=b+d+c)+ 1 Le+d)];
(e) A" (4)) < C -6 expp" (W1 4+ 124 .. 4 A+ D(=b+d +c)— b+ d)].

Proof. Analogous to Lemma 6.2. O
PROPOSITION7.3. The sum
kIergo AT (1)) = exp(T (v1)) + exp(T (v1v2)) + - - - + exp(C(V1v2 . . . Vysi)) + - - -
is finite.
Proof. Analogous to Proposition 6.3. O

8. Proof of Theorem 2.2
We know from Proposition 6.3 that lim o, A(*(4)) is finite. LetL; be the sum

Li = exply(3)-exp(—y@)- im A(T"(4))

= exp(y(3) - exp—y(4) - ) exply (usuz - - uy))
k=1
= > exp(y(3)) - exp(—y(4) - exp(y (u1)) - eXply (uguz- - -wi));  uy =4
k=1

o0
= ZeXp()/(uluz-"Mk)); ug = 3.
=1

Remark 8.1.0Observe thatu = uquy---u,--- with u;y = 3 instead ofu; = 4 is the
itinerary of the positive orbit oB,(«) with respect torR. In the following we will keep
ug = 3.

Because of Proposition 7.3 we may denotellzythe sum

o0
Ly= lim A(T*(D) = ) _expT(vyvz- - - i),
k—o00
k=1
wherev = vivy--- v, - - - iS the itinerary of the positive orbit of & By(&) with respect
to F =R
We shall now define an atomic measwren [0, 1). Let us take

L = &§Li1+8L,+81+382, 6,5>0
z = 0=pfo(e)
t = Paa).
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So we definev on the positive orbit of by

31

, n=20
L

v({R"t}) =

1
Z . exaV(”l”Z e Lt,l)), n = 17

and on the negative orbit af (the positive orbit relative t&F = R~1) by

8
i n=0

v({F"z}) =
Zz -exply (vivz---v,)), n>1
Sincez € O(B1(«)) and R has no periodic points, we see that
{(R'"t |n>0IN{F"z|n=>0=0¢

and sov is well defined. It is clear that is a probability measure. We know from
Keane Kea] that an IET is minimal if and only if it is positively minimal (i.e. positive
orbits are dense). Sincg is minimal, it follows thatv is positive on open sets.
We now define a map : [0,1) — [0, 1) by
¢(x) =v([0,x)); ¢(0) =v({O}.

Sincev is positive an open setg, is strictly increasing and so it has countable many
discontinuities. It is also clear that is right semi-continuous. So the set

G =1[0,D\¢(0,x)

is the union of countable many intervals of the typed), which we will call gaps.
Define the maph : [0, 1) — [0, 1) by
h = ¢! on[01)\G;
h(x) = ¢ b)) a<x<b, for each gapd,b) C G.
Since¢ ! is also right semi-continuous and increasing, it follows thas continuous,

non-decreasing and onto. Since the gaps come from the atomic measutke orbits
of z andt, let us denote these gaps by

G, = hYR" 1), n>1,
G, = hR™"z), n>0.

If we denote by|7| the length of an interval, then

81/L - exply (uauz - -u,—1)), n>2
| suyL, n=1
|Gn| - (32/L, =0

n=
82/L . eXp(F(v1v2 ce v‘n‘)), n < —1.
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LEMMA 8.2. With the above notation, we have:
(@) G,i1=h"1Rh(G,) for everyn # 0;
[e.0]

B Y IG=1

n=—0oo

Proof. (a) Suppose: > 0. Sinceh(G_,) = R~z we have thaRh(G_,) = Rz, so
hYRH(G_,) = YR 2) = G_u1.
On the other hand, sinde(G,) = R"~'t we have thatRh(G,) = R"t and so
h=Rh(G,) = h"Y{(R"t) = G 1.
(b)

[ee]

> 1Gl

n=—00

1 o0 o0
T |:52 ; expl’(viva---v,) + 82+ 61+ 04 Zexpy(uluz e u,,)]

n=1

1
= 2[52L2+52+51+51L1) =1 U

Define the mag : [0, 1) — [0, 1) in the following way:
T(G,) = G,s1 linearly, for each gags,;
T(x) = hRh(x) ifxe[0,1)\G.
It is clear thatT is one-to-one and it is onto by Lemma 8.2.

PropPoSITION8.3. There exists intervalX;, i = 1, 2, 3, 4, 5, such that:
(@) X, is half open|J>_, X; =[0,1) and X, N X; = ¢ for i # j;
(b) T’ is constant on eacly;.

Proof. (a) Let us takex = (a1, az, a3, a4, as) defined by

8
@ o= ¢O=7
az = ¢(Bu(@) —¢(0)
T = P(fa@ )~ (fr@), wherep(foe)) = lim ¢(x)

as = ¢(Bs(@) —d(B2(a)7)
as = 1-¢(Bs@).
Now takeX; = [Bi_1(@), Bi(@)),i =1,2,3,4,5.
(b) SinceX; = Gg andT is linear onGy, then
r_ IT(Go)| _ |Gl _ &

= =— onX;j.
|Gol |Gol &2
Now take a gapG, C X;, i # 1; thenG, # Go. If n > 0 we haveh(G,) = R" 1t and
u, =i —1, so
TG, G, ex s Uy .
= TGl _ [Gusal _ @XPyGuaiez ) _ o 9 o0
|Gn| |Gn| equ (uluZ T un—l))
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/

Rrz=F"z -

Riz=FT"zclf =>v,=1

FIGURE 1.

If n <0 we haveh(G,) = R"z = F~"z and from Figure 1:

(1) if R"z=F "z el thenF" 1z € I¥ and sov, = 4;

(2) if R"z=F"zely, thenF""1z € I¥ and sov, = 1;

() if R"z=F "z el§, thenF""1z € I¥ and sov, = 3;

(4) if R"z=F "z el thenF" !z € IY and sov, = 2.

Thus we have exp(v,) = exp(—y (i — 1)), and so

|T(Gn)| _ |Gn+l| _ quF(UlUZ' t vln\fl))
Gul  1G.l expT(vivz- - vy)))

exp(—I'(vy)) = exply(@ — 1)) onG,.

T/

Now, since the sum of the lengths of the gaps is dng. _ |G,| = 1, then
1Xil =) _1Gn,l,
k

where the sum is over thes for which G,, C X;. SinceT’ = exp(y (i — 1)) on each
G,, C X; andT is continuous onX;, then it follows that7’ = exp(y (i — 1)) on X;,

i #1. O
Remark 8.4.
(1) The value ofT’ on eachX; is given by

81/82 on X1

explapg) on X»
exp(bg) on X3
exp(—cg) on Xy
exp(—dp) on Xs.
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(2) From Figure 1 we see also th@t exchanges the interval¥; according to the
permutatiorit = (13)(25).

CoROLLARY 8.5. The map T above is a uniquely ergodic AIET such thgits a wandering
interval.

Proof of Theorem 2.2. Let C be the connected component Gf \ G* containing the
eigenvectow which has as approximate value

(0.24624 0.540134 —0.732246 —0.333821,

as seen irs6.
Giveny € C, we can writey = w + cv, wherew € G* andc¢ > 0. Then, extending
y in the usual way, we have

y@"(@) = (w+cv)A'r()
= (w, +cA")r@)
= cA"(w, +v)r@),

wherew, — 0 asn — oo. So we can take big enough so thab, ., +v has components
Mpik D), My (2), 1,14 (3), m,(4)) which satisfy

mux (1) <025 m, (2 <055 m, (3 >—-073 m, (4 > —-0.33
for all k > 1. If we takeC = C(n) such that
A@'@)<C, i=1, 2 3 4

then Lemma 6.2 applies and, consequently, so does Proposition 6.3. The same can be
said of Lemma 8.2 and Proposition 8.3. So the construction above goes exactly the same
way, which gives us the theorem. O

Acknowledgement.We wish to express our thanks to H. Weiss for very helpful
conversations.
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