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A minor-closed class of graphs is addable if each excluded minor is 2-connected. We see
that such a class A of labelled graphs has smooth growth; and, for the random graph R,
sampled uniformly from the n-vertex graphs in A, the fragment not in the giant component
asymptotically has a simple ‘Boltzmann Poisson distribution’. In particular, as n — oo the
probability that R, is connected tends to 1/A4(p), where A(x) is the exponential generating
function for A and p is its radius of convergence.

1. Introduction

We consider simple graphs. A class A of graphs is called decomposable (following
Kolchin [16, 17]) if a graph is in A if and only if each component is. We say that
A is bridge-addable if, for each graph in A and each pair u and v of vertices in different
components, the graph obtained by adding an edge joining u and v must also be in A4;
and it is addable if it is both decomposable and bridge-addable. (Note that that ‘bridge-
addable’ was called ‘weakly addable’ in McDiarmid, Steger and Welsh [25, 26].) A useful
result from the earlier of these papers is that, if A is bridge-addable, then

P[R, is connected] > ¢!, (1.1)

where R, €, A,, that is, R, is uniformly distributed over the set A, of graphs in A on the
vertices 1,...,n.

For most of the paper we consider classes of labelled graphs which are closed under
isomorphism. We say that such a graph class A is minor-closed if any minor of a graph
in A remains in A. (We discard any loops and parallel edges.) A graph H is an excluded
minor for a minor-closed class A if H is not in A but each proper minor of H is in .A. The
theory of graph minors (see Robertson and Seymour [31] or, for example, Diestel [11])
shows that for any minor-closed class the set of excluded minors is finite.

Let the class A of graphs be minor-closed. It is easy to see that A is decomposable
if and only if each excluded minor is connected, and A is addable if and only if each
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excluded minor is 2-connected. Bridge-addability is less well behaved, but note that A is
bridge-addable if each excluded minor has no cut-point or isolated edge (and conversely,
if A is bridge-addable then each excluded minor is bridgeless and so has minimum degree
at least 2). For example, the class of planar graphs is addable, with excluded minors the
complete graph Ks and the complete bipartite graph K33; and for any other surface S
the class G5 of graphs embeddable on S is bridge-addable but it is not decomposable.
For any class A of graphs, let A(x)= 2@0 |A,|x"/n! denote the corresponding
exponential generating function, and let p(A) denote its radius of convergence, that is,

—1
plA) = p(a) = (tim sup(.A,|/n)!/") .

n—0o0

We call A small if p(A) > 0. We say that 4 has growth constant y = y(A)if 0 < y < oo and
(A, /n)/" — 9 as n — co. If A has a growth constant then of course it must be 1/p(A).
The result of Norine, Seymour, Thomas and Wollan [28] shows that every proper minor-
closed class is small; and thus from Theorem 3.2 of McDiarmid, Steger and Welsh [26]
we immediately obtain the following basic counting result for an addable such class (see
also Bernardi, Noy and Welsh [6]).

Proposition 1.1. Each addable proper minor-closed class A of graphs has a growth con-
stant y = y(A).

For any class A of graphs let r, = n|A,_1|/|A,|. Then

liminfr, < p(A) < limsupr,.

n—00 n—0o0

If the ratio r, tends to a finite positive limit as n — oo, then that limit must be p(A), and
we say that the class A is smooth. Such a condition crops up, for example, in Bell, Bender,
Cameron and Richmond [3], Compton [10], McDiarmid, Steger and Welsh [25, 26], and
McDiarmid [20].

Some classes of graphs known to be smooth include trees (by Cayley’s counting
formula), forests (Rényi [29], see also Moon [27]), outerplanar graphs and series-parallel
graphs (Bodirsky, Giménez, Kang and Noy [7, 8]), planar graphs (Giménez and Noy [13]),
apex graphs of planar graphs (McDiarmid [20]), and several classes of graphs specified by
excluded minors: see Bernardi, Noy and Welsh [6], Bodirsky, Giménez, Kang and Noy [8],
Gerke, Giménez, Noy and WeiBll [12], and Giménez, Noy and Rue [14]. This is true also,
for example, for 2-connected planar graphs (Bender, Gao and Wormald [5]) and cubic
planar graphs (Bodirsky, Loffler, Kang and McDiarmid [9]) if we consider only even n. It
was shown very recently in Bender, Canfield and Richmond [4] that graphs embeddable
on any fixed surface S form a smooth class G5: we shall use the approach in that paper
to prove the following result, which improves on Proposition 1.1.

Theorem 1.2. Each addable proper minor-closed class of graphs is smooth.

This result was conjectured in Bernardi, Noy and Welsh [6]. Smoothness of A will allow
us to obtain detailed results about the asymptotic distribution of the fragments of R, €, A,
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not in the ‘giant’ component, as in the case of graphs on surfaces: see McDiarmid [20].
First we introduce a general distribution on the unlabelled graphs corresponding to a
small class of labelled graphs; we return to minor-closed classes in Theorem 1.5 below.
Given a graph G, let |G| denote the number of vertices of G, and let aut(G) denote the
number of automorphisms of G.

For any graph class A we let U/ A denote the corresponding unlabelled graph class, with
members the equivalence classes of graphs in A under isomorphism. Now let A be any
small decomposable class of (labelled) graphs which is closed under isomorphism, and
let A(x) be its exponential generating function. (This will be our general rule, so that a
class B of graphs will have exponential generating function B(x), etc.) If C denotes the
class of connected graphs in A then the ‘exponential formula’ is that A(x) = ‘™. (By
convention the empty graph § is in A and not in C.) As we shall observe at the begmmng
of Section 3, we may also write A(x) in terms of the set U/ A of unlabelled graphs in A as

A i 12

(x) HgA PTTIIR (1.2)

If we choose p > 0 such that A(p) is finite, then we may obtain a natural ‘Boltzmann
Poisson distribution” on U.A: see equation (1.3) below.

We need more notation to record some of the remarkable properties of this distribution.
Let k(G) denote the number of components of a graph G; for a connected graph H let
k(G,H) denote the number of components of G isomorphic to H; and for a class D
of connected graphs let x(G, D) denote >, ,p K(G, H), the number of components of
G isomorphic to some graph in D. The notation X ~ Po(41) means that the random
variable X has (precisely) the Poisson distribution with mean /4. Recall that a sum
of independent Poisson random variables Po(4;) has distribution Po(}_; 4;), as long as

Zi /11' < 0.

Theorem 1.3. Let A be any decomposable class of graphs which is closed under isomorph-
ism, let p > 0 be such that A(p) is finite, and let .(H) = aut;; for each graph H in UA. Let
the ‘Boltzmann Poisson random graph’ R = R(A, p) take values in UA, with

AMH)

P[R = H] = TP) for each H € UA. (1.3)

Also, let C denote the class of connected graphs in A. Then the random variables k(R, H)
for H € UC are independent, with k(R, H) ~ Po(A(H)).

In particular, since C(p) = > pcye AH) (by equation (1.2) applied to C) we have
K(R) ~ Po(C(p)). Let us record this as a corollary.

Corollary 1.4. The random number k(R) of components of R satisfies k(R) ~ Po(C(p)).
Recall that a random variable X is discrete if it takes values in a countable set B, where

the distribution may be specified by the values P[X = b] for b € B. For discrete random
variables X and Y, the total variation distance dry(X,Y ) is % > pep PIX = b] —P[Y =b]|.
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Given discrete random variables X, X, X»,... we say that X, tends to X in total variation
as n — oo, and write X,, -7y X, if dry(X,, X) — 0 as n — co. It is easy to check that this
happens if and only if P[X,, = b] - P[X = b] as n — oo for each b € B; that is, if and
only if we have pointwise convergence of probabilities.

The big component Big(G) of a graph G is the (lexicographically first) component with
the most vertices, and Frag(G) is the fragments subgraph induced on the vertices not in
the big component (which may be empty). (We have changed from the name Miss(G)
used in McDiarmid [20].) We denote the numbers of vertices in Big(G) and Frag(G) by
big(G) and frag(G) respectively, so big(G) + frag(G) equals the number of vertices of G.
Observe from the last theorem that P[big(R) < n] = exp(— Zj>n |Cj\pj/j!). (It is clear
what big(H) means for an unlabelled graph H, though it is less obvious how to define
Big(H).)

We focus on the limiting distribution of the random graph Frag(R,). It is convenient
to deal with the random unlabelled graph F, corresponding to Frag(R,). The following
theorem and corollary, which are proved in Section 4 below, should be compared with
the labelled part of Theorem 2 of Bell, Bender, Cameron and Richmond [3], and see also
Compton [10].

Theorem 1.5. Let A be an addable proper minor-closed class of graphs, and let p = p(.A).
Then 0 < p < oo and A(p) is finite; and for R, €, A, the random unlabelled graph F,
corresponding to Frag(R,) satisfies F,, =1y R, where R is the Boltzmann Poisson random
graph for A and p defined in (1.3) above. Further, E[|R[] is finite.

Corollary 1.6.

(a) For any given distinct Hy,...,Hy in UC, the k random variables k(F,, H;) are asymptot-
ically independent with distribution Po(/(H;)).

(b) For any class D = C of connected graphs in A, we have x(F,, D) -1y Po(D(p)), and
each moment of k(F,, D) tends to that of Po(D(p)).

(c) As a special case of part (b), kK(R,) =1y 1+ Po(C(p)), and as n — oo we have P[R, is
connected] — =€) = A(p)~!, E[k(R,)] — 1 + C(p), and the variance of k(R,) tends to

C(p).
(d) The random numbers of vertices satisfy |F,| =7y |R|; that is, for each non-negative
integer k,
1 k
PIF,| = k] — A0 IA;;I!p as n— .

Note that Theorem 1.2, together with the result from part (c) above that P[R, is
connected] tends to a non-zero limit as n — oo, shows that C is smooth.

Let F denote the class of forests. Then for R, €, F, it is known that P[R, is connected]
SeTrasn — o (Reényi [29]; see also Moon [27]). Now consider any bridge-addable class
A of graphs, and let R, €, A,. It was conjectured in McDiarmid, Steger and Welsh [26]
that (if A is also closed under isomorphism) then the inequality (1.1) could be improved
asymptotically to P[R, is connected] > (1 + 0(1))e_%. For progress on this conjecture see
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Balister, Bollobas and Gerke [2] and Addario-Berry, McDiarmid and Reed [1]. Part (c) of
the corollary above shows that, in the special case of an addable minor-closed graph class,
P[R, is connected] tends to a limit as n — oo, and identifies this limit as e=€(") = 1/A4(p):
however, it is not clear if this helps to establish the conjecture for this case.

Consider a simple example which provides a contrast to Theorem 1.5 and Corollary 1.6.
Let C be the class of paths, and let A be the class of path forests (forests in which every
component is a path). Clearly |C,| =n!/2 so C has growth constant 1, and thus A also
has growth constant 1 by the exponential formula. Observe that .4 is minor-closed and
decomposable but not bridge-addable, and so Theorem 1.5 does not apply: indeed the
conclusions of that theorem do not hold, and in particular A(p) is clearly infinite. Further,
for R, €, A, we have (McDiarmid [22]) that

v/2/n k(R,) = 1 in probability as n — oo. (1.4)

Similar results hold, for example, for caterpillar forests, which have growth constant ¢ ~
1.76: see the last paper and Bernardi, Noy and Welsh [6].

There is an ‘appearances theorem’. Let H be a graph with vertex set {1,...,h}, and let G
be a graph on the vertex set {1,...,n} where n > h. Let W < V(G) with |W| = h, and let
the ‘root’ ry denote the least element in W. We say that there is a pendant appearance of
H at W in G if (a) the increasing bijection from {1,...,h} to W is an isomorphism from
H to the induced subgraph G[W] of G; and (b) there is exactly one edge in G between W
and the rest of G, and this edge is incident with the root ry . (The word ‘pendant’ was not
used in McDiarmid, Steger and Welsh [25, 26], but is added here for clarity.) Immediately
from Theorem 5.1 of [26] we have the following result.

Theorem 1.7. Let A be an addable proper minor-closed class of graphs, let R, €, A,, and
let H be a fixed connected graph in A. Then there is a constant o > 0 such that with
probability 1 — e~ there are at least on pairwise vertex-disjoint pendant appearances of
H in R,.

Corollary 1.8. Given an addable proper minor-closed graph class A, there is a constant o >
1 such that Plaut(R,) > o"] = 1 — e "),

To see why the corollary follows, take H as a 3-vertex path, rooted at the centre
vertex. By the theorem, there is a constant « > 1 such that, with probability 1 —e="),
R, has at least an pairwise disjoint pendant appearances of H and so has at least 2*"
automorphisms. A corresponding upper bound is given in McDiarmid [21], where it is
shown that, given A as here, there is a constant f > 1 such that E[aut(R,)]"/" — f as
n — co. Thus, for example, P[aut(R,) > (28)"] = e %",

Let us briefly consider Hadwiger’s conjecture, which proposes that, for each positive
integer t, each graph with y(G) > t has a minor K;: see, for example, Diestel [11]. It is
known (Robertson, Seymour and Thomas [30]) to hold for each ¢t < 6. Now fix an integer
t > 7, and let Ex(K;) denote the addable class of graphs with no minor K,. If Hadwiger’s
conjecture holds for ¢, then for each graph G in Ex(K;) we of course have y(G) <t—1.

https://doi.org/10.1017/50963548309009717 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548309009717

588 C. McDiarmid

But if Hadwiger’s conjecture fails for ¢, then Theorem 1.7 shows that it should be ‘easy’
to find a counterexample: for if R, €, Ex(K,), then y(R,) > t with probability 1 — =",

Since by Theorem 1.2 the class .4 in Theorem 1.7 above is smooth, elementary counting
yields a more precise new version of that result.

Proposition 1.9. Let A be an addable proper minor-closed class of graphs, let p = p(A),
and let R, €, A,. Let H be a fixed connected graph in A, and let X,(H) be the number of
pendant appearances of H in R,. Then X,(H)/n — pHl/|H|! in probability as n — oo.

The same result holds if we count disjoint appearances. Indeed, if X,(H) denotes the
number of pendant appearances of H in R, that share a vertex or the root edge with
some other pendant appearance of H, then E[X,(H)] = O(1).

There are related results for unlabelled graphs, some of which are discussed in
McDiarmid [21]. A major gap at present for unlabelled graphs is that there is no
known ‘smoothness’ result corresponding to Theorem 1.2 above.

2. Proof of smoothness

In this section we shall show that, if A is an addable proper minor-closed class of graphs,
then the class C of connected graphs in A is smooth, and later that A itself is smooth.

The core of a graph G, denoted by core(G), is the unique maximal subgraph (which
may be the empty graph () with each degree at least 2. We call a class A of graphs
trimmable if, for each graph G and leaf v in G, G is in A if and only if G —v is in A.
Thus, for a trimmable graph class, to tell if a graph is in the class it does not matter if
we repeatedly ‘trim’ off leaves. Note that an equivalent definition of 4 being trimmable
is that G is in A if and only if core(G) is in A. (By convention the empty graph § is in
A.) Also, a minor-closed class has this property if and only if each excluded minor has
minimum degree at least 2.

We let core(A) be the set of all graphs of the form core(G) for some G € A. Observe
that if A is trimmable then core(A) equals the set of all graphs in A with each degree at
least 2.

Lemma 2.1. Let the class A of graphs be trimmable, and let C be the class of connected
graphs in A. Let B be the class of connected graphs in core(A), and assume that B has
growth constant y(BB) such that 1 < y(B) < co. Then C is smooth.

Proof. We shall use Theorem 1 of Bender, Canfield and Richmond [4]. Let R and 7
denote the classes of rooted and unrooted trees respectively, with exponential generating
functions R(x) and T(x) respectively. Let B(x) be the exponential generating function
for B (with B(0) =0). Then the exponential generating function C(x) for C satisfies
C(x) = B(R(x)) + T(x). To see this, observe that each graph in C is either a tree or it may
be obtained in a unique way from its core by substituting a rooted tree at each vertex.
Recall that p(R) = 1/e and R(1/e) = 1, and by assumption 0 < p(B) < 1. Hence R(s) =
p(B) for some 0 < s < p(R); that is, condition (c) of Theorem 1 in [4] holds. Hence, by
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that result, the coefficients of B(R(x)) are smooth; that is, if g,/n! is [x"]B(R(x)) then
ngu—1/g» tends to a limit (which is s) as n — co. Hence, since p(7) = 1/e > s (or since 7
is smooth), it follows that C is smooth. U]

We may base a direct combinatorial proof of this lemma on the ideas in Bender,
Canfield and Richmond [4]; and indeed then we may learn more, in particular about the
typical order of the core: see McDiarmid [23].

Given a graph G, let us say that a G-tree is a connected graph obtained by starting
with some number n of disjoint copies of G and adding n — 1 edges in a ‘tree structure’.
Thus a Ci-tree is a connected graph such that removing all bridges leaves a collection of
disjoint k-cycles Cy.

Lemma 2.2. Fix an integer k > 3. Let a, be the number of Ci-trees on vertices 1,...,n.
Then
ay C ek :
(%) ~(3) =1

Proof. Note that a, is the product of (i) the number of ways of partitioning {1,...,n}
into k-cycles, (i) the number of trees on n/k vertices, and (iii) the factor (k?)"/=1 to
account for the k? choices of end points for an edge between two given k-cycles. Thus,
for k|n we have

as n — oo with kn.

Hence
G _ (1) (DFRE
n! k ()(2k)E
(Y 2\ 7
() \2
1 3
~ n_2 1 1 n (k>
Qmt (it \2
n_% i % % ;\l
21 2)°
which yields the lemma. U]

As may be seen from the proof, we could replace C; above by any connected graph

1
G with aut(G) < e|G|* and still find that (%)” tends to a limit > 1. We shall also need
below that G has all degrees at least 2.
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Lemma 2.3. Let the class A of graphs be small, addable, trimmable and contain some cycle
Cy. Then the class C of connected graphs in A is smooth.

Proof. Let B be the set of connected graphs in core(A). Since core(.A) is small and
addable, it follows by Theorem 3.3 of McDiarmid, Steger and Welsh [25] that it has a
growth constant y, and by (1.1) that |B,| > |core(A),|/e; and so B also growth constant y.
But B contains all Ci-trees, so y > 1 by the last lemma. Lemma 2.1 now shows that C is
smooth. L]

Every addable minor-closed class is trimmable, so we may use the last lemma to prove
the following.

Lemma 2.4. Let A be an addable proper minor-closed class of graphs, and let C be the
class of connected graphs in A. Then C is smooth.

Proof. We know that the class 7 of trees is smooth. Since A contains the class F of
forests, we may assume without loss of generality that this containment is strict and so
the 3-cycle Cs is in \A. The result now follows from the last lemma. ]

The next two lemmas show that frag(R,) is typically small. Both lemmas concern a
bridge-addable class of graphs: in the second lemma we assume also that the class is
minor-closed and we learn more.

Lemma 2.5. Let A be a bridge-addable class of graphs, and let R, €, A,. Then frag(R,)
is tight; that is, for any € > 0 there is a k such that

P[frag(R,) > k] <€ for all n.

Proof. We use Theorems 2.2 and 2.5 of McDiarmid, Steger and Welsh [25]. By the latter
result, for any positive integer s, the probability that R, has more than one component of

size > s is at most
1
P{Po( >>1}=1—e¢1 <e/2
s+ 1

if s is sufficiently large. By the former result, for any positive integer k,

1
PIk(Re) > k 4+ 1] < PIPo(1) > k+ 1] < sy < /2

if k is sufficiently large. But if a graph G has at most one component of size > s and
k(G) < k + 1, then Frag(G) consists of at most k components each of order at most s, and
so frag(G) < ks. Thus P[frag(R,) > ks] < € as required. ]

Lemma 2.6. Let A be a bridge-addable minor-closed class of graphs, and let R, €, A,.
Then there is a constant ¢ such that E[frag(R,)] < ¢ for all n.
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Proof. We may assume that A is proper, since for the class of all graphs we have
E[frag(R,)] = o(1), as is well known and easy to see. By a result of Mader [19] (see
also, for example, Diestel [11]), for any positive integer k there is a constant ¢ such that
every graph with average degree at least ¢ has a minor K. Hence, since A is proper and
minor-closed, there is a constant ¢ such that each graph in .4 has average degree at most
c. But then by Lemma 4.4 of [20], since A is bridge-addable,

Effrag(Ry)] < (2/n) E[IE(Ry)|] < (2/n)(cn/2) = ¢

for all n. ]

Given a class A of graphs and a graph H in A we say that H is freely addable to A if,
given any graph G disjoint from H, the union of G and H is in A if and only if G is in A.
Observe that A is decomposable if and only if each graph in A it is freely addable to A.

Recall that G5 denotes the class of graphs embeddable on a given surface S; and note
that G is bridge-addable, and the graphs freely addable to G° are precisely the planar
graphs. Note also from McDiarmid [20] that, for R, €, G5, w.h.p. Frag(R,) is planar.

Lemma 2.7. Let the class A of graphs be bridge-addable, and let B denote the class of all
graphs freely addable to A. Suppose that, for R, €, A,, w.h.p. Frag(R,) € B. Let C be the
class of connected graphs in A, let p = p(C), and suppose that C is smooth. Then B(p) is
finite, and A is smooth.

The proof in [4] that the class G5 of graphs embeddable on S is smooth shows that
the class C = C5 of connected graphs in G° is smooth and then that GS itself is smooth.
The above lemma allows us to deduce directly that G5 is smooth from the fact that C is
smooth.

Proof of Lemma 2.7. Let a, = |A,|, b, =|B,| and ¢, = |C,|. We shall show that B(p)
is finite and a, ~ B(p)c,, from which it will follow immediately that A is smooth. Let
0 < n < 1. Then we are to show that B(p) is finite, and for n sufficiently large,

(I =n)B(p)en < an < (14 1)B(p)cy. 2.1)

Let 0 < e < 1/(e+2) be such that (1 —2¢)~'(1 +€) < 1+nand (1 —e)> > 1—n. By our
assumptions and Lemma 2.5, we may fix positive integers k and ng sufficiently large that
le-:() bjp’/j! is at least (1 —€)B(p) if B(p) is finite, and is at least e + 2 otherwise; and
P[frag(R,) > k] < € and P[Frag(R,) ¢ B] < € for all n > nyg. Let ny > ny be sufficiently
large that for all n > ny, the ratio 7, = nc,_/c, satisfies

(1—e)V*p <7, < (14 €)% p.
(n)j("u—j

Then, for each n > n; +k and each j =1,...,k, since e = H{:] Fu_ir1 We have

(n)jcn

(1—e)p! < =< (1+e)p’.

n
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Denote Z ( Nbjcn— by d,. Then @, = ¢, ZI;ZO %%, and so for each n > n; +k we

have &, < (1+e€)c, Z] 07 ,pf and a, > (1 —e)c, Z?:o %pf.
We may now see that B( ) is finite. For suppose not. Then, for each n > ny; +k,

an 2 an 2 (1 - 6)(6 + Z)Cn 2 (6 + l)cn~

But since A is bridge-addable, by (1.1) the probability that R, is connected is at least 1/e,
and we obtain the contradiction thate- ¢, > a, > (e+ 1) - ¢,. Hence B(p) must be finite.
From the above we have @, < (1 + €)c,B(p), and &, > (1 — €)>c,B(p). But

a, =y + |{G € A, : frag(G) > k or Frag(G) ¢ B}|.
Thus a, < a, + 2ea,, and so
ay < (1—=2e)""a, < (14n)eaB(p);
and
an >ty > (1 — €)’cyB(p) > (1 — n)cuB(p).
So (2.1) holds and we are done. ]

Proof of Theorem 1.2. We may now read the theorem off from Lemma 2.4 and Lemma 2.7
with A addable, since then Frag(R,) is always in A, and each graph in A is freely addable
to A. Ul

3. Distribution of the random graph F

Let us first check equation (1.2). Recall that the class A of graphs is closed under
isomorphism. We identify an unlabelled graph on n Vertices with an equivalence class of
graphs on {1,...,n}. Since each graph H € UA consists of - m graphs G € A, we have

M 5 auti) M ﬁ
aut(H) |H|! aut(H) & |G|!
Thus
A= 3 Z Z\ \ S LI
z = _—
HeU A GEH | HeU A aUt(H)

Proof of Theorem 1.3. Each sum and product below is over all H in UC. Let the
unlabelled graph G consist of ny components isomorphic to H for each H € UC, where
0< > ynu < oo Then

p\G\ — Hp\HInH
H

and

aut(G) = Haut(H Vg !,
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Also, since Y, A(H) = C(p) by (1.2) applied to C,
1 o—Clo) — —(H)
— e
10 -11

Hence

G
P[F = G] = =€) e

= [[PPo(i(H)) = na].
H

Thus the probability factors appropriately, and the random variables «(F, H) for H € UC
satisfy

Pk(F.H) = ny VH € UC) = [ [ Px(F. H) = ny].

This holds for every choice of non-negative integers ny with ), - hp < o0, and thus
also without this last restriction (since both sides are zero if the sum is infinite). This
completes the proof of the theorem. |

4. Completing the proofs

It remains to prove Theorem 1.5 and Proposition 1.9. Recall that we use the notation
J(H) = p'Hl / aut(H) for each graph H, where p > 0 is given; and A(z) for the exponential
generating function of A and so on. Also, let r, = n|A,_1|/|A,|, and assume that | A,| & 0
when necessary. Further, recall the notation (n), =n(n—1)---(n —k 4+ 1). The following
lemma is essentially Lemma 5.1 of McDiarmid [20].

Lemma 4.1. Let A be any class of graphs and let p > 0. Let Hy,...,H,, be pairwise
non-isomorphic connected graphs, each freely addable to A. Let ky,...,k, be non-negative
integers, and let K =" ki|H;|. Then, for R, €, Ay,

m m K
E[H( (R, H; )k] HA(H Vo TT0nss1/p).
— j=1

i=1

When we add the assumption that A4 is smooth, we find convergence of distributions.

Lemma 4.2. Let the graph class A be smooth, and let p = p(A). Let Hy,...,H,, be a fixed
family of pairwise non-isomorphic connected graphs, each freely addable to A. Then, as
n — oo the joint distribution of the random variables k(R,, Hy),...,k(R,, Hy,) converges in
total variation to the product distribution Po(A(H;)) ® -+ ® Po(A(Hy)).
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Proof. Since r, — p as n — oo, by the last lemma,

| [T ek i | = T i
i=1 i=1
as n — oo, for all non-negative integers ky,. .., k,. A standard result on the Poisson distribu-
tion now shows that the joint distribution of the random variables x(R,, Hy), ..., k(R,, H,)
tends to that of independent random variables Po(A(H})),...,Po(A(H,,)): see, for example,
Lemma 5.4 of McDiarmid, Steger and Welsh [25], or see Janson, Euczak and Rucinski [15].
Thus, for each m-tuple of non-negative integers (t1,..., %),

Pli(Ry, Hy) = t; Vil > [ [ Pl(Ry, Hy) = ] as n — oo;

and so we have pointwise convergence of probabilities, which is equivalent to convergence
in total variation. Ul

We now add further assumptions, and find that for R, €, A, the probability that R, is
connected tends to a limit. The following lemma parallels Lemma 2.7. Just as that lemma
shows that, under suitable conditions, if the class C of connected graphs in A is smooth
then the class A is smooth, the lemma below shows the converse result that if A is smooth
then C is smooth.

Lemma 4.3. Let the graph class A be bridge-addable; let p = p(A); let B denote the class
of all graphs freely addable to A; and suppose that, for R, €, A,, w.h.p. Frag(R,) € B. Let
C and D be the classes of connected graphs in A and B respectively. Suppose that A is
smooth. Then B(p) and D(p) are finite; k(R,) =1y 1+ Po(D(p)), and in particular

Pr[R, is connected] — e P =1/B(p) as n— oo,

and so C is smooth.

Proof. We follow the method of proof of Theorem 3.2 of McDiarmid [20]. We first
show that D(p) is finite. By Lemma 2.5 we may choose a (fixed) k sufficiently large that
P[frag(R,) > k] < % for all n, and P[Po(2k) > k] > % Suppose that D(p) > 2k + 1. Then
by (1.2) there are distinct Hy,..., H,, in UD such that Y, A(H;) = 49 > 2k. It follows by
Lemma 4.2 that, for n > k max; v(H;),

> Plfrag(R) > K > B3 k(R i) > K| = FlPoCia) > K] >

i=1

1 2
3 3
as n — oo, a contradiction. Hence D(p) is finite, and so B(p) is finite too.

Now let A = D(p). Let k be a fixed positive integer and let € > 0. We want to show that
for n sufficiently large we have

|P[k(Frag(R,)) = k] — P[Po(1) = k]| <e. 4.1)
By our assumptions, there is an ng such that, for each n > ny,

P[frag(R,) > ng] + P[Frag(R,) ¢ B] < €/3. 4.2)
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List the graphs in YD in non-decreasing order of the number of vertices as Hy, Hy,....
For each positive integer m let A™ = Y% i(H;). Note that D(p) = > meun MH) by (1.2)
applied to D. Thus we may choose n; > ng such that, if m is the largest index such that
v(H,;) < ny, then

IP[Po(2) = k] — P[Po(A™) = k]| < €/3. (4.3)

Observe that for any graph G with more than 2n; vertices, if frag(G) < ng and Frag(G) € B,
then x(Frag(G)) is the number of components of G isomorphic to one of Hy,..., H, (that
is, with order at most ny). Let X,, denote the number of components of R, isomorphic to
one of Hy,...,H,,. Let n > 2ny. Then

|P[x(Frag(R,))=k]—P[X,=Kk]| < P[frag(R,)>no] + P[Frag(R,) &€ B] < €/3. (4.4)
But by Lemma 4.2, for n sufficiently large,
IP[X, = k] — P[Po(A"™) = k]| < €/3,

and then by (4.3) and (4.4) the inequality (4.1) follows. Thus we have shown that
k(R,) =1y 1 4+ Po(D(p)), and in particular

ICyl/|An| = P(R, is connected) — e P as n — 0. 4.5)

Finally observe that since A is smooth, and |C,|/|A,| tends to a non-zero limit as n — oo
(namely e~P), it follows that C is smooth. O

The next lemma has similar premises to Lemmas 2.7 and 4.3, and obtains further
conclusions.

Lemma 4.4. Let A be bridge-addable; let p = p(A), let B be the class of graphs freely
addable to A; and suppose that Frag(R,) € B w.h.p. where R, €, A,. Let C be the class of
connected graphs in A. Assume that either A or C is smooth. Then both A and C are smooth;
B(p) is finite; and the unlabelled graph F, corresponding to Frag(R,) satisfies F, -7y F,
where

P[F =H] = % for each H € UB.

Proof. Lemmas 2.7 and 4.3 show that both A and C are smooth, and that B(p) is finite.
Let a, = |A,| and ¢, = |C,|. Let D be the class of connected graphs in 5. By Lemma 4.3,

cn/ay — e P =1/B(p) as n— 0. (4.6)

Given a graph G on a finite subset V' of the positive integers let ¢(G) be the natural copy
of G moved down on to {1,...,|V|}; that is, let ¢(G) be the graph on {1,...,|V|} such
that the increasing bijection between V and {1,...,[V|} is an isomorphism between G and

»(G).
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Let H be any graph in B on {1,...,h}. Then

PWH%mm:m:<DCH

ap
_ Cn—h i
An—h h! ap
_ Cn—n l
h!

Ap—h
h
~D(p) P_
BARTE
as n — oo by (4.6) and the fact that 4 is smooth. Now, by symmetry,
h!
P[F, = H] = ——— P[¢(F R,)) = H],
[Fy = H] = o Blp(Frag(Ry) = H]

and hence, as n — oo,

h
P[F, ~ H] — ¢ 20— _ pyF ~H).
[F, = H) = ) o = Pr(r = )

Thus, for each H € UB, as n — oo we have P[F,, = H] —» P(F = H); that is, F, —»ry U.[]
We need one last lemma to complete the proof of Theorem 1.5.

Lemma 4.5. Let A be an addable proper minor-closed class of graphs, and let C be the
class of connected graphs in A. Let p = p(A) (= p(C)). Then A'(p) and C'(p) are finite.

Proof. Note that 0 < p < co. By the familiar ‘exponential formula’ A(x) = e, it suffices
to show that C'(p) is finite.

By Lemma 2.6, there is a constant ¢ such that E[frag(R,)] < ¢ for all n. Suppose that
C'(p) = (¢ + 3)/p. Then by (1.2) applied to C, there are distinct Hy, ..., H,, in UC such that
SOy |Hil A(H;) = o > ¢+ 2. Let ng = max; |H;|. Then

m

Elfrag(R,)] > E {Z (Hi| K(R,, H»] — ngPlbig(R,) < nol.
i=1

Now A is smooth by Theorem 1.2. Thus, as n — oo,

E [Z H,-|K<Rn,H,-)} —

i=1
by Lemma 4.2, and by Theorem 2.2 of McDiarmid, Steger and Welsh [25],

P[big(Ry) < no] < P[k(Ry) = n/no] < P[Po(1) = n/ng — 1] = o(1).
Hence E[frag(R,)] >a—1>c+1 for n sufficiently large, contradicting our choice

of c. ]

Proof of Theorem 1.5. We may deduce the theorem from Theorem 1.2 and Lemma 4.4
(with B = A), on noting that |F| has mean p C’(p), which is finite by the last lemma. []
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Proof of Corollary 1.6. The only thing that does not follow directly from the fact that
F, —»ry F is the convergence of the moments in part (b) (which yields the results on
moments in part (c)). But 0 < x(Fy,, D) < x(R,) — 1 < Po(1) in distribution by Theorem 2.2
of McDiarmid, Steger and Welsh [25], and so convergence for the jth moment follows
from convergence in total variation. U]

Proof of Proposition 1.9. Observe first that

E[X,(H)] = (Z) (n—h) 'f;’(""

Now consider E[(X,(H)),]. For each graph G on {1,...,n}, let Y;(G, H) be the number of
ordered pairs of appearances in G of H with disjoint vertex sets, and such that the roots
are not adjacent; and let Y>(G, H) be the number of ordered pairs of appearances in G
of H such that either the vertex sets meet or the roots are adjacent. Thus (X,,(H ))2 =
Yi(R,, H) + Y5(R,, H). Now

~ np"/h!.

(n)2n 2 [An—2n]
E[Y1(R,,H)] = —=(n—2h ~
(Y (Ry, H) = (s (n = 2020
But a graph G of order at most 2h either consists of two appearances of H with adjacent
roots (and then G has exactly two appearances of H), or the number of appearances of
H is at most the number of bridges in G. Thus Y,(G, H) is at most 2h times the number

of components of G of order at most 2h, which is at most 2hx(G); and so

(np" /1),

E[Y2(Ry, H)] < 2hE[x(R,)] < 4h
since E[r(R,)] < 2 by Theorem 2.2 of McDiarmid, Steger and Welsh [25]. Hence
E[(X,(H))] = E[Yi(Ro, H)] + O(1) ~ (np" /h!)*.

Thus the variance of X, (H) is o(E[(X,(H))?]), and the result follows by Chebyshev’s
inequality. U]

Finally, consider the remark following Proposition 1.9, concerning disjoint pendant
appearances. By the above proof, it suffices to note that, in any graph G, the number
of pendant appearances of H that share a vertex or edge with some other pendant

appearance is at most Y»(G, H), and so E[X,(H)] < E[Y>(R,, H)] = O(1).

5. Concluding remarks

We have found that each addable proper minor-closed class A of graphs is smooth,
and found various properties of the random graph R, €, A,, but many questions are
left open. For example, we know that the average degree of graphs in A is bounded:
does the average degree of R, tend in probability to a constant? Is the number of edges
asymptotically normal, apart from the case when A is the class of forests? Does the giant
component Big(R,) have diameter of order \/ﬁ w.h.p.? Is the maximum degree O(logn)
w.h.p.? (This is true for the graphs embeddable on a fixed surface; McDiarmid and
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Reed [24].) For which A is the maximum degree O(logn/loglogn) w.h.p.? For which .4
is there w.h.p. a unique block of linear size?

What happens if we weaken the assumption of addability to, say, bridge-addability? A
natural example to consider is the class of graphs embeddable on a fixed surface. This
class is smooth (Bender, Canfield and Richmond [4]) as we noted earlier, and we may use
Lemma 4.4 to show that, for random R, from this class, Frag(R,) behaves as for planar
graphs: see McDiarmid [20]. Another natural example to consider is the class Ex(2C3)
of graphs with no two vertex-disjoint cycles. (Here 2C; denotes the graph consisting of
two disjoint triangles.) It is shown in Kurauskas and McDiarmid [18] that this class is
smooth, and again we may use Lemma 4.4 to show that, for random R, from this class,
Frag(R,) behaves as for forests. Now, however, w.h.p. the maximum degree A(R,) ~ n/2.
(The last paper also considers Ex(kC3;) and Ex(kCy), for example.)

Does every minor-closed class of graphs have a growth constant (as conjectured in
Bernardi, Noy and Welsh [6]), and indeed is every such class smooth? What can we
say about corresponding questions for unlabelled graphs? We noted earlier that some
results are given in McDiarmid [21], but, in particular, is there a ‘smoothness’ result
corresponding to Theorem 1.2 above?
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