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Abstract This paper studies a special system\etoupled oscillators under white noise.

It is shown that we can get a positive recurrent diffusion process by winding the solution
of this system on a cylinder along a special direction. Thus defining the rotation number
as the limit of the frequency of the oscillator, we can prove that the rotation number exists
and the frequency locking is successful no matter how large the white noise is.

1. Introduction

The dynamical behaviour of various systems of coupled oscillators has caused much
interest in recent years. Such systems are used in describing the behaviour of real physical
phenomena such as the motion of Josephson junction arzhy@l the modelling of
oscillating chemical reactions3]. They are also used in neural networks for pattern
recognition to simulate our brains’ binding ability which connects separate information
such as images, voices, colours, etg, 9.

The systems of coupled oscillators with the property of frequency locking have uses
in the segmentation of connected images, i.e. if each segment is represented by locally
coupled oscillators and different segments are decoupled, then all oscillators within
one segment go to a common limit frequency by the frequency-locking property. The
segmentation can be done by choosing proper initial frequencies such that different
segments have different limit frequenci&g [The following special system was considered
in [4]:

¢1=—sing1 + K(¢2 — 1) + I

¢2 = —sing, + K (¢1 + ¢p3 — 2¢2)

R (1.1)
¢j=—sing; + K(¢pj—1+ ¢j+1— 2¢;)

dn = —singy + K (pn—-1 — ¢n)
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where¢; (1 < j < N) is the phase angle of thgh oscillator,7 > 0 andK > 1.
This is a system ofV oscillators with nearest-neighbour coupling on a line. It was
shown in B] that for any solutiond (r) = (¢1(1), p2(1), ..., ¢ ()T of (1.1) the limits
im0 ¢;(@)/t(j =1,2,..., N) are convergent, identical and independent of the initial
values ofg;(0)(j = 1,2,...,N). So in the definite case all the oscillators tend to
oscillate with the same frequency after a sufficiently long period of time, that is to say,
the frequency locking is successful. The rotation number of this system was defined as
im0 ¢1(2) /21

Dynamical systems of coupled oscillators are simulated by computers in practical use.
If small stochastic perturbations cause the frequency-locking property of definite systems
to disappear, the segmentation may fail because there are always some errors on computers.
So it is necessary to consider the stochastic perturbed dynamical systems of coupled
oscillators. Some simulations made on computers show that some systems which have
the frequency-locking property in definite cases keep this property under small stochastic
perturbations.

In this paper, a white noise is introduced to system (1.1). To be precise, we consider a
stochastic system of coupled oscillators as follows:

dp1(t) = (—sing1 + I1 + K (¢2 — ¢1)) dt + D dW1(r)
deo(t) = (=Sing2 + I + K (¢1 + ¢p3 — 2¢2)) dt + D dWa(t)

s
dg;(1) = (~Sing; + 1; + K ($;-1+ dj1— 26;)) di + DAW; (1) 2

den(t) = (=singy + Iy + K(py—1 — ¢n))dt + DdWy (1),

where¢;(1 < j < N) is the phase angle of thgth oscillator under white noise,
Ii ¢« R(j = 1,2,...,N), K and D are two positive constants and/(r) =
(W1(2), Wa(2), ..., Wn(@))T is a Brownian motion oRY. If D = 0 andlb = I3 =
-+ = Iy = 0 then system (1.2) is nothing but system (1.1).

We will prove that the frequency-locking property of system (1.1) is invariant under
white noise, i.e. for any solutio® (1) = (¢1(1), $2(t), ..., opn ()T of (1.2), (P;()/1)
(j =1,2,..., N) are convergent and the limits are identical and independent of the initial
values of¢;(0) (j = 1,2,..., N) no matter how largeD is. So the frequency locking
is still successful in this case and we can define the rotation number of the system as
V =1lim;_co ¢p1(2)/2mt.

Obviously, the solutior{®(#)},>0 of (1.2) is a diffusion process oR". In §2, we
prove that a positive recurrent diffusion process can be obtained by wifdifg},>0 on
a cylinder along a special direction. In 83, we define the rotation number and prove its
existence by ergodicity.

2. Positive recurrence
Rewrite the system in matrix form

d® = (F(® (1)) — KM® (1)) dt + D dW(1), (2.1)
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in which
. 1 -1 O 0
$1 —sing1 + 11 1 2 1 0
$2 —singz + I2
o= . |. F@®= ) s, M=19o . . . 0
’ L o ... -1 2 -1
2 —Singy + Iy 0 ... 0 -1 1
Here® e RY, F is a non-linear mapping froR" to RN’ andM is aN x N tridiagonal
matrix.
Obviously,M can be diagonalized by an orthonormal maRix (p;;)nxn-
O 0 o ... O
O » 0 ... O
PPMP=D=|0 0 2 ... O (2.2)
0O 0 0 ... Ay
with pj1 = 1/5/N, j = 4sirf[(j — )7/2N1, j =1,2,..., N. Let
@ = P, (2.3)
whereW = (Y1, Yo, ..., ¥n)T. (2.1) becomes
dW(t) = (G(W(r)) — KDW(¢))dt + D dB(r), (2.4)
in which
G1(¥) >N pin(; —sing;)
sy =| B | = PR = | T plisnen |
Gy () SN pin(L; —sing;)
N
¢i=Zpijl//j, i=212,...,N,
=
andB(¢) = (B1(t), Ba(1), ..., By (@))T is still a Brownian motion ofRY .

We want to prove the existence of a rotation number (a precise definition will be given
in 83) by the ergodic theory of Markov processes. This requires proving the positive
recurrency of the Markov processes. Sifdg(r)};>o is an orthonormal transformation
of {®(1)};>0, we can conside{W (1)};>o instead of{®(¢)};>0. The drift coefficient of
eachy; (j = 1,2,..., N) is composed of a non-linear bounded term and a linear term
—Kxjy;. ¢ (j=2,...,N)would be positive recurrent ag > 0, buty1 would not be
positive recurrent as; = 0. So{W (¢)},>0 would not be positive recurrent. To avoid this
problem, we adopt a technique as follows.

Notice thatG(¥) — KDV is 2¢/Nx periodic iny1 because of1 = 0, so we can wind
{W(1)};>0 on a cylinder. To do this, let

1) = Y1) mod 2/Nw, ;) =y;(1), j=2,....N,
(1) = (Ya(0), Y2 (1), ..., Un (). (2.5)
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Then{¥ (1)}~ is a diffusion process on the cylind&t x RV-1(s1 = [0, 2¢/N 7] with 0
and 2/N identical) [1] and

dU(t) = (G(W(t)) — KDW(r)) dt + D dB(1), (2.6)

where{B(1)};>0is aBM on St x RV-1,
In this section, we will prove the following theorem.

THEOREM2.1. {\Tl(t)},zo is a positive recurrent diffusion process §h x RV -1,

To prove Theorem 2.1, we only need to prove the existence of an invariant distribution
of {¥(r)};>0. To do this, we need the following two lemmas.

LEMMA 2.1. Forx = (x1, x2, ..., xy)T € 1 x RN -1,
N ~
SupE<Z(1/fiX(t))2) < +o0, 2.7)
=0 \j=2
whereW* (1) = (Y1), Y5 @), ..., % 1)7 is the solution to (2.6) with¥ (0) = x.
Proof. Fori = 2,..., N, since
dyi(t) = (G (W (1)) — K (1)) dt + D dBi (1), (2.8)
we have
d (e K (1))
= LKA K G () + K G (T (1) — A KK g (1) dt + De* Kt dB; (1)
= K1G (V@) dt + DK dB;(1). (2.9)
Hence
t
Y1) = xie MK 4 e‘“f’/ M KUG (WX () du + DU, (1), (2.10)
0

whereU; (1) = e K" [1 %K 4 B;(u) is a Ornstein-Uhlenbeck process. As

N N
. A
Gi(¥) = Zpﬁ(lj—gn(Zp,-,l/fl)) §N< sup |1,-|+1)=co (2.11)
=t — 1<j<N
and
t —21iKt (20Kt
~ o, ) iRl (et — )
EW:(1)? = 2““/ 20iKu g, — & , 2.12
Ui =e € u K (2.12)
we have
t 2
E(wix(t))z53(xize_2A"K’+C§e_2A"K’(/ e’\"K“du) +D2E(U,~(t))2)
0
oy Co \° D2e2niKi(p2riKt _ 7y
— 3( x2e—2 iK1 - . 2.13
(xle k) T 2. K (2:13)
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It follows that

supE(Z(w (t))z) < 0. o

t>0

Now denoting the transition probability ({)E/(t)}tzo by {p(u, x, dy),t > 0}, we have
the following.

LEMMA 2.2. Forx € St x RN~ the family{r =2 fj p(u, X, dy) du, t > O} is tight.
Proof. For arbitraryC > 0,

e b (5l
L r{{Serer-e])

1

1 /, E (L@ w)?)
0

t C?

IA

du (by Chebyshev’s inequality)

IA

oz supE( Z(w (t))z) (2.14)

t>0

By Lemma 2.1,

supE(Zw (1)) )

t>0 i—2
therefore there exists, such that

1 N 1/2
;/0 P(u,x, {y: <;y12) >C€}>du<e (2.15)

for givene > 0. It follows that

1 t
{—/ p(u,X,dy)du:t>O}
tJo
N 1/2
()" =)
i=2

is tight since

is a compact set it x RV-1, ]

Proof of Theorem 2.1lt follows from the tightness of

1 t
{—/ p(u,X,dy)du:t>O}
tJo

that there exists a sequenge— oo and a probability measure on §* x RV~ such that

1 [ Kl
= | pw.x.dy)du oY 2(dy) asn — oo, (2.16)
n JO
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i.e. for every bounded continuous functign st x RV~ — R,

1 [
2P0 du — / Fo)@y). (2.17)
0 SIxRN-1

In
where{ P, : t > 0} is the transition operator Q@(r)},zo.
Fors > 0, P f is a bounded continuous function by the Feller property. Therefore,
applying (2.17) top; f,

In

1 1 [
— Psruf(X)du = —/ Py (Ps f)(X) du
h Jo h Jo

— P f(y)m(dy) asn — oo. (2.18)
S1xRN-1
On the other hand,

In

1 1 [t
— Psruf(X)du = —/ Py f(X)du
0 In Js

In
1 th K} th+s
:—(/ Puf(x)du—/ Puf(x)du—i—/ Puf(x)du>
trl 0 0 ty

— SWmdy) asn — oo. (2.19)

SIxRN-

It follows from (2.18) and (2.19) that
[ rromap=[  somay, (2.20)
S1xRN-1 S1xRN-1

i.e. if \TJ(O) has distributionr, then Ef(\T/(t)) = Ef((le(O)) forall # > 0. In other
words, 7 is an invariant distribution. A diffusion process is either transient or recurrent
and if there exists an invariant measure then it is recurrent. Now we have specified an
invariant distribution off W (1)},-0, therefore{¥(1)},>0 is positive recurrent and is the

only invariant distributionT]. |

It is shown in the proof of Theorem 2.1 that the weak limitof [é pu,X,dy)du is
the only invariant distribution ofd (1)}, for a fixedx € s x RV-1,

From above, 0 is an eigenvalue g and the dimension of its eigenspace is 1. The
direction of the eigenvector d¥l corresponding to O is the only direction which would
causeg W (1)};>0 to be not positive recurrent. So the diffusion process obtained by winding
{W(r)}:>0 0on a cylinder along this direction is positive recurrent.

3. Rotation numbers

Definition 3.1.{X()};>0 is a diffusion process oR". If 11X () 28 X; ast — oo,
i=12...,N,thenV;(X) 2 xi /27w is called the rotation number ¢X(7)},>0 along the

ith direction. Furthermore, i#/1.(X) = Vo(X) = --- = Vy(X) 2 V(X), thenV (X) is
called the rotation number ¢K(¢)};>o0.
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The existence of a rotation number along tttedirection means that th¢h oscillator
has a limit frequency. The existence of a rotation number implies that all oscillators have a
common limit frequency, i.e. the frequency locking is successful. If the rotation number of
{W(r)};>0 exists, system (1.1) will keep the frequency-locking property under white noise
and the segmentation can be done by computer.

Now we prove that the rotation number @b (r)},>0 exists. To this end, we consider
{W(1)};>0 atfirst.

LEMMA 3.1. lim_ ot~ 1y1(¢) exists and is independent of its initial value.

Proof. It follows from (2.4) and (2.5) that

t

V1) = ¥1(0) +/0 G1(Y(u)) du+ DB(r)

t
= yr1(0) +/0 G1(V(u))du + DB1(1). (3.1)
By the ergodicity off ¥ ()},>0, we have
1/ ~ ae.
—/ G1(¥(u)) du —> / Gi(y)m(dy), (3.2)
t Jo S1xRN-1
wherer is the invariant distribution o{f\fl(t)},zo. At the same time, we have
B
1) e ) asr 0o (3.3)

by the iterated law of logarithm. Therefore

t

1 1 1 ~ 1
a0 = 0+ /0 G1(B ) du+  DBL()

28 / G1(y)m(dy) ast — oo. !
SIxRN-1

LEMMA 3.2. The limitlim,_ - ¥;(t)/t =0fori =2,..., N.

Proof. Fori = 2,..., N, since
dyi(t) = (Gi(V (1)) — K iy (1)) dt + D dBi(1), (3.4)
we have
d(@ Ky (1)) = K1 G (W (1)) di + DK dB; (1), (3.5)
hence
Vi (t) = Yi(0)e MK 4 74K /Ot MKUG (W () du + DU (1), (3.6)
whereU; (t) = e %Kt fé e*Ku dB; (u) is a Ornstein—Uhlenbeck process. By (2.11)
N Co
;e i /(; MG (W (u)du| < W Ki —> 0 ast — oc. (3.7)
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On the other hand,
1
;Ui ) 2% 0 ast > oo (3.8)

by the iterated law of logarithm. It follows from (3.7) and (3.8) that

1 1 1 t D
—Vi() = —vi (0 MKl 4 ;e—“’ / MG (W) du + —Ui()

0
a.e.
— 0 asr — o0
fori=2,...,N. a
Combining Lemmas 3.1 and 3.2, we have the following.

THEOREM3.1. The rotation number ofW¥ (r)};>0 along theith direction exists and is
independent of its initial value far=1, 2, ..., N. Moreover,

Vi) =0, i=2,...,N. (3.9
Now the following theorem follows easily.

THEOREM 3.2. The rotation number of®(¢)},>0 exists.

Proof. Since® = PV, by Theorem 3.1 and noticing thaty = 1/v/N,i =1,2,..., N,

we have
Vi(y)
V(W) VN
(1 0 Vi)
t( ) ae, _ |, (3.10)
0 V1(.\I/)
N
hence the rotation number b (r)};>0 exists by Definition 3.1. O

The above theorem asserts that the frequency locking persists under a white noise which
could be very large.
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Appendix

There is no method with which to calculate the rotation number of system (1.2) fo2

at present. But the rotation number of the systemVia:- 1 case could help us to recognize
some properties about it in thé > 2 case because of the frequency-locking property. The
system in theV = 1 case is studied in detail i8], To be precise, system

do(t) = (I —sing(t))dt + DdB(t) (A.1)
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is considered, wherg > 0 andB(¢) is a Brownian motion ofR. The rotation number of
system (A.1) is continuous d — 0. Moreover, when the input frequentys not greater
than 1, the rotation number is 0 whé&n= 0 and is a positive number whdn > 0 [8].
This is an interesting phenomenon.
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