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Abstract. There exist uniquely ergodic bijective affine interval exchange transformations
of [0,1) having wandering intervals and such that the support of the invariant measure is
a Cantor set.

1. Introduction
Let I = [a, b) ⊂ R be a finite left-closed right-open interval. A bijective map
T : [a, b) → [a, b) is said to be anaffine interval exchange transformation(AIET)
if there is a finite sequencea = y0 < y1 < y2 < · · · < ym−1 < ym = b such that
for all i ∈ {0,1, . . . , m− 1}, T |[yi ,yi+1) is (continuously) differentiable and its derivative
is identically equal to a constant, sayβi > 0. WhenT is discontinuous exactly at the
pointsy1, y2, . . . , ym−1, we shall refer to

(y, γ̃ ) = ((y0, y1, . . . , ym), (γ1, γ2, . . . , γm)),

whereγi = logβi , as thepair of vectors associated toT .
We say thatE : I → I is an interval exchange transformation(IET) with associated

vectorx = (x0, x1, . . . , xm) if E is an AIET with associated pair of vectors(x, γ̃ ), such
that γ̃ is the zero vector. LetI1 = [c, d) be a proper subinterval ofI . We say that
the IETE is renormalizable (onI1) if there exists an orientation-preserving affine map
L : R → R such thatL(I1) = I andL ◦E1 ◦L−1 = E, whereE1 : I1 → I1 denotes the
IET induced byE.

Let N be a finite sub-interval of eitherR or the circleS1. Let f : N → N be
piecewise continuous andJ ⊂ N be an interval. We say thatJ is a wandering interval
of the mapf if: (i) J, f (J ), . . . , are pairwise disjoint intervals and (ii) theω-limit set
of J is an infinite set.

The results of this paper are stated in next section. We prove the existence of uniquely
ergodic (bijective) affine interval exchange transformations of [0,1) having densely
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distributed wandering intervals and such that the support of the invariant measure is
a Cantor set. We study AIETs semi-conjugate to renormalizable IETs. These maps are
uniquely ergodic [Vee], [Mas]. We show that in many cases, the second vector associated
to the AIET determines the absence of wandering intervals. In this respect, Levitt showed
the existence of non-uniquely ergodic AIETs having wandering intervals [Lev].

This work was motivated by Denjoy’s theorem: iff is aC1-diffeomorphism of the
circle, such that the logarithm of its derivative is a function of bounded variation, then
f has no wandering intervals. As IETs preserve Lebesgue measure, they cannot have
wandering intervals. In this way the supposition that a uniquely ergodic AIET should not
have wandering intervals seemed to be correct (see [Lev] and [CLR ]). Other works that
reinforced this supposition are those of Guckenheimer [Guc], Yoccoz [Yoc] and Blokh
and Lyubich [BL ]. These results were generalized by the following theorem of de Melo
et al. [MMS ]: if N (as above) is compact andf : N → N is aC2-map with non-flat
critical points thenf has no wandering intervals. (For a more detailed exposition of this,
we suggest [MS, Chapter IV].)

2. Statement of the results
Let I = [a, b) ⊂ R be a finite left-closed right-open interval. LetE : I → I be an IET
with associated vectorx = (x0, x1, . . . , xm). Denote byI1 = [c, d) a proper subinterval
of I . Suppose thatE is renormalizable (onI1); that is, there exists an orientation-
preserving affine mapL : R → R such thatL(I1) = I andL ◦ E1 ◦ L−1 = E, where
E1 : I1 → I1 denotes the IET induced byE. Given i = 0,1, . . . , m, let zi = L−1(xi).
In this way, the sequence of discontinuities ofE1 is {z1, . . . , zm−1}.

Let A be am × m non-negative matrix whose entries areAji = #{0 ≤ k ≤ Ni :
Ek([zi−1, zi)) ⊂ [xj−1, xj )}, whereNi is the least possible non-negative integer such that
for somez ∈ [zi−1, zi) (and therefore for allz ∈ [zi−1, zi)), ENi+1z ∈ I1. We shall refer
to A as thematrix associated to(E, I1).

Let 3m be the cone of positive vectors inRm. It can be seen that the matrixA
associated to(E, I1) is aperiodic. Hence, by the Perron–Frobenius theorem [Gan], A
possesses exactly one probability right eigenvectorα ∈ 3m; moreover, the eigenvalueµ
corresponding toα is simple, real and greater than 1 and, in addition, all other eigenvalues
of A have absolute value less thanµ. It was proved by Veech [Vee] and Masur [Mas]
thatE (as renormalizable) is uniquely ergodic (the onlyE-invariant measure is that of
Lebesgue). Moreover, following Rauzy [Rau], we conclude that

α = (x1 − x0, x2 − x1, . . . , xm − xm−1).

We say that an AIETT : [0,1) → [0,1) is semi-conjugate(respectivelyconjugate) to
an IETE if there exists a non-decreasing surjective (respectively bijective) continuous
maph : [0,1) → [0,1) such thatE ◦ h = h ◦ T .

The first result of this paper is the following.

THEOREM 2.1. Let E : [0,1) → [0,1) be a renormalizable IET with exactlym − 1
discontinuities and associatedm × m matrix A. Let A∗ be the adjoint operator ofA.
LetGs be theA∗-invariant stable subspace ofR

m and letG∗ be the(m− 1)-dimensional
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A∗-invariant subspace ofRm such that the spectral radius ofA∗|G∗ is less than the spectral
radius ofA∗.
(a) Let γ̃ = (γ1, γ2, . . . , γm) ∈ R

m. There exists an AIETT : [0,1) → [0,1) semi-
conjugate toE and with associated pair of vectors(y, γ̃ ) if and only if γ̃ ∈ G∗.

(b) Let γ̃ = (γ1, γ2, . . . , γm) ∈ Gs . Let T : [0,1) → [0,1) be an AIET semi-conjugate
to E and with associated pair of vectors(y, γ̃ ). ThenT is conjugate toE.

To state our second result, we shall restrict to a particular IET. Letα =
(α1, α2, α3, α4) ∈ 34 be the probability (i.e. eachαi > 0 and|α| = α1+α2+α3+α4 = 1)
Perron–Frobenius right eigenvector of the matrix

A =




1 1 1 1
1 2 1 1
0 0 2 1
1 1 2 2


 .

We consider Rauzy’s IETR : [0,1) → [0,1) [Rau] which is determined by the following
conditions:R has associated vectorx = (x0, x1, x2, x3, x4), where

x0 = 0, x1 = α1, x2 = α1 + α2, x3 = α1 + α2 + α3, x4 = 1,

andR(0) = R(x0) > R(x2) > R(x3) > R(x1) = 0.
The mapR is renormalizable on the interval [0, α1) andA is precisely the matrix

associated to(R, [0, α1)) [Rau]. It is numerically seen thatα1 < α4 and soR is also
induced on the intervalR([0, α1)) andA is also the matrix associated to(R,R([0, α1))).

The characteristic polynomial ofA is the reciprocal polynomial

x4 − 7x3 + 13x2 − 7x + 1

with four real rootsρ−1, λ−1, λ, ρ satisfying

0< ρ−1 < λ−1 < 1< λ < ρ.

Let A∗ be the adjoint operator ofA and letG∗ (respectivelyGs) be the vector 3-space
(respectively vector 2-space)A∗-invariant generated by the eigenvectors corresponding
to the eigenvaluesρ−1, λ−1, λ (respectivelyρ−1, λ−1).

THEOREM 2.2. One of the connected components, sayC, ofG∗ \Gs is such that, for all
γ̃ = (γ1, γ2, γ3, γ4) ∈ C, there exists a uniquely ergodic AIETT : [0,1) → [0,1)
with associated pair of vectors(y, γ̂ ) of the formy = (y0, y1, y2, y3, y4) and γ̂ =
(δ, γ1, γ2, γ3, γ4), satisfying the following
(a) [y0, y1) = [0, y1) is a wandering interval ofT and, for all n ∈ Z, T n([0, y1)) is an

interval,
(b) If θ = ∪n∈ZT

n([0, y1)), there exists a continuous bijective map

h : [0,1) \ θ → [0,1)

such that, for ally ∈ [0,1) \ θ, R ◦ h(y) = h ◦ T (y).
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3. Proof of Theorem 2.1(a)
We shall assume the notation of Theorem 2.1, the proof of which is shown in
Lemmas 3.3, 3.4 and 3.6 below.

A proof of the following easy lemma can be found, for instance, in [Gu2, Proof of
Proposition 1].

LEMMA 3.1. LetE : [0,1) → [0,1) be an IET with every orbit dense.
(a) Givenn ∈ N, there existsδ > 0 such that ifJ ⊂ [0,1) is an interval of length less

thanδ, then for allx ∈ [0,1),

#({x,Ex, . . . , Enx} ∩ J ) ≤ 1.

(b) Given an intervalJ ⊂ [0,1), there existsK = K(J ) ∈ N such that for allx ∈ [0,1),

#({x,Ex, . . . , EKx} ∩ J ) ≥ 1.

LEMMA 3.2. Let E : [0,1) → [0,1) be a uniquely ergodic IET with every orbit dense.
Letλ be the Lebesgue measure on[0,1) and letJ be a subinterval of[0,1). Givenε > 0,
there existsN ∈ N

∗ such that for allx ∈ [0,1) and for all n > N ,

|τ(x, J, n)− λ(J )| < ε,

where

τ(x, J, n) = #{j : Ejx ∈ J,0 ≤ j ≤ n}
n+ 1

.

Proof.Let Ẽ : [0,1] → [0,1] be a uniquely ergodic extension ofE. Denote the Lebesgue
measure on [0,1] by λ. Assume, by contradiction, that there existsε > 0 such that for
eachN ∈ N

∗ we can findn = n(N) > N and a pointxn ∈ E such that

|τ(xn, J, n)− λ(J )| > ε.

It follows from Lemma 3.1 that the sequence of (Borel) probabilities

µn = 1

n+ 1

n∑
j=0

δEj (xn),

whereδx is the Dirac probability on [0,1] concentrated atx, has a subsequence which
weakly* converges to a probabilityµ invariant byẼ and such that

|µ(J )− λ(J )| ≥ ε.

This is the required contradiction becauseE is uniquely ergodic,µ (restricted to [0,1))
is invariant byE and thereforeµ should be equal toλ. �

LEMMA 3.3. Let T be a uniquely ergodic AIET such that all of its orbits are infinite
sets. Letµ be theT -invariant measure and let(y, γ̃ ) be the pair of vectors associated
to T , wherey = (y0, y1, . . . , ym) and γ̃ = (γ1, γ2, . . . , γm). Then(µ1, µ2, . . . , µm) is
orthogonal toγ̃ , whereµi = µ([yi−1, yi)). Here, Rm is endowed with the usual inner
product.
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Proof. Supposing, by contradiction, that the lemma is false, we shall study only the case
in which for all i, 0< µi and

0< β
µ1
1 · βµ2

2 · · ·βµmm = c < 1,

where βi = exp(γi). Let ε > 0 and δ > 0 be so small so thatε <

min{µ1/4, µ2/4, . . . , µm/4} and

β
µ1+σ1·ε
1 · βµ2+σ2·ε

2 · · ·βµm+σm·ε
m < c + δ < 1,

for all possible choices ofσi ∈ {−1,1}.
By Lemma 3.2 we may chooseN > 0 such that for alln > N , i = 1,2, . . . , m, and

x ∈ [0,1),
|τi(x, n)− µi | < ε,

whereτi(x, n) = τ(x, [yi−1, yi), n).
Take a subintervalI ⊂ [0,1) such thatµ(I) > 0 is so small so that ifx ∈ I and

T jx ∈ I , for somej ≥ 1, thenj ≥ N . Suppose also that the endpoints ofI are not
endpoints of wandering intervals ofT .

Under these circumstances, asT is a bijection, the map̃T : I → I induced byT
should satisfyT̃ (I ) = I . Nevertheless, this is not the case because, as we shall see,T̃

is a contraction: this will be the required contradiction. In fact, givenx ∈ I , there exists
j = j (x) ≥ N such that

{T x, T 2x, . . . , T j−1x} ∩ I = ∅
but T jx ∈ I . Under these conditions, there exists a finite subsetS of I such that, if
x ∈ I \ S andj = j (x), T j is (left and right) differentiable atx and

((T j )′(x))1/j = β
τ1(x,j)

1 · βτ2(x,j)

2 · · ·βτm(x,j)m ≤ c + δ < 1

which implies that
(T j )′(x) ≤ (c + δ)j < 1

and soT̃ is a contraction. �
Letµ be the spectral radius ofA. Denote byF (respectivelyF∗) the Perron–Frobenius

eigenspace associated to the eigenvalueµ of A (respectively ofA∗). Let

R
m = F + G and R

m = F∗ + G∗

be the Jordan direct sum decompositions invariant byA andA∗, respectively. In this
way, the spectral radiusρ of A|G andA∗|G∗ is the same and 0< ρ < µ.

LEMMA 3.4. Under the above conditions, the orthogonal complementF⊥ to F in the
usual inner product〈 , 〉 of R

m, is G∗.

Proof.As Ã = µ−1A∗|G∗ has spectral radius less than one, we have thatÃ is a contraction
in an appropriate norm ofG∗ (see [MP, Proposition 2.10]).

In this way, ifw ∈ G∗ andv ∈ F we have that

0 =
〈
lim
n

Ãnw, v
〉
= lim

n

1

µn
〈(A∗)nw, v〉 = lim

n

1

µn
〈w,Anv〉 = 〈w, v〉.
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This implies thatG∗ ⊂ F⊥. As the dimensions ofG∗ andF⊥ are equal, the lemma is
proved. �

LEMMA 3.5. Let (x1, x2, . . . , xm) be the vector associated toE. Let ϕ = {1,2, . . . , m}
and letu : [0,1) → ϕ be given byu(x) = i iff x ∈ [xi−1, xi). Let γ : ϕ → R be a map
such thatγ̃ = (γ (1), γ (2), . . . , γ (m)) ∈ G∗. Then there existsx ∈ [0,1) such that

lim sup
k

( k∑
j=0

γ (u(Ejx))

)
≥ 0 ≥ lim inf

k

( k∑
j=0

γ (u(Ejx))

)
.

Proof. Recall that(x1 − x0, x2 − x1, . . . , xm − xm−1) ∈ F . Givenn ∈ N andδ ∈ {−1,1},
let 1n(δ) be the set ofx ∈ [0,1) such that, for somek = k(x) > n, Ek is continuous at
x and

δ

( k∑
j=0

γ (u(Ejx))

)
> 0.

Suppose that there existx ∈ [0,1), ε > 0, n ∈ N andδ ∈ {−1,1} such thatJ = [x, x+ε)
is disjoint from1n(δ). To fix ideas assume thatδ = 1.

Let (y0, y1, . . . , y`) be the vector associated to the IETEJ : J → J induced byE.
Given i ∈ {1,2, . . . , `}, let Ni be the least possible non-negative integer such that for
somey ∈ [yi−1, yi) (and therefore for ally ∈ [yi−1, yi)), ENi+1y ∈ J .

We may takeε > 0 so small that min{Ni : 1 ≤ i ≤ `} > n. This and the assumption
that J ∩1n(1) = ∅ imply that, for all i ∈ {1,2, . . . , `},

0i = γ (u(yi−1))+ γ (u(Eyi−1))+ · · · + γ (u(ENi yi−1)) ≤ 0.

Hence, by rearranging terms in an appropriate way,

∑̀
i=1

(yi − yi−1)0i

=
∑̀
i=1

(yi − yi−1)[γ (u(yi−1))+ γ (u(Eyi−1))+ · · · + γ (u(ENi yi−1))]

=
m∑
i=1

(xi − xi−1)γ (u(xi−1)) = 0 (see Lemma 3.4).

As everyyi − yi−1 > 0, we conclude that, for alli ∈ {1,2, . . . , `}, 0i = 0. From
this it can easily be seen that the lemma is true. So we may proceed assuming that, for
all n ∈ N and δ ∈ {−1,1}, 1n(δ) is dense. As these sets are also open and as [0,1) is
a Baire space, there existsx belonging to1n(1) ∩1n(−1) for all n ∈ N. This pointx
satisfies the required inequalities of this lemma. �

LEMMA 3.6. Let ϕ = {1,2, . . . , m} and let γ : ϕ → R be a map such that̃γ =
(γ (1), γ (2), . . . , γ (m)) ∈ G∗. Then there exists an AIETT : [0,1) → [0,1) semi-
conjugate toE and with associated pair of vectors(y, γ̃ ).

Proof. Let (x0, x1, . . . , xm) be the vector associated toE. Let x andu : [0,1) → ϕ be
as in Lemma 3.5. Let{an}n≥1 be a sequence of positive integers such that, for alln,

γ (u(x))+ γ (u(Ex))+ · · · + γ (u(Eanx)) ≤ 0.
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Denote byϑ0 = δx and, for all integersk ≥ 1,

ϑk = exp(γ (u(x))+ γ (u(Ex))+ · · · + γ (u(Ek−1x)))δEkx,

whereδx is the Dirac probability concentrated atx. Let

νn = cn(ϑ0 + ϑ1 + · · · + ϑan+1),

wherecn is the positive constant that makesνn a probability measure. By Lemma 3.5:
(1) limn cn = 0;
(2) limn(cn[exp(γ (u(x))+ γ (u(Ex))+ · · · + γ (u(Eanx)))]) = 0;
(3) for all non-negative integersk, ϑk+1 = (exp(γ (u(Ekx))))E∗ϑk.
These three facts imply that ifK is a subinterval of [xi−1, xi), for somei ∈ ϕ, then
(4) limn→∞ |νn(E(K))− exp(γ (i)) · νn(K)| = 0.
It follows from Lemma 3.3 and its proof that there exists a probabilityν which is a weak
limit of the sequence{νn}. Therefore,
(5) ν(E(K)) = exp(γ (i)) · ν(K).
This and Lemma 3.1 imply thatν is positive on open intervals.

We now define the mapφ : [0,1) → [0,1) by

φ(x) = ν([0, x)); φ(0) = ν(0).

Sinceν is positive on open sets,φ is strictly increasing and so it has at most countably
many discontinuities. It is also clear thatφ is right semi-continuous. So the set

G = [0,1) \ φ([0,1))

is the union of at most a countable many intervals of the type [a, b), which we callgaps.
Define the maph = [0,1) → [0,1) by:

(i) h = φ−1 on [0,1)−G;
(ii) h(x) = φ−1(b), a ≤ x < b, for each gap [a, b) ⊂ G.
Sinceφ−1 is also right semi-continuous and increasing, it follows thath is continuous,
non-decreasing andh([0,1)) = [0,1).

Let us denote by|J | the length of the intervalJ . If J = [a, b) is a gap,p = h(J )

is the discontinuity which generates it andi is such thatp ∈ [xi−1, xi) then, by (5), we
have that:
(6) J ′ = h−1(Eh(J )) is also a gap and|J ′| = exp(γ (i)) · |J |
i.e. E(p) is also a discontinuity forφ and the length of the gap generated byE(p) is
exp(γ (i)) · ν({p}) = exp(γ (i)) · |J |.

Let us now define the affine mapT : [0,1) → [0,1). Initially, define(y0, y1, . . . , ym)

in the following way:


y0 = 0
yi = φ(xi) = ν([0, xi)), i = 1,2, . . . , m− 1
ym = 1.

Sinceν is positive on open intervals we have that 0= y0 < y1 < · · · < ym = 1. On
each subinterval [yi−1, yi) defineT in the following way:
(i) on [yi−1, yi) \G, h is one-to-one, so defineT (x) = h−1Eh(x);
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(ii) on G, if J is a gap andJ ′ is the corresponding image gap given by statement(6),
then defineT |J : J → J ′ linearly and orientation preserving.

Since(6) also says that each gap is the image of another gap, we have thatT is one-to-one
and onto.

We can now finish the first part of this proposition.
(7) The mapT : [0,1) → [0,1) defined above is an AIET semi-conjugate toE.
Given [a, b) ⊂ [yi−1, yi), thenT ([a, b)) is an interval by definition. Ifa andb do not
belong to a gap, in view of(5), we have that

T (b)− T (a) = exp(γ (i)) · (b − a).

So T is affine on [a, b) with slope exp(γ (i)). The same conclusion holds if [a, b) is a
gap, as can be seen from the definition ofT . As for the semi-conjugation, ifx ∈ [0,1)
does not belong to a gap then (from the definition) we have thatEh(x) = hT (x). If x
does belong to a gapJ , let p = h(J ) and letJ ′ be the image gap given by(6). Then
T (p) ∈ J ′ andh(J ′) = E(p), soEh(x) = E(p) = hT (x). �

4. Substitutions and the Proof of Theorem 2.1(b)
Lemma 4.4 takes care of Theorem 2.1(b).

Let m ≥ 2 be an integer and letW(ϕ) be the set of words on the alphabet
ϕ = {1,2, . . . , m} (i.e. the free associative monoid generated byϕ). We shall assume
that the empty word does not belong toW(ϕ). Any mapπ : ϕ → W(ϕ) can be extended
to a mapπ : W(ϕ) → W(ϕ), called asubstitution, defined by recurrence as follows:

π(V x) = π(V )π(x)

π(xV ) = π(x)π(V ),

whereV ∈ W(ϕ) andx ∈ ϕ.
By induction onn it is easy to see the following.

LEMMA 4.1. GivenV1, V2, . . . , Vk ∈ W(ϕ) andn ∈ N, the following equation is satisfied:

πn(V1V2 · · ·Vk) = πn(V1)π
n(V2) · · ·πn(Vk).

In this section we shall suppose thatπ : W(ϕ) → W(ϕ) is a substitution such that,
for all i ∈ ϕ, π(i) has the form

π(i) = Bi1Bi2 · · ·BiNi .
Observe that the substitutionπ induces the mapπ∗ : ϕN → ϕN which takes the infinite
sequence

v = v0v1v2 · · · vn · · ·
to the sequence

π∗(v) = B0B1B2 · · ·Bn · · · ,
whereBn denotes the blockπ(i) = Bi1Bi2 · · ·BiNi , if vn = i.
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The length is the functioǹ : W(ϕ) → N which takes the wordV to the non-negative
integer defined by recurrence:

`(x) = 1 for all x ∈ ϕ
`(xV ) = `(V x) = `(V )+ 1 for all x ∈ ϕ andV ∈ W(ϕ).

Remark 4.2.Let π be as above and suppose that, for alli ∈ ϕ, `(π(i)) ≥ 2. If there
is i0 ∈ ϕ such that, for alli ∈ ϕ, Bi1 = i0 then the transformationπ∗, obviously
contracting for the natural metric onϕN, has a unique fixed point which is precisely the
infinite sequenceu = limn→∞ πn(i0). The reader may easily find other weaker sufficient
conditions that guarantee the existence of the unique fixed point.

Let j ∈ ϕ and V = x1x2 · · · xs be an element ofW(ϕ) (where xk ∈ ϕ for
k = 1,2, . . . , s). Let

rj (V ) = card{k : xk = j};
that is, the number of times that the letterj appears in the wordV . Let us denote by
r(V ) the column vector

r(V ) =



r1(V )

r2(V )
...

rm(V )


 .

Let A be am × m non-negative matrix whose entries areAji = rj (π(i)) = #{0 ≤ k ≤
Ni : Bik = j}. We shall refer toA as thematrix associated toπ .

As `(V ) = ∑
j∈ϕ rj (V ) and π(V ) = π(x1)π(x2) · · ·π(xs), the following matrix

equality can be deduced:
r(π(V )) = A · r(V ), (1)

and therefore, fori ∈ ϕ,
r(πn(i)) = An · r(i). (2)

In this way, fori ∈ ϕ andn ≥ 0 an integer,

r(πn(i)) is the ith column of the matrixAn,

whereπ0(i) = i andA0 denotes the identity matrix.
Any function γ : ϕ → R may be extended, by recurrence, to a mapγ : W(ϕ) → R

as follows:
γ (V x) = γ (xV ) = γ (V )+ γ (x), (3)

whereV ∈ W(ϕ) andx ∈ ϕ.

LEMMA 4.3. Let A and γ be as above. Let̃γ = (γ (1), γ (2), . . . , γ (m)) and denote by
A∗ the adjoint operator ofA.
(a) If γ̃ is an eigenvector ofA∗ with corresponding eigenvalueλ, then for alln ≥ 0 and

for x ∈ ϕ,

γ ((πn(x))) = λnγ (x).
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(b) If γ̃ belongs to the stable space ofA∗, then

lim
n→∞ γ ((π

n(x))) = 0.

Proof. Let us prove (a):

γ ((πn(x))) = γ̃ · r(πn(x)) (by definition)

= γ̃ · An(r(x))

= λn(γ̃ · r(x))
= λn(γ (x)).

Let us prove (b). Observe that, by [MP, Proposition 2.10], limn→∞ γ̃ · An = 0.
Therefore,

lim
n→∞ γ ((π

n(x))) = lim
n→∞ γ̃ · r(πn(x)) (by definition (2))

= lim
n→∞ γ̃ · An(r(x))

= 0.

This proves the lemma. �

LEMMA 4.4. Let ϕ = {1,2, . . . , m} and let γ : ϕ → R be a map such that̃γ =
(γ (1), γ (2), . . . , γ (m)) ∈ Gs . Let T : [0,1) → [0,1) be an AIET semi-conjugate to
E and with associated pair of vectors(y, γ̃ ). ThenT is conjugate toE.

Proof. Denote byh : [0,1) → [0,1) a semi-conjugacy betweenT andE (E ◦h = h◦T ).
We say that an open non-empty intervalJ ⊂ [0,1) is a gap ifh(J ) is a one point set.
All we have to do is to show that there are no gaps. In this case the semi-conjugacy
h will be bijective and so a conjugation. Recall that sinceE is renormalizable, there is
a sequence of IETsEn : In → In, induced byE, such thatLn ◦ En ◦ L−n = E, where
L is an orientation-preserving affine map. Consequently,T induces onI ′

n = h−1(In),
Tn : I ′

n → I ′
n. The mapsTn also satisfyhTn = Enh. Since the itineraries ofT are

the same as those ofE (in terms of the semi-conjugacyh) then, by the chain rule, the
derivatives ofTn satisfy

T ′
n = exp(γ (πn(i))), i = 1,2, . . . , m.

Let Fn : [0,1) → [0,1) denote the renormalization ofTn to [0,1). Then we also have

F ′
n = exp(γ (πn(i))), i = 1,2, . . . , m.

By Lemma 4.3(b) we have thatF ′
n → 1 asn → ∞ for eachi = 1,2, . . . , m. If we

denote byKn the interval on whichFn induces, then as|I1| = (1/λ) < 1, whereλ is the
Perron–Frobenius eigenvalue, there existsN0 such that for alln ≥ N0,

|Kn| ≤ s

s + 1
< 1

for somes > 0. We can also takeN0 such that

(F kn )
′ >

s + 1

s + 2
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for 1 ≤ k ≤ N0, whereN0 is the maximum return time of each subinterval ofI1

(N0 = max{∑m
i=1 Aij ; j = 1,2, . . . , m}). Now if T has a gapJ , thenFN0 will have a

gapJ ′. IteratingJ ′ at mostN0 times we will obtain a new gapJN0 ⊂ KN0. Moreover,

|JN0| >
s + 1

s + 2
· |J ′|.

RenormalizingJN0 we obtain a new gapJ ′
N0

which satisfies

|J ′
N0

| = |JN0|/|KN0|
>

s + 1

s + 2
· |J ′| · s + 1

s

=
(

1 + 1

s(s + 2)

)
· |J ′|.

Arguing inductively, we get a sequence{J ′
n}n≥N0 of gaps, whereJ ′

n is the gap relative to
Fn, such that

|J ′
n| =

(
1 + 1

s(s + 2)

)n−N0+1

· |J ′|.
So |J ′

n| → ∞ asn → ∞ which is a contradiction. �

5. IETs and substitutions
An interval exchange transformation is usually defined as follows. Fix an integerm > 1,
take ψ to be an irreducible permutationj → ψj , 1 ≤ j ≤ m, which is to say
ψ({1,2, . . . , k}) = {1,2, . . . , k} implies k = m. Given α = (α1, α2, . . . , αm) ∈ 3m,
one associatesx0 = x0(α) = a, xj = xj (α) = a+∑j

i=1 αi , with 1 ≤ j ≤ m, |α| = b−a,
and Iαj = [xj−1(α), xj (α)) ⊂ [a, b) = Iα. Also defineαψj = αψ−1j , 1 ≤ j ≤ m. The
(α, ψ) IET, E = Eα,ψ , is the map ofIα defined by

Ex = x + xψi−1(α
ψ)− xi−1(α) (x ∈ Iαi ).

Let E : I → I as above and assume that(x0, x1, . . . , xm) is the vector associated to
E. Denote byI1 = [c, d), a proper subinterval ofI . Suppose thatE is renormalizable
(on I1); that is, there exists an orientation-preserving affine mapL : R → R such that
L(I1) = I andL ◦ E1 ◦ L−1 = E, whereE1 : I1 → I1 denotes the IET induced byE.
Let ϕ = {1,2, . . . , m}. Given i ∈ ϕ, let zi = L−1(xi). In this way, the sequence of
discontinuities ofE1 is {z1, . . . , zm−1}. Proceeding inductively, we may find a decreasing
sequence of intervals{In} and a sequence of IETsEn : In → In, induced byE, such that
Ln ◦En ◦L−n = E. Moreover, ifI1 ⊂ I then∩nIn is a one point set, sayp0, called the
distinguished point of(E, I1), whose itinerary (under the mapE) will be described next.

Given i ∈ ϕ, let Ni be the least possible non-negative integer such that for some
z ∈ [zi−1, zi) (and therefore for allz ∈ [zi−1, zi)), ENi+1z ∈ I1. Let u : [0,1) → ϕ be
given byu(x) = i iff x ∈ [xi−1, xi).

Consider the substitution

π : 1 → u(z0)u(Ez0) · · · u(EN1z0)

π : 2 → u(z1)u(Ez1) · · · u(EN2z1)
...

...
...

π : m → u(zm−1)u(Ezm−1) · · · u(ENmzm−1)
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which gives the itinerary of the subintervals ofI1, under the action ofE, until its return
to I1.

Under these conditions, if the distinguished pointp0 = ∩nIn belongs to [xi0−1, xi0),
then its itinerary is given by the infinite sequence

u∗ = u0u1 · · · uk · · · = lim
n→∞π

n(i0).

This sequenceu∗ is the unique fixed point of the mapπ∗ : ϕN → ϕN that is
naturally induced by the mapπ (see [Rau]). In this way, for all integersk ≥ 0,
Ekp0 ∈ [xuk−1, xuk ).

If I1 is of the form [c,1) and u∗ = limn→∞ πn(1) = u0u1 · · · uk · · · , whereπ is
now the substitution associated to(E, I1), thenp0 = limt→1− E(t) will be called the
distinguished point associatedto (E, I1). The itinerary ofp0 is given by the infinite
sequence

u1u2 · · · uk · · · ,
wherep0 ∈ Iu1. Therefore, for all integersk ≥ 1, Ek−1p0 ∈ [xuk−1, xuk ).

Remark 5.1.The matrices associated toE andπ (as above) are the same.

6. Rauzy’s map
We consider Rauzy’s map. LetR : [0,1) → [0,1) be the IET for whichm = 4, the
permutationψ : {1,2,3,4} → {1,2,3,4} is (142) andα = (α1, α2, α3, α4) ∈ 34 is the
Perron–Frobenius normalized (i.e.|α| = α1 + α2 + α3 + α4 = 1) right eigenvector of the
matrix

A =




1 1 1 1
1 2 1 1
0 0 2 1
1 1 2 2


 .

It has been observed thatα1 < α4 and thatR is renormalizable on the interval
R(Iα1 ) ⊂ Iα4 . In this case the associated substitution is

π(1) = 421

π(2) = 4221

π(3) = 433421

π(4) = 43421.

As R(Iα1 ) is of the form [x,1), the distinguished point associated to(R,R(Iα1 )) is
limt→1− R(t) = R(x2(α)) and therefore if

u∗ = 4 · · ·
u∗ = 43421· · ·
u∗ = 43421 433421 4221 421· · ·
u∗ = u1u2 · · · un · · ·

denotes the fixed point of this substitution, thenv∗ = u2 · · · un · · · (which starts atu2 = 3)
gives the itinerary of the positive orbit ofR(x2(α)).
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The matrixA has four real eigenvalues whose approximate values are

4.39026, 1.83785, 0.544113, 0.227777.

Denote byλ the eigenvalue that is approximated by 1.83785 and letϕ = {1,2,3,4} and

γ : ϕ → R

be such that
γ̃ = (γ (1), γ (2), γ (3), γ (4))

is a left eigenvector, having its last entry negative, corresponding to the eigenvalueλ

(i.e. γ̃ A = λγ̃ ). Up to multiplication by a positive real number, an approximate value
for γ̃ is:

(0.24624, 0.540134, −0.732246, −0.333821).

We may extendγ , by recurrence, to a mapγ :W(ϕ) → R as in equation (3) of§4.
Let n, k ∈ N, with n ≥ 1. Defineψn : {V ∈ W(ϕ) : `(V ) ≥ n} → W(ϕ) by

ψn(v1v2 · · · vn · · · vn+k) = (v1v2 · · · vn).
Let 1 : W(ϕ) → (0,∞) be defined by

1(V ) = exp(γ (ψ1(V )))+ exp(γ (ψ2(V )))+ · · · + exp(γ (ψ`(V )(V ))).

LEMMA 6.1. GivenV1, V2, . . . , Vk ∈ W(ϕ), the following equation is satisfied:

1(V1V2 · · ·Vk) = 1(V1)+ exp(γ (V1)) ·1(V2)

+ exp(γ (V1V2)) ·1(V3)+ · · · + exp(γ (V1V2 · · ·Vk−1)) ·1(Vk).

Proof. We will prove the lemma fork = 2 only. LetV,W ∈ W(ϕ) and letn = `(V )

andm = `(W). Then

1(VW) = exp(γ (ψ1(VW)))+ · · · + exp(γ (ψn(VW)))

+ exp(γ (ψn+1(VW)))+ · · · + exp(γ (ψn+m(VW)))

= exp(γ (ψ1(V )))+ · · · + exp(γ (ψn(V )))

+ exp(γ (ψn(V ))+ γ (ψ1(W)))+ · · · + exp(γ (ψn(V ))+ γ (ψm(W)))

= 1(V )+ exp(γ (V ))1̇(W).

This finishes the proof. �

LEMMA 6.2. Let (a, b,−c,−d) = (0.25,0.55,−0.73,−0,33). Given n ∈ N, take
C = C(n) > 0 such that

1(πn(i)) ≤ C, i = 1,2,3,4.

If n ≥ 1 then, for allk ∈ N, the following are satisfied:
(a) 1(πn+k(4))≤C[1+6 exp(−λnd/2)+62 exp(−λn+1d/2)+· · ·+6k exp(−λn+k+1d/2)];
(b) 1(πn+k(4)) ≤ 6kC;
(c) 1(πn+k(3)) ≤ 6kC;
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(d) 1(πn+k(2)) ≤ 6kC · exp(λn(λk−1 + λk−2 + · · · + λ+ 1)(2b − d));
(e) 1(πn+k(1)) ≤ 6kC · exp(λn(λk−1 + λk−2 + · · · + λ+ 1)( 3

2b − d)).

Proof. We use induction onk. For k = 1 we have the following.
(a) By Lemma 6.1, Lemma 4.3(a), and because1(πn(i)) ≤ C, i = 1,2,3,4, we have

that

1(πn+1(4)) = 1(πn(4)πn(3)πn(4)πn(2)πn(1))

= 1(πn(4))

+1(πn(3))exp(γ (πn(4)))

+1(πn(4))exp(γ (πn(4)πn(3)))

+1(πn(2))exp(γ (πn(4)πn(3)πn(4)))

+1(πn(1))exp(γ (πn(4)πn(3)πn(4)πn(2)))

≤ C + C · exp(λn(γ (4)))

+C · exp(λn(γ (3)+ γ (4)))

+C · exp(λn(γ (3)+ 2γ (4)))

+C · exp(λn(γ (2)+ γ (3)+ 2γ (4)))

≤ C + C · exp(λn(−d))
+C · exp(λn(−c − d))

+C · exp(λn(−c − 2d))

+C · exp(λn(b − c − 2d))

≤ C ·
[

1 + 6 exp

(
λn

(−d
2

))]
.

The last inequality comes from the fact thatb − c − 2d < −d/2.
(b) Since each exponential in the penultimate inequality above is less then one, we also

have
1(πn+1(4)) ≤ 6C.

(c) As in (a), we have that

1(πn+1(3)) = 1(πn(4)πn(3)πn(3)πn(4)πn(2)πn(1))

≤ C + C · exp(λn(−d))
+C · exp(λn(−c − d))

+C · exp(λn(−2c − d))

+C · exp(λn(−2c − 2d))

+C · exp(λn(b − 2c − 2d))

≤ C · (1 + exp(λn(−d)))
≤ 6C.

(d) As before,

1(πn+1(2)) = 1(πn(4)πn(2)πn(2)πn(1))
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≤ C + C · exp(λn(−d))
+C · exp(λn(b − d))

+C · exp(λn(2b − d))

≤ 6C · exp(λn(2b − d)).

(e) Again,

1(πn+1(1)) = 1(πn(4)πn(2)πn(1))

≤ C + C · exp(λn(−d))
+C · exp(λn(b − d))

≤ 6C · exp(λn( 3
2b − d))

asb − d ≤ 3
2b − d.

Suppose now that the equations are valid fork and we shall proceed to prove that they
are valid fork + 1.
(a′)

1(πn+k+1(4))

= 1(πn+k(4)πn+k(3)πn+k(4)πn+k(2)πn+k(1))

= 1(πn+k(4))

+1(πn+k(3))exp(γ (πn+k(4)))

+1(πn+k(4))exp(γ (πn+k(4)πn+k(3)))

+1(πn+k(2))exp(γ (πn+k(4)πn+k(3)πn+k(4)))

+1(πn+k(1))exp(γ (πn+k(4)πn+k(3)πn+k(4)πn+k(2)))

≤ C ·
[

1 + 6 exp

(
λn

(−d
2

))
+ 62 exp

(
λn+1

(−d
2

))
+ · · ·

+6k exp

(
λn+k−1

(−d
2

))]

+6kC · exp(λn+k(−d))
+6kC · exp(λn+k(−c − d))

+6kC · exp(λn(λk−1 + λk−2 + · · · + λ+ 1)(2b − d)) · exp(λn+k(−c − 2d))

+6kC · exp(λn(λk−1 + λk−2 + · · · + λ+ 1)( 3
2b−d)) · exp(λn+k(b−c−2d))

≤ C ·
[

1 + 6 exp

(
λn

(−d
2

))
+ 62 exp

(
λn+1

(−d
2

))
+ · · ·

+6k exp

(
λn+k−1

(−d
2

))
+ 6k+1 exp

(
λn+k

(−d
2

))]
.

The last inequality comes from the fact that3
2b − d < (λ− 1)(−b + c − 3

2d).
(b′) By this same fact we have that

1(πn+k+1(4))

= 1(πn+k(4)πn+k(3)πn+k(4)πn+k(2)πn+k(1))
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≤ 6kC

+6kC · exp(λn+k(−d))
+6kC · exp(λn+k(−c − d))

+6kC · exp(λn(λk−1 + λk−2 + · · · + λ+ 1)(2b − d)) · exp(λn+k(−c − 2d))

+6kC · exp(λn(λk−1 + λk−2 + · · · + λ+ 1)( 3
2b−d)) · exp(λn+k(b−c−2d))

≤ 6k+1C.

(c′) As above,

1(πn+k+1(3))

= 1(πn+k(4)πn+k(3)πn+k(3)πn+k(4)πn+k(2)πn+k(1))

≤ 6kC

+6kC · exp(λn+k(−d))
+6kC · exp(λn+k(−c − d))

+6kC · exp(λn+k(−2c − d))

+6kC · exp(λn(λk−1 + λk−2 + · · · + λ+ 1)(2b − d)) · exp(λn+k(−2c − 2d))

+6kC · exp(λn(λk−1 + λk−2 + · · · + λ+ 1)( 3
2b−d)) · exp(λn+k(b−2c−2d))

≤ 6k+1C.

(d′) In the same way,

1(πn+k+1(2))

= 1(πn+k(4)πn+k(2)πn+k(2)πn+k(1))

≤ 6kC

+6kC · exp(λn(λk−1 + λk−2 + · · · + λ+ 1)(2b − d)) · exp(λn+k(−d))
+6kC · exp(λn(λk−1 + λk−2 + · · · + λ+ 1)(2b − d)) · exp(λn+k(b − d))

+6kC · exp(λn(λk−1 + λk−2 + · · · + λ+ 1)( 3
2b − d)) · exp(λn+k(2b − d))

≤ 6k+1C · exp(λn(λk + λk−1 + · · · + λ+ 1)(2b − d)).

(e′) From the fact that 1< 3(λ− 1),

1(πn+k+1(1))

= 1(πn+k(4)πn+k(2)πn+k(1))

≤ 6kC

+6kC · exp(λn(λk−1 + λk−2 + · · · + λ+ 1)(2b − d)) · exp(λn+k(−d))
+6kC · exp(λn(λk−1 + λk−2 + · · · + λ+ 1)( 3

2b − d)) · exp(λn+k(b − d))

≤ 6k+1C · exp(λn(λk + λk−1 + · · · + λ+ 1)( 3
2b − d)). �

PROPOSITION6.3. The sum

lim
k→∞

1(πk(4)) = exp(γ (u1))+ exp(γ (u1u2))+ · · · + exp(γ (u1u2, . . . uk))+ · · ·

is finite.
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Proof. As −d/2 < 0, by using Lemma 6.2, withn = 1, we conclude that the (k + 1)th
root of

C6k exp

(
−λ2+k · d

2

)

goes to zero ask → ∞. It follows from the root test that the required sum is finite.�

7. The inverse of Rauzy’s map
In the following we shall keep the notation of the previous section.

Let us takem = 4, let 9 be the (124) permutation andξ the Perron–Frobenius
normalized eigenvector associated to the matrix

B =




2 1 1 1
1 2 2 1
0 1 2 0
1 1 1 1


 .

Then the inverse of Rauzy’s map is the(ξ,9) IET, F = Fξ,9 . It is clear that this map
is minimal, uniquely ergodic and self-induced on the last interval [β3(ξ),1).

LEMMA 7.1. The matricesA andB have the same eigenvalues. Moreover,
(a) (v1, v2, v3, v4) is a left eigenvector ofA if and only if (v2, v4, v3, v1) is a left

eigenvector ofB;
(b) (v1, v2, v3, v4)

t is a right eigenvector ofA if and only if (v2, v4, v3, v1)
t is a right

eigenvector ofB.

Proof. Let

M =




0 1 0 0
0 0 0 1
0 0 1 0
1 0 0 0


 .

It may be seen that
B = MAM−1.

In particular,A andB have the same eigenvalues.
Let v = (v1, v2, v3, v4) and u = (v4, v1, v3, v2). We shall only prove that ifv is a

left eigenvector ofA corresponding to the eigenvalueδ thenu is a left eigenvector ofB
corresponding toB. In fact,

uB = uMAM−1 = vAM−1 = δvM−1 = δu. �

Since ξ is the Perron–Frobenius normalized (right) eigenvector we have, by
Lemma 7.1, that

ξ = (ξ1, ξ2, ξ3, ξ4) = (α2, α4, α3, α1).

It can be seen numerically thatα1 < α2, soR is renormalizable on the intervalRIξ4 ⊂ I
ξ

1

and the substitution 1→ 1124, 2→ 12324, 3→ 123324, 4→ 124, denoted by5,
gives the itinerary of the subintervals ofRIξ4 ⊂ I

ξ

1 until its return toRIξ4 .
Let 5:W(ϕ) → W(ϕ) be defined by recurrence as follows:
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(a)

5(1) = 1124

5(2) = 12324

5(3) = 123324

5(4) = 124;

(b)

5(V i) = 5(V )5(i)

5(iV ) = 5(i)5(V ),

whereV ∈ W(ϕ) and i ∈ ϕ. Hence,

v = v1v2 · · · vn · · ·
= lim

n→∞5
n(1)

= 1124 1124 12324 124· · ·

gives the itinerary of the positive orbit of 0= β0(ξ) = Fβ3(ξ).
As before, denote by5∗:ϕN → ϕN the map which takes the sequence

w = w1w2 · · ·wn · · ·

to the sequence

5∗(w) = B1B2 · · ·Bn · · · ,
whereBi denotes the block

1124 ifwi = 1
12324 ifwi = 2

123324 ifwi = 3
124 if wi = 4.

In this wayv is the unique fixed point of5∗.
In view of Lemma 7.1, if γ̃ = (a0, b0,−c0,−d0) is the left eigenvector ofA

corresponding to the eigenvalueλ (considered in the previous section), then

0̃ = (0(1), 0(2), 0(3), 0(4)) = (−b0, d0, c0,−a0)

is a left eigenvector ofB also corresponding toλ.
We may extend0, by recurrence, to a map0 : W(ϕ) → R as in equation (3) of§4.

LEMMA 7.2. Let (−b, d, c,−a) = (−0.54,0.34,0.74,−0.24). Given n ∈ N, take
C = C(n) > 0 such that

1(5n(i)) ≤ C, i = 1,2,3,4.

If n ≥ 1 then, for allk ∈ N, the following are satisfied:
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(a) 1(5n+k(1)) ≤ C

[
1 + 6 exp

(
−λn b

2

)
+ b2 exp

(
−λn+1b

2

)
+ · · ·

+6k exp

(
−λn+k−1b

2

)]
;

(b) 1(5n+k(1)) ≤ C · 6k;
(c) 1(5n+k(2)) ≤ C · 6k exp[λn((λk−1 + λk−2 + · · · + λ+ 1)(−b + d + c)+ d)];
(d) 1(5n+k(3)) ≤ C ·6k exp[λn((λk−1 +λk−2 +· · ·+λ+1)(−b+d+ c)+λk−1c+d)];
(e) 1(5n+k(4)) ≤ C · 6k exp[λn((λk−1 + λk−2 + · · · + λ+ 1)(−b+ d + c)− λkb+ d)].

Proof. Analogous to Lemma 6.2. �

PROPOSITION7.3. The sum

lim
k→∞

1(5n+k(1)) = exp(0(v1))+ exp(0(v1v2))+ · · · + exp(0(v1v2 . . . vn+k))+ · · ·

is finite.

Proof. Analogous to Proposition 6.3. �

8. Proof of Theorem 2.2
We know from Proposition 6.3 that limk→∞1(πk(4)) is finite. LetL1 be the sum

L1 = exp(γ (3)) · exp(−γ (4)) · lim
k→∞

1(5k(4))

= exp(γ (3)) · exp(−γ (4)) ·
∞∑
k=1

exp(γ (u1u2 · · · uk))

=
∞∑
k=1

exp(γ (3)) · exp(−γ (4)) · exp(γ (u1)) · exp(γ (u2u3 · · · uk)); u1 = 4

=
∞∑
k=1

exp(γ (u1u2 · · · uk)); u1 = 3.

Remark 8.1.Observe thatu = u1u2 · · · un · · · with u1 = 3 instead ofu1 = 4 is the
itinerary of the positive orbit ofβ2(α) with respect toR. In the following we will keep
u1 = 3.

Because of Proposition 7.3 we may denote byL2 the sum

L2 = lim
k→∞

1(5k(1)) =
∞∑
k=1

exp(0(v1v2 · · · vk)),

wherev = v1v2 · · · vn · · · is the itinerary of the positive orbit of 0= β0(ξ) with respect
to F = R−1.

We shall now define an atomic measureν on [0,1). Let us take

L = δ1L1 + δ2L2 + δ1 + δ2, δ1, δ2 > 0

z = 0 = β0(α)

t = β2(α).
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So we defineν on the positive orbit oft by

ν({Rnt}) =




δ1

L
, n = 0

δ1

L
· exp(γ (u1u2 · · · un)), n ≥ 1,

and on the negative orbit ofz (the positive orbit relative toF = R−1) by

ν({Fnz}) =




δ2

L
, n = 0

δ2

L
· exp(γ (v1v2 · · · vn)), n ≥ 1.

Sincez ∈ O(β1(α)) andR has no periodic points, we see that

{Rnt | n ≥ 0} ∩ {Fnz | n ≥ 0} = ∅
and soν is well defined. It is clear thatν is a probability measure. We know from
Keane [Kea] that an IET is minimal if and only if it is positively minimal (i.e. positive
orbits are dense). SinceT is minimal, it follows thatν is positive on open sets.

We now define a mapφ : [0,1) → [0,1) by

φ(x) = ν([0, x)); φ(0) = ν({0}).
Sinceν is positive an open sets,φ is strictly increasing and so it has countable many
discontinuities. It is also clear thatφ is right semi-continuous. So the set

G = [0,1) \ φ([0, x))
is the union of countable many intervals of the type [a, b), which we will call gaps.

Define the maph : [0,1) → [0,1) by

h = φ−1 on [0,1) \G;
h(x) = φ−1(b) a ≤ x < b, for each gap [a, b) ⊂ G.

Sinceφ−1 is also right semi-continuous and increasing, it follows thath is continuous,
non-decreasing and onto. Since the gaps come from the atomic measureν at the orbits
of z and t , let us denote these gaps by

Gn = h−1(Rn−1t), n ≥ 1,

G−n = h−1(R−nz), n ≥ 0.

If we denote by|I | the length of an intervalI , then

|Gn| =




δ1/L · exp(γ (u1u2 · · · un−1)), n ≥ 2
δ1/L, n = 1
δ2/L, n = 0
δ2/L · exp(0(v1v2 · · · v|n|)), n ≤ −1.
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LEMMA 8.2. With the above notation, we have:
(a) Gn+1 = h−1Rh(Gn) for everyn 6= 0;

(b)
∞∑

n=−∞
|Gn| = 1.

Proof. (a) Supposen > 0. Sinceh(G−n) = R−nz we have thatRh(G−n) = R−n+1z, so

h−1Rh(G−n) = h−1(R−n+1z) = G−n+1.

On the other hand, sinceh(Gn) = Rn−1t we have thatRh(Gn) = Rnt and so

h−1Rh(Gn) = h−1(Rnt) = Gn+1.

(b)
∞∑

n=−∞
|Gn| = 1

L

[
δ2

∞∑
n=1

exp0(v1v2 · · · vn)+ δ2 + δ1 + δ4

∞∑
n=1

expγ (u1u2 · · · un)
]

= 1

L
[δ2L2 + δ2 + δ1 + δ1L1) = 1. �

Define the mapT : [0,1) → [0,1) in the following way:

T (Gn) = Gn+1 linearly, for each gapGn;
T (x) = h−1Rh(x) if x ∈ [0,1) \G.

It is clear thatT is one-to-one and it is onto by Lemma 8.2.

PROPOSITION8.3. There exists intervalsXi , i = 1,2,3,4,5, such that:
(a) Xi is half open,

⋃5
i=1Xi = [0,1) andXi ∩Xj = ∅ for i 6= j ;

(b) T ′ is constant on eachXi .

Proof. (a) Let us takeα = (α1, α2, α3, α4, α5) defined by

α1 = φ(0) = δ1

L
α2 = φ(β1(α))− φ(0)

α3 = φ(β2(α)
−)− φ(β1(α)), whereφ(β2(α)

−) = lim
x→β2(α)−

φ(x)

α4 = φ(β3(α))− φ(β2(α)
−)

α5 = 1 − φ(β3(α)).

Now takeXi = [βi−1(α), βi(α)), i = 1,2,3,4,5.
(b) SinceX1 = G0 andT is linear onG0, then

T ′ = |T (G0)|
|G0| = |G1|

|G0| = δ1

δ2
onX1.

Now take a gapGn ⊂ Xi , i 6= 1; thenGn 6= G0. If n > 0 we haveh(Gn) = Rn−1t and
un = i − 1, so

T ′ = |T (Gn)|
|Gn| = |Gn+1|

|Gn| = exp(γ (u1u2 · · · un))
exp(γ (u1u2 · · · un−1))

= exp(γ (i − 1)) onGn.
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FIGURE 1.

If n < 0 we haveh(Gn) = Rnz = F−nz and from Figure 1:
(1) if Rnz = F−nz ∈ Iα1 , thenF−n−1z ∈ Iα4 and sovn = 4;
(2) if Rnz = F−nz ∈ Iα2 , thenF−n−1z ∈ Iα1 and sovn = 1;
(3) if Rnz = F−nz ∈ Iα3 , thenF−n−1z ∈ Iα3 and sovn = 3;
(4) if Rnz = F−nz ∈ Iα4 , thenF−n−1z ∈ Iα2 and sovn = 2.
Thus we have exp0(vn) = exp(−γ (i − 1)), and so

T ′ = |T (Gn)|
|Gn| = |Gn+1|

|Gn| = exp(0(v1v2 · · · v|n|−1))

exp(0(v1v2 · · · v|n|))
= exp(−0(vn)) = exp(γ (i − 1)) onGn.

Now, since the sum of the lengths of the gaps is one,
∑∞

n=−∞ |Gn| = 1, then

|Xi | =
∑
k

|Gnk |,

where the sum is over thek’s for which Gnk ⊂ Xi . SinceT ′ = exp(γ (i − 1)) on each
Gnk ⊂ Xi andT is continuous onXi , then it follows thatT ′ = exp(γ (i − 1)) on Xi ,
i 6= 1. �
Remark 8.4.
(1) The value ofT ′ on eachXi is given by

δ1/δ2 on X1

exp(a0) on X2

exp(b0) on X3

exp(−c0) on X4

exp(−d0) on X5.
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(2) From Figure 1 we see also thatT exchanges the intervalsXi according to the
permutationπ = (13)(25).

COROLLARY 8.5. The map T above is a uniquely ergodic AIET such thatX1 is a wandering
interval.

Proof of Theorem 2.2. Let C be the connected component ofG∗ \ Gs containing the
eigenvectorv which has as approximate value

(0.24624, 0.540134, −0.732246, −0.333821),

as seen in§6.
Given γ̃ ∈ C, we can writeγ̃ = w + cv, wherew ∈ Gs andc > 0. Then, extending

γ̃ in the usual way, we have

γ (πn(i)) = (w + cv)Anr(i)

= (wn + cλnv)r(i)

= cλn(w′
n + v)r(i),

wherewn → 0 asn → ∞. So we can taken big enough so thatw′
n+k+v has components

(mn+k(1), mn+k(2), mn+k(3), mn+k(4)) which satisfy

mn+k(1) ≤ 0.25, mn+k(2) ≤ 0.55, mn+k(3) ≥ −0.73, mn+k(4) ≥ −0.33,

for all k ≥ 1. If we takeC = C(n) such that

1(πn(i)) ≤ C, i = 1, 2, 3, 4,

then Lemma 6.2 applies and, consequently, so does Proposition 6.3. The same can be
said of Lemma 8.2 and Proposition 8.3. So the construction above goes exactly the same
way, which gives us the theorem. �
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